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Abstract

The present numerical study investigates the natural convection of Casson fluid
in a porous, partially heated square enclosure taking into account the effects of
horizontal magnetic field, cavity inclination and viscous dissipation. The bottom
wall of the cavity has been partially heated, whereas the left and right walls are
taken as cold at constant temperature. The top wall and the remaining portions
of the bottom wall are adiabatic. The Galerkin weighted residual based finite
element method is used to discretize the governing partial differential equations
which are then solved iteratively. Results are presented in the form of streamlines,
isotherms and two dimensional plots. The governing parameters are Darcy number
(Da = 107%), Rayleigh number (Ra = 10°), Prandtl number (Pr = 7), Casson
parameter (y = 0.1 — 10), Hartmann number (Ha = 0 — 100), cavity inclination

(¢ = 0° —90°) and Eckert number (Fc = 1076 —107%).
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Chapter 1

Introduction

The analysis of natural convective flow has been receiving a great observation in
recent years based on various applications in many fields of engineering. Heat
transportation in porous media has great importance in science as well as in en-
gineering applications. For example, in bio-mechanics, chemical engineering, food
technology, mechanical engineering etc. [1]. Many other applications of the heat
transmission phenomenon can be found in heatings and cooling system of build-
ings, textile, foods, vehicles, chemical industries etc. [2]. Many researchers have
studied the flow behaviour of non-Newtonian fluids because many things, for in-
stance, ketchup, mud, lubricants, blood with a little shear amount and certain
care products are considered as non-Newtonian. Non-Newtonian fluids can be de-
scribed by some useful models, like micropolar fluids [3], Viscoplastic fluids [4],

Casson fluids [4] and power law fluids [4].

Du and Bilgen [5] examined the natural convection with uniform heat generation
for large values of the Rayleigh number. A vertical two-dimensional porous cavity
is considered for the investigation. The left and right walls of the cavity are re-
tained at fixed temperature. The left wall is considered as cooled and the right wall
is kept hot. It has found that the transmission of heat in the porous cavity cannot
be done through the right wall. Due to the temperature difference between vertical
walls, heat transmission can be observed from the right wall towards the left wall
through the porous medium. Baytas and Pop [6] presented the numerical analysis

1



Introduction 2

for steady-state free convection flow in an inclined porous enclosure. The inclined
walls of the enclosure were taken with temperature difference and keeping the hor-
izontal walls as adiabatic. For Ra = 10*, the major process for heat transmission
is convection due to boundary layer flow. Saeid [7] studied the natural convection,
heat transfer in a two-dimensional permeable enclosure. Horizontal walls assumed
to have temperature difference and the steep sides are regarded as insulated. The
cavity’s heated portion is supposed to have a spatial sinusoidal temperature. The
study showed that the length of the heated segment decreases the amount of heat
transferred per unit of area. Basak et al. [8] analyzed the natural convection in
the square cavity for uniform as well as for the non-uniform heated lower wall. A
penalty finite element approach was used to get the findings for velocity profile,
temperature profile, and for heat transfer rate. For Da = 107°, Pr = 0.71 and
Ra = 10°, a thermal boundary layer is estimated to 75%, formed inside the cavity
for uniform heating, approximately 60% within the cavity for non uniform heat-
ing. Lamsaadi et al. [9] studied the movement of non-Newtonian fluid and heat
transfer rate in a container that is vertical, by employing the power law model.
The upper and lower walls of the rectangular container are taken as insulated and
the left, as well as the right side wall of the cavity, are assumed to have constant
heat flux. In the case of a particular power law index, increasing Ra enhances the
heat transfer through convection, while reducing the power law index, for a fixed
value of Ra, has a comparable effect. However, for shear thinning behaviour, the
convection is more sensitive to changes in Ra. Basak et al. [10] examined energy
flows as a result of natural convection with a heated bottom wall, cooled from each
of the side walls and insulated upper wall of enclosure. It is monitored that at the
middle regime of the bottom heated wall, non-uniform heating consequences in a
greater heat transfer rate.

Aleshkova and Sheremet [11] investigated the mathematical simulation of tran-
sient conjugate natural convection in the porous enclosure. The porous enclosure
is taken with finite thickness heat conduction walls in the presence of heat source,
under the influence of governing dimensionless parameters. Dimensionless param-

eters considered for the mathematical simulation of the problem were Rayleigh

number and Darcy number with ranges 10* < Ra < 10° and 107° < Da < 1074,
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A porous two-dimensional cavity and a heat source with constant temperature for
the complete process at the bottom wall are used. An insignificant variation of
heat transfer rate is observed at an increasing value of Ra with Da = 1075, Lam
and Prakash [12] studied the thermal and entropy generation properties correlated
with the natural convection in a porous enclosure having high-temperature heat
sources on horizontal walls. The Galerkin-based FEM was employed for this ob-
jective. An increasing behaviour is observed for the average Nusselt number with
raising porosity, Darcy number and Rayleigh number. Computational analysis of
natural convection and nanofluid flow in an enclosure with top wavy wall stud-
ied by Sheremet et al. [13]. The bottom left most corner is considered to have
the heated portion of the cavity. For the considered range of Rayleigh number
(Ra = 10* — 10%), a development of convective flow near the horizontal walls is
observed. Convective flow inside the cavity is increased as the heat source length
of the corner heater is increased along the horizontal axis. Ghalambaz et al. [14]
examined the variation of local and average Nusselt numbers with the influence
of viscous dissipation. In a square enclosure filled with nanofluid, the ups and
downs in the heat transfer near the hot and cooled walls are observed under the
variation of Eckert number and Rayleigh number. A significant effect for the fluid
flow and transfer of heat is observed near the top and bottom left most corner of
the cavity. Typical results are presented for the values Fc = 0.001 and Ra = 100.
It is also observed that the Nusselt number near the hot and cold wall is not equal.
Kefayati [15] investigated the fluctuation of the average Nusselt number for nat-
ural convection under the influence of the Rayleigh number and Darcy number.
Results are depicted for parameter values of Ra = 10° and Da = (1073 — 1071).
It has found that the increasing the Rayleigh number and Darcy number, the
average Nusselt number shows increasing behaviour in the cavity. Abdelraheem
et al. [16] studied numerically the flow behaviour of non-Newtonian fluid using
collocated FVM. The physical model considered for the problem was an open,
porous, inclined cavity with inclination (0° — 180°). By assuming the sides which
are perpendicular to the heated wall as adiabatic. The results evaluated for the

governing parameters including inclination angle (0° — 180°), Rayleigh number

(103 — 10%) and Darcy number (1072 — 10~*) show that the velocities, local and
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average heat transfer rate decreases with variations of inclination. An increase of
Rayleigh number enhances the streamlines strength and greater convection heat
transfer rate. Casson fluid is classified as non-Newtonian fluid and may be de-
scribed as, it is such kind of non-Newtonian fluids which is a shear thinning fluid.
It behaves like a fluid with less viscosity or with greater viscosity depending on
the shear rate. The yield stress in Casson fluid is significant. It acts like a solid
when shear stress is smaller than yield stress due to infinite viscosity. Casson fluid
behaves like a fluid and move when shear stress is greater than yield stress due to
zero viscosity at infinite shear rate [17]. Tomato sauce, jelly, soup, honey, human
blood and juices are examples of Casson fluid [18]. There are numerous utilization
for Casson fluid in medicine and pharmacy. For example, human blood, pro-
teins, hemoglobin, white blood cells, fibrinogen, red blood cells. For the particular
description of non-Newtonian fluids such as, printing ink, soaps, sugar solution,
muds, condensed milk, glues, melts, paints, tomato paste, shampoos, a consti-
tutive governing relation is required. For this purpose, Casson model purposed
for such kind of fluids which are viscous with excessive viscosity [19]. Natural
convection of Casson fluid in a two dimensional square container was firstly pre-
sented by Pop and Sheremet [19]. The cavity’s horizontal walls are supposed to
be insulated. The cavity’s left vertical side is heated from the left and the other
vertical side of the cavity is cooled. By considering parameters like Rayleigh num-
ber Ra = 105, Casson dimensionless parameter v = (0.1 — 5.0), Prandtl number
Pr=0.1,0.7,7.0, Eckert number Fc = (0 — 1.0), it has been found that when the
Eckert number is increased, the temperature rises slightly and the heat transfer
rate decreases. Natural convection in a trapezoidal container was presented by
Hamid et al. [2]. The container was filled with Casson fluid for numerous heated
lengths. For various ranges of Rayleigh numbers (10* < Ra < 10°°) and heated
segments of various lengths, it is observed that if the Rayleigh number is bigger,
the streamlines have taken up the major portion of the cavity. Aghighi et al. [20]
explored the natural convection of viscoplastic fluids with the Casson model in a
square enclosure and heated from side walls. Galerkin weighted residual FEM was

used for the analysis. The impact of natural convection on heat transfer and

flow characteristics were analyzed for the range of Rayleigh number (10% — 10°).
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Analysis depicted that the rise in Ra values causes an increase in the velocity’s
magnitude as well as due to stronger convection effect with an increase in tem-
perature variations. Sivasankaran et al. [21] investigated the Casson fluid flowing
within a square porous enclosure, in the presence of thermal radiation. The ther-
mal stratification is found when the Casson parameter is set to a higher value in
the presence of radiation and it results in significant energy transport throughout
the cavity. Aneja et al. [22] analyzed the movement of Casson fluid in a square
enclosure with the aid of using partially heating a portion of the lower wall and
taking the cavity’s left and right walls as cooled simultaneously. It has been re-
ferred that under the influence of the Darcy number, Rayleigh number and Casson

fluid parameter, the rate of heat transmission seems to be rising.

