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Abstract

The present research is aimed to analyse the existence of strict fixed points (SFP)
and fixed points of multi-valued generalized contractions on the platform of con-
trolled metric spaces (CMS). Wardowski type multivalued non-linear operators
and Reich type («, F')-contractions have been introduced by means of auxiliary
functions, which modifies a new form of contractive requirements. Well-posedness
of proved fixed point results is also established. Moreover, data dependence result
for fixed point is provided. Some supporting examples are also available for better
perception. Many existing results in literature are the special case of the results

established in this dissertation.
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Chapter 1

Introduction

Functional analysis is the most interesting branch of classical mathematical analy-
sis. It was initiated in the 19" century and accepted from 1920 to 1930. Functional
analysis deals with functionals and is vital in many mathematics and applied sci-
ences fields. This branch of mathematics is a smart fusion of geometry, topology,
and analysis which has remarkable importance in various branches of mathematics
and the field of natural sciences.

The solution of non-linear problems has been an important issue in various mathe-
matics and applied sciences disciplines. Fixed point theory deals with the existence
of fixed points of certain mappings, which is, in fact, the solution to non-linear
problems. Fixed point theorems are related to finding fixed points and investigat-
ing their uniqueness.

In 1866, Poincare [1] presented some initiative work on fixed point theory. Af-
terward, in 1912, Brouwer [2] proved a fixed point theorem on the unit sphere,
confirming a fixed point’s existence. Kakutani [3] generalized Brouwer fixed point
result on set valued function. Fixed point theory is an integral part of functional
analysis, used in various applications from general science to optimization, game
theory, economics, and approximation theory.

In 1922, a prominent Polish mathematician Stefan Banach [4], did creditable work
using contraction condition instead of continuity in his famous theorem named Ba-

nach contraction principle (BCP). This theorem assures the existence of a unique

1



Introduction 2

fixed point and provides a powerful tool for finding this unique fixed point as well.
According to BCP, a self map Q defined on complete metric space (MS) (&,d)
satisfying

d(Q0,Q0) < td(o,0), forall p,g€ & and (€ 0,1),

has a unique fixed point.

There are two major directions in which fixed point theory is developed. One is
the generalization of fixed point theorems in the setting of different spaces, for
example, metric spaces, Hilbert spaces, Banach spaces, topological spaces, and
even by changing the structures of spaces. The second direction is to use the
generalization of the contraction condition.

Edelstein gave the first generalization of the Banach contraction condition [5] in
1962 by taking constant ¢ = 1 and using distinct points from the space . In the
same year, Rakotch [6] introduced a contractive condition, in which the constant ¢
of the contraction condition in BCP is replaced by a monotonic decreasing function
¢ :[0,00) — [0,1]. Kannan [7] introduced a contraction condition in 1968 that
does not imply continuity like the Banach contraction. This contraction condition

is as follows:

4(00.22) < ¢{d(e. Q) +d(2.20)}.

forallg,éefand0<€<%.
In 1969, another extension of BCP was presented by Kannan [8] by omitting
the completeness of the space. Following the work of Kannan [7, 8], another

contraction condition was introduced by Chatterjee [9] in 1972, which is as follows:

4(02,99) < t{d(e,20) + d(2.20)},

for all p,p € and 0 < £ < 1.

Nadler [10] is considered the founder of set-valued contraction. He first introduced
the multi-valued contractive mappings and proved two fixed point theorems. The
first theorem is the generalization of BCP for multi-valued contractive mapping.
Edelstein’s result is generalized for compact set-valued contractions in the second

theorem. Massive research can be seen on such a generalization. For examples
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Reich [11], Bianchini [12] and Caristi [13]. Due to BCP’s importance and massive
application, it has become a constructive procedure for many mathematicians.
Wardowski [14] introduced another well-known contraction, namely F-contraction.
In 2013, Sagroi et al. [15] proved some fixed point results on F-contraction. In
2016, Kamran et al. [16] presented an interesting generalization of F-contraction
namely (a, F)-contraction. Hussain et al. [17] use this contraction for the multi-
valued mappings. In 2020, Anwar et al. [18] proved some fixed point results for
nonself multi-valued mappings using Wardowski type (o, F')-contractive approach.
A data dependence problem is to estimate the distance between the sets of fixed
point of two mappings. This idea is only meaningful if we have an assurance of
non-empty fixed point sets of these two operators. The data dependence problem
is mostly dealt with set-valued mappings since multivalued mappings often have
larger fixed point sets than single-valued mappings. In August 2021, Igbal et al.
[19] introduced an interesting type of multi-valued generalized contraction and
proved some fixed point results in the domain of complete MS.

In 1906, the notion of metric space was first presented by Maurice Frechet [20],
the founder of metric space, as a generalized formulation of the FEuclid distance.
On the other hand, the concept of Hausdorff distance is due to Hausdorff [21].
Metric space plays a vital role in many areas of complex, functional, and real
analysis. Due to this vital role in many fields, it is extended and generalized in
many distinct directions. In 1989, Bakhtin [22] gave the first generalization of
metric space, namely b-metric space (b-MS), by changing the triangular inequality
of MS. Later on, the concept of b-MS was further used by Czerwick [23, 24] to
establish different contraction results in b-MS. Certain literature can be seen on
the extensions of existing fixed point results using the set-valued mappings. [25]-
[27]. The study of b-MS endowed a prominent place in fixed point theory with
multiple aspects. Many mathematicians led the foundation to improve fixed point
theory in b-MS. In 1992, Matthews [28] highlighted a new idea of non-zero self
distance and introduced the domain of partial metric space. Later, Altun et al.
[29] proved some fixed point results for generalized contractive type mappings on

partial metric space. In 2014, Shukla [30] gave a unique idea by blending b-MS
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and partial metric space. He introduced a new domain of partial b-metric space.
Ameer et al. [31] introduced generalized multi-valued (aj,Y, A)-contraction and
proved some fixed point results using the platform of partial b-metric space.

In 2007, Huang et al. [32] introduced an interesting idea of cone metric space
by substituting an ordered Banach space for the set of real numbers. Afterwards,
certain fixed point results are obtained using this new approach. In 2015, Ma et al.
[33] presented a new concept of C*-Algebra-valued b-metric spaces and established
certain fixed point results for self-maps by using contractive conditions on these
spaces. In the next year, Shehwar et al. [34] introduced the notion of partial order
and proved the existence of fixed point by using the idea of the minimal element in
C*-Algebra-valued b-metric spaces. One can read [35-37] for more developments
in this direction.

In 2017, Kamran et al. [38] introduced a new domain of extended b-metric space
by further weakening the triangle inequality. Authors established certain fixed
point theorems endowed with extended b-metric space [39-41]. In 2018, Mlaiki
et al. [42] made another advancement by employing a control function on the
right-hand side of the b-triangle inequality. They introduced an interesting do-
main of controlled metric space (CMS) and generalized BCP for this new space.
Controlled metric spaces have become an exciting topic for researchers nowadays.
In August 2021, Igbal et al. [19] introduced Wardowski-type multi-valued non-
linear operators which satisfy certain contractive conditions. In this article, some
fixed point results are established to prove the existence of fixed points and strict
fixed points by using a new type of multi-valued generalized contractions. Data
dependence and well-posedness of these contractions are also discussed by utiliz-
ing the platform of complete MS. Encouraged by the work of Igbal et al. [19], we
offered an idea of generalizing these results in the domain of CMS.

The layout of the thesis is briefly shown below:

Chapter 2 focuses on some basic ideas used in subsequent chapters. The major
aim of this chapter is to review some essential definitions with suitable exam-
ples. Different types of mappings are portrayed with the help of various suitable

examples and graphs. A quick review of some generalized metric spaces is also
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presented.

Chapter 3 gives an overview of different generalizations of contraction mapping.
Certain fixed point results related to these contractions are also discussed. The
major part of this chapter is the detailed review of the work of Igbal et al. [19].
Chapter 4 consists of a discussion about controlled metric space (CMS). Fixed
point results of [19] are generalized in the setting of CMS. A suitable example is
given to support the new results. Data dependence and the well-posedness of some
multi-valued generalized contractions are also articulated.

Chapter 5 concludes our work and unlocks further recommendations for others.



Chapter 2

Preliminaries

This chapter is devoted to discussing some basic concepts of functional analysis.

This chapter is subdivided into five sections to better understand related literature.

2.1 Metric Spaces

Metric space is the generalization of the usual distance between two points on R.

The notion of the metric was first introduced by Maurice Frechet in 1906.

Definition 2.1. Metric Space.
“Suppose that £ is a non-empty set and that d is a real valued function on & x &
with the following three properties.

M1. d(01,02) >0 V p1,00 € £ and d(p1,02) =0 <= 01 = 0o,

M2. d(p1, 02) = d(02,01) ¥ 01,090 €&,

M3. d(01,02) < d(01,03) +d(03,02) Y 01,00, 03 € § (The triangle inequality).

The function d is called a metric on £ and &, taken together with the metric d, is

called a metric space which we denote by (&, d).” [43]



Preliminaries 7

Example 2.1.
Let & denote the collection of all closed intervals in R. For each ¢; = [uy, us] and

02 = [v1,Va] in &, define

d(@la Qz) = max{\ Vi — U |, | Vo — U2 \}

It is easy to verify that d is a metric on &.

Example 2.2.
Consider £ = RU {oo} U {—o00}. Define h: &€ — R by the rule

0 .
if —o0 < p < o0,
1+ Jo|
h(e) = 1 if 9 = oo,
-1 if p = —o0,

evidently, h is one-to-one and —1 < h(p) < 1. Define d on £ x £ by

d(01,02) = | h(o1) — h(02) |

It is easy to verify that d is a metric on &.

Example 2.3.
Let & be the collection of all bounded and unbounded sequences of complex num-

bers. We define a metric function d on £ x £ as,
o0

d(@@):zl |Qi_@i|

— 2014+ o —0i |

where o = {0} and 5= {a;}

Definition 2.2. Open and Closed Ball.
“Let (&,d) be a metric space. Given a point go € £ and a real number a > 0, an

open ball is defined as

B(0o,a) = {o €& : d(oo,0) < a},
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and a closed ball is defined as

B(oo,a) = {0 € & :d(0o, 0) < a}.”[44]

Definition 2.3. Open and Closed Set.
“Let (&, d) be a metric space. A subset U of € is said to be an open set if it contains
a ball about each of its points. A subset V of a metric space (&, d) is said to be a

closed set if its complement in £ is open, that is V¢ =& — V is open.” [44]

Definition 2.4. Sequence in Metric Space.
“A sequence in a metric space £ is a function p: N — £. We exhibit the sequence
o0 as {os} where g, = o(s). Given a sequence g in a metric space, a subsequence is

the restriction of g to an infinite subset S C N.” [45]

Definition 2.5. Convergence of a Sequence.
“A sequence {p,} in a metric space (&, d) is said to be convergent to ¢ € &, if given

€ > 0, there exists N € N such that for all s > N, we have
0 € B(e,€),
o is called limit of {os} and we write
5h_r}nOO 0s = 0 Or 05 — 0.7 [45]

Example 2.4.
Let ¢ = R?, define metric d on & by,

d(0,0) = /(01 — 02)* + (01 — 02)*.

Let
_ 5 262
&= \2st1'52-2)"

1
then, as § — 00, 0, —> (5, 2), that is,

lim o, = (5, 1)

5§—00
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Remark 2.6.

A sequence in a MS cannot converge to two distinct limits.

Definition 2.7. Cauchy Sequence.
“A sequence {ps} in a metric space (£, d) is said to be Cauchy sequence (or fun-

damental) if for every € > 0 there is an N = N(¢), such that

d(om, 0s) < € for every m,s > N.” [44]

Example 2.5.
Let £ = R. Define a metric d on £ as

d(o,0) =|o—0].

Let {05} C £ be a sequence defined as

I
Observe that,
2 52
|&_&F:€+2_§+2
%% 4 207 — %s” — 2¢°
N (2 + 2)(s2 + 2)
B 2t2 — 262
| (x2+2)(s2 +2)
B 22 N —2g2
(24 2)(s2+2) (2 +2)(s2+2)
22 262
< +
(2 + 2)(s% + 2) (2 +2)(s2+2)
_ 22 N 262
(v?)(s2 + 2) (v2 + 2)(s?)
_ 2 2
8242 242
2 2

52 2
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2 2
for each v, 5 > 7 and by Archimedean’s property letting N > 7, it is concluded
€ €

that {gs} is Cauchy sequence in R.

Remark 2.8.
Every convergent sequence in a MS eventually becomes a Cauchy sequence but the
converse of this result may or may not be true. For instance , suppose £ = (0,1)

with metric d defined on ¢ as
d(e,0) = lo—al-
Now, the sequence {gs} in & given by

Os =

Y

5
is Cauchy sequence but not convergent in &.

Definition 2.9. Complete Metric Space.
“A metric space (&,d) is said to be complete if every Cauchy sequence in & con-

verges to an element in £.” [45]

Example 2.6.
Suppose [*° be the space of all bounded sequences of complex numbers, with the

metric defined by

d(0, 0) = sup |gs — 0s|,
seN

where o = {0} and g = {gs}, then (I°°,d) is a complete metric space.

Example 2.7.
Let £ be a of all real-valued functions which are the functions of an independent
real variable ¢ and are defined and continuous on a given closed interval I = [a, b] .

Choose a metric d on £ defined by

d(e, 0) = max|o(() — o(0)],
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then, (£, d) is a complete metric space.

Example 2.8. Let £ = R, define a metric d on £ by
d(e, 0) =| arctan(g) — arctan(9) |,

then, d is not a complete metric on €.

2.2 Mappings on Metric Spaces

This section is furnished with the idea of different type of mappings on metric

spaces.

Definition 2.10. Continuous Mapping.
“Let (£,d¢) and (€, dg) be metric spaces, and let 2: £ — & be a function that
maps £ into £. We say that () is continuous at a point g9 € £ if for every € > 0

there exists 0 > 0, such that
de(0,00) <6 = de(Q0,Q00) <e,

for all p € £.7 [46]

Theorem 2.11.
“A mapping Q: & — & of a metric space (§,d¢) into a metric space (€,dg) is

continuous at a point oo € € if and only if
0s —> 00 = Q05 —> Q00.” [44]

Definition 2.12. Lipschitz Maps.
“Let (&,d) be a metric space. A mapping 2: £ — ¢ is called to be Lipschitzian

if there exists a constant § > 0 with,

d(Q0,Q0) < Bd(0, 0),
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for all p,0 € £ The smallest [ for which this condition holds is said to be the
Lipschitz constant for Q.” [47]

Example 2.9.
Let £ = [0, 00), define a metric d: £ x £ — RT by

d(QhQQ) = |Q1—Q2|,

then, the mapping 2: £ — ¢ defined by
Qo =40—15,

is Lipschitz map on €2 with Lipschitz constant 4.

