
SECOND EOmON

APPLIED MATHEMATICS
FOR BUSINESS AND ECONOMICS, LIFE SCIENCES, AND SOCIAL SCIENCES

RAYMOND A. BARNETT CHARLES |. BURKE MICHAEL R. ZSEGLER









APPLIED MATHEMATICS
FOR BUSINESS AND ECONOMICS, LIFE SCIENCES,
AND SOCIAL SCIENCES SECOND EDITION

RAYMOND A. BARNETT
Merritt College

MICHAEL R. ZIEGLER
Marquette University

CHARLES J. BURKE
City College of San Francisco

DELLEN PUBLISHING COMPANY
San Francisco, California

COLLIER MACMILLAN PUBLISHERS
London

divisions of Macmillan. Inc.



On the cover; "Flintrock" was executed by Los Angeles artist Charles

Arnoldi. The work, measuring 48 inches X 38 inches, is acrylic on

laminated plywood and has been sculpted using a chain saw. Arnoldi's

work may be seen at the Fuller Goldeen Gallery in San Francisco, the

James Corcoran Gallery in Los Angeles, and the Charles Cowles Gallery

in New York City. His work is included in the permanent collections of

the Albright-Knox Museum in Buffalo, New York, the Chicago Art

Institute, the Museum of Modern Art in New York City, the Metropolitan

Museum, the Los Angeles County Museum, and the San Francisco

Museum of Modern Art.

© Copyright 1986 by Dellen Publishing Company,
a division of Macmillan, Inc.

Printed in the United States of America

All rights reserved. No part of this book may be reproduced or transmit-

ted in any form or by any means, electronic or mechanical, including

photocopying, recording, or any information storage and retrieval

system, without permission in writing from the Publisher.

Permissions: Dellen Publishing Company
400 Pacific Avenue
San Francisco, California 94133

Orders: Macmillan Publishing Company
Front and Brown Streets

Riverside, New Jersey 08075

Collier Macmillan Canada, Inc.

Library of Congress Cataloging-in-Publication Data

Harnett, Raymond A.

Applied mathematics for business and economics,

life sciences, and social sciences.

Includes index.

1. Mathematics— 1961- . I. Burke, Charles J.

II. Ziegler, Michael R. III. Title.

QA39.2.B366 1986 510 85-13322

ISBN 0-02-305590-1

Printing: 4 5 6 7 8 Year: 7 8 9

ISBN 0-05-305510-1



Preface IX

PART I Algebra

CHAPTER 1 Preliminaries

1-1 Sets

1-2 Real Numbers and the Rules of Algebra

1-3 Inequality Statements and Line Graphs

1-4 Basic Operations on Signed Numbers

1-5 Positive Integer Exponents

1-6 Chapter Review

4

12

21

28

41

48

CHAPTER 2 Polynomials and Fractional Forms

2-1 Basic Operations on Polynomials

2-2 Factoring Polynomials

2-3 Multiplying and Dividing Fractions

2-4 Adding and Subtracting Fractions

2-5 Chapter Review

55

56

67

79

88

96

CHAPTER 3 Exponents and Radicals

3-1 Integer Exponents

3-2 Scientific Notation

3-3 Rational Exponents

3-4 Radicals

3-5 Basic Operations on Radicals

3-6 Chapter Review

101

102

111

117

125

135

141

CHAPTER 4 Equations and Inequalities

4-1 Linear Equations

4-2 Linear Inequalities

147

148

160

111



iv Contents

4-3 Quadratic Equations

4-4 Nonlinear Inequalities

4-5 Literal Equations

4-6 Chapter Review

168

182

190

194

CHAPTER 5 Graphs and Functions

5-1 Cartesian Coordinate System and Straight Lines

5-2 Relations and Functions

5-3 Graphing Functions

5-4 Chapter Review

199

200

213

226

242

PART II Finite Mathematics

CHAPTER 6 Mathematics of Finance

6-1 Simple Interest and Simple Discount

6-2 Compound Interest

6-3 Future Value of an Annuity; Sinking Funds

6-4 Present Value of an Annuity; Amortization

6-5 Chapter Review

249

250

257

267

273

283

CHAPTER 7 Systems of Linear Equations; Matrices 289

7-1 Review: Systems of Linear Equations 290

7-2 Systems of Linear Equations and Augmented Matrices—
Introduction 308

7-3 Gauss -Jordan Elimination 317

7-4 Matrices— Addition and Multiplication by a Number 330

7-5 Matrix Multiplication 337

7-6 Inverse of a Square Matrix; Matrix Equations 347

7-7 Leontief Input-Output Analysis (Optional) 361

7-8 Chapter Review 367

CHAPTER 8 Linear Inequalities and Linear Programming 373

8-1 Linear Inequalities in Two Variables 374

8-2 Systems of Linear Inequalities in Two Variables 379

8-3 Linear Programming in Two Dimensions—A Geometric

Approach 389



Contents

8-4 A Geometric Introduction to the Simplex Method 406

8-5 The Simplex Method: Maximization with s Problem

Constraints 412

8-6 The Dual; Minimization with s Problem Constraints 432

8-7 Maximization and Minimization with Mixed Problem

Constraints (Optional) 448

8-8 Chapter Review 470

CHAPTER 9 Probability 477

9-1 Introduction 478

9-2 The Fundamental Principle of Counting 479

9-3 Permutations, Combinations, and Set Partitioning 485

9-4 Experiments, Sample Spaces, and Probability of an Event 497

9-5 Empirical Probability 515

9-6 Union, Intersection, and Complement of Events 524

9-7 Chapter Review 541

PART III Calculus

CHAPTER 10 The Derivative

10-1 Introduction

10-2 Limits and Continuity

10-3 Increments, Tangent Lines, and Rates of Change

10-4 The Derivative

10-5 Derivatives of Constants, Power Forms, and Sums
10-6 Derivatives of Products and Quotients

10-7 Chain Rule and General Power Rule

10-8 Chapter Review

549

550

551

569

582

595

606

613

622

CHAPTER 11 Additional Derivative Topics

11-1 Implicit Differentiation

11-2 Related Rates

11-3 Higher-Order Derivatives

11-4 The Differential

11-5 Marginal Analysis in Business and Economics

11-6 Chapter Review

629

630

637

645

649

658

663



vi Contents

CHAPTER 12 Graphing and Optimization

12-1 Asymptotes; Limits at Infinity and Infinite Limits

12-2 First Derivative and Graphs

12-3 Second Derivative and Graphs

12-4 Curve Sketching

12-5 Optimization; Absolute Maxima and Minima

12-6 Elasticity of Demand (Optional)

12-7 Chapter Review

667

668

685

704

722

733

752

764

CHAPTER 13 Exponential and Logarithmic Functions

13-1 Exponential Functions— A Review

13-2 Logarithmic Functions—A Review

13-3 The Constant e and Continuous Compound Interest

13-4 Derivatives of Logarithmic Functions

13-5 Derivatives of Exponential Functions

13-6 Chapter Review

771

772

778

791

798

804

811

CHAPTER 14 Integration

14-1 Antiderivatives and Indefinite Integrals

14-2 Differential Equations— Growth and Decay

14-3 General Power Rule

14-4 Definite Integral

14-5 Area and the Definite Integral

14-6 Definite Integral as a Limit of a Sum
14-7 Chapter Review

815

816

829

839

846

854

866

879

CHAPTER 15 Additional Integration Topics

15-1 Integration by Substitution

15-2 Integration by Parts

15-3 Integration Using Tables

15-4 Improper Integrals

15-5 Chapter Review

885

886

900

907

916

925

CHAPTER 16 Multivariable Calculus

16-1 Functions of Several Variables

16-2 Partial Derivatives

16-3 Total Differentials and Their Applications

16-4 Maxima and Minima

931

932

942

951

959



Contents vii

16-5 Maxima and Minima Using Lagrange Multipliers

16-6 Method of Least Squares

16-7 Double Integrals over Rectangular Regions

16-8 Double Integrals over More General Regions

16-9 Chapter Review

968

977

990

1003

1014

CHAPTER 17 Additional Probability Topics 1021

17-1 Random Variable, Probability Distribution, and Expectation 1022

17-2 Binomial Distributions 1033

17-3 Continuous Random Variables 1044

17-4 Expected Value, Standard Deviation, and Median of

Continuous Random Variables 1056

17-5 Uniform, Beta, and Exponential Distributions 1065

17-6 Normal Distributions 1077

17-7 Chapter Review 1088

APPENDIX A Special Topics

A-l Arithmetic Progressions

A-2 Geometric Progressions

A-3 The Binomial Formula

Al

Al

A6
A12

APPENDIX B Tables

Table I

Table II

Table III

Table IV

Table V

Exponential Functions (e" and e"")

Common Logarithms

Natural Logarithms (In N = log^ N)

Areas under the Standard Normal Curve

Mathematics of Finance

A17

A18

A22

A24

A26

A29

Answers

Index

Applications Index

A45

II

18



Chapter Depenc



Preface

Many colleges and universities now offer mathematics courses that em-

phasize topics that are most useful to students in business and economics,

life sciences, and social sciences. Because of this trend, the authors have

reviewed course outlines and college catalogs from a large number of

colleges and universities, and on the basis of this survey, selected the

topics, applications, and emphasis found in this text.

The material in this book is suitable for mathematics courses that in-

clude topics from algebra, finite mathematics, and calculus. Part I provides

a substantial review of the fundamentals of algebra, which may be treated

in a systematic way or may be referred to as needed. In addition, certain

key prerequisite topics are reviewed immediately before their use (see, for

example. Section 8-1 and Section 13-1), while others are discussed in

Appendix A. Part II contains ample material for a finite mathematics

course covering the topics that have become standard in this area: mathe-

matics of finance, linear systems, matrices, linear programming, and prob-

ability. Part III consists of a thorough presentation of calculus for functions

of one variable, including the exponential and logarithmic functions, fol-

lowed by an introduction to multivariable calculus and some additional

probability topics that involve calculus concepts. The choice and organiza-

tion of topics in all three parts make the book readily adaptable to a variety

of courses. (See the diagram on the facing page for chapter dependencies.)

Major Changes from the First Edition

The second edition of Applied Mathematics for Business and Economics,

Life Sciences, and Social Sciences reflects the experiences and recommen-

dations of a large number of the users of the first edition. Additional

examples and exercises have been included in many sections to increase

student support and to give students a better understanding of the material.

In particular, a concentrated effort has been made to increase the student's

ability to visualize mathematical relationships and to deal with graphs.

The major changes in Part II are in the chapter on linear programming.

This chapter has been extensively rewritten; it now contains an expanded

development of the basic simplex method and new sections on the dual

and big IVI methods. Increased attention has been paid to the development

of the simplex method and its relationship to the geometric method, which
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should make the simplex method seem much less mysterious to the stu-

dent. The material on probability has been expanded and rearranged.

Chapter 9 contains a new section on union, intersection, and complement

of events, and the section on random variables has been moved to the new
chapter on additional probability concepts (Chapter 17).

In Part III, the most noticeable change from the first edition is the

reorganization of the calculus material. The material on graphing has been

expanded and rewritten and now occupies most of Chapter 12. The expo-

nential and logarithmic functions are introduced at an earlier point so that

Chapters 10-13 now deal exclusively with differential calculus and Chap-

ters 14 and 15 deal with integral calculus. There are new sections on

asymptotes, elasticity of demand, use of integral tables, continuous random

variables, and binomial, uniform, beta, and normal probability distribu-

tions.

General Comments

Part I of this book presents the algebraic concepts used in Parts II and III. If a

minimal review is deemed desirable, then Chapter 4 could be covered

before beginning Part II and Chapter 5 before beginning Part III.

Part II deals with three areas that are independent of each other (see the

diagram on page viii). The mathematics of finance is presented in Chapter

6. Standard angle notation is used for the compound interest factor and the

present value factor. All the required exercises can be solved using either

the tables in the back of the book or a hand calculator. Some optional

problems have been included that require the use of a calculator.

Chapters 7 and 8 cover topics from linear algebra and linear program-

ming. Elementary row operations are used for solving systems of equations,

inverting matrices, and solving linear programming problems. The mate-

rial on linear programming is organized so as to provide the instructor with

maximum flexibility. Those who want a good intuitive introduction to the

subject can cover only the material up to the dual method. On the other

hand, those who wish to emphasize the development of computational

skills can also cover the dual method or the bigM method (or both). Finally,

those who wish to concentrate on problem solving (setting up problems)

and applications can cover the applications in Section 8-6 or 8-7 (or both)

and omit the computational methods entirely. In order to facilitate these

approaches, the answer section contains an appropriate model for each

applied problem, as well as the numerical solution. Section 8-7 also con-

tains optional applications which lead to linear programming problems

that are too complex to solve by hand. These applications provide a natural

place to introduce the use of a computer program to solve linear program-

ming problems. Such a program is available to institutions adopting this

book at no charge from the publisher.



Preface xi

Chapter 9 covers counting techniques and the basic concepts of probabil-

ity. More advanced topics are covered in Chapter 17.

In Part III, Chapters 10-13 present differential calculus for functions of

one variable, including the exponential and logarithmic functions. Trigo-

nometric functions are not discussed in this book. Limits and continuity

are presented in an intuitive fashion, utilizing numerical approximations

and one-sided limits. All the rules of differentiation are covered in Chapter

10. Various applications of differentiation are then presented in Chapters

11 and 12, with a strong emphasis on graphing concepts. Finally, the

exponential and logarithmic functions are covered in Chapter 13.

Chapters 14 and 15 deal with integral calculus. In Chapter 14, differen-

tial equations and exponential growth and decay are included as an appli-

cation of antidifferentiation. The definite integral is intuitively introduced

in terms of an area function and then is later formally defined as the limit of

a sum. Techniques of integration and improper integrals are covered in

Chapter 15. Since the integral table used in Section 15-3 contains formulas

for a variety of rational functions, the method of partial fractions is not

included among the techniques of integration.

Chapter 16 introduces multivariable calculus, including partial deriva-

tives, differentials, optimization, Lagrange multipliers, least squares, and

double integrals. If desired, this chapter can be covered immediately after

Chapter 14. (See the diagram on page viii.)

Finally, Chapter 17 presents some additional probability topics, most of

which involve applications of calculus. Chapter 9 is also a prerequisite for

this chapter. (See the diagram on page viii.)

Important Features

Emphasis Emphasis is on computational skills, ideas, and problem solving rather

than on mathematical theory. Most derivations and proofs are omitted

except where their inclusion adds significant insight into a particular

concept. General concepts and results are usually presented only after

particular cases have been discussed.

Examples and This book contains over 460 completely worked out examples. Each exam-

Matched Problems pie is followed by a similar problem for the student to work while reading

the material. The answers to these matched problems are included at the

end of each section for easy reference.

Exercise Sets This book contains over 5,000 exercises. Each exercise set is designed so

that an average or below-average student will experience success and a

very capable student will be challenged. They are mostly divided into A
(routine, easy mechanics), B (more difficult mechanics), and C (difficult

mechanics and some theory) levels.
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Applications Enough applications are included in this book to convince even the most

skeptical student that mathematics is really useful. The majority of the

applications are included at the end of exercise sets and are generally

divided into business and economics, life science, and social science

groupings. An instructor with students from all three disciplines can let

them choose applications from their own field of interest; if most students

are from one of the three areas, then special emphasis can be placed there.

Most of the applications are simplified versions of actual real-world prob-

lems taken from professional journals and books. No specialized experi-

ence is required to solve any of the applications included in this book.

Student and Instructor Aids

Student Aids Dotted "think boxes" are used to enclose steps that are usually per-

formed mentally (see Section 1-2).

Examples and developments are often annotated to help students

through critical stages (see Section 1-4).

A second color is used to indicate key steps (see Section 1-4).

Boldface type is used to introduce new terms and highlight important

comments.

Answers to odd-numbered problems are included in the back of the

book.

Chapter review sections include a review of all important terms and

symbols, a comprehensive review exercise set, and a practice test. An-

swers to all review exercises and practice test problems are included in

the back of the book,

A solutions manual is available at a nominal cost through a book store.

The manual includes detailed solutions to all odd-numbered problems,

all review exercises, and all practice test problems,

A computer applications supplement by Carolyn L. Meitler and Michael

R. Ziegler is available at a nominal cost through a book store. The

supplement contains examples, computer program listings, and exer-

cises that demonstrate the use of a computer to solve a variety of

problems in finite mathematics and calculus. No previous computing

experience is necessary to use this supplement.

Instructor Aids a test battery designed by Carolyn L. Meitler can be obtained from the

publisher without charge. The test battery contains six different tests

with varying degrees of difficulty for each chapter. The format is 8^ X 11

inches for ease of reproduction.
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An instructor's manual can be obtained from the publisher without

charge. The instructor's manual contains some remarks on selection of

topics and answers to the even-numbered problems, which are not

included in the text.

A solutions manual (see Student Aids) is available to instructors without

charge from the publisher.

A computer applications supplement by Carolyn L. Meitler and Michael

R. Ziegler (see Student Aids) is available to instructors without charge

from the publisher. The programs in this supplement are also available

on diskettes for APPLE II® and IBM® PC computers.* The publisher will

supply one of these diskettes without charge to institutions using this

book.
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CHAPTER 1 Contents

1-1 Sets

1-2 Real Numbers and the Rules of Algebra

1-3 Inequality Statements and Line Graphs

1-4 Basic Operations on Signed Numbers
1-5 Positive Integer Exponents

1-6 Chapter Review

This chapter introduces the basic tools of algebra that will be used in

subsequent chapters. It includes a discussion of sets, properties of real

numbers, operations on signed numbers, evaluating algebraic expressions,

and an introduction to exponents.

1-1 Sets

Set Properties and Set Notation

Set Operations

Application

In this section we will review a few key ideas from set theory. Set concepts

and notation not only help us talk about certain mathematical ideas with

greater clarity and precision, but are indispensable to a clear understand-

ing of probability.

Set Properties and Set Notation

We can think of a set as any collection of objects specified in such a way

that we can tell whether any given object is or is not in the collection.

Capital letters, such as A, B, and C, are often used to designate particular

sets. Each object in a set is called a member or element of the set. Symbol-

ically,

aEA means "a is an element of set A"

a^ A means "a is not an element of set A"
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A set without any elements is called the empty or null set. For example,

the set of all people over 10 feet tall is an empty set. Symbolically,

represents "the empty or null set"

A set is usually described either by listing all its elements between braces

{ } or by enclosing a rule within braces that determines the elements of the

set. Thus, if P(x) is a statement about x, then

S = {x|P(x)} means "S is the set of all x such that P(x) is true"

Recall that the vertical bar in the symbolic form is read "such that." The

following example illustrates the rule and listing methods of representing

sets.

Example 1 Rule Listing

{x|x is a weekend day) = {Saturday, Sunday)

{x|x^ = 4) = {-2,2)

{x|x is an odd positive counting number) = {1, 3, 5, . . .)

The three dots ... in the last set in Example 1 indicate that the pattern

established by the first three entries continues indefinitely. The first two

sets in Example 1 are finite sets (we intuitively know that the elements can

be counted); the last set is an infinite set (we intuitively know that there is

no end in counting the elements). When listing the elements in a set, we do

not list an element more than once.

Problem 1 Let G be the set of all numbers such that x^ = 9.*

(A) Denote G by the rule method.

(B) Denote G by the listing method.

(C) Indicate whether the following are true or false: 3 G G, 9 ^ G.

If each element of a set A is also an element of set B, we say that A is a

subset of B. For example, the set of all women students in a class is a subset

of the whole class. Note that the definition allows a set to be a subset of

itself. If set A and set B have exactly the same elements, then the two sets

are said to be equal. Symbolically,

* Answers to matched problems are found near the end of each section just before

the exercise set.
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Figure 2 A n B is the shaded

region.

1-1 Sets

Venn diagrams are useful in visualizing set relationships. The union of

two sets can be illustrated as shown in Figure 1. Note that

ACAUB and BCAUB

The intersection of sets A and B, denoted by A n B, is the set of elements

in set A that are also in set B. Symbolically,

Intersection

A n B = {x|x G A and x G B}

This relationship is easily visualized in the Venn diagram shown in Figure

2. Note that

AnBC A and AnBCB

If A n B = 0, then the sets A and B are said to be disjoint; this is

illustrated in Figure 3.

The set of all elements under consideration is called the universal set U.

Once the universal set is determined for a particular discussion, all other

sets in that discussion must be subsets of U.

We now define one more operation on sets, called the complement. The

complement ofA (relative to U], denoted by A', is the set of elements in U
that are not in A (see Fig. 4). Symbolically,

Complement

A' = {xGU|x^A}

Figure 3 A D B = Figure 4 The complement of A
is A'.

Example 4 IfA = {3, 6, 9}, B = {3, 4, 5, 6, 7), C = {4, 5, 7}, and U = (1, 2, 3, 4, 5, 6, 7, 8, 9),

then
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AUB = {3,4, 5, 6, 7,9}

A n B = {3, 6)

A n C = A and C are disjoint

B' = {1, 2,8,9}

Problem 4 If R = {1, 2, 3, 4}, S = {1, 3, 5, 7}, T = {2, 4}, and U = {1, 2, 3, 4, 5, 6, 7, 8, 9},

find:

(A) BUS (B) RnS (C) SnT (D) S'

Application

Example 5 From a survey of 100 college students, a marketing research company
found that 75 students owned stereos, 45 owned cars, and 35 owned cars

and stereos.

(A) How many students owned either a car or a stereo?

(B) How many students did not own either a car or a stereo?

Solutions Venn diagrams are very useful for this type of problem. If we let

U = Set of students in sample (100)

S = Set of students who own stereos (75)

C = Set of students who own cars (45)

S n C = Set of students who own cars and stereos (35)

then

Place the number in the intersection

first, then work outward:

40 = 75 - 35

10= 45-35

15 = 100 - (40 + 35 + 10)

(A) The number of students who own either a car or a stereo is the

number of students in the set S U C. You might be tempted to say that

this is just the number of students in S plus the number of students in

C, 75 + 45 = 120, but this sum is larger than the sample we started

with! What is wrong? We have actually counted the number in the

intersection (35) twice. The correct answer, as seen in the Venn

diagram, is

40 + 35 + 10 = 85
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(B) The number of students who do not own either a car or a stereo is the

number of students in the set (S U C) '; that is, 15.

Problem 5 Referring to Example 5:

(A) How many students owned a car but not a stereo?

(B) How many students did not own both a car and a stereo?

Note in Example 5 and Problem 5 that the word and is associated with

intersection and the word or is associated with union.

Answers to

Matched Problems

1. (A) {x|x^ = 9} (B) {-3,3} (C) True. True

2. All are true

3. {1, 2), {1}, (2),

4. (A) {1,2.3,4,5,7) (B) {1,3) (C) (D) (2,4,6,8,9)

5. (A) 10 [the number in S'nC] (B) 65 [the number in (S n C)']

Exercise 1-1

A Indicate true (TJ or false (F).

1. 4G{2, 3, 4)

3. (2, 3} C {2, 3, 4}

5. (3, 2,4) C {2, 3, 4)

7. 0C{2, 3, 4)

B

2. 6^{2, 3, 4)

4. {3, 2, 4} = {2, 3, 4}

6. (3, 2, 4) e {2, 3, 4)

8. = {O}

In Problems 9-14 KTife the resulting set using the listing method.

9. {1, 3, 5)U{2, 3, 4)

11. {1, 3,4) n {2, 3, 4}

13. {1, 5,9) n {3, 4, 6, 8}

10. {3, 4, 6, 7) U {3, 4, 5}

12. {3, 4, 6, 7) n {3, 4, 5)

14. {6,8,9,11)0(3,4,5,7}

In Problems 15-20 write the resulting set using the listing method.

15. {x|x-2 = 0) 16. {x|x + 7 = 0)

17. {x|x2 = 49} 18. {x|x^ = 100}

19. {x|x is an odd number between 1 and 9, inclusive)

20. {x|x is a month starting with M)
21. For U = (1, 2, 3, 4, 5) and A = (2, 3, 4), find A'.

22. For U = (7, 8, 9, 10, 11} and A = (7, 11), find A'.
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35 5 20

40

Problems 23-34 refer to the Venn diagram in the margin. How many
elements are in each of the indicated sets?

23. A 24. U 25. A' 26. B'

27. AUB 28. AnB 29. A'nB 30. AflB'

31. (AnB)' 32. (AUB)' 33. A'nB' 34. U'

35. If R = (1, 2, 3, 4} and T = (2, 4, 6), find:

(A) {x|x e R or X G T) (B) RUT

36. IfR = {l, 3, 4}andT = {2, 4, 6}. find:

(A) (xlxER and x e T) (B) RnT

37. For P = (1, 2, 3, 4), Q = {2, 4, 6), and R = {3, 4, 5, 6), find P U (Q n R).

38. For P, Q, and R in Problem 37, find P n (Q U R).

Venn diagrams may be of help in Problems 39-44.

39. IfA U B = B, can we always conclude that A C B?

40. If A n B = B, can we always conclude that B C A?

41. IfA and B are arbitrary sets, can we always conclude that A n B C B?

42. If A n B = 0, can we always conclude that B = 0?

43. IfA C B and x G A, can we always conclude that x G B?

44. If A C B and x G B, can we always conclude that x^ A7

45. How many subsets does each of the following sets have? Also, try to

discover a formula in terms of n for a set with n elements.

(A) [a] (B) {a, b) (C) (a, b, c)

46. How do the sets 0, (0), and (0) differ from each other?

Applications

Business & Economics Problems 47-58 refer to the/ollowing survey; A marketing survey of 1,000

car commuters /ound that 600 listen to the news, 500 listen to music, and 300

listen to both. Let

N = Set of commuters in the sample who listen to news

M = Set of commuters in the sample who listen to music

Following the procedures in Example 5, find the number o/ commuters in

each set described below.

47. N U M
50. (NnM)'

48. NnM
51. N'nM

49. (NUM)'
52. NnM'

53. Set of commuters who listen to either news or music

54. Set of commuters who listen to both news and music

55. Set of commuters who do not listen to either news or music
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56. Set of commuters who do not listen to both news and music
57. Set of commuters who hsten to music but not news
58. Set of commuters who hsten to news but not music

59. The management of a company, a president and three vice-presi-

dents, denoted by the set {P, Vj, Vj, Vj), wish to select a committee of

two people from among themselves. How many ways can this com-
mittee be formed; that is, how many two-person subsets can be

formed from a set of four people?

60. The management of the company in Problem 59 decides for or against

certain measures as follows: The president has two votes and each

vice-president has one vote. Three favorable votes are needed to pass

a measure. List all minimal winning coalitions; that is, list all subsets

of {P, Vj, Vj, V3} that represent exactly three votes.

Life Sciences Blood types. When receiving a blood transfusion, a recipient must have all

the antigens of the donor. A person may have one or more of the three

antigens A, B, and Rh, or none at all. Eight blood types are possible, as

indicated in the following Venn diagram, where U is the set of all people

under consideration:

An A— person has A antigens but no B or Rh; an O-l- person has Rh but

neither A nor B; an AB— person has A and B antigens but no Rh; and so on.

Using the Venn diagram, indicate which of the eight blood types are in-

cluded in each set.

61.
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group and let C C G. Then C is a clique provided that:

1. C contains at least three elements.

2. For every a, b e C, a R b and b R a.

3. For every a^C. there is at least one b £ C such that a ^ b or b ^ a or

both.

[Note: Interpret "a R b" to mean "a relates to b," "a likes b" "a is as

wealthy as b," and so on. Of course, "a ^ b" means "a does not relate to b,"

and so on.]

69. Translate statement 2 into ordinary English.

70. Translate statement 3 into ordinary English.

1-2 Real Numbers and the Rules of Algebra

The Real Number System

Basic Properties

Additional Properties

In algebra we are interested in manipulating symbols in order to simplify

algebraic expressions and to solve algebraic equations. Since many of these

symbols represent real numbers, we will briefly review the real number
system and some of its important properties. These properties provide the

basic rules for much of the manipulation of symbols in algebra.

The Real Number System

Table 1 and Figure 5 break down the real number system into its important

subsets and show how these sets are related to each other. Note that the set

of natural numbers is a subset of the set of integers, the set of integers is a

subset of the set of rational numbers, and the set of rational numbers is a

subset of the set of real numbers.

It is interesting to note that rational numbers have repeating decimal

representations, while irrational numbers have infinite nonrepeating deci-

mal representations. For example, the decimal representations for the

rational numbers 3, |, and ^ are

3 = 3.000. . . f = 0.8333. . . ^ = 0.727272. . .

while those for the irrational numbers Vs and n are

n/5 = 2.23606797. . . ;:== 3.14159265. . .
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NC Z C QC fi

N
Natural numbers

Zero

Negative integers

3^
z

-) Integers

Noninteger ratios

of integers

Figures The set of real numbers

-) Rational numbers

Irrational numberszr
-^ Real numbers

Table 1 The Set of Real Numbers

Symbol Number System Description Examples

N Natural numbers

Integers

Rationals

Reals

Counting numbers
(also called positive

integers)

Set of natural

numbers, their

negatives, and zero

Any number that can

be represented as a/h
where a and b are

integers and b #

Set of all rational and

irrational numbers
(irrational numbers are

all real numbers that

are not rational]

1, 2, 3,

. . . ,-2,-1,
0, 1, 2, . . .

-4;^;0;l;f;
3.67

-4;^;0;l;f;
3.67; V2; n\ V5

A one-to-one correspondence exists between the set of real numbers and
the points on a line; that is, each real number corresponds to exactly one
point, and each point to exactly one real number. A line with a real number
associated with each point, as in Figure 6, is called a real number line, or

simply, a real line.
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Figure 6 A real number line
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Basic Properties

In applying the basic operations of addition, subtraction, multiplication,

and division to real numbers, we find that there are many basic rules that

always hold true. These rules are often referred to as axioms or properties,

and they provide us with the basic manipulative rules used in algebra.

The equality symbol, =, is used to join two expressions if they both

represent exactly the same thing. Thus,

means a and b represent the same thing— that is, a is equal to b. The

expression

a¥=b

means a is not equal to b. Thus, we write

7 = 2 + 5

since 7 and 2 + 5 represent the same number. But we write

7^3 + 5

since 7 and 3 + 5 do not represent the same number.

Three important properties of the equality symbol, =, must hold any

time it is used. They may be stated as follows:

1. Symmetry property. If a = b, then b = a. We may reverse the left and

right members of an equation any time we wish— a useful process

when solving certain types of equations. For example, if i
A = P + Prf then P + Prt = A

2. Transitive property. If a = b and b = c, then 0== c. This property is

used extensively whenever algebra is used. For example, if

5x + 2x = (5 + 2)x and (5 + 2)x = 7x then 5x + 2x = 7x

3. Substitution property. If a = b, then either may replace the other in

any statement without changing the truth or falsity of the statement.

The substitution property is also used extensively whenever algebra is
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used. For example, if A = P + I and I = Prt. then I in the first formula
may be replaced by Prt from the second formula to obtain

A = P + Prt

One of the first rules learned in arithmetic is that the order in which we
add or multiply two numbers does not affect the result. For example, we
have

7+5=5+7 and 5 • 7 = 7 • 5

These examples illustrate the commutative properties for addition and
multiplication of real numbers. In general.

Commutative Properties

If a and b represent real numbers, then

a + b = b + a ab = ba

On the other hand, the order in which we subtract or divide numbers
does affect the result. For instance,

12-4^^4-12 and 12-^4=5^4-^12

Thus, subtraction and division are not commutative.

Example 6 If x and y represent real numbers, then, using the commutative properties,

we have:

(A) 7 + x = x + 7

(C) 4y +7x = 7x + 4y

(B) y5 = 5y

(D) 5 + yx = 5 + xy

Problem 6 Using the commutative properties, determine the expression that would
replace each question mark.

(A) y + 8 = 8 + ?