1.1 Thesis Contribution

The objective of this study is to review the work of Aneja et al. [22] and ex-
tend the analysis for the natural convection with Casson fluid under the effect of
cavity inclination, horizontal magnetic field and viscous dissipation in a perme-
able square enclosure. For this purpose, the corresponding mathematical model
is established and then Galerkin finite element method (GFEM) is utilized for
the solution of governing partial differential equations (PDEs) including momen-
tum equation, continuity equation and energy equation. The primary goal of this
study is to examine the variation of heat transmission rate of Casson fluid in the
presence of applied horizontal magnetic field. Viscouss dissipation effect is also
under observation for the same problem. Viscous dissipation is the irreversible
process by which the heat is internally generated due to the work done by a fluid
on neighbouring layers subject to the shear forces. Governing parameters, Darcy
number Da, Rayleigh number, Prandtl number Pr, Eckert number and Casson
fluid parameter are considered for the analysis. All the numerical results obtained

for these parameters are expressed in terms of streamlines, isotherms and 2D plots.
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1.2 Thesis Classification

This study is further classified into following chapters.

Chapter 2 gives the fundamental definitions, terminologies, examples and infor-
mation about parameters involved in the problem that will help in understanding
problem deeply. It provides the detail about dimensionless parameters which are
used to convert the problem in dimensionless form. Further, it describes the finite
element method which is used to solve the partial differential equations by con-
verting it into algebraic equations.

Chapter 3 illustrates the complete formulation (mathematical and graphical) of
the problem and validation of results. It gives the review of considered problem

by representing the results in the form of streamlines, isotherms and 2D plots.

Chapter 4 presents the modification of the problem by considering some ad-
ditional conditions on the problem which is reviewed in Chapter 3. Additional
conditions includes cavity inclination, horizontal magnetic field and viscous dissi-
pation inside the cavity. It also expresses the effect of corresponding parameters

related to additional conditions on considered problem.

Chapter 5 shows the major findings and conclusions about the flow of Casson

fluid, heat transfer rate and the internal heat generation in enclosure.

Bibliography shows references of all the articles and books which are helpful

in this thesis.



Chapter 2

Basic Definitions and Concepts

In this chapter, we can find basic definitions, classifications of fluid, types of flows,
heat transfer phenomenon, governing laws, governing equations and dimensionless
parameters. At the end of this chapter, the major steps of numerical methodology
which are used to solve the proposed problem, are discussed to understand the

solution procedure of problem.

2.1 Basic Definitions

Definition 2.1. (Fluid)
“A fluid is a substance that deforms continuously under the application of shear

(tangential) stress no matter how small it”[23]. A fluid covers liquids and gases.

Definition 2.2. (Stress and Strain)

“The force of resistance per unit area, offered by a body against deformation is
known as stress. Mathematically stress is written as o = %

where o shows stress, P represents external force and A is for cross-sectional
area’ [24].

Strain can be described as “When a body is subjected to some external force, there
is some change of dimension of the body. The ratio of change of dimension of the

body to the original dimension is known as strain. Strain is dimensionless” [24].

7



Basic Definitions and Concepts 8

Definition 2.3. (Shear Stress and Shear Strain)

“The stress induced in a body, when subjected to two equal and opposite forces
which are acting tangentially across the resisting section, as a result of which the
body tends to shear off across the section, is known as shear stress.

The corresponding strain is known as shear strain” [24].

Definition 2.4. (Viscous Stress Tensor)
“The viscous stresses, which originate from the friction between the fluid and the
surface of an element, are described by the stress tensor 7. In Cartesian coordinates

the general form is given by

Tex Toy Tzz
T= |Tyz Tyy Tyz

Tex Tzy Tzz

The notation 7;; means by convention that the particular stress component of
fects a plane perpendicular to the ¢—axis, in the direction of the j—axis. The
components T, Ty, and 7., represent the normal stresses, the other components

of 7 stand for the shear stresses, respectively” [25].

Definition 2.5. (Fluid Mechanics)

“Fluid mechanics is the branch of science which deals with the behaviour of the
fluids (liquids or gases) at rest as well as in motion” [26].

Fluid mechanics is widely used in design of modern engineering systems, aircraft,
refrigerator, compressor, pumps, automobile, recent models of car, transportation
of water, wind turbines, bio medical devices, breathing machines, cooling of elec-
tronic components and many natural phenomena like weather patterns, rain cycle,

heating and ventilation system etc.

Definition 2.6. (Fluid Dynamics)

“Fluid dynamics is the study of fluid motion with the forces causing flow”.[26]

Definition 2.7. (Fluid Kinematics)
“Fluid kinematics is defined as that branch of science which deals with motion of

particles without considering the forces causing the motion” [26].
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Definition 2.8. (Fluid Statics)
Fluid statics is concerned with the behaviour of a fluid at rest or nearly so. The

key problem in fluid statics is to determine the pressure distribution in the fluid.

Definition 2.9. (Viscosity) or (Dynamic Viscosity)
“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer of the fluid”[26].

Definition 2.10. (Kinematic Viscosity) “It is defined as the ratio between the
dynamic viscosity and density of fluid. It is denoted by Greek symbol v called
(nu). Thus, mathematically”[26],

_ Viscosity  pu

Density  p’

2.2 Newton’s Law of Viscosity

“It states that the shear stress (7) on a fluid element layer is directly proportional
to the rate of shear strain. The constant of proportionality is called the co-efficient

of viscosity. Mathematically,

du
T = HJ@)

where 7 is the shear stress, p is the coefficient of viscosity, u is the velocity, y is the
coordinate measured in a direction perpendicular to the direction of flow velocity

u”[26].

2.3 Types of Fluid

The basic types of fluid are as follows:

Definition 2.11. ( Ideal and Real Fluids)
“An imaginary fluid which is incompressible and has zero viscosity is called an ideal

fluid. Practically, all the fluids have some viscosity and are called real fluids” [27].
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Definition 2.12. (Newtonian Fluids)

“Fluids which obey the Newton’s law of viscosity are known as Newtonian fluids.
These are real fluids in which there is a linear relation between the magnitude of
shear stress and the resulting velocity gradient. Some of the Newtonian fluids are

air, water, glycerine, kerosene and molten metals”[27].

Definition 2.13. (Non-Newtonian Fluids)

“Fluids which do not obey the Newton’s law of viscosity are known as non-
Newtonian fluids. These are real fluids in which there is a non-linear relation
between the magnitude of shear stress and velocity gradient. Some of the non-
Newtonian fluids are slurries, polymer solutions, suspensions, grouts, human blood,

thick lubricating oil, toothpaste and gels” [27].

2.4 Classification of Fluids Flow

The flow of fluid can be categorized as:

Definition 2.14. (Steady and Unsteady Flow)

“Steady flow is defined as that type of flow in which the fluid characteristics like
velocity, pressure, density, etc., at a point do not change with time”.

“Unsteady flow is that type of flow, in which the velocity, pressure or density at a

point changes with respect to time”[26].

Definition 2.15. (Uniform and Non-uniform Flows)

“Uniform flow is defined as that type of flow in which the velocity at any given
time does not change with respect to space”.

“Non-uniform flow is that type of flow in which the velocity at any given time

changes with respect to space”[26].

Definition 2.16. (Laminar and Turbulent Flows.)
“Laminar flow is defined as that type of flow in which the fluid particles move

along well defined paths or streamline and all the streamlines are straight and
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parallel. This type of flow is also called stream-line flow or viscous flow”.
“Turbulent flow is that type of flow in which the fluid particles move in a zig-zag
way. Due to the movement of fluid particles in a zig-zag way, the eddies formation

takes place which responsible for high energy loss” [26].

Definition 2.17. (Rotational and Irrotational Flows)

“Rotational flow is that type of flow in which the fluid particles while flowing along
streamlines, also rotate about their own axis”.

“If the fluid particles while flowing along streamlines, do not rotate about their

own axis then that type of flow is called irrotational flow”[26].

Definition 2.18. (Compressible and Incompressible Flow)
“Compressible flow is that type of flow in which the density of the fluid changes

from point to point or in other words p is not constant for the fluid”[26].

“Incompressible flow is that type of flow in which the density is constant for the

fluid flow. Liquids are generally incompressible while gases are compressible” [26].

2.5 Streamlines, Stream Function and its Prop-

erties

Definition 2.19. (Streamline) “A streamline may be defined as an imaginary
line drawn through a flowing fluid in such a way that the tangent to it at any point
gives the direction of the velocity of flow at that point. Thus, streamlines indicate
the direction of motion of particles at each point. Since the streamlines are tangent
to the velocity vector at every point in the flow field, there can be no flow across a
streamline. The differential equation for streamlines in two-dimensional flow field

is as follows:

Here, dx and dy be the components of the displacement along x and y directions,
respectively and u and v be the components of the velocity V along x and y

directions, respectively”[27].
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Definition 2.20. (Stream Function)

“Stream function is defined as the scalar function of space and time, such that its
partial derivative with respect to any direction gives the velocity component at
right angles to that direction. It is denoted by Greek letter ¢(Psi) and defined

only for two dimensional flow”[26].

Stream function characterizes the flow of fluid for rotational and irrotational flow.
The flow of fluid will be possibly irrotational if the stream function satisfies the

Laplace equation.

2.6 Porous Material

Definition 2.21. (Porous Material)
“A solid containing holes or voids, either connected or non-connected, dispersed
within it in either a regular or random manner known as porous material provided

that holes occur relatively frequently within the solid”[28].

“Pores are either interconnected or non-interconnected. A fluid can flow through
a porous material only if at least some of the pores are interconnected”[28].
Some natural porous materials are beach sand, limestone, sandstone, wood, loaf

of bread and human lung etc.