Definition 2.13. Contraction.
“Let (&, d) be a metric space. A mapping Q: £ — £ is called a contraction if and
only if there exists a positive real number 0 < # < 1, independent of g1, g5 in &,

such that for all o1, 02 in &,

d (Qo1,Q02) < Bd (01, 02) " [48]

Example 2.10.
Consider a metric space (R*,d) with usual metric d on R™, then the mapping

Q: RT — R defined by

bt

Qo="2
o 7Qa

is a contraction on RT.

Example 2.11.
Let Q: R — R be a differentiable function and suppose that | Qo |[< 3 < 1 on
R. Then, the mapping 2 is a contraction on R with usual metric d on R, since the

mean value theorem gives
| Q0 -Qo|=| Yo" [le—2al|<Ble—2al,

where p < 0" < 0.
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Definition 2.14. Contractive Mapping.
“Let (£,d) be a metric space. A mapping §2: £ — £ is said to be contractive if
for every p, 0 € &,

d (S20,$20) < d (0, 0),

with o # 5.7 [49]

Example 2.12.
Consider £ = [1, 00] with usual metric d on £. Let the self map 2 on ¢ is defined

as

1
Qo=o+-,
0
then €2 is a contractive mapping. Note that €2 is not a contraction.

Definition 2.15. Non-expensive Mapping.
“Let (£,d) be a metric space. A mapping €2: £ — & is said to be non-expensive
if for every p, 0 € &,

d (Q0,90) < d(0,0)." [49]

Example 2.13.
Consider R with usual metric d. The self mapping €2 on R defined as

Qo = o,

is non-expensive but not contractive.

2.3 Fixed Points of a Mapping

The aim of this section is to introduce the notion of fixed point and clarify this

concept with the help of a variety of suitable examples and graphs.

Definition 2.16. Fixed Point.
“A fixed point of a mapping Q: £ — £ on a set £ into itself is p € £ which is
mapped onto itself, that is Qo = o, the image Qo coincides with o. " [44]
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Note that for real valued functions, fixed points are the points of intersection of

the line y = z and the curve y = Q.

Example 2.14.
Define a mapping Q: [0,1] — [0, 1] by

Y
Qo= =
0 9

then, o = 0 is the only fixed point of €.

0.5

-0.5

-1

F1GURE 2.1: One fixed point.

Example 2.15.
Let us define a mapping {2: R — R by
Qo=60"4+20—1,

1 1
then, the fixed points of {2 are 3 and —5

Example 2.16.
Consider a mapping Q: R? — R? defined by

(e, 0) = (0,0),

then, all points on x-axis are fixed points of this mapping. This mapping is

projection of plane on z-axis.
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FIGURE 2.2: Two fixed points.

Example 2.17.

Consider a translation mapping Q: Rt — R* defined by

Q(0) =0+4,

then, the mapping €2 has no fixed point.

y=c+4

FiGURE 2.3: No fixed point.

Remark 2.17.
A mapping may or may not have a fixed point. Furthermore, the fixed point of a

mapping, if exists, may or may not be unique.
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2.4 Some Classical Fixed Point Theorems

A fixed point theorem is a statement that guarantees the existence of fixed points
of a mapping under suitable conditions in any space. This section provides some
important theorems, which are the milestones of the fixed point theory.

In 1912, the Brouwer theorem was presented, which assures the existence of the

fixed point but does not provide any information about its location.

Theorem 2.18.
“Every continuous mapping from a closed ball of Fuclidean space into itself has a

fized point.” [50]

An improved version of above result was provided by Schauder in 1930.

Theorem 2.19.
“Bvery continuous function from a conver compact subset of Fuclidean space to

itself has a fized point.” [51]

The behavior of contraction mapping in complete metric space is of crucial im-
portance. Stefan Banach (1892-1945) was a famous Polish mathematician and is
considered one of the founders of functional analysis. BCP was formulated and
proved in his PhD dissertation in 1920, which was published in 1922 [4]. In clas-
sical functional analysis, BCP is one of the pivotal results and is a source for

researchers in the field of fixed point theory.

Theorem 2.20. Banach Contraction Principle
“Let (£,d) be a complete metric space with a contraction mapping Q: & — &,

then, Q admits a unique fized point in £.” [4]

Example 2.18.
Suppose £ = R and d be the usual metric defined on €. Let us define Q2: & — &
as

Y
Qo=T7T+=
0 +9,

then, all the conditions of BCP are satisfied and hence €2 has a unique fixed point.
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Proof.

—1! — 0|

=gle—2
1

= —d(o. ).
9(9,9)

1
Here g = ) € [0,1), so 2 is a contraction. R is a complete metric space with usual

metric. Hence all conditions of BCP are satisfied, and o = 3 is the fixed point

of Q. O

Banach Contraction Principle (BCP) is furnished with the existence and unique-
ness of fixed points of specific self maps on a MS. It also defines a constructive
method to find these fixed points. Many researchers have extended the Banach

Contraction Principle with various generalized metric spaces.

2.5 Some Generalizations of Metric Space

This section is devoted to state some generalized metric spaces in the light of
suitable examples. Some important results of metric fixed point theory are also
the part of this discussion.

The generalization of metric space as b-metric space is due to Bakhtin [22] and

later on, Czerwik [23] provided more work in this space.

Definition 2.21. b-Metric Space.
“Let £ be a non-empty set and § > 1 be a given real number. A function

d: £ x £ — [0,00) is called b-metric if it satisfies the following properties for

each 01, 00,03 €& :

B1 d(o1,02) = 0 iff o1 = 09,
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B2 d(p1, 02) = d(02, 01),

B3 d(p1, 03) < 5(61(@1, 02) + d( 02, 93)>-

The pair (£,d) is called b-metric space.” [38]
Example 2.19. Consider £ = NU {oco}. Define d: & x { — R as

(

0 if o1 =02
1 1) .
— — —| if 01, 09 are even or g1, 0o = 00
d(o1,00) = 01 02
5 if o1, 0o are odd and p; # 09
2 if else,

\

it can be verified by taking o1, 09, 03 € £ that

d(o1,03) <3 [d(Qb 02) + d( 2, Q3)]>

showing that (£, d) is a b-metric space with § =3 > 1.

Remark 2.22.
Every metric space (£, d) is b-metric space with § = 1, but its converse is not

always true. For example, let £ = {0, 1,2} and define d: £ x £ — R™ by,

then,

d(o1,03) < %(d(m, 02) + d(o2, Q3)>7

for all o1, 02, 03 € €. Hence, (£, d) is a b-metric space. But for w > 2, the ordinary
triangle inequality does not hold. For instance, w = 3 implies

d(2,1) +d(1,0) =1+1 =2 < d(2,0),

showing that (&, d) is not a metric space.
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Matthews [28] generalized the concept of a metric space and introduce Partial

metric space.

Definition 2.23. Partial Metric Space.
“Let £ be a non-empty set. A mapping d,: £ x & — [0, 00) is said to be partial

metric if d, satisfies following axioms for all o1, 02,03 € £ :

Pl. dy(o1, 01) = dy(01, 02) = dp(02, 02) if and only if 01 = 0o,
P2. dp(gl, Ql) < dp(Qb 92)7
P3. dy(01, 02) = dy(02, 01),

P4. dP(Ql? Q3) S dp(@lv Q2> + dp(g27 Q3) - dp(@?a 92)

The pair (£, d,) is said to be partial metric space.” [28]

Example 2.20.

Suppose
{={lo1,02]: 01,00 €R and o1 < 0o},

Define d,: £ x £ — [0, 00) by

dp([lglv Q3]a [927 Q4]> = maX<Q37 94) - min(glv QQ)?

then d, is a partial metric over &.

Remark 2.24.
Every metric space is a partial metric space, but every partial metric space need
not to be a metric space. However, any partial metric space with zero self distance

becomes a metric space.

In 2014, Shukla [30] introduced a new generalization of b-metric space namely

partial b-metric space.

Definition 2.25. Partial b-Metric Space.

“A partial b-metric on a nonempty set £ is a function d : £ x £ — R* such that

for all 01, 02,03 €& :
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Pbl. o1 =0 iff d(01,01) = d(01,02) = d(02, 02),
Pb2. d(o1,01) < d(o1, 02),
Pb3. d(o1, 02) = d(02, 01),

Pb4. there exists # > 1 such that d(p1, 02) < 5<d(017 03) + d(0s, Q2)> — d(p03, 03).

A partial b-metric space is a pair (£, d) such that £ is a non-empty set and d is a

partial b-metric on . The number b is called the coefficient of (£, d).” [30]

Example 2.21.
Let k> 1is a constant, £ = RT and d : £ x £ — R is defined by

(o1, 02) = [max (01, 02)]" + | 01 — 02 |

?

for all gy, 0o € &, then (£, d) is a partial b-metric space with coefficient 8 = 28 > 1.

but it is neither a partial metric nor a b-metric space. Since for any o > 0 we have

d(0,0) = 0" #0,

which implies that d is not b-metric on &.

Also, if o1 = 5,09 = 1, p3 = 4, then,
d(o1, 02) = 5* + 4",
and

d(01,03) + d(03, 02) — d(03, 03) = 5" + 1 +4F + 3F — 4F

=5F4+ 143~

Hence,

d(01,02) > d(01, 03) + d(03, 02) — d(03, 03) for all k > 1,

which implies that d is not partial metric on &.
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Remark 2.26.
If (¢,d) is a partial metric space, then it is partial b-metric space with coefficient
B = 1 and every b-metric space is also a partial b-metric space with the same

coefficient and zero self distance. However, the converse is not true in general.

Kamran et al. [38] generalize the concept of b-metric space and introduce extended

b-metric space. The definition along with a suitable example is provided here.

Definition 2.27. Extended b-Metric Space.
“Let £ be a non-empty set and p: £ x§ — [1,00) . A function d,: { x§ — [0, 00)

is called an extended b-metric if for all o1, 02, 03 € £ it satisfies:

(dy1) d,(01,00) = 0 if and only if o = oo,
(d,2) dy(01,02) = dy(02,01),

(dy3) dp(01,03) < plor, 03) [dp(01, 02) + dy(02, 03)] -

The pair (§,d,) is called an extended b-metric space.” [3§]

Example 2.22.
Let £ ={2,1,—1}. Define p: £ x £ — [1,00) as

plor, 02) = |o1| + [ez]-
Also, define d: £ x £ — [0, 00) as
d(2,2) =d(1,1) = d(—1,-1) =0

d(1,2) = d(2,1) = %

and

d(1,—1) = d(—1,1) = d(2, —1) = d(—1,2) = é

then, (§,d,) is an extended b-metric space.
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Remark 2.28.
Let (¢,d,) be an extended b-metric space. Define p: { x £ — [1,00) as

P(Ql,Qz) = f,

where § > 1. This reduces the definition of extended b-metric space to b-metric

space.

The concept of distance between two closed sets was initiated by Pompeiu [52]
(1873,1954), and established in the general setting of a metric space by Hausdorff
since 1914.

Definition 2.29. Distance of a Point and a Set.
“The distance D(p, A) from a point ¢ to a non-empty subset A of metric space
(&, d) is defined to be

D(e, A) = inf d(g, 2)." [44]

Definition 2.30. Hausdorff Metric Space.
“Let (§,d) be a metric space and CB({) denotes the collection of all non-empty
closed and bounded subsets of . For A, B € CB(€), define

H(A, B) = max {sup D(o, B),sup D(g, A)} ,

oeB o€A

where D(p, B) is the distance of a point p to the set B. It is known that H is a
metric on CB(§), called the Hausdorff metric induced by the metric d.” [53]



Chapter 3

Data Dependence and
Well-Posedness of Fixed Point
Theorems for Non-linear

Contractions

This chapter is furnished with the exhaustive debate about the work of Igbal
et al. [19]. The article focuses on the existence of fixed points and strict fixed
points for multi-valued nonlinear contraction in the domain of complete MS. Data

dependence and well-posedness of the problems are also discussed.

3.1 Fixed Point in the Context of '-Contractions

In this section, a few ideas regarding F-contraction are recalled.

Definition 3.1. F'-Mapping.
A function F' : (0,00) — R is called F-Mapping, if it satisfies the following

properties

(F1) F is strictly increasing,
23
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(F2) For all sequences {¥:} C (0,00), lim ¥, =0 iff lim F(¥,) = —o0,
5§—00 5§—00

(F3) There exists k € (0,1) such that lim W*F(¥) = 0. [14]
¥—s0+

Example 3.1.
Define F': (0,00) — R

F(o) =In(¢” + ).
Obviously, F' satisfies (F1)-(F3).

Definition 3.2. F-Contraction.
Let (¢,d) bea MS and F': (0,00) — R be an F’-Mapping. A mapping Q : & — &
is said to be F-contraction if there exists v > 0 s.t d(Qo, Q0) > 0 implies

v+ F(d(Q0,90)) < F(d(o, 2)),
for all o, 0 € €. [14]

Let us denote the collection of all such functions F* which satisfy (F1), (F2) and
(F3) by A(F). Also, assume that

A (Ox) = {F € A(F) : F satisfeis (F4)},
where
(F4) F(inf X) = inf F(X) for all X C (0,00) with inf X > 0.
Turinici [54] replace (F2) by (F2'), where,
(F2") tl_i>r18+ F(t) = —oc.

Denote the collection of all such functions F* which satisfy (F1), (F2'), (F3) and
(F4) by A (0%). In 2012, Wardowski proved the following result.

Theorem 3.3.
Suppose (£,d) is a MS and Q : & — & is an F-contraction, then  has unique
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fized point o* € £. Also, for every oo € &, a picard sequence {Q°00}sen converges
to o*. [14]

Proposition 3.4.

Assume that F : (0,00) — RU{—00} is a function which satisfies (F1) and (F2),

then a countable subset OF contained in (0,00) ezists such that

lim F(t)=F(t) = lim F(t),

t—s— t—st

for every s € (0,00)/0F. [54]

Lemma 3.5.
Assume that F : (0,00) — RU{—o00} is a function which satisfies (F1) and (F2),

then for each sequence {ts} C (0, 00),

F(ts) » —00 = t, — 0. [/

Proof.
Suppose that F(t;) — —oo does not implies t, — 0, there must exist some € > 0

such that for every s, there exists s’ > s, such that

ty > €.

So, we obtain a subsequence {t's} of {t;} such that

t'; >e foralls,

= F(t's) > F(e) for all s,

which is a contradiction to the property F(t's) — —oo.
Hence

F(t;) = —00 = t; — 0.

Definition 3.6. Multivalued Mapping.

Assume that ¢ and n are non-empty sets, a mapping 2 : £ — P(n) is called
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multi-valued mapping (MVM) if every element of ¢ corresponds to any subset of

n. Here, P(n) represents the collection of subsets of 7. [10]

Example 3.2.
Consider £ = [0,1] and M(§) = {n C & : n # 0}. A mapping Q : £ — M (&)
defined as
Qo= [0, ],

is a multivalued mapping. Figure 3.1 shows the graphical picture of this map.

11!
0.8
0.6

04

0.2

0
0 0.2 0.4 0.6 0.8 1

FiGure 3.1: Multivalued mapping.

Assume that CL(§) and K (&) denote the set of all non-empty closed subsets of £

and the set of all non-empty compact subsets of £ respectively.