(C) 2x + y3 = 2x + 3?

(B) 7{y + x) = 7(? + y]

(D) (X + y]8 = ?(x + y)

If we were to compute

3 + 2 + 4 and 3-2-4

we would not hesitate to give the answers 9 and 24, respectively. However,
we might hesitate to say whether the first two numbers or the last two
numbers are to be added or multiplied first. The fact is that it does not
matter. We can express this fact by writing

(3 + 2) + 4 = 3 + (2 + 4) and (3 • 2) • 4 = 3 • (2 • 4)
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These examples illustrate the associative properties for addition and mul-

tiplication of real numbers. In general,

Example 7

Problem 7

Associative Properties
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(B) (7x)(5y) r= 7 • X • 5 • y"j

I

= 7 • 5 • X y I

I IJ
= 35xy

Remove parentheses.

Reaarrange factors.

Multiply.

Problem 8 Simplify the following expressions mentally:

(A) (8x + 5) + (3y + 7) (B) {4u)(7v)

The next property is used extensively in algebra and involves both the

operations of addition and multiplication. Let us compare the following

two calculations:

7(3 + 6)
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Example 10 Using the distributive property, write each of the following as a product:

(A) 3m + 3n = 3(m + n)

(B) 15y + 35 I
= 5 • 3y + 5 • 7~l = 5(3y + 7)

(C) 20x + 16y I
= 4 • 5x + 4 • 4y I

= 4(5x + 4y)

(D) 5x + 2x = (5 + 2)x = 7x

Problem 10 Using the distributive property, write each of the following as a product:

(A) 7x + 7y (B) lOx + 16 (C) 21m + 14n (D) 4y + 7y

Additional Properties

To complete our survey of the properties of real numbers, we list some

additional properties:

Additional Properties

If a represents a real number, then:

1. The number zero, 0, satisfies the properties

a+0=0+a=a a-0=0-a=0

2. The number one, 1, satisfies the property

1 • a = a • 1 = a

3. There is exactly one number, —a, called the additive inverse or

negative of a, that satisfies

a + (-a) = (-a) + a =

1

4. If a # 0, there is exactly one number, —, called the multiplicative
a

inverse or reciprocal of a, that satisfies

1 1
a • — = — • a = 1

a a

Example 11 (A) + m = m
(D) (-p) + p =

(B) Ox =
(E) 2 -1=1

(C] 1 xy = xy

Problem 11 Simplify each of the following:

(A) X + (B] b • (C) luv (D) t + [-t) (E) i-5
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Example 12 (A) The negative of 7 is —7.

(B) The negative of - 3 is - (- 3) = 3.

2 13
(C) The reciprocal of — is — = —.

(D) The reciprocal of is =
.

4 4 o

Problem 12 Find each of the following:

(A) The negative of — 13

(C) The reciprocal of -jV

(B) The negative of 8

(D) The reciprocal of —f

Answers to

Matched Problems

6. (A) y (B) X (C) y (D) 8

7. (A) 3 + 8 (B) 5 • 7 (C) y + y (D) zz

8. (A) 8x + 3y + 12 (B) 28uv

9. (A) 7u + 7v (B) 36x + 27 (C) cm + en

10. (A) 7{x + y] (B) 2(5x + 8) (C) 7(3m + 2n)

(D) (4 + 7)y = lly

11. (A) X (B) (C) uv (D) (E) 1

12. (A) 13 (B) -8 (C) ^ (D) -f

(D) 7y + 2y

Exercise 1-2

State whether each statement is true (T) or false (F).

1. f is a rational number

3. — f is an integer

5. 9 is a rational number

2. —10 is an integer

4. —8 is a natural number

6. i is an integer

Each statement in Problems 7-14 is justified by the commutative ot associa-

tive property of real numbers. Indicate which.

7. 5 + x = x + 5

9. (8x)y = 8(xy)

11. x8 = 8x

13. u + (u + 5) = (u + u) + 5

8. sr = rs

10. (x + 7] + 9 = X + (7 + 9)

12. 6 + 2m = 2m + 6

14. (8p)p = 8(pp)

In Problems 15-20 use the associative and commutative properties to

simplify each expression mentally.

15.
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Give the negative of each.

21. -5 22. 13

Give the reciprocal of each.

25. 8 26. 13

23. Jf

27.

24. -A

28. -I

B Each statement in Problems 29-36 is justijied by the commutative or

associative property of real numbers. Indicate which.

29. 8 + (z + 2) = (z + 2) + 8 30.

31. (2u + 3v) + 4v = 2u + (3v + 4v] 32.

33. (2y + z) + 3y = (z + 2y) + 3y 34.

35. (x + y) + (y + z) = X + [y + (y + z)]

36. X + [y + (y + z)] = X + [(y + y) + z]

(5y)(7x) = {7x)(5y)

(4y)(y + 5) = 4[y(y + 5)]

(5x)(y8) = (5x)(8y)

In Problems 37-42 use the commutative and associative properties to

simplify each expression mentally.

37. p + (q + 5) + (r+ 10) 38.
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1-3 Inequality Statements and Line Graphs

Inequalities and the Real Number Line

Inequalities and Line Graphs

Interval Notation

When we wish to indicate that two quantities are equal, we use the

equality symbol, =. However, it is often necessary to compare two quanti-

ties that are not equal. Although we could use the symbol t^, we might be

more interested in indicating which of the two quantities is smaller or

which is larger. Our objective in this section is to introduce the inequality

symbols that will allow us to make such comparisons. We will also describe

how inequality forms can be interpreted using number lines.

Inequalities and tlie Real Number Line

If a and b are real numbers, then there are four inequality symbols that

may be used to compare a and b:

Inequality



22 Preliminaries

Example 13 Referring to Figure 7, we have:

(A) a < c a is to the left of c

(B) > d is to the right of d

(C) c > b c is to the right of b

(D) b < b is to the left of

Problem 13

Example 14

Referring to Figure 7, replace each question mark with either < or >.

(A) c ? a (B) a ? (C) b ? a (D) ? c

(A) 3 < 5 3 is to the left of 5 on a number line

(B) —6<— 2 —6 is to the left of — 2 on a number line

(C) 0>— 10 is to the right of — 10 on a number line

(D) —5>— 25 —5 is to the right of — 25 on a number line

Problem 14 Replace each question mark with < or >.

(A) 8?2 (B) -20 ?0 (C) -3? -30 (D) 0?-15

Inequalities and Line Graphs

Let us now consider the inequality

X&-4

The solution set for this inequality is the set of all real numbers which

when substituted for the letter x make the statement true. This set includes

the number —4 and all real numbers to the right of —4 on a real number

line. We can graph the inequality on a real number line by placing a solid

dot at —4 and drawing a heavy line to the right of— 4. as shown in Figures.

Solid dot indicates that

-4 is included

-»x

-5

Figure 8

Example 15 Graph x < 4 on a real number line.

Solution The solution set is the set of all real numbers to the left of 4 on a real

number line. The graph is obtained by placing an open dot at 4 and then

drawing a heavy line to the left of 4.

Open dot indicates that

4 is not included

-^x
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Graph each inequahty on a real number line.

(A) x>2 (B) x«-2

The inequality statement

-3 «x< 2

is called a double inequality, since two inequality symbols occur. This

means that both

and x<2

The solution set for this inequality is the set of all real numbers between
-3 and 2, including -3, but excluding 2. The graph of this inequality is

obtained by placing a solid dot at —3 and an open dot at 2 on a real number
line. Then, a heavy line is drawn from —3 to 2, as shown in Figure 9.

-)x

-5 -3

Figure 9

Example 16 Graph — 3<x<4ona real number line.

SoJution The solution set is the set of all real numbers between — 3 and 4, excluding
— 3 and 4. Thus, the graph is

-^x

Problem 16 Graph each double inequality on a real number line.

(A) -4<x«0 (B) -2«x«5

Interval Notation

Another useful notation for representing inequalities such as those de-

scribed above is interval notation. For example, the inequality — 3 « x < 2

may be represented by [- 3, 2). Notice that the square bracket on the left, [,

corresponds to «, and the round parenthesis on the right, ), corresponds to

<. Variations of the interval notation and the equivalent inequality nota-

tion are given in Table 2. The symbols «> and — <», called infinity and minus
infinity, are used for convenience in the interval notation when the corre-

sponding line graph extends indefinitely to the right or indefinitely to the

left. The symbols <» and — oo do not represent real numbers; hence, they are

never enclosed with square brackets.
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Table 2

Example 17

SoJutions

Problem 17

Interval

Notation

Inequality

Notation Line Graph

[a,b]

[a.b)

{Q. b]

[a.b]

(-=0, a]

(-°°, a)

[b.oo]

(b.oo)

a sx s b

a «x <b

a<x«b

a<x<b

X ^ a

X < a

x^ b

x> b

"* )^

O )X

-^>f

o >>

6

(B) (—4, 8) is equivalent to — 4 < x < 8. Thus,

o o ) X

-4 8

(C) (- =0, - 3] is equivalent to x « - 3. Thus,

{
• • » X

-3

(D) (- 2, 00) is equivalent to x > - 2. Thus,

O
)
X

-2

Graph each interval.

(A) (-3,5] (B) [-5,7] [C) (-00,3) (D) [2,
oo)

-)X

-ix-

-»^

»^

Graph each interval.

(A) [0,6) (B) (-4,8) (C) (-00,-3] (D) (-2.oo)

(A) [0, 6) is equivalent to « x < 6. Thus, the graph is

» o ) X
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The following examples illustrate situations where more than one in-

equality statement is involved.

Example 18 Graph the values of x that satisfy both the inequalities

-3<x<2 and 0«x«5

That is. graph (-3, 2) n [0, 5], the intersection of two intervals.

Solution Graphing one inequality above the other, we have:

—I o
I

1 ) X

-f- -4 X

-5

For X to satisfy both inequalities, we must have « x < 2. Graphically, the

intersection of the two graphs is shown as

-)x

Problem 18

Example 19

Solution

Problem 19

Answers to

Matched Problems

Graph the values of x that satisfy both the inequalities

- 5 ^ X < and — 3 < x « 4

That is, graph [-5, 0) n (-3, 4], the intersection of two intervals.

Graph the values of x that satisfy either

x<-2 or x>3

That is. graph (-<», -2) U (3, =o), the union of two intervals.

Since x must be less than —2 or greater than 3, we obtain

( O
) X

-2 3

Notice that this line graph consists of two distinct parts.

Graph the values of x that satisfy either

x ^ — 4 or x > —

1

That is, graph (-«>, -4] u (-1, 00), the union of two intervals.

13. (A) > (B) < (C) > (D) <
14. (A) > (B) < (C) > (D) >

15. (A) -> (B) f -)x

-2
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16. (A) —j—t^
-5 -4

(B)

-^x

-t^x
-2

17. (A) —

o

—) X (B) —

»

•—) X
-3 5 -5 7

(C) < D )x
3

(D) . ^x
2

18. —

o

o—>x 19. {
• o—>x

-3 -4 -1

Exercise 1-3

Write each statement using an inequality symbol.

1. —5 is greater than —30 2. —18 is less than —9
3. X is greater than or equal to —6 4. x is less than or equal to 7

Write each inequality using ordinary language.

5. 8>-8 6. -15<-5 7. x.

Replace each question mark with < or >.

8 8.

9. 6? 11

13. -3? 9

10. 15? 4

14. 5? -8
11. -5?-8
15. -10 ?0

12. -13? -10
16. 7-10.000

Problems 17-22 refer to the number line below. Replace each question mark

with < or >.

w

17. V ? y

20. u ? V

18. z ? w
21. x?0

19. X ? u

22. v?0

B Represent each inequality using interval notation and as a graph on a real

number line.

23.

26.

29.

32.

x«5
x>2
-5 «x «-l
-5«x<2

24. x « - 3

27. -2<x<3
30. -3«x«8
33. -7«x<-2

25. x>-5
28. 4 < X < 7

31. 2<x«8
34. -8<x«5
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Represent each interval as an inequality and as a graph on a real number

line.

35. (5, =0) 36. (-7,00) 37. (-(», 4] 38. (-00,-5]

39. [-2,5] 40. [-5,-1] 41. (-7,-2) 42. (3,8)

43. [-2,2) 44. (-3,3] 4.'5. (2.10] 46. [-5,-2)

Represent each line graph as an inequality and using infervai notation.

47. ( » ) X 48. «
)
X

49. o
)
X 50. (

o ) X
-6 4

51. » • )x 52. o o )x
-3 9 -12 -6

53.
° • >" 54.

• ° >^
-5 15 -10 10

Represent each Jine graph using inequaJity notation.

55. ^——

^

o
)
X 56. ^ o » ) X

-3 5 4 10

57. ( )
x 58. (

o ° ) X
-5 -4 4

Represent each pair 0/ inequalities as a single double inequality and graph.

59. x=S5 and x^-5 60. x < 10 and x>l
61. x>-2 and x =£ 5 62. x3^-4 and x<4
63. -2<x<4 and 0<x<8
64. 3^x^10 and 5^x^15

Graph on a real number line.

65. x^7 or x«-7 66. x > 5 or x <
67. X « 20 or X > 50 68. x 5= 100 or x < 20

69. -10^x^5 or -5^x«10
70. - 20 < X < or - 5 < x < 5

Applications

Business & Economics 71. Salary. A job announcement indicates a starting salary. S, from

$14,000 to $18,500. depending on qualifications and experience. Rep-

resent the salary range using an inequality.

72. Sales. The best salespeople in a given company generally have weekly

sales, S, from $15,000 to $25,000. Express this range in terms of an

inequality.
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Life Sciences 73.

74.

75.

76.

Social Sciences 77.

78.

Temperature control. One food item is to be stored at temperatures

ranging from 40°F to 70°F, and another item is to be stored at temper-

atures ranging from 50°F to 80°F. Use an inequality to represent the

allowable temperature, T, at which both items can be stored.

Temperature control. One pharmaceutical drug is to be stored at a

temperature ranging from 2°C to 10°C, and another drug is to be

stored at 5°C to 15 °C. Use an inequality to represent the allowable

temperature, T, at which both drugs can be stored.

Population. A forest ranger counted forty foxes on an island. Thus, she

concluded that the number of foxes on the island was at least forty.

Represent the number of foxes, n, using an inequality.

Climate. One day last week the humidity, h, in San Jose ranged from

30% to 55%. Represent the humidity using an inequality and decimal

forms for the percentages.

Anthropology. In the study of human genetic groupings, anthropolo-

gists use a ratio called the cephalic index, C. This is the ratio of the

width of the head to its length (looking down from the top) expressed

as a percent. A long-headed person is one with C less than 75, an

intermediate person is one with C from 75 to 80, and a round-headed

person is one with C larger than 80. Represent these classifications in

terms of inequality statements.

Psychology. The IQ of a group of 12-year-olds ranges from 70 to 120.

Represent the IQ range using an inequality.

1-4 Basic Operations on Signed Numbers

Signed Numbers and Absolute Value

Basic Operations

Evaluating Algebraic Expressions

In this section we will review the addition, subtraction, multiplication, and

division of signed numbers. Then we will describe how to evaluate alge-

braic expressions for various real numbers. Before we discuss the basic

operations on signed numbers, we need to describe the meaning of "the

negative of a number" and the "absolute value of a number."

Signed Numbers and Absolute Value

One of the properties of real numbers discussed in Section 1-2 states that

for each real number a there is exactly one real number —a that satisfies

a + (-a) = (-a)-l-a =
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The number — a is called the negative of, opposite of, or additive inverse of

the number a. The negative of a number can be obtained simply by

changing its sign. Recall that if a sign does not appear in front of a number,

then a + sign is assumed. Thus, 5 and + 5 represent the same number. The

number is unique, because it is its own negative; thus, — = + = 0. Note

that for any real number a, we always have

-l-a] = a

Example 20 (A) The negative of 13 is -13.

(B) The negative of + 9 is -(+ 9) = - 9.

(C) The negative of -10 is -(-10) = 10.

(D) The negative of -(- 6) is -[-(- 6)] = -[+ 6] = - 6.

Problem 20 Give the negative of each number.

(A) 29 (B) +47 (C) -35 (D) -8)]

You should keep in mind that the minus sign, — , is used in different

ways. It is used to indicate subtraction, as in 5 — 2 = 3; to represent the

negative of a number, as in —(+9); and as part of a symbol representing a

number, as in — 7.

If a represents a real number, the absolute value of a is denoted by |a| and

is defined as follows:

Note that when a is negative, —a is positive. Thus, we see that the absolute

value of a number is never negative. In fact, if a =7^ 0, we see that \a\ is

always a positive number. The absolute value of a number is often de-

scribed as the distance of the number from on a real number line, as

illustrated in Figure 10.

|-4i=4 141 = 4

-5 -4

Figure 10

-3 -2 -1

Example 21 [A) |25| = 25 (B) |- 311 = 31 (C) |0| =

(D) -|141i=-(14)i
I I

-14 (E) -|-36|r=-(+36)'i -36
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Problem 21 Give the value of each expression.

(A) |72| (B) 1-841 (C) |-0| (D) -|29| (E) -|-13|

The following example involves the familiar operations of addition of

two positive numbers, subtraction of one positive number from a larger

positive number, and the use of absolute values.

Example 22 (A) |-9| + |-5| r= 9 + s"! = 14

(B) -(1-131 + |-6|) r= -(13 + 6) =
-(19)J

= -19

(C) |+8|-|-3|r=8-3~l = 5

(D) -(I-11I-I+5I) [=jjll
J_5_)_=7_(6)J

=-6

Problem 22 Evaluate each expression.

(A) I-6I + I-11I (B) -(I-3I + I-8I)

(C) I-15I-I+7I (D) -(I-19I-I-8I)

Basic Operations

Recall from Section 1-2 that if a denotes a real number, then the number

satisfies

0+0=0+0=0

For example, we have

29 + = 29 (-13) + = -13 + (-8) = -8

The addition of nonzero signed numbers is described as follows:

The Addition of Two Signed Numbers

1. When both numbers are positive, we add them as in ordinary

arithmetic.

2. When both numbers are negative, we add their absolute values

and attach a minus sign to the result.

3. When the numbers have opposite signs, we take their absolute

values, subtract the smaller absolute value from the larger abso-

lute value, and then attach the same sign to this result as that of

the number with the larger absolute value.
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Example 23 (A) 13 + 9 = 22

(Bj (-15) + (-8) r= -(|-15| + |-8|r=-ir5"+~8)^ = -23

(C) (-29) + 15 r=-(|-29|-|15|) = -(29-15)n = -14

(D) 10 + (-5)r=+(|10|-|-5|) = +(10-5)"i =5

Problem 23 Evaluate each expression.

(A) 19 + 13 (B) (-11) + (-23)

(C) (-50) + 29 (D) 18 + (-13)

To add three or more numbers with mixed signs, we first rearrange the

numbers so that the positive numbers are grouped together and the nega-

tive numbers are grouped together (this is justified by the commutative
and associative properties). Next, we add the positives together and add the

negatives together. This leaves us with the sum of two numbers with
opposite signs. These two numbers are then added according to rule 3

above.

Example 24 (- 5) + 7 + (- 9) + 4 + (- 3) r= [(- 5) + (- 9) + (- 3")[+~(7 +T)"1

= (-17) + 11

r=-(i7-ii)^

= -6

Problem 24 Evaluate each expression.

(A) 11 + (-8) + 5 + (-3) + 9 (B) (-15) + (-9) + 4 + (-6) + 26

The subtraction of signed numbers is easily accomplished by means of

the following definition, which gives the meaning of subtraction in terms of

addition:

Subtraction of Two Signed Numbers

If a and b represent real numbers, then

a-b = a + (-b)

Thus, to subtract a number b from a number a. we change the sign of b and
add this to a; that is, we add the negative of b to a. For example,
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Change the sign of — 12

I 1

(-8) - (-12) = (-8) + (+12) = 4

I t

Change subtraction

to addition

With a Uttle practice, this procedure can be accomplished mentally.

Example 25 (A) 13 - (-8) l

= 13 + 8~l = 21

(B) (- 5) - 1 5 [=_(7_5) +_(7_1_52]
= - 20

(C) (-16)- (- 9) [=_(-_! 6)_+_9] = - 7

(D) 0- (-12)1 =0 + 12 I

= 12

Problem 25 Evaluate each expression.

(A) 6 -(-9) (B) (-7) -11 (C) (-21) -(-19) (D) 0-17

When three or more numbers are combined using both addition and

subtraction, we can perform the desired computation by first converting all

subtractions to additions, and then adding the resulting numbers. For

example,

(-3) + 8 - (-5) - 6 r= (-3) + 8 + 5 + [-6pl

I =(-9) + 13 I

L____:! I

= 4

Example 26 (A) 5 - 9 - 6 + 11
1

= 5 + (-9) + (-6) + 11 I

I
= 16+ (-15) I

I l .'

I

= 1

(B) -15 - (-16) + 8 - 11
1~=

(-15) + 16 + 8 + (-ll)~l

I =(-26) + 24 I

I I

= -2

Problem 26 Evaluate each expression.

(A) 11-6-13 + 18 (B) -16 -(-9) + 11 - 17

In Section 1-2 we mentioned the fact that the number satisfies

a • = • a =

for any real number a. For example,

5-0 = • (-9) =
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We have the following rules for multiplying two nonzero signed num-
bers:

Multiplication of Two Signed Numbers

1. If two numbers have the same sign, their product is obtained by

multiplying their absolute values as in ordinary arithmetic.

2. If two numbers have opposite signs, their product is obtained by
multiplying their absolute values and then attaching a minus
sign to this result.

Notice that the product of two numbers is positive if both numbers are

positive or if both numbers are negative. The product is negative if one

number is positive and the other is negative.

Example 27 (A) 8 • 7 == 56

(B) (-5K-9]r= + (5-9)]=45
I

I
I

Since —5 and —9 have the same sign

(C) (- 7) • 6 r = - f7_-_6)_=
-(42J

J = - 42

'-Since —7 and 6 have opposite signs

(D) 4-(-9)r=-H_^9)_=-(36)j=-36

Since 4 and —9 have opposite signs

Problem 27 Evaluate each expression.

(A) 11-5 (B) (-8)(-3) (C) (-12) -4 (D) 5 -(-13)

Some important properties of products involving minus signs are listed

in the box.

Properties of Multiplication with Minus Signs

If a and b represent real numbers, then:

1. (-1)0 = -a
2. (-a)b = a(-b) = (-l)ab = -(ab) = -ab
3. (-a)(-b) = ab
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The division of two numbers may be symbolized in several ways. If a and

b represent real numbers with b =?^ 0, then

a/b a^b bYa

all indicate that the number a is divided by the number b. The number
obtained by dividing one number (the dividend] by another (the divisor) is

called the quotient. Notice that division by is not defined. If b represents

a nonzero real number, we have

b . , r. , , ^ ,— = — IS undefined — is undefinedbo
We have the following rules for dividing two nonzero signed numbers:

Division of Two Signed Numbers

1. If two nonzero numbers have the same sign, their quotient is

obtained by dividing their corresponding absolute values as in

ordinary arithmetic.

2. If two nonzero numbers have opposite signs, their quotient is

obtained by dividing their corresponding absolute values and

then attaching a minus sign to this result.

Notice that the quotient of two numbers is positive if both numbers are

positive or if both numbers are negative. The quotient is negative if one

number is negative and the other is positive.

Example 28
28

(A] y = 4

(B)

(D)

-36
!

-3
!

,
/36\ I

-48 I /48\ I

Since —36 and —3 have the same sign

"1

= -4

Since —48 and 12 have opposite signs

I

—
--I

-6
I

1 \_6_/J

{7) = -7

Since 42 and —6 have opposite signs

(E)
113

=



Problem 28 Find each quotient.

(A)

(F)

36

4

-11

(B)
-48
-6
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(C)
-72

(D)
100

-20
(E)

-57

The following are some important properties of quotients involving

minus signs:

Properties of Division with Minus Signs

If a and b represent real numbers with b =5^ 0, then

—a —a a a

-h
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Problem 29 Evaluate each expression.

(A) (-7)4-(-5)(-3) + 0(-8) (B) ^ " "^ +^O O 4

,^>
(-18) -(-4) 13(-3)-(-2](-5)

^ ' 2-9 ^ ' 12 + (-19)

Evaluating Algebraic Expressions

We have already seen many expressions involving real numbers and

expressions where letters have been used to represent real numbers. For

example,

a + b ^ (a + b) + c 7X + 3V t^}l±^kl^
b

' -7

Expressions such as these are called algebraic expressions. The letters are

used as placeholders for real numbers and are called variables. Specific

numerals that appear in an expression are called constants. For example,

in

2x + 3y

x and y are variables, and 2 and 3 are constants. When two or more

algebraic expressions are joined by addition or subtraction, the individual

expressions are called terms. For example,

3x + 2y — 3z

Terms

When two or more algebraic expressions are joined by multiplication, the

individual expressions are called factors. For example

ab(c + d)

Factors

When we replace the variables in an algebraic expression with numerals

and perform the indicated operations, we say that the expression is being

evaluated for the given numbers. For example, we may evaluate

2x + 3y

using x = — 5 and y = 7. The result is

2(-5) + 3 -7 =-10 + 21 = 11

In many algebraic expressions, symbols of grouping are used to indicate

which operations are to be performed before others. For example, consider

the two expressions

(12-6)-^2 12 -(6 ^2)

Both expressions involve the same operations; however, the order in which

the operations are performed is different and affects the result. Besides
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parentheses,! ), we also use brackets,
[ ], and braces, { }, as symbols of

grouping. When evaluating expressions involving various operations and
symbols of grouping, we follow the conventions listed below.

Order of Operations

1. Simplify expressions inside the innermost symbols of grouping
first, then proceed to work outward to the next set of innermost
symbols of grouping, and so on.

2. Multiplication and division are performed before addition and
subtraction unless symbols of grouping indicate otherwise.

Example 30 Evaluate each expression.

{A] 15-3(-4) = 15-(-12) Multiply 3 and -4 first.

= 15 + 12 = 27

(B) -3-2[-4-(-6)] = -3-2[-4 + 6] Work on innermost
^~-^~2[2] grouping symbols first.

= -3-4 = -7
(C) (-3-2)[-4-[-8)] = (-5][-4 + 8]

= (-5)[4]=-20
(D) 4{- 30 + 2[8 - 2(-5 - 4)]} Work from innermost grouping

= 4{- 30 + 2[8 - 2(- 9)]} symbols outward.
= 4{-30 + 2[8-(-18)]}
= 4{-30 + 2[8 + 18]}

= 4{-30 + 2[26]}

= 4{-30 + 52)

= 4(22} = 88

(E) (-15)(-3) - 2[(-2)3 - (-3)(-4)] =45 - 2[-6 - 12]

= 45 -2[-18]
= 45 -[-36]
= 45 + 36 = 81

-6 - 3[(-2]3 - 4[-2]] _ -6 - 3[-6 - [-8)]

2[3-(-4)]-2 2[3 + 4]-2 Simplify

numerator and

denominator first.

-6-
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Problem 30 Evaluate each expression.

(A) -29-3(-ll)
(C) (12-2)[5-(-9)]

Example 31

Problem 31

(E) 8(-10)-3[(-5)2-(-4)(-5)] (F)

(B) 12-2[5-(-9)]

(D) 3{15-5[11 -3(-5 + 9)]}

-2[[-3)4-5[-4)]-8

5 + 3[-8-(-5)]

We now turn our attention to the evaluation of algebraic expressions for

various replacements of variables by constants.

Evaluate each expression using x = — 2, y = 3, and z = — 36

(A) 4x + 3y (B) z - xy (C)
2 J. rni

Z + 6x Z
f- xy (D)

xy z 2y-5x y

Solutions For x = — 2, y = 3, and z = — 36, we have:

(A) 4x + 3y = 4(-2) + 3 • 3 = -8 + 9= 1

(B) z-xy = -36-(-2) • 3 = -36-(-6)
= -36 + 6 = -30

z
(C) — + XV - - ^

XV z (-2) -3

-36

36 . , ,

+ (-2) • 3-
36

+ (-6)-0

(D)

-6

=6-6=0
z + 6x z _ (-36) + 6(-2) -36

2y — 5x y 2 • 3-5{-2)



24.
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43. The absolute value of a number is (always, sometimes, neverj a posi-

tive number.

44. The negative of a negative number is (aJways, sometimes, neverj a

positive number.

Evaluate each expression.

,^ (-2) • 14 + (-4) • 2
"'

15-(-2)(-3)
'^- [7 -(-3)] -[(-5) -(-2)]

47. [(-8) -(-2)] + [(-10) -15] 48. [(-5) - (-10)][(-8) + (-2)]

49. [6 + (-3)][(-9)-(-5)] 50.
12] -(-8)
-5) -(-7)

gj
18 -(-12)

g^
(-6)(-4)-(-3)-2

6 -(-4) (-19) -(-4)

53. -3+5((-6)-2[(-5) + {-6)]) .54. 10 - 3(5 - 2[3 - (4 - 5)]}

Evaluate using t = 2, u = 0, v = — 3, and w = —48.

56. w-(v-t)

59. w— uv

w
62. wvu

t

Evaluate each expression.

10-2[(-3)-3-(-5)(-2]] -2[2-(-12)-(-2)(-6)]-2

2[3-(-3)]-(-4) • 7-6[(-2)-(-90)]

Evaluate using t = 2, u = 0, v = —3, and w = —48.

w w — 6v V — t IV
67. 68. —;— + —

8v t - V V + t 6f

55.
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Life Sciences 71.

72.

Social Sciences 73.

were sold and on Tuesday 2,600 gallons were sold. On Wednesday a

delivery of 15,000 gallons was received and 2,900 gallons were sold.

On Thursday 3,200 gallons were sold. Using addition of signed num-
bers, determine the amount of gasoline on hand at the start of busi-

ness on Friday.

Laboratory management. In a supply house for laboratory animals

there were 2,400 animals at the beginning of the week. During the

week, 350 new animals were born, 105 died, 840 were sold, and a

shipment of 750 new animals was received. Using addition of signed

numbers, determine the number of animals on hand at the beginning

of the following week.

Diet. In an experiment a laboratory rat weighing 273.6 grams gained

4.2 grams on Monday, another 1.8 grams on Tuesday, lost 2.1 grams on

Wednesday, another 3.4 grams on Thursday, and gained 2.8 grams on

Friday. Use addition of signed numbers to find the weight of the rat by

the end of Friday.

Politics. In an attempt to have a piece of controversial legislation

passed, a lobbyist organization tries to convince members of the

House of Representatives to vote in favor of a particular bill. Early

Monday morning, it is estimated that there are 175 votes in favor of

the bill. On Monday 5 votes are gained but 7 are lost. On Tuesday 10

more votes are gained with 4 lost. On Wednesday 13 more votes are

gained with a loss of 5. Use addition of signed numbers to find the

estimated number of votes in favor of the bill as of Wednesday.

1-5 Positive Integer Exponents

Definition of a"

Properties of Exponents

Common Errors

Summary

In this section we will introduce the use of exponents, which will enable us

to write many products more simply. We will also introduce several impor-

tant properties of exponents that will permit us to manipulate and simplify

algebraic expressions involving exponents.

Definition of a"

Consider the product

a • a • a • a • a • a
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where a represents a real number. Notice that the same factor a occurs six

times. Another way to express this product is to write a^. Thus,

In the expression a^, the 6 is called the exponent or power and a is called

the base. We can generalize this as follows;

Definition of a"

If a represents a real number and n represents a positive integer, then

a" is defined by

Exponent ;

a" = a • a • a a n factors of a

t
Base

We have

a'' = a

a^ = a • a

a^ = a • a • a

a^ = a • a • a • a

and so on

Often read "a squared"

Often read "a cubed"

Example 32

Problem 32

(A) 5^ = 5 • 5 • 5 = 125

(B) (-4r = (-4)(-4)(-4K-4) = 256

(C) [i]' = (i)m(i)(i)(i) = iV

(D) 8' = 8

Find the value of each expression.

