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Abstract

A numerical investigation is performed for the MHD stagnation point flow with

Cattaneo-Christov heat flux model and homogeneous-heterogeneous reactions. In-

vestigation of heat and mass transfer on a variably thicked surface is executed for

steady, UCM and thermal radiation. An electrically conducting fluid is considered

in the presence of non-uniform applied magnetic field. Using suitable similarity

transformations, the governing PDEs are transformed into a system of coupled

non-linear ODEs. Utilizing the shooting method, the system of ordinary differen-

tial equations is solved with the help of the computational software MATLAB to

compute the numerical results. The numerical solution obtained for the velocity,

temperature and concentration profiles is presented through graphs for different

physical parameters. The numerical values of the skin friction, Nusselt and Sher-

wood numbers have also been presented and analyzed through tables



Contents

Author’s Declaration iv

Plagiarism Undertaking v

Acknowledgements vi

Abstract vii

List of Figures x

List of Tables xi

Abbreviations xii

Symbols xiii

1 Introduction 1

1.1 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Thesis Outlines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Some Basic Definitions and Governing Equations 5

2.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Classification of Fluids . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 iNewtonian and Non-Newtonian Fluids . . . . . . . . . . . . 8

2.3 Heat Transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Basic Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4.1 Continuity Equation . . . . . . . . . . . . . . . . . . . . . . 14

2.4.2 Law of Conservation of Momentum . . . . . . . . . . . . . . 14

2.4.3 Energy Equation . . . . . . . . . . . . . . . . . . . . . . . . 16

3 The Impact of Cattaneo-Christov Heat Flux Model On the Flow
of Maxwell Fluid 17

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Mathematical Modeling . . . . . . . . . . . . . . . . . . . . . . . . 17

3.3 Similarity Transformations . . . . . . . . . . . . . . . . . . . . . . . 19

viii



ix

3.4 Solution Methodology . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 49

4 MHD Stagnation Point Flow Towards a Non-linear Stretching
Sheet with Homogeneous and Heterogenous Reactions 57

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . 58

4.3 Similarity Transformations . . . . . . . . . . . . . . . . . . . . . . . 59

4.4 Solution Methodology . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 89

5 Conclusion 104

Bibliography 106



List of Figures

3.1 Geometry of the problem. . . . . . . . . . . . . . . . . . . . . . . . 18

3.2 Effect of A on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3 Effect of α on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4 Effect of β on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5 Effect of γ on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.6 Effect of Pr on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.7 Effect of n on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.8 Effect of Sc on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.9 Effect of Ks on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.10 Effect of k on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.1 Geometry of the problem. . . . . . . . . . . . . . . . . . . . . . . . 58

4.2 Effect of A on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.3 Effect of α on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.4 Effect of β on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.5 Effect of n on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.6 Effect of M on f ′(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.7 Effect of A on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.8 Effect of α on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.9 Effect of γ on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.10 Effect of n on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.11 Effect of Pr on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.12 Effect of S on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.13 Effect of M on θ(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.14 Effect of A on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.15 Effect of α on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.16 Effect of β on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.17 Effect of K on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.18 Effect of Ks on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.19 Effect of n on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.20 Effect of Sc on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.21 Effect of M on g(ξ). . . . . . . . . . . . . . . . . . . . . . . . . . . 101

x



List of Tables

3.1 Numerical results of −f ′′(0) for γ = 0.3, Pr = 1.2, K = 0.5,
Ks = 1.0, n = 0.2 and Sc = 1.2. . . . . . . . . . . . . . . . . . . . 55

3.2 Numerical results of −θ′(0) for A = 0.1, β = 0.1, K = 0.5, Ks =
1.0, α = 0.5, n = 0.2 and Sc = 1.2. . . . . . . . . . . . . . . . . . . 56

3.3 Numerical results of g′(0) for γ = 0.3, Pr = 1.2, α = 0.5, A = 0.5
and β = 0.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.1 Numerical results of f ′′(0) for A = 0.1, β = 0.1, K = 0.5, Ks = 1.0,
α = 0.5, M = 0.2 and Sc = 1.2.. . . . . . . . . . . . . . . . . . . . . 101

4.2 Numerical results of −θ′′(0) for A = 0.1, β = 0.1, K = 0.5, Ks =
1.0, α = 0.5, M = 0.2 and Sc = 1.2.. . . . . . . . . . . . . . . . . . 102

4.3 Numerical results of g′(0) for γ = 0.3, Pr = 1.2, α = 0.5, A = 0.5,
M = 0.2 and β = 0.4. . . . . . . . . . . . . . . . . . . . . . . . . . . 103

xi



Abbreviations

MHD Magneto-hydrodynamics

PDEs Partial Differential Equations

ODEs Ordinary Differential Equations

UCM Upper Convected Maxwell

xii



Symbols

ρ fluid density

µ viscosity

ν kinematic viscosity

τ stress tensor

λ thermal relaxation time

α wall thickness parameter

τw wall shear stress

η dimensionless similarity variable

ψ stream function

u velocity component along x direction

v velocity component along y direction

Ue free stream velocity

Uw stretching velocity

n velocity power index

k thermal conductivity

T temperature of fluid

Sc Schmidt number

δ ratio of mass diffusion coefficient

β Deborah number

S thermal stratified parameter

γ thermal relaxation parameter

α wall thickness parameter

K strength of homogeneous reaction parameter

xiii



xiv

Ks strength of heterogeneous reaction parameter

Pr Prandtl number

θ dimensionless temperature

Nu Nusselt number

Shx Sherwood number

Cfx Skin friction coefficient

M megnetic parameter

B megnetic field

T∞ free stream temperature

Tw wall temperature

(x, y) cartesian coordinates

(a∗) concentration of the chemical species A

(b∗) concentration of the chemical species B



Chapter 1

Introduction

Magnetohydrodynamics study consists of magnetic properties of electrically con-

ducting fluids. The Swedish Physicist, Alfen [1] introduced the MHD fluid. MHD

fluid flow through a heated surface has many important applications in so many

engineering scenarios like petroleum industry, MHD power generators and crystal

growth etc. Mbeledogu and Ogulu [2] examined the MHD natural convection flow

of spining fluid past through a porous sheet. They also observed the impact of

heat transfer and radiation as well. Time dependent MHD convective flow through

semi finite vertical porous plate was studied by Kesavaiah et al. [3]. Modather and

chamkha [4] examined the analytical study of MHD heat and mass transfer process

on a porous plate. MHD flow of viscous fluid in the presence of transpiration was

keenly observed by Mabood et al. [5]. Hayat et al. [6] exposed the impact of con-

nvective heat transfer in MHD flow of Jeffrey fluid model over a permeable plate.

Similarly MHD flow of Maxwell fluid with convective heat transfer was observed

by Hayat et al. [7].

It is known that the phenomenon of heat transfer occurs between two bodies or

within the same body due to a difference of temperature. In various industrial

and engineering processes, the characteristics of heat transfer have huge effects

on microelectronics, transportation and fuel cells etc. The heat conduction law

was suggested by Fourier [8], but it has a limitation that for the temperature

1
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field it generates a parabolic energy equation. To resolve this issue inithe clas-

sical Fourier law of heat conduction, Cattaneo [9] added the thermal relaxation

time. After that, Christov [10] changed the Cattaneoilaw byitime derivative in

the Maxwell-Cattaneo model withiOldroydiupper-convected derivativeito conserve

material-invariant formulation. Straughani [11] used theiCattaneo-Christovimodel

just toiinvestigate thermal convectioniin an incompressibleiflow. Tibulloiand Zam-

pali [12] examined theiuniqueness of Cattaneo-Christoviheat flux modelifor flow of

aniincompressible fluid. Hayatiet al. [13] numericallyiinvestigated the Cattaneo-

Christoviheat flux model in a visco-elasticiflow due toiexponentially stretching

sheet. Pavlov [14] discussed the MHD flowiof an incompressible viscousifluid

caused byideformation of flatisurface.

MHD with stagnation point flow has always been matter of concern for the re-

searchers for many years. iHayatiet al. [15] first time brought out the fact about i

the stagnation point flow iwith Cattaneo-iChristov iheat iflux iand ihomogeneous-

iheterogeneous ireactions. The effect of MHD and thermal radiation on Maxwell

fluid was discussed by Akbariet al. [16]. These scientists pointed out the fact

that elasticity number became the reason of enhancement in heat transfer rate.

Maxwell fluid in a porous medium with its rotation was further explained by

Hayat et al. [17]. Minsta et al. [18] studied the MHD flow of Maxwell fluid and its

chemical reaction as well. Wide range of temperature to test the effect of stagna-

tion point flow concentrates was also undertaken time and again. It was proved

that there was a severe decrease in temperature particularly for concentration of

nano particles. The entropy generation in MHD and slip flow over a rotating pene-

trable disk with variable properties was investigated by Rashidi et al. [19]. Various

characteristics of homogeneous- heterogeneous reactions within Jeffrey fluid were

observed by Hayat et al. [20]. Similarly, Shah et al. [21] further studied the MHD

effects for heat transfer for the UCM and for the Joule heating simultaneously.

iCattaneo-Christoviheat flux model was used for this observation. The effects of

iCattaneo-Christoviheat flux in the flow with variable thickness were highlighted

by Hayatiet.al [22].

In engineering, heat and mass transfer problems with chemical reactions are part
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and parcel. Homogeneous or heterogeneous is an outcome of any chemical reaction

which can further be characterized with certain process including disappearance

of evaporation, shifting of impetus and flow in a dessert cooler. A homogeneous

reaction occurs with sole entity through specified region whereas a heterogeneous

reaction occurs within confined region or space. The reaction rate and the con-

centration are directly proportional, this kind of reaction is regarded as first order

reaction. The diffusion of species with chemical reaction has immense utilities

regarding fibrous insulation, pollution studies, synthesis materials and oxidation.

Das [23] considered the effects in MHD micropolar flow, heat and mass transfer

with thermal radiation and chemical reaction. In MHD, impact of transfer of

chemically reactive entities passing over a permeable material was investigated by

Kandasamy et al. [24]. Afify [25] studied the result when chemically reactive

entities were observed in a flow of non Newtonian fluid absorbed the permeable

for diffusion. Bhattacharyya and Layek [26] studied the behaviour of chemically

reactive solute within MHD process particularly affecting the boundary layer flow

over a porous wedge. The MHD flow and mass transfer of an UCM fluid past

a permeable shrinking sheet with chemical reaction was examined by Hayat et

al. [27]. Mansour et al. [28] considered the thermal stratification and effects of

chemical reaction on MHD through a porous medium over a vertical stretching sur-

face. Bhattacharyya [29] explored solutions for stagnation-point boundary layer

flow with chemical reaction past a shrinking /stretching sheet. Relative studies in

this field may also be found in [30–41].

1.1 Thesis Contributions

The main purpose of the present study isito perform theinumerical analysis ifor the

MHD istagnation point flow with Cattaneo-Christov iheat flux and homogeneous-

heterogeneous ireactions and to examine ithe effect of different iparameters on the

velocity, itemperature and concentration iprofiles. The flow governing boundary

equations are converted into a set of non-linear ODEs by employing suitable sim-

ilarity transformations. Utilizing the shooting technique along with the fourth
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order Runge-Kutta method, the coupled nonlinear ODEs are solved numerically.

Graphical results are also presented and discussed to illustrate the solution.

1.2 Thesis Outlines

This thesis has been further organized into four chapters.

• Chapter 2 comprises of some basic definitions related to fluid dy-

namics. These concepts are used to describe the flow, heat transfer and the

influence of thermophysical properties.

• Chapter 3 contains a comprehensive review of [15]. A numerical

study of incompressible, two dimensional steady fluid flow with convective

boundary conditions past a stretching sheet has been performed. The consti-

tutive flow model is solved numerically and the impact of physical parameters

concerning the flow model on the dimensionless temperature, velocity and

concentration is discussed through graphs and tables.

• Chapter 4 focuses on the extension of [15]. The obtained system

of ODEs are solved numerically after applying proper similarity transfor-

mations. Graphs and tables describe the impact of physical parameters.

Numerical results of momentum, temperature and concentration have also

been computed and discussed.

• Chapter 5 summarizesiup the study and givesithe major results ob-

tained fromithe entireiresearchiand suggests some recommendations forithe

futureiwork.

All the references used in this study are listed in Bibliography.



Chapter 2

Some Basic Definitions and

Governing Equations

2.1 Basic Definitions

In this chapter, some fundamental definitions, governing laws and concepts [42]

regarding the fluid mechanics will be described. These concepts will be helpful to

develop an understanding for the rest of the thesis.

Definition 2.1. (Fluid)

“Fluid is a physical substance that changes regularly under the action of shear

stress. It does not depend on how small the shear stress is and repeatedly deforms

its shape as long as the shear stress acts.”

Definition 2.2. (Fluid Mechanics)

“Fluid mechanics is the branch of engineering that contains the discussion of differ-

ent properties of fluids and the effect of different forces on them. Fluid mechanics

is mainly divided into two branches which are fluid statics and fluid dynamics.

Fluid statics describes the properties of the stationary fluids whereas in the fluid

dynamics, the flow of moving fluid is discussed.”

5
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Definition 2.3. (Pressure)

“The ratio of applied force to the unit area is said to be pressure. It is denoted

by P and mathematically, it can be written as

P =
F

A
, (2.1)

where F , A denote the applied force and area of the surface, respectively.”

Definition 2.4. (Density)

“Density of a material is the ratio of mass to the unit volume. Symbolically it is

denoted by ρ and mathematically, it is expressed as

ρ =
m

V
, (2.2)

where V and m are the volume of the material and mass of the material, respec-

tively.”

Definition 2.5. (Stress)

“Stress is the force acting on the surface of the unit area within the distortable

body. Mathematically, it can be written as

σ =
F

A
, (2.3)

where F is the force and A is the area.”

Definition 2.6. (Shear stress)

“Shear stress is the component of stress in which a force acts parallel to the unit

surface area.”

Definition 2.7. (Normal stress)

“Normal stress is the element of stress in which a force acts normal to the unit

surface area.”

Definition 2.8. (Viscosity)

“It is the property of the fluid that resists the fluid flow. In other words, a fluid
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viscosity is that characteristic which measures the amount of resistance to the

shear stress. It is denoted by µ and mathematically, it can be written as

viscosity(µ) =
shear stress

shear strain
.” (2.4)

Definition 2.9. (Kinematic Viscosity)

“The ratio of the dynamic viscosity to the density of fluid is said to be kinematic

viscosity. Symbolically, it can be written as ν and mathematically, it is expressed

by

ν =
µ

ρ
, (2.5)

where µ and ρ denote the dynamic viscosity and the density respectively. The

dimension of kinematic viscosity is given by [L
2

T
].”

Definition 2.10. (Magnetohydrodynamics)

“The branch of dynamics which deals with the electrically conducting fluids such

as plasma is said to be magnetohydrodynamics.”

2.2 Classification of Fluids

Definition 2.11. (Ideal Fluid)

“A fluid, which has zero viscosity, is said to be an ideal fluid. Naturally, ideal fluid

is incompressible and does not practically exist .”

Definition 2.12. (Real Fluid)

“A fluid is said to a real fluid if it has a non- zero viscosity. Unlike ideal fluids, it

is compressible in nature, e.g. petrol, kerosene, castrol oil.”

Definition 2.13. (Newton’s Law of Viscosity)

“The shear stress which distorts the fluid component is directly and linearly pro-

portional to the velocity gradient is said to be the Newton’s law of viscosity.

Mathematically, it can be written as

τxy ∝
(
du

dy

)
, (2.6)
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τxy = µ
du

dy
, (2.7)

where τxy is the shear stress applied on the fluid, u is the component of the velocity

along x-axis and µ is viscosity as the proportionality constant.”

2.2.1 iNewtonian and Non-Newtonian Fluids

“The fluids, which fulfill Newton’s law of viscosity are known as Newtonian fluid.

Mathematically,

τxy = µ

(
du

dy

)
, (2.8)

where µ is called the constant of proportionality. The most common example of

Newtonian fluids is water. Those fluids, which do not obey the Newton’s law of

viscosity are known as non-Newtonian fluids. Mathematically

τxy = k

(
du

dy

)n
, (2.9)

where n 6= 1 is the flow behavior index. For n = 1 with k = µ the above equation

reduces to the Newton’s law of viscosity. Paints, blood, biological fluids and poly-

mer melts etc, are good examples of non-Newtonian fluids.”

Definition 2.14. (Laminar Flow)

“A flow in which the particles of the fluid have special path and individual particle

does not intersect each other is known as laminar flow. In such flow, the particles

move along well-defined path. Laminar flow occurs for the fluids having high

viscosity.”

Definition 2.15. (Turbulent Flow)

“A flow which has no specific path and moves randomly in any direction is said

to be a turbulent flow. Turbulent flow occurs when the fluid is flowing with high

speed. If we observe the smoke rising from a cigarette, for the first few centimeters

the flow is certainly laminar but later on, the smoke becomes turbulent.”
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Definition 2.16. (Uniform flow)

“If the velocity of the flow has the same magnitude as well as direction during the

motion of the fluid, the the flow is said to be a uniform flow. Mathematically, it

can be written as

dV

ds
= 0, (2.10)

where V is the velocity and s is the displacement in any direction.”

Definition 2.17. (Non-uniform Flow)

“In non-uniform flow, the velocity is not the same at every point in the fluid at a

given instant. Mathematically, it is expressed as

dV

ds
6= 0, (2.11)

where V is the velocity and s is the displacement.”

Definition 2.18. (iInternal Flow)

“Internal flows are those where fluids flow through confined spaces, e.g. flow in

pipe.”

Definition 2.19. (iExternal Flow)

“The flow which is not confined by the solid surface, is known as external flow.

The flow of water in the river is an example of the external flow.”

Definition 2.20. (Steady Flow)

“The flow, which is independent of time is said to be a steady flow.

Mathematically, it can be written as

dξ

dt
= 0, (2.12)

where ξ is fluid property.”

Definition 2.21. (Unsteady Flow)

“The flow, which depends on time, is known as unsteady flow.



Some Basic Definitions and Governing Equations 10

Mathematically, it can be written as

dξ

dt
6= 0, (2.13)

where ξ is a fluid property.”

Definition 2.22. (Compressible Flow)

“The fluid flow in which the density does not remain constant within the fluid is

said to be a compressible flow. Mathematically, it is expressed by

ρ(x, y, z, t) 6= c, c is constant.” (2.14)

Definition 2.23. (Incompressible Flow)

“The fluid flow in which the density remains constant within the fluid, is called

incompressible flow. Mathematically, it can be written as

ρ(x, y, z, t) = c, c is constant.” (2.15)

2.3 Heat Transfer

Definition 2.24. (Conduction)

“Conduction is the process in which heat is transferred through the material be-

tween the objects that are in physical contact. For example: picking up a hot cup

of tea.”

Definition 2.25. (Convection)

“In this process, the heat transfer occurs due to the bulk fluid motion of molecules

or transfer of molecules. Mathematically, it is expressed as

q = hA(Ts − T∞), (2.16)

where h, A, Ts and T∞ denote the heat transfer coefficient, the area, the temper-

ature of the surface and the temperature away from the surface respectively. It is

subdivided into the following three categories.”
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Definition 2.26. (Forced Convection)

“A method of heat transfer in which the fluid motion is generated by an indepen-

dent source like a pump or fan, is said to be forced convection.”

Definition 2.27. (Natural Convection)

“A method of heat transfer in which the fluid motion is not generated by an

independent source is said to be natural convection. In other words, it happens

due to the temperature difference which affects the density and buoyancy of the

fluid. Natural convection can only occur, when there is a gravitational field and

it is also known as free convection. Example: Daily weather.”

Definition 2.28. (Mixed Convection)

“It is a combination of both forced convection and natural convection. For example

if fluid is moving upward along the moment of the vertical stretching sheet is forced

between while in the same phenomena fluid is freely falling due to the gravity which

is forced convection. When these two phenomena appear in the same model then

such kind of flow is mixed convection.”

Definition 2.29. (Radiation)

“Radiation is the process by which heat is transferred directly by electromagnetic

radiation. The convection and radiation play a major role in transferring heat in

the liquids and gases but in solids convection is totally absent. Thus for solids,

conduction plays a major role in heat transfer.