Definition 3.7. Fixed point of MVM.

Let Q: ¢ — P(§) be a MVM. An element ¢ € ¢ is called fixed point of  if
0 € Qo. The set of all fixed points of €2 is denoted as Fix(). An element p € ¢ is
called strict fixed point of Q if Qo = {p}. The set of all strict fixed points of €2 is
denoted by SFix().

Altun et at. [55] generalized the idea of F-contraction with a flavor of multivalued

mapping.

Definition 3.8. Multivalued F-Contraction.
Let (£,d) be a MS. A mapping Q2 : & — CB(§) is said to be multivalued F-

contraction, if there exists v > 0 and F € A(FF) such that

H(Q0,Qp) > 0 implies v + F(H (£20,0)) < F(d(0, 0)),
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for all o, o € €. [55]

Theorem 3.9.
Suppose that (£,d) is a complete MS and Q : & — K(§) is a multi-valued F-
contraction, then Q has fized point in &. [55]

3.2 Fixed Point in the Setting of Non-linear F'-

Contraction

Klim and Wardowski [56] generalized [F-contraction mapping to non-linear F'-

contraction through dynamic processes.

Definition 3.10. Dynamic Process of Mapping.

Let £ be a non-empty set, S be the collection of non-empty subsets of &, and
Q: & — S(€) be multi-valued mapping. Suppose go be an arbitrary element of .
Define

D(€2, 00) = {(0s)senugoy : 05 € Qos—, for all s € N}

Every element of D(€2, gg) is known as dynamic process of ) starting at go. [56]

Definition 3.11. Set Valued F-contraction.
Let (§,d) be a MS, 9o € £ and F' € A(F). A set valued F-contraction with respect
to the dynamic process (0s)senuqoy is defined as the mapping € : § — S(§) if

there exists a function 5 : (0, 00) — (0, 00) such that

d(Qg, QS-H) >0 implies 6(d(95—17 Qs))F<d(Qs7 Qs-l—l)) < F(d(Qs—la Qs))>
for all s € N. [56]

Wardowski [57] introduced non-linear F-contraction in 2017 as follows:

Definition 3.12. Non-linear F-Contraction.
Let (£,d) be a MS. A mapping Q : £ — ¢ is called non-linear F-contraction,
if there exists F' € A(F) and a function = : (0,00) — (0,00) that fulfill the

followings,
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(Hy) lim inf Z(s) >0, V¥ > 0.

s— 0t

(Hz) E(d(o,0)) + F(d(Q20,Q0)) < F(d(0,0)) Vo,0€& st Qo#Qo. [57]

Theorem 3.13.
Assume that (&, d) is a complete MS, and S : £ — & is a non-linear F-contraction,

then, 2 has unique fized point in &. [57]

Non-linear case of Theorem 3.9 is presented by Olgun et al. [58] as follows:

Theorem 3.14.
Assume that (€,d) is a complete MS and Q2 : & — K(§) is a multi-valued F -
contraction, the mapping Q0 has fived points in & if F € A(F) and ¢ : (0,1) —
(0,1) satisfy

liminf Qo > 0 for allk > 0,

s—kt

((d(o,2)) + F(H (20,20) ) < F(d(o,2),

for all 0,0 € £. [58]

3.3 Fixed Point For Generalized Multivalued Non-

linear Contraction

This section is dedicated for the discussion of generalized multivalued non-linear
contraction, presented by Igbal et al. [19]. An example is also presented for

support of the result.

Definition 3.15.
Suppose that P is the collection of all continuous mappings p : [0, 00)> — [0, 00)

which satify the following conditions,

<p1> p<17 17 17270) S (Oa 1]7
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(p2) p is subhomogeneous, that is,

p(V01,702,703,704,705) < Vp(01, 02, 03, 04, 05),

for all (Ql) 02, 03, P4, QS) € [Oa 00)5 and 8 Z 0.

(ps) p is non-decreasing , that is, for all g, 0 € RT we have

p(gla 02, 03, 04, 95) S P(@l, @27 §37 §47 55)7

where g; < p; for i =1,2,3,4,5.

If 0;, 0, € R* such that o; < g; for i = 1,2, 3,4, then,

p(@lu 02, 03, 04, 0) < p(@lu (.527 @37 @47 0)7

and

p(gla 02, 93707 94) < p(@la @27 53707 @4)

Also, suppose that

P={peP:p(1,0,0,1,1) € (0,1]}.

Obviously, P C P.

Example 3.3.

Let p; : [0,00)° — [0, 00) is defined as

p1(o1, 02, 03, 04, 05) = 01 + Nos,

where n € (0,1). As

(pl) p1<1> L, 1?270) =1+ 77(0) =1le <07 1]7
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(p2) p1 is subhomogeneous, that is, for v > 0,

p1(701, 702,703,704, 705) = Y01 + 1705
= 7(91 + 7)@5)

= 7p1(01, 02, 03, 0a; 05)-
(ps) Clearly, p; is non-decreasing.

Hence, p; € P. Also, since
p1(1,0,0,1,1) =14n>1,

s0, p1 & P.

Example 3.4.

Let py : [0,00)° — [0, 00) is defined as

1 1
p2(01, 02, 03, 04, 05) = hmax {01, 5(@2 + 03), 5(04 + 05)} 7

where h € (0,1). As

(p1) p2(1,1,1,2,0) = hmax {1, %(2), %(2)} =h € (0,1],

(p2) p2 is subhomogeneous, that is, for v > 0

1 1
p2(y01,702,703, 704, 705) = hmax o1, 5(792 + 703), 5(7@4 + 70s)

1 1
= yhmax {91, 5(92 + 03), 5(94 + 95)}

= %02(91,Q2,Q3,Q4,Q5)-

(ps) Clearly, p, is non-decreasing.

Also,
p2(1,0,0,1,1) = hmax {1,0,1} = h € (0, 1].
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Hence, p, € P.

Example 3.5.
Let us define p3 : [0,00)° — [0, 00) by

p3(01, 02, 03, 04, 05) = Bro1 + B2(02 + 03) + B304 + 05),
where 81 + 2085 + 203 < 1. As

(pl) p3(17 17 172?0) = Bl + 252 + 263 € (07 1]7

(p2) ps is subhomogeneous, that is, for v > 0

p3(701,702,703,704,705) = Br(v01) + B2 (702 + v03) + B3 (704 + v05)
= vB101 + B2(02 + 03) + B3(04 + 05)

= 703(@1a 02, 03, 04, 95)

(p3) Clearly, ps is non-decreasing.

Also,
)03(170707171) = ﬁl +O+2ﬁ3 <1

Hence, p3 € P.

Lemma 3.16.
Suppose p € P and a, b € [0,00) be such that

a <max{p(b,b,a,b+ a,0),p(b,b,a,0,b+ a),p(b,a,b,b+ a,0),p(b,a, b,0,b+a)},
then, a < b.

Proof.

With no loss of generality, assume that

a<p(b,b,a,b+ a,0). (3.1)
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On contrary suppose that, b < a. Now consider

p(b,b,a,b+ a,0) < p(b,b,b,2b,0)
< bp(1,1,1,2,0)

< a.

This implies
p(b,b,a,b+ a,0) < a,

which is contradiction of (3.1). Hence our supposition is wrong, so a < b. O

Following examples are provided to elaborate the properties (F1), (F2), (F3), (F2')

and the continuity.

Example 3.6.
Suppose that F : (0, 00) — (—00,00) is defined by

ﬂ@=%¥VMﬂQ%%

then, F satisfies (F1) and (F2'), but (IF3) is not satisfied. Also, F' is continuous.

Example 3.7.
Suppose that F': (0,00) — (—00,00) is defined by

1
—— if0<o<1

0 Otherwise,

then, F fulfils (F1) and (F2'). However, F' is not continuous.

Example 3.8.
Suppose that F': (0,00) — (—00, 00) is defined by

1

ﬂw:_@+MW

where, [o] denotes the integral part of o, and t € (O, %)J) > 1, then, F' satisfies
(F1), (F2") and (F3). However, F' is not continuous.
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It is clear from above examples that there exist functions F' : (0, 00) — (—00, 00)
for which (F1), (F2), (F3) and the continuity condition are not satisfied at the same

time.

Definition 3.17.
Suppose that the set of all functions x : (0,00) — (0, 00) satisfying,

lim infxy >0 Vg>0, (3.2)

g—tt
is denoted by V.

Definition 3.18. (xF-Contraction.)
Let Fi, Fy be real valued functions defined on (0,00),p € P and y € ¥. The
mapping €2 is called yF-contraction if

(Ni.) Fi(c) < Fy(c) for all ¢ > 0,

(Nii.) H(Qp,80) > 0 implies

x(d(o, 0))+F>(H (0, Q0))
< Fi{p(dle.2). D(e. Q). D(z, %), D(e, 22), D(2.20)) }.

for all p, 0 € &.

Theorem 3.19.

Suppose that (€, d,§) is a complete MS. Let Q : & — K(§) be a MVM and Fy, Fy
are functions satisfying xF'-contraction. Suppose Fy is non-decreasing and Fj
satisfies the conditions (F2') and (F3).

Then, Fi1f) is non-empty.

Proof.
Consider an arbitrary point g9 € € and p; € Qpg. If 01 € Q01. Then, o is fixed
point of 2. So, wo assume that p; ¢ Qp;.

Now,

D(Ql? le) > 07
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= H(ng, le) > 0.
Since Q(p1) is compact, so there exists gy € £2(p1) such that
d(o1, 02) = D(o1,01).

From (Ni.) and (Nii.), we have

F ( 01, 02 ) = Fl(D(Ql,le )
(H(QQO,Q& )
(H(QQO;QQI )

(P(d 90, Ql QO? QQO)? D(le QQI): D(QO? le)a D(Ql: QQO)))

INIA
o IS RS

IN

— x(d(00, 91))

< 1<P d 90701 00,01) d(@l;92)7d(907@2>,d(01791))>

1 p d QO)QI QOan) d(leQ2)7d(Q07QQ>aO)>'

= Fi(d(o1,0)) < Fy <P<d(90, 01),d(00, 01), d(01, 02), d(00, 02), 0)) (3.3)

As Fy is nondecreasing, (3.3) and (p3) implies

Ql QZ < P(d 90791 QU)Ql)ud(QluQ2)7d(90792)70>

S P(d 00, Ql QOa Ql)a d(gla 92)7 d(QO7 Ql) + d<917 92)7 0> .

91 Qz < P(d 90791 90791) d(91a92)7d(90791) ‘f’d(Ql,Qz),O)- (3-4)

Using Lemma 3.16, (3.4) implies
d(o1, 02) < d(¢o, 01).

In the similar way, we get g3 € {29,, such that

d(@z; 93) = D(Qz; 992)7

D(Q27 QQ2) > 07
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d(02,03) < d(o1, 02).

Continuing in the same way, we obtain a sequence {g,} in £ such that g, € Qos

which satisfy

d(0s, 0s+1) = D(0s,Q0s) with  D(os, Q0s) > 0,

and d(0s; 0s41) < d(0s-1,0s), VseN.

Hence, {d(0s, 0s41)},cy 15 @ decreasing sequence of real numbers. Now, using (/Ni.)

and (Nii.)

X (d(s; 0s11)) + F2(H (R0, 20511))

< Fi(p(d(0s, 0611), D5, 202), D(0s41,Q0441), D04 Q0411), Dl0ss1,004)) )
< By (05, 001), (05, 0611), (0511, 0342), 03, 05:2), {0511, 0611)) )
< Fi(p(d(0s; 05+1), d(0s, 0s41), d(0s+1, 0s12), (05, 0511) + d(95+1,95+2),0)>
<F

< Fi(p(d(os, 0s41), QsaQs+1)ad(Qs+17Qs+2)a2d<gﬁaQs+1),0))

[\
&

N - N TN TN TN

(dl(
(d(
p(d(0s, 0541), (s, Ost1), d( 0541, Ost2), d(0s, 0541) + d(@s,@s+1)a0)>
(e
(

A(0s, 0:11)p(1,1,1,2,0))
d(@s,gs-i-l))

D(0s,90s))

H (2051, 05))
H(Q05-1,90))-

< F
e

< I

~—~~ N

< F
— Fy(H(Q0s,Q0:41)) < Fo(H(Q05-1,90:)) — x(d(0s, 0541)) ¥ s€N.

As x € ¥, s0o h > 0 and 59 € N exist such that X(d(gs,gsﬂ)) >h, Vs> s
Using (3.5), we have

Fy (H(QQs> QQerl)) = I (H(Qgsfla QQa)) - X(d(Qs, Qs+1))
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= F2 (H(QQ572, Qngl)) - X(d(gsfla Qs))

- X(d(957 Qs-l—l))

< Fy(H(Q00,Q01)) — > x(d(0j, 0j+1))

<.
Il =
—_

0
IS)
|

—

= Fy(H(Q00,Q01)) — >  x(d(0j, 0j+1))
7=1
- Z (0, 05+1))
Jj=so

< F (H(ng,le)) - (5 - Eo)h Vs> S0-

FQ(H(QQE, QQ5+1)) < Fy (H(QQ(), le)) - (5 - So)h Vs> 50. (36)

Applying s — oo in (3.6), we obtain FQ(H(Qgs, Qgsﬂ)) — —00, then, by using
(F2"), we obtain
lim H(Qgs7 QQE+1) = 07

5§—00

Now
lim d(gs, 0s+1) = lim D(Qﬁ,Qgﬁ) < lim H(Qgs_l,Qgs) = 0. (3.7)
§—>00 §—>00 5§—>00

Using (F3), we have k € (0, 1) such that

tim (920 Q001) ) Fa(H (920 Q001) ) =0. (3.5)

5§—00

Using (3.6), we have for all s € N

(H(QQE,QQEH ) (H Qo,, Q0511 )
( (Q0s, Q0541) )k 2( QQoﬂ&))
(H(Qg5,9g5+1 >k<F2 (Q00, Q1)) (5—50)h>
(H Q05, Q0541 sz( QQo,QQ1)>

)
<H 005, Q0411 )k (5 — 50)h < 0.
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Applying 5@@ and using (3.7) and (3.8),

k
lim 5(H(QQS7QQS+1)) = 07

5§—00

so, there exists s; € N such that
k
5(H(Qg5,§295+1)> <1 Vs >s,

1
- H(QQ579Q5+1) S Eﬂ Vs Z 51,

1
= d(0s, 0s11) = D(Qs; QQerl) < H(QstbQQs) < S1/K Vs> s

Now, we prove that {o,}, is Cauchy sequence. Let m,s € N such that m > s > s;.

Consider
m_

1 m—1 o)
1 1
d(@ma@s) < E d(@iu@i—l—l) < E 117 < E m
=5 =5

=5

o0
1
Since Z K is convergent series, hence, we can conclude that {o.}, is Cauchy
=5
sequence. Since (§,d) is complete MS, so there exists g in £ such that

lim o =p0%*.
—00
Consider

Fy(H(Qe0,Q0)) < Fa(H(Q0,90)) < x(d(e, 0)) + F2(H (20, 0))
< Fi(p(dlo. 0), Die,20), D(2,0), Dle, 20), D(2.90)) ).