Definition 2.22. (Porosity)
“The porosity of a porous material is the fraction of the bulk volume of the material
occupied by voids. The symbol usually employed for this parameter is ¢. Thus
V; Volume of pores
¢ = ﬁ ~ T Bulk volupme )
which is a dimensionless quantity.

Since that portion of the bulk volume not occupied by pores is occupied by the

solid grains or matrix of the material, it follows that” [28]

1 — ¢ _ Vs __ Volume of solids

T Vs Bulk volume
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Definition 2.23. (Permeability)

“Permeability is the property of a porous material which characterizes the ease
with which a fluid may be made to flow through the material by an applied pressure
gradient. Permeability is the fluid conductivity of the porous material”.

“If horizontal linear flow of an incompressible fluid is established through a sample
of porous material of length L in the direction of flow, and cross sectional area A,
then the permeability K of the material is defined as

qp
K= 3ap/m)

Here ¢ is the fluid flow rate in volume per unit time, p is the viscosity of the fluid

and AP is the applied pressure difference across the length of the specimen”[28].

2.7 Heat Transfer Phenomenon

Definition 2.24. (Heat)
“Heat is defined as an energy that flows due to a difference in temperature. It

flows in a direction from higher to lower temperature”[29].

Definition 2.25. (Heat Transfer)
“The science that deals with the mechanism and the rate of energy transfer due

to a difference in temperature is known as heat transfer”[29].

2.7.1 Modes of Heat Transfer

“The process of heat transfer takes place by three distinct modes: conduction,

convection and radiation” [29].

Definition 2.26. (Conduction)
“The mechanism of heat transfer due to a temperature gradient in a stationary

medium is called conduction. The medium may be a solid or a fluid”.
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“A popular example of conduction heat is that when one end of a metallic spoon

is dipped into a cup of hot tea, the other end becomes gradually hot” [29].

2.7.1.1 Fourier’s Law

“The law which describes the rate of heat transfer in conduction is known as
Fourier’s law. According to this law, the rate of heat transfer per unit area normal
to the direction of heat flow is directly proportional to the temperature gradient
along that direction.
Mathematically,

dT

= —k’—
4z dr

where
T(z)= temperature distribution in a medium through which heat is being con-

ducted.

ar _

7= Temperature gradient in z—direction, ¢, is the heat flow rate per unit area

normal to the heat flow direction. The minus sign indicates that heat flows in
the direction of decreasing temperature and k is the thermal conductivity or the
proportionality constant, a transport property of the medium through which heat

is conducted”[29].

Definition 2.27. (Convection)

“The mode by which heat is transferred between a solid surface and the adjacent
fluid in motion when there is a temperature difference between the two is known
as convection heat transfer. The temperature of the fluid stream refers either to
its bulk or free stream temperature”[29].

“It is experienced that an increase in fluid motion cools the surface faster which
means that the rate of heat transfer increases with an increase in the fluid mo-
tion. This implies that the heat is being convected away from the surface by the
stream of fluid and hence the mode of heat transfer is known as convective heat

transfer”[29].

The convection is of two types:
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Definition 2.28. (Forced Convection)
“In forced convection, the fluid is forced to flow over a solid surface by external

means such as fan, pump or atmospheric wind”[29].

Definition 2.29. (Natural Convection)
“When the fluid motion is caused by the buoyancy forces that are induced by
density differences due to the variation in temperature in the fluid, the convection

is called natural or free convection” [29].

There are many systems and processes like heat transfer in buildings, solar collec-
tors, electronic cooling and heat exchangers, which are based on convective heat

transfer.

Definition 2.30. (Radiation)

“The exchange of radiant energy (energy in the form of electromagnetic waves
emitted by any substance at a finite temperature) in all directions and at all
wavelengths from a very low one to a very high one, between two bodies at different

temperatures is defined as heat transfer between the bodies by radiation”[29].

“Radiation heat transmission does not always necessitate the presence of a medium,

and that it is most efficient in a vacuum”[29].

2.8 Magnetohydrodynamics (MHD)

“Magnetohydrodynamics is the branch of continuum mechanics which deals with
the motion of an electrically conducting fluid in the presence of a magnetic field” [30].

Examples of such fluid are liquid metals, plasmas, electrolytes and salt water.

Some applications of magnetohydrodynamics can be found in Sunspots, electro-
magnetic pump and the flow meter. Magnetohydrodynamics is applied in fission
and fusion, astrophysics and geophysics, metallurgy, etc. In geophysics and as-
trophysics, to study the solar structures and stellar, inter- stellar matter, radio

propagation through the ionosphere, magnetohydrodynamics is applied.
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2.9 Governing Equations

2.9.1 Continuity Equation

“The law of conservation of mass states that mass can neither be created nor be
destroyed. For a control volume, it can be stated as:

Rate at which mass enters the region = Rate at which mass leaves the region +
Rate of accumulation of mass in the region” [29].

Mathematically, for compressible fluid flow:

% +V.(pV) =0 (2.1)

where p is the fluid density, ¢ is for time and V shows the fluid velocity vector.
which is known as the continuity equation of a compressible flow.
Op _
In case of a steady flow, 37 =
(2.1) = V.(pV)=0

In case of incompressible flow, p =constant.

The continuity equation for incompressible flow becomes,

V.V=0

2.9.2 Momentum Equation

“The principle of conservation of momentum is, in effect, an application of New-
ton’s second law of motion to an element of the fluid. It is stated that the rate
at which the momentum of the fluid mass is changing is equal to the net external

force acting on the mass”[31]. The two sources of forces are:

1. Body Forces
“Body forces act directly on the volumetric mass of the fluid element. These
forces ‘act at a distance’; examples are gravitational, electric and magnetic

forces” [32].
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Body forces can be specified as force per unit mass.

Force
Body { = )
ody force s

2. Surface Forces
“Surface forces act directly on the surface of the fluid element. They are
due to only two sources: (i) the pressure distribution acting on the surface,
imposed by the outside fluid surrounding the fluid element, and (7) the shear
and normal stress distributions acting on the surface, also imposed by the
outside fluid "tugging’ or "pushing’ on the surface by means of friction”[32].

Surface forces are specified as force per unit area.

Force

Surface force = .
Area

For example, Pressure, shear force.

Conservation of momentum can be expressed mathematically by relation

I(pV)
ot

+V.(pV)V = pf + V.T (2.2)

Equation (2.2) is the momentum equation for both compressible and incompress-
ible fluid.

In case of incompressible fluid,

(22) =

p [88—‘; + (V.V)V} —pf+V.T (2.3)

where f shows the body forces and T represents resultant of surface forces, V

indicates the velocity of fluid and p is the desity of fluid.

2.9.3 Navier Stokes Equations
Consider the constitutive relation for Newtonian fluid as:

T = —pl + u(VV + (VV)") (2.4)
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where identity tensor is represented by I, p represents pressure, viscosity or dy-

namic viscosity is represted as u, 1" shows resultant of surface forces and ¢ indicates

the transpose.

Let V be the velocity vector having components (u, v, w). Then

u o ow u  u u 90u v u dw | Ou
oxr Ox Ox ox oy 0z ox ox oy ox 0z
t _ [Ou Qv Ow v v | — | ou Ov v dw v
VVH(VVY =5 & & |T|&: & o] = |ota 25 % ta
ou 0O o) o) 0 ow ou ow v ow ow
9: 0: 0:] |or oy o= 9: v or o: T3y 2%
(2.5)
using the relation,
7= u(VV +(VV)") (2.6)
r-component of 7 can be expressed in components form as:
ou v  Ou ow  Ju
k Hoz ™ M(8m+8y) K u(8x+8z> (2.7)
For only x-component, we have from (2.4)
Op  OTpe 0Ty 0Ty
V.T),=——+ Y+
( ) Jor  Ox + dy 0z
using values from (2.7) and simplify
Op u  0*u  O%u o (Ou Ov Ow
V.T),=—— I B BT
( ) 8x+’u(8x2+8y2+8z2 +'u8$ 0x+8y+8z
dp 19)
V.T),=—— A —(V.V).
(V.T) 5p T HAU+ oo (V.V)

In case of incompressible fluid, V.V = 0, so

dp
T), = —— Au.
(V.T), e + pAu

Similarly for y and z component, we have

dp
T), = —— Av.
(v )y ay+:u v
(V.T), = _op + pAw.

0z
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From (2.3) , x, y and z-component of momentum equation can be expressed in

the form:
ou
p EHVV)}—pfx——JruAu
ov B dp
paﬂL(Vv)}—pfy—a—eruAv,
0
|5+ V-] <ot~ 2wt

Equations (2.8), (2.9), (2.10) are referred as Navier-Stokes equations.

2.9.4 Energy Equation

2.9.4.1 First Law of Thermodynamics

(2.8)

(2.9)

(2.10)

“The first law of thermodynamics that will be applied to an element of the fluid

states that the rate of change of the total energy (intrinsic plus kinetic) of the fluid

as it flows is equal to the sum of the rate at which work is being done on the fluid

by external forces and the rate at which heat is being added by conduction[31]”.

As the law of conservation of energy based on first law of thermodynamics, so by

using first law of thermodynamics,

Total energy= F = sum of internal forces + kinetic energy.

V2

E=i1+—

1+ 5

1
E:i+§(u2+02+w2)

Therefore

aUsz 8U7yx aUTzw
+ +

E .
—— =div(kgradT) — V.(pV) + o oy 0z

"Dt

owT,,

OUTyy n OvTyy n OvT,y n OwT,, N owTy,

ox oy 0z ox dy

where S represent the source term.