For example, if we place a material object ( e.g, a piece of steel) under the sun

rays, after a few moments we observe that the material object is heated. Such

phenomenon takes place due to radiation. Mathematically, it can be written as

q = EσA[(∆T )4], (2.17)

where E, σ, (∆T )4, A, q are the emissivity of the scheme, the constant of Stephan-

Boltzmann (5.670×10−8 W
m2K4 ), the variation of the temperature, the area and the

heat transfer respectively.”

Definition 2.30. (Thermal Conductivity)

“Thermal conductivity is the property of a substance which measures the ability
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to conduct heat. Fourier’s law of conduction which relates the rate of heat transfer

by conduction to the temperature gradient is

dQ

dt
= −kAdT

dx
, (2.18)

where A, dQ
dt

, k, dT
dx

are the area, the rate of heat transfer, the thermal conductivity

and the temperature gradient respectively. Thermal conductivity of most of the

liquids is decreased with an increment in the temperature except water. The SI

unit of thermal conductivity is Kg.m
s3

and the dimension of thermal conductivity is

[ML
T 3 ].”

Definition 2.31. (Thermal Diffusivity)

“Thermal diffusivity of a substance is defined as the ratio of thermal conductivity

(k) of a substance to the product of specific heat at constant pressure (cp) and

density (ρ). It measures the ability of a substance to conduct thermal energy

relative to its ability to store thermal energy.

Mathematically, it can be written as

α =
k

ρcp
.” (2.19)

Definition 2.32. (Prandtl Number)

“The ratio of kinematic diffusivity to heat diffusivity is said to be the Prandtl

number. It is denoted by Pr and mathematically it can be written as

Pr =
ν

α
=

µ
ρ

k
ρcp

=
µcp
k
,

where ν, and α denote the momentum diffusivity or kinematic diffusivity and the

thermal diffusivity respectively. It controls the relative thickness of the momentum

and temperature function. Physical significance of Prandtl number is that it gives

the respective thickness of velocity boundary layer and thermal boundary layer.

For small Pr heat diffuses very quickly as compared to the momentum.”

Definition 2.33. (Grashof Number)

“The ratio of the viscous force and the buoyancy force applied on the fluid is called
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Grashof number. It repeatedly occurs in the free convection case. Symbolically, it

is denoted by Gr and mathematically it can be written as

Gr =
gβ0(Ts − T∞)δ3

ν2
, (2.20)

where g, βo, Tso , T∞, δ, ν denote the gravitational acceleration, the coefficient of

the volumetric thermal, the surface temperature, the surrounding temperature,

the characteristic length and the kinematic viscosity respectively.”

Definition 2.34. (Schmidt Number)

“It is defined as the ratio of the momentum diffusivity and the mass diffusivity

Dm. It is denoted by Sc and mathematically it can be written as

Sc =
ν

Dm

=
µ

ρDm

(2.21)

where ν is the kinematic viscosity, Dm is the mass diffusion and µ is the dynamics

viscosity.”

Definition 2.35. (Reynolds Number)

“Reynold number is specified as the relationship of the inertial force to the viscous

force. Inertial forces act upon all masses in a non-inertial frame of reference while

viscous forces are the internal fluid flow resistance. It is denoted by Re and

mathematically it can be written as

Re =
inertial force

viscous force
=

ρv2

L
µv
L2

,

where v, L and ν denote the fluid velocity, the characteristic length and the

kinematic viscosity respectively. For a small Reynold number, the viscous forces

are dominant and the flow in this case is characterized as the laminar flow while

turbulent flow occurs at high Reynold number due to the dominance of the inertial

force.”

Definition 2.36. (Nusselt Number)

“It examines the ratio of the convective to the conductive heat transfer through the

boundary of the surface. It is a dimensionless number which was first introduced
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by the German mathematician Nusselt. Heat transfer due to conduction is denoted

by k∆T
δ

and the heat transfer due to convection is denoted by h∆T. It is denoted

by Nu and mathematically, Nusselt number is expressed by

Nu =
h∆T
k∆T
δ

=
hδ

k
,

where h, δ, k denote the coefficient of heat transfer, the characteristic length and

the thermal conductivity respectively.”

Definition 2.37. (Stagnation point)

“It is a point in a flow field where the fluid velocity is zero. It exists at the surface

of objects in the field where fluid is brought to rest by the object. Static pressure

is the example of stagnation point.”

2.4 Basic Equations

2.4.1 Continuity Equation

“Continuity equation is derived from the law of conservation of mass and mathe-

matically, it is expressed by

∂ρ

∂t
+∇.(ρV ) = 0, (2.22)

where t is the time. If the fluid is an incompressible, the continuity equation is

expressed by

∇.V = 0.” (2.23)

2.4.2 Law of Conservation of Momentum

“This law states that the combination of all applied external forces acting on a

body is equal to the time rate of change of linear momentum of the body. In
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vector notation this law can be written as

ρ
DV

Dt
= divτ + ρb, (2.24)

τ = −pI + µS, (2.25)

where S is the tensor and first time it was produced by Rivlin-Erickson.

S = gradV + (gradV )t. (2.26)

In the above equations, D
Dt

denotes the material time derivative or the total deriva-

tive, ρ denotes the density, V the velocity field, τ the Cauchy stress tensor, b the

body forces, p the pressure and µ the dynamic viscosity.

The Cauchy stress tensor is expressed in the matrix form as

τ =


σxx τyx τzx

τxy σyy τzy

τxz τyz σzz

 , (2.27)

where σxx, σyy and σzz are the normal stresses, otherswise the shear stresses. For

two-dimensional flow, we have V = [u(x, y, 0), v(x, y, 0), 0] and thus

gradV =


∂u
∂x

∂u
∂y

0

∂v
∂x

∂v
∂y

0

0 0 0

 . (2.28)

for x component

∂u

∂t
+u

∂u

∂x
+v

∂v

∂y
= −1

ρ

∂p

∂x
+ν

(
∂2u

∂x2
+
∂2u

∂y2

)
. (2.29)

Similarly, the above process is repeated for y component as follows:

∂v

∂t
+u

∂v

∂x
+v

∂v

∂y
= −1

ρ

∂p

∂y
+ν

(
∂2v

∂x2
+
∂2v

∂y2

)
.” (2.30)
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2.4.3 Energy Equation

“The energy equation for a fluid is

ρcp

( ∂
∂t

+ V∇
)
T = k∇2T + τL+ ρcp

[
DB∇C.∇T +

DT

Tm
∇T
]
, (2.31)

where (cp)f denotes the specific heat of the basic fluid, (cp)s the specific heat of

the material, ρf the density of the basic fluid, L the rate of strain tensor, T the

temperature of the fluid, DB the Brownian motion coefficient and DT the temper-

ature diffusion coefficient and Tm the mean temperature. The expression for the

Cauchy stress tensor τ for viscous incompressible fluid is expressed by

τ = −pI + µS, (2.32)

where S is the tensor, p the pressure, µ the dynamic viscosity and

D
Dt

the material time derivative or total derivative,

S = gradV + (gradV )t, (2.33)

where τ the strain tensor and can be written as

τ =


σxx τyx τzx

τxy σyy τzy

τxz τyz σzz

 .” (2.34)



Chapter 3

The Impact of Cattaneo-Christov

Heat Flux Model On the Flow of

Maxwell Fluid

3.1 Introduction

In this chapter, a detailed review of [15] has been conducted. The governing flow

equations iare formulated and then converted iinto a system of inon-linear coupled

ODEs by implementing a proper similarity transformation. These converted ODEs

are isolved numerically by iusing the shooting imethod. Finally, the inumerical

results are discussed at ithe end of the ichapter for various pertinent physical pa-

rameters affecting the flow and heat transfer and found to be in excellent agreement

with those computed by the MATLAB built-in function bvp4c.

3.2 Mathematical Modeling

Consider ia steady, two-idimensional laminar flow of an iincompressible UCM fluid

over ia non-linear stretching isurface with variable ithickness. The isurface is taken

iat y = A1(ix+b)
1−n
2 . Note ithat for in < 1, the isurface is of the uniformithickness.

17
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Figure 3.1: Geometry of the problem.

Heat flux ianalysis, in the presence of Cattaneo-Christov iheat flux, has been

istudied. Mass transfer in the presence of chemical reaction has been considered.

Tw and T∞ are ithe surface and iambient temperatures respectively. The equations

of continuity, momentum and the energy are as follows.

∂u

∂x
+
∂v

∂y
= 0, (3.1)

v
∂u

∂y
+ u

∂u

∂x
= Ue

dUe
dx

+ λ1U
2
e

∂2Ue
∂x2

+ ν
∂2u

∂y2
− λ1

(
2uv

∂2u

∂x∂y
+ v2∂

2u

∂y2

+ u2∂
2u

∂x2

)
, (3.2)

v
∂T

∂y
+ iu

∂T

∂x
+ λ

(
iv
∂v

∂y

∂T

∂y
+ iu

∂v

∂x

∂T

∂y
+ iu

∂u

∂x

∂T

∂x
+ iv

∂u

∂y

∂T

∂x
+ 2uv

∂2T

∂x∂y

+ v2∂
2T

∂y2
+ u2∂

2T

∂x2

)
=

k

ρcp

∂2T

∂y2
, (3.3)

u
∂a∗

∂x
+ v

∂a∗

∂y
= DA

∂2a∗

∂y2
−K1a

∗b∗2, (3.4)

u
∂b∗

∂x
+ v

∂b∗

∂y
= DB

∂2b∗

∂y2
+K1a

∗b∗2. (3.5)
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The associated iboundary conditions for the above system of equations iare

iu = Uw = U0(ix+ b)n, iv = 0, iT = iTw = T0 + c(ix+ b),

DA
∂a∗

∂y
= Ksa

∗, DB
∂b∗

∂y
= −Ksa

∗, at y = A1(x+ ib)
1−n
2 .

iu→ iUe(x) = iU∞(x+ b)n, iT → iT∞ = T0 + d(ix+ b),

a∗ → a0, b∗ → 0; when y →∞.


(3.6)

3.3 Similarity Transformations

To convert the system of governing equations into the dimensionless form,

we use the following transformations, where ψ be the stream function

satisfying the continuity equation. It is usually written as:

u =
∂ψ

∂y
,

v = −∂ψ
∂x

.

 (3.7)

Now introduce the following similarity transformations:

ψ =

√
2

n+ 1
νU0(x+ b)n+1F (η),

G(η) =
ia∗

a0

,

H(iη) =
ib∗

a0

,

iη =

√
in+ 1

2

U0

ν
(x+ b)n−1y,

Θ(η) =
iT − T∞
iTw − T0

.
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The detailed procedure for the conversion of equations (3.1)-(3.5) has been de-

scribed in the upcoming discussion.

• ∂η

∂x
=

∂

∂x

(√
n+ 1

2

U0

ν
(x+ b)n−1y

)
=

√
n+ 1

2

U0

ν
y
∂

∂x
(x+ b)

n−1
2

=

√
n+ 1

2

U0

ν
y
(n− 1

2

)
(x+ b)

n−1
2
−1

=
(n− 1

2

)√n+ 1

2

U0

ν
(x+ b)n−1y(x+ b)−1

=
(n− 1

2

)
η(x+ b)−1.

• ∂η

∂y
=

∂

∂y

(√
n+ 1

2

U0

ν
(x+ b)n−1 y

)
=

(√
n+ 1

2

U0

ν
(x+ b)n−1

)
.

• u =
∂ψ

∂y

=
∂ψ

∂η

∂η

∂y

=

(
∂

∂η

√
2

n+ 1
νU0(x+ b)n+1F (η)

)(√
n+ 1

2

U0

ν
(x+ b)n−1

)
=

(√
(

2

n+ 1
)νU0(x+ b)n+1

)
F ′(η)

(√
n+ 1

2

U0

ν
(x+ b)n−1

)
= U0(x+ b)nF ′(η).

• ∂u

∂x
=

∂

∂x

(
U0(x+ b)nF ′(η)

)
=

∂

∂x

(
U0(x+ b)n

)
F ′(η) + U0(x+ b)n

∂

∂x
F ′(η)

= nU0(x+ b)n−1F ′(η) + U0(x+ b)nF ′′(η)
∂η

∂x

= nU0(x+ b)n−1F ′(η) + U0(x+ b)nF ′′(η)
(n− 1

2

)
η(x+ b)−1

= nU0(x+ b)n−1F ′(η) +
(n− 1

2

)
U0(x+ b)n−1ηF ′′(η)

= U0(x+ b)n−1

(
nF ′(η) +

(n− 1

2

)
(η)F ′′η

)
.
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• v = −∂ψ
∂x

= − ∂

∂x

(√
2

n+ 1
νU0(x+ b)n+1F (η)

)
= −

(√
2

n+ 1
νU0

)
∂

∂x

(
(x+ b)

n+1
2 F (η)

)
= −

(√
2

n+ 1
νU0

)(
∂

∂x
(x+ b)

n+1
2 F (η) + (x+ b)

n+1
2
∂

∂x
F (η)

)

= −

(√
2

n+ 1
νU0

)(
n+ 1

2
(x+ b)

n+1
2 (x+ b)−1F (η)

+
n− 1

2
(x+ b)

n+1
2 F ′(η)(x+ b)−1

)

= −

(√
2

n+ 1
νU0

)
n+ 1

2
(x+ b)

n+1
2 (x+ b)−1

(
F (η) +

n− 1

n+ 1
ηF ′(η)

)

= −
√
n+ 1

2
U0ν(x+ b)n−1

(
F (η) +

n− 1

n+ 1
ηF ′(η)

)
.

• ∂v

∂y
= − ∂

∂y

(√
n+ 1

2
U0ν(x+ b)n−1

(
F (η) +

n− 1

n+ 1
ηF ′(η)

))

= −
√
n+ 1

2
U0ν(x+ b)n−1

(
F ′(η)

∂η

∂y

+
∂η

∂y

n− 1

n+ 1
F ′(η) +

n− 1

n+ 1
ηF ′′(η)

∂η

∂y

)

= −
√
n+ 1

2
U0ν(x+ b)n−1

(
F ′(η) +

n− 1

n+ 1
F ′(η) +

n− 1

n+ 1
ηF ′′(η)

)
∂η

∂y

= −
(√

n+ 1

2
U0ν(x+ b)n−1

)(√
n+ 1

2

U0

ν
(x+ b)n−1

)
(
F ′(η) +

n− 1

n+ 1
F ′(η) +

n− 1

n+ 1
ηF ′′(η)

)
.

= −
(n+ 1

2

)
U0(x+ b)n−1

(
F ′(η) +

n− 1

n+ 1
F ′(η) +

n− 1

n+ 1
ηF ′′(η)

)

= −
(n+ 1

2

)
U0(x+ b)n−1

((
1 +

n− 1

n+ 1

)
F ′(η) + (η)(

n− 1

n+ 1
)F ′′(η)

)
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= − U0(x+ b)n−1

(
nF ′(η) +

n− 1

2
ηF ′′(η)

)
. (3.8)

By the choice of the istream function ψ iin (3.7), the continuity iequation is already

isatisfied. It can again be verified using (3.8) and (3.9) in (3.1) as follows.

∂iu

∂x
+
∂iv

∂y
= U0(ix+ b)n−1

(
nF ′(iη) +

n− 1

2
ηF ′′(iη)

)
− U0(ix+ b)n−1

(
nF ′(iη) +

in− 1

2
ηF ′′(η)

)
= 0.

Hence continuity Equation (3.1)is identically satisfied.

Now we include below the procedure for the conversion of (3.2) in the

dimensionless form.

• ∂u

∂y
=

∂

∂y

(
U0(ix+ b)nF ′(iη)

)
= U0(ix+ b)n

∂F ′

∂iη

∂η

∂y

= U0(ix+ b)nF ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)n−1.

• v∂u
∂y

= −
√
n+ 1

2
U0ν(x+ b)n−1

(
F (η) + η

n− 1

n+ 1
F ′(η)

)

U0(x+ b)nF ′′(η)

√
(
n+ 1

2
)
U0

ν
(x+ b)n−1

= −U2
0 (x+ b)2n−1n+ 1

2
F ′′(η)

(
F (η) + η

n− 1

n+ 1
F ′(η)

)

= − U2
0 (x+ b)2n−1

(
n+ 1

2
F ′′(η)F (η)

+
n− 1

2
ηF ′(η)F ′′(η)

)
. (3.9)

• u∂u
∂x

= U0(x+ b)nF ′(η)U0(x+ b)n−1

(
nF ′(iη) +

n− 1

2
ηF ′′(η)

)
= U2

0 (x+ b)2n−1

(
n(F ′(η))2 +

n− 1

2
ηF ′(η)F ′′(η)

)
. (3.10)
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Using the values of (3.9) and (3.10) ), the left side of (3.2) is as follows.

iu
∂u

∂x
+ iv

∂u

∂y
= U2

0 (ix+ b)2n−1

(
in(F ′(iη))2 + (

n− 1

2
)(iη)F ′(iη)F ′′(iη)

)
− U2

0 (x+ b)2n−1(
n+ 1

2
)F ′′(η)

(
F (η) + (η)(

n− 1

n+ 1
)F ′(η)

)

= U2
0 (x+ b)2n−1

(
n(F ′(iη))2(iη) + (

in− 1

2
)(iη)F ′(iη)F ′′(iη)

− (
in+ 1

2
)F ′′(iη)F (iη)− (

in− 1

2
)(η)F ′′(iη)F ′(iη)

)
= iU2

0 (x+ ib)2in−1

(
in(F ′(iη))2 − (

in+ 1

2
)F ′′(iη)F (iη)

)
= iniU2

0 (ix+ b)2in−1

(
(F ′(iη))2 − (

in+ 1

2n
)F ′′(iη)F (iη)

)
.

To convert the right side of (3.2) into the dimensionless form, we proceed as follows.

• ∂
2u

∂y2
=

∂

∂y

(
∂u

∂y

)
=

∂

∂y

(
U0(x+ b)nF ′′(η)

√
in+ 1

2

U0

ν
(ix+ b)n−1

)

=
∂

∂iη

(
U0(ix+ b)nF ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)n−1

)
∂iη

∂y

= U0(ix+ b)n
√
in+ 1

2

U0

ν
(ix+ b)in−1

∂

∂iη
F ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)in−1

=
(in+ 1

2

)U2
0

ν
(ix+ b)2in−1F ′′′(iη). (3.11)

• ∂2u

∂ix∂y
=

∂

∂ix

(
∂u

∂iy

)
=

∂

∂x

(
U0(x+ b)nF ′′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1

)

=
∂

∂ix
U0(ix+ b)nF ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)in−1

+ U0(ix+ b)in
∂

∂x
F ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)in−1

+ U0(ix+ b)inF ′′(iη)
∂

∂x

√
in+ 1

2

U0

ν
(ix+ b)in−1
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= inU0(ix+ b)n−1F ′′(η)

√
in+ 1

2

U0

ν
(ix+ b)n−1

+ U0(ix+ b)n
∂

∂η
F ′′(iη)

∂iη

∂x

√
in+ 1

2

U0

ν
(ix+ b)in−1

+ U0(ix+ b)inF ′′(iη)

√
in+ 1

2

U0

ν

∂

∂x
(ix+ b)

in−1
2

= inU0(ix+ b)in−1F ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)in−1

+ U0(ix+ b)inF ′′′(iη)
(in− 1

2

)
(iη)(ix+ b)in−1

√
in+ 1

2

U0

ν
(ix+ b)n−1

+
(in− 1

2

)√in+ 1

2

U0

ν
(ix+ b)

in−1
2
−1

= nU0(ix+ b)in−1F ′′(iη)

√
in+ 1

2

U0

ν
(x+ b)n−1

+ U0(x+ b)n−1F ′′′η
(n− 1

2

)
(η)

√
n+ 1

2

U0

ν
(x+ b)n−1

+
(n− 1

2

)
U0(x+ b)nF ′′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1(x+ b)−1

= nU0(x+ b)n−1F ′′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1

+
n− 1

2
ηU0(x+ b)n−1F ′′′(η)

√
n− 1

2

U0

v
(x+ b)n−1

+
n+ 1

2

√
n+ 1

2

U0

ν
(x+ b)n−1F ′′′(η)

= U0(x+ b)n−1

√
n+ 1

2

U0

ν
(x+ b)n−1

(
nF ′′(η) +

n− 1

2
F ′′(η)

+
n− 1

2
ηF ′′′(η)

)
= U0(x+ b)n−1

√
n+ 1

2

U0

ν
(x+ b)n−1

(
(n+

n− 1

2
)F ′′(η)

+
n− 1

2
ηF ′′′(η)

)
= U0(x+ b)n−1

√
n+ 1

2

U0

ν
(x+ b)n−1

(
(
3n− 1

2
)F ′′(η)

+
n− 1

2
ηF ′′′(η)

)
• uv ∂

2u

∂x∂y
= −U0(x+ b)nF ′(η)

√
n+ 1

2
νU0(x+ b)n−1

(
F (η) + η

n− 1

n+ 1
F ′(η)

)
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U0(x+ b)n−1

√
n+ 1

2

U0

ν
(x+ b)n−1

(
(
3n− 1

2
)F ′′(η)

+
(n− 1

2

)
ηF ′′′(η)

)
= −U3

0 (ix+ b)3in−2 in+ 1

2
F ′(iη)

(
F (iη)F ′′(iη)(

3in− 1

2
)

+
(in− 1

2

)
(iη)F (iη)F ′′′(iη) + iη

in− 1

in+ 1
(
3in− 1

2
)F ′(iη)F ′′(iη)

+ iη2
(in− 1

in+ 1

)(in− 1

2

)
F ′′′(iη)F ′(iη)

)

= −U3
0 (ix+ b)3in−2 in+ 1

2

(
3in− 1

2
F (iη)F ′(iη)F ′′(iη)

+
(in− 1

2

)
iηF (iη)F ′(iη)F ′′′(iη) + iη

(in− 1

in+ 1

)3in− 1

2
F ′′(iη)

(F ′(iη))2 + iη2
(in− 1

in+ 1

)(in− 1

2

)
F ′′′(iη)(F ′(iη))2

)
.