Since [} is nondecreasing function, so V o, 0 € £, we have
H (Q0,90) < p(d(e, 0), D(0,0), D(2,90), D(e, ), D(0, 20)). (3.9)

Now, we prove that g« is fixed point of £&. On contrary, let D(g*, Qo*) > 0 and

using (3.9), we have

D(ox,Qox) = inf {d(ox, 0) : 0 € Qox*}
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< inf {d(o*, 0s+1) + d(0s11, 0) = 0 € Qox}

= d(p*, 0s+1) +1nf {d(0s41,0) : 0 € Qpx}

= d(0*, 0s41) + D(0s41, 20%)
< d(o%, 0s+1) + H (0511, Q0 * )
<d ) + p(d(0s, 0%), D(0s, Q0s), D(0%, Q0%), D(05, Q0%),

D(o*,%05))
< d(o*, 0s41) + p(d(0s, 0%), d(0s, 0s+1), D(0%, Qox), d(s, 0%)+

(
(
(
(0%, 0541
(
(
D(ox, Qox), d( 0%, 05+1)).

Hence,

D(o%,Qo%) < d(0%, 0511) + p(d(0s, 0%), d(0s, 0s41), D (0%, Qo). d(0s, 0%)

+ D(o%,Qox), d(0%, 0s41)).-
Applying lim in above inequality,
5—00
D(o%,Qox) < p(O, 0, D(p%,Q0%),0 4+ D(p%,Q0%),0).
Using Lemma 3.16 in above inequality,
D(o%,Q0%) <0,

which is contradiction. Hence, D(pox, Q%) = 0. As Qo is closed, so g% € Qox*
Hence, Fix(2 is non-empty. O

Remark 3.20.
If F{ = Fy, = F and p(01, 02, 03, 04, 05) = 01 in Theorem 3.19, it becomes Theorem
2.3 of [58]

Example 3.9.
Suppose that & = {Q5 = (5+1) 15 € N} . Define a matric d on £ as
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then (&,d) is complete MS. Define Fy, F» : (0,00) — R by

1

- if p € (0,1)
Fi(o) =4 @

0 if o € [1,00),

and

Fy(0) =In(0) + 0 Vo€ (0,00),

then, Fi(p) < Fy(p) for all o > 0. Also, F} is a non-decreasing function and F5
satisfy (F2') and (F3).
Now, define Q : & — K (&), p:[0,00)> — [0,00) and  : [0,00) — [0, 00) by

{o1} if o= 01
{QlaQ2} lfQ:Qm 5227

p(01, 02, 03, 04, 05) = 01 + nos,n € (0,1),

and

X(t) =7 Vie(00),

respectively. Clearly, y € ¥ and p € P. Note that for m,s € N, we have
H(ng,Qs) >0 < m>2ands =1

Suppose that H(ng,Qgs) >0,m>2and s = 1. For m > 2, we have

2 +1n\m2—m—2] ]m2—m—2\<\m2+m—2\

1
|m2+m—2] 2 2 = 2 (3.10)

As H(Q0om, Q01) =| om—1 — 1| and D(01,Q0m) =0, so

1
x(d(gm,91)> +F2<H(ng,991)> oo +Fz< | Om—1 — 1] )
m— 1
2 l |m?2—m-—2]|
= n
T m—2 )
|m?—m—2|

* 2
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- |m?4+m—2|

- 2

= d(gm7 Ql) + UD(Qb ng)

=F (d(Qm7 Ql)) + nD(gh ng)

= F1{p<d(gm, 01), D(01,9201), D(0m, 20m),

D(om, Qo1), D(o1, ng)> }

All conditions of Theorem 3.19 are fulfilled and FixQ2 = {01, 02} .

Corollary 3.21.

Suppose that (£,d) is a complete MS, Q : & — K(&) is multivalued mapping,
X € ¥, Fy is real valued non-decreasing function defined on (0,00) and Fy is real
valued function defined on (0, 00) which satisfy (F2') and (F3) such that (Ni.)and
following condition holds:

H(Q0,Q0) > 0 implies

x(d(e,0)) + F» (H(QQ, Q@)) < Fi(M(g,0)) VYo,0€¢,

where

M(e, ¢) = max {d(g, 5). D(0.90). D(3.0g), 2&:£2). Dle. Qg)}

2

Then, Fiaf) is non-empty.

Proof.
Let p:[0,00)° — [0,00) be defined as

(oo}

p(QlaQ27Q37Q4aQ5) :maX{QbQZ)Qfﬂa 9

then, p € P and result follows from Theorem 3.19. O

Remark 3.22.
In Corollary 3.21, Theorem 2.4 of [59] is generalized and improved.

Corollary 3.23.
Suppose that (§,d) is a complete MS, Q : & — K (&) is multivalued mapping,
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X € ¥, Fy is real valued non-decreasing function defined on (0,00) and Fy is real
valued function defined on (0, 00) which satisfy (F2') and (F3) such that (Ni.)and
following condition holds:

H(Q0,Q0) > 0 implies

x(d(o,0)) + Fz(H(Q@, Q@)) < Fi(w(0,0)), Vo,0€¢,

where

w(0,0) = Bid(o + 0) + F2D(0 + Qo) + F3D(2 + Q0) + Bu(D(0,20) + D(5,90)),
with By, Ba, B3, B4 > 0 and By + Bo + B3 + 264 < 1, then, Fiaf) is non-empty.

Proof.
Let p: [0,00)% —> [0,00) be defined as

p(01, 02, 03, 04, 05) = 101 + B202 + P303 + Ba(0a + 05),

where (1, Bs, B3, 84 > 0 and By + P2 + B3 + 264 < 1. Then, p € P and result follows
from Theorem 3.19. O

Next, the condition (F3) of function F3 is replaced by continuity of F; and a new

result is obtained.

Theorem 3.24.

Suppose that (£,d) is a complete MS, Q2 : & — K(&) is a multivalued mapping
and x € W. Let F be a continuous and non-decreasing real valued function defined
on (0,00) and Fy be a real valued function satisfying (F2') defined on (0,00) such
that x F'-contraction is satisfied. Then, Fiaf) is non-empty.

Proof.
Consider an arbitrary point g € £ and p; € Q9. Then, following the same steps

as in the proof of Theorem 3.19, we have a sequence { g} in £ such that g;.1 € Qo
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which satisfy

d(0s, 0s+1) = D(0s,Q0s) with D (g5, Q0s) > 0,

and  d(gs, 0s41) < d(0s-1,06), VseEN
Also,
Fy(H (05, Q20541)) < F2(H(Q00,Q01)) — (5 — s0)h, V5> s0. (3.11)
Applying s — 0o in (3.11) , we obtain F (H(Qgs, QQEH)) — —o0 and by using

(F2),
lim H(Qgs, Qgsﬂ) = 0.

5§—>00
Now,
lim d(gs, 0s+1) = lim D(QS,QQS) < lim H(Qgs_l,Qgs) =0. (3.12)
5§—00 §—00 §—00
Now, we prove that
lim  d(0s, 0m) = 0. (3.13)
n,m—»00

If (3.13) does not hold, then we have some § > 0 such that V r > 0, there exists
my >y > rand

d(@ﬁv Qm) > 5

Further, there exists ryp € N such that

Arg = d(0s-1,05) <6 Vs5>rp.

Now, consider subsequences { o, },{0m,} of {0s} which satisfy

d(gmk, an) >0 V k>0 where rg < ng <my+ 1. (3.14)

Note that
d(@mk—la Q?’Lk) S 5 v k7 (315)
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where my is taken as minimal index for which (3.15) holds. Further, we claim that
nk + 2 < my.

If my < ny + 2, then, (3.14) implies d(0pm,, On,+1) > 0. Using (3.15), we have
d(0mi> Om1) < d(my-1, 0n,) <,

which is contradiction. Hence, ny + 2 < my for all k, which implies that
ne+1<m <m+1 forall k.

Using (3.14), (3.15) and triangle inequality,

0 < d(0my, Omy—1) + d(Om—1, 0n,) < Ay + 6.

Applying lim , we obtain
k—> 00

lim d(om,, 0n,) = 6. (3.16)
k—> o0
Also,
kh_r>n d(gmkH?anJrl) 0. (317)

Using (Ni.), (Nii.) and the monotonicity of Fi,

X (d(0mys 0,)) + Fi(d(0my s Onsy))

)) + Fi(D(emers Qon..))

< x(d(omys 0ny)) + Fi(H(Q0m, Qo))

< X(d(0mys 0n)) + F2(H(Q0m,. Q0n,))

<F (p( (0my> On)s D(0mys 20m,) (an,Qan),D(Qmwank),D(anQka))>

= x(d(0my, On,

+ Fy

< Fl <p<d(gmk> an)a d(@mw ka-i-l)a d(@nka an+1)7 d(gnk-&-b an) + d(ana ka)a

d(@nka an+1) + d(anJrla ka+1))> .
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Applying klim and then using (3.16), (3.17) and the continuity of F,
—00
Jim o (d(om,, on,)) + F1(9) < Fi(p(6,0,0,6,0)) < F1(9p(1,0,0,1,1)).
As, peP,so0<p(1,0,0,1,1) < 1;

= kli_r{loox(d(gmw an)) S 0

Which contradicts (3.2). So, (3.13) holds and hence, {gs} is a Cauchy sequence.
Since (&, d) is complete MS so there exists o in & such that

lim o5 =px*.
§—00

In the same way, as in proof of Theorem 3.19, we have px € 0. Hence, the proof

is completed. O

Corollary 3.25.

Suppose that (§,d) is a complete MS, Q : & — K(§) is a multivalued mapping
and x € ¥. Let Fy be a continuous real valued non-decreasing function defined on
(0,00) and Fy be a real valued function satisfying (F2') defined on (0, 00) such that
(Ni.) and the following condition is satisfied:

For all 9,0 € € and p € P, H(Qp,Q0) > 0 implies

x(d(¢,0)) + F (H(QQ, Q@))

< Fi(Bid(e. 2) + B2Dlo, 20) + D2, ) + H1D(0, %) + D2, 20)).

where 5; > 0, 51+ P+ B3+2064 = 1 and B+ B3+ B4 < 1, then, Fizf) is non-empty.

Proof.
Let p: [0,00)% — [0, 00) be defined as

p(o1, 02, 03, 04, 05) = P101 + P20z + 303 + Baoa + P50s,

where 3; > 0,081 + P2 + P3 + 264 =1 and 1 + B3 + 84 < 1. Hence, p € P and the

result follows from Theorem 4.5. O
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Remark 3.26.
If F} = F, and Qo = {p} for all p € £ in Corollary 3.25, then Theorem 1 of [60] is

obtained.

Now, we take Qp as closed subset of £ and obtain fixed point results.

Theorem 3.27.

Suppose that (&, d) is a complete MS, Q : & — C(&) is a multivalued mapping and
X € V. Let F; € A(Ox) and Fy be a real valued function defined on (0,00) such
that x F'-contraction is satisfied. Then, Fiaf) is non-empty.

Proof. Consider an arbitrary point g9 € £ and o1 € Qgq. If 01 € Qpq, then oy is
fixed point of €, so, wo assume that p; ¢ Qp;.
Now

D<Q17 le) > 07

Using (F4), we have

Fl(D(gl,le)) = inf Fl(d(gl,z)).

z€Q01

Using (Ni.) and (Nii.), we have

inf Fl( 01,2 ) F1(D 91,991)

zeQo01

IN

1 (H (00, 01))

5 (H (Q00,Q01))

(p(deQl 907990),D(917QQl)aD(QO,901)7D(917990))>
— x(d(00, 01))

< 1<P d 90791 90,91) d(Qla92)7d<90702),d(91,01))>

IA
o S >

IN

1 p d Q07 Ql QOa Ql) d(Qla 92)7 d<907 92)7 0))

So, there exists 0, € 207 such that

Fi(d(o1,00)) < Fy (p(d(go, 01),d(00, 01), d(01, 02), d( 00, 92),0)>-
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As F} is nondecreasing, using (ps) we have

Ql Q2 < P(d QO7Q1 Q07gl)ad(glaQQ)vd(Q(bQZ))O)

P(d 00, 01), d(00, 01), d(01, 02), d(00, 01) + d(01, 02), 0)-

= d(01,02) < p(d(gm 01),d(00, 01),d(01, 02),d(00, 01) + d(01, 02), 0)- (3.18)

Using Lemma 3.16, (3.18) implies

d(Q]_7 92) < d(QOa Ql)

In the similar way, we get o3 € {20,, such that

d(02, 03) = D(02,Q02) with D(02,02) > 0,

and d(02,03) < d(p1, 02).

Continuing in the same way, we obtain a sequence {g} in £ such that g,1 € Qos

which satisfy

d(0s, 0s41) = D(0s, Q0s) with D (o, Q0s) > 0,

and d(@ﬁv Qﬁ+1> < d(@s—h Qs) VseN.

Hence, {d(0s; 0s41)},cy 15 a decreasing sequence of real numbers. Next, Using

(Ni.) and (Nii.),

nf I (d(0s,2)) = F1(D(0s,Q05)) < Fi(H(Q05-1,0)
< (H(QQs—bQQs))
<F <p(d(Q5—17 0s), D(0s-1,9Q205 1), D(0s,0s), D(05-1,05),
D(Qs,ﬂgs_l))> — x(d(0s-1, 05))
< B (p(d(0e1, 00), (oo, 00), (g, 001), dleemr, 0c11). dl0es 02)))

— x(d(0s-1,05))
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<F (/)(d(stly 0s),d(0s-1, 05), d(0s, 0511), d(0s—1, 0s) + d(0s; 0s41); 0))
— x(d(2s1,05))

<K (p(d(gs_l, 0s),d(0s—1, 05), d(0s, 0s11), d(0s—1, 05) + d(0s-1, 0s), 0))
— x(d(gs-1, 05))

<F (p(d(gs_l, 0),d(0s-1, 0s), (05, 0511), 2d( 051, 0), 0))
— X (d(05-1, 05))

< Fi(d(ge1, 0)p(1,1,1,2,0) ) = x(dlee-1, 20))

< F1(d(0s-1, 05)) — x(d(0s-1,05))-

= inf Fl (d(QﬁaZ)) S Fl (d<9571> Qs)) - X(d(stla Qﬁ)) VS S N

z2€Qps

From above, it is clear that there exists gs1 € Q05 such that

= Fl (d(Qs> Qs+1)) < Fl (d(Qs—la Qs)) - X(d(gs—la Qs)>' (319)

As xy € ¥, soh >0 and sy € N exist such that X(d(gs, g5+1)) >h Vs> sy Using
(3.19), we have

Fl (d(Qs, Qerl)) < Fl (d<Q571> Qs)) - X(d(stla Qﬁ))

<hn (d 0s—2, Os— ) X( Os— 2795—1)) _X<d(Q5—1aQﬁ)>

H

< I (d<Q07Q1)) ) X(d(sthQﬁ))
= Fy(doo. 1)) — Y x{dlen1.0) ~ 3 (o1, 0)
= Fi(d(0, 01)) — (s —s0)h, Vs> sq.
Fy(d(0s, 0541)) < Fi(d(00, 01)) — (s — s0)h, Vs> sq. (3.20)

Applying s — oo, we obtain F} (d(gs_l,gs)) — —oo and by using (F2), we

obtain

lim d(gs-1,0s) =0, (3.21)

§—00
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Using (F3), we have k € (0, 1) such that

lim (d(gg_l, Qs)> kF1 (d(gs_l, Qg)) =0. (3.22)

5§—00

Using (3.20), we have for all s € N

(d(QH, Qs)> ‘R (d(QH, Qs)) - (d(gs_1, &)) ‘R (d(go, m))
< <d(95—17Q5)>k<F1 (d(00, 01) — (s —50)h> — (d(gs_1,95)>kF1 <d(go,91)>

= —(d(gsfl, 95)>k(5 —50)h < 0.