0z

+ Sg
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2.10 Dimensionless Numbers

Dimensionless numbers are used in fluid mechanics to make the problems easier
by neglecting certain effects in flow field. The terminology dimensionless is infact
involve in fluid mechanics problems that may differ in scales. A dimensionless
quantity is the basically ratio of two quantities which are dimensionally equal.
It can also be express in the ratio of product of quantities in numerator and
denominator.

There are many dimensionless parameters in mechanics which are used to show
the stability condition of the numerical solution. In case of free convection or

natural convection, following dimensionless parameters may be used:

Definition 2.31. (Prandtl Number)

It is a dimensionless quantity used in fluid mechanics can be expressed as, “the
ratio of the momentum diffusivity (viscosity) to the thermal diffusivity. It char-
acterizes the physical properties of a fluid with convective and diffusive heat

transfers” [33].

Pr = Momentum diffusitivity __ v
Thermal diffusivity «

where ¥ = momentum diffusivity or kinematic viscosity, a= thermal diffusivity.
It is important to keep in mind that:

For small values of Prandtl number, Pr << 1, heat transfer by conduction dom-
inated over convection. When Prandtl number is, Pr >> 1, heat transfer by
convection dominated over conduction. For the case when Prandtl number is
about 1 or Pr = 1, indicates that both convection and conduction are at about

same rate.

Definition 2.32. (Rayleigh Number)
“It characterizes the free convection heat transfer along a heat-exchanging surface.
It expresses the buoyancy to diffusion ratio or, alternatively, the free convection

thermal instability in fluids”[33].

_ gBATL?

rva

Ra
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where ¢ is gravitational acceleration, L is characteristic length, 67 represent tem-
perature difference, # shows volume thermal expansion coefficient, v represent

kinematic viscosity, a indicate thermal diffusivity.

Definition 2.33. (Nusselt Number)
“It is a dimensionless number expresses the ratio of convective heat transfer to

conductive heat transfer across boundary.

hL

h_ hL
L

Convective heat transfer

Nu

- Conductive heat transfer

where h is for convective heat transfer coefficient, k shows thermal conductivity,

L is characteristic length”.

Definition 2.34. (Darcy Number)
“It is a dimensionless number expresses the ratio of the permeability of the medium
to its cross-sectional area usually the diameter squared. It is commonly used in

heat transfer through porous media.

K
Da:ﬁ

where K is for permeability of the medium and L is characteristic length”.

Definition 2.35. (Hartmann Number)
“It expresses the ratio of the induced electrodynamic (magnetic) force to the hy-
drodynamic force of the viscosity. It characterizes the magnetic field influence on

the flow of viscous, electrically conducting fluid”[33]. Mathematically, Hartmann

Ha= BoL,|—, (2.11)
pv

where By, L, o, p and v are magnetic field strength, characteristic length, electrical

number can be written as:

conductivity, fluid density and kinematic viscosity respectively”.

Definition 2.36. (Eckert Number)
“The Eckert number relates the kinetic energy to the enthalpy of a fluid”[34]. It
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is given by
U2
B cp AT

FEc

where U, ¢, and AT represent buoyancy velocity scale, specific heat capacity of
fluid and temperature difference.

“The Eckert number is used to characterize the influence of self-heating of a fluid
as a consequence of dissipation effects. At high flow velocities, the temperature
profile in a fluidic system is not just dominated by the temperature gradients
that are present in the system, but also be effects of dissipation due to internal
friction of the fluid. This will result in self-heating and thus in a change of the
temperature profile. The Eckert number allows judging if the effects of self-heating

due to dissipation can be neglected (Ec¢ << 1) or not” [34].

2.11 Finite Element Methods

For the approximate solution of many engineering problems, a numerical technique
finite element method is used. There are many complex problems in science and
industries where exact solutions are difficult to obtain. We need to obtain the
approximated solution for such type of problems. The finite element method
(FEM) approximate the solution of complete region or domain by considering the
sub-domains or elements. In this way a piecewise approximation is obtained for

the whole domain.

“The solution of a continuum problem by FEM is approximated by the following
step-by-step process:

1. Discretize the Continuum Divide the solution region into non-overlapping
elements or sub-regions. The finite element discretization allows a variety
of element shapes, for example, triangles, quadrilaterals. Each element is
formed by the connection of a certain number of nodes. The number of
nodes employed to form an element depends on the type of element (or

interpolation function).
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2. Select Interpolation or Shape Functions The next step is to choose
the type of interpolation function that represents the variation of the field
variable over an element. The number of nodes form an element; the nature
and number of unknowns at each node decide the variation of a field variable

within the element.

3. Form Element Equations (Formulation) To determine the matrix equa-
tions that express the properties of the individual elements by forming an

element Left Hand Side (LHS) matrix and load vector.

4. Assemble the Element Equations to Obtain a System of Simulta-
neous Equations To find the properties of the overall system, we must
assemble all the individual element equations, that is, to combine the ma-
trix equations of each element in an appropriate way such that the resulting
matrix represents the behaviour of the entire solution region of the problem.
The boundary conditions must be incorporated after the assemblage of the

individual element contributions.

5. Solve the System of Equations The resulting set of algebraic equations,
now solved to obtain the nodal values of the field variable, for example,
temperature.

The finite element method involves the discretization of both the domain
and the governing equations. In this process, the variables are represented

in a piece-wise manner over the domain”[35].

2.11.1 Elements and Shape Functions

Since in the numerical technique FEM both the governing equations and the prob-
lem domain is discretized. So, the approximation of solution is obtained by di-
viding the whole solution region into many small regions. These small regions are
called elements. This approximation is obtained by using suitable known func-
tion. Such type of functions are known as shape functions, or basis functions, or

interpolating functions. By interpolating the nodal values within each element,
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interpolating functions used to calculate the value of field variable. As the polyno-
mials can be differentiated, or integrated easily and also by increasing the degree
of polynomial the accuracy can be upgraded. Therefore, polynomial functions are

used mostly as shape functions.

2.11.2 Formulation of FEM Model

There are three methods for formulation of FEM model, Direct method, Varia-

tional method and weighted Residual approach.

2.11.2.1 Weighted Residual Method

Method of weighted residual is useful method to find approximate solutions if the

physical problem is described as a differential equation of the form

Lu=f (2.12)

where f(x) is known function, u(z) represent dependent variable and it is consid-
ered as unknown function, £ shows differential operator for spatial derivative of
u. Using weighted residual method, approximate solution or trial solution @(x)
which satisfy boundary conditions is assumed. Since @ is an approximate solution,

so it will not satisfies the differential equation (2.12).

R(u(z)) = Lu— f#0 (2.13)
where N

i) = 3 uidi(x) (2.14)
and

w(z) = w1 () + uada () + usps(x) + ... + uyopn(z).

The functions ¢; are used as basis functions. As the function space ¢ has finite

dimensions, in general the expression (2.14) cannot satisfy the differential equation
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(2.12) in the domain for each point. This implies that the approximate solution
or trial solution @ cannot be same like u (exact solution. By letting N grow, the
approximate solution becomes very close to the exact solution.

From Residual (2.13), by finding a way to make this residual small or approxi-
mately zero, the approximated solution of BVP can be evaluated. In finite ele-
ment method (FEM), the approximate solution can be obtained by making suitable

number of weighted integrals of residual over the domain 2, be zero.

/ WRAQ = 0 (2.15)
Q

where w = {w;;i = 1,2,..., N} is the suitable collection of weighting functions,

which shows that obtained approximated soulution is for N being finite.

w(r) = Zwﬂ/%(i’?) (2.16)

where 1;(z) are known functions and w; are parameters.

By using (2.16) in (2.15), we get

[Alu=F

as a system of algebraic equations. By solving above system for N-unknowns, ;s

provided that a suitable weight function w is selected.

2.11.2.2 Selection of Weight Function using Galerkin Method
Weight functions are choosen to be the trial functions themselves in a Galerkin
weighted residual method, i.e.

o

Wi :¢Z,(Z:1,2,3,,N)

The unrevealed coefficients in the estimated outcomes are evaluated by placing

the integral over {2 (domain) of the weighted residual to zero.

In standard FEM the Galerkin method is often used to derive the element equation.



Chapter 3

Natural Convection of Casson
Fluid in Partially Heated Porous

Cavity

In this chapter, the features of natural convection of Casson fluid in permeable
enclosure, reviewed numerically. Considered problem is governed by dimensionless
coupled partial differential equations. Finite element method in conjunction with
Galerkin weighted residual method is used for solution of problem. The impact of

governing parameters is examined through streamlines, isotherms and graphs.

3.1 Problem Description

Consider a square porous cavity with dimension L filled with incompressible Cas-
son fluid. A constant temperature T, along side walls is considered during whole
investigation. The upper wall and the section of bottom wall assumed to be adia-
batic as shown in Figure 3.1. The bottom wall is partially heated and it is varying
to study the effect of heated area on fluid flow and heat transfer characteristics.

The Casson fluid is considered to satisfy the Boussinesq approximation.

The symbolic diagram of the problem under investigation is shown in Figure 3.1.