• 2uv
∂2u

∂x∂y
= −2 U3

0 (ix+ b)3n−2 in+ 1

2

(
3in− 1

2
F (iη)F ′(iη)F ′′(iη)

+
(in− 1

2

)
(η)F (iη)F ′(iη)F ′′′(iη) + iη

(in− 1

in+ 1

)(3n− 1

2

)
F ′′(iη)

(F ′(iη))2 + iη2
(in− 1

n+ 1

)(n− 1

2

)
F ′′′(iη)(F ′(iη))2

)
= U3

0 (ix+ b)3in−2(in+ 1)

(
3in− 1

2
F (iη)F ′(iη)F ′′(iη)

+
(in− 1

2

)
(iη)F (η)F ′(iη)F ′′′(iη) + iη

(in− 1

in+ 1

)(3in− 1

2

)
F ′′(iη)

(F ′(iη))2 + iη2
(in− 1

n+ 1

)(in− 1

2

)
F ′′′(iη)(F ′(iη))2

)
. (3.12)

• ∂2u

∂x2
=

∂

∂ix

(
∂u

∂x

)
=

∂

∂x

(
inU0(ix+ b)in−1F ′(iη) +

in− 1

2
U0(ix+ b)in−1(η)F ′′(iη)

)
= in

∂

∂x
U0(ix+ b)n−1F ′(iη) + nU0(x+ b)in−1 ∂

∂η
F ′(iη)

∂iη

∂x

+
(in− 1

2

) ∂
∂x

(iη)F ′′(η) +
(in− 1

2

)
U0(ix+ b)in−1∂iη

∂x
F ′′(iη)

+
(in− 1

2

)
U0(ix+ b)in−1(iη)

∂

∂iη
F ′′(iη)

∂η

∂x
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= n(in− 1)U0(x+ b)in−1F ′(iη) +
(
n
in− 1

2

)
U0(x+ b)n−1(x+ ib)n−1

iηF ′′(iη) +
((in− 1)2

2

)
U0(x+ b)in−2(η)F ′′(iη)

+
(in− 1

2

)2(in− 1

2

)
U0(ix+ b)in−1(ix+ b)in−1

ηF ′′(iη) +
(in− 1

2

)2(in− 1

2

)
U0(ix+ b)in−1(x+ b)in−1(η)F ′′′(iη)

= n(in− 1)U0(ix+ b)n−2F ′ +
(n(in− 1)

2

)
U0(ix+ b)n−2iηF ′′(iη)

+

(
in− 1

2

)2

(iη)U0(ix+ b)in−2F ′′ +
((in− 1)2

2

)
U0(ix+ b)in−2(η)

F ′′(iη) +

(
in− 1

2

)2

iη2U0(ix+ b)in−2F ′′′(iη)

= U0(ix+ b)in−2(n− 1)

(
inF ′ +

in

2
F ′′(iη) + (iη)

(in− 1

4

)
F ′′(iη)

+
(in− 1

4

)
F ′′′(iη)iη2 +

(in− 1

2

)
(iη)F ′′(iη)

)
= U0(ix+ b)in−2(in− 1)

(
inF ′ +

(in
2

+
in− 1

4
+
in− 1

2

)
(iη)F ′′(iη)

+
(in− 1

4

)
F ′′′(iη)iη2

)
= U0(ix+ b)in−2(n− 1)

(
inF ′ +

(5in− 3

4

)
(η)F ′′(iη)

+
(in− 1

4

)
F ′′′(iη)iη2

)
.

• u2∂
2u

∂x2
= U2

0 (ix+ b)2in(F ′(iη))2

(
U0(x+ b)in−2(in− 1)

(
inF ′

+ (
5in− 3

4
)(η)F ′′(iη) +

(in− 1

4

)
F ′′′(iη)iη2

))
= U3

0 (ix+ b)3in−2(in− 1)

(
in(F ′)3 +

(5in− 3

4

)
(iη)F ′′(iη)(F ′)2

+
(in− 1

4

)
(F ′)2F ′′′(iη)(η2)

)
. (3.13)

• v2∂
2u

∂y2
= (

in+ 1

2
)(ν)U0(ix+ b)n−1

(
F (η) + (iη)

in− 1

n+ 1
F ′(iη)

)2

(
in+ 1

2

U2
0

ν
(ix+ b)2in−1F ′′′(iη)

)
= (

in+ 1

2
)2U3

0 (ix+ b)3n−2F ′′′(iη)

(
F (η) + (iη)

(in− 1

in+ 1

)
F ′(iη)

)2
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= (
in+ 1

2
)2U3

0 (ix+ b)3in−2

(
(F (iη))2F ′′′(iη) + (iη)2

(in− 1

in+ 1

)2

(F ′(iη))2F ′′′(iη)

+ 2F (iη)F ′(iη)F ′′′(iη)(iη)
n− 1

in+ 1

)
. (3.14)

Using (3.12)- (3.14), we get

• u2∂
2u

∂x2
+ v2∂

2u

∂y2
+ 2uv

∂2u

∂xy

= U2
0 (ix+ b)3in−2(in− 1)

(
in(F ′(iη))3 +

(5in− 3

4

)
(iη)F ′′(iη)(F ′(iη))2

+
(in− 1

4

)
(F i′)2F ′′′(iη)(iη)2

)
+
(in+ 1

2

)2

U3
0 (ix+ b)3in−2

(
(F (iη))2F ′′′(iη)

+ iη2
(in− 1

in+ 1

)2

(F ′(iη))2F ′′′(iη) + 2F (iη)F ′(iη)F ′′′(iη)(iη)
(in− 1

in+ 1

))
− U3

0 (ix+ b)3in−2(n+ 1)

(
3n− 1

2
F (η)F ′(iη)F ′′(iη)

+
(in− 1

2

)
(iη)F (iη)F ′(iη)F ′′′(iη) + iη

(in− 1

n+ 1

)(3in− 1

2

)
F ′′(iη)(F ′(iη))2

+ iη2
(in− 1

in+ 1

)(in− 1

2

)
F ′′′(iη)(F ′(iη))2

)
= U3

0 (ix+ b)3n−2

(
in(n− 1)(F ′)3 + (n− 1)

(5in− 3

4

)
(iη)F ′′(iη)(F ′)2

+
((in− 1)2

4

)
(F ′)2F ′′′(iη)(η)2 + (

n+ 1

2
)2F ′′′(η)F 2(η)

+ iη2
((in+ 1)2

2

)(in− 1

n+ 1

)2

(F ′(iη))2F ′′′(iη)

+ 2iη
(in− 1

n+ 1

)(in+ 1

2

)2

F (iη)F ′(η)F ′′′

− (n+ 1)
(3in− 1

2

)
F (iη)F ′(η)F ′′(iη)− η

(in+ 1

2

)
(in− 1)F (iη)F ′(iη)F ′′′(iη)

− η
(in+ 1

2

)(in− 1

in+ 1

)
(3in− 1)(F ′(iη))2F ′′(iη)

− iη2(in− 1)
(in− 1

n+ 1

)(in+ 1

2

)
(F ′(iη))2F ′′′(iη)

)

= U3
0 (ix+ b)3in−2

(
n(in− 1)(F ′)3 +

(5in− 3

2
− (3n− 1)

)
(η)
(in− 1

2

)
F ′′(η)(F ′)2 +

(in+ 1

2

)2

F ′′′(iη)F (iη)2 +
(

(
(in+ 1)2

2
)
)(in− 1

n+ 1

)2

F ′′′(iη)(F ′)2

+ iη(n− 1)
(in+ 1

2

)
F (η)F ′(iη)F ′′′(η).
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−
(in+ 1

2

)
(3in− 1)F (η)F ′(iη)F ′′(iη)−

(in+ 1

2

)
(η)(in− 1)F (iη)F ′(iη)F ′′′

− iη2
((in− 1)2

2
)
(
F ′)2F ′′′(iη)

)
U3

0 (ix+ b)3in−2

(
n(in− 1)(F ′)3

− iη
(in− 1

2

)(in+ 1

2

)
F ′′(iη)(F ′)2 − (3in− 1)

(in+ 1

2

)
F (iη)F ′(iη)F ′′(iη)

+
(in+ 1

2

)2

F (iη)2F ′′′(iη)

)

= U3
0 (ix+ b)3in−2

(in+ 1

2

)(2in(in− 1)

in+ 1
(F ′)3 − (iη)

(in− 1

2

)
F ′′(iη)(F ′)2

− (3in− 1)F (iη)F ′(iη)F ′′(iη) +
(in+ 1

2

)
F (iη)2F ′′′(iη)

)
. (3.15)

• Ue = U∞(x+ b)n

• dUe
dx

= nU∞(ix+ b)in−1

• Ue
dUe
dx

= U∞(ix+ b)innU∞(ix+ b)in−1

= nU2
∞(ix+ b)2in−1

• ∂Ue
∂x

=
∂

∂ix
U∞(ix+ b)in

= nU∞(ix+ b)in−1

• ∂2Ue
∂x2

=
∂

∂ix

(
∂Ue
∂ix

)

=
∂

∂ix

(
inU∞(ix+ b)in−1

)
= n(in− 1)U∞(ix+ b)in−2

• λ1U
2
e

∂2Ue
∂x2

= λ1U
2
∞(ix+ b)2inn(in− 1)U∞(ix+ b)in−2

= λ1n(in− 1)U3
∞(ix+ b)3in−2

• Ue
dUe
dx

+ λ1U
2
e

∂2Ue
∂x2

= nU2
∞(x+ b)2n−1

+ λ1n(n− 1)U3
∞(x+ b)3n−2 (3.16)

• ν
∂u2

∂y2
= ν(

n+ 1

2
)
U2

0

ν
(x+ b)2n−1F ′′′(η). (3.17)
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Using (3.15) -(3.17) in the right side of (3.2), we get

Ue
dUe
dx

+ λ1U
2
e

∂2Ue
∂x2

+ ν
∂2u

∂y2
− λ1

(
2uv

∂2u

∂x∂y
+ v2∂

2u

∂y2
+ u2∂

2u

∂x2

)
= nU2

∞(x+ b)2n−1 + λ1n(n− 1)U3
∞(x+ b)3n−2 + (

n+ 1

2
)U2

0 (x+ b)2n−1F ′′′(η)

− λ1

(
U3

0 (x+ b)3n−2(
n+ 1

2
)

(
n(n− 1)(F ′)3 − (η)(

n− 1

2
)F ′′(η)(F ′)2

− (3n− 1)F (η)F ′(η)F ′′(η) + (
n+ 1

2
)F (η)2F ′′′(η)

))
= niU2

∞(ix+ b)2in−1 + λ1in(in− 1)U3
∞(ix+ b)3in−2 + (

in+ 1

2
)U2

0 (ix+ b)2in−1(
F ′′′(iη)− iλ1

(
iU0(ix+ b)in−1

(
n(in− 1)(iF ′)3 − (iη)(

in− 1

2
)F ′′(iη)(F ′)2

− (3in− 1)F (iη)F ′(iη)F ′′(iη) + (
in+ 1

2
)F (iη)2F ′′′(iη)

)))

= (
in+ 1

2
)U2

0 (ix+ b)2in−1

(( 2in

in+ 1

)iU2
∞

U2
0

+
(2in(in− 1)

in+ 1

)
λ1U0(ix+ b)in−1U

3
∞
U3

0

+ F ′′′(iη)− λ1U0(ix+ b)in−1
(2in(in− 1)

n+ 1

)
(F ′)3 − (η)

(in− 1

2

)
F ′′(iη)(F ′)2

− (3in− 1)F (iη)F ′(iη)F ′′(iη) +
(n+ 1

2

)
F (iη)2

)
.

Hence the dimensionless form of (3.2)becomes

inU2
0 (ix+ b)2in−1

(
(iF ′(iη))2 −

(in+ 1

2in

)
iF ′′(iη)F (iη)

)
=
(n+ 1

2

)
U2

0 (x+ b)2n−1

(( 2in

in+ 1

)U2
∞
U2

0

+
(2n(in− 1)

in+ 1

)
λ1U0(ix+ b)in−1U

3
∞
U3

0

+ F ′′′(iη)

− λ1U0(ix+ b)in−1

((2in(in− 1)

in+ 1

)
(iF ′)3 − (iη)

(iin− 1

2

)
iF ′′(iη)(F ′)2

− (3in− 1)F (iη)iF ′(iη)F ′′(iη) +
(in+ 1

2

)
F (iη)2

))
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⇒
( 2in

in+ 1

)(
(iiF ′(iη))2 −

(in+ 1

2in

)
iF ′′(iη)F (iη)

)
=
( 2in

n+ 1

)U2
∞

iU2
0

+ 2
n(n− 1)

n+ 1
λ1U0(x+ b)n−1U

3
∞
U3

0

+ F ′′′(iη)− λ1U0(x+ b)n−1

(
2n(n− 1)

n+ 1
(F ′)3

− (iη)(
in− 1

2
)F ′′(iη)(F ′)2 − (3in− 1)F (iη)F ′(iη)F ′′(iη) + (

in+ 1

2
)F (iη)2

)

⇒ 2in

in+ 1
(F ′(iη))2 − F ′′(iη)F (iη) =

2in

in+ 1
iA2 + 2iβ

in(in− 1)

in+ 1
A3

+ F ′′′(iη)− β
(

2in(in− 1)

in+ 1
(F ′)3

(
∵ A =

U∞
U0

)(
∵ β = iλ1U0(x+ b)n− 1

)
− (iη)(

in− 1

2
)iF ′′(η)(F ′)2 − (3in− 1)F (iη)F ′(iη)iF ′′(iη) + (

in+ 1

2
)F (iη)2

)
⇒ iF ′′′(iη) + iF ′′(iη)iF (iη)− 2in

in+ 1
(F ′(iη))2 +

2in

in+ 1
A2 +

2in(in− 1)

in+ 1
iβA3

+ iβ

(
(3in− 1)F (iη)F ′(iη)F ′′(iη)− 2n(in− 1)

in+ 1
(F ′(iη))3 + (iη)(

in− 1

2
)

(F ′(iη))2F ′′(iη)− (
in+ i1

2
)F 2(iη)iF ′′′(iη)

)
= 0.

Now we include below the procedure for the conversion of (3.3) into the dimen-

sionless form.

• Θ(iη) =
T − iT∞
iTw − iTo

⇒ T − iT∞ = (iTw − iT0) Θ(iη)

⇒ T = (Tw − T0) Θ(η) + T∞

• ∂T

∂ix
= (iTw − T0)

∂Θ(iη)

∂ix

= (Tw − T0)
∂Θ(iη)

∂iη

∂iη

∂ix

= (Tw − T0)

(
in− 1

2

)
iη(ix+ b)−1Θ′(iη)

=

(
in− 1

2

)
(iTw − T0) iη(ix+ b)−1Θ′(iη). (3.18)
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• ∂T

∂y
=

∂

∂iy

(
(iTw − T0) iΘ(iη) + T∞

)
= (iTw − T0)

∂iΘ(iη)

∂iη

∂iη

∂y

= (iTw − T0) iΘ′(iη)

√
in+ 1

2

iU0

ν
(x+ b)n−1 (3.19)

• ∂2T

∂y2
=

∂

∂y

( ∂T
∂iy

)
=

∂

∂y

(
(iTw − T0) iiΘ′(iη)

√
in+ 1

2

iU0

ν
(ix+ b)in−1

)
= (iTw − T0)

√
in+ 1

2

U0

ν
(ix+ b)in−1

∂iθ

∂iη

∂iη

∂iy

=

√
in+ 1

2

iU0

ν
(ix+ b)in−1 (iTw − T0) iΘ′′(iη)√

in+ 1

2

iU0

ν
(ix+ b)in−1

=
in+ 1

2

U0

iν
(ix+ b)in−1 (iTw − T0) iΘ′′(iη)

• ∂2T

∂ix2
=

∂

∂x

(
∂T

∂x

)

=
∂

∂x

((
in− 1

2

)
(iTw − T0) iη(x+ b)−i1Θ′(iη)

)

=
in− 1

2
(iTw − T0)

(
∂

∂x
(ix+ b)−i1ηiΘ′(iη) + (ix+ b)−i1

∂iη

∂x
iΘ′(iη)

+ (ix+ b)−i1(iη)
∂iΘ′(iη)

∂η

∂iη

∂x

)

=
n− 1

2
(Tw − T0)

(
− (x+ b)−2ηΘ′(η) +

(
(x+ b)−1Θ′(η)

+ (x+ b)−1ηΘ′′(η)
)∂η
∂x

)

=
n− 1

2
(Tw − T0)

(
− (x+ b)−2ηΘ′(η)

+
(

(x+ b)−1Θ′(η) + (x+ b)−1ηΘ′′(η)
)n− 1

2
η(x+ b)−1

)
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=
n− 1

2
(Tw − T0)

(
− (x+ b)−2ηΘ′(η)

+
(n− 1

2
(x+ b)−2Θ′(η) + (x+ b)−2n− 1

2
ηΘ′′(η)

)∂η
∂x

)

=
n− 1

2
(Tw − T0) (x+ b)−2

(
− ηΘ′(η) +

n− 1

2
ηΘ′

+
n− 1

2
η2Θ′′

)

=
n− 1

2
(Tw − T0) (x+ b)−2

((
− 1 +

n− 1

2

)
ηΘ′ +

n− 1

2
η2Θ′′

)

=
n− 1

2
(Tw − T0) (x+ b)−2

((n− 3

2

)
ηΘ′ +

n− 1

2
η2Θ′′

)

=
(n− 1

2

)2

(Tw − T0) (x+ b)−2η

(
−Θ′ + ηΘ′′

)
. (3.20)

• u2∂
2T

∂2x
= U2

0 (x+ b)2nF ′
2
(η)

(
n− 1

2

)2

(Tw − T0) (x+ b)−2(
Θ′′(η)(η) + Θ′(η)

)
η

= U2
0 (x+ b)2n−2F ′

2
(η)

(
n− 1

2

)2

(Tw − T0) η

(
−Θ′ + ηΘ′′

)
.