Applying gli_r>noo and using (3.21) and (3.22),

lim s<d(gs,1, Q5)>k —0.

5§—00

So, there exists s; € N such that
k
5<d(Q57 Q5+1)> <1 Vs2>s,

1
= d(Qﬁ*la Qs) < m Vs > 51,

Now, we prove that {os}, is Cauchy sequence. Let m,s € N such that m > s > s;.

Consider
m—1 m—1 1 [e) 1
d(@m; Qs) < Zd(gia Qi+1) < Z 217 < Z m
=85 =5 =5
o0
Since Z T is convergent series, So, one we can conclude that {o,}, is Cauchy
—
1=5

sequence. Since (§,d) is complete MS so there exists gx in & such that
lim o =p0%*.

§—00

Now consider

Fi(H(Q0,9Q0)) < F>(H(Q0,90)) < x(d(o,0)) + F»(H(Q0,Q0))
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< i (p(d(e. 0). Dle. ), D(e.90), Dle.90). D(2.2)) ).

Since Fi is nondecreasing function so, for all g, 0 € £, we have

H(0,90) < p(d(e, 2), D(0,0), D(2,90), D(0,90), D(2,90)). (3.23)

Now, we prove that g« is fixed point of £&. On contrary, let D(g*, Qo*) > 0 and
using (3.23), we have

D(ox,Qox) = inf {d(0*, 0) : 0 € Qo*}
< inf {d(0%*, 0s11) + d(0s+1,0) : 0 € Qo*}
0%, 0s1) +inf {d(0s11, 0) : 0 € Qo*}

0%, 0s41) + D(0s11, Qo%)

IA

=d )
d 0%, Q5+1> + H<QQ5+17 QQ * )
d ) + p(d(0s, 0%), D(0s, Q05), D(0%, Qox), D( 05, Qo%),

IN

D(o%,905))

< d(0%, 0s41) + p(d(0s, 0%), d(0s, 0s41), D(0%, Qox), d(0s, 0%)+

= d(

(

(

(0%, 0s+1
(

( ) +

D(o*,Q0x), d(0%, 05+1))-

Hence,

D(gx, Qo) < d(0%, 0s11) + p(d(s, 0%), d(0s, 0511), D(0%, Qox),

d(0s, 0%) + D(0*,0%), d(0%, 05+1))-
Applying 5h_r}noo in above inequality, we get
D(o%,Qo%) < p(O, 0, D(p%,Q0%),0 4+ D(p%,Q0%),0).
Using Lemma 3.16 in above inequality,

D(px,Qpx) <0,



Data Dependence and Well-Posedness 50

which is contradiction. Hence, D(o%, Qp*) = 0. As Qox is closed, so g% € Qo *.
Hence, Fix() is non-empty. O]

Corollary 3.28.

Suppose that (&, d) is a complete MS, Q) : & — C(&) is a multivalued mapping and
X €EW. Let Fi € A(Ox) and Fy be a real valued function defined on (0,00) such
that (Ni.) and the following condition is satisfied:

For all p,0 € £ and p € P, H(Qo,Q0) > 0 implies ,

x(d(g, 0)) + F» (H(QQ, Q@))

< Fi(ud(e,0) + B2D(0,Q0) + fsD(2,92) + AiD(0,20) + 5D (2, 20)).

where B; > 0,81 + P2+ B3+ 204 = 1.

Then, Fizf) is non-empty.

Proof.
Let p: [0,00)° — [0,00) be defined as

p(01, 02, 03, 04, 05) = P101 + B202 + PB303 + Baoa + P50s,

where 8; > 0,81 + B2 + B3 + 264 = 1. Then p € P and the result follows from

Theorem 3.27. [

Corollary 3.29.

Suppose that (&, d) is a complete MS, Q : & — C(&) is a multivalued mapping and
X €EW. Let F1 € A(Ox) and Fy be a real valued function defined on (0,00) such
that (Ni.) and the following condition is satisfied:

For all c,p € £ and p € P, H(Qo,Q0) > 0 implies ,

\(d(e, 0)) + Fa(H(00,20) ) < Fi(d(o,0) + ID(2, )

where | > 0. Then, Fiaf) is non-empty.

Proof.
Let p: [0,00)% — [0, 00) be defined as

p(@l? 02, 03, 04, Q5) = 01 + lQ57
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where [ > 0. Then, p € P and the result follows from Theorem 3.27. O

Remark 3.30.

If F; = Fy and x(t) = 27, where 7 > 0 in Corollary 3.28, then we obtain Theorem
3 of [15]. Also, if F} = F5 and x(t) = 7, where 7 > 0 in Corollary 3.29, then we
obtain Theorem 2.4 of [61].

Theorem 3.31.

Suppose that (§,d) is a complete MS, Q : & — C(§) is a multivalued mapping
and x € ¥. Let Fy be a continuous and non-decreasing real valued function defined
on (0,00) satisfying (F2') and Fy be a real valued function defined on (0,00) such
that x F'-contraction is satisfied. Then, Fiaf) is nonempty.

Proof.
Consider an arbitrary point gy € £ and p; € 2gg. Then, following the same steps
as in the proof of Theorem 3.27, we have a sequence {g;} in £ such that gs11 € Qs

which satisfy

d(0s, 0s+1) = D(0s,Q0,) with D(gs, Q05) > 0,

and d(@sa Q5+1) < d(@sfb Qs) VseN.

also,

Fy(d(0s-1,05)) < Fi(d(0o,01)) — (5 — 80)h,V s > sp. (3.24)

Applying § — o0 on (3.24) , we obtain Fj (d(gs,l,gs)) — —oo and by using
(F2"), we obtain
lim d(Qs—la Qs) = 07

§—>00

Now, we prove that

lim  d(0s, 0m) = 0. (3.25)

n,m—>00

If (3.25) does not hold, then we have some § > 0 such that V r > 0, there exists

my > ny > r and

d(@57 Qm) > 5
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Further, there exists ryp € N such that

)\ro = d(@s—la Qs) <o Vs> fo

Now, consider subsequences {o,, },{om,} of {0s}, then, as in proof of Theorem

4.5, we get
lim d(0m,, 0n,) = 0. (3.26)
k— o0
Also,
—00

Using (Ni.), (Nii.) and the monotonicity of Fi,

X (d(0my; 0n)) + Fr(d(0me,r» Oniy))
= x(d(eme> en)) + F1(D(0mers i)
< (A0 00)) + Fr (H(Q0m. Vo)
< x(d(0my> 0n)) + F2(H (Q0m,, 20n,))
< F(p(d(mys 0n)s D(@mys 20m,): D(0n: 2n)s Dlemss ). Dions Qem,)) )
< i (p(A(0mer 00> A(@ums 0m 1), 00y 01, Aon 1, 00,) + dn, 0m,)

d(g’nk? an+1) + d(QTLk-'rl? ka-‘rl))) .

Applying kliHmOO and then using 3.26, 3.27 and the continuity of F},

lim X(d<gmk7 an)) + Fl((;) < Fl ()0(57 07 07 67 5)) < Fl (5P(17 07 07 ]-7 1))

k—o0

As, peP,so0<p(1,0,0,1,1) < 1;

= kh_IPOOX(d(ka? an)) S 0,

which contradicts (3.2). So, (3.25) holds and hence, {gs} is a Cauchy sequence.
Since (£, d) is complete MS so there exists g* in £ such that

lim o, =o0x*.
5§—00
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In the same way, as in proof of Theorem 3.27, we have px € (2p. Hence, the proof

is completed. O

Corollary 3.32.

Suppose that (§,d) is a complete MS, Q : & — C(§) is a multivalued mapping
and x € U. Let Fy be a continuous and non-decreasing real valued function defined
on (0,00) satisfying (F2') and Fy be a real valued function defined on (0,00) such
that (Ni.) and the following condition is satisfied:

For all p,0 € £ and p € P, H(Qo,Q0) > 0 implies ,

x(d(g,0)) + F» (H(QQ, Q@))

< Fy(frdle.2) + D(e. 20) + BsD(2.92) + AuD (0. 22) + 5 D(2, Q) ).

where B; > 0,51+ Po+ B3 +284 =1 and 1 + B3+ 1 < 1

Then, Fizf) is non-empty.

Proof.
Let p: [0,00)5 — [0, 00) be defined as

p(o1, 02, 03, 04, 05) = B101 + P20z + 303 + Baoa + P50s,

where §; > 0,81 + o+ 3+ 2684y = 1 and 51 + B3+ B4 < 1 Then p € P and the

result follows from Theorem 3.31. O

Corollary 3.33.

Suppose that (§,d) is a complete MS, Q : & — C(§) is a multivalued mapping
and x € ¥. Let F be a continuous and non-decreasing real valued function defined
on (0,00) satisfying (F2') and Fy be a real valued function defined on (0,00) such
that (Ni.) and the following condition is satisfied:

For all 0,0 € £ and p € P, H(Qp,Q0 > 0 implies,

\(d(0,0)) + F>(H (%0, 90) ) < Fi(d(o,0) + LD(2. 0),

where | > 0. Then, Fiaf) is non-empty.
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3.4 Data Dependence

This section is designed for the discussion of data dependence of the generalized
multivalued contraction.

Consider a MS (£,d) and the mappings Q1,2 : € — P(&) such that the fixed
point sets Fix(); and Fix()y are non-empty. The problem of finding Pomeiu-
Hausdroff distance H between Fix{2; and Fix(), undr the condition that for ¢ >
0, H(ng, Qgg) < U,V p € &, is addressed by many authors. In 2009, G. Mot and
A. Petrusel [62] discussed certain basic problems including data dependence. Rus

et al. [63] presented an interesting abstract notion as follows.

Definition 3.34. Multivalued Weakly Picard Operator.
Let us consider a metric space (§,d) and a multivalued operator Q : £ — CL(£).
2 is known as multivalued weakly picard operator(M WP Operator) if a sequence

{0s} exists for all p € £ and ¢ € Qp such that

(1) o= 0, 01 = @)
(i) 0511 = Qos, for all s € N,

(iii) The sequence {ps} is converges to the fixed point of 2.

If {05} satisfies only (i) and (i7) of Definition 3.34, then it is said to be a sequence

of successive approximations of €2 starting from gg.

Theorem 3.35.

Suppose that (§,d) is a complete MS. Q1,95 : & — K(&) are multivalued map-
pings and x € W. Let Fy be real valued non-decreasing function defined on (0,00)
and Fy be a real valued function satisfying (F2") and (F3) defined on (0,00) such
that x F'-contraction is satisfied for Q;, where i € {1,2} and there exists A > 0 such
that H(Ql(g), QQ(Q)) <\, forall p € €.

Then,

(a.) Fiz Q4 € CL(E) forie {1,2},
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(b.) 1,Q9 are MWP Operators and

A
~— 1—max{pi(1,1,1,2,0),po(1,1,1,2,0)}

H(Fz’x(Q ), Fm:((b))

Proof.
(a.) Using Theorem 3.19, we have Fix ; is not empty for i € {1,2}. Now, we
prove that for i € {1,2}, the fixed point set of €2; is closed. Consider a sequence

{05} in fixQ); such that g, — ¢ as s — oo. Now,

Fi(H(Q0,Q0) < Fo(H(Q0,9Q0) < x(d(o, 0) + F2(H(Q0,90)

< £ (p(d(e. 2), Dle. Q). D(z, ), Dle. 20). D(z. Q) ).
Since F} is nondecreasing function, so for all g, 0 € &,
H(0,90) < p(d(e, 2), D(0,0), D(2,90), D(0,90), D(2,90)). (3.28)

Let D(p,€0) > 0 and using (4.33), we have

D(o,0) = inf {d(0, 0) : 0 € Qo}
S inf {d(ga Q5+1) + d(@5+17 @) : @ S QQ}

0s+1) +1inf {d(0s11,0) : 0 € Qpo}

0, 0s41) + D(0s11,20)

IA

0, 0s41) + H(Q(0511), Q0)

= d(o,
d(
d(
d(0, 0s+1) + p(d(0s, 0), D(0s,2(05)), D(0, 0), D(05, 0),
(
(
(

IN

D(0,9(0s)))
< d(0, 0541) + p(d(0s, 0), d(0s, 0541), D(0, Q0), d(0s, 0)+
D(0,90),d(0, Qerl))'

Hence

D(o,9Q0)

< d(0, 0s41) + p(d(0s, 0), d(0s, 0541), D(0,20), d(0s, 0) + D(0,Q0),d(0, 0s11))-
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Applying 5@@ in above inequality,
D(o,Qp) < p(O, 0, D(0,90),0 + D(p,Q0),0).
Using Lemma 3.16 in above inequality, we obtain
D(o,€20) <0,

which is contradiction. Hence, D(p,Q0) = 0. As Qp is closed, hence g € Qp.
(b.) Using Theorem 3.19, we get that €y, {2y are M WP Operators. So, We have to

prove that

A
~— 1—max{pi(1,1,1,2,0), po(1,1,1,2,0)}

H (Fix(Q ), FIX(QQ)>

Suppose g > 1 and go € Fiz(£2), then, o1 € (2(00) exists such that d(go, 01) =
D(00,22(00) and d(01,02) < qH((0), 22(00). Now, 02 € Oa(e1) exists such
that d(go, 01) = D(00,22(00) and d(01,02) < qH(Q2(00),22(01). Also, we get
d(01,02) < d(go, 01) and

d(o1, 02) < qH (Q2(00), 22(01))

< ap(d(0o, &1), D(00, 200), D(01,01), D(00, Q01), D(01,200))
< qp(d(0o, 1), d(0, 01), d(01, 02), d(00, 02), d(01, 01))
< ap(d(0o, 01), (00, 01), d(01, 02), d(00, 01) + d(01, 02),0)
< ap(d(go, 01), (0, 01), d(01, 02), d(00, 01) + d(00, 01),0)
)

S q(d(Q07 Ql)p 1a 17 172 O

Hence, we will get a sequence of successive approximations of €2 starting from g,

which satisfy the following
5
d<Q57Q5+1) S (qp1(171717270)> d(QO7Q1)7 VseN

(qpl(l, 1,1,2, 0))5

)d(Qo, Q1>, VseN. (329)

:d ) m S
(00 0om) = L1 T.2,0
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Taking lim , it is concluded that {o} is Cauchy sequence in (£, d) so converges
5§—00

to some v € £. Using the proof of Theorem 3.19, we have v € Fix{)y. Applying

lim ;| we get
m—r00

(qp1 (1,1,1,2, 0))5
=1

d(09,01), VseN.
“an(L1,1,2,0) @ @)

Choosing s = 0,

1 A
d(00, 01), < a

d < '
(00,V) = 1—qp1(1,1,1,270)

1= qp1(17 17 172a0)

Now, we interchange the role of €2; and €25, then for each vy € Fix{2; such that

1 gA
J(vp, c) < J(vo,vy) < .
ol S gm0 Y S T 01 20)
So,
. . qA
H(FlXQl,FlXQQ) S )7
1 — max (qpl(l, 1,1,2,0),qp2(1,1,1,2,0)
and suppose ¢ — 1, then the result is proved. O

3.5 Strict Fixed Point and Well Posedness

The aim of this section is to introduce the notion of well-posedness of the related

fixed point results.