(A) 2^ (B) (-3)^ (C) (1)^ (D) 23^

Example 33 Write each expression using exponents.

(A) xxxxyyzzzzz = x''y^z^

(B) aaahccccd = a^bc'd The exponent 1 is understood when no

exponent occurs.

Problem 33 Write each expression using exponents.

(A) uuuvvwwvnvww (B) pqqqqrsssss
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Properties of Exponents

We will now illustrate and state five properties of exponents. In this

discussion, a and b will represent real numbers and m and n will denote

positive integers.

To begin, let us consider the product a^a^. We have

q5q3 = (a • a • a • a . a)(a •a'a) = a'a*a*a*a-a-a'a = a^"*"' = a°

5 factors 3 factors 5 + 3 = 8 factors

Thus, a^a^ = a^. This illustrates property 1:

Property 1

a'^a" = a'"'*'"

Next, let us consider [a^)'*. We have

(a^)" = a^ • a2 • a^ • Q^ = (a • a){a • a]{a • a)[a • a)

4 factors of a^ 4 groups of 2 factors

4-2 = 8 factors

Thus, [a^y = a^. This illustrates property 2:

Property 2

Consider [ab]''. We have

[ahy = (ab)(ab)(ab)(ab) = a-b-a-b-a-b-a-b

4 factors of ab

= [a-a-a- a](h • b • b • b) = a^b^
^ /\ ^ J

4 factors 4 factors

of a of b
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Thus, (aby = a''b''. This illustrates property 3:

Property 3

(ab)"' = a'"b"

b)
Now, let us consider

( 77 ) • We have, assuming b =?*= 0,

5 factors of a

(a\^ _ f
a\/ a\/ a\/ a\/ a\ _ a • a • a • a • a _ a

h) ~ W\bAb/Vb/W ~b-b-b-b-b"b

5 factors of— 5 factors of b
b

nbj=b^Thus, I
—

I
= -rj- This illustrates property 4:

The next property involves three possible situations. For a ¥= 0, we have:

a" a-a-a-a-a-a-a-a
(A)

)(a • a • a) _ a • a • a = a" ^ = a^

Thus, —r = a° ^ = a^

(B) = 1

Thus, — =1.
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(C) -7

1 _ 1 _ 1

{o-'-er^^ia • a • a • a) a • a • a • a a'~^ a*

1

Thus,
g^ _ 1 _ 1

a' a'"' a'

These three examples illustrate property 5:

Property 5

If a#0, then

gm-n
if m is larger than n

_
0"

1 if m = n

1

if n is larger than m

Common Errors

Many errors in algebra occur because the properties of exponents are

applied incorrectly, particularly to sums and differences. We now list

several pairs of expressions that are not, in general, equal. Common errors

occur when these pairs of expressions are assumed to be equal. Compare
these with the properties of exponents discussed above.

Expressions That Are Not Equal
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Another common error occurs in computing an expression such as —5^.

— 5^ is not equal to (—5)^

The expression — 5^ means — (5 • 5) = — 25. On the other hand, (— 5)^ means

(-5)(-5) = 25.

Summary

For easy reference, we summarize the exponent properties discussed

above.

Properties of Exponents
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Example 35 (A) {u'vy
j

= (u^)='(v^)^
!

= uV>2
_J

(B)

i^'
^5)4 1^x20

(yTj y

(C) -xV)'{2xyT L= [(-Ij'xV'KZ'xVJJ = [xV'](8xV)

r 1

I =8x''xVy^J = 8xV"

^^ 25x«y' L3iii!^^!ZWL_\^A^!AlZj 5'''

(E)

I 1
(4x2y)2

I
_ 42(x2)V^ l_ 16xV^

(2xy2)*
[_

2*x^(y2)^
J

16xV°

VieJUvVyV
1 • 1 • —

y«

Problem 35 Simplify each expression using the properties of exponents.

(A) (xVT

(3xV^)'

(B)

(E)
(6xV^

(C) (-uV)3(3u^v3 (D)
28xV
35xV

Answers to

Matched Problems

32. (A) 64

33. (A] uW«
34. (A) x"

(E) y'

35. (A) x^V

(E) ?^

(B) -27

(B) pq^rs=

(B) z'°

(F) 1

u"

(C)

(C) b'V

(^^ ^
(C) -9u"v^

(D) 23

(D)

4x^
1°' W'

Exercise 1-5

A Replace each question mark with an appropriate expression.

1.
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13.
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1-2 Real numbers and the rules of aigebra. natural number, integer,

rational number, irrational number, real number, real number line,

equality symbol, symmetry property, transitive property, substitu-

tion property, commutative properties, associative properties, distri-

butive property, addition and multiplication with the number 0,

multiplication by the number 1, additive inverse, negative, multipli-

cative inverse, reciprocal

1-3 Inequality statements and line graphs, inequality symbols, less than,

greater than, less than or equal to, greater than or equal to. solution

set, line graph, double inequality, interval notation, the infinity sym-

bol, a<b, a>b, a^b, a^ b. aSx^b. a^x<b, a<x^b,
a < X < b, [a. b], [a, b), [a. b], [a. b), (-o^, a], (-x, a), [b. =c), (b. oc)

1-4 Basic operations on signed numbers, negative, opposite, additive in-

verse, absolute value, addition, subtraction, multiplication, division,

quotient, combined operations, order of operations, algebraic expres-

sions, variable, constant, term, factor, symbols of grouping, evalua-

tion of algebraic expressions, \a\

1-5 Positive integer exponents, exponent, power, base, properties of expo-

nents, a"

Exercise 1-6 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. [Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisfied that you know the material, take the practice test following

this review.

1. Indicate whether each statement is true (T) or false (F).

(A) 7 G {4, 6, 8} (B) {8} C {4, 6, 8}

(C) e {4, 6, 8} (D) e {4, 6, 8}

2. Indicate whether each statement is true (T) or false (F).

(A) —9 is a rational number (B) —5 is a natural number

(C) 5.237 is a real number

Each statement is justified by either the associative property or the commu-
tative property of real numbers. Indicate u^hich.

3. y8 = 8y
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In Problems 7-10 use the associative and commutative properties to sim-

plify each expression mentally.

7. 4(5y) 8. (w6)7

9. (y+ll) + 7 10. (2x + 3) + 8

11. Give the negative of: 12. Give the reciprocal of:

(A) -16 (B) 9 (A) I (B) -18

Write each statement using an inequality symbol.

13. X is greater than or equal to 3 14. —13 is less than —5

Write in ordinary language.

15. 20 > 7 16. x«-2

Replace each question mark with < or >.

17. 10?-1 18. -100? 10

Evaluate each expression.

19. -(-|-3|) 20. I-5I-I-10I

21. -[5-2(7-10)] 22. (-5){2)-(-3)

23. (-6)(0)(4)(-3) 24. ^
25. -7+r^ 26. I^-(-3K8)

Replace each question mark with an appropriate expression.

28. uV" = (uv)-

w^ J_ = ^
w" ^"-

a' a'

In Problems 31-36 simplify each expression using the properties of expo-

nents.

(p)'

/2x^y

31. (6m')(7m*) 32. [2x^yV 33

8a^ 48n^
^''- i^ 35. ^^ 36.

B 37. If A = {1, 2, 3} and B = (2, 3. 4}, find:

(A) AUB (B) {x|xGA and x e B}

Each statement is justified b)' either the associative or commutative prop-

erty of real numbers. Indicate which.

38. (7a)(b -^ 9) = 7[a(b + 9)] 39. 4(y6) = 4(6y)
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40. 3v + 8u = 8u + 3v

41. (2x + 3y) + (2y + 5z) = 2x + [3y + (2y + 5z)]

In ProbJems 42-45 use the distributive property to multiply.

42. 2(3x + 5y) 43. 5(4a + b) 44. (h + k)m 45. p(q + r)

Use the distributive property to write each expression as a product.

46. 9r + 9s 47. 15x + 5 48. 24a + 16b 49. km + kn

Represent each inequality using interval notation and as a graph on a

number Jine.

50. x<-8 51. x>2 52. -5«x<5
53. 8<x<15

Represent each interval as an inequality and as a graph on a number line.

54. (-°o, 5] 55. (-3,00) 56. [-4,3] 57. (5,15)

Represent each Jine graph as an inequality.

58.
(

o )x 59. o )x
8 -6 6

Evaluate each expression.

60. (-9)-4-(-6)(-6] 61. [(-8) -(-5)] + (9 -3)

62. [(-8) + (-5)][(-9)-(-7)] 63. ^~^_^\~^~2]

64. 8-2(7-4[3-(5-4)]}

Evaluate using w = 10. x = 100. y = 0. and z = — 5.

65. w+ z 66. x + wz 67. x — [w — z)

x y X
68. xyz = — 69. 70. 3w - 5z

w z z

Simplify each expression in ProbJems 71-74 using the properties of expo-

nents.

4x^v
71. (3xV)(2x=y) 72. —^ 73. (-2x^2^)^ 74.

/uV^Y
Vu'v'V

75. In a freshman class of 100 students, 70 are taking English, 45 are

taking math, and 25 are taking both English and math.

(A) How many students are taking either English or math?

(B) How many students are taking English and not math?

76. Given the Venn diagram shown, with the number of elements indi-
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cated in each part, how many elements are in each of the following

sets?

(A) MUN (B) MnN (C) (M U N)' (D) M n N'

U

(JJD
77. Give the reciprocal of: (A) | (B) -7f

Represent each pair of inequalities as a single double inequality and graph.

78. x<3 and x>-5 79.-5^x^1 and -l^x^5

Use a real number line to represent the values of x that satisfy the inequali-

ties in Problems 80 and 81.

81. -8«x<0 or

4)(6)]

80. x<-5 or x>3

82. Evaluate:
^^"^"'^'1"'"

2[5-(-6)] + 3

83. Evaluate using w = 10, x = 100, y = 0, and z = — 5:

X — 5w 6z + y

4z — 5 w

Simplify each expression using the properties of exponents.

[2x'yY

-5<x

84.

(4xV^
85. (-2m2n)2(3mn*)2(mn)^

Practice Test: Chapter 1

1. If U = {2, 4, 5, 6, 8}, M = (2, 4, 5), and N = {5, 6), find:

(A) MUN (B) MnN (C) (M U N)' (D) MnN'

2. Indicate true (T) or false (F) for U, M, and N in Problem 1:

(A) N C M (B) C U (C) 6 ^ M (D) 5 £ N

3. Each of the following statements is justified by the associative or

commutative property of real numbers. Indicate which one.

(A) z + (9 + z) = z + (z + 9) (B) (w + 5) + 7 = vv + (5 + 7)

(C) (9y)(7x) = (7xK9y) (D) (5a)(a + b) = 5[a(a + b)]
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4. Use the distributive property to write each expression as a product.

(A) 36m + 27n (B) 18x + 6

5. SimpHfy the following expressions mentally:

(A) (5x)(3y)(4z) (B) (a + 6) + (b + 3) + (c + 5)

6. Evaluate each expression.

18 24
(A) (-5)-3-(-3)(-6) (B) — -—

(5](-5)-(-3](-5)

14-(-2)(3)

7. Evaluate using a = 50, b = — 2, and c = 5.

(A) a -be (B) ^
8. Represent each inequality using interval notation and as a graph on a

real number line.

(A) x«-5 (B) -3«x<5

9. Represent each interval as an inequality and as a graph on a real

number line.

(A) (3,00) (B) (-2,4]

10. Graph on a real number line:

(A] x>5 or x<2 (B) x^-2 and x^3

11. Simplify each expression using the properties of exponents.

rAl
^^^V

fp,
(2uV^)^

12. A survey company sampled 1,000 students at a university. Out of the

sample, it was found that 500 smoked cigarettes, 820 drank alcoholic

beverages, and 470 did both.

(A) How many smoked or drank?

(B) How many drank, but did not smoke?
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2-5 Chapter Review

Polynomials and fractional expressions are found throughout mathematics

and its applications. Consequently, it is of great importance to have a

complete understanding of these expressions and the many mathematical

operations that can be performed with them. Developing this understand-

ing is our goal in this chapter.

2-1 Basic Operations on Polynomials

Polynomials

Simplifying Polynomials

Addition and Subtraction of Polynomials

Multiplication of Polynomials

Multiplying Binomials

In this section we will consider polynomial forms and the basic operations

of addition, subtraction, and multiplication.

Polynomials

In Chapter 1 we discussed the real number system and worked with simple

algebraic expressions such as 2x*, 5x^y^, and — 7z^, which involve only the

operation of multiplication. Numbers and expressions such as these are

called monomials. Polynomials are formed by combining monomials using

the operations of addition and subtraction. The individual monomials that

make up a polynomial are called terms. For convenience, monomials are

considered to be single-term polynomials. A polynomial with two terms is

called a binomial, and a polynomial with three terms is a trinomial.

Several types of polynomials are listed below, along with some nonpolyno-

mial expressions for comparison.

Polynomials

4 terms 1 term 2 terms

Monomial Binomial
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7 ix^ - fxy + iy^ x

1 term 3 terms 1 term

Monomial Trinomial Monomial

NonpoJynomials

1

- + x 1 + Vx 5x-^ + 2x2 n/x2-2x + 1
2x-l
3x + l

As you can see from the examples above:

Polynomials

Polynomials (in one or two variables) are constructed by adding or

subtracting numbers and monomials of the form ax" or bx''y'', where

a and b denote real numbers, x and y denote variables, and the

exponents n, p, and q are positive integers.

A monomial of the form ax", with a =1= 0, is said to have degree n. A
monomial of the form bxPy', with b + 0. is said to have degree p + q. In

general, the degree of a nonzero monomial with one or more variables is

defined to be the sum of the exponents of the variables. If a monomial

consists of only a nonzero number, its degree is said to be 0. The number

itself is not assigned a degree— that is, the degree of is undefined. The

degree of a polynomial is defined to be the same as that of the nonzero term

having the highest degree.

Example 1 (A)

(B)

(C)

(D)

(E)

4x^ has degree 6

9 has degree

Sxh^z" has degree 7 (Not 6. Why?)

6x^ + 4x^ — 7x + 9 has degree 3

Sixth-degree monomial

Zero-degree monomial

Seventh-degree monomial

Third-degree polynomial

(Note that, from left to right, the terms have degree 3, 2, 1, and 0.

The highest degree of any term is 3.)

5x^ + 7xy — 3y^ + 8x — 5y + 8 is a second-degree polynomial

(Note that the first three terms have degree 2, the next two terms

have degree 1, and the last term has degree 0. The highest degree of

anv term is 2.)

Problem 1 Give the degree of each polynomial.

(A)

(D)

3y^ (B) X (C) Bx'y^z

8t^ + 3t^ - 5f + 9 (E) 3u3 - 5uV + Bv' - 9uV

The number at the front of each term, including the sign preceding the

term, is called the numerical coefficient, or simply, the coefficient of the

term. If a number does not appear, or only a + sign appears, the coefficient
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Example 2

Problem 2

Example 3

is understood to be a 1. If only a — sign appears at the front of a term, the

coefficient is understood to be a —1. Given the polynomial

5x^ 6x2 + X + 8 = Sx" + (_x3) + (-6x2) + X + 8

the coefficient of the first term is 5, the coefficient of the second term is — 1

,

that of the third term is —6, and that of the fourth term is 1.

Simplifying Polynomials

Two terms are called like terms if they have the same variables with

exactly the same exponents. For example, Sx^yand Sx^y are like terms, but

4x2y and Ixy^ are not. Two or more like terms can be combined using

addition and subtraction to form a single term. This is justified by the

distributive property, as illustrated in the next example.

(A) 5x + 9x I
= (5 + 9)x 1= 14x Recall that the steps in the dashed

_ZZ.ZZ.Z.Zr boxes are usually done mentally.

(B) 3t-7t I =(3-7)t l=-4t

r I

(C) 8xy2 - 5xy2 + Ixy'^ l = (8 - 5 + 7)xy2
J
= lOxy^

Combine like terms.

(A) 13t + 5( (B) 5y-lly (C) 5x2y' + 7x2y' - lOx^y'

From Example 2, you can see that we can combine like terms by simply

adding their numerical coefficients.

When a polynomial contains many terms of different types, the commu-
tative and associative properties allow us to rearrange the terms so that like

terms are grouped together. The polynomial can then be simplified by

combining like terms.

r 1

(A) 3x + 5y + 7x - 9y I
= 3x + 7x + 5y - 9y I

= lOx -4y

(B) 6y2 - 4y + 7 - Sy^ + 8y - 10 i
= By^ 5y2-4y + 8y + 7-10

I

= y2 + 4y - 3

(C) 9x2 _ 5xy + 3x2 _ gy2 + 7xy I
= 9x2 + 3x2 _ gxy + 7xy - 5y2 I

= 12x2 + 2xy — 5y2

Problem 3 Simplify each polynomial by combining like terms.

(A) 7u - 9v - 5u + 3v (B) 4t2 - 8f + 5 - 7t2 + 3t - 9

(C) 3x2y - 5xy2 + Ixy - xy2 + 2x2y
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Using the distributive property, we can multiply any number (or a

monomial) times a polynomial, as illustrated in the next example.

Example 4 Multiply.

(A)

(B)

(C)

(D)

5(3(2 _|_ 4, _ 5) = j5(2 + 201 - 25

2x(3x2 - 2xy + y^) = Bx^ - 4x^y + 2xy^

-3(6x - 3y + 4z) = - 18x + 9y - 12z

-(x^ - 3xy + y2
1
= l-l](x^ - 3xy + y^)"!

= — x^ + 3xy — y^

Problem 4 Multiply.

(A) 8(5m3 - 3m - 6)

(C) -4(2m-3n + 4p)

(B) 3x^(2x2 + 3x- 5)

(D) -(u^ + 6uv-5v']

In Example 4 we were able to remove the parentheses simply by multi-

plying the expression inside the grouping symbols by the number (or

monomial) appearing in front of the symbols of grouping. This process can

be easily extended to more complicated situations. For example, the paren-

theses in the expression

3(4x-5y) + 2(2x + 3y)

can be removed by multiplying 4x — 5y by 3 and multiplying 2x + 3y by 2

to obtain

12x - 15y + 4x + 6y

We can now simplify this expression by combining like terms to obtain

16x - 9y

As another example, to simplify

2(3m +4n) -4(2m - 5n)

we multiply 3m + 4n by 2 and 2m — 5n by —4 to obtain

6m + 8n - 8m + 20n

Then, combining like terms, we have

—2m + 28n

This process is described as removing symbols of grouping and combining

like terms. It can be applied to much more general expressions, as illus-

trated in Example 5. But before looking at more general examples, we point

out a very simple rule:
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Rule for Removing Symbols of Grouping



Example 6

Soiution
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ferred when many polynomials are to be added. The vertical method

consists of writing one polynomial above the other so that like terms line

up. The like terms are then combined vertically to obtain the desired sum.

This is illustrated below:

x^ — 3x + 5 To add, write one polynomial above the other so that

3x^ + 4x — 6 hke terms line up; then combine like terms by adding

4^2 + X — 1 ^^^ coefficients.

Add 2x^ + 3x - 5, -x=^ + 5x - 6, and Sx^ - Sx^ + 9.

Adding horizontally, we have

(2x^ + 3x - 5) + (-x^ + 5x - 6) + (3x^ - 5x^ + 9)

= 2x3 + 3x - 5 - x^ + 5x - 6 + 3x^ - 5x2 + 9

= 5x3-6x2 + 8x-2

Clear

parentheses and

combine like

terms.

Adding vertically, we have

2x^ + 3x — 5 Leave space where necessary so that like terms

- x2 + 5x-6 lineup.

3x^-5x2 +9
5x3-6x2 + 8x-2

Problem 6 Add St^ - f + 8, -3t^ + 7t - 6, and t^ - 3t^ - 4. using both the horizontal

and vertical methods.

The subtraction of polynomials can be handled by either of the two

methods used for addition.

Example 7 Subtract 3x^ - 5x + 8 from -Sx^ + 3x - 4.

Solution Note that the first polynomial is to be subtracted from the second polyno-

mial. Subtracting horizontally, we have

(—5x2 ^ 3j^ _ 4) _ j3j^2 _ 5jj ^ qj Clear parentheses and note sign

= — 5x2 + 3x — 4 — 3x2-|-5x-8 changes.

= -8x2 -I- 8x- j2

Subtracting vertically, we have

-5x2 + 3x-4
- + -

3x2 -5x + 8

— Rv2x2 + 8x-12

Change the signs; then combine like terms by

adding coefficients.

Problem 7 Subtract Sm^ - 8mn - 4n2 from 9m2 -I- 3mn - 7n2, using both the hori-

zontal and vertical methods.
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Multiplication of Polynomials

In Section 1-5 we learned to multiply monomials by applying the rules for

exponents. In this section we have multiplied a monomial times a polyno-

mial using the distributive property. Example 8 reviews both processes.

Example 8 (A) (Sm^n^JlSmn^) = ISm^n'

(B) (-2x3z-»)(3xV^z) = -6xVz=
(C) 4uv(-u2 + 3uv + Sv^) = -4u='v + 12uV + ZOuv^

(D) - Ifif -3t^ + t + 4) = -2t' + 6f^ - 2f5 - 8t*

Problem 8 Multiply.

(A) (8a^b2)(3ab^)

(C) 3mn2(4m2-mn -2n2
(B) (-5u'V')(-4xV)

(D) -4x'(-x' + 2x^-5x + 2]

In order to multiply two polynomials we need to utilize the distributive

property once again. For example, to find the product of two binomials, say

3x + 5y and 2x — 3y, we have

(3x + 5y)(2x - 3y] = 3x(2x - 3y) + 5y(2x - 3y)

= 6x2 _ Q^y 4. ]^oxy - 15y'

= 6x2 + xy-15y2

Apply the distributive

property.

Apply the distributive

property again.

Combine like terms.

Note that the product of these two first-degree polynomials is a second-

degree polynomial.

Although the distributive property can be used to find the product of

polynomials of any length, we can simplify the procedure by noticing that

the product of two polynomials can be obtained by multiplying each term

in one polynomial by each term in the other polynomial. The result is

then simplified by combining like terms. For example, we have

<3H

Ir^Tl 1 CP (2) (3) (4) (5) (6)

(3x - 2)(x2 - 3x -I- 2) = 3x^ - Qx^ -I- 6x - 2x2 -I- 6x - 4

©-J =3x3-llx2-|-12x-4

Note that the product of a first-degree polynomial and a second-degree

polynomial is a third-degree polynomial.

Multiplying polynomials as shown above is again referred to as the

horizontal method. The vertical method (which many people prefer) is

illustrated next.
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3x + 2

3x - 2
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Example 10
r<2>h 1 9 f f

(A) (3x-4)(5x-2) = 15x2-26x + 8

I ^ I

[B) (a + 7b)(3a + 5b) = 30^ + 26ab + 35b2

Problem 10 Multiply mentally:

(A) (X-3K2X + 4)

(C) (2u + 3v)(5u + 2v]

(B) (3m -4n](2m -5n)

(D) (6a + 5b)(2a + 3 b]

Certain products occur frequently enough to deserve a special note.

Special Products



2-1 Basic Operations on Polynomials 65

Answers to

Matched Problems

1,

2.

3.

4.

5.

6.

8,

9.

10.

11.

(A)

(C)

(A)

(C)

4 (B) 1 (C) 8 (D) 4 (E) 5

18t (B) -6y (C) 2xV
2u-6v (B) -3f2-5t-4 (C) 5x^v + 7xy - 6x7==

40m3-24m-48 (B) 6x^ 4- Qx^ - ISx^

-8m + 12n-16p (D) -u^-Guv + Sv^

2x2 + 8x-l (B) 6x-13y (C) -2m^-4m-7
7. 4m2 + llmn-3n2

(B) 20wVy'
(D) 4x^-8x^ + 20x3-8x2

6m2-23mn + 20n2

12a2 + 28ab + 15b2

Qa^-ieb^

4x2 _ 28xy + 49y2

(A)

(A)

(A)

(A)

(C)

(A)

-2t3 + 2t2 + 6t-2
(A) 24a^b^

(C) 12ni3n2 - Sm^n^ - 6miT»

8m3 - 22m2n + 7mn^ + lOn^

2x2-2x-12 (B)

lOu^ + 19uv + 6v2 (D)

16w2-25 (B)

49u2 + 42uv + 9v2 (D)

Exercise 2-1

For the polynomial 3x^ — 2x^ + x^ — x^ + 8x + 3 indicate:

1. The coefficient of the third term

2. The coefficient of the fourth term

3. The degree of the fifth term

4. The degree of the first term

Perform (he indicated operations and simplify.

5.
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30.
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2-2 Factoring Polynomials

Factoring Out Common Factors

Factoring by Grouping

Factoring Second-Degree Trinomials

The ac Test

Special Factoring Formulas

To factor a polynomial we write it as a product of two or more "simpler"

expressions called factors. Factoring is often described as the opposite, or

reverse, of multiplying polynomials, but it usually requires a little more
skill and ingenuity. In this section we will consider factoring as it applies to

several types of polynomials. Remember that the ability to factor polyno-

mials is an acquired skill, and it is learned only through lots of practice.

Factoring Out Common Factors

If we write the distributive property in the form

ab + ac = a(b + c)

we can interpret the right side as the factored form of the left side. We say

that the factor a, which is common to both terms on the left, has been

factored out. This process, called factoring out common factors, may be

applied to many polynomials, as illustrated in the next example.

Example 12 Factor out all factors common to each term.

I 1

(A) 25x - 35y l_= 5 • 5x - 5 • 7y J=
5(5x - 7y]

I I

(B) x^ - X j_= X • X - X • 1 J= x(x - 1)

I 1

(C) 6x2 + 2xy - 4x 1= 2x • 3x + 2x • y - 2x •
2_]

= 2x(3x + y - 2)

I
1

(D) 2xV - 8xV - 6xy^ ' = 2xy • x^ - 2.xy • 4xy - 2xy • Sy^ I

= 2xy[x^ — 4xy - 3y^)

Problem 12 Factor out all factors common to each term.

(A) 12a- 30b + 24c (B) Sm^ + m
(C) 8m2-4mn + 6m (D) Su^v - BuV^ - Suv^

Let us now consider

3x(x-5)-4(x-5)
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Example 13

Problem 13

Here, we see that (x — 5) is a common factor of both terms; hence, it may be

factored out. Thus,

3x(x - 5) - 4(x - 5) = (x - 5)(3x - 4)

Factor out all factors common to each term.

(A) 2x(3x - 5) - (3x - 5) I
= 2x(3x - 5) - l(3x - 5) i

= (3x-5)(2x-l)
(B) 3x(2x - )-) + 5y{2x - y) = (2x - y)(3x + 5y)

Factor out all factors common to each term.

(A) 3m(4m - l) + (4m - 1) (B) 2x(3x - 2) - 7(3x - 2)

Factoring by Grouping

Many polynomials can be factored by grouping terms in such a way that

the result is similar to that in Example 13. This procedure will be particu-

larly useful later in this section where we will discuss a general method for

factoring second-degree polynomials. The method of factoring by group-

ing is illustrated below.

6x2 - 3x -h 8x - 4 = (5^2 _ 3x) + (sx - 4) Group the first two terms

and the last two terms.

= 3x(2x - l) + 4(2x - 1) Factor all common factors

from each group.

= (2x- l){3x-l-4) Factor out (2x - i).

Now study the following example carefully and observe any differences

from the example given above;

4x2 4x - 3x -H 3 = (4x2 _ 4jj) _ (3x - 3)

IJJNote signs

= 4x(x-l)-3(x-l)

= (x-l)(4x-3)

Group the first two terms

and the last two terms;

factor —1 from the last two

terms.*

Factor common factors

from each group.

Factor out (x — 1).

Example 14 Factor by grouping.

(A) 2x2 + ;iox -I- 3x -I- 15 = (2x2 + ^qx) + (3x -I- 15)

= 2x(x -I- 5) -I- 3(x + 5)

= (x + 5)(2x + 3)

* Note that when parentheses are inserted and are preceded by a minus sign, then

the sign of each term within the parentheses must be changed. This is the same as

factoring — 1 from all the terms within the parentheses.
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-Note signs

1 1 I
(B) 6x2 - 3x - 4x + 2 = (6x2 _ 3^) - (4x - 2)

= 3x(2x-l)-2(2x-l)
= (2x-l)(3x-2)

I—

I

Note signs

(C) 4x2 + gxy - 2xy - 3y2 = (4x2 + g^^y) _ (2xy -f 3y2)

= 2x(2x + 3y) - y(2x + 3y]

= (2x + 3y)(2x - y)

Problem 14 Factor by grouping.

(A) 3x2-9x + 2x-6 (B) 10m2 - 2m - 15m + 3

(C) 9u2 + 6uv - 3uv - 2v2

Factoring Second-Degree Trinomials

We have discussed how to multiply binomials where the product is a

trinomial. For example,

(x-t-5)(x-3) = x2-l-2x-15

(2x - y)(x + 3y) = 2x2 + g^y - 3y2

Our objective now is to start with a trinomial with integer coefficients and

to write it as a product of two binomials with integer coefficients. For

example, we would like to determine integers a, b, c, and d so that

3x2 - iix + 6 = (ax + b)(cx + d)

With practice, determining the integers a, b, c, and d (if they exist) will

become almost automatic for problems like this and others that are not too

complicated. We should point out that not every trinomial can be factored

in this way. For example,

X2 -f X + 1

is such a trinomial.

Before we attempt to factor the trinomial 3x2 — llx + 6, let us consider a

trinomial with factors that are more easily determined. Consider

x2 + I0x + 21

If this trinomial can be factored into a product of binomials with integer

coefficients, we must have

X must be the first term

of each binomial. Why?

I i

x2 + lOx + 21 = (x + )(x + ) Both signs must be positive. Why?

t T

V ?
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We must determine factors of 21 which when placed in the blank spaces

give us two binomials whose product is the trinomial on the left. The

factors of 21 to be considered are:

21
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If this is factorable using integers, we must have

X + 3 = fx
•

)(x

Testing the factors of 3, we need only consider 1 • 3. Since this pair of

factors does not produce binomials whose product is the trinomial on the

left, we conclude that x^ — x + 3 cannot be factored using integers.

In applying the above procedure, we utilize the following rule:

Rule for Factoring Trinomials

First write down as much information as possible about the factored

form of the trinomial— whatever can be determined immediately by

inspection. Then try to determine the remaining parts of the product

(if possible).

Example 15

SoJutions

Factor, if possible, using integer coefficients.

(A) 3x2 + xy-2y2 (B) 2x2 + 3x + 4 (C) 4x^ + 5xy - 6y^

Signs must be opposite

i i

(A) 3x2 + xy - 2y= (3x y)(x y)

T T

? 7

We need to test the factors of 2:

1 • 2

2 • 1

Now, we must test each pair of factors using a + and — , and then a

and + with each combination. We find that

3x2 + xy - 2y2 = (3x - 2y)(x + y)

(B) 2x2 + 3x + 4 = (2x + ?)(x + ?)

1 -4

2 • 2

4 • 1

Testing each pair of factors, we find that no pair will produce the

desired middle term 3x. Thus, 2x^ + 3x + 4 cannot be factored using

integers.
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(C)

Signs must be opposite

1 1

4x2 + 5xy - 6y2 = (?x ?y)(?x ?y)

To determine the coefficients of the x and y terms in each binomial (if

possible), we need to consider the factors of 4 and 6:

4
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then it can be shown that both polynomials (1) can be factored into

binomial factors with integer coefficients. If no integers p and q exist so that

conditions (2) are satisfied, then polynomials (1) will not have binomial

factors with integer coefficients. Once we find p and q. if they exist, our

work is almost finished. We can then write polynomials (1) in the form

ax^ + px + qx + c and ax^ + pxy + qxy + cy^ (3)

and factoring can be completed in a couple of steps by the method of

grouping. An example will help clarify the process.