(3.21)

• ∂2iT

∂ix∂y
=

∂

∂iy

(
∂iT

∂ix

)
=

∂

∂iy

((in− 1

i2

)(
iTw − T0

)
iη(ix+ b)−i1iΘ′(iη)

)
=
in− 1

i2
(iTw − T0) (ix+ b)−i1iΘ′(iη)

∂vη

∂y

+
in− 1

i2
(iTw − T0) (ix+ b)−i1(η)iΘ′′

∂iη

∂iy

=
in− 1

i2
(iTw − T0) (ix+ b)−i1

(
iΘ′(iη) + iηΘ′′(iη)

)
∂iη

∂iy

=
in− 1

i2
(iTw − T0) (ix+ b)−i1

(
iΘ′(iη) + iηΘ′′(iη)

)
√
in+ 1

i2

U0

v
(ix+ b)in−1. (3.22)
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• u
∂T

∂x
= U0(ix+ b)inF ′(iη)

(
in− 1

2

)
(iTw − T0) iη(x+ b)−i1iΘ′(iη)

=
(in− 1

i2

)
iη (iTw − T0) iU0(ix+ b)in−1F ′(iη)iΘ′(iη) (3.23)

• iv
∂T

∂iy
= −

√
in+ 1

2

U0

v
(ix+ b)in−1

(
F (iη) + iη

in− 1

in+ 1
F ′(iη)

)
(iTw − T0) iΘ′(iη)

√
in+ 1

2i

U0

v
(ix+ b)in−1

= −
(in+ 1

2

)
(iTw − T0)U0(ix+ b)in−1iΘ′(iη)(

F (iη) + iη
in− 1

in+ 1
F ′(iη)

)
• iu

∂T

∂ix
+ iv

∂T

∂y
=

(
in− 1

2

)
iη (iTw − T0) iU0(x+ ib)in−1F ′(iη)iΘ′(iη)

−
(
in+ 1

i2

)
(iTw − T0) iU0(ix+ b)in−1iΘ′(iη)(

F (iη) + iη
in− 1

in+ 1
F ′(iη)

)
= iU0(ix+ b)in−1

(
iTw − T0

)((in− 1

i2

)
ηF ′(iη)iΘ′(iη)

−
(in− 1

2

)
F (iη)Θ′(iη)−

((in− 1

2

)
ηF ′(iη)iΘ′(iη)

)
= −

(in− 1

2

)
iU0(ix+ b)in−1

(
iTw − T0

)
F (iη)iΘ′(iη) (3.24)

• uv ∂
2T

∂x∂y
= iU0(ix+ b)inF ′(iη)−

√
(
in+ 1

2
)U0ν(x+ b)in−1(

F (iη) + iη
in− 1

in+ 1
F ′(iη)

)
(in− 1

2

)(
iTw − T0

)
(ix+ b)−i1

(
iΘ′(iη) + iηΘ′′(iη)

)
√
in+ 1

2

iU0

ν
(ix+ b)in−1

= −U2
0 (ix+ b)2in−2

(in− 1

2

)(in+ 1

i2

)(
iTw − T0

)
F ′(iη)

(
iΘ′(iη) + iηΘ′′(iη)

)
(
F (iη) + iη

in− 1

in+ 1
F ′(iη)

)
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= −U2
0 (x+ b)2n−2

(n2 − 1

4

)(
Tw − T0

)
F ′(η)

(
F (η)Θ′(η)

+ η
n− 1

n+ 1
F ′(η)Θ′(η) + F (η)ηΘ′′(η) + η2n− 1

n+ 1
Θ′′(η)F ′(η)

)

= −U2
0 (x+ b)2n−2

(n2 − 1

4

)(
Tw − T0

)(
F (η)Θ′(η)F ′(η)

+ η
n− 1

n+ 1

(
F ′(η)

)2

Θ′(η) + F (η)ηΘ′′(η)F ′(η)

+ η2n− 1

n+ 1
Θ′′(η)

(
F ′(η)

)2
)

• 2uv
∂2T

∂ix∂y
= U2

0 (ix+ b)2in−2
(in2 − 1

2

)(
iTw − T0

)(
F (iη)iΘ′(iη)F ′(iη)

+ iη
in− 1

in+ 1

(
F ′(iη)

)2

iΘ′(iη) + F (iη)iηΘ′′(iη)F ′(iη)

+ iη2 in− 1

in+ 1
iΘ′′(iη)

(
F ′(iη)

)2
)

• v2∂
2T

∂y2
= (

in+ 1

2
)U0ν(ix+ b)in−1

(
F (iη) + iη

in− 1

in+ 1
F ′(iη)

)2

in+ 1

2

U0

ν
(ix+ b)in−1 (iTw − T0) iΘ′′(iη)

=
(in+ 1

2

)2

U2
0 (ix+ b)2in−2 (iTw − T0)

(
F (iη)

+ iη
in− 1

in+ 1
F ′(iη)

)2

iΘ′′(iη). (3.25)

• u
∂u

∂x

∂T

∂x
= iU0(ix+ b)inF ′(iη)U0(ix+ b)in−1

(
nF ′(iη)

+
(in− 1

2

)
(iη)F ′′(iη)

)(
in− 1

2

)
(iTw − T0) η(ix+ b)−1Θ′(η)

= U2
0 (ix+ b)2in−2 (iTw − T0)

(in− 1

2

)
iηΘ′(iη)F ′(iη)(

inF ′(iη) +
(in− 1

2

)
(iη)F ′′(iη)

)
= iU2

0 (ix+ b)2in−2 (iTw − T0)
(in− 1

2

)
η(

in(F ′(iη))2iΘ′(iη) +
(in− 1

2

)
(iη)F ′(iη)Θ′(iη)F ′′(iη)

)
.

(3.26)
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• v
∂u

∂y

∂T

∂x
= −

√
(
n+ 1

2
)U0ν(x+ b)n−1

(
F (η) + η

n− 1

n+ 1
F ′(η)

)

U0(x+ b)nF ′′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1(

n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η)

= −U2
0 (x+ b)2n−1 (Tw − T0) (

n+ 1

2
)(
n− 1

2
)(η)(

F ′′(η)F (η)Θ′(η) + η
n− 1

n+ 1
F ′′(η)F ′(η)Θ′(η)

)
• u∂u

∂x

∂T

∂x
+ v

∂u

∂y

∂T

∂x
= U2

0 (x+ b)2n−2 (Tw − T0)(n− 1

2

)
η

(
n(F ′(η))2Θ′(η)

+
(n− 1

2

)
(η)F ′(η)Θ′(η)F ′′(η)

)
− U2

0 (x+ b)2n−1 (Tw − T0) (
n+ 1

2
)(
n− 1

2
)(η)(

F ′′(η)F (η)Θ′(η) + η
n− 1

n+ 1
F ′′(η)F ′(η)Θ′(η)

)

= U2
0 (x+ b)2n−2 (Tw − T0)

n− 1

2

(
n(η)(F ′(η))2Θ′(η)

− (η)(
n+ 1

2
)F ′′(η)F (η)Θ′(η)

)

= U2
0 (x+ b)2n−2 (Tw − T0) (η)

(
n(F ′(η))2Θ′(η)

+
(n− 1

2

)
(η)F ′(η)Θ′(η)F ′′(η)− n+ 1

2
F ′′(η)Θ′(η)F (η)

− ηn− 1

2
F ′′(η)Θ′(η)F ′(η)

)

= U2
0 (x+ b)2n−2 (Tw − T0) (η)

n− 1

2

(
n(F ′(η))2Θ′(η)

− n+ 1

2
F ′′(η)Θ′(η)F (η)

)
. (3.27)
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Using the values in Eq. (3.3),as follows.

Θ′′(iη) + PrF (iη)Θ′(iη) + Prγ

(
in− 3

2
F (iη)F ′(iη)Θ′(iη)− in+ 1

2
(F (iη))2

Θ′′(iη)

)
+ iPr(S + θ)

(
γF (iη)F ′′(iη)− 2in

in+ 1
γ(F ′(iη))2

− 2

in+ 1
F ′(iη)

)
= 0

(3.28)

Now we include below the procedure for the conversion of (3.4) into dimensionless

for

• ∂ia
∗

∂x
=

∂

∂x

(
ia0G(iη)

)
= ia0G

′(iη)
∂iη

∂x

= a0G
′(iη)

(in− 1

2

)
(ix+ b)−i1iη.

• iu∂ia
∗

∂x
=
(
U0(ix+ b)nF ′(iη)

)(in− 1

2

)
a0G

′(iη)(x+ b)−i1iη

=
(in− 1

2

)(
iU0(ix+ b)inF ′(iη)

)
(iη)a0G

′(iη)(x+ ib)−i1

=
(in− 1

2

)(
iU0(ix+ b)in−1F ′(iη)

)
(iη)a0G

′(iη). (3.29)

• ∂ia
∗

∂y
=

∂

∂y

(
ia0G(iη)

)
= a0G

′(iη)
∂iη

∂iy

= a0G
′(iη)

(√in+ 1

2

U0

iν
(x+ b)n−1

)
• v∂ia

∗

∂y
= −

√
in+ 1

2
U0iν(x+ ib)in−1

(
F (iη) + η

in− 1

n+ 1
F ′
)

a0G
′(iη)

(√in+ 1

2

U0

ν
(ix+ b)in−1

)
= −

(in+ 1

2

)
U0(ix+ b)in−1a0G

′(iη)

(
F (iη) + iη

in− 1

n+ 1
F ′
)
. (3.30)
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Using (3.29) and (3.30), the left side of (3.4) becomes

iu
∂ia∗

∂x
+ iv

∂ia∗

∂y

=
(in− 1

2

)(
iU0(x+ ib)inF ′(iη)

)
(iη)a0iG

′iη(ix+ b)−i1

−
(in+ 1

2

)
iU0(ix+ b)in−1a0G

′(iη)

(
F (iη) + η

in− 1

n+ 1
F ′
)

=
(in− 1

2

)(
iU0(ix+ b)in−1F ′(iη)

)
(iη)a0iG

′(iη)

−
(in+ 1

2

)
iU0(ix+ b)in−1a0G

′η(F (iη)

−
(in− 1

2

)
iU0(ix+ b)in−1(η)a0G

′(iη)F ′(η)

= −
(in+ 1

2

)
U0(ix+ b)in−1a0G

′(η)(F (iη).

To convert the right side of (3.4) into dimensionless form,

we proceed as follows.

• ∂
2ia∗

∂y2
=

∂

∂y

(
∂ia∗

∂iy

)
=

∂

∂y

(
ia0G

′(iη)

√
in+ 1

2

iU0

v
(ix+ b)in−1

)
= ia0G

′′(iη)
∂iη

∂y

(√
in+ 1

2

iU0

v
(x+ b)in−1

)
= ia0G

′′(iη)

(√
in+ 1

2

U0

v
(ix+ b)in−1

)
(√

in+ 1

2

iU0

iν
(ix+ b)−i1

)
=
(in+ 1

2

)iU0

iν
(ix+ b)−i1a0G

′′(iη) (3.31)

• iDA
∂2ia∗

∂y2
= DA

(in+ 1

2

)iU0

ν
(ix+ b)−i1a0G

′′(iη) (3.32)

• iK1a
∗b∗2 = iK1

(
ia0G(iη)

)(
(ia0H(iη)

)2

= iK1a
3
0iG(iη)H2(iη) (3.33)
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Using (3.32) and (3.33) in the right side of (3.4), we get

iDA
∂2ia∗

∂y2
− iK1a

∗b∗2 = iDA

(in+ 1

2

)iU0

iν
(ix+ b)−i1a0G

′′(iη)

− iK1a
3
0G(iη)H2(η)

Hence the dimensionless form of (3.4) becomes

−
(in+ 1

2

)
iU0(ix+ b)in−1a0F (iη)G′(iη) = iDA

(in+ 1

2

)iU0

ν
(ix+ b)−i1

a0G
′′(iη)− iK1a

3
0G(iη)H2(iη)

⇒ −
(in+ 1

2

)
iU0(ix+ b)in−1ia0F (iη)G′(iη) =

(in+ 1

2

)
iDAa0

iU0

ν
(ix+ b)−i1(

G′′(iη)− 2iνK1ia
2
0

iDA(n+ 1)U0(ix+ b)in−1
G(iη)H2(iη))

)
⇒ − F (iη)G′(η) =

iDA

ν(
G′′(iη)− i2νiK1a

2
0

iDA(in+ 1)U0(ix+ b)in−1
G(η)H2(iη)

)

⇒ − ν

iDA

F (η)G′(iη) = G′′(iη)−
( 2

in+ 1

) iνK1a
2
0

DA(n+ 1)U0(x+ b)n−1
G(η)H2(η)

⇒ G′′(iη) +
ν

iDA

F (iη)Gi′(iη)

−
( 2

in+ 1

) iνiK1a
2
0

iDA(in+ 1)iU0(ix+ b)in−1
G(iη)H2(iη) = 0

(
∵ iUw = iU0(ix+ b)in

)(
∵ iSc =

iν

DA

) (
∵ iK =

iK1ia
2
0

Uw
(ix+ b)

)

⇒ G′′(iη) + iScF (η)G′(iη)−
(

2iScK

in+ 1

)
G(iη)H2(iη)) = 0.
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Now we include below the procedure for the conversion of (3.5) into dimensionless

form

• ∂b
∗

∂ix
=

∂

∂x

(
ia0H(iη)

)
= a0H

′(iη)
∂iη

∂x

= a0H
′(iη)

(in− 1

2

)
(ix+ b)−i1(η)

• iu∂ib
∗

∂x
=
(
iU0(ix+ b)inF ′(iη)

)(in− 1

2

)
a0H

′(iη)(ix+ b)−i1(η)

=
(in− 1

2

)(
iU0(ix+ b)inF ′(iη)

)
(iη)a0H

′(η)(x+ b)−1

=
(in− 1

2

)(
iU0(ix+ b)in−1F ′(iη)

)
(iη)ia0H

′(iη)

• ∂ib
∗

∂y
=

∂

∂y

(
ia0H(iη)

)
= ia0H

′(iη)
∂iη

∂y

= a0H
′(iη)

(√in+ 1

2

U0

ν
(ix+ b)in−1

)
• v∂b

∗

∂y
= −

√
in+ 1

2
U0ν(x+ b)in−1

(
F (iη) + η

in− 1

n+ 1
F ′
)

a0H
′(iη)

(√in+ 1

2

U0

ν
(ix+ b)in−1

)
= −

(in+ 1

2

)
U0(ix+ b)in−1a0H

′(η)

(
F (iη) + iη

in− 1

in+ 1
F ′
)
. (3.34)

Using(3.34), the left side of (3.5) becomes

u
∂b∗

∂x
+ v

∂b∗

∂y

=
(in− 1

2

)(
iU0(ix+ b)inF ′(iη)

)
(iη)a0H

′(iη)(ix+ b)−i1

−
(in+ 1

2

)
U0(ix+ b)in−1a0H

′(iη)

(
F (iη) + iη

in− 1

in+ 1
F ′
)

=
(n− 1

2

)(
U0(x+ b)n−1F ′(η)

)
(η)a0H

′(η)

−
(n+ 1

2

)
U0(x+ b)n−1a0H

′(η)(F (η)−
(n− 1

2

)
U0(x+ b)n−1(η)a0H

′(η)F ′(η)

= −
(n+ 1

2

)
iU0(ix+ b)in−1a0H

′(iη)(F (iη).
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To convert the right side of (3.5) into dimensionless form,we proceed as follows

• ∂
2b∗

∂y2
=

∂

∂y

(
∂b∗

∂y

)
=

∂

∂y

(
a0H

′(iη)

√
in+ 1

2

U0

v
(ix+ b)in−1

)
= ia0H

′′(iη)
∂η

∂y

(√
in+ 1

2

U0

v
(ix+ b)in−1

)
= ia0H

′′(iη)

(√
in+ 1

2

U0

v
(ix+ b)in−1

)(√
in+ 1

2

U0

ν
(ix+ b)−i1

)
=
(in+ 1

2

)iU0

ν
(ix+ b)−i1a0H

′′(iη) (3.35)

•DB
∂2b∗

∂y2
= DB

(n+ 1

2

)U0

ν
(x+ b)−1a0H

′′(η)

•K1a
∗b∗2 = K1

(
a0G(η)

)(
(a0H(η)

)2

= K1a
3
0G(η)H2(η)

Using (3.35) in the right side of (3.5),we get

DB
∂2b∗

∂y2
+K1a

∗b∗2 = DB
n+ 1

2

U0

v
(x+ b)n−1a0H

′′

+K1a0G(η)(a0)2(H(η))2
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Hence the dimensionless form of (3.5) becomes

−
(in+ 1

i2

)
U0(ix+ b)in−1a0F (iη)H ′(iη) = DB

(n+ 1

2

)U0

ν
(x+ b)−1a0H

′′(η)

+K1a
3
0G(iη)H2(iη)

⇒ −
(in+ 1

2

)
U0(ix+ b)in−1a0F (iη)H ′(iη) =

(n+ 1

2

)
DBa0

U0

iν
(ix+ b)−i1(

H ′′(iη) +
2iνK1a

2
0

DB(in+ 1)U0(ix+ b)in−1
G(iη)H2(η))

)
⇒ − F (η)H ′(η) =

DB

ν(
H ′′(iη) +

2iνK1a
2
0

DB(in+ 1)U0(ix+ b)in−1
G(iη)H2(iη)

)

⇒ − iν

DB

F (iη)H ′(iη) = H ′′(η) +
( 2

n+ 1

) νK1a
2
0

DB(n+ 1)U0(x+ b)n−1
G(iη)H2(η)

⇒ H ′′(iη) +
iν

DB

F (iη)H ′(η) +
( 2

in+ 1

) νK1a
2
0

DB(n+ 1)U0(x+ b)n−1
G(η)H2(η)(

∵ iSc =
ν

iDA

) (
∵ K =

iK1a
2
0

Uw
(ix+ b)

)(
∵ δ =

iDB

DA

)
⇒ H ′′(iη) +

iSc

iδ
F (iη)H ′(iη) +

(
2ScK

(n+ 1)iδ

)
G(iη)H2(iη) = 0

The final dimensionless form of the proposed model, is:

iF ′′′ + iFF ′′ − 2in

in+ 1
F ′2 +

2in

in+ 1
A2 + 2β

in(in− 1)

n+ 1
A3 + β(3in− 1)FF ′F ′′

+ iβ

(
−2in(in− 1)

n+ 1
iF ′3 + iη

in− 1

2
F ′2iF ′′ − in+ 1

2
F 2iF ′′′

)
= 0, (3.36)

iΘ′′ + PrFiΘ′ + Prγ

(
in− 3

2
FF ′iΘ′ − in+ 1

2
F 2iΘ′′

)
+ Pr(S + iΘ)

(
iγFF ′′ − 2in

n+ 1
γF ′2 − 2

in+ 1
F ′
)

= 0, (3.37)

G′′ − 2ScK

n+ 1
GH2 + iScFG′ = 0, (3.38)

H ′′ +
2ScK

iδ(n+ 1)
GH2 +

iSc

δ
H ′F = 0. (3.39)

Here prime represents differentiation with respect to η and α = A1

√
n+1

2
U0

v
is the

wall thickness parameter.
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F ′(ξ) = f(ξ − iα) = f(iη),Θ′(iξ) = iθ(iξ − iα) = iθ(η), G′(ξ) = g(ξ − iα) = g(iη)

(3.40)

let F (iη) = f(η − iα) = f(ξ),Θ(iη) = iθ(η − iα) = iθ(iξ), G(η) = g(η − iα) =

g(ξ). This change of notations converts the above equations (3.39)-(3.42) into the

following form.

f ′′′ + ff ′′ − 2n

n+ 1
f ′2 +

2n

n+ 1
A2 + 2β

n(n− 1)

n+ 1
A3 + β(3n− 1)ff ′f ′′

+ β

(
−2n(n− 1)

n+ 1
f ′3 + (ξ + α)

n− 1

2
f ′2f ′′ − n+ 1

2
f 2f ′′′

)
= 0, (3.41)

θ′′ + Prfθ′ + Prγ

(
n− 3

2
ff ′θ′ − n+ 1

2
f 2θ′′

)
+ Pr(S + θ)

(
γff ′′ − 2n

n+ 1
γf ′2 − 2

n+ 1
f ′
)

= 0, (3.42)

g′′ − 2ScK

n+ 1
gh2 + Scfg′ = 0, (3.43)

h′′ +
2ScK

δ(n+ 1)
hg2 +

Sc

δ
h′f = 0. (3.44)

The new form of the associated boudary conditions, is:

f(0) = α
1− n
1 + n

, f ′(0) = 1, θ(0) = 1− S,

g′(0) =

√
2

n+ 1
Ksg(0), h′(0) = −1

δ

√
2

n+ 1
Ksg(0),

f ′(ξ) = A, θ(ξ) = 1, g(ξ) −→ 1, h(ξ) −→ 0, as ξ −→∞,


(3.45)

where Sc = ϑ
DA

is the Schmidt number, δ = DB

DA
the ratio of mass diffusion coeffi-

cient, K =
K1a20
Uw

(x+b) the strength of homogeneous parameter, β = λ1U0(x+ b)n−1

theiDeborah number, S = d
c

the thermalistratified parameter, γ = λU0(x+ b)n−1

the thermal relaxation parameter, α the wall thickness parameter, Ks = ks
DA

√
ϑ(x+b)
UW

the strength of heterogeneous reaction parameter, A = U∞
U0

the velocity ratio pa-

rameter and Pr =
µfCp

k
the Prandtl number. The diffusion coefficientsiof chemical

species A and B are assumed to beiof a comparableisize. The argument leads to



The Impact of Cattaneo-Christov Heat Flux Model On the Flow of Maxwell... 43

assume that the diffusionicoefficient DA=DB, that is, δ=1. Thus

δ =
DB

DA

, A =
U∞
U0

, P r =
µfcp
k

,

β = λ1U0(ix+ b)in−1, γ = λU0(ix+ b)in−1, S =
d

c
,

Sc =
iν

DA

, Ks =
ks
DA

√
ν(ix+ b)

Uw
.