26
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Porous Enclosure

Adiabatic wall
77 7 7777 /

T. Casson fluid T. l

Adiahatic Adiabatic

FIGURE 3.1: Physical description of the problem

3.2 Governing Equations

Under assumptions mentioned as above, the governing system for Casson fluid flow

in porous cavity which describes the flow with corresponding boundary conditions

are:
Momentum Equation:

Momentum equation for u-velocity

u%+v%——1@+u 1+1 Fu | Pu L
ox oy  pox

Continuity Equation:

Energy Equation:

(3.3)

(3.4)
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Boundary Conditions:

The imposed boundary conditions are expressed as:

e On the cavity’s left wall

At O0<y<L and z2=0; u=v=0 T=T,

e On the cavity’s right wall

At 0<y<L and z=L; u=v=0 T=T,

e On the cavity’s bottom portions

1—¢)L 1 L
At %Sxﬁ% and y=0;, u=v=0T="1T,
1—¢)L 1 L T
At O<x<g , ﬂ<x<[z and y:O;u:v:O,a—zo
2 2 dy
e On the cavity’s top wall
or

At 0<z<L, y=Liu=v=0, 0

8_y =
In all the above dimensional governing equations and boundary conditions, v and
v represent velocities along r—axis and y—axis respectively. Further, p is den-
sity of fluid, v represents kinematic viscosity, 1" shows fluid temperature, volume
expansion coefficient is represented by [, v shows Casson fluid parameter, K is
permeability of the porous medium, g is for gravitational acceleration and « is the

thermal diffusivity.

3.2.1 Dimensionless Governing Equations

By using the transformation given in [22], dimensionless form of governing equa-

tions (3.1), (3.2), (3.3) and (3.4) can be converted as:

T-T. )
0 = Y= uB\/%ca—z

Y
y = 2
L’ T, =T,

x
« a L’
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Momentum equation:

Momentum equation for u-velocity

Lav (%)1@“(1H)<af 6‘2(“U)>

)L()2 d(LY)?

(7

o? oU ou o? oP 1\ a [0?°U 0°U a v
]2 ) (DB 2

Q
3
S0
o
Q
<
S

o? oU ou o? oP v 1 0*U  0*U L? v
g2 (e 2e) £

P 1\ [PU & v
Ua—U+Va—U=—8—+5(1+—) (8U+8—U>—%U
a\" 9 i

0X Y 0 0X?2 Y2
ou aU oP 1 2U 02U Pr

Momentum equation for v-velocity

%a%uw(%_1@“(%)(6’2(&) a2<%>2>

0 (L)L()2 "9 (LY)

a_Q Ua_v+va_v —a_2 _a_P _|_g 1_|_1 82V+82_V
N g v 0X?  0Y?

— TV =98 (Th—T.)6

Ua_v_{_va_v—_a_P_{_z 14.1 82V+82_V

0X oY Y  « v ) \0X2 Y2
L*v L3
—a—KV——gﬁ(Th—T)e
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oV oV oP 1 o’V 0*V
Vox Vv = av 717 (”;) <8X2 +m)
Pr gB (Ty, —T.) L3 v?
Dav V2 0426

oV ov oP 1 o’V 0V Pr

Continuity Equation:

() o),
d(LX)  9(LY)

«Q <3U 8V>
+22) =0

2 \ox "oy
oU oV
ox Ty =" (3.7)

Energy Equation:

0 0ATO+T) o O(ATO+T,) _ <82 (ATO+T.) 9 (ATO + TC))
L~ (LX) L o(LY) d(LX)* d(LY)?

LT

AT Uz + Vo + 2

0X )4 0X?%  0Y?

=13

2 2
[ 00 86}_04AT[80 891

2 2
g 00 0% 0%

ax TV oy ~ox2 T aye (3.8)

Dimensionless parameters used in governing equations (3.5) and (3.6) are as fol-

lows:

gﬁ (Th - Tc) L3PT
V2

14

K
Pr:a, Da:ﬁ, Ra =

Dimensionless boundary conditions can be written as:

e On the cavity’s left wall

At 0<Y <1l and X=0U=V=0,0=0



Natural Convection of Casson Fluid in Partially Heated Porous Cavity 31

e On the cavity’s right wall

At 0<Y <1l and X=1; U=V=0,0=0

e On the cavity’s bottom portions

At 1;€gxg1;€ and Y =0, U=V=00=1
1—e 1+c¢ 060
At 0<X < 5 , 5 <X<1andY—O, U—V—O,a—Y—O

e On the cavity’s top wall

At 0<X <1l and Y =1; U:VZO’S_}Q/ZO

For the heated region of the bottom wall, the average Nusselt number is given by

1+e
Ntgey = / " Nu(X)dX,

—€

2

where Nu(X) = — (££)

v )y_g 18 the local Nusselt number.

Y=0

Q

3.3 Weak Formulation

In order to solve the non-dimensional governing equations (3.5), (3.6), (3.7), (3.8)
together with boundary conditions, we have used finite element method in con-
junction with Galerkin weighted residual method. First, we integrated the system
together with weight function to get integral form or weak form of the system
which is valid for entire solution domain. Finally, we used the set of approximated
trial functions valid only over a part of the domain to get approximated solution.

Strong form of governing equations:

2 2
ou ou oP ( 1) (8 u o U) _ Pr U (3.9)

o Y i pr(14 2 h -
Vox "Vav = ax "I\ 75 ) \ax2 T av2 ) T Da
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ov 8V oP 1 o*V  9*V Pr

ou oV

8_X+8_Y =0, (3.11)

20000
0X oy  0X2 9Y?

(3.12)

Here U, V, € and P are solution spaces defined on continuously varying infinite
dimensional space €2, the matter of fact is that the achievement of the solution
in such a large space is not possible. The main objective is to find some suitable
spaces to get functions with finite properties or parameters.

Let W = (HY(Q), H'(Q), H*(Q2)) be the test space for velocity components and
temperature and @@ = Ly(Q) is the test space for pressure. Let w and ¢ be
the respective test functions such that w € W and ¢ € ). For the variational
formulation the components of momentum and energy equations are multiplied by
test function w € W while the continuity equation is multiplied by test function
q € Q. The weak formulation of the strong form of governing PDEs from (3.9) to
(3.12) can be noted as:

/ (Ug—;) + (Vgg) wd) =

0P 02U 82 Pr

8V 8V
o*vV  9*V Pr
/—wdQ+Pr (1+7)/52(8X2 aY2)wdQ—D—a/deQ—

RaPr/@w ds?
Q

L300 (7)o



Natural Convection of Casson Fluid in Partially Heated Porous Cavity 33

00 09 00 %0
/(Ua—X> +(V8Y) dQ = /<8X2+m)wd9

for all (w, q) € W x Q.

Consider
8U 3U

oP 0*U  0*U

Using Green’s theorem for Laplacian term as

/Q VAN = — /Q VoV dQ + /Q ¥ (Vén) dT

oU oU
/Q (U(?X) w (VE)Y) wdf) =
oP 1 oUu 0w

1 oUu 8w Pr

ou ou
/Q(UaX)er (vy ) win-

oP 1 oUu 8w

1 oU 8w 8U PT
oU oU
— ) =
/Q(UGX)w(vaY)wd
oP OU (’9w oU ow

Pr
U d? (3.13
Da [ Uw (3.13)

which is the weak form of x—component of momentum equation.
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Similarly, we obtain the weak form for y—component of momentum equation as
follows:

ov oV

oP 1 oV 9V Pr

RaPr/Gw ds?
Q

ov oV oP

1 oV ow oV oV ow ov

—E/deQ—RaPr/deQ
Da Q Q

ov oV oP 1
— — dY=— | —wdQ+Pr|1+—
/Q<U8X+V(?Y)w Qayw + r( +’y)
oV ow oV IV ow oV
— | =—=—=—=4dQ —n,dl — | =—=—=——=d —n, dl'| —
{ o OX OX +}'§waX”x o DY Y +}é“’ay”y ]
ﬁ/ deQ—RaPr/@wdQ
Da QO Q
ov oV oP
— — dQY=— | —wdQ—
/Q<U6X+V8Y>w 0 ov "
1 oV ow OV ow Pr
Pr{l1+— ——t —=—— | d2 - — d) — RaP Ow dS)
T( +7>/Q(8X8X+8Y8Y) Da/ﬂvw i 7”/Q v
(3.14)
which is weak form of y—component of momentum equation.
Now for continuity equation, we get
ou oV
- 42 0= 1
/Q(aX—i—aY)qd 0 (3.15)

The energy equation in the same way becomes:

00 00 020 020

oxz " ay?
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00 00 o (00 o (06
— Q= — == ) d — | == | dQ
/Q (Uax) v (V8Y> wd /Qwax (ax) d +/Qway (ay) d
Using Green’s theorem

00 00 00 ow 00
U— 174 0= — A0+ bl T
/Q( (9X)w ( (9Y>wd 8X8Xd %wﬁXnmd

00 ow
- | syav e+ 7{ aynydf (3.16)

Next we approximate the infinite test and solution space, using Galerkin discretiza-

tion scheme to meet required accuracy. Consider the approximated solution Com-
ponents as Uy, Vi, P, 0, = U,V, P,0, where (W}, Q) = (W, Q).
Now to find (Uh, Vh, Ph, 9h)

8Uh GU o aPh
/ (UhaX Vhay)whdﬁ— 8_thdQ

8Uh 8wh 8Uh 8wh Pr
+ Pr (1_{_’}/)/9(8)( oX + Yy ay) dQ—D—a Qthth (317)

v, I, [ 0P,
/K;(Uha VhaY)wth_ Qa—ywth
th Owh th Owh Pr
+Pr (1—}-;) /Q (8X X + 5y 8Y) dQ)— Da/Vhwth—RaPT/ﬂehwth
(3.18)
oU, 0V
80h 69 . 09h Gwh 89h Gwh
/ (UhaX—l—VhaY)wth— /Q(GX oX +8Y aY)dQ (320)

FEM approximation is achieved by using the approximate trial solution functions
and trial test functions. These functions are the linear combination of nodal un-
knowns and shape functions which are linearly independent. Given below are the

trial solution functions:
m

m m l
Un =) uj¢;, V= > v;0;,0; = Zlejﬁbjyph = lej%-
j= j=

J=1 J=1

Also test approximated functions can be defined for test spaces as
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m l
wy, = >, wi¢; and g, = Y ¢;1;, where ¢; and 1); are shape functions.
i=1 i=1
By using these approximation in Egs. (3.17), (3.18), (3.19), (3.20) weak formula-

tion can be expressed as:

(3.17) =

/ﬂ [<Z o) o (o) + Lwigy (20 um)} 61 d2 =
[ & (ijwj)qzcm Pr (1+ )/ [ax (o) 2t
ay (Z“J¢J) }d ——/(Zum]) 6; d€)

/ [(Z%%‘) 00, (Z ]¢]> 8%} $:dQ{ J}Jrz:/ 8%¢1d§2{ P+
(1) (B ) - 2 oo

(3.21)

(3.18) =

/Q [(Z uj¢3') aix (Z vj¢j) + Zvj¢j8% (Z vj%ﬂ s dS) =
_/ (D pivs) 6sa - pr (1 + ) / [ax (3 00,) 22 9.,
8(2/ <Z UJ%) 8@] dQ — %/ﬂ (Z vj¢j> i dQ—RaPr/Q (Z 5j¢j> é: dO

/ [<Z¢] ]) St (Z ]d)]) 8%} Gidtv HZ/ w]@dﬂ{ pit+
Pr(1e2) 0 [ (5R0% + Gan ) a2t + 5y 32 [ oo}
RGPTZ/Q@@CZQ{@}:O (3.22)

(3.19) =

[ (Cmer)egy (o) van o



Natural Convection of Casson Fluid in Partially Heated Porous Cavity 37

Z/ 6@1@ d{u; } +Z/Q%¢i dQwv;} =0

(3.23)
(3.20) =

/ﬂ [Zujd)ja% (X o) + S uoigy <Z9j¢j>} 6 =
[ [ (o) 22+ 2 (Do) G o

/Q [(Zumj) %+ (Z vj; %ﬂ ¢; Q{0+

09; 09 , 06, 0¢i -
Z/ (axj' ox Ty ay) dQ{0,} =0 (3.24)

The discrete system of non-linear algebraic equations in matrix form can be written

as:

A A B Au Un Fy
Ay A By, A A% F
21 A By Aoy h| _ 2 (3.25)
Bi Bé A33 A34 Ph F3
_A41 Agp A A44_ | O | | 4 |

Here A, X, I are called block stiffness matrix, block solution vector and block
load vector. The entries in block stiffness matrix for the corresponding local el-
ement are represented in terms of ¢ and 1. Local elemental equations from eqs.
(3.21),(3.22), (3.23), and (3.24) which are written in block stiffness matrix are

given below as:

at= [ [(Som) 2+ (T ut) 2] -
Pr(l—l— )Z/ (gﬁggfg g@g@) d9+%2/§2¢j¢id9

A% =0, AY =0, AY =0,
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1= [ 1(Zom) G+ (T uwe) 52| o
P () L (2 ) 1 25

Af), = RaPr /Q Gid; dS

A =0
A =0
A7 =0
AL =0
AL =0

g O
AZQZ/QKZUJ'%)%"’ <Z ;P; %)} i S+
0¢; 0¢;  0p; 0
[ (5o o)

The entries Ay3, Aoz and Asy, Aszs are the pressure matrices with their respective

transposes can be written as

Z/ a%gbzdﬂ Z/ a%@dQ

(B9 =Y / (%le dQ (B9 =3 / 99 1, a6

3.4 Results and Discussion

Analysis of natural convection of Casson fluid is depicted for the numerical results
in terms of streamlines, isotherms, and 2D plots. Results are presented for fixed
value v = 0.1 and v = 5.0 with varying values of Rayleigh number (Ra) and
Darcy number (Da) in the range (10* < Ra < 10°%) and (107° < Da < 1072). The



Natural Convection of Casson Fluid in Partially Heated Porous Cavity 39

effect of Da and Ra on average Nusselt number in the aforementioned range are

presented in the form of 2D plots.

The effect of Da and Ra on streamlines within the considered range with fixed
value of Casson parameter v = 0.1 is presented in Figure 3.2. It can be ob-
serve that in the cavity, two counter-rotating symmetric vortices developed along
the vertical mid-plane. The streamlines show that by increasing values of Da =
107°,1074,1073,1072, the streamlines move downward to the bottom heated por-
tion and the center of both counter rotating vortices moved toward the left and
right cooled wall near heated portion of cavity. In this way the circulation of fluid
increases near the bottom heated portion very close to cooled walls of the cavity.
This phenomenon can be clearly seen for Ra = 10° and at high value of Da = 1072,
As increasing the Casson parameter v, decreasing effect of the effective viscosity
can be notice for Casson fluid. So, for v = 5.0 and taking the same range of Ra and
Da, the above phenomenon can be observed more clearly in terms of streamlines
in Figure 3.4. The heat transfer effect in the cavity for considered range of Ra
and Da is presented in terms of isotherms in Figure 3.3. At the different values
of Darcy number (Da), v = 0.1, ¢ = 0.2, isotherms are moving toward the heated
portion of cavity. This phenomenon indicates that the heat transfer rate within
the cavity increases close to the heated portion of cavity. As a result heat transfer
rate near the adiabatic wall gradually decreasing for the higher values of Darcy
number Da = 10°. By increasing Casson parameter from v = 0.1 to v = 5.0, the
effective viscosity of Casson fluid decreases. As a consequence, cavity’s average
heat transfer rate (Nug,,) increases. This phenomenon can be clearly observed in

Figure 3.5.

The variation of average Nusselt number (Nu,,,) due to the effect of Ra and Da
are presented in Figure 3.6 and Figure 3.7 for different values of Casson parameter
v = 0.1,1.0 and v = 5.0. The impact of Da on average Nusselt number for
different values of Ra is expressed in Figure 3.6. Results show that for small value
of Da = 107° — 107, average Nusselt number increases but heat transfer rate is
too small for small values Ra = 10* and Ra = 10°. For Da = 10~* — 1072, average

Nusselt number show increasing behaviour for both Ra and Casson parameter ~.
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Ra = 10* Ra = 10° Ra = 10°

FIGURE 3.2: Influence of Da and Ra on streamlines for fixed value of v = 0.1,
e=02,Pr="1.
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Ra = 10* Ra = 10° Ra = 10°

FI1GURE 3.3: Influence of Da and Ra on isotherms for fixed value of v = 0.1,
€e=02, Pr="T.

Da = 1075

Da =107

Da =1073

Da = 1072
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Ra = 10* Ra = 10° Ra = 10°

Da = 1072

FIGURE 3.4: Influence of Da and Ra on streamlines for fixed value of v = 5.0,
e=02, Pr=T.
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Ra = 10* Ra = 10° Ra = 10°

FIGURE 3.5: Influence of Da and Ra on isotherms for fixed value of v = 5.0,
e=02 Pr="17.

Da = 1075

Da =107

Da =1073

Da = 1072
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Nuayg

Nu,g

Nuayg

FIGURE 3.6: Influence of Da on average Nusselt number for different value of
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FIGURE 3.7: Influence of Ra on average Nusselt number at different value of e,
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The effect of Ra on average Nusselt number for varies values of ¢ = 0.2,0.4,0.6
and € = 0.8 is exhibited in Figure 3.7. Two dimensional plots show that for varies
values of €, small values of Ra (102 < Ra < 105) does not effect significantly the
rate of heat transfer. For each value e = 0.2,0.4,0.6,0.8, (Nug,) increases with

increasing values of Ra which can be observed in the range Ra = (10° — 10°).

It is observed in literature [2], [36], [37], [38] that the two bullous appreared in
cavities to show the strong and weak streamlines are positioned as strong bullou
is along cavity’s left side and weak is along the cavity’s right side. Review of [22]
shows that the negative sign of buoyancy term in governing momentum eq. (3.2)
alter the position of two bullous. Numerical findings are presented as streamlines

and isotherms accordingly.



Chapter 4

Natural Convection of Casson

Fluid in Inclined Porous Cavity
under Effect of Magnetic Field

and Viscous Dissipation

Natural convection in cavities filled with non-Newtonian fluid investigated by many
researchers. Based on literature analysis, it is observed that the natural convection
in permeable cavities saturated with non-Newtonian fluids specially Casson fluid
has been given more attention in past few years. Casson fluid also have many ap-
plications in textile printing, electronics manufacturing, printing, food processing
and biological modelling. [39, 40]. Investigation of convective flow of Casson fluid
in a partially heated container is the main objective of the study, under the effect
of magnetic field, cavity inclination and viscous dissipation effect on heat transfer.
These observations are basically apply and investigated with results presented in

22].

4.1 Problem Description

The geometry of the present work is a square cavity with dimension L, filled with
Casson fluid and porous medium. The heat transfer characteristics and movement

47
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of fluid are under observation with the horizontal magnetic field, cavity inclination
and viscous dissipation effect. Figure 4.1 depicts the problem’s geometry. A
constant temperature 7' = T}, is considered for the section of the partially heated
bottom wall and the rest of the portion of bottom wall including top wall is
considered as adiabatic walls. Horizontal magnetic field is represented by By and

¢ shows the cavity inclination.

FIGURE 4.1: Schematic cavity under magnetic field and cavity inclination

4.1.1 Governing Equations in Dimensional Form

Under all the aforementioned assumptions, governing equations including momen-
tum equation, continuity equation and energy equation with boundary conditions
are given as:

Momentum Equation:

Momentum equation for u-velocity

ou  Ou 1 9p 1 ’u  0%*u v .