Consider the trinomial

x2-4x-12

Comparing this with the standard forms in (1). we see that

a = l b = -4 c = -12

We want to find factors p and q of

ac = 1 • (-12) =-12

that add up to b; that is, such that p + q = — 4. The factors of ac = — 12 to be

considered are:

pq
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Note that if we let p = — 6 and q = 2 instead ofp = 2andq = — 6,we obtain

the same result:

^2 _ Av —4x - 12 = x^ - 6x + 2x - 12

= (x^ - 6x) + (2x - 12)

= x(x - 6) + 2(x - 6)

= (x - 6)(x + 2)

This procedure is summarized in the box for easy reference.

The ac Test

Given the trinomials

ax^ + bx + c and ax^ + bxy + cy^ (1)

if there exist integers p and q satisfying

pq = ac and p + q = b (2)

then trinomials (1) can be written in the form

ax^ + px + qx + c and ax^ + pxy + qxy + cy^ (3)

and factored by the method of grouping.

Example 16 Using the ac test, factor (if possible) using integer coefficients.

(A) x2-10xy-24y2 (B) x^ - 3x + 4 (C) Gx'' + 5xy - iy^

Solutions (A) x"" - lOxy - 24y^

We have a = 1, b = -10, and c = -24. Thus,

ac = 1 • (-24) =-24

By checking the factorsof — 24, we find that p = — 12 and q = 2 satisfy

pq = (-12) • 2 =-24 = ac

and

p + q = (-12) + 2=-10 = b

Thus,

x^ - lOxy - 24y2 = x^ - 12xy + 2xy - 24y'

= x(x - 12y) + 2y(x - 12y)

= (X - 12y)(x + 2y)
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(B) x2-3x + 4

We have a = 1, b = — 3, and c = 4. Thus,

ac = 1 '4 = 4

The factors of 4 are:

Problem 16

pq
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The first formula is referred to as the difference of two squares and occurs

frequently in algebra. The next two formulas are referred to as perfect

squares. It should be noted that the sum of two squares,

a^ + b'

cannot be factored using integer coefficients unless a and b have common
integer factors. Try it to see why.

Example 17 Factor, if possible, using integer coefficients.

(A) x^ - 25 = (x + 5)(x - 5)

(B) 9m2-49n2 = (3m + 7n)(3m-7n)
(C) 9x2 + 30xy + 25y2 = (3x + 5yY
(D) 4u='-12uv + 9v2 = (2u-3v)2

(E) 4m2 + n^ does not factor

Problem 17 Factor, if possible, using integer coefficients.

(A) T^-t^ (B) x2 + 4y2 (C) lem^ - 24mn + 9n2

(D) 4x^ + 20xy + 25y2 (E) 16f^ Slu^

We will now consider some examples that combine the techniques

discussed above for factoring polynomials. In general, we first factor out

factors that are common to all terms. Then we apply the techniques

outlined above.

Example 18

Solutions

Factor as far as possible using integer coefficients.

(C) x" - 81(A) 4x3- 14x2 + 6x (g) 18x3 -8x
(D) 3xy3 - 15xy2 - 6xy

(A) 4x3-14x2 + 6x = 2x{2x2-7x + 3)

We can now apply the ac test to

2x2-7x + 3

We have a = 2, b = -7, and c = 3. Thus,

ac = 2 • 3 = 6

Then, p = — 1 and q = — 6 salsify

pq = (-!)• (-6) = 6 =ac

and

p + q = (-l) + (-6) = -7=b

Factor out the common
factor 2x first.
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Thus,

2x2-7x + 3 2x2 X - 6x + 3

= x(2x- l)-3(2x-l]
= (2x- l)(x-3)

Therefore, we have

4x^ - 14x2 + 6x = 2x(2x - l)(x

18x3-8x = 2x(9x2-4]

3)

(B)

(C) x^ - 81

(D) 3xy^ - 15xy2 - 6xy = 3xy(y2 - 5y - 2)

= 2x(3x + 2)(3x-2)

(x2 + 9)(x2 - 9)

= (x^ + 9)(x + 3)(x - 3)

Cannot be factored

further using integer

coefficients

Problem 18 Factor as far as possible using integer coefficients.

(A) 8x^y + 20x2y2-l2xy^

(C) 4xV-12x2y2-|-9xy3

(B) 3x^-48x
(D) 2x2y + 14xy - 8y

Answers to
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5. x(x + 2) + 5(x + 2)

7. 3a(a - 5) - 2(a - 5)

9. 5y(4y - 3) - (4y - 3)

11. 6x^-9x2 + 15x

13. 8uV + 6uV-14uv

6. y(y-4)-3(y-4)
8. 2w{w + 6) + 3(1^ + 6)

10. 3z(2z- 1) + (2z- 1)

12. Sy" + 12y^ - ISy^

14. 25a''b - 30a^b + lOa^b

B Replace each question mark with an expression so that both sides are equal.

15. 5x2-5x + 3x-3 = (5x2-5x) + (?)

16. 6x^ + 3x + 4x + 2 = (6x2 + 3x) + (?)

17. 2x2-8x-x + 4 = (2x2-8x)-(?)

18. 3t2 - 9f - t + 3 = (3t' - 9f) - (?)

Factor out ail /actors common to the terms within the parentheses and

complete the factoring if possible.

19. (5x2 _ gx) + (3x - 3)

21. (2x2 - 8x) - (x - 4)

Factor by grouping.

23.

25.

27.

29.

5x2 _5x + 3x - 3

2x2 — 8x — X + 4

4x2 _ 2xy - 6xy + 3y2

2u2 - 3uv - 4uv + 6v2

20. (6x2 + 3x) + (4x + 2)

22. (3t2 - 9t) - (t - 3)

24. 6x2 + 3x + 4x + 2

26. 3t2 - 9t - t + 3

28. 6a2 - 2ab + 3ab - b2

30. 4r2-rs - 12rs + 3s2

Factor, i/ possible, using integer coefficients.

31.

34.

37.

40.

43.

46.

49.

50.

51.

54.

57.

60.

61.

62.

x2 + 5xy + 6y2

w2 — 9w + 14

u2 + 3uv - 10v2

u2 + 3uv + 4v2

a2 + 4ab + 4b2

x2 - 3xy- 18y2

6x2-13xy + 6y2

2X2 _ 7xy + 3y2

2x2 + x + l

16v2 + 8v- 15

2u2 - 3uv + 4v2

9u2 - 16v2

25u2-30uv + 9v2

9m2 + I2mn + 4n2

32.

35.

38.

41.

44.

47.

52.

55.

58.

x2 - 7xy + 10y2

x2 + 5x + 5

r2 — 3rs — 4s2

x2 - 6xy + 9y2

2x2-7x + 6

3x2 + 5x + 3

4u2 + 4uv-3v2
3r2 + 4rs + 5s2

33.

36.

39.

42.

45.

48.

u2-7u + 12

y2 - 3y + 4

x2 + xy + y2

y2-25
x2 - xy - 20y2

3x2 -5x-

2

53. 25u2 + 5u-6
56. 3a2 + ab-4b2

59. 25w2 - 4

Factor as far as possible using integer coefficients.

63.
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Factor as far as possible using integer coe^cients.

69. 5u^v + Su^v^ - 30uv^ 70. IGa^b + 40a^b'' - 24ab^

71. 3m^n + 6m'n2-9m2n^ 72. 24xV^ - 4xV - 4xy=

Use the following factoring formulas for the sum and difference of two cubes

to factor the binomials given in Problems 73-76:

A3 + B' = (A + B]IA' -AB + B')

A'-B' = (A- B]{A^ + AB + B']

73. x^-B 74. x^ + l 75. x3 + 27 76. Sy^ - 1

2-3 Multiplying and Dividing Fractions

The Fundamental Principle of Fractions

Reducing to Lowest Terms

Raising to Higher Terms

Multiplication

Division

In this section we will apply our knowledge about polynomials to algebraic

fractions formed using quotients of polynomials. We will discuss the fun-

damental principle of fractions and its consequences, and then describe the

basic operations of multiplication and division.

The Fundamental Principle of Fractions

A fractional form that has polynomials as both numerator and denomina-

tor is called a rational expression. For example,

1 -7 u - 2 x^ - 5xy + y^

X z + 3 u2-3u + 5 6xV
are all rational expressions. As long as the denominator is never 0, each

rational expression defines a real number whenever real numbers are

substituted for the variables. Because of this, all the properties of real

numbers apply to these expressions.

In arithmetic we find that the value of a fraction is unchanged if we
multiply (or divide) both the numerator and the denominator by the same

nonzero number. For instance,

I "1 r "1

3 1 3 • 5 I 15 , 28 I 28 -^ 7 I 4- I

= 1=— and — I

= 1= -
4 I 4 • 5 I 20 35 I 35 -^ 7 I 5
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The first example illustrates raising a fraction to higher terms, where we
have multiplied both the numerator and the denominator by 5. The second

example illustrates reducing a fraction to lower terms, where we have

divided the numerator and the denominator by 7. The second example is

often described by saying that the common factor 7 is canceled from both

the numerator and the denominator. This may be represented in the

following ways:
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rational form to lowest terms means to cancel all common factors from the

numerator and the denominator. We have the following rule:

Reducing Rational Expressions

To reduce a rational expression to lowest terms, factor the numerator

and the denominator as far as possible; then cancel all factors com-

mon to both the numerator and the denominator.

Example 19 Reduce to lowest terms.

(A)

(B)

25xV
35x=y^

1
5

1 _-2r-
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Problem 19

Example 20

Problem 20

Reduce to lowest terms.

24m'n=
(A)

(C)
9x' - 6xy + y^

9X2 _ yl

(B)

(D)

lOy

25y2 + 15y

16x^-8x2

8x^ + 20x2- 12x

Raising to Higher Terms

To raise a rational expression to higher terms means to multiply the

numerator and the denominator by the same nonzero polynomial expres-

sion. This process will be very important when we study addition and

subtraction of rational forms in Section 2-4. The following example illus-

trates how the fundamental principle of fractions is used to raise fractions

to higher terms.

5 _ (5x.\)(5) _ 25xy

3x (5x\)(3x) 15x2y

2x _ (x + 3)(2x) _2x2 + 6x

(A)

(B)

(C)

(D)

x-3 (.\ + 3)(x-3)

m - n _ [m — 2n](m -

m + n

2y

m2-3mn + 2n2

[m - 2n)(m + n)

2y 2x(y 2)_

mn — 2n2

4xy(y - 2)

x(x + 2) x(x + 2) 2x(y-2) 2x2(x + 2)(y - 2)

Raise to higher terms by finding the expression that should replace the

question mark.

(A)

(C)

2m _ ?

3 SOm^n

u + V

u — V u^ — 3uv + 2v^

(B)

(D)

3x

x + 5

3x

4(x - 3)
~

8x(x - 3)(x + 2)

(x + 5)(x - 5)

?

Multiplication

The rule for multiplying rational expressions is the same as that for multi-

plying rational numbers:

Multiplication

If P, Q, R, and S represent polynomials with Q and S not equal to 0,

then

q" S~Q-S
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To illustrate this, we have

Multiply numerators and

denominators.

Reduce to lowest terms.

9xy' (5uV^) • (9xy')

45u^v^xy'

_ 2u^x^

3vV'

This process can be simplified by first canceling any factors that are

common to the numerators and the denominators:
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(B) 4)
2x

x + 2

Factor where possible

and cancel common
factors.

(C)

_ix-^^(x-2) (2x-3)

1 iiC.^-2)

1
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(B] (x + 4]

(C)

2x^-32 x + 4 6xv 3xv

9V-

6xy 1 2(x + 4)(x - 4) x - 4

-
. 2x2 + g^y _ (x - 3y](x + 3y) 6xV

x^ - 6xy + 9y2 Bx^y (x - 3y)(x - 3y) 2x(x + 3y)

3XV

x-3y

Problem 22 Divide and reduce to lowest terms

25x=y2 . 15xy«
(A)

(C)

9u'^z 27u''z^

x2-4x + 4 x2 + x-6
4xH' - 8xv 6x2 + |8x

2 y2 Q

(B) __^(x + 2)

Answers to

Matched Problems

19. (A)
2171"

(B)
5n^ ' ' 5y + 3

20. (A) (2m)(10m2n)or20m2n

21.

(C)
3x

(D)
2x

(C)

(A)

(A)
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36a^ 6a
16. -ri— -^—-T 17. 5x^^^ 18.

15bc lOc^

25xV 16yz
1 Q =- • — 20 • 21"•

12xz2 20xy2
^"-

- - - ^" ^^•

12u2v 9vV2
22 ^ 23 ^ 24

SuV 24uw= 12b^ -15b ' 21v2 ' 28v^

B Reduce to lowest terms.

4x2 + 4x + l 15x2-5x
25. —. , , „ 26.

5xH-
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a + b a'~2ah + b^

a^ — ah a' — h^

x^ + 5xy + 6y^ x^ - 6xy + 8y^

53.

54.

55.

56.

57. ; (z^ - 7z + 6)

x2_xy-i2y2 x^ + 2xV

y' + y-6 y^-3y-10
y^-7y+ 10 y2 + 7y + 12

n^-2n-8 n' - 7n + 10

n2 + 5n + 6
'

n^ - 9n + 20

-12Z + 3

6z2 - 36z

x^ — 25
58. (x^ - 9x + 20)

59.

60.

61.

62.

3X + 15

4x' — 4xy + y^
. 9x^ — y^

4x2 _ yZ 5x2 + 5xy + y2

4u2 - 12uv + 9v2 _^ 4u2 -8uv + 3v'

2u2 - 5uv + 3v^ ' 2u2 + uv - v^

-25b2 -35q'c2 18c'

270^" -15b' 12ab2

-14xV 12y2 -20xV
60y^ -21x=z' -8z'

/ 3x ^ 6x^\ _ 4y^

3x^/_y ^\
y= \6x2 4yV

64

Reduce to lowest terms.

4m^n - 28m'n2 + 48m2n' Ba^ + 8a'b - 48a^b^
^^'

6m2n2 + 12mn'-90n''
^^'

6a'b + 42a2b2 + 72ab'

x^ - 3x - xy + 3y g^ - 2ab + 2q - 4b
®^'

2x2 - 6x + xy - 3y
^^'

a^ - 2ab - 3a + 6b

Perform the indicated operations and reduce to lowest terms.

' - 2x + xy - 2y x^ - 3x + 2xy - 6y
69.

70.

x^ - 3x - xy + 3y x^ + 2xy - 2x - 4y

a2-2ab + 2a-4b a^ + 4a - 5ab - 20b

a2 + 2a-3ab-6b a^ - 3ab + 4a - 12b

x^ — xy / x^ — y2 . x^ — 2xy + y^\

xy + y^ \x2 + 2xy + y2 x^y + xy^ )

(x^ — xy .
x^ — y2 \^x2 — 2xy + y^

xy + y2 x^ + 2xy + y^/ x^y + xy^
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2-4 Adding and Subtracting Fractions

Common Denominators

Least Common Denominator (LCD)

Addition and Subtraction

In Section 2-3 we discussed the multiplication and division of rational

forms. Now, we will discuss the addition and subtraction of rational ex-

pressions. Just as multiplication and division are based on the correspond-

ing properties of real numbers, the addition and subtraction of rational

forms will be based on the corresponding properties of real numbers.

Common Denominators

When two rational forms have exactly the same denominator, we say that

they have a common denominator. The addition or subtraction of two

rational expressions with a common denominator is performed according

to the rules given in the box.

Addition and Subtraction (Common Denominators)

If P, Q, and D represent polynomials with D not equal to 0, then

p

D
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(C)
7x + 6 3x + 8 _ (7x + 6) -(3x + 8)

(D)

2x-l
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Once we have determined the LCD of two or more rational expressions,

we use the fundamental principle of fractions in the form

to express each fraction in terms of the LCD.

Example 24 Find the LCD for each group of rational expressions, and express each

fraction in terms of the LCD.

fAl ^^ ^- —
^ ' 6y2' 12xy" 9y^

To determine the LCD, we factor each denominator completely:

6y2 = 2-3y2 12xy = 22-3xy Qy^ = a^y^

The LCD must contain the factors 2 (twice), 3 (twice), x (once), and y

(three times). Thus, the LCD is

LCD = 2^ • 3'xy^ = 36xy^

We now use the fundamental principle of fractions to express each

fraction in terms of the least common denominator 36xy^:

(B)

X X • 6xy 6x^y
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Problem 24

(C)
1

3m2 + 12m + 12' 401^ - 16m

Factoring each denominator completely, we have

3m2 + 12m + 12 = 3{m^ + 4m + 4) = 3(m + 2f

4m3 - 16m = 4m(m2 - 4) = 22m(m - 2)(m + 2)

Thus, the LCD is

LCD = 2' • 3m(m - 2)(m + 2]'

= 12m(m-2](m + 2f

Except for the numerical

coefficient, it is common
practice to leave the LCD in

factored form.

Using the fundamental principle of fractions, we have

2 _ 2 • [4m(m -2]]

3m2 + 12m + 12 2)]3(m + 2)2 • [4m(m

8m(m - 2]

12m(m - 2)(m + 2f

Sm^ - 16m

12m(m-2)(m + 2)2

l-[3(m + 2]]

4m^-16m 4m(m - 2)(m + 2] • [3(m + 2)]

3m + 6

1

12m(m-2)(m + 2)2

Find the LCD for each group of rational expressions, and express each

fraction in terms of the LCD.

3v

4u^

(C)

5

6uv

'

1

u

8v^
(B)

m + 3

•4m +4
m — 5

m2-4

3x2 18X + 27 4x= 36x

Addition and Subtraction

We will now illustrate the procedure for adding and subtracting rational

expressions with several examples and problems. In most cases, we will not

include all the steps for finding the LCD or expressing the given fractions in

terms of the LCD.

x 5 . z X • 6xy 5

•

3y~
. z • 4x„ , « 5 z

Example 25 —
1

"-' 12xy 9y3 6y2 • 6.W 12xy • 3y'

ex^y 15y2 4xz

• +
9y^ • 4x

LCD = 36xy3

36xy^ 36xy' 36xy^

6x''y-15y2 + 4xz

36xy'
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Problem 25 Combine into a single fraction and reduce to lowest terms:

_3v^ _5 u_

4u^ 6uv 8v^

Example 26

Example 27

' + '

x-2 X + 5

4- [x + 5)

LCD = (x - 2)(x + 5)

3 • (x - 2)
+ -

(x - 2) • (x + 5) (x + 5) • (x - 2)

I 1

I _ (4x + 20) + (3x - 6] I

1

~
(x - 2)(x + 5) I

L !^ - I

4x + 20 + 3x - 6

(x - 2)(x + 5)

7X + 14

(x - 2)(x + 5)

Problem 26 Combine into a single fraction and reduce to lowest terms:

5 2

x + 3

x + 2

,2 _ Cv —5x- x2 + 5x + 4

x + 2

(x + l)(x - 6) (X + l)(x + 4)

(x + 2) • (x + 4) (x - 3) • (x - 6)

LCD = (x + l)(x + 4)(x - 6)

(x + l)(x - 6) • (x + 4) (x + l)(x + 4) • (x - 6)

(x' + 6x + 8] - (x^ - 9x + 18)

(x + l)(x + 4)(x - 6)

x' + 6x + 8-x' + 9x-18
(x + l)(x + 4)(x - 6)

15x- 10

(x + l)(x + 4Kx - 6)

Problem 27 Combine into a single fraction and reduce to lowest terms:

x+4 x+2
5x

+
X2 + X-12



Example 28

Problem 28
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X- 1

5x^-125 3x^-30x + 75

X- 1 2
+ •

5(x + 5)(x-5) 3(x-5)2

(X - 1) • [3(x - 5)]

5(x + 5)(x - 5) • [3(x - 5)] ' 3(x - 5)^ • [5(x + 5
+

LCD = 15(x + 5](x - 5f

2 • [5(x + 5)]

10(x + 5)3(x-l)(x-5]
^

15(x + 5)(x-5)2 15(x + 5)(x-5f

3(x'-6x + 5) + 10(x + 5)

15(x + 5)(x-5)2

3x'- 18X + 15 + 10X + 50

15(x + 5)(x - 5)2

3x2-8x + 65

15(x + 5Kx-5)2

Combine into a single fraction and reduce to lowest terms:

X x — 1

4x2-36 3x2 + 18x + 27

Example 29 2x-l -
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Exercise 2-4

Combine into a single fraction and reduce to lowest terms.

5y 8y3m 2m
1. +

lOpq lOpq

3x - 1 2x - 3

2.

4y
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1 2 4OC

n2-n-2' 3n2 + 3n' Zn^

Combine info a single fraction and reduce to lowest terms.

37. -^-A + -^
3uv Qv^ 4u^

40.39.
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57.

58.

1 1

5x + 6 x^-x-e x^-4

+
1

9 x' + x-12 x^ + 7x + 12

2-5 Chapter Review

Important Terms

and Symbols

2-1

2-2

2-3

2-4

Basic operalions on poJvnomials. monomial, binomial, trinomial,

polynomial, term, degree of a monomial, degree of a polynomial,

coefficient, like terms, symbols of grouping, combining like terms,

addition, subtraction, horizontal method, vertical method, multi-

plication, mental multiplication, inner product, outer product,

special products, (a + b)(a — b) = a^ — b^. (a + b)^ = a^ + 2ab + b^,

(a - by = a^- 2ab + b^

Factoring polynomials, factor, factored form, common factors, factor-

ing by grouping, factorable trinomials, ac test, difference of two

squares, perfect squares, combined factoring

Multiplying and dividing fractions, rational expressions, raising to

higher terms, reducing to lower terms, fundamental principle of

fractions, lowest terms, multiplication, canceling common factors.

division, i=^'«--
Adding and subtracting fractions, common denominators, addition

and subtraction with common denominators, least common denomi-

nator (LCD)

Exercise 2-5 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisjied that you know (he material, take the practice test following

this review.

1. Add: 4x^-5x4- 3, 4x - 5, 3x^-2
2. Subtract: 7x^ - 3x -1- 6 from 4x' - 3x - 5

Perform the indicated operations and simplify.

3. (5r + 3s)-(2r-s)

5. (3xy^)(-5x2y')

4. 2(u - 5) - 3(2u - 7)

6. 2t[t^ - 2t + 3)
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Factor out all /actors common to each term.

7. 14uV-7uv2 8. 12x^-24x^ + 6x2

9. 7uV - 21uH'2 + 35u2v^ 10. 2x(3x - 5) + 3(3x - 5)

11. 5a(2a + 3) - (2a + 3)

Reduce to lowest terms.

24a^b' ,^ 15v'-10y
12. —

-

13. —
lea^b^ 20.V

Perform the indicated operations and reduce to lowest terms.

_9a^_35bV_ 16uV^ . 24uV^

ISac^ 21a2b^ ' 9vw^ ' 15uw'

16. ^-^ +4 17. ^-±
6 9z 2z2 X - 3 4x

B Perform the indicated operations and simplify.

18. 4a(2a + 3b) - 3b(a - 4b)

19. 3r2s(4r2 - 3rs + 7s'']

20. 2x(3x2 -2x + l)- 3(3x2 -2x + l)

21. (2y - 3)(y2 - 3y + 1)

22. (x2-3x + 5)(2x2 + x-2)
23. 5t-4[2t-3(2t-2)]
24. 4(2(a - 2b) - [3(a - 4b) - 4(2a - 3b)]}

25. 3(2u-4v)-2[3(u-3v)-4(3u-2v)]

In Problems 26-31 multiply mentally.

26. (5x-l)(x-3) 27. (2u + 3v)(4u + v)

28. (3r - 5s)(r + 3s) 29. (7x - 3y)(7x + 3y)

30. (3m + 4n)2 31. (2a - b)^

32. Add: 3x^ + 4x^-3, 2x2 - 4x + 2, 2x3 - 5x - 9

33. Subtract: 5x^ - 4x + 5 from 3x^ + 7x^-8

Factor b)' grouping.

34. 5z2-10z + 2z-4 35. Bw^ + 4vv' - 9iv - 6

36. 6u2-3uv-2uv + v2 37. 20^ - 4ab + ab - 2b2

Factor as far as possible using integer coej/icients.

38. X2 + X-12 39. x2-3x + 4

40. a2 + 2ab-24b2 41. 4x2-16x + 15

42. 5a2 + 34ab - Vb"" 43. 25x2 _ ^pxy + y2

44. w" - 81w2 45. u" - lOu^ + 25u2

46. 5y3 + 5y2-60y 47. 7m3n + 14m2n2 - SBmn^
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Reduce to lowest terms.

48.

50.

4z
-16

IBa^-b^

49.

51.

x^ + 2x-8
4x2 -8x

By" - 8y' - 48y^

16a^ + 8ab+b^ By" - ISy^

Perform the indicated operations and reduce to lowest terms.

52.

54.

56.

58.

5q + 10 12a^

30a^ 8a + 16

x2 + 6x + 9 x2 + 3x-10
x2 + 8x + 15

y-1 y-2
y + 1 y - 3

3

7x- 14

1

53.
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Factor as far as possibJe using integer coe^cients.

4. 4x^ + 13xy- 12y2 5- lOm" - 25m^ - ISm^

6. 60^ - 2ab - 9a + 3b

Reduce to iovvest terms.

5x^ + 20x 4u2-9v2

5x2 + 5x-60 4u2-12uv + 9v2

Perform tlie indicated operations and simplify.

9. 2{(3x-4y)-2[2{x-3y)-(3x-2y)]}

10.







CHAPTER 3 Contents

3-1 Integer Exponents

3-2 Scientific Notation

3-3 Rational Exponents

3-4 Radicals

3-5 Basic Operations on Radicals

3-6 Chapter Review

In Section 1-5 we introduced the use of positive integer exponents. In this

chapter we will extend this concept to negative integer exponents, zero

exponents, and rational (fractional) exponents. As an application of integer

exponents, we will discuss scientijic notation, which is a useful way of

representing certain real numbers. Through fractional exponents we will

introduce the concept of radical, and then we will discuss how to manipu-

late and simplify radical expressions.

3-1 Integer Exponents

Review of Positive Integer Exponents

Zero Exponents

Negative Integer Exponents

Common Errors

Applications

In this section we will extend the concept of exponent to include all integer

values. This will be done in such a way that the rules of exponents foi'

positive integer exponents (Section 1-5) will still hold. We will begin bj

summarizing key results from Section 1-5.

Review of Positive Integer Exponents

Recall that if a represents a real number and n is a positive integer, then]

a" = a • a • a a n factors of a

Also, recall the five properties of exponents listed below.

102
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Properties of Exponents

If a and b represent real numbers and m and n denote positive
integers, then:

1. Qi-a" = a"i+n

2. (a")'" = a'""

3. (ab)"' = a'"b'"

\b) ~b^
b#0

a"""" if m is larger than n

1

is m = n a ^
if n is larger than m

We now wish to give meaning to expressions such as

5° 8-3
a° b-5

in such a way that all the properties of exponents will continue to hold.

Zero Exponents

For a real number a.a¥=0, what meaning should be assigned to a°? If the
properties of positive integer exponents are to hold for all integer expo-
nents, then, according to the first property, we must have

a- • a = n*+° = n"

This is valid only if a° = 1. It turns out that defining a°. a # 0, to be equal to

1 is compatible with all the properties of exponents. For example, we
would have

a'

a*

Note that we must have a # for a° to be defined; thus, it is meaningless to
write 0°.

Zero Exponents

a° = 1 a #
0° is not defined
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Example 1

Whenever we write x°, it will be understood that x 7^ 0, even if this fact is

not explicitly stated. Thus, we can replace x° with 1 wherever it occurs.

(A) (297)° = 1

(C) (|)°=1

(E) z°=l, z#0

(B) (-73)° = !

(D) (42 • 73 • 109 • 506)° = 1

(F) (xVT = l. x¥=0. y¥=0

Problem 1 Give the value of each expression.

(A) 0°

(C) {^)°

(E) u°, u 9t

(B) (-749)°

(D) (243 + 597 + 842)°

(F) (mSn^)°, m # 0, n ^^

Negative Integer Exponents

Now let us turn our attention to negative integer exponents and consider

a~*. Again, if the meaning of this expression is to be compatible with the

properties of exponents, we must have

a-" • a* = 0-"+* = a° = 1

This is true if a"'' is the reciprocal of a*; that is, if

_. 1

Notice that again we must have a =?^ for this expression to be defined. The

meaning of negative integer exponents can be stated as follows:

Negative Integer Exponents



3-1 Integer Exponents 105

I 1

Problem 2 Give the value of each expression.

(A) 3-^ (B) (-2]-= (C) (f)-^ (D) 47

Examples (A) x-==— (B) — = y'
X y ^

I

1

Problem 3 Write using positive integer exponents:

(A) Z-' (B) 4i (C) -^ (D) 10-3
X u 3

With zero and negative integer exponents defined as above, all the
properties stated for positive integer exponents hold for all integer expo-
nents. Since we no longer need to be concerned about the relative size ofm
and n in property 5, this property can be more simply stated as

Thus, we are free to use either a"'~" or l/a"'"' in place of a"'/a".

Example 4 Simplify and express answers using positive exponents only.

,., x^ v~ 7~^ ins
(A) - (B) i^

(C) ^ (D) '°

Solufions (A)
x= r

x^ L_
l
= x5-9 x— =—

10-3

X" l_ 1

X" I x^-=' I x''

(B)
v-= r

L-- I

^ or
y-5

I

y-' Lzrr^rij y

i_ 1 _
:7 = r

z-5 I
1

(Cj —
I

= z-=-« 1= z-
z' I

1

I

'
I-

'Z~= I

Z9 I z9-(-5) I
14

I 1
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^ ' 10-^1
I

10-3
1

10-'-=
I io-«

I I

Problem 4 Simplify and express answers using positive exponents only.

i-'S mfS "^'^
y-^ 10'» 10-^

(D) ^ (E) ^ (F) —,

Example 5 Simplify and express answers using positive exponents only.

(A) x-=x3r=^-="""~i = x-2 =^
L I x^

(B) (a'b-T' i"= (aT'(b~T'"i = Q-'b'^ = -^
I _1_1 I a^

42x-=y-^ l"_ 42 x-=
.

y"" '_ ^
.
x"

.
1 _ 7x^

^ ' 36x-y-^ 1

~
36

' x-s ' y-2
I

~"
6

'

1
' y^

~
6y2

/u-v\-4 ?u°\-^! M \-^l ^i"-'^] 1

L 1 J I I

IQ-^ • 10'
j
_ 10-=+'

I

_ IQ-' _ J_^J
lO-" • 10=

I

~ 10-*+^
I

~ 10^
~ 10^

I I

Problem 5 Simplify and express answers using positive exponents only.

(A) yy-' (B) [x-'yT' (C)
{^^^

'

Common Errors

As stated in Section 1-5, many errors occur in algebra because the proper-

ties of exponents are applied incorrectly. It should be emphasized once

again that the properties of exponents apply to products and quotients and

not to sums and differences.
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Expressions
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Example 7

Annual Sales

SoJufion

Problem 7

Example 8

Public Health

Applications

Exponents are often used in expressions that represent growth (where a

given quantity increases) and decay (where a given quantity decreases).

The following two examples illustrate these uses.

The new manager of a company with annual sales of $1 million has

projected that she will double the annual sales, S, each year for the next 6

years. Thus,

S = $1,000,000(2'; 0« t^

Solution

where t is an integer that denotes the number of years.* Determine the

annual sales during the fourth year.

For t = 4, we have

S = $1,000,000(2') = 1,000,000(2'') = 1,000,000(16) = $16,000,000

In Example 7, determine the expected annual sales during the sixth year.