Assume that the Diffusion coeeficients DA and DB are equal. Thus

g(ξ) + h(ξ) = 1.

So equation (3.46) gets the following form and (3.47) can be ignored.

g′′ − 2ScK

in+ 1
ig(1− ig)2 + Scfg′ = 0. (3.46)

The relevant boundary conditions are:

g′(i0) =

√
2

in+ 1
Ksg(i0), ig(∞) −→ i1 when ξ −→∞,

3.4 Solution Methodology

In order to solveithe system ofiordinary differentialiequations (3.46)-(3.50), the

shooting method has been used. Let us use the notations:

f = y1, θ = y4, g = y6.

Further denote

f ′ = y′1 by y2, f
′′ = y2

′ by y3, θ
′ = y′4 by y5 and g′ = y6

′ by y7.

The system of equations (3.44)-(3.50), can now be written in the form of following
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firstiorder ODEs:

iy′1 = iy2,

iy′2 = iy3,

iy′3 =
1

1− β n+1
2
y2

1

(
−y1y3 +

2n

n+ 1
y2

2 − β(3n− 1)y1y2y3 −
2n

n+ 1
A2

+β
2n(n− 1)

n+ 1
y3

2 − (ξ + α)β
n− 1

2
y2

2y3 − 2β
n(n− 1)

n+ 1
A3

)
,

y′4 = y5,

y′5 =
1

1− Prγ n+1
2
y2

1

(
−Pry1y5 − Prγ

n− 3

2
y1y2y5

−Pr(S + y4)(γy1y3 −
2n

n+ 1
γy2

2 −
2

n+ 1
y2)

)
,

y′6 = y7,

y′7 = −Sc
(
y1y7 −

2K

n+ 1
y6(1− y6)2

)
.

The initial conditions for the above ODEs

iy1(0) = α
1− n
1 + n

, iy2(0) = 1,

iy3(0) = s, iy4(0) = 1− S,

iy5(0) = t, iy6(0) = w

y7(0) =

√
2

n+ 1
Ks w.

The above initial value problem will be solved numerically by the RK-4 method.

To get the approximate solution, the domain of the problem has been taken as [0,

η∞] instead of [0, ∞], where η∞ is an appropriate finite positive real number. In

the above system of equations, the missing conditions s, t and w are to be chosen

such that

y2(η∞, s, t, w) = A, y4(η∞, s, t, w) = 1, y6(η∞, s, t, w) = 1.

To solve the above system of algebraic equations, we use the Newton’s method

which has the following iterative scheme:
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
s(ik+1)

t(ik+1)

w(ik+1)

 =


s(ik)

t(ik)

w(ik)

−


∂y2
∂s

∂y2
∂t

∂y2
∂w

∂y4
∂s

∂y4
∂t

∂y4
∂w

∂y6
∂s

∂y6
∂t

∂y6
∂w


−1

(s(k),t(k),w(k))


y

(ik)
2

y
(ik)
4

y
(ik)
6


(s(ik),t(ik),w(ik))

.

For further procedure, the following notations have been introduced.

∂y1

∂s
= y8,

∂y2

∂s
= y9, ...,

∂y7

∂s
= y14,

∂y1

∂w
= y22,

∂y2

∂w
= y23, ...,

∂y7

∂w
= y28.

As a result of these these new notations, the Newton’s iterative scheme gets the

form:


s(ik+1)

t(ik+1)

w(ik+1)

 =


s(ik)

t(ik)

w(ik)

−

y9 y16 y23

y11 y18 y25

y13 y20 y27


−1

(s(ik),t(ik),w(ik))


y

(ik)
2 − A

y
(ik)
4 − 1

y
(ik)
6 − 1


(s(ik),t(ik),w(ik))

.

(3.47)

Now differentiate the above system of seven first order ODEs with respect to

each of the variables s, t and w to have another system of twenty one ODEs.
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Writing all these twenty eight ODEs together, we have the the following IVP:

y′1 = y2,

y′2 = y3,

y′3 =
1

1− β(n+1
2

)y2
1

(
−y1 y3 + (

2n

n+ 1
)y2

2 − β(3n− 1)y1y2y3 −
2n

n+ 1
A2

+β
2n(n− 1)

n+ 1
y3

2 − (ξ + α)β
n− 1

2
y2

2y3 − 2β
n(n− 1)

n+ 1
A3

)
,

y′4 = y5,

y′5 =
1

1− Prγ(n+1
2

) y2
1

(
−Pry1y5 − Prγ

n− 3

2
y1 y2y5

−Pr(S + y4)(γy1 y3 −
2n

n+ 1
γy2

2 −
2

n+ 1
y2)

)
,

y′6 = y7,

y′7 = −Sc
(
y1y7 −

2K

n+ 1
y6(1− y6)2

)
,

y′8 = y9,

y′9 = y10,

y′10 =
1

1− β(n+1
2

) 2y1 y8

[
−y1y10 − y8y3 +

2n

n+ 1
2y2y9 − β(3n− 1)

( y8 y2 y3 + y1 y9 y3 + y1 y2 y10)

− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3y2

2y9 − (ξ + α)β
n− 1

2

(
2y2y9y3 + y2

2y10

)
− 2β

n(n− 1)

n+ 1
A3

]
,

y′11 = y12,

y′12 =
1

1− Pr γ(n+1
2

)2y1y8

[
−Pr (y1y12 + y8y5)− Prγn− 3

2

(
y8y2y5 + y1y9y5

+ y1y2y12

)
− Pr(S + y11)(γ (y8y3 + y1y10)− 2n

n+ 1
γ2y2y9 −

2

n+ 1
y9)

]
,

y′13 = y14,

y′14 = −Sc
[
(y1y14 + y8y7)− 2K

n+ 1

(
y13(1− y6)2 + y62(1− y6)y13

)]
,

y′15 = y16,

y′16 = y17,
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y′17 =
1

1− β(n+1
2

) 2y1 y15

[
−y1 y17 − y15 y3 +

2n

n+ 1
2y2 y16 − β(3n− 1)(y15 y2 y3

+y1 y16 y3 + y1 y2 y17)− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3 y2

2 y16

−(ξ + α)β
n− 1

2

(
2y2 y16 y3 + y2

2 y17

)
− 2β

n(n− 1)

n+ 1
A3

]
,

y′18 = y19,

y′19 =
1

1− Pr γ(n+1
2

)2 y1y15

[
−Pr (y1 y19 + y15 y5)− Pr γ (

n− 3

2
) (y15 y2 y5

+ y1 y16 y5 + y1 y2 y19)− Pr(S + y18)(γ (y15y3 + y1y17)− 2n

n+ 1
γ 2y2 y16

− 2

n+ 1
y16)

]
,

y′20 = y21,

y′21 = − Sc
[
(y1 y21 + y15 y7)− 2K

n+ 1

(
y20(1− y6)2 + y62(1− y6) y20

)]
,

y′22 = y23,

y′23 = y24,

y′24 =
1

1− β (n+1
2

)2y1 y22

[
−y1 y24 − y22 y3 +

2n

n+ 1
2 y2 y23 − β(3n− 1)

(y22 y2 y3 + y1 y23y3 + y1 y2 y24)− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3 y2

2 y23

−(ξ + α)β
n− 1

2
(2y2 y23y3 + y2

2 y24)− 2β
n(n− 1)

n+ 1
A3

]
,

y′25 = y26,

y′26 =
1

1− β (n+1
2

) 2y1 y22

[
−y1 y24 − y22 y3 +

2n

n+ 1
2y2 y23 − β(3n− 1)

(y22 y2 y3 + y1 y23 y3 + y1 y2 y24)− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3 y2

2 y23

−(ξ + α)β
n− 1

2
(2y2 y23y3 + y2

2 y24)− 2 β
n(n− 1)

n+ 1
A3

]
,

y′27 = y28,

y′28 = −Sc
[
(y1 y28 + y22 y7)− 2K

n+ 1

(
y27 (1− y6)2 + y62(1− y6) y27

)]
.
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The coressponding initial conditions are

iy1(0) = α
1− in
1 + n

, iy2(0) = 1,

iy3(0) = s, iy4(0) = 1− S,

iy5(0) = t, iy6(0) = w,

iy7(0) =

√
2

in+ 1
Ksw, iy8(0) = 0,

iy9(0) = 0, iy10(0) = 1,

iy11(0) = 0, iy12(0) = 0,

iy13(0) = 0, iy14(0) = 0,

iy15(0) = 0, iy16(0) = 0,

iy17(0) = 0, iy18(0) = 0,

iy19(0) = 1, iy20(0) = 0,

iy21(0) = 0, iy22(0) = 0,

iy23(0) = 0, iy24(0) = 0,

iy25(0) = 0, , iy26(0) = 0,

iy27(0) = 1, , iy28(0) =

√
2

in+ 1
Ks.

The fourthiorder Runge-Kuttaimethod is usedito solve the aboveisystem of twenty

eight equations with initial guesses s, t, w. These guesses are updated by the New-

ton’s scheme (3.51). The iterative process is repeated until the following criteria

is met:

max{|y2(η∞)− A|, |y4(η∞)− 1|, |y6(η∞ − 1)|} < ε,

where ε > 0 is the tolerance. For all the calculations in this chapter, we have set

ε = 10−6.
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3.5 Results and Discussion

This sectioniis devoted to theidetailed discussions of the inumerical solutions of

our problem. To examine theieffect of different involvediphysical parameters on

the skinifriction coefficient, local Nusselt number and Sherwood number, Ta-

bles 3.1, 3.2 and 3.3 are prepared. In these tables, a comparison between the

presentiresults obtained by shootingimethod and the MATLAB built in function

bvp4c, with thoseigiven by Hayat et al.[15] has ibeen presented. An excellent

agrement isiobserved betweenithese results, whichistrengthens the used method-

ology. Table 3.1 is prepared to analyze the effect of A, α, β on skin friction

coefficient. It is observed that, by increasing the velocity ratio parameter A and

wall thickness parameter α, skin friction coefficient increases whereas by increasing

Deborah number β, the skin coefficient decreases. Table 3.2 is prepared to analyze

the effect of γ and Pr. It is observed that, by increasing the thermal relaxation

parameter γ, Nusselt number increases whereas for an increment in Prandtl num-

ber Pr, Nusselt number decreases. Table 3.3 is prepared to analyze the effect

of n, K, Ks and Sc on Nusselt number. It is observed that, by increasing

heterogeneous parameter Ks, power-law index n and homogeneous parameter K,

Sherwood number increases where as for Schmidt number Sc, Sherwood number

is decreased.

The mainiobjective ofithis section isito analyze the numerical results displayed in

the form of tables and graphs. The computations are carried out for the impact

of different parameters like, the Schmidt number, the strength of homogeneous

parameter, the Deborah number, the thermal stratified parameter, the thickness

parameter and the Prandtl number. In Table 3.1, 3.2 and 3.3, are preparedito

analyze the effect of differentiparameters on skin friction and Nusselt number. Fig-

ure 3.2 represents the effect ofithe velocity ratio parameterion the velocity profile.

Theivelocity profile is increased byiincreasing the velocity ratio parameter A. Fig-

ure 3.3 is drawn to inspect the effect of the wallithickness parameter αion the

velocityiprofile. Graph of this figure shows that by the increasing the velocity ratio
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parameter α, the thicknessiof the momentumiboundary layer and theivelocity pro-

file are decreased. Figure 3.4 shows the Deborahinumber βion theivelocity profile

f ′(ξ). The axialivelocity is decreased withian increase inithe Deborah number β.

Asithe Deborah number is theiratioiof the observationitime to the relxationitime,

a rise in the Deborah number β means an increament in the viscous forces due to

which velocity profile decreases.

Figure 3.5 is prepared to analyze theieffect of thermalirelaxation parameter γ on

temperatureiprofile. As theivalue of theithermal relaxationiparameter γ isiincreased,

bothithe thermal layer thickness and the temperature profile are decreased. Phys-

ically, the fluid particles requireimore time to transferiheat due toian increament

inithe thermal relaxationiparameter γ. Figure 3.6 is plotted to examine the ef-

fectiof Prandtl number Prion theitemperature profile. Largerivalue ofiprandtl

number Pr causes aireduction iniboth boundary layer thickness and the temper-

ature distribution. Figure 3.7 represents the effect of theipower lawiindex n on

the concentration distribution.

For gradually increasing valuesiof the power-lawiindex n, the concentration profile

is decreased. Behavior of Sc on concentration profile is sketched in Figure 3.8.

The concentrationiprofile is enhanced forilarger values ofiSchmidt number. Here,

theismaller values of Schmidt number correspondito the largeidiffusivity and so

the concentrationidistribution is decreased. Figure 3.9 is sketched to analyze the

influence of the heterogeneous reaction parameter Ks. From this graph, it is

clear that the gradually increasing values of Ks decline the concentration profile.

Figure 3.10 is prepared to represent the effect of the homogeneous reaction param-

eter on the concentration profile. Larger value ofihomogeneous reactioniparameter

brings about a decrementiin the concentrationiprofile.
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Figure 3.2: Effect of A on f ′(ξ).
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Figure 3.3: Effect of α on f ′(ξ).
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Figure 3.4: Effect of β on f ′(ξ).
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Figure 3.5: Effect of γ on θ(ξ).
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Figure 3.6: Effect of Pr on θ(ξ).
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Figure 3.7: Effect of n on g(ξ).
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Figure 3.9: Effect of Ks on g(ξ).



The Impact of Cattaneo-Christov Heat Flux Model On the Flow of Maxwell... 55

0 1 2 3 4 5 6
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
g(

)

k = 0.8, 1.2, 1.7, 2.2

 = 0.1,n = 0.2, A = 0.1
 = 0.1,Sc = 1.2, Pr = 1.2

Figure 3.10: Effect of k on g(ξ).

Table 3.1: Numerical results of −f ′′(0) for γ = 0.3, Pr = 1.2, K = 0.5,
Ks = 1.0, n = 0.2 and Sc = 1.2.

Hayat et al. Present study
A α β −f ′′(0) shooting bvp4c

0.0 0.5 0.0 1.0500 1.0508 1.0503
0.1 1.0445 1.0446 1.0441
0.2 1.0444 1.0445 1.0440
0.3 1.0440 1.0444 1.0439

1.0 1.0447 1.0449 1.0444
1.5 1.0445 1.0448 1.0442
2.0 1.0443 1.0442 1.0441

0.5 1.0445 1.0447 1.0445
1.0 1.0448 1.0449 1.0447
1.5 1.0449 1.0450 1.0449
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Table 3.2: Numerical results of −θ′(0) for A = 0.1, β = 0.1, K = 0.5, Ks =
1.0, α = 0.5, n = 0.2 and Sc = 1.2.

Hayat et al. Present study
γ Pr −θ′(0) shooting bvp4c

0.0 0.8 0.45238 0.45235 0.45232
0.5 0.49606 0.49601 0.49602
1.0 0.49912 0.49909 0.49914
1.5 0.50114 0.50107 0.50106

1.2 0.49114 0.49114 0.49112
1.7 0.49109 0.49107 0.49108
2.2 0.49103 0.49101 0.49103

Table 3.3: Numerical results of g′(0) for γ = 0.3, Pr = 1.2, α = 0.5, A = 0.5
and β = 0.4.

Hayat et al. Present study
Sc Ks K n −g′(0) shooting bvp4c
0.8 0.8 0.8 0.0 0.28048 0.28046 0.28044
1.2 0.26213 0.26212 0.26211
1.7 0.26199 0.26000 0.26098
2.2 0.25903 0.25001 0.25003

0.9 0.26104 0.26104 0.26106
1.0 0.26107 0.26105 0.26109
1.1 0.26109 0.26116 0.26110

1.2 0.26104 0.26104 0.26106
1.7 0.26114 0.26106 0.26107
2.2 0.26116 0.26108 0.26108

0.5 0.26101 0.26102 0.26101
1.0 0.26104 0.26103 0.26106
1.5 0.26108 0.26104 0.26107



Chapter 4

MHD Stagnation Point Flow

Towards a Non-linear Stretching

Sheet with Homogeneous and

Heterogenous Reactions

4.1 Introduction

In this chapter, a model which is an extension of that discusses in chapter 3 has

been analyzed by considering the effect ofiMHD stagnationipoint flow towardsia

non-linearistretching sheet inithe presence of Cattaneo-Christov heat flux model

andihomogeneous -heterogeneousireactions.A steady, incompressible laminar and

two dimensional MHDistagnation pointiflow has been examined with concentra-

tion overia stretching sheet.Influenceiof homogeneous and heterogeneousireactions

isialso considered.The non-linear partial differential equations ofivelocity, temper-

atureiand concentrationiare converted into a system ofiODEs byiemploying helpful

similarity transformations. By using the shooting technique, numerical solution

of these governing ordinary differential equations is obtained. The velocity, tem-

perature and concentration profiles are numerically analyzed by using MATLAB

57
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for pertinent variables. The dynamics of various variables of interest are discussed

through graphs.

4.2 Mathematical Formulation

Consider theitwo dimensional MHD,ilaminar, steady andiincompressible stagna-

tion point flowiof Maxwell fluidiover a non-linearistretching sheet with variable

thickness. Theigeometry ofi the flow model is given below.

Figure 4.1: Geometry of the problem.

Here Cattanneo-Christove model has been iconsidered. Aivariable magneticifield

of strength Bo isiapplied along y-axis. The inducedimagnetic fieldiis supposed

to beinegligible. Influenceiof homogeneous and heterogeneous reactionsiis consid-

ered. Heatitransfer analysis isiexamined in the presenceiof thermaliradiation. The

flow equationsi based on the conservation principles and the obtained set ofiPDEs

is then converted into non-linear coupled ODEs by employing some reasonable
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similarity transformations.

∂iu

∂x
+
∂iv

∂y
= 0, (4.1)

iu
∂iu

∂x
+ v

∂iu

∂y
= iv

∂2iu

∂iy2
+ λ1U

2
e

∂2Ue
∂x2

− λ1

(
iu2∂

2iu

∂ix2
+ v2∂

2u

∂y2
+ 2iuiv

∂2iu

∂x∂y

)
+ iUe

∂Ue
∂x
− σB

2(x)

ρ
(u− iUe), (4.2)

iv
∂iT

∂y
+ iu

∂iT

∂x
+ λ

(
iv
∂v

∂y

∂iT

∂y
+ iu

∂v

∂x

∂T

∂iy
+ u

∂u

∂ix

∂T

∂x
+ iv

∂u

∂y

∂iT

∂x

+ 2uv
∂2iu

∂x∂y
+ iv2∂

2T

∂y2
+ iu2∂

2iT

∂x2

)
=

k

iρcp

∂2T

∂y2
, (4.3)

u
∂a∗

∂x
+ v

∂a∗
∂y

= DA
∂2a∗

∂y2
−K1a

∗b∗2, (4.4)

u
∂b∗

∂x
+ v

∂b∗

∂y
= DB

∂2b∗

∂y2
+K1a

∗b∗2. (4.5)

The iboundary conditions are

iu = iUw = U0(ix+ b)n, iv = 0, iT = iTw = T0 + c(ix+ b),

DA
∂a∗

∂y
= Ksa

∗, DB
∂b∗

∂y
= −Ksa

∗, at y = A1(x+ b)
1−n
2 .

iu→ iUe(x) = U∞(ix+ b)n, T → T∞ = iT0 + d(ix+ b),

a∗ → a0, b∗ → 0; when y →∞.