Definition 3.36.
Consider a MS (§,d), B € P(§) and multi-valued mapping Q: B — C'(§). A fixed
point problem is said to be well posed for {2 with respect to D if

(a.) FixQd = {o"},

(b.) If 0, € B, s € N and D(gs,Q0,) — 0 as s — o0,

then, g, — o* € Fix{) as s — oo. [64, 65]
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Definition 3.37.
Consider a MS (¢,d), B € P(§) and multi-valued mapping Q: B — C(&). A fixed
point problem is said to be well posed for 2 with respect to H if

(a.) SFixQ = {o*},

(b.) If o, € B, s € N and H(p,,Q20s) —> 0 as s — o0,
then, g, — o* € SFixQ) as s — oo. [64, 65]

Theorem 3.38.

Assume that (€,d,§) is a complete CMS. Let Q : & — K(§) be a MVM and
Fy, Fy are functions satisfying x F'-contraction. Suppose Fy is non-decreasing, Fy
satisfy condition (F2') with p(1,0,0,1,1) € (0,1) and SFizQ) # (). Also suppose
Jim (o5, 0) < 1. Then,

(a) Fisf = SFiasf) = {0},

(b) The fized point problem is well posed for MVM Q with respect to H.

Proof.
(a) Using Theorem 4.6 , we conclude that FixQ) # (). Now, we prove that FixQ) =
{0*}. Using (Ni.) and (Nii.), we have

F1(H(Q0,9Q0)) < Fy(H(Q0,Q0)) < x(d(o,0)) + F2(H(Q0,90))

< Fi{p(d(e. 2), D¢, 20). D(2.92). D(e, %), D(z. 20)) |
Since Fi is non-decreasing function, we obtain for all g, 0 € &,
H(00,20) < p(d(e. 2). D(e.Q0), D(2,22), D(e, %), D(z 20)).
let v € FixQ, with v # o*, then, D(¢*, Qv) > 0. Now,

D(¢", ) = H(Q0", )

(41
(

IN

d(o D(0*,Q0"), D(v,Qv), D(0*,Qv), D(v, QQ*)>

d(o*,v),0,0,d(0",v), d(v,g*))

P

IN

p
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<d(o",v)p(1,0,0,1,1).
As p(1,0,0,1,1) € (0,1), so
d(o",v) = D(¢o", Qv) < d(0",v),

which is contradiction, hence, d(o*,v) = 0 and o* = v.

(b) Let o, € B,s € N, such that
Sli_I}loo D(os,0,) = 0. (3.30)

Now, we claim that lim d(ps, 0") =0,
§—>00
where o* € Fix(). If the above equation is not true, then, for every s € N, there

exists € > 0 such that
d(gs, 0") > €.

But (3.30) implies that there exists gp. € N — {0} such that

lim D(os,Q0,) < €,

§—00

for each s > s..Hence, for each s > 5., we obtain

d(os, 0") = D(0s,€20%) = D(0s,205) + H (205, $20%)
< D(0s, Q0.) + p(dles, %), D{os, Q04), Dl(a", Q0'),
D(os,Q0"), D(Q*>QQ5)>
< D(0s,Q0s) + p(d(gs, %), D(os,205), d(0", 0%),

d(0s,0%),d(0", 0s) + D(0s, Q&))-

As 5lgnoo f(0s,0) < 1 and p(1,0,0,1,1) € (0,1), so by applying limit § — oo, we
get d(os, 0*) —> 0 as s — 00, which is contradiction. Hence, fixed point problem
is well posed for MVM 2 with respect to D. Also, FixQ2 = SFix(), hence the fixed
point problem is well posed with respect to H. O



Chapter 4

Fixed Point in the Setting of

Controlled Metric Space

This Chapter deals with fixed point results of [19] in the setting of CMS. Some

important results are discussed regerding fixed points and strict fixed points.

4.1 Fixed Points in CMS

Mlaiki et al. [42] initiated the idea of controlled metric space as generalization of

extended b-MS.

Definition 4.1.
Consider a nonempty set ¢ and a function f : £ x & — [1,00). The mapping

d:&x&—[0,00) is said to be a CMS if VY g,, 0,, 05 € &,

(2) d<gl7 Qz) =0 A 01 = 0.,
(”) d(@h Qz) - d(Qz; Ql)a
(¢ii) d(ox, 02) < flor, 05)d(01, 05) + F(o3, 02)d( 03, 02)-

The triplet (£, d,§) is called CMS.[42]
60
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Example 4.1.
Assume that £ = {1,2,...}. Define d : { x £ — [0, 00) by

;

0 iff o1 = 09,

= if p; is even and p, is odd,

d(o1,02) = . . )
— if g9 is even and p; is odd,

otherwise.
Now, take p: & x & — [1,00) as

01 if o1 is even and o, is odd,
p(01,02) = 0o if ps is even and p; is odd,

1 otherwise,

then (&,d, p) is a CMS.
Now, for p = 2,3, ...

1
Ao+ 1,40+ 1) = 1>~ =p(2o+1, 4o+ 1){d(2g+ 1, 20) + d(20, 40+ 1)},

hence (§,d,) is not an extended b-MS.
Remark 4.2.

Assume that p: £ x £ — [1,00) is given as

p(o1,00) =B > 1,

for all o1, 0o € €. Then, (&,d, p) is a b-MS. Hence, b-MS is always a CMS. Further-

more, a CMS is not generally an extended b-MS with same function.

Definition 4.3.
Let us define a set P of all continuous mappings, p : [0,00)° — [0,00) which

satisfies the conditions:

(1) p(1,1,1,¢+n,0) € (0,1],  where ¢,n > 1,
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(ii) p is sub-homogeneous, that is for all (o1, 02, 03, 04, 05) € (0,00]° and X > 0,

we have

p(Ao1, Aoz, Aos, Ao, Aos) < Ap(o1, 02, 03, 04, 05),

(iii) p is non-decreasing function, i.e for g;,0; € R" o, < pg;, i=1,2345,
we have p(01, 02,03, 04,05) < p(01, 02,03, 04, 05). If 0;,00 € RT such that
0i < 0,
for e = 1,2, 3,4, then,

p(Qla 02, 03, 04, O) < p(?la @27 @3) @4a0)7

and

p(o1, 02, 03,0, 04) < p(01, 02, 03,0, 0a).

Also define P = {p € P:p(1,0,0,¢,m) € (0, 1]} Note that P C P.

Example 4.2.
Define p; : [0,00)> — [0, 00) by

) 1 1
P1 (Qla 02, 03, 04, QS) = gmln{gh 5(927 03)7 5(@47 Q5)}a

where g € (0,1). Then p; € P, as p1(1,0,0,¢,n) =0 ¢ (0,1]. Hence, p; ¢ P.

Example 4.3.

_l’_
Define ps : [0,00)> — [0,00) by pa (01, 02, 03, 04, 05) = % 2 1 =3
Then, p, € P.
Example 4.4.

Define ps : [0,00)> — [0,00) by p3 (01, 02, 03, 04, 05) = gmin{%(m + 03), 5(04 +

05)},

where g € (0,1). Then, p3 € P.

Lemma 4.4.

If pe P and ~,6 € [0,00) and ¢,n € R such that {,n > 1. Also,

v Smaw{p(& 8,7,m0 +¢v,0), p(8,0,7,0,1n6 4+ (), p(d,7,6,n0 + (7,0),
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p(6,7,9,0,n6 + C'y)},

then v <.
Proof. With no loss of generality, assume that

v < p(6,0,7v,m0 4+ ¢v,0). (4.1)

On contrary suppose that, § < .

Now consider

p(0,0,7,1m0 +Cv,0) < p(v,7,7,m7 +¢7,0)
<p(1,1,1,n4 ¢,0)
< (1)

p(0,6,7,m0 + (v,0) <~

which is contradiction to (4.1). Hence our supposition is wrong, so v < . O

Theorem 4.5.

Suppose that (§,d,f) is a complete CMS. Let Q) : & — K(§) be a x F-contraction.
Suppose Fy is non-decreasing, and Fy satisfy conditions (F2') and (F3) For oo € &,
define picard sequence {ps = L°0o}, so that

f(@i+17 Qi+2)f(@i+1, Om)

sup lim < 1. 4.2
m>1 i—00 f(oi, 0iv1) (4.2)
Also suppose
lim f(o5,0) <1 Vo€ (4.3)
5—00

Then, Fiaf) is non-empty.

Proof. Let gy € € and 01 € Qoo. If 01 € Qo1 then, o; € FixQ). Suppose o1 ¢ Qpy,
it implies D(p1,201) > 0 and consequently H (g, 201) > 0. As Qp; is compact,
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so there exists gy € Qo such that d(o1, 02) = D(01,01). Now

Fi(d(er, 02)) = F1(D(01,Q01)) < F1(H(Q00,Q01)) < F2(H (200, Q01))
< Fl{p(d 00, 01), QOaQQO>7D(917991)7D(QO>QQI>7D(QI;QQO)>}
x(d(0o, 01)
< Fl{/)(d 00, 01), d(00, 01), d(m,92)761(@0,@2)@(@1,@1))}.

As F} is non decreasing, so

d(01,02) < p(d(@o, 01),d(00, 01),d(01, 02), d( 00, Qz),O)

< p<d(907 01),d(00, 01),d(01, 02), (00, 01))d(00, 01) + f(01, 02)d(01, 02), 0).

By using Lemma 4.4,
d(01,02) < d(0o, 01)-

Similarly we get o3 € Qoo such that d(o2,03) = D(02,Q02) with D(2,Q02) > 0

and we have,

d(02, 03) < d(o1, 02),

By induction, we get a sequence {gs}seny C & such that gz € Qps satisfying
d((Qﬁ7 Qﬁ+1) = D(Qs; QQS) with D(Q57 QQS) > 0 and

d(0s, 0s+1) < d(0s-1,0s) forall se€N.

So, {d(0s, 0s+1) }sen is a decreasing sequence of real numbers. Now

X(d(0s, 0s+1)) + Fo(H (05, 20511))
< Fl{p<d 055 Os+1), D (05,8205 ), D (0541, 20541), D(05; Q20s41), D (0541, Q&))}
= Fl{ﬂ<d 0s; 05+1) ), (05, Os+1), (0541, Ost2), d(0s, Os2), (0511, Q5+1)>}
< F1{ <d 05, 0s+1), A(0s, 0s5+1), A(0s415 05125 F(0s, 0s1)d(0s5 0s11)+
f(0s+15 Os+2d(0s+15 0s12), 0) }

< Fl{ﬂ<d(95a Qs-i—l)a d(gsa Qs-l—l)a d(Qs, Qs-i—l)a f(@sa QS—I—l)d(QSa Qs+1)+
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§(0s+1, 0s42d(0s5 Os541), 0) }

S Fl{d<Q57 Q5+1)/7<17 17 17 f(QE? QSJrl) + f(95+17 Q5+2>7 0) }

S Fl H(Qgs—lv Qgs))

< B (H(Q0,1,90.)).
Hence, V s € N, we have

FQ(H<Q5> QQS-H)) < F2(H((QQ5—17 QQﬁ)) - X(d(Q5> Qs+1))' (4'4)

As x € ¥, there exists h > 0 and sy € N such that x(d(gs, 0s+1)) > h for all s > s.
Now, from (4.4)

Fy(H (Q0s,Q0s11)) < Fo(H((Q05-1,05)) — x(d(0s; 0541))
< Fy(H (2052, Q205-1)) — X(d(05-1, 05)) — x(d(0s, 0511))

< Fy(H(Q00,Q01)) ZX (0i5 0i+1))

5()1

= F3(H (00, 201)) ZX (01, 041)) — > x(d(0s, 0i1))

=50

< F>(H(200,901)) — (5 —50)h, s> 5

= Fy(H(Q0s,Q0:11)) < Fo(H((Q200,901)) — (s —s0)h, V 52>50 (4.5)

Taking § — oo in (4.5), we get Fy(H (Q0s,20s+1)) — —o0 and then by (F2'), we

have

lim H(QQ57 QQ5+1> = 07

§—00
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which further implies that

lim d(gs, 0s41) = lim D(gs, Q0s) < lim H(Qos_1,Q0s) = 0. (4.6)
5—>00 §—00 §—00
Now from (F3), there exists k € (0,1) such that

lim (H(Qos, Q0s41))* Fo(H(Q0s, Q05+1)) = 0. (4.7)

5§—00

Then from (4.5), for all s > sy, we have

(H (200, 200:1)) Fo( H(20e, Q0et1)) = (H (e, Qeos1)) Fo( H(S2e0, 201))
< (H(Q04, Q0611))* (Fa(H (00, 201)) — (5 — 50)h )

— (H(Q0s,20511))* F2(H (Q00, Q01))
= —(H (205, 20511))" (5 — s0)

<0.

Taking limit § — oo and using (4.6) and (4.7)

0< lim 5(H(QQ57QQE+1>>k <0

§— 00

— lim s(H(Qos, Q0s41))" = 0.