The number of rodents in a community is estimated to be 6.561. With

proper control measures, a pest control company expects to reduce the

rodent population by one-third each month for the next 8 months. Thus,

the expected rodent population, P, at the end of t months is given by

P = 6,561(3"') 0StS8

Determine the expected rodent population at the end of 3 months.

For t = 3, we have

P = 6,561(3"') = 6,561(3-^) = 6,561 • —
g3

= 6,561 =243 rodents
27

Problem 8 In Example 8, determine the expected rodent population at the end of

(A) 6 months (B) 8 months

Answers to

Matched Problems

1. (A) Not defined (B)-(F) All equal to 1

(A) ^

(A) ^

(B) -3

(B) x^

(C)

u-"

(D) 128

1
(D)

10^

* The symbol 2' is only defined here for f an integer. Later (Sections 3-3 and 13-1), we
will extend its meaning to include rational and irrational e.xponents.
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4.
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/8n£Vy

54. (Su-^vT'li-

57. (r^-sT'

2-=
60.

2-^ + 2"

49.

52.

55. x-^ + x'

58. (m - 3)-2

x-i + y--"

61
X + y

53. (2x-VT'(xV"T'

56. y^ + y-"

3-2

59.

62.

3"^ + 3-3

y-x
X

Simplify and express answers using positive exponents only.

Vx-VzV J
^''^

LV r-^st^ )

69. (10-^ + 10-T'

3-2-3-3

70. (10-2-10-3)-! 71.

3

65.



76.
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where t is an integer denoting the number of years. Determine the

expected population in 1, 3, and 6 years.

Population control. The present prairie dog population in Lubbock,

Texas, is estimated to be 72,900. If control measures are not taken, it is

expected that the prairie dog population will grow according to

P = 72, 900(f)' 0«t^

where t is an integer denoting the number of years. Determine the

estimated population in 1. 3, and 6 years, assuming that control

measures are not taken.

77. Politics. The number of votes cast in a local election in a city was

312,500. Because of political corruption and voter apathy, it is pro-

jected that the number of votes cast in yearly local elections for the

next 5 years will be

V =312, 500(f)- 0« t ^ 5

where t is an integer denoting the number of years. Determine the

expected number of votes cast in local elections in 1, 3, and 5 years.

3-2 Scientific Notation

Powers of 10

Scientific Notation

Scientific Notation and Calculators

Scienfijic notation is frequently associated with science and engineering

where the use of very, very small numbers and very, very large numbers is

common. For example, the mass of a 5 carat diamond is 1 gram. In compari-

son, the mass of the smallest atom, the hydrogen atom, is approximately

0.000 000 000 000 000 000 000 001 67 gram

whereas, the mass of the earth is approximately

5,980,000,000,000,000,000,000,000,000 grams

In scientific notation, these two numbers are written more compactly as

1.67X 10"" gram and 5.98 X 10^' grams

The usefulness of scientific notation, however, is by no means restricted

to just science and engineering. For instance, we deal with large numbers

daily when we speak of contracts measured in billions of dollars and a gross

national product measured in trillions of dollars.
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Powers of 10

Scientific notation is based on the use of numbers in decimal form and

powers of 10. Recall that if a decimal point does not appear in the decimal

form of a number, it is assumed to be to the right of the last digit on the

right. From Section 3-1, we have

10°= 1

10^ = 10

10^ = 100

10^ = 1,000

10" = 10,000

10-'=jfe = 0.1

10-^=Tfe = 0.01

10-^=1^00 = 0.001

You should be familiar with the fact that multiplying a decimal number

by 10^ (=10), 10^ (=100), 10' (=1,000), etc., has the effect of moving the

decimal point 1, 2, 3. etc., places to the right. For example.

52.932 X 10==

L

= 52.932

Move the decimal point two places to the right

5,293.2

. r
453X10^1 =453.000 000

I
I I

L-

Move the decimal point six places to the right; I

insert O's as necessary i

= 453,000,000

Similarly, multiplying a decimal number by 10"' (=0.1), 10"^ (=0.01),

10"' (=0.001), etc., has the effect of moving the decimal point 1, 2, 3, etc.,

places to the left. For example.

9.21 X 10"=
I

I

—

00009.21
"~1

L
I

Move the decimal point five places to the left;

I

insert O's as necessary

= 0.000 092 1

Scientific Notation

We say that a number is in scientific notation when it is written as a

(decimal) number between 1 and 10 (including 1, but not 10) times an

integer power of 10. More formally, we have the following:
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Scientific Notation

A number is in scientific notation if it is in the form

a X 10*"

where 1 ^ a < 10 and n is or a positive integer. (The ± sign indicates

that a + or — may precede n.) To convert scientific notation to

standard decimal form, we move the decimal point n places to the

right if n is preceded by a +. or n places to the left if n is preceded

by a —

.

Example 9 Convert to standard decimal form.

Problem 9

(A) 7.96 X 10»
I

= 7.960 000
j

= 7,960,000

I
J

(B) 3.47 X 10-=
i"
= 00003.47^ = 0.000 034 7

I t I !

I J

(C) 5 X 10° r= 5 X l~l = 5
^

I I

Convert to standard decimal form.

(A) 3.92X108 (B) 1.68X10-^

(E) 1 X 10-5

(C) 6 X 10° (D) 1 X 10'

The easiest way to convert a number to scientific notation is to think:

'What scientific form will produce the original number?"

Example 10 Convert to scientific notation.

(A) 43,500,000 1 =43,500,000X10'
t I

We would have to move the decimal point seven

places to the right to obtain the original number;

thus, 7 should replace the ?

= 4.35X10"

(B) 0.000 039 71
I

= 0.000 039 7 X 10'

I t

We would have to move the decimal point five

places to the left to obtain the original number:

thus, —5 should replace the ?
I

= 3.97 X 10-=
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Problem 10 Convert to scientific notation.

(A) 1,243,000,000 (B) 0.000 000 527

Example 11 Convert to scientific notation.

(A) 653.4X 10^r=(6.534X102)X10<"l

I
= 6.534 X [(102)(10*)] I

= 6.534 X 10^

(B) 325 X 10-= r= (3.25 X 10^) X 10-=~1

I

= 3.25 X [(102)(10-=)] I

= 3.25 XIO-^

Problem 11 Convert to scientific notation.

(A) 0.005 2 X 10-" (B) 0.000 823 X 10"

Many complicated arithmetic problems can be evaluated more easily by

using scientific notation.

Example 12 Evaluate using scientific notation.

(A) (9,100,000)(0.000 05) = (9.1 X 10")(5 X IQ-')

r= [(9.1)(5)] X [(10")(10-=)]
j

= 45.5X 10' =4.55 X 10^

0.000 32 _ 3.2 X 10-*

6,400 ~ 6.4 X 10'

r 3.2^ 10-^~|
I

= X
I

I 6.4 10' I

I I

= 0.5X10-' = 5X10-"

(0.000 000 000 024](35,000) _ (2.4 X 10-")(3.5 X 10'')

'

(150,000,000)(0.000 08) ~ (1.5 X 10")(8 X 10-=)

_ (2.4)(3.5)
^^

(10-")[10^)

(1.5)(8) (10»)(10-=)

= 0.7X10-'° = 7 X 10-"

Problem 12 Evaluate using scientific notation.

8,400.000
(A) (0.000 000 000 001 4)(60,000,000) (B)

(450.000,000)(0.000 001 8)

(0.000 09)(3, 600, 000,000,000)
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Scientific Notation and Calculators

Most business and scientific hand calculators represent very large or very

small numbers in scientific notation. For example, to enter the numbers

0.000 000 000 000 000 000 000 001 67 Mass of a hydrogen atom

in grams

5.980,000,000.000.000.000.000,000.000 Mass of the earth in grams

in a hand calculator, we would first have to convert each number to

scientific notation:

1.67 X 10""

5.98 X 10"

Then we would enter these forms of the numbers according to the instruc-

tions for the given calculator. These numbers would appear in the hand

calculator display as follows:

1.67

5.98

-24

27

Furthermore, if a calculation involving numbers in standard decimal form

results in a number that exceeds the capacity of the display window, the

result will automatically be displayed in scientific notation. Try multiply-

ing 52,630 by 2,893,000 or dividing 3,401,000 by 0.000 000 73 in a hand

calculator to see what happens.

Answers to

Matched Problems

9. (A) 392.000,000

(E) 0.000 01

10. (A) 1.243X10^

11. (A) 5.2X10"^

12. (A) 8.4X10"=

(B) 0.001 68 (C) 6 (D) 1.000

(B) 5.27X10-'

(B) 8.23 X 10"

(B) 4 X 10'° (C) 2.5 X 10"

Exercise 3-2

Convert to scientific notation.

1.
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Convert to standard decimal form.

13.
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49.

51.

(1.200,000)(0.000 003]

0.000 06

(240.000](0.000 001 5)

(0.000 8)(7, 500,000)

50.

52.

(360,000][0.000 002 5)

0.000 45

(0.000 000 082)(230.000]

(46,000, 000](0.001 64)

Applications

Business & Economics

Lite Sciences

Social Sciences

Use scientific notation to evaluate the answer to each problem. Give the

answer in both scientific notation and standard decimal form.

53. Ta.xes. In 1978 individuals in the United States paid about

$182,000,000,000 in income tax. If the estimated population then was

221,000,000, what was the average amount of tax paid per person?

54. Gross national product. If the gross national product In the United

States in 1980 was about $2,630,000,000,000 and the population was

about 227,000,000 people, estimate the gross national product per

person.

55. Industry. If it takes 0.006 barrel of oil to produce 1 kilowatt-hour of

electricity, how many barrels of oil would be required to produce

15,000,000 kilowatt-hours of electricity?

56. Industry. An oil refinery has 12 storage tanks. If each tank can store

250,000 gallons and there are 42 gallons per barrel, approximately

how many barrels of oil can be stored at the refinery?

57. Pollution. If the water in a lake contains 15.000 bacteria per cubic foot,

approximately how many bacteria would be contained within 1 foot

of the surface over an area 1,000 feet by 1,000 feet?

58. Chemistry. If one molecule of water has a mass of 3 X 10"^^ gram,

approximately how many molecules are in 1 gram of water?

59. Education costs. In the United States during the 1975-1976 school

year, approximately $1,500 was spent per elementary and secondary

school child. If the total enrollment was approximately 42,000,000

students, what was the total amount spent?

3-3 Rational Exponents

Roots of Real Numbers

Rational Exponents

Applications

We will now extend the concept of exponent to include fractional expo-

nents. As with integer exponents, we will again require that the meaning of
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fractional exponents be compatible with the five properties of exponents

discussed in Sections 1-5 and 3-1.

Roots of Real Numbers

Let us begin with a question. What real numbers squared give 25? That is,

what values of x make the following statement true?

x2 = 25

With a little thought it should be clear that we can have x = 5orx = — 5,

since

5 • 5 = 25 and 5)' = (-5)(-5) = 25

We say that 5 and —5 are square roofs of 25. Thus, 25 has two real square

roots, which differ in sign.

Does have a square root? That is, are there any values of x for which the

following statement is true?

Clearly, x = is the only possibility. Thus, has one square root, namely, 0.

Are there real values of x for which the following statement is true?

x2 = -25

Recall that the square of a real number cannot be negative. Thus, —25 has

no real square roots.*

Square Roots

If a is a real number, then a real number x is called a square root of a

if

x^ = a

There will be two real square roots (with opposite signs) if a is

positive, one if a = 0, and none if a is negative.

Besides square roots, we can define other types of roots. For example,

what are the values of x for which the following statement is true?

x^ = 125

* There is a larger system of numbers, called tiie complex numbers, in which —25
does have square roots, but since complex numbers are not to be considered in this

text, we will always assume that we are considering only real numbers and that root

means real roof.



3-3 Rational Exponents 119

Clearly, x = 5 is the only possibility, and 5 is called a cube root of 125.

Similarly, —5 is a cube root of — 125, since (—5)^ = — 125.

We may generalize the above discussion as follows;

nth Roots
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Rational Exponents

When a number has two nth roots— one positive and one negative— the

positive root is called the principal nth root. If a number has only one nth

root, it is automatically considered to be the principal nth root. Fractional

exponents may be used to denote the principal nth root of a number as

defined in the box.

Principal nth root

Let a represent a real number and let n denote a positive integer.

Then the expression

is defined to be the principal nth root of a, if one exists. If a has two

nth roots, —a'^''" denotes the negative nth root. If a is negative and n is

even, a has no real nth root.

Example 14 (A) 64^'''* = 2

(C) -91/2 = -3

(E) 0'/'' =

(B) (-125)'/3 = -5

(D) (—9)^''2 is not a real number

(F) (ifr^ = f

Problem 14 Find each of the following:

(A) ezs'/"

(D) (-49)'/^

(B) (-64)1/3

(E) 0^5

(C) -491/2

(F) (-lf)i/'

In our examples so far. we have chosen a and n so that a' '" is an integer, a

fraction, or is not a real number. We will now turn our attention to

expressions such as S'/^ or 6'/^. For property 2 of exponents (Section 3-1) to

hold, we must have

(51/2)2 = 5(1/2)2 = 51 = 5

Thus, 51/2 denotes a square root of 5, and the other square root of 5 is — 51/2.

Similarly, since

(61/5)5 = g(l/5)5 = 61 = 6

61/^ denotes the 5th root of 6. In general, if
qI/"

is a real number (that is, if a

is not negative when n is even), we have

il/iln = n"/" ; a' = a
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Numbers such as 5^^' and 6'^^ are irrafionaJ numbers; hence, they cannot

be expressed as integers or fractions. They can be approximated to any

desired accuracy using decimal representations. For example,

S'/^^ 2.2361 and 6'/= = 1.4310

where the symbol = indicates "is approximately equal to."

We now wish to define the meaning of an expression such as 8^^^. Since

we want to preserve the five properties of exponents listed in Section 3-1,

according to property 2, we must have

82/3 = ^Qi/3y = 22 = 4

Thus, 8^^^ should represent the square of the cube root of 8. This is

generalized in the definition given in the box.

Rational Exponents
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(F)

V XV3 )

/2 gl/2j^l/12
3j^(1/12)-(1/4)

= 3x(Vi2)-i3/i2) = 3X-2/12 = 3X-V6 or

(G) (3x'^^ + y'/2)(xi/2 + 2y^/^) = 3x + Ix'/^/^ + 2y

Problem 15 Simplify and express each answer using positive exponents.

(A) 8=/3 (B) (-8)'/^ (C) 9-3/2

(D) (5a>/'')(3a2/») (E) [lu-'/^'v^/^f (F) (^^\
(G) (aV2 - 3b'''2)(2ai/2 + h'/^]

We have mentioned that difficuhies arise in using fractional exponents

unless we avoid even roots of negative numbers. To illustrate this, consider

the following:

- 1 = (- 1)' = (- 1)2/2 = [(_ 1 J2-|l/2 = 11/2 =
;i

But — 1 T^ 1! The problem here is that {—If^^ involves the even root of a

negative number, which is not a real number. Thus, the string of equalities

above is not valid. This difficulty can be avoided by requiring that all

fractional exponents be reduced to lowest terms.

Applications

In Section 3-1 we illustrated how growth and decay can be represented

using integer exponents. Examples 16 and 17 illustrate how fractional

exponents may be used in similar situations.

Example 16 A tire manufacturer is about to introduce a new type of tire. It is estimated

Sales Estimates that the number of units, N, the firm will be able to sell in one outlet each

month during the first year after the tire's introduction on the market is

given by

N = 100(8'' 1 « t« 12

Solution

where ( is a positive integer denoting the number of months. Determine the

estimated number of units to be sold during the fourth month the tire is on

the market.

For t = 4, we have

N = 100(8'/'') = 100(8"/'') = 100(82/3)

r= 100(8i/3)2"l

I
=100(2)2

I

I -1 I

= 100 -4 = 400

Thus, 400 units are expected to be sold during the fourth month.
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Problem 16

Example 17

Endangered Species

Solution

In Example 16, determine the estimated number of units to be sold during

the:

(A) Eighth month (B) Tenth month

The population of an endangered species of bird is estimated to be 729 at

present. Unless protective steps are taken, it is estimated that the popula-

tion, P, at the end of t years will be

P= 729(9-'/^) 0^1^15

Determine the estimated population at the end of 3 years.

For t = 3, we have

P = 729(9-'/^) = 729(9-^/'') = 729(9"'''^)

1 1= 729 • —- = 729 • - = 243 birds
9»'^ 3

Problem 17

Answers to

Matched Problems

In Example 17, determine the estimated population at the end of:

(A) 9 years (B) 15 years

13. (A) 2 and -2 (B) 2 (C) -2 (D) (E) None

14. (A) 5 (B) -4 (C) -7 (D) Not a real number

(E) (F) -f
15. (A) 32 (B) -128 (C) # (D) 15a=''»

(E)
64v5

(F) (G) 2a - 5a'''='b' '' - 3b
u' X""

16. (A) 1,600 (B) 3,200 17. (A) 27 (B) 3

Exercise 3-3

A Give the indicated roots.

1. The square roots of 100

3. The 6th roots of 1,000,000

5. The 4th roots of -16

Find each of the following:

7. 491/2

11. -81^/2

15. (-64)1/3

19. (-8)2/3

8. 64V2

12. -151/2

16. (-27)1/3

20. (-27)2/3

2. The cube roots of 64

4. The cube roots of — 125

6. The 5th roots of

9. (-81)1/2

13. 271/3

17. 93/2

10. (-25)1/2

14. 641/3

18. 163/2
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Simplify and express each answer using positive exponents.

21. x'/«x=^^

25. [ay/^

29
/y9\l/3 /X^OX'/S

22. z^/^z'/"

26. [b'/'f

30.

23.
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72.

Life Sciences 73.

74.

Social Sciences 75.

Sales estimates. This month, a pharmaceutical company expects to

produce and sell 156.250 units of a drug it has developed. Because of a

controversial report alleging serious side effects caused by the drug,

the company expects the number of units, N, sold over the next 12

months to decline according to

N= 156, 250(f)- 0^ t « 12

where f is an integer denoting the number of months. Determine the

expected number of units to be sold in 2, 6, and 12 months.

Bacteria gron-th. A bacteria culture with 10 bacteria is expected to

increase in population, P, according to

P= 10(32'/'°) 0«t^20

where t is an integer denoting the number of hours. Determine the

expected bacteria population in 2, 12, and 20 hours.

Endangered species. The population of an endangered bird is esti-

mated to be 2,187. If protective measures are not taken, it is expected

that the population, P, will decrease in coming years according to

P = 2,187(81-'/8) 0«t«6

where t is an integer denoting the number of years. If protective

measures are not taken, determine the expected population in 2, 4,

and 6 years.

Communication. In a poll it was found that only 1,280,000 people are

aware of a particular piece of legislation being proposed in Congress.

A political awareness group plans to increase the number of people, N,

informed about the legislation according to

N = 1,280,000(1)'/^ « f « 12

where t is an integer denoting the number of months. How many
people should be informed at the end of 2, 6, and 12 months?

3-4 Radicals

Radicals

Properties of Radicals

Simplest Radical Form

More about Vx"

In Section 3-3 we introduced rational exponents by using the symbol a'/".

We will now introduce radical notation using rational exponents. As you

will see, radicals can be represented in terms of rational exponents and
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vice versa. Because of this, we will find that the properties of exponents

give us corresponding properties for radicals.

Radicals

Recall that in Section 3-3 we defined a'^" to be the principal nth root of a.

We can now state the following definition:

Radical Notation

If a represents a real number and n is a positive integer greater than 1,

then

Thus, "Va is another way to represent the principal nth root of a. The

symbol V~ is called a radical, n is the index, and a is the radicand.

When n = 2, we use \/a to represent the positive square root of a,

a > 0. (Remember, the index number n can never be negative or 0.)

Using this definition and the following relationships, we can easily

convert rational exponent notation to radical form and vice versa:

As before, we must require that a is not negative when n is even. In order to

avoid any difficulties, we shall stipulate that all variables represent posi-

tive real numbers unless stated otherwise.

Example 18 Convert from rational exponent form to radical notation.

(A) 7'/^ = n/7

(B) x='/= = Vx^ or (VxP In parts B-E, the first

(C) _y4/7 = _yp Qj. -('Vy)4 form is generally preferred.

(D) (la'hY'" = V{2a'b'f or (V2a^f

(E) z-2/= =—
(F) (a^ + b^)'/^ = VoM^ This is not equal to a + b.
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Problem 18 Convert from rational exponent form to radical notation.

(A) 5'/^ (B) y"/^ (C) -x'/^

Example 19

Problem 19

Convert from radical notation to rational exponent form.

(A) Vu = u'''= (B) Va^ = a^'"'

(C) -V^ = -x2''3 (D) V(4xHf = (4x^7)^/^

(E) Va" - b^ = (a^ - b'^Y^" This is not equal to a - b.

Convert from radical notation to rational exponent form.

(A) V^ (B) V^ (C) -VP (D) 'V(2uV^)^

(E) Vu^ - v^

m Properties of Radicals

The properties of radicals listed in the box follow directly from the proper-

ties of exponents.

Properties of Radicals
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Using the properties of radicals we can simplify many expressions in-

volving radicals, as illustrated below. (Remember that all variables repre-

sent positive real numbers.)

Example 20 (A) ^^(5x^yf = Sx^y

Problem 20

(B) ^3 Vl5 = \/45 = Vg • 5 j_= n/9 V51 =3v'5

va va

' 16 VI6

(D) x/^=\/F^ = V^

1 4ror — • VQ
2 2

?/37

Simplify each expression

(A) V(4^^ (B) V57T5 (C) ^— (D) (E) ^
m Simplest Radical Form

The properties of radicals allow us to convert expressions containing

radicals into many equivalent forms. For example,

r I r r r f^ /3 • 2 /6 V^ >/6

^2 >2-2 ^4 V4 2

Radicals or expressions containing radicals are said to be in simplest

radical form if the four conditions listed in the box are satisfied.

Simplest Radical Form

1. A radicand contains no factor to a power greater than or equal to

the index of the radical.

vx^ violates this condition.

2. The power of the radicand and the index of the radical have no

common factor other than 1.

Vx* violates this condition.

3. No radical appears in a denominator.

y/ 4x violates this condition.

4. No fraction appears within a radical.

yf^
violates this condition.
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In calculations it may be desirable to use radical forms other than the

simplest radical form. The choice will depend on the circumstances.

Example 21 Write each expression in simplest radical form.

(A) n/TtS (B) V27^ (C) \/^ (D) ^ (E) J~

Solutions (A) \/l75 is not in simplest radical form according to condition 1, since

175 = 52-7. We have

VTtS = Vs^ • 7
!

= Vs^ V7 1=5^7
I I

or

VTtS = V25 • 7 I = n/25 V? I = 5 >/7

(B) v27x^ is not in simplest radical form according to condition 1. Note

that 27x3 = 33^3, We have

I =N/(3xf V3x I

I . . I

= 3xV3x

or

727x3 = V(9x2)(3x) I = Vox^ n/3x i=3xV3x

(C) "n/o^ is not in simplest radical form according to condition 2, since 3 is

a factor of both the power of a** and the index of the radical, 15. We
have

(D) —= violates condition 3. since the denominator contains \/2. We have
V2

6x 6x ^2 6xV2 r-

(E) -J— violates condition 4, since a fraction occurs within a radical.

We have

'^1'=
/
x • 2 _ /2x _ n/2x |_ >/2x

2 I

"V 2 • 2 > 2^ V2^
I 2

I I

Or. we could write
I

1

/x_ Vx| _ Vx V2 {_ n/2x

Vl~72l ~^/2* V2 r 2
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Problem 21 Write each expression in simplest radical form.

(A) V45 (B) V8? (C) ^V^ (D) j: (E) ^
In Example 21, we dealt primarily with square roots. Simplifying radical

expressions where the index n is greater than 2 is accomplished in much
the same manner. For example, we can simplify

'V54xVV

as follows:

V54x^y^°z^ = V(27xV^j(2yz^ Write the radicand as a product so

I 37„"^~
7
~Q

~3
7^ 7 "* that the cube root of the first factor

I
= V27xV^ V2yz2 I

, , . , ,. , ,

I I can be expressed without radicals and
= 3x^y^V2yz^ the cube root of the second factor will

be in simplest radical form.

To simplify the radical expression

6.\y

we would proceed as follows:

6xy _ 6xy \'2^xy^

Vzx^y Vlx^y 'V22^

I

^ 6xyV2'xy ^

j

Notice that in order to obtain the radical

I V2^x^y^ I V2Vy^ in the denominator (which

3r;—

5

simplifies to 2xvl, we must multiply the
6xyv4xv^

, , , , 3n—

5

= '— numerator and the denominator by v2^xy^.
2xy ^ '

= 3'V4xy2

Removing radicals from a denominator, as illustrated above, is

commonly referred to as rationalizing the denominator. Keep this in

mind— we will discuss this process again in Section 3-5.

Example 22 Write each expression in simplest radical form.

(A) V375 = 'n/125 • 3 = ^V5^ • 3 r= Vt^ V3 1=5^3

(B) v'24x5y2z' = V(4xV^z^)(6xz) \ = Ux*y^z^ Vbxz ^ = 2x^yz'^4%xz

(C) 'V64xV' = ^/(32x=)(2x3y2) ^= >/32x= V2xv"i= 2xV2xV'

,_, 12x2y^'^ 12x2yv/5 Tbxv 12x2vV30xy ,

(D) — =

—

-^^— • = = 2xV30xy
V6xy V6xy v6xy 6xy
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Problem 22

(E)
3

(F)

6xy2 _ 6xy2 Vsxp _ exy^Vsxy^ Bxy'Vsxp

Vox^^ V3^ Vsxy^ VsVp
3/

3" _ 3/ 3 2x^ _ 3^

V 92v 9v2 V

3xy

76x26x^

23^3 V2^
76x2

4x > 22x 2x2 > 2'x' V2^x^ 2x

Write each expression in simplest radical form.

(A) VT28 (B) V75a^bV (C) V64xV (D)

(E)
V 3y2

2yV3xy2

Quv^-J?

J3uv

More about vx"

So far, in our discussion we have restricted all variables to positive real

numbers in order to avoid any difficulties. If we removed this restriction,

we would no longer be able to say in general that

Of course, this continues to hold if x = 0; however, if x is negative, it may
not be true. To see this, let us consider Vx^. For x = 5, we have

^=5 = x

For X = — 5, we have

A- 5? = V25 = n/52 = 5#x

Thus, it is not true that

Vx^ = X

for all real numbers.

We have the following important result:

Remember, x = — 5.

If X represents a real number, then

n/^ = |x|

Recall from Chapter 1 that |x| denotes the absolute value of x and is defined

by

X if X is positive

|x|= S if x =
-X if x is negative
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Note that — x is positive when x is negative. Thus, we have

V5^ = |5|=5 and V(-5f = |-5| = 5

which is consistent with our previous calculations.

Now, consider vx^. For x = 5, we have

Vs^ = 5 = X

For X = — 5, we have

V[-5f = V-125 = -5 = X

In general, we have the following:

If X represents a real number, then

Vx^ = X

When variables represent real numbers, we must be very careful in

simplifying an expression such as

It is a common error to set this expression equal to 2x. According to the

discussion above, we have

'Vx^ + V^ = x + |x|

When X is positive or 0, we have

x + |x| = x + x = 2x |x| = xifx^O

But when x is negative, we have

x + |x| = x + (-x) = |x| = -xifx<0

Thus,

,^ ^ r 2x if X ^0
V^ + n/^ = i

[O ifx<0

Example 23 Simplify: sVx^ - 2Vx^

Solution We have

3Vx^-2Vx2 = 3x-2|x|

For x ^ 0, we have |x| = x and

3x-2|x|= 3x-2x = x
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For X < 0, we have |x| = — x and

3x -2|x|= 3x-2(-x) = 3x + 2x = 5x

Thus,

3'^'
_ r X if X 3=0

[dx ifx<0

Problem 23 SimpHfy: 2Vx^-3Vx2

The above discussion generalizes to expressions involving vx":

For example,

lS^(_4)ioo = |_4| = 4 and \/F4r = -4

Answers to

Matched Problems

18. (A) Vs (B) V^orlV^)" (C) -VPor-(V^f

(D) V(5uV)3 or (VSuV)^ (E) -rp= or

(F) Vx2 + y2 (notx + y)

19. (A) a'/' (B) u^/' (C) _y3/4 (Q) (2uV3)2/5

(E) (u^ - v'Y^'

20. (A) 4xy^ (B) 5V3 (C) or - • Vvv (D) Vp

(E) V^

21. (A) 3^5 [B] 2yV2y (C) V^ (D) 2zV3 (E) -^

22. (A) 4V2 (B) 5abVV3ac (C) 2x^V4xy^ (D) 3vV21i

(E) 2aV2^ (F)
V36xy

3y

23. 2'Vx^-3Vx2
_ f-x if X 3=0

[ 5x ifx<0
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Exercise 3-4

Unless stated otherwise, all variables represent positive real numbers.

A Convert from rational exponent /orm to radical notation. (Do not simpli/y.)

1. i5>''2 2. aa'/' 3. x^/' 4. 7"/^

5. 8m2/3 6. 15w3/5 7 (5y)4/5 a. (7z)=/»

9. (ea^b^)^/' 10. (25uV2)3/' 11. (x - y)'/^ 12. (m^ + n^)^^

Convert from radical notation to rational exponent form. (Do not simplify.)

13. Vx 14. Vw 15. V? 16. Va^

19. VoM^17. V{3x^y'f 18. 'V(7uV)^

Write each expression in simplest radical form.

20. 7x^ + 4

21.
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„ leb" 1 1

66. \ 67. Tp= 68. jj=
625c« n/3x^ x/4y

ISxH- 21ab^
69. ,, 70

V25xp ' Vsa^b

Write each expression in simplest radical form.

71. V4a2 + 4b^ 72. V4m^ - 16 73.
^

Vx^ — y

a + h a — b u — v
74.

,
75. ,, 76

7a^ - b^ 'Va^^ '

'Vfu - v)^

Simplify each expression for: (A) x ^ (B) x <

77. 3Vx^ + 4^/x3 78. 5Vx^-2Vx^ 79. 4Vx^ - sVx^

80. sVx^ + 7'Vx=

3-5 Basic Operations on Radicals

Addition and Subtraction

Multiplication

Quotients— Rationalizing Denominators

We will now discuss basic operations with expressions containing radical

forms. For simplicity, we will again make the restriction that aJJ \'ariabies

represent positive real numbers.

Addition and Subtraction

Just as we were able to simplify many polynomial expressions by combin-

ing like terms, we can simplify expressions containing radicals by combin-

ing terms that have the same radical forms. This is again justified by the

distributive law. as illustrated in Example 24.

Example 24 Simplify by combining as many terms as possible.

(A) 3>/5 + 7^r=(3 + 7) V5~l = 10n/5

(B) a'^l2x~'-12V2x'^[ =[8-12]V^^^ = -4V2^

(C) 5Vab-2Vab2-3Vab-6Vab^

r= 5 VSf - 3VS - 2^0^ - e'V^ 1
L I

= 2%/ab-8Vab^
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Problem 24 Simplify by combining as many terms as possible.

(A) 7n/3-13V3 (B) 5t/2xV + 6t/2xV

(C) 4V3i?v-8V5uv-2V3uV + 6>/5uv

Some expressions containing radical forms can be simplified by first

writing the expressions in simplest radical form.

Example 25 Simplify by writing in simplest radical form and combining terms when-

ever possible.

(A) 5 >/27 - 2 -Jib = 5 79 • 3 - 2 725 • 3 Express each radical in

= g.3^_2.5V3 simplest radical form.