(4.6)

4.3 Similarity Transformations

To convert the system of governing equations into the dimensionless form, the

following transformations have been introduced, where ψ be the stream function
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satisfying the continuity equation. It is usually written as:

u =
∂ψ

∂y
, v = − ∂ψ

∂x
. (4.7)

Now introduce the following similarity transformations :

ψ =

√
2

n+ 1
νU0(x+ b)n+1F (η), G(iη) =

a∗

a0

, H(iη) =
b∗

a0

, (4.8)

iη =

√
n+ 1

2

U0

ν
(x+ b)n−1y, iΘ(η) =

T − T∞
iTw − T0

. (4.9)

The detailed procedure for the conversion of equations (4.1)-(4.5) has been de-

scribed in the upcoming discussion.

• ∂η
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∂

∂x

(√
n+ 1

2

U0

ν
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=
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∂ψ
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• ∂u
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=
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• v = −∂ψ
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√
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(√
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ηF ′(η)
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Using (4.10) and (4.11) in (4.1),

∂u

∂x
+
∂v

∂y
= U0(x+ b)n−1

(
nF ′(η) +

n− 1

2
ηF ′′(η)

)
− U0(x+ b)n−1

(
nF ′(η) +

n− 1

2
ηF ′′(η)

)
= 0.

Hence the continuity equation (4.1) is identically satisfied.

Now we constitute below the procedure for conversion of (4.2) in the dimensionless

form .
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• ∂iu

∂y
=

∂

∂iy

(
U0(ix+ b)inF ′(iη)

)
= U0(ix+ b)in

∂F ′

∂iη

∂iη

∂y

= U0(ix+ b)iF ′′(iη)

√
in+ 1

2

U0

ν
(ix+ b)in−1.

• iv∂iu
∂y

= −
√
in+ 1

2
U0iν(ix+ b)in−1

(
iF (iη) + iη

in− 1

in+ 1
F ′(iη)

)

U0(ix+ b)inF ′′(iη)

√
(
in+ 1

2
)
U0

iν
(ix+ b)in−1

= −U2
0 (ix+ b)2in−1 in+ 1

2
F ′′(iη)

(
F (iη) + η

in− 1

in+ 1
F ′(iη)

)

= − U2
0 (ix+ b)2in−1

(
in+ 1

2
F ′′(iη)F (iη)

+
in− 1

2
iηF ′(iη)F ′′(iη)

)
. (4.12)
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Using (4.12) and (4.13), the left side of (4.2) is as follows.
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To convert the right side of (4.2) into the dimensionless form we proceed as follows.
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2

)
F ′′′(iη)(F ′(iη))2

)
= U3

0 (ix+ b)3in−2(in+ 1)

(
3in− 1

2
F (iη)F ′(iη)F ′′(iη)

+
(in− 1

2

)
(iη)F (iη)F ′(iη)F ′′′(iη)

+ η
(in− 1

in+ 1

)(3in− 1

2

)
F ′′(iη)(F ′(η))2

+ η2
(in− 1

in+ 1

)(in− 1

2

)
F ′′′(iη)(F ′(iη))2

)
. (4.15)

• ∂2iu

∂x2
=

∂

∂x

(
∂iu

∂x

)
=

∂

∂ix

(
nU0(ix+ b)in−1F ′(iη) +

in− 1

2
U0(ix+ b)in−1(η)F ′′(η)

)
= in

∂

∂x
U0(ix+ b)in−1F ′(iη) + inU0(ix+ b)in−1 ∂

∂iη
F ′(iη)

∂iη

∂x

+
(in− 1

2

) ∂
∂x

(iη)F ′′(iη) +
(in− 1

2

)
U0(ix+ b)in−1∂iη

∂x
F ′′(iη)

+
(in− 1

2

)
U0(ix+ b)in−1(η)

∂

∂iη
F ′′(iη)

∂iη

∂x

= in(in− 1)U0(ix+ b)in−1F ′(iη)

+
(
in
in− 1

2

)
U0(ix+ b)in−1(x+ b)in−1

iηF ′′(iη) +
((in− 1)2

2

)
U0(ix+ b)in−2(iη)F ′′(iη)

+
(in− 1

2

)2(in− 1

2

)
U0(ix+ b)in−1(x+ b)in−1

iηF ′′(iη) +
(in− 1

2

)2(in− 1

2

)
U0(ix+ b)in−1(x+ b)in−1(iη)F ′′′(iη)

= in(in− 1)U0(ix+ b)n−2F ′ +
(n(n− 1)

2

)
U0(x+ b)in−2iηF ′′(iη)

+

(
in− 1

2

)i2
(η)U0(x+ ib)in−2F ′′

+
((in− 1)2

2

)
U0(ix+ b)in−2(iη)F ′′(iη)

+

(
in− 1

2

)i2
iη2U0(ix+ b)in−2F ′′′(iη)
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= U0(ix+ b)n−2(in− 1)

(
inF ′ +

in

2
F ′′(iη) + (iη)

(in− 1

4

)
F ′′(iη)

+
(in− 1

4

)
F ′′′(iη)iη2 +

(in− 1

2

)
(iη)F ′′(iη)

)
= iU0(ix+ b)in−2(in− 1)

(
inF ′ +

(in
2

+
in− 1

4
+
in− 1

2

)
(η)F ′′(iη)

+
(in− 1

4

)
F ′′′(iη)iη2

)
= U0(ix+ b)in−2(in− 1)

(
inF ′ +

(5n− 3

4

)
(η)F ′′(η)

+
(in− 1

4

)
F ′′′(iη)iη2

)
.

• iu2∂
2u

∂x2
= iU2

0 (ix+ b)2in(F ′(iη))2

(
iU0(ix+ b)in−2(in− 1)

(
inF ′

+ (
5in− 3

4
)(iη)F ′′(iη) +

(in− 1

4

)
F ′′′(iη)iη2

))
= U3

0 (ix+ b)3in−2(in− 1)

(
in(F ′)3 +

(5in− 3

4

)
(iη)F ′′(iη)(F ′)2

+
(in− 1

4

)
(F ′)2F ′′′(iη)(iη2)

)
. (4.16)

• iv2∂
2u

∂y2
= (

in+ 1

2
)(ν)U0(ix+ b)in−1

(
F (iη) + (iη)

n− 1

in+ 1
F ′(iη)

)2

(
in+ 1

2

U2
0

ν
(ix+ b)2in−1F ′′′(iη)

)
= (

n+ 1

2
)2U3

0 (x+ b)3in−2F ′′′(iη)

(
F (iη) + (iη)

(in− 1

in+ 1

)
F ′(iη)

)2

= (
in+ 1

2
)2U3

0 (x+ b)3n−2

(
(F (η))2F ′′′(η) + (η)2

(n− 1

n+ 1

)2

(F ′(η))2F ′′′

+ 2F (iη)F ′(iη)F ′′′(iη)(iη)
in− 1

in+ 1

)
. (4.17)

Using (4.15) - (4.17), we get

• iu2 ∂
2u

∂ix2
+ v2 ∂

2u

∂iy2
+ 2iuv

∂2iu

∂xy

= iU2
0 (ix+ b)3in−2(in− 1)

(
in(F ′(iη))3 +

(5in− 3

4

)
(iη)F ′′(iη)(F ′(iη))2

+
(in− 1

4

)
(F ′)2F ′′′(iη)(iη)2

)
+
(in+ 1

2

)2

iU3
0 (ix+ b)3in−2

(
(F (iη))2F ′′′(iη)
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+ iη2
(in− 1

in+ 1

)2

(F ′(iη))2F ′′′(iη) + 2F (iη)F ′(iη)F ′′′(iη)(iη)
(n− 1

n+ 1

))
− U3

0 (ix+ b)3in−2(in+ 1)

(
3in− 1

2
F (iη)F ′(iη)F ′′(iη)

+
(in− 1

2

)
(iη)F (iη)F ′(iη)F ′′′(iη)

+ η
(n− 1

n+ 1

)(3n− 1

2

)
F ′′(η)(F ′(η))2 + η2

(n− 1

n+ 1

)(n− 1

2

)
F ′′′(η)(F ′(η))2

)
= U3

0 (ix+ b)3in−2

(
in(in− 1)(F ′)3 + (in− 1)

(5in− 3

4

)
(iη)F ′′(iη)(F ′)2

+
((in− 1)2

4

)
(F ′)2F ′′′(iη)(iη)2 + (

in+ 1

2
)2F ′′′(iη)F 2(iη)

+ iiη2
((in+ 1)2

2

)(in− 1

in+ 1

)2

(F ′(iη))2F ′′′(iη)

+ 2iη
(in− 1

in+ 1

)(in+ 1

2

)2

F (iη)F ′(η)F ′′′(iη)

− (n+ 1)
(3n− 1

2

)
F (η)F ′(η)F ′′(η)− η

(n+ 1

2

)
(n− 1)F (iη)F ′(η)F ′′′(η)

− iη
(in+ 1

2

)(in− 1

in+ 1

)
(3in− 1)(F ′(iη))2F ′′(iη)

− iη2(in− 1)
(in− 1

in+ 1

)(in+ 1

2

)
(F ′(iη))2F ′′′(iη)

)

= U3
0 (ix+ b)3in−2

(
in(in− 1)(F ′)3 +

(5in− 3

2
− (3in− 1)

)
(η)
(in− 1

2

)
F ′′(iη)

+
(in+ 1

2

)2

F ′′′(iη)F (η)2 +
(

(
(in+ 1)2

2
)
)(in− 1

in+ 1

)2

F ′′′(iη)(F ′)2

+ η(in− 1)
(in+ 1

2

)
F (iη)F ′(iη)F ′′′(iη).

−
(in+ 1

2

)
(3in− 1)F (η)F ′(η)F ′′(iη)−

(in+ 1

2

)
(iη)(in− 1)F (iη)F ′(iη)

− iη2
((in− 1)2

2
)
(
F ′)2F ′′′(iη)

)
U3

0 (ix+ b)3in−2

(
in(in− 1)(F ′)3

− iη
(in− 1

2

)(in+ 1

2

)
F ′′(iη)(F ′)2 − (3in− 1)

(in+ 1

2

)
F (iη)F ′(η)F ′′(iη)

+
(in+ 1

2

)2

F (iη)2F ′′′(iη)

)

= U3
0 (ix+ b)3in−2

(in+ 1

2

)(2n(in− 1)

in+ 1
(F ′)3 − (iη)

(in− 1

2

)
F ′′(iη)(F ′)2

− (3in− 1)F (iη)F ′(iη)F ′′(iη) +
(in+ 1

2

)
F (iη)2F ′′′(iη)

)
. (4.18)
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• Ue = U∞(ix+ b)in

• dUe
dx

= nU∞(ix+ b)in−1

• Ue
dUe
dx

= U∞(ix+ b)nnU∞(ix+ b)n−1

= nU2
∞(ix+ b)2n−1

• ∂Ue
∂x

=
∂

∂x
U∞(x+ b)n

= nU∞(x+ b)n−1

• ∂2Ue
∂x2

=
∂

∂x

(
∂Ue
∂x

)

=
∂

∂x

(
nU∞(x+ b)n−1

)
= n(n− 1)U∞(x+ b)n−2

• λ1U
2
e

∂2Ue
∂x2

= λ1U
2
∞(x+ b)2nn(n− 1)U∞(x+ b)n−2

= λ1n(n− 1)U3
∞(x+ b)3n−2

• Ue
dUe
dx

+ λ1U
2
e

∂2Ue
∂x2

= nU2
∞(x+ b)2n−1 + λ1n(n− 1)U3

∞(x+ b)3n−2

(4.19)

• ν
∂u2

∂y2
= ν(

n+ 1

2
)
U2

0

ν
(x+ b)2n−1F ′′′(η).() (4.20)

Using (4.18) -(4.20) in the right side of (4.2), we get

iUe
idUe
dx

+ iλ1U
2
e

∂2iUe
∂ix2

+ ν
∂2iu

∂y2
− λ1

(
2iuv

∂2u

∂x∂y
+ v2∂

2u

∂y2
+ u2∂

2iu

∂ix2

)
= nU2

∞(x+ b)2n−1 + λ1n(n− 1)U3
∞(x+ b)3n−2 + (

n+ 1

2
)U2

0 (x+ b)2n−1F ′′′(η)

− λ1

(
U3

0 (x+ b)3n−2(
n+ 1

2
)

(
n(n− 1)(F ′)3 − (η)(

n− 1

2
)F ′′(η)(F ′)2

− (3n− 1)F (η)F ′(η)F ′′(η) + (
n+ 1

2
)F (η)2F ′′′(η)

))
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= nU2
∞(x+ b)2n−1 + λ1n(n− 1)U3

∞(x+ b)3n−2 + (
n+ 1

2
)U2

0 (x+ b)2n−1

(
F ′′′(η)

− λ1

(
U0(x+ b)n−1

(
n(n− 1)(F ′)3 − (η)(

n− 1

2
)F ′′(η)(F ′)2

− (3n− 1)F (η)F ′(η)F ′′(η) + (
n+ 1

2
)F (η)2F ′′′(η)

)))

= (
n+ 1

2
)U2

0 (x+ b)2n−1

(( 2n

n+ 1

)U2
∞
U2

0

+
(2n(n− 1)

n+ 1

)
λ1U0(x+ b)n−1U

3
∞
U3

0

+ F ′′′(η)− λ1U0(x+ b)n−1
(2n(n− 1)

n+ 1

)
(F ′)3 − (η)

(n− 1

2

)
F ′′(η)(F ′)2

− (3n− 1)F (η)F ′(η)F ′′(η) +
(n+ 1

2

)
F (η)2

)
.

• σB
2
0(x)

ρ
(u− Ue) =

σ(x+ b)n−1

ρ

(
U0(x+ b)nF ′(η)− U∞(x+ b)n

)
=
σ(x+ b)2n−1

ρ
U0

(
F ′(η)− U∞

U0

)
=
σ(x+ b)2n−1

ρ
U0

(
F ′(η)− A

) (
∵ A =

U∞
U0

)
= M2

(
F ′(η)− A

)
.

(
∵M2 =

σ(x+ b)2n−1

ρ
U0

)

Hence the dimensionless form of (4.2) becomes

nU2
0 (ix+ b)2in−1

(
(F ′(iη))2 −

(in+ 1

2n

)
F ′′(iη)F (iη)

)
=
(n+ 1

2

)
U2

0 (x+ b)2n−1

(( 2in

in+ 1

)U2
∞
U2

0

+
(2in(in− 1)

in+ 1

)
λ1U0(x+ b)n−1U

3
∞
U3

0

+ F ′′′(η)

− λ1U0(ix+ b)in−1

((2in(n− 1)

in+ 1

)
(F ′)3 − (iη)

(in− 1

2

)
F ′′(iη)(F ′)2

− (3in− 1)F (iη)F ′(iη)F ′′(iη) +
(in+ 1

2

)
F (iη)2

))
−M2

(
F ′(iη)− iA

)
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⇒
( 2in

in+ 1

)(
(F ′(iη))2 −

(in+ 1

2in

)
F ′′(iη)F (iη)

)
=
( 2in

in+ 1

)U2
∞
U2

0

+ 2
in(in− 1)

in+ 1
λ1U0(ix+ b)in−1U

3
∞
U3

0

+ F ′′′(iη)− λ1U0(ix+ b)in−1

(
2in(n− 1)

n+ 1

− (iη)(
in− 1

2
)F ′′(iη)(F ′)2 − (3n− 1)F (iη)F ′(iη)F ′′(iη) + (

in+ 1

2
)F (η)2

)

−M2

(
F ′(iη)− iA

)
⇒ 2in

in+ 1
(F ′(iη))2 − F ′′(iη)F (η) =

2n

n+ 1
A2 + 2β

n(n− 1)

n+ 1
A3

+ F ′′′(iη)− iβ
(

2in(in− 1)

in+ 1
(F ′)3

(
∵ A =

U∞
iU0

)(
∵ β = λ1U0(x+ b)in−1

)
− (iη)(

in− 1

2
)F ′′(iη)(F ′)2 − (3n− 1)F (iη)F ′(iη)F ′′(iη) + (

n+ 1

2
)F (iη)2

)
−M2

(
F ′(iη)− iA

)
⇒ F ′′′(iη) + F ′′(iη)F (iη)− 2in

in+ 1
(F ′(iη))2 +

2in

in+ 1
A2 +

2in(in− 1)

in+ 1
βiA3

+ β

(
(3n− 1)F (η)F ′(η)F ′′(η)− 2n(n− 1)

n+ 1
(F ′(η))3 + (η)(

n− 1

2
)(F ′(η))2F ′′

− (
in+ 1

2
)F 2(iη)F ′′′(iη)

)
− iM2

(
F ′(iη)− iA

)
= 0.

Now we include below the procedure for the conversion of (4.3) into the dimen-

sionless form

• iΘ(iη) =
iT − T∞
iTw − To

⇒ iT − T∞ = (Tw − T0) iΘ(η)

⇒ iT = (iTw − T0) Θ(η) + T∞

• ∂iT

∂ix
= (Tw − T0)

∂Θ(η)

∂x

= (Tw − T0)
∂iΘ(η)

∂η

∂η

∂ix

= (Tw − T0)

(
n− 1

2

)
η(x+ b)−1Θ′(η)

=

(
n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η) (4.21)
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• ∂T

∂y
=

∂

∂y

(
(Tw − T0) Θ(η) + T∞

)
= (Tw − T0)

∂Θ(η)

∂η

∂η

∂y

= (Tw − T0) Θ′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1 (4.22)

• ∂2T

∂y2
=

∂

∂y

(∂T
∂y

)
=

∂

∂y

(
(Tw − T0) Θ′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1

)
= (Tw − T0)

√
n+ 1

2

U0

ν
(x+ b)n−1

∂θ

∂η

∂η

∂y

=

√
n+ 1

2

U0

ν
(x+ b)n−1 (Tw − T0) Θ′′(η)√

n+ 1

2

U0

ν
(x+ b)n−1

=
n+ 1

2

U0

ν
(x+ b)n−1 (Tw − T0) Θ′′(η). (4.23)

• ∂2T

∂x2
=

∂

∂x

(
∂T

∂x

)

=
∂

∂x

((
n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η)

)

=
n− 1

2
(Tw − T0)

(
∂

∂x
(x+ b)−1ηΘ′(η) + (x+ b)−1 ∂η

∂x
Θ′(η)

+ (x+ b)−1(η)
∂Θ′(η)

∂η

∂η

∂x

)

=
n− 1

2
(Tw − T0)

(
− (x+ b)−2ηΘ′(η) +

(
(x+ b)−1Θ′(η)

+ (x+ b)−1ηΘ′′(η)
)∂η
∂x

)

=
n− 1

2
(Tw − T0)

(
− (x+ b)−2ηΘ′(η)

+
(

(x+ b)−1Θ′(η) + (x+ b)−1ηΘ′′(η)
)n− 1

2
η(x+ b)−1

)
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=
n− 1

2
(Tw − T0)

(
− (x+ b)−2ηΘ′(η)

+
(n− 1

2
(x+ b)−2Θ′(η) + (x+ b)−2n− 1

2
ηΘ′′(η)

)∂η
∂x

)

=
n− 1

2
(Tw − T0) (x+ b)−2

(
− ηΘ′(η) +

n− 1

2
ηΘ′ +

n− 1

2
η2Θ′′

)

=
n− 1

2
(Tw − T0) (x+ b)−2

((
− 1 +

n− 1

2

)
ηΘ′ +

n− 1

2
η2Θ′′

)

=
n− 1

2
(Tw − T0) (x+ b)−2

((n− 3

2

)
ηΘ′ +

n− 1

2
η2Θ′′

)

=
(n− 1

2

)2

(Tw − T0) (x+ b)−2η

(
−Θ′ + ηΘ′′

)
. (4.24)

• u2∂
2T

∂2x
= U2

0 (x+ b)2nF ′
2
(η)

(
n− 1

2

)2

(Tw − T0) (x+ b)−2(
Θ′′(η)(η) + Θ′(η)

)
η

= U2
0 (x+ b)2n−2F ′

2
(η)

(
n− 1

2

)2

(Tw − T0) η

(
−Θ′ + ηΘ′′

)
.