Momentum equation for v-velocity

dv  dv  1dp 1\ [(0*v 0% v o B}
u%—l—va—y = —;8—y+u (1 + ;) (8_9:2 + (‘3_y2> —Ev%—gﬁcosgb(T— TC)—TU
(4.2)

Continuity Equation:
ou Ov
—+—=0 4.3
Oz * y (43)
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Energy Equation:

o, T _ (#T o
Yo U@y_a ox?  Oy?

oB? , v 1 ou\’ o\’ du v\’
+p—CpU +c—p(1+;) [2{ (&) + 8_y + 8_y+% (44)

where u, v represent horizontal and vertical velocities of fluid flow, p is the fluid
density, Casson fluid parameter is represented by ~, v is kinematic viscosity, g
shows gravitational constant, ¢ is the cavity inclination, p shows pressure, By is
the magnetic field strength, o is for electrical conductivity, k represents thermal
conductivity, ¢, shows specific heat, thermal diffusivity is represented by a and 3
is for expansion coefficient.

Boundary Conditions:

Boundary conditions in the dimensional form will be taken as same as mentioned

in chapter 3.

4.1.2 Dimensionless Form of Governing Equation

To convert dimensional governing equations to dimensionless form of governing

equations, following dimensionless parameters have been used [36],[41].

ul vL x Y T -1, 1B 2T, pL?
o a I’ I’ Th_Tca’y g_g ) pOé2
K T, — T.) L*P a)?
o L? V2 pv cp, AT

Momentum equation for U-velocity

ou ou 10p 1 u  O%u v ,
bk ke Rt 1+ (=4 22) - 2 T_T
“ax+”ay p&c—Hj( +'y> (8x2+8y2) Ku—i—gﬁsuub( ‘)

WU (D) ava(L)  10(%F) 1\ (@ (eL) o2 (2L)
T - +V<1+§> (8(LX)2 +8(LY)2>
v (U

-2 (T) + 9B (AT +T. — T.)sin ¢
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04_2 U8_U +a_2 Va_U _04_2 _a_P + 1_{_1 g aQU aQ_U
p\Cax) Te\Vay )| T \ax) " ~) 3 \ox2 " av?
—EEU—FQBAT@sm(b
04_2 Ua_U+Va_U —a_2 _a_P Z 1_|_1 82U 82_U
L3 | 0X oY L3 0X « v ) \0X? 0Y?
o[ L*v gBA
+ﬁ {_E?U+ —981n¢:|
ou ou orP v 1 0?U  0*U
Vox "Vav = ax a(”;) <37+37)
z ATL3 1?
—a U+ 957—9 sin ¢
L2
ou ou oP 0?U  9*U Pr
Momentum equation for V-velocity
dv v 18p v v v  oB?
U% Ua_y pay (1"‘ > <ax2+a_y2>—E’U—TU+gBCOS¢(T—Tc)
aV 1% 0 peP 2 (aV 2 (aV
QU O () aVo() 1 <L2)+,,<H;> 0 () | ()
L (LX) L o(LY) p O(LY) v) \o(@LX)? o(LY)?
aV oBZ a
a_Q Ua_v+va_v —a_2 _a_P g 1_{_1 82V+a2_v
3| ox T oy| T 3| oy "1 ox2 " Jy?
——V—U—BQ—V—l— B (Ty, —T¢.) 0 cos ¢
i oI 9B (T, cos
a? [ oV ov a v o?V 0V
ﬁ{%—xwa—y]‘ﬁ{—— a( )(aX2 37)}
[ LPv oB2 L? gBcos pATL?
W {‘E}V—T—V TQ]
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Ua_V+V8_V—_a_P+Z 1_|_1 82‘/—'_32_‘/
0X oy Y  « v ) \0X2  9Y?2

z ao B2 L? g3 cos pAT L3 1/?
VG e
oV oV oP 1 o’V 0*V Pr
oy 9 (14 gy _ L
Vox Vv = av T T( * ><8X2 +8Y2) Da
—Ha*PrV + RaPrf cos ¢

i (5) - ()]

ou 9V

ax Ty 7

Energy equation:

ox oy ox?  Oy?

+U—Bgv2+3 142 |2 Ou 2+2 v 2+ @—F@ 2
PCp Cp 0 ox dy dy Oz

a 0(ATY) a_9(ATO)  (*(ATH)  0*(ATH)\  oB: o \?
L~ 0(LX) Jrfvﬁ(LY) _a(a(Lx)Q a(Ly)2>+ ey (LV)

v (1 o)\, (2L (26D oV
=3 [2{ <a<Lx>> : a(LY>> }*(a@m*a@m)
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(e
~ YAT TN L TPy
ox oy TS \axE TavE) T e, 12

(Y [ f (00N (NP et fau | avy?
p ~v) | LA 0X oY LA\ Y 0X

00 00 L? aAT [( 020 020 ) L? o?cB?

e I - 0y/,2
Vox "Wy —aar 2 |\ox2 T ov2) T aaT e e, V}

_|_L2Ka_21_|_12 a_Uz+a_v2+a_U+a_VQ
aAT ¢, L* v 0X Y aY = 0X

g0 0 0% 0% 0B,
ox oy oaxz  av? ' “pe,AT

+—ay 1_|_1 2 a_U2_|_ a_v2 + 6_U+8_VQ
L2c,AT v oX aY Y ' 8X
00 06 9% 9% ) ,
Ua—X—FVa—Y—W‘i‘W—FHCLECP’FV
2 a_U2_|_ a_VQ + 8_U_|_a_vz
0X oY oy  0X

1
+EcPr <1 + —)
Hence dimensionless system of governing equations (4.1), (4.2), (4.3) and (4.4)

LAT

AT Uz +V o

[ 00 00 ] ( %6 0%6 ) oBZ a?

v

with boundary conditions can be noted as:

Momentum equation for U-velocity

ou oU oP 1 0’U  0*U Pr i

Momentum equation for V-velocity

oV ov oP 1 0’V 0*V Pr
U—+V————+P7’ <1+—) <8X2 +m) —D—aV

0X Y oY v
—Ha?PrV + RaPrfcos¢ (4.6)

Continuity Equation:

v ov_
0X oYy
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Energy Equation:

00 90 90 9% , )

1 oUN? [V’ U  oV\?
EcPr(1+—][2¢ | == — — + — 4.8
+popr (1+3) {(aX) (o) }+<8Y+6X> )
Boundary Conditions:
e For the cavity’s left wall
At 0<Y <1l and X=0U=V=0, =0
e For the cavity’s Right wall
At 0<Y <1l and X=1, U=V=0, 6=0
e For the cavity’s bottom portions
1— 1
At 2€§X§ ‘2” and Y =0 U=V =0, =1
l—€e 1+e€ 00
tO<<2,2<<and O’UVO’(?YO
e For the cavity’s top wall
00

4.2 Weak Formulation

This section will present the weak formulation for all governing equations with
the help of weighted residual method and w € W and ¢ € @) as weight function.
Momentum equation and energy equation will be multiplied by weight function w

and the continuity equation will be multiplied by ¢ to get the weak form.
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Weak formulation for z-momentum equation (4.5), represented as:

/ (Ug_)U(> + (Vgg) wdf) =

0P 1 0*U  0*U Pr

—i—RaPr/@sin pwdS)
Q

ou ou
/ (U8X>w+ (VGY) ds) =

oP 0’U  9*U Pr
— G_deQ+Pr(1+'y>/gl<aX2+m) dQ_D_a/deQ

+RaPr singb/ OwdS)
Q

Using Green’s theorem for Laplacian term as

/Q VAGAQ = — /Q VoV dQ + /Q (Vi) dD

/ (Ug—;?) + (Vgg,) wdQ) =

oP 1 ou 8w

1 oU ow 8U P
+RaPr sinqﬁ/ OwdS)
Q

/ (Ug_)U(> + (Vgg) wdf) =

oP 1 oU ow

oU ow 8U

RaPr sin¢/ OwdS)
Q

8U 8U

oP oU ow 90U ow
—/a—deQ PT(l—i— )/8_Xa_X+8_Ya_YdQ_

Pr

deQ—kRaPrsmgb/@wdQ (4.9)
a.Ja
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Weak formulation of y-momentum equation (4.6), presented as:

oV ov
/(U—8X> +(V8Y>wd§2_
oP 1 o’V 9*V Pr

—Ha2P7"/ Vwd) + RaPr/ 0 cos pwdS2
0 Q
8V (9V

oP o’V 0*V Pr

—HaQPr/ deQ+RaPrcos¢/ OwdS2
Q Q

Using Green’s theorem for Laplacian term as

/QquﬁdQ: —/QquVzbdQ—Ir/Qw(Vcb.ﬁ) ar

GV ov

oP 1 oV ow

oV ow 8V
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P
T/deQ HaZPr/deQ+RaPrcos¢/9wdQ (4.10)
Da Q Q
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Continuity equation weak formulation:

U LoV
0xX oy

ou oV

Similarly for energy Eq. (4.8), weak formulation calculated as:

0

2 2
v v 00 00 Hepepry?

ox oy T ox2 T av?
1 aUu\? VN> [oU  ov\®
*ECPT(”;> 2(0_)() *2(07) *(a—ﬁa—x)

Using Green’s theorem
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00 00 B 99 ow 96 dw ) )
/(Ua—X Vay) 2 = — 8X8X+8Y8YdQ+HaEcPr/QdeQ

1 oU oV \ 2
EcPr|14+ — 2 — Q42 — Q
+FEc r( +7) /Q<8X) wdS) + /52(8Y> wd
1 oUu  ov\?
+ECPT (1+§)/Q(6_Y+ﬁ) wdQ (4.12)

Finally weak formulation for governing equations are represented by (4.9), (4.10),

(4.11) and (4.12).