= 15>/3- 1073 = 5^3

(B) 4 732 + -= = 47l6 • 2 + —=•—= Write in simplest radical

^ ^ ^ form.

r 872= 4 • 472 H
2

= 1672 + 472 = 2072

(C) 5\/2x^ - xVl6x = sVx' • 2x - x'78 • 2x Write in simplest

= 5x'72^ - 2xV2^ radical form.

= 3xV2x

(Di f\*'-^^-il + Vn 3

$+3^3

:-V5+3V3=— V3
3 3

10V3

Problem 25 Simplify by writing in simplest radical form and combining terms when-

ever possible.

12
(A) 67T25-3745 (B) —r-2727 (C) yty^ + 2vV32y

73

(D) V625-10^

Multiplication

Many expressions involving radicals can be multiplied in the same manner

in which we multiplied polynomials. The distributive property justifies

this procedure. Example 26 illustrates several different products involving

radicals.
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Example 26 Multiply and simplify whenever possible.

(A) V5(VT5-4) l_= Vs • n/i5- Vs •4j

= V75-4V5
= V25 • 3-4V5
= 5\/3-4^

(B) (V3 + 4)(V3-5) I =%/3 • V3 + 4V3-5V3-2OJ

= 3-V3-20 = -17-V3

(C) (3 ^/5 - 2 73){>/5 + V3) j=3V5-n/5-2VT5 + 3>/T5-2V3-V3
|

l=3-5 + VT5-2-3 I

= 15 + Vl5-6 = 9 + 7l5

(D) (Va-5)(Va + 3) r=7a • Va-sVa + sVa-lS I

= a-2Va-15

(E) [V^ + V^)(V^ - V^) r= VP + 'n/xv -V^ - Vp
J

= X + Vxy — Vx^ — y

Problem 26 Multiply and simplify whenever possible.

(A) V3(VT5-7) (B) (v^-2)(V7 + 4)

(C) (2V3-3V2)(2V3 + 3V2) (D) (V^ + 6)(V^ - 3)

(E) (Va - Vb^)(V^ + Vb)

Example 27 Evaluate x^ — 6x + 7 using x = 3 — V2.

Solution For x = 3 — V2, we have

x2 - 6x + 7 = (3 - ^2)2 - 6(3 - V2) + 7

= 9 - 6V2 + 2 - 18 + 6V2 + 7

=

Problem 27 Evaluate x^ - 6x + 7 using x = 3 + V2.

Quotients— Rationalizing Denominators

In Section 3-4 we found that an expression such as V5/V3 can be reduced to

simplest radical form by multiplying the numerator and the denominator

by •Is. Thus, we obtain
1

1

V5|_V5_V3_^ [_ ^15

V3 I

~^ V3 V3^
I

3
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The process by which a denominator is cleared of radicals is called ration-

alizing the denominator.

It is natural to ask if we can rationalize the denominator of an expression

such as

V^-V3

That is, can we write this expression in a form where no radical appears in

the denominator? The answer is yes. However, before we illustrate the

procedure, it will be useful to recall the special product.

(a - b){a + b) = a^-b^

For example,

(Vs - >/3)(V5 + V3) r= (Vf]2 - (^y^ = 5-3 = 2

This suggests that we can rationalize the denominator of

4

V5-V3

by multiplying the numerator and the denominator by Vs + n/s (which is

obtained by changing the middle sign of the denominator). Thus,

4 4 n/5 + V3 . . ,^. , , A—

=

— =— — • — Multiply numerator and
V^-V3 ^/H-V3 V5 + V3 denominator by V5 + V3.

_ 4V5 + 4v^

5-3

4n/5 + 4n/3

2

2(2\/5 + 2V3)

2

^2V5 + 2V3

Simplify by factoring 2

from the numerator and

canceling.

Example 28 further illustrates this procedure for rationalizing denomi-

nators.

Example 28 Rationalize the denominator and simplify whenever possible.

^ ^ 3- n/6 ,, , . , J
(A) — =

-;^
— • — Multiply numerator and

denominator by 3 — v6,

obtained by changing the

middle sign of 3 + \/^.

Reduce.

3-1-
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(B)

(C)

Vs V5 2V5-3V3

2V5 + 3v^~"2V5 + 3x/3 2V5-3V3

10- 3VT5

20-27

10- 3715

^7

IO-3V15

Va — \/b -Ja — ^h -fa + sih

a + 2^fah + h

Multiply

numerator and

denominator by

2n/5-3>/3.

10 + 3^fT5

Multiply numerator and

denominator by

Problem 28

Answers to

Matched Problems

Rationalize the denominator and simplify whenever possible.

-12 ,„, -Is ,„, ^-V^
(A)

/lO-
(B)

4^/3 + 3V2
(C)

Vx + Vv

24. (A) -6^3 (B) llt/2xV (C) zVsu^v - l^fbuv

25. (A) 21V5 (B) -2V3 (C) lly1/2y (D) sVs

26. (A) 3^-7V3 (B) -1+2-I7 (C) -6
(D) X + 3VX-I8 (E) a - Vo^b^ + Vab - b

27. 28. (A)
V5 + n/2

(B)
4-^6

10
(C)

2Vxy +

Exercise 3-5

In the following problems all \'ar]ables represent positive real numbers.

Simplify by writing in simplest radical form and combining terms whenever

possible.

1. 3Vx-8Vx 2. 5V7-3V7

4. Vm-sVn + sVm 5. n/i2 - V^

7. VT8 + 2V2 8. 727-^3

3. V7 + 3V3-5V7

6. V50 4-^/2

Multiply and simplify whenever possible.

9. V5(^/5-3) 10. VTl(VTT-2) 11. Vu(Vu + 3)

12. ^(^fa - 5) 13. ^fx[7 - Vx) 14. Vz(5 + Vz)

15. ^/5(2^/T5- 3>/2)

17. (n/5 - 3)(V5 + 3)

16. V7(3V3-4Vl4)

18. (V3 + 4)(V3-4)
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19. (V2 + 5)2 20. (V5-3)2

21. (n/w-2)(Vvv + 2) 22. (Va + 5)(Va-5)

Rationalize each denominator and simplify.

1 .. 3 5
23.

27.

V5-2

V6 + 2

24.

28.

^f7 - 1

72

vTo-2

25.

29.

4 + ^6
26.

30.

3- V3

yfa + 3

B Simplify by writing in simplest radical form and combining terms whenever

possible.

31. V5OX-V8X

33. 2V8 + 3x/T8- V32

35. 2\/8x' + 2xVT8x

37. V24z^ - 3V3F + zVsT

39. ^ + V27 40. Vi - 7^

32. V27uv + 2Vl2uv

34. 2^->/48 + 3V75

36. 3yV75y- 4^277^

38. xVl62 - V2x^ + 3t/32x*

41. V40-^
4/— 1

42. V32 + 7—
V8

43.
2mn

+ ^f54I 44. ^^o^-yJY

In ProbJems 45-56 multiply and simplify the product whenever possible.

45. (Vx - 3)(n/x + 5)

47. (2V3- 1)13^3 + 4)

49. (3Va-5)(2N/a + 3)

51. (5V2-3n/3)(3V2 + 4V3)

53. (Vm - Vn)(Vm + x/n)

55. (Vm^ - Vn)(Vm + Vi?)

57. Evaluate x^ - lOx + 4 using X = 5 + V2T.

58. Evaluate x^ - lOx + 4 using x = 5 - V2T.

Rationalize each denominator and simplify.

46. (Vz + 4)(Vz-7)

48. (3V5-5)(2V5-3)

50. (5Vv + 2)(3>/v + 5)

52. (4n/3-3V5)(2\/3-2V5)

54. (2Vx-3Vy)(2N/x + 3Vy)

56. (v^ - 2W](W^ - 3Vb

59.

62.

65.

V5-
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69. ix^2xy^ - lyylZx^y + ^xyVlSxy

70. aV81ab^-bV24a^+3V3a^

Multiply and simpJify the product whenever possible.

71. (V^ - 3v^)(V^ + 2V?2) 72. (2V^ + t/y)(1/^-4t/P)

Rationalize each denominator and simplify.

73.

44u + 3^lv

74.
2Vx + 3Vy

3-6 Chapter Review

Important Terms

and Symbols

3-1 Integer exponents, positive integer exponents, zero exponents, nega-

tive integer exponents, growth, decay, a", a", a~"

3-2 Scientijic notation, scientific notation, powers of 10, a X 10", a X 10""

3-3 Rational exponents, root, square root, cube root, nth root, principal

nth root, irrational numbers, rational exponents, a^'", ~, a"'^", a'""^"

Radicals, radical notation, radical, index, radicand, equivalent ratio-

nal exponent form, properties of radicals, simplest radical form, ra-

tionalizing denominators, Va, Va, Va^, (Va)"'

Rasic operations on radicals, simplifying radical expressions, addi-

tion, subtraction, multiplication, rationalizing denominators

3-4

3-5

Exercise 3-6 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When

you are satisfied that you know the materia], take the practice test folJowing

this review.

Give the value of each expression.

-49)3/2

3. 4. -8-V3

(-27)^
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In Problems 7-14 simplify each expression and give each answer using

positive exponents.

7. [3a^b^]° 8. m-'m^ 9. —

-

10
5 jj-7

-5

11. [x-'yT' 12. -^ 13. (^y 14. (uV3v2/5)i5

r
" u

a

15. Convert to scientific notation:

(A) 53,000,000,000 (B) 0.000 004 9

16. Convert to standard decimal form:

(A) 3.8X10' (B) 5.7X10"=

17. Convert from rational exponent form to radical notation

(A) (7z)=^'' (B) 4w3/^

18. Convert from radical notation to rational exponent form

(A) M[2x^yf (B) sIm' - n'

Write each expression in simplest radical form. (AJJ variables represent

positive real numbers.)

19.
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46. (27m^n-^)'/3 47_ (-i/4(i/3 a_^^^

n-4/5

In Problems 51 and 52 multiply and express each answer using positive
exponents.

51. 3xV4(5xV4-2x-3/4)
52. (3xV^ - yV2)(^V2 _ gyVZ)

53. Convert to correct scientific notation:

(A) 524.000,000 (B) 0.000 583
(C) 832X10'* (D) 529X10-=

54. Evaluate the expression below using scientific notation, and give the
answer in both scientific notation and standard decimal form

0.000 020 8

260(0.000 04)

55. Convert from rational exponent form to radical notation:

(A) -5y2/3 (B) aV3- 0-1/3

56. Convert from radical notation to rational exponent form:

(A) -6xt/(2xy2)3 (B) —
\iw

Write each expression in simplest radical form.

57. 'V125XV 58. ^x/32^^ 59. Vs^^ V4^

^ 27v^ 3^ 62. 3^==

Perform the indicated operations in Problems 63-73 and write each answer
in simplest radical form.

63. 5V25-2V^ + 3745 64. 3xV27^-2^/^

65. V^+Vi 66. V8U^-,/H

67. 2z>/T6^ + 3V^ 68. (2^5-3721(3^5 + 471)
69. [5^ - ^f^][2^ + 3s/^] 70. (^V^-V^)(y^ + V^)

n/7-3
71

73

77 + 2

272 + 73

27x
72.

37x- 7v

372 + 273

74. Evaluate x^ - 4x - 9 using x = 2 - 713.
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Simplify and express each answer using positive exponents.

75. (u-^ + v-T' 76. (w'/5 + 2w-^/=)(w-'/= - 3^"/=)

3-2 + 3-^
77. ^-3 _ q-4

Write each expression in Problems 78-82 in simplest radical /orm. (All

variables represent positive real numbers.)

2x + 1
78. 716x^ + 4 79.

V4x2 - 1

80. 2nV3m^-mV3mn^+ mnV243mi?

^ r- /

—

2^fa-3^/b
81. V|-Vf + V3^ 82. -^_-^

83. Simplify st/x* - 3Vx^:

(A) For x 5^ (B) For x <

Practice Test: Chapter 3

In the following problems all variables represent positive real numbers.

In Problems 1-3 simplify each expression and give each answer using

positive exponents.

V 40x-5y )
' \ a-^ ) (P + q)-'

4. Evaluate the expression below using scientific notation, and give the

answer in scientific notation.

[0.000 037 5](80.000)

(40.000, 000)(0.025)

5. Convert each expression as indicated:

(A) — 5yv(3x^yp; to rational exponent form

(B) 3(x - y)-2/^; to radical form

Write each expression in simplest radical form.

6. -V250x-y'2z'e 7. .1^ 8. J^V 5n V25^
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In Problems 9-11 simplify each expression and give each answer in sim-

plest radical form.

9. 7aV40a^-3V5a5 10. VlG ^

11.
V3-3V2

273-72

12. Multiply and express the answer using positive exponents only:





;6v->
'^..*'

»
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4-1 Linear Equations

Linear Equations

Solving Linear Equations

Equations Involving Fractions with Constant Denominators

Equations Involving Fractions with Variables in the Denominators

Applications

An equation is a mathematical statement obtained when two algebraic

expressions are set equal to one another. The expressions in an equation

may consist of a single number or involve one or more variables. The

following are examples of equations:

3x-5 = 5(2x-|-l)-|-4 2x-|-3y=12 2x2 + 9x - 5 =

In this section we will only consider a special class of equations called

linear equations in one variable.

Linear Equations

An equation in one variable that involves only first-degree and zero-degree

terms is called a linear or first-degree equation in one variable. For

example,

2(3x-5)-|-6 = 3x + 5 and 3 - 2{x + 3) = - - 5

are linear equations. A solution or root of an equation is a number which

when substituted for the variable (wherever it occurs) gives the same

numerical value on both sides of the equality sign. The set of all solutions of

an equation is called the solution set. To solve an equation means to

determine the solution set.

Before we describe the process used to solve an equation, we need to

define the meaning of "equivalent equations." Two equations are said to be

equivalent if they have exactly the same solution set. For example, the

equations

x + 5 = 15 and x = 10

148
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are equivalent since both have 10, and only 10, as a solution. The process of

solving an equation will involve creating a sequence of equivalent equa-

tions resulting in a final equation, such as x = 10, in which the solution is

obvious. The properties of equality listed in the box will serve as the basis

for solving linear equations.

Properties of Equality
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3x-9 = 7x + 3

I 1

l3x — 9 + 9 = 7x + 3 + 9' Addition property

3x = 7x + 12

I

3x — 7x = 7x + 12 — 7x I Subtraction property

-4x = 12

r-4x 12 "I ^. . .

I

—— =
I Division property1-4—4
1

f f
.

I I

x = -3

Check To check this solution, we substitute x = — 3 back into the original equa-

tion to see if the equality holds:

3(-3)-9i:7(-3) + 3

-9-91-21 + 3

-18^-18

Problem 1 Solve 2x — 8 = 5x + 4 and check.

When symbols of grouping are present on one or both sides of an equa-

tion, we first remove them from each expression and combine like terms.

Then we can proceed as in Example 1.

Example 2 Solve: 8x - 3(x - 4) = 2(x - 6) -I- 6

Solution 8x - 3(x - 4) = 2(x - 6) -h 6 Remove parentheses.

8x — 3x + 12 = 2x — 12 -I- 6 Combine like terms.

5x -I- 12 = 2x — 6 Solve as before.

5x = 2x- 18

3x = -8

x = -6

The check is left to the reader.

Problem 2 Solve 3x - 2(2x - 5) = 2(x -I- 3) - 8 and check.

Equations Involving Fractions with Constant Denominators

When an equation involves fractions, such as

X X

we can simplify the equation by "clearing" the denominators. This is done

by multiplying both sides of the equation by the LCD of the fractions
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Example 3

Solution

Problem 3

present. For the above equation the LCD is 15. Multiplying both sides of the

equation by 15, we obtain

Note: Do not confuse operations on equations with operations on alge-

braic expressions that are not equations. For example, in the algebraic

expression

+ 4

which looks very much like the above equation, we cannot multiply "both

sides" by the LCD 15 to clear the fractions, since this expression does not

have two sides! In this case, we combine the three fractions into a single

fractional form:

X _ X 4

111'
5X-3X + 60 2X + 60

15 15

which still has a denominator— namely 15 (the LCD).

Solve: =5
2 3

The LCD is 6. Multiplying both sides of the equation by 6. we obtain

I :
: n

6- |^^^^--| = 6-5
/ x + 2 _ x\

\ 2 3/

^ /x + 2\ ^ X
B • - 6 • - = 30

\ -2 / 3

3(x
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Equations involving decimal fractions can sometimes be transformed

into a form free of decimals by multiplying both sides by a power of 10.

Consider the following example.

Example 4 Solve: 0.4(x - 30) - 0.15x = 8

Solution To clear all decimals, we can multiply both sides of the equation by 100:

0,4(x-30)-0.15x = 8

I
1

I 100 • [0.4(x - 30)] - 100 • (0.15X) = 100 • 81

40(x - 30) - 15x = 800

40x- 1,200 -15x = 800

25x = 2,000

x = 80

Multiply both sides by

100.

Solve as before

Problem 4 Solve: 0.25x + 0.4(x - 30) = 27

In the above examples we have always obtained a single or unique

solution. This is what we normally expect when solving an equation.

However, two other situations may occur. The first is when the given

equation is an identity. A linear equation in one variable is called an

identity if the solution set is the set of all real numbers. For example, if we
replace x by any real number in the equation

3x + 7 = 3(x + 2) + 1

we will obtain the same value on both sides. Thus, this equation is an

identity. If we attempt to solve this equation by the usual methods, we
obtain the following result:

3x + 7 = 3(x + 2) + 1

3x + 7 = 3x + 6 + l

3x + 7 = 3x + 7

3x = 3x

=

Clearly, the last equation is true. What this tells us about the original

equation can be generalized as follows:

Identities

If a linear equation in one variable can be reduced to = using the

properties of equality, then the given equation is an identity and the

solution set is the set of all real numbers.
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The second situation occurs when an equation has no solution. For

example, there is no real number x for which

x + 5 = x + 10

Solving this in the usual manner, we would obtain

x + 5 = x + 10

X = X + 5

= 5

Obviously, this last equation is not valid. In general, we have the following:

Equations with No Solution

If a linear equation in one variable can be reduced to = b using the

properties of equality, where b =5^ 0, then the given equation has no

solution.

Example 5 Solve: 5(3x - 5) + 4 = 4(5x + 7) - 5x

Solution 5{3x- 5) + 4=4{5x + 7)-5x

15x - 25 + 4 = 20x + 28 - 5x

15X-21 = 15X + 28

15x = 15x + 49

= 49 Impossible!

The given equation has no solution.

Problems Solve: 3 - 4(2 - 3x) = 6(2x - 1) + 1

Equations Involving Fractions with Variables in the

Denominators

Many equations involving fractional forms with variables in the denomi-

nators can be transformed into linear equations by clearing the denomina-

tors. For example, consider the equation

9
,

1—— + 5 =-
x + 2 2

We can clear the denominators by multiplying both sides of this equation

by the LCD, which is 2(x + 2). Before doing this, note that x = — 2 cannot be

a solution, since this would create a in the denominator. Thus, we must
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include the condition x y= — 2, as indicated below. Solving this equation,

we have

—^ + 5=- X + -1
x + 2 2

2(*^^) • (-^^ + 2(x + 2) • 5 =Z[x + 2) • i

— 2 cannot be a

solution.

Multiply both sides

by the LCD = 2(x + 2)

\ \ I

and simplify.

18 + 10x + 20 = x+ 2

10x + 38 = x + 2

9x = -36

x = -4

Solve the linear

equation as before.

xample 6



4-1 Linear Equations 155

Example 7

Break-Even Analysis

Applications

The methods discussed in this section can be utiUzed to solve a large

variety of practical problems.

It costs a record company $6,000 to prepare a record album for production.

This includes recording costs, album design costs, etc., which represent a

one-time fixed cost. Manufacturing, marketing, and royalty costs— all

variable costs— are $2.50 per album. If the album is sold to record shops

for $4 each, how many albums must be produced and sold for the company

to break even?

Solution Let

X = Number of records sold

C = Cost for producing x records

R = Revenue (return) on the sale of records

The company breaks even when R = C, where

C = Fixed costs + Variable costs and R = $4x

= $6,000 + $2.50x

To find the value of x for which R = C, we solve

4x = 6,000 + 2.50x

1.50X = 6,000

X = 4,000 records

Check

Problem 7

For X = 4,000,

C = 6,000 + 2.50x

= 6,000 + 2.50(4,000]

= 6,000 + 10,000

= $16,000

and R = 4x

= 4(4,000)

= $16,000

Thus, the company must produce and sell 4.000 records to break even.

Sales over 4,000 will result in a profit, and sales under 4,000 will result in a

loss.

What is the break-even point in Example 7 if fixed costs are $9,000 and

variable costs are $2.80 per record?

Since the variety of practical problems that can be solved using linear

equations is very extensive, it is difficult to describe a single procedure that

will work for all problems. Some guidelines are listed in the box at the top

of the next page.
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Guidelines for Solving Word Problems

1. Read the problem very carefully— several times if necessary.

2. Write down important facts and relationships.

3. Identify the unknown quantities in terms of a single letter— if

possible.

4. Write an equation relating the unknown quantities based on the

facts in the problem.

5. Solve the equation.

6. Write down all desired values asked for in the original problem.

7. Check the solution(s).
'

Example 8 A retired couple has $60,000 invested, part at 10% per year and the

Investment remainder at 16% per year. At the end of 1 year the total income received

from both investments is $8,100. Find the amount invested at each rate.

Solution Let

Check

$60,000

X = Amount invested at 10%

X = Amount invested at 16%

The total income received is the sum of the income from the 10% invest-

ment and the income from the 16% investment. Translating this into an

equation and solving the equation, we have

O.lOx + 0.16(60,000 - x) = 8,100

lOx + 16(60,000 - x) = 810,000

lOx + 960,000 - 16x = 810,000

-6x = -150,000

X = $25,000 invested at 10%

60,000 - X = $35,000 invested at 16%

10% of $25,000 = $2,500

16% of $35,000 = $5,600

$60,000 $8,100

Multiply both sides by 100.

Solve for x.

Problem 8 Solve Example 8 if the total income from both investments is $6,900.

Example 9

Blending— Food Processing

A candy company has 1,200 pounds of chocolate mix that contains 20%
cocoa butter. How many pounds of pure cocoa butter must be added to the

mix to obtain a final mix that is 25% cocoa butter?
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Solution Let

X = Amount of pure cocoa butter added

The amount of cocoa butter in the original mixture plus the amount of

cocoa butter added must equal the amount of cocoa butter in the final

mixture. That is,

' Amount of '

cocoa butter

vin original mix,

0.20(1,200)

(Amount of ^

cocoa butter

added /

+ X

(Amount of \

cocoa butter I

in final mix /

= 0.25(1,200 + x)

20(1,200) + lOOx = 25(1,200 + x)

24,000 + lOOx = 30,000 + 25x

75x = 6,000

X = 80 pounds of cocoa butter

must be added

Problem 9 Solve Example 9 if the original mixture contains 18% cocoa butter.

Answers to

Matched Problems

1. x = -4 2. x = 4 3. x = 2 4. x = 60

5. The equation is an identity. Every real number is a solution.

6. (A) X = 2 (B) No solution 7. 7,500 records

8. $45,000 at 10%; $15,000 at 16%

9. 112 pounds of cocoa butter must be added

Exercise 4-1

Solve each equation.

1.
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B

23.
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much is invested at each rate if the income from both investments

totals $4,050?

61. Resale. An art dealer paid $15,000 for two paintings. She sold the first

painting for a 15% profit and the second for an 11% profit. If her total

profit was $1,890, determine how much she paid for each painting.

62. ResaJe. A used car dealer paid $7,200 for two cars. He resold the first

for a profit of 15% and the second for a loss of 3%. If his total profit was

$540, find how much he paid for each car.

63. Investment. You have $12,000 to invest. If part is invested at 10% and

the rest at 15%, how much should be invested at each rate to yield

12% on the total amount invested?

64. Investment. An investor has $20,000 to invest. If part is invested at 8%
and the rest at 12%, how much should be invested at each rate to yield

11% on the total amount invested?

65. Rreak-e\-en anal\'sis. A small candy manufacturer has fixed costs of

$1,200 per week. The variable cost to produce one pound of candy is

$1.80, If the candy is then sold for $3.30 per pound, determine how
many pounds must be produced and sold each week to:

(A) Breakeven (B) Earn a profit of $900 per week

66. Break-even analysis, A record manufacturer has determined that its

weekly cost equation is C = 300 + 1.5x, where x is the number of

records produced and sold each week. If records are sold for $4.50

each, how many records must be produced and sold each week for the

manufacturer to break even?

Life Sciences 67.

68.

69.

70.

PolJution control. A fuel oil distributor has 120,000 gallons of fuel with

a 0,9% sulfur content. How many gallons of fuel oil with a 0.3% sulfur

content must be purchased and mixed with the 120,000 gallons to

obtain fuel oil with a 0.8% sulfur content?

Ecology. One day during the winter the temperature in the Antarctic

reached a high of — 67°F. What was the temperature in Celsius

degrees? [Note: °F = f °C + 32]

Wildlife management. A naturalist for a fish and game department

estimated the total number of rainbow trout in a certain lake using the

popular capture-mark-recapture technique. He netted, marked, and

released 200 rainbow trout. A week later, allowing for thorough

mixing, he again netted 200 trout and found eight marked ones among
them. Assuming that the proportion of marked fish in the second

sample was the same as the proportion of all marked fish in the total

population, estimate the number of rainbow trout in the lake.

Anthropology. In their study of genetic groupings, anthropologists use

a ratio called the cephalic index. This is the ratio of the width of the

head to its length (looking down from above) expressed as a percent-

age. Symbolically,
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C = -

lOOW

Social Sciences

where C is the cephahc index, W is the width, and L is the length. If an

Indian tribe in Baja California, Mexico, had an average cephalic index

of 66 and the average width of the Indians' heads was 6.6 inches, what

was the average length of their heads?

71. PsychoJogy. The intelligence quotient (IQ) is found by dividing the

mental age (MA), as indicated on standard tests, by the chronological

age (CA) and multiplying by 100. For example, if a child has a mental

age of 12 and a chronological age of 8, the calculated IQ is 150. If a

9-year-old girl has an IQ of 140, compute her mental age.

72. City planning. A city has just incorporated additional land so that the

area of the city is now 450 square miles. At present, only 7% of this

area consists of parks and recreational areas. The voters of the city

have demanded that 15% of the total area of the city should consist of

parks and recreational areas. How much land must be developed for

parks and recreational areas to meet this demand?

4-2 Linear Inequalities

Properties of Inequalities

Solving Inequalities

Applications

Just as we solved linear equations in Section 4-1, we will now solve linear

inequalities where one algebraic expression is greater than or less than

another expression.

Properties of Inequalities

There are four inequality symbols: <, >,

reviewed in the box.

and ^. Their meanings are

Inequality Symbols
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Formally, we say that a < b or b > a if there exists a positive real number

p such that a + p = b. Intuitively, if we add a positive real number to any

real number, we would expect to make it larger. That is essentially what

the formal definition of < and > states. As we have seen in Chapter 1, a < b

can be interpreted geometrically by saying that a is to the left of b on a real

number line. Similarly, a > b means that a is to the right of b on a real

number line.

An algebraic inequality is a mathematical statement where two expres-

sions are joined using one of the inequality symbols. For example,

X — 2 X 1

2(2x + 3) < 6(x - 2) + 10 and >
^ ' ^

'

15 3 5

are inequalities. An inequality is called a linear inequality if it contains

only first-degree and zero-degree terms. The basic properties that will be

used to solve inequalities are very similar to those used to solve linear

equations, except for a very important difference, which is noted in the

box.

Properties of Inequalities



162 Equations and Inequalities

ity are multiplied or divided by the same negative number. Otherwise, the

direction of the inequality symbol does not change. To illustrate this, let us

consider the inequality

-10<-5

If we multiply both sides by the positive number 2, we obtain another true

inequality,

-20<-10

On the other hand, if we multiply both sides of — 10 < — 5 by the negative

number —2, we must reverse the inequality symbol. Thus, we obtain

20 > 10

which is certainly true. If the inequality symbol had not been reversed, we
would have 20 < 10, which is clearly false!

Solving Inequalities

A solution of an inequality is any number which, when substituted for the

variable, results in a true statement. The set of all solutions is called the

solution set. To solve an inequality means to determine its solution set.

The solution set for a linear inequality in one variable can, in general, be

represented by an interval.

Example 10 Solve and graph: 2(2x + 3) < 6(x - 2) + 10

SoJution 2(2x + 3) < 6(x - 2) + 10 Clear parentheses.

4x + 6<6x-12 + 10

4x + 6 < 6x - 2

-2x + 6<-2

-2x<-8
X > 4 or (4, 00)

Combine like terms.

Apply properties of inequalities.

') Note that since we divided

both sides by —2, the

-) ^ direction of the inequality

symbol has changed.

Problem 10
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Problem 11

i-l'^-'VA-M i-
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(B) -5 7-2x
•<3

-15« 7-2x<9
r 1
I -15 -7«7-2x-7<9-7 I

-22=S-2x<2

I —22 -2x^ 2 I

I ^ >
I

I -2 -2 -2 I

11 ^^x>-l

or -l<x«ll or (-1,11]

——

O

) X
-1 11

Multiply each expression

by 3.

Subtract 7 from each

expression.

Divide each expression by

— 2 and reverse the

direction of both

inequality symbols.

Problem 12 Solve and graph:

(A) -8S3x-5<7 (B) -3< r^ ^ 9

Example 13

Temperature Conversion

Solution

Problem 13

Example 14

Profit

Applications

The temperature in a desert town ranged from a low at night of 77°F to a

high of 122"? during the day. Find the corresponding temperature range in

Celsius degrees and graph. [Note: °F = f°C + 32]

We must solve

77«fC + 32=s 122

Thus,

45 « fC ^ 90

25«C«50

77 «F=S 122

-^C
25 50

Thus, the temperature ranged from 25°C to 50°C.

Solve Example 13 if the temperature ranged from — 4°F to 23°F.

A manufacturer of hand calculators can sell all units produced at $30 per

calculator. If the fixed costs are $10,000 per week and it costs $20 to
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produce each calculator, determine how many units must be produced and

sold each week for the company to make a profit.

Solution Let

X = Number of units produced

R = Revenue on the sale of x units

C = Cost to produce x units

Then,

R = $30x and C = $10,000 + $20x

A profit will result if revenue exceeds costs; that is, if

R>C
30x> 10,000 + 20x

10x> 10,000

x> 1,000

Thus, the company must produce and sell more than 1,000 calculators per

week to make a profit.

Problem 14 Solve Example 14 if the fixed costs are $12,000 per week and the calcula-

tors can be manufactured at a cost of $15 each.

Example 15

Laboratory Management

Solution

The manager of a drug testing laboratory wants to decide whether to

continue buying 6-week-old mice at 90C each or breed his own for testing

purposes. It is estimated that breeding mice will increase overhead costs by

$630 per week and food costs by 20C for each mouse that is bred. How many

mice would be needed for testing each week to justify a decision to breed

the mice?

Let X represent the number of mice needed each week. Then the cost to

purchase the mice is $0.90x. The cost to breed the mice is $630 + $0.20x.

We want to determine the values of x for which

Cost of purchasing > Cost of breeding

That is, for which

0.90x> 630 + 0.20X

Solving this inequality, we find

O.QOx > 630 + 0.20x Multiply both sides by 10 to clear

9x> 6,300 + 2x

7x > 6,300

x>900

decimals.
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Problem 15

Thus, if the number of mice needed is greater than 900 per week, a decision

to breed them would be justified.

In Example 1 5 determine how many mice would be needed for testing each

week to justify breeding, if the price for purchasing a mouse increases to

$1.10.