5§—00

From above equation, there exists 51 € N such that s(H (Qos, Q0s41))* <1, V5 >

1
s1. Thus for all s > s1, we have H(0s, Q0s11) < —.
5%
Now
1
d(0s, 0s+1) = D(0s,20s) < H(Q05-1,0:) < — ¥V 52>35;.
5k

To prove that {gs }sen is Cauchy sequence. Consider 7,5 € N such that 7> s >

51. Now

d(gsa QT) S f(Qs» Qs+1)d(957 Qs-i—l) + f(gs—&-la QT)d(Qs+17 QT)
< f(@sa Qs—i—l)d(Qsa Qs—l—l) + f(@5+17 QT)f(Qs—Ha Qs+2)d(95+17 Qs+2)

+ f(@5+17 QT)f(Q5+27 Qr)d(Qs+2a Q‘r)
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< (055 05+1)d(0s, 0541) + F(0s41, 02)F (0541, 0s12)d(0s41, Os12) + F(0st1, O)

f(0s+2, 07 )F(0s+2, 054+3)d(0s+2, 0s43) + F(0s41, 0r)F(0s12, 07)F(0s43, 07)d( 0543, 0-)

< §(0s, 0s+1)d(0s, 0s41) Z ( H f(oj, 0r) ) (0i5 0i41)d(0i, 0it1)

i=s+1 j=s+1
T—1
+ (T1 ftoi00))dlor s, 00)
J=s+1
T—2 7
< §(0s, 05+1)d(0s, 0541) + Z < H f(Qj7QT))f(Qi)Qi—&-l)d(QiaQi—&-l)
i=s+1 j=s+1
T—1
+ ( 11 f(@n&))f(&fl, o-)d(0r-1, 0r)
Jj=s+1
= §(0s, 0s11)d(0s, 0s+1) Z < H fQ],QT) (01, 0i+1)d(0i, 0i+1)
i=s+1 j=s+1
< §(0s, 05+1)d(0s, 0s41) Z <Hf 95> Or ) (0i, 0i41)d(0i, 0i+1)-
1=s+1 7=0
Therefore,
T—1 7
d(@ﬁa QT) S f(@ﬁa Q5+1)d(Q57 Q5+1) + Z (H f(Qj?QT))f(Qza Qerl)Zl}C (48>
i=s+1 j=0
Now
T—1 [ 1 1
( f(Qj’Qr)>f(Qqu+1)_; Z 7<Hf 0j» 0r ) (0i; 0i+1)
i=s+1 j=0 i1 VP
= Z UiVi,
1=5+1

— /1
where U; = and V= (Hf 0j, 0r ) f(0i, 0i+1). Since % > 0, therefore Z (—1>
i=s+1 ik
converges. Also {Vi}iis 1ncreasmg and bounded above, so lim {V;}; (which is non-
71— 00

zero) exists. Hence { lim U,;V;}, converges.
11— 00

q i
1

Consider the partial sum S, = E (H f(o;5, Qr))f(Qu 0i+1)—- Now from (4.8), we
1%

i=0 j=0
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have

d(0s; 07) < F(0ss 05+1)d(0s; 0s11) + (Sr—1 — S). (4.9)

By using ratio test and the condition (4.2), we attain that lim {S,} exists. By
5§—00
applying limit s — oo in (4.9), we get lim d(gs, 0-) = 0. Therefore {os} is a
5—00
Cauchy sequence and the completeness of ¢ implies that there exists o* € £ such

that,
lim o, = o".
5§—00

Now

Fy(H(Q0,90)) < Fo(H(Q0,90)) < x(d(o, 0)) + Fa(H(Q0,0))

< Fi{p(dle.2). Dle.Q0). D(2. %), D(e, %), D(2. %)) }.
Since [} is non-decreasing function, we obtain for all g, 0 € £.
H(00,90) < p(d(e, 2), Dle. Q0), D(2,20), Dle. 22), D2, %) ).

To prove that o* is fixed point of £&. On contrary assume that D(p*, Qp*) > 0.

Now, due to compactness of 2p*, there exists p € 2p* such that

< (0", 0s41)d(0", 0s+1) + (0541, 0)d(05+1, 0)
= §(0", 0s41)d(0", 0s+1) + F(0s+1, 0) D(0541, Q20")
< §(0%, 0s41)d(0", 0s11) + F(0s11, 0) H (05, €20)
< §(0", 0041)d(0", 0611) + (0e11, 0)p (dl06, ), Dis, D0s), D(e, %), D(es, 00"),

D" Qo))
< (0", 0s+1)d(0", 0s41) + F(0s11, Q)p<d(95, 0"),d(0s, 0s11), D(0%, Q20%), f(0s, 0")d(0s, %)

I 0D(@ 00, (6" 00))

By applying limit s — oo in the above inequality and using (4.3)
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D(e",20") < (1)p(0,0, D(g", 20"), 0+ }(e", 0) (0", 2"), 0)..
Using Lemma 4.4, we get D(o*, Q0*) <0.
— 0 < D(o",Q0") <0.

Hence D(o*,Q0*) = 0. As Qp* is closed, so ¢* € Qp*. Hence Fix{) is non empty.

L]
Example 4.5.
Let & = {0,3,3,3}. Define d : £ x¢§ — RT and f : £ x § — [1,00) by

d(@h Qz) = (.91 - Q2)2, also

1 if g1 =02=0

f(o1, 02) = 1
m 1fg17é00rgg7§0

Then, (¢,d,§) is complete CMS.
Define Fy, F» : (0,00) — R by

-1 ifue(0,1)
u  ifue[l,oc0),

and Fy(u) = In(u) +u, YV u € (0,00). Then, F} is non-decreasing, Fy satisfies
(F2') and (F3) and Fy(u) < Fy(u) ¥V u > 0. Now, define Q : £ — K(&) and

p:]0,00)° — [0,00) and y : (0,00) — (0, 00) by

{0} ifo=0

{0,3} ifo#0,

Qo =
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p (01,02, 03, 04, 05) = % + 2805 and x(t) = %, t € (0,00). Then p € P and y € V.
Since H(Q0,Q0) > 0 implies,

x(d(e, 0))+Fa(H(020,20)) < Fi{p(d(2. 2). Dle. Q). D(2.22). D(e, ), D2, %)) }.

Note that lim f(on,0) <1,
n—ao0
hence the assumptions of Theorem 4.5 are fulfilled and FixQ2 = {0, 3}

Theorem 4.6.

Assume that (€,d,§) is a complete CMS. Let Q : & — K(§) be a MVM and
Fy, Fy are functions satisfying x F'-contraction. Suppose F is non-decreasing, and
Fy satisfy condition (F2'). Also, suppose kli_r)noo f(0rs 0s,) < 1. Then, Fizk) is non-
empty.

Proof. Let g9 € & and p; € Qgy. We obtain a sequence {g,} C & as in proof
of Theorem 4.5 such that gs11 € Qps. It satisfies d(os, 0s41) = D(0s, Q0s) with
D(0s,90s) > 0 and

d(0s, 0s11) < d(0s-1,05) VsEN (4.10)

FQ(H(Qgﬁ,QgﬁJrl)) < FQ(H(QQo,QQl)) — (5—50>h, Vs> s. (411)
Taking s — oo in (4.11), we get Fo(H (Q0s,20s11)) — —00 and by (F2'),
lim H(Qps, Q0s+1) =0, (4.12)

5§—00

which further implies,
lim d(gs, 0s+1) = lim D(gs, Q0s) < lim H(0s-1,20) = 0.
5—>00 5§—00 §—>00
Also, we claim that

lim d(gs, 0-) = 0. (4.13)

5,7—00
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If (4.13) is not applicable, then there exists § > 0 such that V r > 0, there exists

Te > 8§, > T,
d(0s; 07,) > 0.
Moreover there exists g € N,
Arg = d(0s-1,05) < 0 Vs>

There exists two sub sequences {gs, } and {o,, } of {os} which satisfies,

ro <s, <7, +1 and d(gs,0r)>9 Vk>D0. (4.14)
Note that

d(or,—1,0s,) <9 forall k, (4.15)

Also, 7, is minimal index for which (4.15) is fulfilled.
Note that, s, +2 < 7, V k, because the case s, + 1 < s, is impossible due to
equations (4.14) and (4.15). It shows

spt+l<m<m+1 Vk.
By considering triangular inequality and using (4.14), (4.15), we have

6 < d(@m» st) S f(QTk7 QTk—l)d(QTk7 QTk—l) + f(@rk—la st)d(gm—la st)

< f(QTm QTk_l)d(QTkJ QTk—l) + 5f(@7k—17 st>~

Taking limit k& — oo,

§ < lim d(or,0s) <040 lim f(0r—1,0s,)-
k—> o0 k—so0

:> 6 < ]'lm d(QTk7QSk) S 6 hm f(QTk—lﬂ(_)ﬁk) S 5
k—o0 k—o00
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= lim d(or,,0s) =20 (4.16)
k—> 00

Now, using (4.12) and (4.16), we get

lim d(0r 41, 0s,41) = 0. (4.17)
k—00

Consider
X(d(gw Qﬁk>> + F1<d(QTk+17 st+1)) = X(d(Qw st)) + Fl(D(QT,CH, Qst))

X(d(gmv ‘Qﬁk)) + Fl(H(QQTkv Qg5k))
X

(d(@,—k, Qﬁk)) + FQ(H(QQﬂw Qg5k))

IN

IN

IN

Fl{p<d(9m 0s;.)» D07, 07,), D(0s,, 05, ), D(07,, 205, ), D( 05, Q@)) }
F1{p<d(gf,€, 0s,), A(0r,, 0711 ), A(0sy 5 05y 11 ), A(0ry s 0oty ), A( 05y QT,M)) }
Fy

{p<d(g7'k7 st)a d(QTk7 QTk+1)7 d(@ﬁ/w Q5k+1)7 f(Qﬁker st)d<gﬁk+17 Qﬁk)+

IN

f(st, Q"'k)d(g5k7 QTk)’ f(gslﬂ st+1>d(gﬁk7 Q5k+1) + f(g5k+17 QTkH)d(Q%H’ ‘QTk+1)) }

As F} is continuous, then by applying the klim and using (4.16),(4.17), we obtain
—00

i x(d(r,00)) + F1(8) < B p(5.0,0,0 4 6§(0s 03). 0+ 07(u 1 05,1,)) }
S Fl (P(CS, 07 Oa 5f(gsk7 Q’T‘k)7 5f(gﬁk+17 QTk+1)> }

S Fl{ap(lv Oa 07 f(Q5k7 QTk)ﬂ f(gsk+17 Q‘Fk+1)> }
Since P E ED? S0 P(L 07 07 f(@ska Q‘rk)7 f(gﬁk+17 QTk+1)) e (07 1]

— lim x(d(0r, 05.)) <0,
—00

= lim inf x(5) <0,

S—6t

which is a contradiction, hence (4.13) holds. Therefore {o,} is Cauchy sequence
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and there exists ¢o* € £ such that lim g, = p*. The rest of the proof follows from
5§—>00

Theorem 4.5 and we get o* € Qo*. O

Theorem 4.7.
Let (&,d,f) be a complete CMS and Q : § — C(&) be a MVM. Assume that there
exists x € ¥, F € A (0x) and a real valued function L on (0,00) such that following

conditions hold:

(G1) F(o) < L(o) VYo>0,

(Gy) H(Q0,9Q0) > 0 implies,

x(d(e, 0))+L(H (20, 920))
< F{p(dle,2), Dle,2), D(z,92), D(e.20), D(2,%0) ) |-

For all p,0 € &, p € P. Let go € &, define the picard sequence {0, = 05} such
that

sup lim f(@i+1, Qi+2)f(9i+1a Qm)

< 1. 4.18
m>1 i—00 f(oi, 0ir1) .

Also suppose that lim §(gs,0) <1 for all o € £&. Then, Fiaf) is non empty.
5§—>00

Proof. Let oo € £ and o1 € Qoyp. If 01 € Qp; then, g; € fix(). Suppose 01 ¢ Qpy, it
implies D(p1,Q01) > 0 and consequently H(Q0q,201) > 0. Due to (F4), we obtain

F(D(e1, 1)) = mf F(d(es,2))- (4.19)
Then, (4.19) with (G;) and (G2) gives

inf F(d(o1,%2)) = F(D(01,901))

ZEQQl

< F(H(Q200,201))
< L(H(Q200,201))
<F

{p(d(a0, 21). Dleo, 20), D1, 201), D(eo, 1), Dier, Q00)) }

— x(d(00, 01))-
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= inf F(d(o1,2)) < F{p<d(go, 01),d(00, 01), d(01, 02), d(00, Qz),0> }

ZEQQl

Hence there exists 0o € €07, such that

Fld(er 22)) < F{p(d(eo, 01). (oo, 01). dle1,02), A0, 22).0) }. (4:20)

Since F' is non-decreasing function, so (4.20) with (p3) gives

d(Qb QZ) < p(d(Q07 Q1)7 d(Q07 Ql)a d(Qh Q2)7 d(Q07 Q2)7 O)

< p<d(go, 01),d(00, 01),d(01, 02),§(00, 01))d(00, 01) + F(01, 02)d(01, 02), 0).

By using Lemma 4.4

d(o1, 02) < d(0o, 01).

Next arguing as previous, we get o3 € Qoo with D(g2,Q02) > 0. By considering
Lemma 4.4, and using (G1), (G2)

d(02, 03) < d(p1, 02).

By induction, we have a sequence {os} C & such that g, € Qo with D(os, Q0s) >
0 and

d(0s, 0s+1) < d(gs—1,0s) forall seN. (4.21)

Now (4.21) implies that {d(gs, 0s+1)}sen is a decreasing sequence of positive real

numbers. Hence from (F4)

inf F(d(o,,2)) = F(D(0s, Q0,)) < F(H(Qoe1,Q0.)) < LH(Q05-1,00,)

2€Q0s
< F{p(d(0s-1, 0s); D(0s-1,20s-1), D(0s,20s), D(0s—1,205), D(0s, 20s-1)) }
- X(d(gsfla Qs))

< F{P(d(Qs—la 05), A(0s—1, 05), A(0s, 0s41), F(0s—1, 0s)A(0s—1, 0s) + F( 05, Os+1)
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A(2s, 0011).0)) } = X(d(es-1,02)

< F{p(d(0s1.0:). (01, 00), (051, 00), 1051, 06)d(05 1, 00) + (05, 0241)
d(0s-1, 0s), 0)) } — x(d(0s-1 05))

< F{d(gs_l, Qs)p(L 1,1, §(0s-1, 05) + F(0s; 0541, 0))} — x(d(0s-1, 0s)

< F(d(Q5_1, Qs)) - X(d(Qs—la QS))'

= inf F(d(0s,2)) < F(d(0s-1,0s)) — x(d(0s-1,05)) V s€N. (4.22)

2€Q0s

Since £ € ¥, there exists h > 0 and 59 € N s.t x(d(0s, 0511)) < h, ¥V s > 5.
From (4.22)

F(d(QSa Qs-i—l)) < F(d(Qs—la Qs)) - X(d(Qs—h Qs))

< F(d(0s—2, 05-1)) — X(d(0s—2, 05-1)) — x(d(0s-1, 05))

so—1

= F(d(go, 01)) — Z x(d(0i-1, 0i)) — Z_:X(d(gi—h 0i))

i=1 1=50

= F(d(go, Ql)) — (5 — ﬁo)h, 5 > 5. (423)

Applying limit s — oo in (4.23), we get F/(d(0s—1,0s)) —> —o0 and from (F2’)

lim d(0s-1,0s) = 0. (4.24)
5—00

Now, from (F3) there exists 0 < k < 1 such that,

lim (d(Qs—la Qs))kF(d<Qs—la Qs)) = 0. (4-25)

5§—00
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Thus from (4.23) for all s > s¢, we have

(d(05-1,06))" F(d(0s-1, 05)) = (d(05-1, 05))* F(d(00, 01))
< (d(gs1, 0) (F(dl00, 01)) — (5 = 50)1) = (dles-1, 0:)) F(d(00. 01))

= —(d(0s_1, 0))"(s — 50)h < 0. (4.26)
Taking limit § — oo in (4.26) and using (4.24) , (4.25)

0 < — lim s(d(gs_1,0,))" <0.