Now to approximate the infinite test and solution space, using Galerkin discretiza-
tion scheme to meet required accuracy. Consider the approximated solution Com-
ponents as Uy, Vy,, Py, 0, = U, V, P, 0.

Now to find (U, Vi, Py, 1)

U, . OU, B
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ou, 0V

00y, 00y,
/Q(Uha VhaY)wth_

89h3wh 89h6’wh 2 2
_/Q(ﬁX X + = oYy 8Y) dQY+ Ha ECP?"/QVhwth

1 UL\ i\ >
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for (wp,qn) € W x Q.

FEM approximation is achieved by using the approximate trial solution functions

and trial test functions. These functions are the linear combination of nodal

unknowns and shape functions which are linearly independent. Given below are

the trial solution functions: U; = iujqu, Vi, = ﬁ Vj@j, O = i 00, P, =
j=1 j=1 j=1

i p;¥;. Also trial approximated functions can be defined for test spaces as

—~ . |

wy, = >, wi¢; and g, = Y ¢;1;, where ¢; and 1); are shape functions.

i=1 i=1

By using these approximation in Equations (4.13), (4.14), (4.15), (4.16)

we get the weak formulation as

(4.13) =
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The discrete, non-linear system of algebraic equations in matrix form can be

written as ~ _ - -
A A B Ay Uy, F
Ay A B, A \% F.
21 A2 2 24 hi _ 2 (4.21)
Bt BY Az As Py F;
Ap Agp Ay Ay On Fy
\_ - —/ N — - s N ~ - s
A X F

Here A, X, F are called block stiffness matrix, block solution vector and block load

vector. The entries in block stiffness matrix for the corresponding local elements
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are specified in the form of ¢ and .

4.3 Results and Discussion

The results of the horizontal magnetic field, viscous dissipation in an inclined,
porous cavity that has been partially heated, filled with Casson fluid are presented
as in isotherms, streamlines profile and 2D plots. The controlling parameters for
the analysis are the Hartmann number 0 < Ha < 100, the cavity inclination
0° < ¢ < 90°, the Eckert number 107¢ < Ec¢ < 107%, the Casson parameter
0.1 <~ <10 and the fixed value of ¢ = 0.2, Pr =7, Da = 107*, Ra = 10°.
Figure 4.2 shows the streamlines against the increasing value of Hartman number
and inclination angle. The number of vortices grows as the magnetic field or Ha
grows, whereas the strength of streamlines reduces as the Lorentz force increases.
Figure 4.2 shows that for the considered range of Hartmann number, magnetic
field has less significant effect on streamlines. Two cells of streamlines converges
to their own center. It can also observe that by increasing cavity inclination,
streamlines become stronger and cover most part of the cavity. The two symmet-
ric bullous of streamlines convert into one strong bullou and move near the center
of the cavity.

Figure 4.3 demonstrates the heat transmission in container under the effect of
Hartmann number and cavity inclination in terms of isotherm. At ¢ = 0° in-
creasing Ha, the velocity of fluid is reduced due to which the dimensionless tem-
perature is also reduced near the top adiabetic wall and near the both cooled
wall. Like streamlines less significant changes can be observed for considered val-
ues Ha = 0,50,100. By increasing cavity inclination, the temperature is found
to be gradually decreases near adiabatic wall . The effect of viscous dissipation
and Casson fluid parameter on temperature in the cavity is presented in figure
4.4 in terms of isotherms. Figure 4.4 shows the increasing behaviour in the range
107% — 107* for each value of Casson fluid parameter v in the range (0.1 — 10).
Temperature distribution in cavity move from bottom heated portion to the top

adiabatic wall. For small value of Ec = 107% and Ec = 1075, heat transfer in the
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cavity increases with an increase of Casson parameter. For large value Ec = 1074,
a comparable behaviour can be examine due to decrease of temperature in the

cavity for increase in 7.

The effect of cavity inclination (0° < ¢ < 90°), Casson fluid parameter v (0.1 <
v < 10), Hartmann number 0 < Ha < 100 and Eckert number 107¢ < Ec < 1074
on average Nusselt number Nug,, represented in figure 4.5, 4.6, 4.7 and 4.8. Fig-
ure 4.5 expresses that the average Nusselt number is a function that decreases for
both cavity inclination and Hartmann number. For different values of Hartmann
nummber Ha = 0, 25,50, 75,100, the average Nusselt number is at its maximum
at ¢ = 0° and at its lowest at ¢ = 90°. It can be observed that in the range
20° < ¢ < 80°, Ny, significantly changes.

Figure 4.6 demonstrates that for small values Fc = 107% and Ec = 107°, Nugy,
is at highest and increses with increasing values of 7. At higher value Ec = 1074,
a massive drop of average Nusselt number noticed at v = 0.1. For higher values
of v, velocity , thermal boundary layer thickness and effective viscosity decreases.
As an outcome, the cavity’s overall heat transfer rate improves. Figure 4.7 reveals
that the relation between average Nu and 7 is a direct relation. When Ha = 0
(no magnetic field), heat transfer rate increasing with an increase of v. When
horizontal magnetic field Ha is applied the thickness of the boundary layer rises
as Ha increases and the velocity magnitude in the cavity decreases. As a result

the average Nusselt number decreases.

Figure 4.8 provides the influence of cavity inclination for varies values of Cas-
son parameter v on average Nusselt number. Heat transfer rate in the cavity
reduces due to the cavity inclination. For small value of v = 0.1, the Casson fluid
have vital effect of viscosity. So by increasing inclination of cavity the heat transfer
rate in the cavity decreases and at lowest for ¢ = 90°. For higher value of Casson
parameter, fluid’s effective viscosity decreases, the flow of fluid increases. As a

result, the effect of cavity inclination on Nug,, is less as compared to v = 0.1.
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Ha=0 Ha = 50 Ha =100
r )

FIGURE 4.2: Influence of Ha and ¢ on streamlines for fixed value of v = 0.1,
€=0.2, Pr=7,Da=10"* Ra = 10°.
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FIGURE 4.3: Influence of Ha and ¢ on isotherms for fixed value of Pr = 7,
v=0.1,e=0.2, Da =10"%, Ra = 10°.
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Ec=10"5 Ec=107° Ec=10"1

FIGURE 4.4: Influence of Ec and 7 on isotherms for fixed value of ¢ = 0.2,
Pr=7,Da=10"% Ra = 10°
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FIGURE 4.5: Influence of Ha and ¢ on average Nusselt number for v = 0.1,
€=0.2, Pr=7,Da=10"* Ra = 10°.
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FIGURE 4.6: Influence of v and Fc on average Nusselt number for fixed value
of e=0.2, Pr="7,Da =10"% Ra = 10°.
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FIGURE 4.7: Influence of v and Ha on average Nusselt number for fixed value
of e=0.2, Pr =7 Da=10"*% Ra = 10°.
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Nu,,q

FIGURE 4.8: Influence of v and ¢ on average Nusselt number for fixed value of
€=0.2, Pr=7,Da=10"* Ra = 10°.



Chapter 5

Conclusions

In order to investigate the natural convection of Casson fluid, an inclined square
cavity with partially heated from bottom is considered. The left as well as right
wall of the cavity kept cool. Upper wall and the section of the bottom warm wall is
supposed to be adiabetic. The governing equations for the problem are first trans-
formed into dimensionless by using relevant transformation and later on solved
numerically by GFEM. The effect of significant dimensionless parameters such as
Raleigh number, Hartmann number, Eckert number and Darcy number with the
cavity inclination on the heat transfer and the flow of has been substantially no-
ticed. The numerical results are analysed for the flow behaviour and temperature
of Casson fluid in the form of streamlines, isotherms and 2D graphs for different
values of relative dimensionless parameters. The average Nusselt number (Nugy,)
in the cavity for different values of cavity inclination ¢, Eckert number Ec, Cas-
son parameter v and for magnetic field parameter Ha plotted to interpret heat

transfer rate.

In current investigations, the work of Aneja et al. [22] is extended by considering
cavity inclination ¢ and horizontal magnetic field By. In addition, internal heat
generation due to fluid flow is under observation by adding viscous dissipation
effect in energy equation. The average Nusselt number in the cavity is observed
using plots for separate values of cavity inclination ¢, Casson parameter ~, viscous

dissipation parameter Ec and for magnetic field Ha.

67
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The major findings from the analysis are listed below as:

1. Increasing the magnetic field’s effect, the fluid flow velocities decreases as a

result the temperature inside cavity decreases or moves to the heated portion.

2. Increasing the cavity inclination, the flow of Casson fluid cover most part of

the cavity.

3. For small value of Casson fluid parameter v = 0.1, higher value of Eckert

number increases the internal heat generation of fluid.

4. Low average Nusselt number for higher values of cavity inclination in the

range (75° < ¢ < 90°) at Hartmann number Ha = 100.

5. For small Casson parameter v = 0.1, cavity inclination decreases the average

Nusselt number.

6. For small value of Casson parameter v = 0.1, both Harmann number and
cavity inclination decreases the average Nusselt number by increasing ¢ and

Ha.

7. Increase in viscouss dissipation effect of fluid, decreases the average Nusselt

number(Nugy, ).

8. For large value of Eckert number Ec¢, Casson parameter significantly effect
on average Nusselt number(Nug,,). For small value of Casson parameter
v = 0.1, heat transfer rate is low for higher value of Eckert number Ec = 1074

but increases in Casson parameter, average Nusselt number also increases.

9. For low value of Eckert number 107> < Ec < 1074, (Nug,,) increases with
an increase of . For large value Ec = 1074, a massive drop of heat transfer
rate is observed in cavity for v = 0.1 but gradually increases with an increase

of .
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