Answers to

Matched Problems

10. X S^- 4 or [-4, 00);

11. x> -2 or (-2, 00);

^-

4^

12. (A) -1 ^x<4or[-l,4);
1 4

-o )x

(B) -11 «x<4or [-11,4); » o )x
-11 4

13. -20«C«-5; -4C
-20 -5

14. More than 800 calculators per week 15. More than 700

Exercise 4-2

Solve each inequality.
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26. 4(2iv - 1) « 2(3w + 4) - (2 - 3w)

27. -4<3x + 5«17 28. -13«4x-5<23
29. -5«7-4x«15 30. l<5-2x<13

3x-5^ 4x4-2^^
31. > 10 32. <6

-2 -3

u+1 u+3 12-mm— 5
33. -^-1<^- 34. ---^>^^
35.
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Life Sciences 53. Nutrifion . A nutritionist is studying the protein needs of mice. She has

24 pounds of food mix that is 10% protein. In order to obtain a food

mix with at least 20% protein, how much pure protein must be added

to the available mix?

54. Temperature control. In an experiment on rats, a researcher wishes to

maintain an environmental temperature that ranges from a low of

68°F at night to a high of 95°F during the day. Determine the equiva-

lent temperature range in Celsius degrees. [Note: °F = f°C + 32]

Social Sciences 55. Psychology. The intelligence quotient (IQ) is defined by

56.

IQ =
100 • MA

CA

where MA denotes mental age and CA denotes chronological age. A
psychologist is studying 12-year-olds who have an IQ range of 75 to

150. What is the corresponding range of mental age? [Note: 75 ^
IQ s 150]

Public safet\'. A nuclear reactor has produced 1,000 cubic feet of gas

that is 60% radioactive {by volume). It has been decided to dispose of

the gas by releasing it into the atmosphere after first mixing it with

enough air so that the radioactive gas is at most 2% by volume. How
much air must be mixed with the 1,000 cubic feet of gas before it is

released?

4-3 Quadratic Equations

Solution by Square Root

Solution by Factoring

Solution by Completing the Square

Solution by the Quadratic Formula

Equations with Fractional Forms

Applications

In Section 4-1 we solved linear, or first-degree, equations in one variable.

When a unique solution exists, a linear equation can be transformed into

the equivalent form

:-f-b = a#0

which can be solved for x to obtain x = — b/a. We will now consider

another special class of equations called quadratic, or second-degree, equa-

tions. We will discuss several methods of solution that are particularly

well-suited for certain forms of these equations.



4-3 Quadratic Equations 169

Quadratic Equations

A quadratic or second-degree equation in one variable is an equation

that can be written in the equivalent form

ax' + bx + c = a¥=0 Standard form

where a, b, and c represent constants and x is the variable.

The equations

5x2-3x + 7 = and 18 = 32t2-12t

are both quadratic equations. The first is in standard form, while the

second can be transformed into standard form.

We will restrict our attention to real solutions of a quadratic equation. In

working with quadratic equations we will find that three situations may
occur. There may be two real solutions, one real solution, or no real

solutions. To solve a quadratic equation means to determine all real

solutions or to conclude that no real solution exists.

Solution by Square Root

When a quadratic equation in standard form has no bx term, that is, if

b = 0, the equation takes the form

ax^ + c = a ^

This equation can be solved by the square root method illustrated in the

next example.

Example 16 Solve by the square root method.

(A) x^ - 25 (B) x^ - 7 = (Q 2x' - 10 =
(D) 3x^ + 27 = (E) (x + i)^ = f

Solutions (A) x^ - 25 = Isolate x^ on the left.

x^ = 25 What real numbers squared give 25?

X = ± 5 + 5 is short for 5 and — 5.

Thus, x^ — 25 = has two real solutions: 5 and —5.

(B) x^ - 7 = Isolate x^

x^ = 7 What real numbers squared give 7?

x = ±V7 ±>/7 is short for V7 and —^/7.

Thus, x^ — 7 = has two real solutions: \f7 and — V7.
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(C) 2x2 -10 = Isolate x^ on the left.

2x^ = 10

x2 = 5 What real numbers squared give 5?

x = ±n/5

Thus, 2x2 _ iQ = has two real solutions: \/5 and — Vs.

(D) 3x2 + 27 = Isolate x^.

3x2 = -27

x2 = — 9 What real numbers squared give —9? None!

No real solution

Thus, 3x2 + 27 = has no real solution.

/ l\2 5
(E) ( X + -

)
= - First solve for x + ^.

Now solve for x.
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Solving the last two equations (mentally), we obtain x = ^ or x = — 3.

Example 17 illustrates how factoring can be utilized to solve quadratic

equations.

Example 17
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Problem 17 Solve by factoring, if possible.

(A) x^ - 5x - 24 =
(C) 2x2 - 5x - 4 =
(E) 4u2 = 9u

(B) 6x2 + 7x - 3 =
(D) 3x2 - i8x + 24 =

Solving quadratic equations using the square root method or factoring is

convenient when these methods apply. However, there are many simple-

looking quadratic equations, such as x^ + x — 1 = 0. which require other

techniques. We now turn to these techniques.

Solution by Completing the Square

The method of completing the square can be applied to any quadratic

equation, and, in fact, allows us to derive a formula for finding the solutions

of a general quadratic equation. The procedure involves converting a

standard quadratic equation

ax2 + bx + c = a #

into the form

(x + k)2 = h

where k and h are constants. Notice that the left side of this equation is a

perfect square. Once we have this form we can apply the method of square

roots to obtain

x + k^

Thus,

Vh

-k±^fh

The question is: How do we convert a standard quadratic equation into

a form where the left side is a perfect square? Before we tackle this

problem, we will first discuss how to create a perfect square given an

expression of the form

x2 + mx or x2 — mx

where the coefficient of x^ is 1.

The question we need to answer is: What can be added to these expres-

sions so that they become perfect squares? Fortunately, there is a simple

mechanical rule for finding what we need. We take one-half of the coeffi-

cient of X (m/2 or — m/2), square this to obtain m2/4, and then add this to

either expression. We then have the following:

x2 -t- mx + = (-f) and mx +
nr ( raV
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This can be easily verified by squaring the right side of both equations. We
now state the above as a general rule.

Completing the Square

An expression of the form

x^ + bx

will become a perfect square if we add to it the square of one-half the

coefficient of x. Thus, we add

= ©'

We then have

x^ + bx +I'HJ

Example 18 Complete the square and write as a perfect square.

(A) x^-flOx (B) x^-Sx (C) x^-fx

Solutions (A) To complete the square of x^ + lOx, we need to add (^)^ = 5^ = 25 to

it. We then have

x^+lOx + 25 = (x + 5p

(B) To complete the square of x^ — 5x, we need to add (— f)^ = ^ to it. We
then have

x2-5x ^ T = (x-f)2

(C) To complete the square of x^ — f x, we first divide — | by 2 to obtain

—
f. Adding (— |)^ = | to the expression, we obtain

x^ - fX + 1 = (x - 1)2

Problem 18 Complete the square and write as a perfect square.

(A) x2 + 12x (B) x^-llx (C) x^-fx

The process of solving a quadratic equation by the method of completing

the square is illustrated in the following examples.
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Example 19

Solution

Solve x^ + 8x — 2 = by completing the square.

x2 + 8x-2 =

x2 + 8x = 2

x2 + 8x+16 = 2+16
(x + 4)2 = 18

X + 4 = ± ^18 = ± 3 V2

x = -4 ±3^2

Add 2 to both sides to isolate

x^ + 8x on the left,

Add 16 to both sides to make the

left side a perfect square.

Write the left side as a perfect square.

Solve by the square root method.

Simplify the radical.

Problem 19 Solve x^ — lOx + 5 = by completing the square.

Example 20 Solve Ix^ + 14x + 5 = by completing the square

SoJution 2x2 + l4x + 5 =

x2 + 7x + f =

x2 + 7x = -f

x2 + 7x + f = -f+f
= —III + la

= la

(X + 1)2 = i

x + | = ±V^ = ±

First divide both sides by 2 so that x^ will

have 1 as a coefficient.

Subtract f from both sides to isolate

x^ + 7x on the left.

Add [\f = ^ to both sides to

make the left side a perfect square.

Simplify the right side.

Write the left side as a perfect square.

Solve by the square root method.

^39

X = d:
2

739

T
-7±n/39

Problem 20 Solve 2x2 - 6x + 1 = by completing the square.

Example 21 Solve x^ + 2x + 7 = by completing the square.

Solution x2 + 2x + 7 =
x2 + 2x = -7

x2 + 2x + l = -7 + l

(x + l)2 = -6

No real solution

There is no real value of x for which the last equation is true.

Problem 21 Solve x^ — 4x + 9 = by completing the square.
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Solution by the Quadratic Formula

The process of completing the square can be used to establish the following

result:

The Quadratic Formula
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Example 22 Solve, using the quadratic formula.

(A) x^ - 2x - 1 = (B) 3x2 - X - 2 = (q x^ + x + 1 =

Solutions (A) x^ - 2x - 1 =
Here, a = 1, b = —2, and c = — 1. Thus,

-b± Vb2-4QC

2a

_ — (— 2) ± \/(- 2)" - 4(1)(- 1) Be careful of sign errors here.

2±V8

2±2V2 Be careful in reducing this.

^m±M=,±r2

(B) 3x2-x-2=0
Here, a = 3, b = — 1, and c = —2. Thus,

-(-l)±V(-l)2-4(3)(-2)
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Example 23

Solution

Solve; 2x + 5=-
x + 1

2x + 5 =

(x+1)
(2x + 5]

1

x + 1

(x + 1)
x + 1

2x== + 7x + 5 =9
2x2 + 7x-4 =

(2x - l)(x + 4) =
2x-l=0 or x + 4 =

X = i or X = —4

Note that x^t-1.

Multiply both sides by the

LCD = X + 1 and simplify.

Put in standard form.

Factor the left side.

Problem 23 Solve: 2x — 3 =
10

Example 24

Break-Even Analysis

Applications

A large variety of practical problems lead to quadratic equations that can

then be solved using the methods developed in this section. The following

examples illustrate this.

The manufacturer of a stereo system finds that the number of units, x,

ordered per pay (demand) is given by

x = 125--
4

where p is the price per unit. The total cost. C, per day to manufacture x

units is given by

C = 11,200 + 60x

How many units must be produced and sold each day to break even; that is,

so that the revenue, R, is equal to the cost, C?

Solution The demand equation

x = 125

can be written in the form

p = 500 -4x

The revenue R is given by

R = (Number of units sold) X (Price per unit]

= xp
= x(500 - 4x)

= 500x-4x2
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Problem 24

We want to find the value(s) of x such that R = C; that is, such that

500x - 4x2 = 11,200 + 60x

Solving this equation, we have

500x - 4x^ = 11,200 + 60x Put in standard form.

— 4x^ + 440x — 11,200 = Divide both sides by —4.

x^ - llOx + 2,800 = Solve for X.

(x - 40)(x - 70) =
X - 40 = or X - 70 =

X = 40 or X = 70

Thus, if 40 or 70 units are produced and sold each day, the revenue will

equal the cost.

Solve Example 24 using the demand equation

p
x = 120--

Example 25

Revenue

SoJution

and the cost equation

C = 12,000 + lOOx

The manager of a movie theater finds that she will sell all 800 tickets to the

Friday evening movie if the charge for admission is $4 per person. For each

$1 increase in admission price she expects 100 fewer people to buy tickets.

How much should she charge for admission so that the revenue, R, from

ticket sales is $3,500?

Let

X = Number of $1 increases

Then we have

4 + X = Price per ticket

800 - lOOx = Number of tickets sold

Thus, the revenue on ticket sales is

R = (Number of tickets sold) X (Price per ticket)

= (800 - 100x)(4 + x)

= 3,200 + 400X- lOOx^

To find the value(s) of x for which R = 3,500, we have

3,200 + 400x - lOOx^ = 3,500

- lOOx^ + 400x - 300 =
x2-4x + 3 =

(x - l)(x - 3) =
x-l = or x-3 =

X = 1 or X = 3

Put in standard form.

Divide by -100.

Solve for x.



4-3 Quadratic Equations 179

Since the price per ticket is $4 + x, the manager should charge $5 or $7 per

ticket to obtain a revenue of $3,500.

Problem 25 Solve Example 25 if the revenue is to be $3,600.

Answers to

Matched Problems

16. (A) ±9 (B) ±n/6 (C) ±2 (D) No real solution

17. (A) —3,8 (B) — f, ^ (C) Cannot be factored using integers

(D) 2.4 (E) 0, f

18. (A) x2 + 12x + 36 = (x + 6)2 (B) x^ - llx + ^ = (x - ^j^'

(C) x^-fx + if
= (x-|p

Q _1_ /-T

19. X = 5 ± V20 = 5 ±2^5 20. x = —= 21. No real solution
2

— 3 ± \/29
22. (B) |, -i (C) No real solution

23. -j. 4 24. 40 or 60 units 25. $6 per ticket

Exercise 4-3

In the following problems, by "solve" we mean to find all real solutions. If

an equation has no real solutions, say so.

Solve by the square root method.

1. x2-36 =
4. x2 + 9 =
7. 9x^-16 =

x^-Sl =0
y2 - 8 =
36y2 - 25 =

3.

6.

x2 + 16 =
z^ - 27 =

Solve by factoring, if possible.

x^9

11

13

15

17

7x =
2x-8 =
5x- 12 =

5u2 = 4u

2x2 -X- 3 =

Solve by completing the square.

19. x2 + 6x-3 =
21. 2x2 -6x- 3 =

Solve using the quadratic formula.

23. x2 + l0x-8 =
25. 3y2 - 5y - 4 =

10. w^ + 5w =
12. x2 + 2x-15^
14. x2 + 4x-10^
16. 8t2 = -3t

18. 5x2 + 9x-2

20. x^ + 8x + 6 =
22. 2x2 + 8x + 3 =

24. x^ - 6x + 2 =
26. 5x2 + 3x-4 =

B Solve using the most e^cient method.

27. k-2 = — 7v —7x- 12 28. 4z = 5 29. 4x2 = 5
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30. 16x^ = 7

33. (x - 5)2 = 36

36. 8x2 -6x- 9 =
39. 2m2 = m + 3

42. (C + iP = ^

45. 16u2 + 9 =

31. 16x2-13 =
34. (z + 3)2 = 49

37. (x-i)2 = ^
40. 9x2 + 8 = 18x

43. x2 + x-l =

46. 25a2 + 4 =

32. 9y2 - 7 =
35. 6x2-13x + 6 =
38. (x + i)2

= A
41. (y-i)^ = l

44. x2 - 3x + 1 =

47.
8

48. — = 3 - X
4

,
2 35

51. 1+- =—
X x"^

54. 3x2 -2x- 7 =

57. 2w2 = 5w - 9

60. 5u2 - lOu + 4 =

49. u2 = 5u + 3

-o 8 3
52. - = 4

y y

55. 2 = -

50. v2 + 7v = 3

53. 2x2 + 5x-4 =

13

x- 3 X

58. 3t2 + 3t + 7 =

56.
3 _ 20

X + 2 2 X

59. 7z2 + 12z + 3 =

Solve by factoring (a and b denote constants).

61. 5ax + 6a2 =
62. a2x2 - 2abx2 - 8b2 = 0, a ¥=

Solve by the square roof method (a, b, c, m, and n denote constants).

63

64

( b \2 b2 - 4ac
x +— = ;— , a^O

2a/ 4a2

(-!)= 4n

Solve using the quadratic formula (m and n denote constants).

65. x2 + 2mx + n = 66. x2 + mx + n =

Applications

Business & Economics 67. Revenue. A company manufactures and sells x television sets per

month. If the revenue is given by

R = 200x
X'

30
« X « 6,000

determine the number of sets that must be manufactured and sold

each month for the revenue to be $300,000.

68. Pro/it. If the profit, P, on the manufacture and sales of x televisions per

month (see Problem 67) is given by

P =
30

+ 140x - 72,000 ^ X « 6,000
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determine the number of sets manufactured and sold if the profit is

$75,000.

69. Break-even analysis. The manufacturer of a short-wave radio finds

that the number of units, x, ordered per week (demand) is given by

p
x = 250--

4

where p is the price per unit. The total cost to manufacture x units per

week is C = 30,000 + 200x. How many radios must be produced and

sold each week for the revenue, R, to be equal to the cost? [Recall

that R = xp.]

70. Break-even analysis. The demand, x, per week for a high-quality

camera is given by

p
x = 350--

2

where p is the price per camera. The cost to produce x cameras per

week is given by C = 19,200 + 300x. Determine the number of cam-

eras that must be produced and sold each week to break even (for

which R = C). [Recall that R = xp.]

71. Profit. In Problem 69 find the profit, P, in terms of x and determine the

number of radios that must be manufactured and sold each week to

earn a profit of $3,600. [Recall that P^R-C]
72. Profit. In Problem 70 find the profit, P, in terms of x and determine the

number of cameras that must be produced and sold each week to earn

a profit of $600. [Recall that P = R - C]

73. Rental income. During the tourist season, a San Francisco hotel finds

that it will rent all 120 rooms each night at a rate of $50 per night. For

each $1 increase in rate, two fewer rooms will be rented. Find the rate

at which the total rental income per night is $6,050.

74. Rental income. A car rental agency rents all 100 cars per day at a rate

of $20 per day. For each $2 increase in rate, five fewer cars are rented.

At what rate will the total rental income be $2,240 per day?

75. Agriculture. A commercial cherry grower estimates that if thirty trees

are planted per acre, each tree will produce an average of 50 pounds of

cherries per season. For each additional tree planted per acre, the

average yield per tree will be reduced by 1 pound. How many trees

should be planted per acre to obtain 1,600 pounds of cherries per acre?

76. Small business. Two barbers estimate that they will have an average

of forty customers per day if they charge $8 for a haircut. For each

additional $1 that they charge, they figure they will lose four cus-

tomers. What higher rate will produce the same revenue they receive

at $8 per haircut?
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Life Sciences 77. Drug concentration. The concentration, C, in milligrams per cubic

centimeter of a particular drug in a patient's bloodstream is given by

0.16t

78.

Social Sciences 79.

t^ + 4t + 4

where t is the number of hours after the drug is taken. At what time

will the drug concentration be 0.02?

Bacteria control. A recreational swimming area is treated periodically

to control the growth of harmful bacteria. Suppose that after treat-

ment the bacteria count, C, per cubic centimeter is given by

30t' 240t + 500 0« t
^

where t is the number of days after treatment. After how many days

will the bacteria count be 140?

Fund raising. A local chapter of a political organization estimates that

it will distribute all 750 tickets to a fund-raising dinner if a $50

donation is requested per ticket. For each additional $5 in donation

requested, it is estimated that 25 fewer tickets will be distributed.

What donation per ticket should be requested in order to raise

$50,000?

4-4 Nonlinear Inequalities

Polynomial Inequalities

Rational Inequalities

Application

Polynomial Inequalities

In Section 4-2 we solved first-degree (linear) inequalities such as

3x - 7 ^ 5(x - 2) -I- 3

But how do we solve second-degree (quadratic) inequalities such as

x2-12<x

If, after collecting all nonzero terms on the left, we find that we are able to

factor the left side in terms of first-degree factors, then we will be able to

solve the inequality, as shown in the following case:

x^ — 12 < X Move all nonzero terms to the left side,

x^ — X — 12 < Factor left side.

(x -I- 3)(x - 4) <
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We are looking for values of x that will make the left side less than — that

is, negative. What must the signs of (x + 3) and (x — 4) be so that their

product is negative? They must have opposite signs.

Let us see if we can determine where each of the factors is positive,

negative, and 0. The point at which either factor is is called a critical

point. We will see why in a moment.

Sign analysis for (x + 3)

CriticaJ (x + 3) is (x + 3) is

point positive H'hen negative ivhen

x+3=0 x+3>0 x+3<0
x = -3 X >-3 x<-3

It is useful to summarize these results on a real number line:

Sign of (x + 3] - - - -

i )x

+ + + + + +

-3

Critical

point

Thus, (x + 3) is negative for values of x to the left of — 3 and positive for

values of x to the right of — 3.

Sign analysis for (x — 4)

Critical [x — 4) is (x — 4) is

point positive when negative when

x-4=0 x-4>0 x-4<0
x=4 x>4 x<4

Geometrically, we have the results shown here:

Sign of (x - 4)
------

; )x
4

Critical

point

Thus, (x — 4) is negative for values of x to the left of 4 and positive for values

of X to the right of 4.

Combining these results relative to a single real number line leads to a

simple solution to the original problem:
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Theorem 1

Sign of (x + 3)
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Example 27

Solution

Note that the equality portion of the inequality statement is satisfied at

the critical points. The inequality portion is satisfied when the product of

the factors is positive— that is, when the factors have the same sign. From

the figure above we see that this happens to the left of — 4 or to the right of

I. We can now write the solution:

^ — 4 or X ^ I

-00, -4] U [1,00)

Inequality notation

Interval notation

4x

Problem 26 Solve and graph: Zx^ ^ 3x + 9

Solve and graph: x^ — 4 ^ x — 4x^

4x2

x3 -I- 4x2 - X - 4 «

(x^ + 4x2) _ (x + 4) ^

x2(x + 4) - (x + 4) «

(x^ - l)(x + 4) «

(x-l)(x + l)(x + 4)S0

Critical points: —4,-1,1

Move all nonzero terms to the left

side.

Factor left side by grouping first two

terms and last two terms.

(x + 4) is a common factor.

Find critical points.

Equality holds at all of the critical points. The inequality holds when the

left side is less than — that is, when the left side is negative. The left side is

negative when (x — 1), (x + 1), and (x + 4) are all negative or when one is

negative and two are positive. We chart the sign of each factor on a real

number line:

Sign of (x - 1)

Sign of (x + 1)

Sign of (x + 4) + + + + +

- - - I + + +
!

I

+ + + I + + +
I

I

+ + +
I
+ + +

-^x
-4

Critical

point

-1

Critical

point

1

Critical

point

The solution is easily determined from the figure:

x«— 4 or — l^x'Si Inequality notation

(— 00, — 4] u [— 1, 1] Interval notation

• • • )x
-4 -1 1
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Problem 27 Solve and graph: x' + 12 > 3x^ + 4x

Remark: The key to solving polynomial inequalities is factoring. At this

point we are able to factor only a few very special types of polynomials. In a

more advanced treatment of the subject, procedures can be developed that

enable one to factor a fairly large class of polynomials.

Rational Inequalities

The sign-analysis technique described previously for solving polynomial

inequalities can also be used to solve inequalities involving rational forms,

such as

x-3
x + 5

>0 and
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Sign of (X - 1)

Sign of (x + 1)

Sign of (2 - x)

- -
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The inequality is satisfied if (p — 2) and (p — 7) have opposite signs.

Sign of (p - 2)

Sign of (p - 7)

+ + + + + + + + +

+ + + + +

-^P

(p cannot be

less than 0)

2

Critical

point

7

Critical

point

Thus, a profit will result for $2 < p < $7.

(B) A loss will result if revenue is less than cost— that is, if

R<C
8p - p2 < 14 - p

-p- + 9p- 14 <0

p2 - 9p + 14 >

{p - 2)(p - 7) >

The inequality is satisfied if both factors have the same sign. Referring

to the sign chart in part A, we see that this happens for p < 2 or p > 7.

But, since p cannot be negative, a loss will result for $0 ^ p < $2 or

p>$7.
(C) The company will break even if revenue equals cost— that is, if

R = C

8p-p^ = 14 -p
p2 - 9p + 14 =

(p - 2)(p - 7) =

The company will break even for p = $2 or p = $7.

Problem 29 Repeat Example 29 for C = 8 — p

R = 5p — r.2

Cost equation

Revenue equation

Answers to

Matched Problems

26.

28.

s — I or X :

-00, -i]u[3, =

_3 3

2

— 4 < X « — I or

(-4, -I] U (2, 00)

x>2

27. -2<x<2
(-2, 2)U(3,

or x>3

2 3

->^

-^^



4-4 Nonlinear Inequalities 189

29. (A) $2 < p < $4 (B) $0 s p < $2 or p > $4

(C) p = $2 or p = $4

Exercise 4-4

Solve and graph. Express answers in both inequality and interval notation.

B

1.
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Life Sciences

Social Sciences

42.

43.

44.

45.

46.

Break-even anaJysis. Repeat Example 29 for

C = 27 - 2p and R = lOp - p^

Pricing. A publisher estimates that she can sell 20,000 copies of a book

per year at a price of $20 each. For each $1 increase in price, she

expects to sell 500 fewer books. For what range of prices, p, will the

total income on the sale of the books be at least $437,500 per year?

Rental. A Reno hotel will rent all 200 rooms each night during the

summer at a rate of $30 per night. For each $1 increase in room rate,

five fewer rooms will be rented each night. Find the range of rates, r,

for which the total revenue from rentals will be at least $6,080 per

night.

Drug concentration. The concentration, C, in milligrams per cubic

centimeter of a particular drug in a patient's bloodstream is given by

C =
0.32t

t^ + 6( + 9

where t is the number of hours after the drug is administered. During

what period of time will the concentration be less than 0.02?

Fund raising. A local chapter of a political organization estimates that

it will distribute all 500 tickets to a fund-raising dinner if a $50

donation is requested per ticket. For each additional $5 in donation

requested, it is estimated that 25 fewer tickets will be distributed.

What donation, d, per ticket should be requested in order to raise at

least $28,000?

4-5 Literal Equations

So far, we have worked mostly with equations having only one variable or

unknown. In applications of mathematics we must often work with equa-

tions involving two or more variables. Such equations are referred to as

literal equations or formulas, since they use letters to express relation-

ships among two or more quantities. For example.

Simple interest = Principal • Rate • Time

This can be more easily expressed by using the equation

I=Prt

where I = Simple interest, P = Principal, r = Rate, and t = Time.

In working with literal equations we are often interested in solving for

one variable in terms of the others. It is important to note that in solving
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for a particular variable, we must isolate it on the left side of the equal sign.

It cannot appear on both sides; if it does, we have not solved for it.

In solving literal equations for a particular variable, we will often make
use of the symmetric property of equality. Recall that this property states:

If b, the

Using the symmetric property, we can often reverse a formula to get a letter

we are solving for on a desired side.

Example 30

Solution

Solve I = Prt for t.

I = Prt Reverse the equation to get t on the left.

Prt = I Divide both sides by Pr to isolate t.

Prt

Pr

_i_

Pr

I
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Problem 32 Solve W = K - Kat for K.

Example 33
111

Solve — = — + — for a.fab
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5. C = 7td. for d 6. E = mc^, for m
7. V = abc, for b 8. A = Jiv, for w
9. ax + b = 0. for x 10. ex — d = 0, for x

V
11. V=^Ab, for A 12. -T = h. for A

A

b E
13. m=-, for a 14. 1 = —. for R

a R

15. P = 2J + 2w, for J 16. y = 3x - 5, for x

B Solve for the indicated variable.

17. y = mx + b, forx
^g y = cx-d, fore

19. 3x-5y+15 = 0, for y ^^ 2x-3y=12, for y
21. Ax + Ry + C = 0, for y ^2. Ax + Ry = 0, for y

23. c =^, forW .. r^ - 100 • MA

25 A = h, for h
2

27. ^ = ^, ford

29. ax + b = ex + d, for x

PV
31. -Y^^' ^°^ ^

33.
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Applications

Business & Economics 49.

Life Sciences

50.

51.

Social Sciences 52.

Simple discount. If a borrower signs a simple discount note, the lender

deducts the interest at the start from the maturity value of the note

and the borrower will receive the difference P, called the proceeds. In

terms of a formula,

P = M - Mdt

Solve this formula for M, the maturity value.

Compound interest. The formula A = P(l + i)" represents the amount

A in an account after n periods of compounding at lOOi percent

interest per period, assuming a present value ofP in the account at the

beginning. Solve the formula for P to form a present value formula.

Ocean pressure. The pressure P in pounds per square inch at d feet

below sea level is given by

Solve this formula for d.

Anthropolog)-. In their study of genetic groupings, anthropologists use

a ratio called the cephalic index. This is the ratio of the width of the

head to its length (looking down from above) expressed as a percent-

age. Symbolically,

„ lOOW

where C is the cephalic index, W is the width, and L is the length.

Solve this formula for L.

4-6 Chapter Review

Important Terms

and Symbols

4-1 Linear equations, equation, first-degree equation, linear equation,

solution, root, solution set, solving an equation, equivalent equations,

properties of equality, identities, equations with no solution, fixed

costs, variable costs, revenue, break even, word problems

4-2 Linear inequalities, inequality symbols, first-degree inequality, linear

inequality, properties of inequalities, solution, solution set, solving an

inequality, double inequalities, <, >, s, ^
4-3 Quadratic equations, second-degree equation, quadratic equation,

standard form, solving quadratic equations, square root method, solu-
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tion by factoring, perfect squares, completing the square, quadratic

formula, fractional forms, demand equation, qx^ + hx + c = 0, a ¥= 0,

-b±^h^-4ac
X =

2a

4-4 Nonlinear inequalities, polynomial inequalities, sign analysis, critical

point, rational inequalities

4-5 Literal equations, literal equation, formula, solving for a particular

variable

Exercise 4-6 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are safisjied that you know the material, take the practice test /oilowing

this review.

A Solve.
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Solve using the quadratic formula.

21. x2-4x + 2 = 22. 3x2 = 6x + 5

In Problems 23-26 solve each inequality and graph.

23. (x-2)(x + 3)<0 24. x^ - x - 12 >
25. x(x + 3)^0 26. x2^5x + 14

W
27. Solve pv = k for p. 28. Solve P = -5- for R.

n

B Solve.

29. 2x2-7x+10 = (2x- l)(x-4)

u + 3 2u-7 5-u

31. 0.15X + 0.12(20,000 - x) = 2,850

32. 5(3x - 5) - 7(x - 3) = 3(4x - 8) - 4(x - 5)

15 3u
33. 8

34.

u+5 u+5
16 5 7

X x-2 X-

2

Solve each inequality and graph.

35. ll-6(2m-5)>5 36. 4 S 3x + 13 < 25

4x + 3
37. -9<3-4x<ll 38. -3 « — ^5

5x-2 lz-118-z

41. 0.08X + 0.12(3,000 -x)^ 280 42. -22^fC + 32«86

Solve by the most efficient method.

1

8

43. [x + if = ^ 44. 20y = 3-7y2 45. — = 2z
z

46. x^ + 5x = 1 47. -(x - 2) = 4 48. z^ = 7z + 4

49. (z - 3)2 = - 25 50. Sy^ + 4y - 3 =

In Problems 51-54 solve each inequality and graph.

51. x2^49 52. 2x2-llx + 5<0

"• f^<° '' (x-3Kx + 3]

>°

55. Solve 5x - 3y + 30 = for y. 56. Solve s = ^at^ for a.
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Solve.

57.
X - 3 X - 2 _ 7(x - 7) X - 5

15 8 60

58. -49«fC + 32 ^ 149

59. (x + t)^
= f

61. s=iat\ forOO

,
2-4x

60. 5 H <
X- 1

62. x^ -ax — 120^ = 0, forx

Applications

Business & Economics

Life Sciences

Social Sciences

63.

64.

65.

66.

67.

68.

Investment, If $60,000 is invested, part at 15% and the rest at 9%, how
much should be invested at each rate so that the total investment

earns the equivalent of 10%?

Investment. In Problem 63, how much should be invested at 15% if the

total investment is to earn the equivalent of at least 13%?

Projit. The demand and cost equations for the manufacture and sales

of a commoditv each week are

x = 200- C = 12,000 + laOx

Determine the number of items, x, that must be produced and sold to

earn a profit.

Profit. In Problem 65. determine the number of items, x, that must be

produced and sold if the profit is:

(A) Equal to $1,500 (B) At least $2,400

Rentals. A television rental service will rent all 100 television sets at

$16 per month. For each $1 increase in rental, four fewer sets will be

rented. What is the range of rates, r, that may be charged to obtain a

gross income of at least $1,656 per month?