5§—00

= lim s(d(gs_1,0))* =0 (4.27)

5§—00

Note that by using (4.27), there exists 51 € N s.t 5(d(0s_1,0:))F <1 V 5> 5.
We get

| =

d(0s—1, 05) < V s> 5.

ESll

S

Now to prove that {gs}seny is Cauchy sequence. Consider 7,5 € N such that
T > 6 > 51. The rest of the proof follows from Theorem 4.5 and by using (4.18)
with ratio test, we deduce that {g;} is Cauchy sequence and there exists o* €
such that

lim o, = o".

§—00

Now

F(H(Q0,Q0)) < L(H(Q0,90)) < x(d(0, 0)) + L(H(20,920))

<L
< F{p(d(e.2). D(e.2). D(2.22). D(e.22). D(2.90)) }.

Since F' is non-decreasing function, therefore
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H(020,20) < p(d(e, 2), D{e, %), D(2.20), D0, ), D(2.%0)) Vo,0€ €.

Assume that p* is fixed point of £. On contrary, we have D(p*,Q0*) > 0. Then
by following the proof of Theorem 4.5, D(p*, Q0*) = 0. Since Qo* is closed, so
0" € Qp*. Hence Fix(2 is non empty. m

Theorem 4.8.
Let (&,d,§) be a complete CMS and Q2 : & — C(§) be a MVM. Suppose there

exists x € W,p € P and a non decreasing and continuous real valued function

F :(0,00) — R which satisfy (F2'). Moreover a real valued function L on (0, 00)

15 such that given conditions hold:

(Gh) Flo)<L(e) V o>0,

(G3) H(Q0,9Q0) > 0 implies

x(d(e, 0)) + L(H(20,20))
< F{p(d(e. 2). D(e.Q0). D(z.90). D(e.22). D(2.20)) }.

for all 0,0 € €.

Also

lim f(os,0) <1 for all o € €.
5§—>00

Then, Fizf) is non empty.

Proof. Let o9 € £ be an arbitrary point and o0, € Q9. As in proof of Theorem
4.5, we get a sequence {gs} C &, such that o541 € Qos with D(gs, Q0s41) > 0,

d(@sa Q5+1) < d(@ﬁ—b Qs)a

and

F(d(0s-1,0s)) < F(d(00, 01)) — (s —80)h ¥V 5> 5. (4.28)
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Taking s — oo in (4.28), F(d(gs—1,0s)) —> —oo and by (F2'),

lim d(Qs—la Qs) = 0.
5§—>00
Now we claim that,

lim d(gs, 0-) = 0. (4.29)

5,T—00

However if, (4.29) does not hold, then there exists 6 > 0 such that for all » > 0,

we have 7, > s, > 7,

d(0s, 07) < 0.

Also, there exists rg € N such that
Arg = d(0s-1,05) < 0 Vs>

There exists two sub sequences {o, } and {gs } of {0s}, then by following the

proof of Theorem 4.6, we get klim d(07,, 0s,) = 0 also
—00

kh_IPOO d(QTk-H’ Qﬁk+1) = 5 (430)

By monotonicity of F' and using (G4), (G2), we get

X(d(0r,; 05,)) + F(d(0r,, 15 Q0s1)) = x(d(0r,, 05,)) + F(D(0r,,,, 205,))
< X(d(or, 0s,)) + F(H(Q0r,,Q20s,))
< X(d(0r, 0,)) + L(H (Q07,, 205,))
< F{p( (0 00): d(0rs 0r01): 00y O0g): HOuprrs 06,0 00)+

f<Q5k> QTk)d(Q5k7 QTk)’ f(g5k7 Q5k+1)d(g5k7 Q5k+l) + f(Q5k+17 QTkJrl)d(QﬁkH? Q7k+1)> }

= X(d(or,, 0s,)) + F(d(07,,,,Q0s,.,))



Fized Point in the Setting of Controlled Metric Space 79

S f(gﬁka QTk)d(QSka QTk)a f(Qﬁka Q5k+1)d(gﬁk7 st+1) _'_ f(QSkJrlv QTk+1)d(Q5k+17 QTk+1)> }
(4.31)

By continuity of F' and applying the limit & — oo as well as using (4.30), (4.31),

we have

Jim x(d(or, 04,)) + F(6) < F{p(6,0,0,0 1 f(oy,, 05,),0 Tim Flon . 0n,)) |

S F{5P<17 07 07 5‘/ khm f(gﬁk7 Q7k>7 6 hm f(QﬁkJrl? Q7k+1)> }
—00 k—so00

Since p € P, we have p(l, 0,0, lim §(0sy, 0r,), lim §(0sy, > QTk+1)> € (0, 1]. Hence
k—> o0 k—> o0

lim infx(s) <0

S—6t

which is a contradiction to definition of ¥. Therefore (4.29) is fulfilled and ensures

that {os} is Cauchy sequence. Hence there exists po* € £ such that,
lim o, = 0.
55— 00

By following the proof of Theorem 4.7, we get o* € (20*. O]

4.2 Data Depenence

The aim of this section is to present a data dependence result of the established

result.

Theorem 4.9. Suppose that (§,d) is a CMS, Qq,Qy : & — K(§) are multivalued
mappings and x € V. Let Fy be real valued non-decreasing function defined on
(0,00) and Fy be a real valued function satisfying (F2') and (F3) defined on (0, c0)
such that x F'-contraction is satisfied for (i, wherei € {1,2} and there exists A > 0
such that H(Ql(g),Qg(Q)) < A, for all p € €. For gy € &, define picard sequence
{0s = P00}, so that

sup lim f(0i+1, 0iv2)f(0i+1, Om)
m>1i—00 70 0ir1)

< 1. (4.32)
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Also suppose that lim f(gs,0) <1 for all o € . Then,
§—>00

(a.) Fiz Q€ CL(E) forie {1,2},

(b.) Q1,Qy are MWP Operators and

A
H( Fiatly, Fiay) < :
(Z b 2>—1—max{m(l,1,1,<+n,0),p2<1,1,1,<+n,0)}

where ¢,n > 1.

Proof. (a.) Using Theorem 4.5, we have Fix ; is not empty for i € {1,2}. Now,
we prove that for i € {1,2}, the fixed point set of {2 is closed. Consider a sequence

{05} in Fix; such that o, — 0 as s — oo. Now,

Fy(H(Q0.0) < Fy(H(%0,20) < x(d(e. 2) + F2(H(20.90))

< A (p(d(e.2), Die. %), D(e. 22). D(e.20). D(@.90)) ).

Since F} is non-decreasing function so, for all g, 0 € &

H(Q0,9Q0) < p(d(e, ), D(0, 0), D(2,90), D(0,Q0), D(2,90)). (4.33)

Assume that D(g,Q0) > 0. Now, there exists o € Qg such that

< (0, 0541)d(0, 0s41) + F(0s11, 0)d(0s11, 0)
= (0, 0s+1)d(0, 0s+1) + F(0s+1, 0) D(0s+1, 20)
< f(? Qs+1)d(@a Qs—i—l) + f(Qs—f—la Q)H(Qgsv Q@)

S f(§7 Q5+1>d<@7 Q5+1) + f(Qﬁ+17 Q)p<d(Q57 @)7 D(Qﬁ? QQE)? D(§7 Q@)? D(QE? Q§)7
D(z,9,))
< §(0, 0541)d(0, 0s41) + F(0s41, @)p<d(95, 0),d(0s, 0511), D(0,90), (05, 0)d(0s, 0)

+ f(@a Q)D(@a Q?)? d(@a Qs-‘rl)) :
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By applying limit § — oo in the above inequality, we get
D(3,90) < (1)p(0,0,D(2,20),0 + f(2, 01) D(2, 20),0).
Using Lemma 4.4, D(p,2p) < 0.
— 0 < D(g,9Q0) <0.

Hence D(p,Q0) = 0. As Qp is closed, so ¢ € Qp.
(b.) Using Theorem 4.5, we get that Q;, Qs are MIWP Operators. So, We have to

prove that

A
1 —max{p1(1,1,1,{ +n,0),p2(1,1,1,{ +7n,0)}

(leQl, F1X§22>

Suppose q > 1, and gy € FixQy. Then, 01 € Qs(00) exists such that d(oo, 01) =
D(00,22(00)) and d(g1, 02) < qH ((00), 22(00)). Now, 02 € Q5(01) exists such
that d(0o,01) = D(00,22(00)) and d(o1, 02) < qH(QQ(QO),Q2<Q1)). Also, we get
d(01, 02) < d(0o, 01) and

d(o1, 02) < qH(22(00), 22(01))
ap(d(eo: 01), D(e0, 2(00)), D(01.2(e1)), D(0, Q1)) D(01,2(e0))
qp(d (00, 01),d(00, 01), d(01, 02), d(00, 02), d(01, 01))
qp<d 90, 01), d(00, 01), d(01, 02), (00, 01))d(¢0, 01) + f(o1, 02)
(o1, 02), )
< qp<d 90, 01),d(00, 01), d(00, 01), f(20, 01))d(00, 01) + f(01, 02)
d(0o, 01), )

< qd(Q07 Ql)p(la 17 17 f<Q07 Ql)) + f(@l? QZ)) O)

d

Hence, we will get a sequence of successive approximations of {2 starting from gy,

which satisfy the following

d(@ﬁ? Qs+1) S (qp1(17 17 17 C + 7, O)>5d<907 Ql)? Vs S N.
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(a1 (1,1,1,¢+,0))°
11— qpl(]-a ]-7 17<+7]70)

Taking lim , it is concluded that {gs} is Cauchy sequence in (¢, d) so converges to
5§—>00

= d(Qsa Qs+m) < d(go, 91), VseN. (4.34)

some v € £. Using the proof of Theorem 4.5, we have v € Fix{2,. Applying lim |,
m—-r00

we get
5
,Vv) < , , s € N.
S N (W oL
Letting s =0
1 gA
d 7V S d 9 S °
(QO ) 1- qpl(la 1a 17C+7]a O) (QO Ql) - qpl(la ]-a 17C+77a 0)

Now, we interchange the role of €2; and €25, then for each vy € Fix{);

1 gA

d(vg, c) < d(vg,vy) < )
(0 ) 1_qp2(17171776+7770) (0 1) 1_qp2(17171m€+7770)

So,

gA

H(FiXQl, FIXQQ) S .
1 — max (qp1(17 17 ]-7 7C+7770)7q,02(17 17 1a7€+n70)>

By taking ¢ — 1 the result is proved. O]

4.3 Strict Fixed Point and Well Posedness

This section is furnished with fixed point results to assure the existence of strict

fixed point and well-posedness of the multivalued generalized contractions in the

setting of CMS.

Theorem 4.10. Assume that (£,d,f) is a complete CMS. Let 2 : & — K(§) be
a MVM and Fy, F5 are functions satisfying x F-contraction. Suppose F} is non-
decreasing, Fy satisfy condition (F2') with p(1,0,0,1,1) € (0,1) and SFizQ) # V.
Also suppose 511_1)1100 f(0s,0) <1 for all o € €. Then,

(a) Fiaf) = SFizQ) = {o*},
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(b) The fized point problem is well posed for MVM ) with respect to H.

Proof. (a) Using Theorem 4.6 , we conclude that Fix(2 # ¥. Now, we prove that
FixQ2 = {¢*} . Using (Ni.) and (Nii.), we have

Fy(H(Q0,9Q0)) < Fo(H(Q0,90)) < x(d(o, 0)) + F2(H(Q0,0))

< i{p(dle,0). Dle. 20), D2, 22), Dl(e, ), D(2, %) ) |-
Since [} is non-decreasing function, we obtain for all g, 0 € &,
H(00,90) < p(d(e,2), Dle. Q0), D(2,20), D(e. 22), D2, %) ).
Let v € FixQ), with v # o*, then, D(p*, Qv) > 0. Now, we have

D(o, Qv) = H(Q20", Qv)

< p(d(e".v). D(¢".Q0). Dv. ). D(¢". ). D(v. Q"))
< <d ),0,0,d(0",v),d(v, Q*))
<d(o0",v)p(1,0,0,1,1).

As p(1,0,0,1,1) € (0,1), so
d(o*,v) = D(0%,Qv) < d(o*,v),

which is a contradiction, hence, d(¢*,v) = 0 and p* = v.

(b) Let 0 € B,s € N, such that

5li_r:aOOD(Qs,QQE) =0. (4.35)

Now, we claim that

lim d(gs, 0*) =0,
5§——00
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where o* € Fix(). If the above equation is not true, then, for every s € N, there
exists € > 0 such that

d(gs, 0") > €.

But (4.35) implies that there exists s. € N — {0} such that
lim Do, Q0:) <e,
for each s > s.. Hence, for each s > s., we obtain
d(gs, 0") = D(0s,20%).
Compactness of (0* implies that there exists o € 20* such that

d(0s, 0) = D(0s,20") = d(os, 0)

< §(0s, 0541)d(0s, 0s41) + F(0s11, 0)d(05+41, 0)
= §(0s, 054+1) D (05, 205) + F(05+1, 0) D (051, Q20%)
< §(0s 05+1) D (05, 205) + §(0s41, 0) H (205, €207)
< §(0sr 0611) D20, 20) + Howr1 0)p (dles, 0, Dlew, 02, Dl(g", 20°),

D(0s,Q0%), D(0", Q@s))
< (055 05+1) D (05, 205) + F( 0541, @)p<d(95, 0"), D(0s,20s),d(07, 0%),

d(0s, 0"),F(0", 0s)d(0", 05) + F(0s, 0s41) D (0s, Qgg))-

As SEHOO f(0s,0) < 1 and p(1,0,0,1,1) € (0,1), so by applying limit s — oo, we
get d(gps,0*) — 0 as s —» oo, which is a contradiction. Hence, the fixed point
problem is well posed for MVM € with respect to D. Also, Fix{2 = SFix(), hence
the fixed point problem is well posed with respect to H. O



Chapter 5

Conclusions

This dissertation arrives at its end in the following fashion:

e A quick history is presented for a concise discussion on the fixed point theory.

e A brief discussion of some fundamental ideas is referenced to provide a base

for upcoming results.
e Some mappings are elaborated for a better understanding of contractions.

e A quick review of F-contraction mapping and its generalizations is high-

lighted.
e A segment dealing with generalizations of metric space is articulated.

e The work of Igbal et al. [19] is reviewed in detail. Data dependence, the
existence of fixed points, strict fixed points, and well posedness of some
multivalued generalized contractions are discussed in the setting of complete

metric space.

e Some fixed and strict fixed point results are established on controlled metric
spaces. We followed the scheme of Igbal et al. [19] and used the platform of
CMS. We have also provided the well-posedness of the theorems. The data
dependence problem of fixed points of the considered mappings is also es-

tablished. A non-trivial example is provided for the authentication purpose.
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