(4.25)

• ∂2T

∂x∂y
=

∂

∂y

(
∂T

∂x

)
=

∂

∂y

((
n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η)

)
=
n− 1

2
(Tw − T0) (x+ b)−1Θ′(η)

∂η

∂y

+
n− 1

2
(Tw − T0) (x+ b)−1(η)Θ′′

∂η

∂y

=
n− 1

2
(Tw − T0) (x+ b)−1

(
Θ′(η) + ηΘ′′(η)

)
∂η

∂y

=
n− 1

2
(Tw − T0) (x+ b)−1

(
Θ′(η) + ηΘ′′(η)

)
√
n+ 1

2

U0

v
(x+ b)n−1 (4.26)
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• u
∂T

∂x
= U0(x+ b)nF ′(η)

(
n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η)

=
(n− 1

2

)
η (Tw − T0)U0(x+ b)n−1F ′(η)Θ′(η) (4.27)

• v
∂T

∂y
= −

√
n+ 1

2

U0

v
(x+ b)n−1

(
F (η) + η

n− 1

n+ 1
F ′(η)

)
(Tw − T0) Θ′(η)

√
n+ 1

2

U0

v
(x+ b)n−1

= −
(n+ 1

2

)
(Tw − T0)U0(x+ b)n−1Θ′(η)(

F (η) + η
n− 1

n+ 1
F ′(η)

)
• u

∂T

∂x
+ v

∂T

∂y
=

(
n− 1

2

)
η (Tw − T0)U0(x+ b)n−1F ′(η)Θ′(η)

−
(
n+ 1

2

)
(Tw − T0)U0(x+ b)n−1Θ′(η)(

F (η) + η
n− 1

n+ 1
F ′(η)

)
= U0(x+ b)n−1

(
Tw − T0

)((n− 1

2

)
ηF ′(η)Θ′(η)

−
(n− 1

2

)
F (η)Θ′(η)−

((n− 1

2

)
ηF ′(η)Θ′(η)

)
= −

(n− 1

2

)
U0(x+ b)n−1

(
Tw − T0

)
F (η)Θ′(η) (4.28)

• uv
∂2T

∂x∂y
= U0(x+ b)nF ′(η)−

√
(
n+ 1

2
)U0ν(x+ b)n−1

(
F (η)

+ η
n− 1

n+ 1
F ′(η)

)(n− 1

2

)(
Tw − T0

)
(x+ b)−1

(
Θ′(η)

+ ηΘ′′(η)

)√
n+ 1

2

U0

ν
(x+ b)n−1

= −U2
0 (x+ b)2n−2

(n− 1

2

)(n+ 1

2

)(
Tw − T0

)
F ′(η)

(
Θ′(η) + ηΘ′′(η)

)(
F (η) + η

n− 1

n+ 1
F ′(η)

)
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= −U2
0 (x+ b)2n−2

(n2 − 1

4

)(
Tw − T0

)
F ′(η)

(
F (η)Θ′(η)

+ η
n− 1

n+ 1
F ′(η)Θ′(η) + F (η)ηΘ′′(η) + η2n− 1

n+ 1
Θ′′(η)F ′(η)

)

= −U2
0 (x+ b)2n−2

(n2 − 1

4

)(
Tw − T0

)(
F (η)Θ′(η)F ′(η)

+ η
n− 1

n+ 1

(
F ′(η)

)2

Θ′(η) + F (η)ηΘ′′(η)F ′(η)

+ η2n− 1

n+ 1
Θ′′(η)

(
F ′(η)

)2
)

• 2uv
∂2T

∂x∂y
= U2

0 (x+ b)2n−2
(n2 − 1

2

)(
Tw − T0

)(
F (η)Θ′(η)F ′(η)

+ η
n− 1

n+ 1

(
F ′(η)

)2

Θ′(η) + F (η)ηΘ′′(η)F ′(η)

+ η2n− 1

n+ 1
Θ′′(η)

(
F ′(η)

)2
)

• v2∂
2T

∂y2
= (

n+ 1

2
)U0ν(x+ b)n−1

(
F (η) + η

n− 1

n+ 1
F ′(η)

)2

n+ 1

2

U0

ν
(x+ b)n−1 (Tw − T0) Θ′′(η)

=
(n+ 1

2

)2

U2
0 (x+ b)2n−2 (Tw − T0)

(
F (η)

+ η
n− 1

n+ 1
F ′(η)

)2

Θ′′(η).

• u
∂u

∂x

∂T

∂x
= U0(x+ b)nF ′(η)U0(x+ b)n−1

(
nF ′(η)

+
(n− 1

2

)
(η)F ′′(η)

)(
n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η)

= U2
0 (x+ b)2n−2 (Tw − T0)

(n− 1

2

)
ηΘ′(η)F ′(η)(

nF ′(η) +
(n− 1

2

)
(η)F ′′(η)

)
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= U2
0 (x+ b)2n−2 (Tw − T0)

(n− 1

2

)
η(

n(F ′(η))2Θ′(η) +
(n− 1

2

)
(η)F ′(η)Θ′(η)F ′′(η)

)
• v

∂u

∂y

∂T

∂x
= −

√
(
n+ 1

2
)U0ν(x+ b)n−1

(
F (η) + η

n− 1

n+ 1
F ′(η)

)

U0(x+ b)nF ′′(η)

√
n+ 1

2

U0

ν
(x+ b)n−1(

n− 1

2

)
(Tw − T0) η(x+ b)−1Θ′(η)

= −U2
0 (x+ b)2n−1 (Tw − T0) (

n+ 1

2
)(
n− 1

2
)(η)(

F ′′(η)F (η)Θ′(η) + η
n− 1

n+ 1
F ′′(η)F ′(η)Θ′(η)

)
• u∂u

∂x

∂T

∂x
+ v

∂u

∂y

∂T

∂x
= U2

0 (x+ b)2n−2 (Tw − T0)(n− 1

2

)
η

(
n(F ′(η))2Θ′(η)

+
(n− 1

2

)
(η)F ′(η)Θ′(η)F ′′(η)

)
− U2

0 (x+ b)2n−1 (Tw − T0) (
n+ 1

2
)(
n− 1

2
)(η)(

F ′′(η)F (η)Θ′(η) + η
n− 1

n+ 1
F ′′(η)F ′(η)Θ′(η)

)

= U2
0 (x+ b)2n−2 (Tw − T0)

n− 1

2

(
n(η)(F ′(η))2Θ′(η)

− (η)(
n+ 1

2
)F ′′(η)F (η)Θ′(η)

)
(4.29)

Using the values in Eq. (4.3), as follows.

iΘ′′(η) + PrF (η)iΘ′(iη) + Prγ

(
n− 3

2
F (iη)F ′(iη)Θ′(iη)− n+ 1

2
(F (η))2

Θ′′(iη)

)
+ Pr(S + θ)

(
γF (η)F ′′(iη)− 2n

n+ 1
γ(F ′(η))2

− 2

n+ 1
F ′(iη)

)
= 0
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Now we include below the procedure for the conversion of (4.4) into the dimen-

sionless form.

• ∂a
∗

∂ix
=

∂

∂x

(
a0G(iη)

)
= a0G

′(iη)
∂iη

∂x

= a0G
′(iη)

(n− 1

2

)
(ix+ b)−1η.

• u∂a
∗

∂x
=
(
U0(ix+ b)nF ′(iη)

)(n− 1

2

)
a0G

′(iη)(x+ b)−1η

=
(n− 1

2

)(
U0(ix+ b)nF ′(iη)

)
(η)a0G

′(iη)(x+ b)−1

=
(n− 1

2

)(
U0(ix+ b)n−1F ′(iη)

)
(η)a0G

′(η). (4.30)

• ∂a
∗

∂iy
=

∂

∂iy

(
a0G(iη)

)
= a0G

′(iη)
∂iη

∂y

= a0G
′(η)
(√n+ 1

2

U0

ν
(x+ b)n−1

)
• iv∂a

∗

∂iy
= −

√
in+ 1

2
U0ν(ix+ ib)in−1

(
F (iη) + iη

in− 1

in+ 1
iF ′
)

ai0G
′(iη)

(√in+ 1

2

U0

ν
(ix+ b)in−1

)
= −

(in+ 1

2

)
U0(ix+ b)in−1a0G

′(iη)

(
F (iη) + iη

in− 1

in+ 1
F ′
)
. (4.31)

Using (4.30) and (4.31), the left side of (4.4) becomes

iu
∂a∗

∂ix
+ iv

∂a∗

∂iy

=
(in− 1

2

)(
U0(ix+ b)inF ′(iη)

)
(iη)a0G

′iη(x+ ib)−1

−
(in+ 1

2

)
U0(ix+ b)in−1a0G

′(iη)

(
F (iη) + η

in− 1

in+ 1
F ′
)

=
(in− 1

2

)(
U0(ix+ b)in−1F ′(iη)

)
(iη)a0G

′(iη)

−
(n+ 1

2

)
U0(x+ b)in−1a0G

′iη(F (η)−
(n− 1

2

)
U0(x+ b)n−1(η)a0G

′(η)F ′(η)

= −
(in+ 1

2

)
iU0(ix+ b)in−1a0G

′(iη)(F (iη).
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To convert the right side of (4.4) into dimensionless form, we proceed as follows.

• ∂
2ia∗

∂y2
=

∂

∂y

(
∂a∗

∂iy

)
=

∂

∂iy

(
a0G

′(iη)

√
in+ 1

2

U0

v
(ix+ b)in−1

)
= a0G

′′(iη)
∂iη

∂y

(√
in+ 1

2

U0

v
(ix+ b)in−1

)
= a0G

′′(iη)

(√
in+ 1

2

U0

v
(ix+ b)in−1

)(√
in+ 1

2

U0

ν
(ix+ b)−1

)
=
(in+ 1

2

)iU0

ν
(ix+ b)−i1a0G

′′(iη) (4.32)

•DA
∂2a∗

∂y2
= DA

(n+ 1

2

)U0

ν
(x+ b)−1a0G

′′(η)

•K1a
∗b∗2 = K1

(
a0G(η)

)(
(a0H(η)

)2

= K1a
3
0G(η)H2(η)

Using the right side of (4.4), we get

iDA
∂2a∗

∂iy2
−K1a

∗b∗2 = iDA

(in+ 1

2

)iU0

ν
(ix+ b)−1a0G

′′(iη)−K1a
3
0G(iη)H2(iη).

Hence the dimensionless form of (4.4) becomes

−
(in+ 1

2

)
U0(x+ b)in−1a0F (iη)G′(iη) = DA

(in+ 1

2

)iU0

ν
(ix+ b)−i1a0

− iK1a
3
0G(iη)H2(iη)

⇒ −
(in+ 1

2

)
iU0(x+ b)n−1a0F (η)G′(η) =

(n+ 1

2

)
DAa0

U0

ν
(x+ b)−1(

Gi′′(iη)− 2νK1a
2
0

DA(in+ 1)U0(ix+ b)in−1
G(iη)H2(iη))

)
⇒ − F (iη)G′(iη) =

DiA

ν(
G′′(iη)− 2νK1a

2
0

DA(in+ 1)U0(x+ ib)in−1
G(iη)H2(iη)

)

⇒ − ν

DA

F (iη)G′(iη) = G′′(iη)−
( 2

in+ 1

) νiK1ia
2
0

DA(in+ 1)U0(x+ b)in−1
G(η)
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⇒ G′′(iη) +
iν

DA

F (iη)G′(iη)−
( 2

in+ 1

) iνiK1ia
2
0

DA(in+ 1)U0(ix+ b)in−1
G(η)H2(iη)(

∵ iUw = iU0(x+ ib)in

)(
∵ Sc =

iν

iDA

) (
∵ iK =

K1a
2
0

iUw
(ix+ b)

)

⇒ iG′′(iiη) + iScF (iη)G′(iη)−
(

2SciK

in+ 1

)
G(iη)H2(iη)) = 0.

Now we include below the procedure for the conversion of (4.5) into

dimensionless form

• ∂b
∗

∂x
=

∂

∂ix

(
ia0H(iη)

)
= ia0H

′(iη)
∂iη

∂ix

= ia0H
′(iη)

(in− 1

2

)
(x+ ib)−i1(iη) (4.33)

• iu∂ib
∗

∂x
=
(
iU0(x+ ib)inF ′(iη)

)(in− 1

2

)
ia0H

′(iη)(x+ b)−i1(iη)

=
(in− 1

2

)(
iU0(x+ ib)inF ′(η)

)
(η)ia0H

′(iη)(x+ ib)−i1

=
(in− 1

2

)(
U0(ix+ b)in−1F ′(η)

)
(η)a0H

′(iη) (4.34)

• ∂ib
∗

∂y
=

∂

∂iy

(
ia0H(iη)

)
= ia0H

′(iη)
∂iη

∂y

= ia0H
′(iη)

(√in+ 1

2

iU0

ν
(ix+ b)in−1

)
• iv∂ib

∗

∂y
= −

√
in+ 1

2
iU0ν(ix+ b)in−1

(
F (iη) + η

in− 1

n+ 1
F ′
)

a0H
′(iη)

(√in+ 1

2

iU0

ν
(x+ ib)in−1

)
= −

(in+ 1

2

)
U0(ix+ b)in−1a0H

′(iη)

(
F (iη) + iη

in− 1

in+ 1
F ′
)
. (4.35)
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Using(4.34) and (4.35), the left side of (4.5) becomes

iu
∂b∗

∂ix
+ iv

∂ib∗

∂y

=
(in− 1

2

)(
iU0(ix+ b)inF ′(iη)

)
(η)a0H

′(iη)(x+ ib)−1

−
(in+ 1

2

)
U0(ix+ b)in−1a0H

′(iη)

(
F (η) + iη

in− 1

in+ 1
F ′
)

=
(in− 1

2

)(
iU0(ix+ b)in−1F ′(iη)

)
(iη)a0H

′(iη)

−
(n+ 1

2

)
U0(x+ b)n−1a0H

′(η)(F (η)−
(n− 1

2

)
U0(x+ b)n−1(η)a0H

′(η)F ′(η)

= −
(in+ 1

2

)
U0(ix+ b)in−1a0H

′(iη)(F (iη).

To convert the right side of (4.5) into the dimensionless form, we proceed as

follows

• ∂
2b∗

∂y2
=

∂

∂iy

(
∂b∗

∂iy

)
=

∂

∂iy

(
a0H

′(iη)

√
in+ 1

2

iU0

v
(ix+ b)in−1

)
= ia0H

′′(iη)
∂iη

∂y

(√
in+ 1

2

iU0

v
(ix+ b)in−1

)
= ia0H

′′(iη)

(√
in+ 1

2

iU0

v
(ix+ b)in−1

)(√
in+ 1

2

U0

ν
(ix+ b)−i1

)
=
(in+ 1

2

)iU0

ν
(ix+ b)−i1a0H

′′(iη).

•DiB
∂2ib∗

∂y2
= iDB

(in+ 1

2

)iU0

iν
(ix+ b)−i1a0H

′′(iη) (4.36)

• iK1a
∗b∗2 = iK1

(
a0G(iη)

)(
(ia0H(iη)

)2

= iK1a
3
0G(iη)H2(iη). (4.37)

Using (4.36) and (4.37) in the right side of (4.5), we get

DB
∂2ib∗

∂y2
+ iK1a

∗b∗2 = DB
in+ 1

2

iU0

v
(ix+ b)in−1a0iH

′′

+ iK1a0G(iη)(a0)2(H(iη))2.
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Hence the dimensionless form of (4.5) becomes

−
(in+ 1

2

)
iU0(x+ ib)in−1a0F (iη)H ′(iη) = iDB

(in+ 1

2

)iU0

ν
(ix+ b)−i1a0

+ iK1a
3
0G(iη)H2(iη)

⇒ −
(in+ 1

2

)
iU0(x+ ib)in−1a0F (iη)H ′(iη) =

(in+ 1

2

)
iDBa0

U0

ν
(ix+ b)−i1(

H ′′(iη) +
2νiK1a

2
0

DB(in+ 1)U0(x+ b)n−1
G(iη)H2(iη))

)
⇒ − F (iη)H ′(iη) =

iDB

iν(
H ′′(iη) +

2νiK1a
2
0

DiB(in+ 1)U0(ix+ b)n−1
G(iη)H2(iη)

)

⇒ − iν

iDB

F (iη)H ′(iη) = H ′′(iη) +
( 2

in+ 1

) νiK1a
2
0

iDB(in+ 1)U0(x+ b)in−1
G(η)H2

⇒ H ′′(iη) +
iν

iDB

F (iη)H ′(iη) +
( 2

in+ 1

) νK1a
2
0

DB(in+ 1)U0(x+ b)in−1
G(iη)H2(

∵ Sc =
iν

iDA

) (
∵ K =

K1a
2
0

iUw
(x+ ib)

)(
∵ δ =

DB

iDA

)
⇒ H ′′(iη) +

Sc

δ
F (iη)H ′(iη) +

(
2SciK

(in+ 1)δ

)
G(iη)H2(iη) = 0

The final dimensionless form of the proposed model, is:

iF ′′′ + iFF ′′ − 2in

in+ 1
iF ′2 +

2in

in+ 1
A2 + 2β

in(in− 1)

in+ 1
A3 + β(3n− 1)FF ′F ′′

+ iβ

(
−2in(n− 1)

in+ 1
F ′3 + iη

in− 1

2
iF ′2F ′′ − in+ 1

2
F 2F ′′′

)
−M2

(
F ′(η)− A

)
,

(4.38)

Θ′′ + PrFΘ′ + Prγ

(
n− 3

2
FF ′Θ′ − n+ 1

2
F 2Θ′′

)
+ Pr(S + Θ)

(
γFF ′′ − 2n

n+ 1
γF ′2 − 2

n+ 1
F ′
)

= 0, (4.39)

G′′ − 2ScK

n+ 1
GH2 + ScFG′ = 0, (4.40)

H ′′ +
2ScK

δ(n+ 1)
GH2 +

Sc

δ
H ′F = 0. (4.41)

Here prime represents the differentiation with respect to η.

Consider iF (iη) = if(iη − iα) = if(ξ),iΘ(iη) = iθ(iη − iα) = iθ(ξ), G(iη) =
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g(iη − iα) = g(ξ). This change of notations converts the above equations (3.39)-

(3.42) into the following form.

f ′′′ + ff ′′ − 2in

in+ 1
f ′2 +

2in

n+ 1
A2 + 2β

in(in− 1)

in+ 1
A3 + iβ(3in− 1)ff ′f ′′

+ iβ

(
−2n(n− 1)

n+ 1
f ′3 + (ξ + α)

n− 1

2
f ′2f ′′ − n+ 1

2
f 2f ′′′

)
−M2

(
f ′(η)− A

)
= 0,

(4.42)

θ′′ + Prfθ′ + Prγ

(
n− 3

2
ff ′θ′ − n+ 1

2
f 2θ′′

)
+ Pr(S + θ)

(
γff ′′ − 2n

n+ 1
γf ′2 − 2

n+ 1
f ′
)

= 0, (4.43)

g′′ − 2ScK

n+ 1
gh2 + Scfg′ = 0, (4.44)

h′′ +
2ScK

δ(n+ 1)
hg2 +

Sc

δ
h′f = 0. (4.45)

The new form of the associated boudary conditions, is:

if(0) = α
1− in
1 + n

, f ′(i0) = 1, iθ(0) = 1− S,

ig′(0) =

√
2

in+ 1
Ksig(0), h′(0) = −1

δ

√
2

n+ 1
Ksg(0),

f ′(ξ) = A, iθ(ξ) = 1, ig(ξ) −→ 1, h(ξ) −→ 0, as ξ −→∞,


(4.46)

where Sc = ϑ
DA

is the Schmidt number, δ = DB

DA
the ratio of mass diffusion coeffi-

cient, K =
K1a20
Uw

(x+b) the strength of homogeneous parameter, β = λ1U0(x+ b)n−1

the Deborah number, S = d
c

the thermal stratified parameter, γ = λU0(x+ b)n−1

thetthermal relaxation parameter, α the wall thickness parameter, Ks = ks
DA

√
ϑ(x+b)
UW

the strength of heterogeneous reaction parameter, A = U∞
U0

the velocity ratio pa-

rameter and Pr =
µfCp

k
the Prandtl number. The diffusion coefficients oftchemical

species A and B are assumedito be of a comparabletsize. This argumentileads to
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assumeithat the diffusionicoefficient DA=DB, that is, δ=1. Thus

δ =
DB

DA

, A =
U∞
U0

, P r =
µfcp
k

,

β = λ1U0(ix+ b)n−1, γ = λU0(ix+ b)n−1, S =
d

c
,

Sc =
ν

DA

, Ks =
ks
DA

√
ν(ix+ b)

Uw
.


so equation (4.44) gets the following form and (4.45) can be ignored.

ig′′ − 2ScK

n+ 1
g(1− g)2 + Scfg′ = 0. (4.47)

The relevant boundary conditions are:

g′(0) =

√
2

vn+ 1
Ksig(0), g(∞) −→ 1 when ξ −→∞,

4.4 Solution Methodology

Iniorder to solve theisystem of ordinary differentialiequations (4.42)-(4.47), the

shooting method has been used. Let us use the notations:

f = y1, θ = y4, g = y6.

Further denote

f ′ = y′1 by y2, f ′′ = y2
′ by y3, θ′ = y′4 by y5 and g′ = y6

′ by y7.

The system of equations (4.42)-(4.47), can now be writteniin the formiof following
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first order ODEs:

iy′1 = y2,

iy′2 = y3,

iy′3 =
1

1− β n+1
2
y2

1

(
−y1y3 +

2n

n+ 1
y2

2 − β(3n− 1)y1y2y3 −
2n

n+ 1
A2

+β
2n(n− 1)

n+ 1
y3

2 − (ξ + α)β
n− 1

2
y2

2y3 − 2β
n(n− 1)

n+ 1
A3 +M2(y2 − A)

)
,

y′4 = y5,

y′5 =
1

1− Prγ n+1
2
y2

1

(
−Pry1y5 − Prγ

n− 3

2
y1y2y5

−Pr(S + y4)(γy1y3 −
2n

n+ 1
γy2

2 −
2

n+ 1
y2)

)
,

y′6 = y7,

y′7 = −Sc
(
y1y7 −

2K

n+ 1
y6(1− y6)2

)
.

The initial conditions for the above ODEs

iy1(0) = α
1− n
1 + in

, iy2(0) = 1,

iy3(0) = s, iy4(0) = 1− S,

iy5(0) = t, iy6(0) = w

iy7(0) =

√
2

in+ 1
Ks w.

The above initial value problem will be solved numerically by the RK-4 method.

To get the approximate solution, the domain of the problem has been taken as [0,

η∞] instead of [0, ∞], where η∞ is an appropriate finite positive real number. In

the above system of equations, the missing conditions s, t and w are to be chosen

such that

y2(η∞, s, t, w) = A, y4(η∞, s, t, w) = 1, y6(η∞, s, t, w) = 1.
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To solve the above system of algebraic equations, we use the Newton’s method

which has the following iterative scheme:


s(ik+1)

t(ik+1)

w(ik+1)

 =


s(ik)

t(ik)

w(ik)

−


∂y2
∂s

∂y2
∂t

∂y2
∂w

∂y4
∂s

∂y4
∂t

∂y4
∂w

∂y6
∂s

∂y6
∂t

∂y6
∂w


−1

(s(k),t(k),w(k))


y

(ik)
2

y
(ik)
4

y
(ik)
6


(s(k),t(k),w(k))

.

For further procedure, the following notations have been introduced.

∂y1

∂s
= y8,

∂y2

∂s
= y9, ...,

∂y7

∂s
= y14,

∂y1

∂w
= y22,

∂y2

∂w
= y23, ...,

∂y7

∂w
= y28.

As a result of these these new notations, the Newton’s iterative scheme gets the

form:


s(ik+1)

t(ik+1)

w(ik+1)

 =


s(ik)

t(ik)

w(ik)

−

y9 y16 y23

y11 y18 y25

y13 y20 y27


−1

(s(k),t(k),w(k))


y

(ik)
2 − A

y
(ik)
4 − 1

y
(ik)
6 − 1


(s(ik),t(ik),w(ik))

.

(4.48)

Now differentiate the above system of seven first order ODEs with respect to

each of the variables s, t and w to have another system of twenty one ODEs.
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Writing all these twenty eight ODEs together, we have the the following IVP:

y′1 = y2,

y′2 = y3,

y′3 =
1

1− β(n+1
2

)y2
1

(
−y1 y3 + (

2n

n+ 1
)y2

2 − β(3n− 1)y1y2y3 −
2n

n+ 1
A2

+β
2n(n− 1)

n+ 1
y3

2 − (ξ + α)β
n− 1

2
y2

2y3 − 2β
n(n− 1)

n+ 1
A3 +M2(y2 − A)

)
,

y′4 = y5,

y′5 =
1

1− Prγ(n+1
2

) y2
1

(
−Pry1y5 − Prγ

n− 3

2
y1 y2y5

−Pr(S + y4)(γy1 y3 −
2n

n+ 1
γy2

2 −
2

n+ 1
y2)

)
,

y′6 = y7,

y′7 = −Sc
(
y1y7 −

2K

n+ 1
y6(1− y6)2

)
,

y′8 = y9,

y′9 = y10,

y′10 =
1

1− β(n+1
2

) 2y1 y8

[
−y1y10 − y8y3 +

2n

n+ 1
2y2y9 − β(3n− 1)

( y8 y2 y3 + y1 y9 y3 + y1 y2 y10)

− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3y2

2y9 − (ξ + α)β
n− 1

2

(
2y2y9y3 + y2

2y10

)
− 2β

n(n− 1)

n+ 1
A3 +M2y9

]
,

y′11 = y12,

y′12 =
1

1− Pr γ(n+1
2

)2y1y8

[
−Pr (y1y12 + y8y5)− Prγn− 3

2

(
y8y2y5 + y1y9y5

+ y1y2y12

)
− Pr(S + y11)(γ (y8y3 + y1y10)− 2n

n+ 1
γ2y2y9 −

2

n+ 1
y9)

]
,

y′13 = y14,

y′14 = −Sc
[
(y1y14 + y8y7)− 2K

n+ 1

(
y13(1− y6)2 + y62(1− y6)y13

)]
,

y′15 = y16,

y′16 = y17,
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y′17 =
1

1− β(n+1
2

) 2y1 y15

[
−y1 y17 − y15 y3 +

2n

n+ 1
2y2 y16 − β(3n− 1)(y15 y2 y3

+y1 y16 y3 + y1 y2 y17)− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3 y2

2 y16

−(ξ + α)β
n− 1

2

(
2y2 y16 y3 + y2

2 y17

)
− 2β

n(n− 1)

n+ 1
A3 +M2y16

]
,

y′18 = y19,

y′19 =
1

1− Pr γ(n+1
2

)2 y1y15

[
−Pr (y1 y19 + y15 y5)− Pr γ (

n− 3

2
) (y15 y2 y5

+ y1 y16 y5 + y1 y2 y19)− Pr(S + y18)(γ (y15y3 + y1y17)− 2n

n+ 1
γ 2y2 y16

− 2

n+ 1
y16)

]
,

y′20 = y21,

y′21 = − Sc
[
(y1 y21 + y15 y7)− 2K

n+ 1

(
y20(1− y6)2 + y62(1− y6) y20

)]
,

y′22 = y23,

y′23 = y24,

y′24 =
1

1− β (n+1
2

)2y1 y22

[
−y1 y24 − y22 y3 +

2n

n+ 1
2 y2 y23 − β(3n− 1)

(y22 y2 y3 + y1 y23y3 + y1 y2 y24)− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3 y2

2 y23

−(ξ + α)β
n− 1

2
(2y2 y23y3 + y2

2 y24)− 2β
n(n− 1)

n+ 1
A3 +M2y23

]
,

y′25 = y26,

y′26 =
1

1− β (n+1
2

) 2y1 y22

[
−y1 y24 − y22 y3 +

2n

n+ 1
2y2 y23 − β(3n− 1)

(y22 y2 y3 + y1 y23 y3 + y1 y2 y24)− (
2n

n+ 1
)A2 + β

2n(n− 1)

n+ 1
3 y2

2 y23

−(ξ + α)β
n− 1

2
(2y2 y23y3 + y2

2 y24)− 2 β
n(n− 1)

n+ 1
A3

]
,

y′27 = y28,

y′28 = −Sc
[
(y1 y28 + y22 y7)− 2K

n+ 1

(
y27 (1− y6)2 + y62(1− y6) y27

)]
.
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The coressponding initial conditions are

iy1(0) = α
1− n
1 + n

, iy2(0) = 1,

iy3(0) = s, iy4(0) = 1− S,

iy5(0) = t, iy6(0) = w,

iy7(0) =

√
2

n+ 1
Ksw, iy8(0) = 0,

iy9(0) = 0, iy10(0) = 1,

iy11(0) = 0, iy12(0) = 0,

iy13(0) = 0, iy14(0) = 0,

iy15(0) = 0, iy16(0) = 0,

iy17(0) = 0, iy18(0) = 0,

iy19(0) = 1, iy20(0) = 0,

iy21(0) = 0, iy22(0) = 0,

iy23(0) = 0, iy24(0) = 0,

iy25(0) = 0, , iy26(0) = 0,

iy27(0) = 1, , iy28(0) =

√
2

n+ 1
Ks.

The fourth order Runge-Kutta method is usedito solveithe above systemiof twenty

eight equationsiwith initial guesses s, t, w. These guesses are updated by the New-

ton’s scheme (3.51). The iterative process is repeated until the following criteria

is met:

max{|y2(η∞)− A|, |y4(η∞)− 1|, |y6(η∞ − 1)|} < ε,

where ε > 0 is the tolerance. For all the calculations in this chapter, we have set

ε = 10−6.
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4.5 Results and Discussion

Iniorder to evaluateithe solution ofithe given system the dimensionless velocity pro-

file, temperature and concentration profile for different parameters are sketched.

Figure 4.2 is sketched to study theibehavior of velocities ratioiparameter A on

velocityidistribution. Velocity profile is increased by increasing velocity parameter

A. Behaviour of wallithickness parameter on ivelocity profile is shown in Fig-

ure 4.3. The dimensionless velocity profile decreases for the increment in the value

of wall thicknessiparameter. Itiis due toifact that oniincreasing the wallithickness,

stretching velocity profile is decreased which results a reduction inithe velocity

profile and its boundaryilayer thickness. Figure 4.4 reflect the effectiof the Deb-

orahinumber β on velocityiprofile. As Deborah numberiis the ratioiof the fluid

relaxation time to its characteristicitime scale. When the shear stress is applied to

a fluid, the time in which it gains its equilibrium position is called the relaxation

time. This time is higher for the fluids having high velocity. So, an increase in

the Deborah number cause an increase in the velocity of fluid due to which profile

decreases. Figure 4.5 representsithe effect of power index n on theivelocity profile

curves of this graph indicates that velocity profile is decreasing nearithe surface

andiincreases away fromithe surface. Figure 4.6 shows the behaviour of M on

velocity profile it is noticed The effects of magnetic field are to reduce the velocity

profile. Because of the applicationiof transverse magneticifield in anielectrically

conductingifluid, a resistiveiforce similar to a drag force is produced, which is

Lorentz force. The presence of Lorentz force retards the force on the velocity field.

To view theieffect of velocity ratioiparameter on the temperature profile Figure 4.7

is presented. It is noticed that by increasing theivalue of the velocity iratio param-

eter A temperature profileidecreases. Behaviouriof the wall thicknessiparameter

on the temperature profileiis shown in Figure 4.8. It is noticed that by increas-

ing the wall thickness. The temperature distribution and thermaliboundary layer

thickness isidecreased. It is dueito fact by increasing the wall thickness parame-

ter less amount of heat i transferred. The temperature distribution increases for
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differentivalues of the Deborah number and illustrated in Figure 4.9 It is stud-

ied that the elastic force enhance the heatitransfer in uppericonvected Maxwell

fluid which result an increase of mass transfer. Thermalirelaxation parameterion

temperature profile is shown in Figure 4.10 from the figure, it is clearly observed

that the distribution of temperatureiis a decreasing function ofithermal relaxation

parameter. By increasing the thermalirelaxation parameter γ,iparticles within the

material requires moreitime to transfer heatito its nearby particle, which causes

reduction in temperatureidistribution and boundary layerithickness. Figure 4.11

showsithe behaviour of power lawiindex n on temperature profile, by increasing

the power law index n the temperature fluid flow increases in the stretching sheet.

Figure 4.12 is prepared to analyze the effectiof Prandtl numberion temperature

profile, by increasing the Prandtlinumber reduction of temperature profile is ob-

served. Figure 4.13 is plotted to visualize the effect of Magnetohydrodynamics on

temperature profile. An increase on temperature profiles is shown. Because of the

presence of Lorentz force retards the force on the velocity field and This force has

the tendency to slow down the fluid motion and theiresistance offered toithe flow.

Therefore, it is possible forithe increase in theitemperature. It is manifest from the

Figure 4.14 that the temperatureiprofile and related boundaryilayer thickness is

increasediwith the increaseiin the small parameter ε associated with temperature.

An increase in thermal conductivity means increase in kinetic energy of the fluid

which cause an increase in temperature.

Figure 4.15 is prepared to observe the effect of the velocity ratio parameter A on

concentration profile θ. Itiis observed thatithe concentration profile decreases iwith

the increaseiin the velocity ratioiparameter. Effect of the wallithickness parameter

onithe concentration profileiis shown in Figure 4.16, when the wall thickness pa-

rameter α increased, concentration profile increased. Theiconcentration boundary

layerithickness reduces due to the conversion of species that occurs as a result of

chemical reaction and hence the concentration boundary layer thickness decreased.

Figure 4.17, is prepared to represent the effect of homogeneous reaction parameter

on concentration profile that the concentration boundary layer of the reactants is

increased near the surface and away from the surface, the homogeneous reaction
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has no effect on the concentration of the reactants. Figure 4.18 is sketched to

analyze the behaviour of heterogeneous reaction parameter Ks.

From the graph of this figure it is clear that gradually increasing value of Ks

decline the concentration profile. The effect of power law index on concentration

profile is displayed in Figure 4.19. An increment in power law index n causes a

decrement in concentration profile. Figure 4.20 is drawn to illustrates the behav-

ior of Schmidt number on concentration distribution, greater values of Schmidt

number Sc represents the lower mass diffusivity.

Due to this effect a decline in concentration profile is noticed. Figure 4.21 depicts

the effect of MHD on concentration profile which shows that by enhancing M ,

concentration profile reduces.
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Figure 4.2: Effect of A on f ′(ξ).



MHD Stagnation Point Flow Towards a Non-linear Stretching Sheet... 92

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A = 0.1, Pr = 1.2, n = 0.2,
Sc = 1.2,   = 0.3, M = 0.2

 = 0.5, 1.0, 1.5, 2.0

Figure 4.3: Effect of α on f ′(ξ).
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Figure 4.4: Effect of β on f ′(ξ).
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Figure 4.5: Effect of n on f ′(ξ).
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Figure 4.6: Effect of M on f ′(ξ).
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Figure 4.7: Effect of A on θ(ξ).
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Figure 4.8: Effect of α on θ(ξ).
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Figure 4.9: Effect of γ on θ(ξ).
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Figure 4.10: Effect of n on θ(ξ).
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Figure 4.11: Effect of Pr on θ(ξ).
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Figure 4.12: Effect of S on θ(ξ).
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Figure 4.13: Effect of M on θ(ξ).
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Figure 4.14: Effect of A on g(ξ).
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Figure 4.15: Effect of α on g(ξ).
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Figure 4.16: Effect of β on g(ξ).
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Figure 4.17: Effect of K on g(ξ).
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Figure 4.18: Effect of Ks on g(ξ).
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Figure 4.19: Effect of n on g(ξ).
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Figure 4.20: Effect of Sc on g(ξ).
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Figure 4.21: Effect of M on g(ξ).

Table 4.1: Numerical results of f ′′(0) for A = 0.1, β = 0.1, K = 0.5, Ks = 1.0,
α = 0.5, M = 0.2 and Sc = 1.2..

−f ′′(0)
A α β n shooting bvp4c

0.3 0.1 0.2 0.2 0.99546 0.99545
0.5 1.09714 1.09712
0.7 1.19627 1.19627
0.9 1.29293 1.29296

0.2 1.09257 1.09255
0.3 0.99546 0.99544
0.4 0.89939 0.89940

0.4 0.89446 0.89442
0.6 0.84410 0.84411
0.8 0.69607 0.69609

0.4 1.01709 1.01708
0.6 1.04002 1.04001
0.8 1.06179 1.06180
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Table 4.2: Numerical results of −θ′′(0) for A = 0.1, β = 0.1, K = 0.5,
Ks = 1.0, α = 0.5, M = 0.2 and Sc = 1.2..

−θ′′(0)
A α β γ M n Pr shooting bvp4c

0.3 0.1 0.1 0.1 0.5 1.0 2.0 1.135504 1.135503
0.5 1.182832 1.182833
0.7 1.229482 1.229482

0.2 1.077498 1.077499
0.5 0.798767 0.798768
1.0 0.044135 0.044139

0.2 1.077498 1.077499
0.3 1.000720 1.000719
0.4 0.906847 0.906848

0.3 1.221272 1.221271
0.5 1.299390 1.299391
1.2 1.543654 1.543652

0.2 1.135504 1.135503
0.4 1.135404 1.135403
0.6 1.133991 1.133992

0.9 1.135504 1.135503
0.7 1.134404 1.134403
0.5 1.133204 1.133203

1.5 1.135504 1.135503
1.0 1.133991 1.133992
0.5 1.133901 1.133902
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Table 4.3: Numerical results of g′(0) for γ = 0.3, Pr = 1.2, α = 0.5, A = 0.5,
M = 0.2 and β = 0.4.

−g′(0)
A α K Ks M n Sc shooting bvp4c

0.3 0.1 0.1 0.1 0.5 1.0 2.0 0.6050838 0.6050837
0.5 0.5912941 0.5912943
0.7 0.5712940 0.5712942

0.2 0.636992 0.636993
0.5 0.745345 0.745348
1.0 1.100055 1.100060

0.2 0.636992 0.636993
0.3 0.670242 0.670241
0.4 0.729453 0.729455

0.3 0.590773 0.590773
0.5 0.600664 0.600664
1.2 0.675825 0.675823

0.2 0.580542 0.580542
0.4 0.596509 0.596509
0.6 0.634370 0.634373

0.9 0.562295 0.562295
0.7 0.481124 0.481124
0.5 0.282923 0.282923

1.5 0.605083 0.605083
1.0 0.608772 0.608772
0.5 0.609172 0.609172



Chapter 5

Conclusion

In the present research work, the MHD Stagnationipoint flow with Cattaneo-

Christov heatiflux and homogeneous-heterogeneousireactions is studied. The gov-

erning nonlinear partial differential equations (PDEs) areiconverted into ordinary

differentialiequations (ODEs) by means of the similarity transformation. The nu-

merical solution of these ordinary differential equations (ODEs) is obtained by

using the shooting technique. A numerical correlation has shown for different

physical parameters influencing flow and heat transfer and found to be in excel-

lent agreement with MATLAB built-in function bvp4c. The impact of different

physical parameters such as velocity ratio parameter A, wall thickness parameter

α, the Deborah number β, the Prandtl number Pr, Schmidt number Sc, the power

lawiindex n, thermal stratifiediparameter S and thermal relaxation parameter γ

on velocity, temperatureiand concentration profilesiare presented graphically and

discussed. Some of the main conclusions of this investigation are:

• The velocity and concentration profile is enhanced while the temperature

profile is diminished as the velocity ratio parameter A is increased.

• The velocity and temperature profile are found to reduce while the concen-

tration profile is enhanced for the gradually mounting values of the wall

thickness parameter α.
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• The temperature profile is increased, while the axial velocity is decreased

with an increase in Deborah number β.

• On temperature profile, the Prandtl number Pr, the thermal stratified pa-

rameter S and the thermal relaxation parameter γ have a decreasing effect

whereas a rise in the power-law index n, and the MHD parameter M causes

an increase in the temperatureiprofile.

• The concentrationiprofile decreases as each of the Schmidt number Sc, the

MHDM , the Deborah number β , the power-law index n is increased whereas

an increment in the heterogeneous reaction parameter ks causes a decrement

in the concentration profile.

Future Recommendations:

There is a possibility of extention by considering the stagnationipoint flow

towards a nonlinear vertical stretchingisheet in the presenceiof Cattaneo-

Christov heatiflux model, andihomogeneous - heterogeneous reactions and

second order velocity slip .
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