Pollution. The concentration, C, of bacteria per cubic centimeter in a

lake treated with an antibacterial agent is given by

C = 900 + 720t-180f2 0^

where t is the number of days after treatment. In how many days will

the concentration be 1,440?

69. Psychology. If

100 • MA
IQ = -

CA

what would be the mental age (MA) range for a group of 10-year-olds

who have an IQ range of 120 to 160?
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Practice Test: Chapter 4

Solve.

1. 0.20X + 0.15(4,000 -x) = 675

2x - 5 , , X 40 - 5x
2. 4 - X =

3 * ' 2 6

In Problems 3 and 4 solve each inequality and graph.

X 1 X 1

3. <- + -
4. -8<8-2x«12

18 2 9 6

5. Solve by factoring: 3x^ = 7x— 2

6. Solve using the quadratic formula and simplify if possible:

3x2 = 2x + 4

7. Solve by completing the square: 2x^ — 10x4-5 =

In Problems 8 and 9 solve each inequality and graph.

X — 5
8. x^^x + 2Q 9. SO

x + 3

10. Solve B = Ap - Bq for B.

11. If $30,000 is invested, part at 10% and the rest at 15%, how much
should be invested at each rate if the total investment is to earn the

equivalent of 12%?

12. The weekly demand and cost equations for the production and sale of

a particular item are

x = 200-- C = 9,000 + 150X
3

How many items, x, should be produced and sold each week to earn a

profit of at least $7,200?

i
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5-1 Cartesian Coordinate System and Straight Lines

5-2 Relations and Functions

5-3 Graphing Functions

5-4 Chapter Review

5-1 Cartesian Coordinate System and Straight Lines

Cartesian Coordinate System

Graphing Linear Equations in Two Variables

Slope

Equations of Lines— Special Forms

Application

Cartesian Coordinate System

Recall that a Cartesian (rectangular) coordinate system in a plane is

formed by taking two mutually perpendicular real number lines intersect-

ing at their origins (coordinate axes), one horizontal and one vertical, and

then assigning unique ordered pairs of numbers (coordinates) to each

point P in the plane (Fig. 1). The first coordinate (abscissa) is the distance of

P from the vertical axis, and the second coordinate (ordinate) is the dis-

tance of P from the horizontal axis. In Figure 1, the coordinates of point P

are (a, b). By reversing the process, each ordered pair of real numbers can

be associated with a unique point in the plane. The coordinate axes divide

the plane into four parts (quadrants), numbered I to IV in a counterclock-

wise direction.

10

Q(-5.5), b-

Abscissa -x /- Ordinate

iP(ii./))

1 i

Coordinates

-10 V

III

Axis -

10

Origin

IV

a 10 V. Axis

;R(10. -10)

Figure 1 The Cartesian coordinate system

200
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Graphing Linear Equations in Two Variables

A linear equation in two variables is an equation that can be written in the

form

Ax + By = C Standard form

with A and B not both zero. For example,

2x-3y = 5 x = 7 y = ^x— 3 y = -3

can all be considered linear equations in two variables. The first is in

standard form, while the other three can be written in standard form as

follows:

Standard form

x=7 x+0y=7
y = ix-3 — Jx + y = -3 or x-2y=6
y = -3 0x + y = -3

A solution of an equation in two variables is an ordered pair of real

numbers that satisfy the equation. For example, (0, — 3) is a solution of

3x — 4y = 12. The solution set of an equation in two variables is the set of

all solutions of the equation. When we say that we graph an equation in

two variables, we mean that we graph its solution set on a rectangular

coordinate system.

We state the following important theorem without proof:

Theorem 1 Graph of a Linear Equation in Two Variables

The graph of any equation of the form

Ax + By = C Standard form (1)

where A, B, and C are constants (A and B not both zero), is a straight

line. Every straight line in a Cartesian coordinate system is the graph

of an equation of this type.

Also, the graph of any equation of the form

v = mx + b (2)

where m and b are constants, is a straight line. Form (2) is simply a special

case of (1) forB # 0. To graph either (1) or (2), weplot any two points of their

solution set and use a straightedge to draw the line through these two

points. The points where the line crosses the axes— called the intercepts

— are often the easiest to find when dealing with form (1). To find the y
intercept, we let x = and solve for y; to find the x intercept, we let y =
and solve for x. It is sometimes wise to find a third point as a check.
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Example 1 (A) The graph of 3x — 4y = 12 is

y

Check point

5 10

x intercept

y intercept

(B) The graph of y = 2x — 1 is

y
x
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Slope
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Problem 2 Find the slope of the line through each pair of points:

(A) (3,-6), (-2,4) (B) (-7, 5), (3, 5)

In general, the slope of a line may be positive, negative, zero, or not

defined. Each of these cases is interpreted geometrically in Table 1.

Table 1 Going from Left to Right

Line Slope Example

Rising Positive

Falling Negative

Horizontal Zero

Vertical Not defined

Equations of Lines— Special Forms

The constants m and b in the equation

V = mx + b (3)

have special geometric significance.

If we let X = 0, then y = b, and we observe that the graph of (3) crosses the

y axis at (0, b). The constant b is the y intercept. For example, the y
intercept of the graph of y = — 4x — 1 is — 1.

To determine the geometric significance of m, we proceed as follows: If

y = mx + b, then by setting x = and x = 1, we conclude that (0. b) and

(1, m + b) lie on its graph (a line). Hence, the slope of this graph (line) is

given by:

Slope
Yi - yi _ (m + b) - b

Xt x. 1 -0
m

Thus, m is the slope of the line given by y = mx + b.
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Slope -Intercept Form

The equation

m = Slope

b = y intercept
y = mx + b

is called the slope -intercept form of an equation of a line.

(4)

Example 3

So/utions

(A) Find the slope and y intercept, and graph y = — fx — 3.

(B) Write the equation of the line with slope f and y intercept —2.

(A) Slope = m = -|

y intercept = b = — 3

(B) m = f and b = -2;

thus, V = #x — 2

y intercept

Problem 3 Write the equation of the line with slope ^ and y intercept —1. Graph.

Suppose aline has slope m and passes through a fixed point (x, , yj. If the

variable point (x, y) is any other point on the line (Fig. 2), then

y - vi = m
X — X,



206 Graphs and Functions

that is,

y — yi = m(x xj

We now observe that (Xj, yj also satisfies this equation and conclude that

this is an equation of a line with slope m that passes through (Xj, yj.

Point -Slope
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Problem 4 (A) Find an equation for the line that has slope f and passes through

(6, —2). Write the resulting equation in the form Ax + By = C, A> 0.

(B) Find an equation for the line that passes through (2, —3) and (4, 3).

Write the resulting equation in the form y = mx + b.

The simplest equations of a line are those for horizontal and vertical

lines. A horizontal line has slope 0; thus its equation is of the form

y = Ox + c Slope = 0, y intercept c

or simply

y = c

Figure 3 illustrates the graphs of y = 3 and y = —2.

If a line is vertical, then its slope is not defined. All x values (abscissas) of

points on a vertical line are equal, while y can take on any value (Fig. 4).

J '
I I I

Figure 3

-^x

Figure 4

X = 4

•^x

Thus, a vertical line has an equation of the form

x + Oy = c X intercept c

or simply

X = c

Figure 4 illustrates the graphs of x = — 3 and x = 4.

Equations of Horizontal and Vertical Lines

Horizontal line with y intercept c: y = c

Vertical line with x intercept c: x = c

Example 5 The equation of a horizontal line through (— 2, 3) is y = 3. and the equation

of a vertical line through the same point is x = —2.
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Problem 5 Find the equations of the horizontal and vertical lines through (4, —5).

We state without proof the following important theorem regarding slope

and parallel lines.

Theorem 2 Slope and Parallel Lines

If two nonvertical lines are parallel, then they have the same slope; if

two lines have the same slope, they are parallel.

y
Parallel

lines

^x

Example 6

Solution

Problem 6

Example 7

Cost Equation

Find the slope of y = mx + 7 so that it is parallel to 3x — 2y = 4.

To find the slope of 3x — 2y = 4, write the equation in the form y = mx + b

and identify m:

3x - 2y = 4

-2y = -3x + 4

y = fx-2

Thus, m = |, and

y = fx + 7

is parallel to 3x — 2y = 4 (since they have the same slope).

Find the slope of y = mx — 3 so that it is parallel to 2x + 3y = 6.

Application

We will now see how equations of lines occur in certain applications.

The management of a company that manufactures roller skates has fixed

costs (costs at zero output) of $300 per day and total costs of $4,300 per day

at an output of 100 pairs of skates per day. Assume that cost C is linearly

related to output x.
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(A) Find the slope of the line joining the points associated with outputs of

and 100; that is, the line passing through [0, 300) and (100, 4,300).

(B) Find an equation of the line relating output to cost. Write the final

answer in the form C = mx + b.

(C) Graph the cost equation from part B for ^ x ^ 200.

Solutions (A)

(B)

Vi 4,300 - 300 4,000 = 40
X2-X, 100-0 100

We must find an equation of the line that passes through (0, 300) with

slope 40. We use the slope -intercept form:

' mx + h

40x + 300

(C)

Problem 7

Answers to

Matched Problems

X
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5. y = — 5,x = 4 6. m = —

|

7. (A) m = 40 (B) C = 40x + 250

Exercise 5-1

A Graph in a rectangular coordinate system.

1. y = 2x-3 2. y = -+l

3. 2x + 3y=12 4. 8x - 3y = 24

Find the slope and y intercept of the graph of each equation.

5. y = 2x-3 6. y = - + l
2

7. y = -fx + 2 8. y = |x-2

Write an equation of the line with the indicated slope and y intercept.

9. Slope = -2 10. Slope = -f
y intercept = 4 y intercept = — 2

11. Slope = -| 12. Slope = 1

y intercept = 3 y intercept = —2

B Graph in a rectangular coordinate system.

13. y = -fx-2 14. y = -|x + l

15. 3x-2y = 10 16. 5x-6y = 15

17. x = 3andy = -2 18. x = -3andy = 2

Find the slope of the graph of each equation. (First write the equation in the

form y = mx + b.)

19. 3x + y = 5 20. 2x-y = -3

21. 2x + 3y=12 22. 3x - 2y = 10

Write an equation of the line through each indicated point with the indi-

cated slope. Transform the equation into the form y = mx + b.

23. m=-3, (4,-1) 24. m = -2, (-3,2)

25. m=f, (-6,-5) 26. m =
i, (-4,3)

Find the slope of the line that passes through the given points.

27. (1, 3) and (7, 5) 28, (2, 1) and (10, 5)

29. (-5, -2) and (5, -4) 30. (3, 7) and (-6, 4)
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Write an equation o/the line through each indicated pair o/ points. Write the

final answer in the form Ax + By = C. A> 0.

31. (1, 3) and (7. 5) 32. (2, 1) and (10, 5)

33. (-5. -2) and (5,-4) 34. (3, 7) and (-6, 4)

Write equations of the vertical and horizontal lines through each point.

35, (3,-5) 36. (-2,7) 37. (-1,-3) 38. (6.-4)

Find an equation of the line, given the information in each problem. Write

the final ansiver in the form y = mx + b.

39. Line passes through (—2, 5) with slope — |.

40. Line passes through (3, —1) with slope — f

.

41. Line passes through (—2, 2) parallel to )• = — ^x + 5.

42. Line passes through (—4, —3) parallel to y = 2x — 3.

43. Line passes through (—2,-1) parallel to x — 2y = 4.

44. Line passes through (—3, 2) parallel to 2x + 3y = — 6.

45. Graph y = mx — 2 for m = 2, m = ^, m = 0, m = — |, and m = — 2, all

on the same coordinate system.

46. Graph y = — Jx + b for b = — 4. b = 0. and b = 4. all on the same

coordinate system.

Write an equation of the line through the indicated points. Be careful!

47. (2, 7) and (2, -3) 48. (-2, 3) and (-2. -1)

49. (2, 3) and (-5, 3) 50. (-3,-3) and (0, -3)

Applications

Business & Economics 51. Simple interest. If $P (the principal) is invested at an interest rate of r,

then the amount A that is due after t years is given by

A = Prt + P

If $100 is invested at 6% (r = 0.06), then A = 6t + 100, t ^ 0.

(A) What will $100 amount to after 5 years? After 20 years?

(B) Graph the equation for s t s 20.

(C) What is the slope of the graph? (The slope indicates the increase

in the amount A for each additional year of investment.)

52. Cost equation. The management of a company manufacturing surf-

boards has fixed costs (zero output) of $200 per day and total costs of

$1,400 per day at a daily output of twenty boards.

(A) Assuming the total cost per day (C) is linearly related to the total

output per day (x), write an equation relating these two quanti-
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53.

54.

Life Sciences 55.

56.

ties. [Hint: Find an equation of the line that passes through

(0, 200) and (20, 1,400).]

(B) What are the total costs for an output of twelve boards per day?

(C) Graph the equation for ^ x 'S 20.

[Note: The slope of the line found in part A is the increase in total

cost for each additional unit produced and is called the marginaJ cost.

More will be said about the concept of marginal cost later.]

Demand equation. A manufacturing company is interested in intro-

ducing a new power mower. Its market research department gave the

management the demand-price forecast listed in the table.

Price Estimated Demand

$ 70

$120

$160

$200

7.800

4,800

2,400

(A) Plot these points, letting d represent the number of mowers

people are willing to buy (demand) at a price of $p each.

(B) Note that the points in part A lie along a straight line. Find an

equation of that line.

[Note: The slope of the line found in part B indicates the decrease in

demand for each $1 increase in price.]

Depreciation. Office equipment was purchased for $20,000 and is

assumed to have a scrap value of $2,000 after 10 years. If its value is

depreciated linearly (for tax purposes) from $20,000 to $2,000:

(A) Find the linear equation that relates value (V) in dollars to time

(t) in years.

(B) What would be the value of the equipment after 6 years?

(C) Graph the equation for ^ t ^ 10.

[Note: The slope found in part A indicates the decrease in value per

year.]

Nutrition. In a nutrition experiment, a biologist wants to prepare a

special diet for the experimental animals. Two food mixes, A and B,

are available. If mix A contains 20% protein and mix B contains 10%
protein, what combination of each mix will provide exactly 20 grams

of protein? Let x be the amount ofA used and let y be the amount ofB

used. Then write a linear equation relating x, y, and 20. Graph this

equation for x s= and y ^ 0.

Ecology. As one descends into the ocean, pressure increases linearly.

The pressure is 15 pounds per square inch on the surface and 30

pounds per square inch 33 feet below the surface.
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(A) If p is the pressure in pounds and d is the depth below the surface

in feet, write an equation that expresses p in terms of d. [Hint:

Find an equation of the Hne that passes through (0, 15) and

(33, 30).]

(B) What is the pressure at 12,540 feet (the average depth of the

ocean)?

(C) Graph the equation for « d « 12,540.

[Note: The slope found in part A indicates the change in pressure for

each additional foot of depth.)

Social Sciences 57. Psychology. In an experiment on motivation, J. S. Brown trained a

group of rats to run down a narrow passage in a cage to obtain food in a

goal box. Using a harness, he then connected the rats to an overhead

wire that was attached to a spring scale. A rat was placed at different

distances d (in centimeters) from the goal box, and the pull p (in

grams) of the rat toward the food was measured. Brown found that the

relationship between these two variables was very close to being

linear and could be approximated by the equation

p = -^d + 70 30«d«175

(See [. S. Brown, journal of Comparative and Physiological PsychoJ-

ogy, 1948, 41:450-465.)

(A) What was the pull when d = 30? When d

(B) Graph the equation.

(C) What is the slope of the line?

175?

5-2 Relations and Functions

Introduction

Relations and Functions

Relations Specified by Equations

Function Notation

Application

Introduction

The relation -function concept is one of the most important concepts in

mathematics. The idea of correspondence plays a central role in its formu-

lation. You have already had experiences with correspondences in every-

day life. For example:
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To each person there corresponds an annual income.

To each item in a supermarket there corresponds a price.

To each day there corresponds a maximum temperature.

For the manufacture of x items there corresponds a cost.

For the sale of x items there corresponds a revenue.

To each square there corresponds an area.

To each number there corresponds its cube.

One of the most important aspects of any science (managerial, life, social,

physical, etc.) is the establishment of correspondences among various types

of phenomena. Once a correspondence is knovi'n, predictions can be made.

A cost analyst vifould like to predict costs for various levels of output in a

manufacturing process; a medical researcher would like to know the

correspondence between heart disease and obesity; a psychologist would

like to predict the level of performance after a subject has repeated a task a

given number of times; and so on.

Relations and Functions

What do all of the examples of relations above have in common? Each deals

with the matching of elements from one set, called the domain of the

relation, with the elements in a second set, called the range of the relation.

Consider the following three relations involving the cube, square, and

square root. (The choice of small domains enables us to introduce two

important concepts in a relatively simple setting. Shortly, we will consider

relations with infinite domains.)

Relation 1 Relation 2 Relation 3

Domain Range Domain Range Domain Range

(Number) (Cube) (Number) (Square) (Number) (Square Root)

O
1 »1

2 S

The first two relations are examples of functions, but the third is not. These

two very important terms, relation and /unction, are now defined.



5-2 Relations and Functions 215

Definition of Relation and Function: Rule Form

A relation is a rule (process or method) that produces a correspon-

dence between one set of elements, called the domain, and a second

set of elements, called the range, such that to each element in the

domain there corresponds one or more elements in the range. A
function is a relation with the added restriction that to each domain

element there corresponds one and only one range element. (All

functions are relations, but some relations are not functions.)

In the cube, square, and square root examples above, we see that all

three are relations according to the definition.* Relations 1 and 2 are also

functions, since to each domain value there corresponds exactly one range

value (for example, the square of —2 is 4 and no other number). On the

other hand, relation 3 is not a function, since to at least one domain value

there corresponds more than one range value (for example, to the domain

value 9 there corresponds —3 and 3, both square roots of 9).

Since in a relation (or function) elements in the range are paired with

elements in the domain by some rule or process, this correspondence

(pairing) can be illustrated by using ordered pairs of elements where the

first component represents a domain element and the second component a

corresponding range element. Thus, we can write relations 1 through 3 as

follows:

Relation 1 = {(0, 0), (1, 1), (2, 8)}

Relation 2 = ((-2, 4), (-1, 1), (0, 0). (1, 1), (2,4)}

Relation 3 = ((0, 0), (1, 1), (1,-1), (4, 2), (4, -2), (9, 3), (9, -3))

This suggests an alternate but equivalent way of defining relations and

functions that provides additional insight into these concepts.

Deiinition of Relation and Function: Set Form

A relation is any set of ordered pairs of elements, and a function is a

relation with the added restriction that no two distinct ordered pairs

can have the same first component. The set of first components in a

relation (or function) is called the domain of the relation, and the set

of second components is called the range.

* We have used the word relation earlier as a word from our ordinary language. After

the formal definition, the word relation becomes part of our technical mathematical

vocabulary. From now on when we use the term relation in a mathematical context,

it will have the meaning specified above.
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According to this definition, we see (as before) that relation 3 above is not

a function, since there exist two distinct ordered pairs [(1, 1) and (1,-1), for

example] that have the same first component (more than one range ele-

ment is associated with a given domain element).

The rule form of the definition of a relation and function suggests a

formula or a "machine" operating on domain values to produce range

values— a dynamic process. On the other hand, the set definition of these

concepts is closely related to graphs in a Cartesian coordinate system—

a

static form. Each approach has its advantages in certain situations.

Two of the main objectives of this section are to expose you to the more

common ways of specifying relations and functions (including special

notation) and to provide you with experience in determining whether a

given relation is a function.

As a consequence of the above definitions, we find that a relation (or

function) can be specified in many different ways: by an equation, by a

table, by a set of ordered pairs of elements, and by a graph, to name a few of

the more common ways (see Table 2). All that matters is that we are given a

set of elements called the domain and a rule (method or process) of obtain-

ing corresponding range values for each domain value. Incidentally, the

graph of a relation specified by an equation in two variables is the graph of

the set of all ordered pairs of real numbers that satisfies the equation.

Which relation in Table 2 is not a function? The relation specified by the

Table 2
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graph is not a function, since a domain value can correspond to more than

one range value. (What does x = 4 correspond to?)

It is very easy to determine from its graph whether a relation is a

function.

Vertical Line Test for a Function

A relation is a function if each vertical line in the coordinate system

passes through at most one point on the graph of the relation. (If a

vertical line passes through two or more points on the graph of a

relation, then the relation is not a function.)

Relations Specified by Equations

Frequently, domains and ranges of relations and functions are sets of

numbers, and the rules associating range values with domain values are

equations in two variables. Consider the equation

y = x^ — X xGR

For each input x we obtain one output y. For example.

If X = 3. then y = 3^ - 3 = 6.

If x = -i, then y = (-1)2 -(-!) = 1 + 1 = 1.

The input values are domain values and the output values are range

values. The equation (a rule) assigns each domain value x a range value y.

The variable x is called an independent variable (since values are "inde-

pendently" assigned to x from the domain), and y is called a dependent

variable (since the value of y "depends" on the value assigned to x). In

general, any variable used as a placeholder for domain values is called an

independent variable; any variable that is used as a placeholder for range

values is called a dependent variable.

Unless stated to the contrary, we shall adhere to the following conven-

tion regarding domains and ranges for relations and functions specified by

equations.

Agreement on Domains and Ranges

If a relation or function is specified by an equation and the domain is

not indicated; then we shall assume that the domain is the set of all

real number replacements of the independent variable (inputs) that

produce real values for the dependent variable (outputs). The range

is the set of all outputs corresponding to input values.
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Most equations in two variables specify relations, but when does an

equation specify a function?

Equations and Functions

In an equation in two variables, if there corresponds exactly one

value of the dependent variable (output) to each value of the inde-

pendent variable (input), then the equation specifies a function. If

there is more than one output for at least one input, then the equation

does not specify a function.

Example 8 (A) Is the relation specified by the equation y^ = x + 1 a function, given x

is the independent variable?

(B) What is the domain of the relation?

Solutions (A) The relation is not a function since, for example, if x = 3, then y = ± 2.

(B) The domain of the relation (since it is not explicitly given) is the set of

all real x that produces real y. Solving for y in terms of x, we obtain

y = ±Vx+T

For y to be real, x + 1 must be greater than or equal to 0. That is,

x + 1 SO

x>-l

Thus,

Domain: x 1 or [-1,°°)

Problem 8 (A) Is the relation specified by the equation x^ + y-

X is the independent variable?

(B) What is the domain of the relation?

25 a function, given

Function Notation

We have just seen that a function involves two sets of elements, a domain

and a range, and a rule of correspondence that enables one to assign to each

element in the domain exactly one element in the range. We use different

letters to denote names for numbers; in essentially the same way, we will

now use different letters to denote names for functions. For example, /and

g may be used to name the two functions

/: y = 2x + 1

g: y = x2 + 2x-3
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If X represents an element in the domain of a function /, then we will

often use the symbol

fix)

in place of y to designate the number in the range of the function/to which

X is paired (Fig. 5).

IM

DOMAIN RANGE
Figure 5

It is important not to think of /(x) as the product of/and x. The symbol

f[x] is read "f of x" or "the value of fat x." The variable x is an independent

variable; both y and/(x) are dependent variables.

This function notation is extremely important, and its use should be

mastered as quickly as possible. For example, in place of the more formal

representation of the functions / and g above, we can now write

f(x) = 2x + l and g(x) = x2 + 2x-3

The function symbols f[x] and g(x) have certain advantages over the

variable y in certain situations. For example, if we write/(3) and g(5), then

each symbol indicates in a concise way that these are range values of

particular functions associated with particular domain values. Let us find

/{3)andg(5).

To find /(3), we replace x by 3 wherever x occurs in

/(x) =
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and evaluate the right side:

g(5) = 52 + 2 -5-3

= 25 + 10-3

= 32

Thus,

g(5) = 32 The function g assigns the range value 32 to the domain

value 5; the ordered pair (5, 32) belongs to g

It is very important to understand and remember the definition of /(x):

The f(x) Symbol

For any element x in the domain of the function f, the symbol f(x)

represents the element in the range of / corresponding to x in the

domain of /. If x is an input value, then f(x] is the corresponding

output value; or, symbolically, /: x —* /(x). The ordered pair (x, f{x)]

belongs to the function /,

Figure 6, which illustrates a "function machine," may give you addi-

tional insight into the nature of functions and the symbol f[x). We can

think of a function machine as a device that produces exactly one output

(range) value for each input (domain) value on the basis of a set of instruc-

tions such as those found in an equation, graph, or table. (If more than one

liipiii

Domain

Input values

I f(x) = 2.\ + 1 Output

^

Domain

Input values

f: X ^ f(xj

(X, f(x)) E f

f(-\)

1
Range

Input

f(x) = 2x + 1

; f(3) = 2(3) + 1 Output
= 7

f:
3^ 7

(3. 7) e f

0\itput values

Figure 6 Function machine— exactly one output for each input

1
((3) = 7

i
Range

Output values
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Example 9

Problem 9

Example 10

Domain of f

Domain of g

Domain of h

Problem 10

output value was produced for an input value, then the machine would be

a "relation machine" instead of a function machine.)

For the function f (x) = 2x + 1, the machine takes each domain value

(input), multiplies it by 2, then adds 1 to the result to produce the range

value (output). Different rules inside the machine result in different func-

tions.

If

.f(x)
=

then:

(A) /(6)

12

x-2
g(x) = l-x2 h(x) = Vx- 1

12 _ 12 _
6-2 ~T~^

(B) g(-2) = l-(-2)2 =

(C) /(0) + g(l)-h(10) =

1 -4 = -3

12

0-
+ (1- P)- VlO- 1

12 r-= + 0- V9-2

=-6-3=-9

Use the functions f, g. and h in Example 9 to find:

(A) /(-2) (B) g(-l) (C) /(3)/h(5)

Find the domains of f, g, and h in Example 9.

12/(x — 2) represents a real number for all replacements of x by real

numbers except for x = 2 (division by is not defined). Thus, the domain of

/ is the set of all real numbers except 2. We would often indicate this by

writing

/(x)
12

x-2
x¥=2

The domain is all real numbers R, since 1 — x^ represents a real number for

all replacements of x by real numbers.

The domain is [1. =»), since Vx — 1 represents a real number for all real x

such that X — 1 is not negative; that is, such that

X- 1 5^0

xs= 1

Find the domains of F, G, and H defined by:

5
F(x) = x2-3x + l G[x]

x + 3
H(x) = V2-X



222 Graphs and Functions

Example 11 For/(x) = 2x - 3. find:

(A) /(a) (B) f(Q + h) (C)
f[a+h]-f{a]

Solutions (A) /(a) = 2a - 3

(B) f(a + h) = 2(a + h)-3 = 2a + 2h-3

,f (q + h) - f(a) _ [2[Q + h] - 3] - (2a - 3)

h
~

h

2a + 2h - 3 - 2a + 3 2h=
h

=Y = '

(C)

Problem 11 Repeat Example 11 for/(x) = 3x - 2.

Application

Example 12 A rectangular feeding pen for cattle is to be made with 100 meters of

Construction fencing.

(A) If X represents the width of the pen, express its area A(x) in terms of x.

(B) What is the domain of the function A (determined by the physical

restrictions)?

Solutions (A) Draw a figure and label the sides:

X

Width

50 - X

Length

Perimeter = 100

Half the perimeter = 50

If x = Width, then

50 — X = Length

A(x) = (Width)(Length) = x(50 — x) Area depends on width x

(B) To have a pen, x must be positive, but x must also be less than 50 (or

the length will be zero or negative). Thus,

Domain: < x < 50

(0, 50)

Inequality notation

Interval notation

Problem 12 Work Example 12 with the added assumption that a large barn is to be used]

as one side of the pen.

Answers to

Matched Problems

8. (A) No (B) Domain = [-5, 5]

9. (A) -3 (B) (C) 6

10. Domain of F: R

Domain of G: All R except—

3
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Domain of H: x =s 2 Inequality notation

(—=0, 2] Interval notation

11. (A) 3a -2 (B) 3a + 3h-2 (C) 3

12. (A) A(x) = .x(100 - 2x)

(B) Domain: < x < 50 Inequality notation

(0,50) Interval notation

Exercise 5-2

A Indicate whether each relation is a function.

1. Domain Range

-0
-.1

- 2

4. Domain Range

8 .0

9 .^^ , 1

10 -3

2.
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The equations in Problems 13-24 specify relations. Which equations specify

functions? For each equation that does not specify a function, find a value of

X that corresponds to more than one vaiue of y (x is independent and y is

dependent).

13. y = 3x-l

16. y = x^

19. x = y^ — y
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Find the domain o/ each /unction in Problems 77-78.

1
77. /(x)

79. If

/(-{^

x-6

^ when X < 1

2x when x^ 1

78. /(x) = Vx^-l

find: (A) /(-I) (B) /(O)

80. If

-X when x^O
X when x >

(C) f(l) (D) /(3)

/(x) =

find: (A) /(-3) (B) /(-I) (C) /(O) (D) .f(5)

Applications

Business & Economics

Each o/ the statements in Problems 83 -88 can be described by a function.

Write an equation that specifies each function.

81. Cost function. The cost C(x) of x records at $4 per record. (The cost

depends on the number of records purchased.)

Cost function. The cost C(x) of manufacturing x pairs of skis if fixed

costs are $400 per day and the variable costs are $70 per pair of skis

manufactured. (The cost per day depends on the number of skis

manufactured per day.)

Packaging. A candy box is to be made out of a piece of cardboard that

measures 8 by 12 inches. Equal-sized squares x inches on a side will

be cut out of each corner, and then the ends and sides will be folded

up to form a rectangular box.

(A) Express the volume of the box V(x) in terms of x.

(B) What is the domain of the function V (determined by the physi-

cal restrictions)?

(C) Complete the table:

82.

83.

V(x)

Notice how the volume changes with different

choices of x

84. Packaging. A parcel delivery service will only deliver packages with

length plus girth (distance around) not exceeding 108 inches. A rec-

tangular shipping box with square ends, x inches on a side, is to be

used.

(A) If the full 108 inches is to be used, express the volume of the box

V(x) in terms of x.

(B) What is the domain of the function V (determined by the physi-

cal restrictions)?
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(C) Complete the table:

Life Sciences

Social Sciences

85.

86.

87.

88.

5

10

15

20

25

VM

Notice how the volume changes with different

choices of x

Temperature conversion. The temperature in degrees Celsius C(F) can

be found from the temperature in degrees Fahrenheit F by subtracting

32 from the Fahrenheit temperature and multiplying the difference

byf.

Ecology. The pressure P(d) in the ocean in pounds per square inch

depends on the depth d. To find the pressure, divide the depth by 33,

add 1 to the quotient, and multiply the result by 15.

Psychology. For all 12-year-old children, IQ depends on the mental

age as determined by certain standardized tests. To find an IQ, divide

a mental age (MA) by 12 and multiply the quotient by 100.

Politics. The percentage of seats y won by a given party in a two-party

election depends on the percentage of the two-party votes x received

by the given party. The percentage of seats y can be approximated for

0.4 « X ^ 0.6 by multiplying x by 2.5 and subtracting 0.7 from the

product.

5-3 Graphing Functions

Graphing Polynomial Functions

Graphing Other Functions

Application: Market Research

In this section we will take a look at some basic techniques of graphing

relations and functions specified by equations in two variables. This dis-

cussion will be continued in Chapter 12, where calculus techniques will be

used to answer questions about graphs that are either difficult or not

possible to answer now.

Graphing Polynomial Functions

We already know how to graph first-degree (linear) polynomial functions

— that is, functions specified by equations of the form

fix] = mx + b

This is equivalent to graphing the equation

y = mx + b Slope = m, y intercept = b

which we studied in detail in Section 5-1.
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Graph affix) = mx + b

The graph of a linear function / is a nonvertical straight Hne with

slope m and y intercept b.

fix]

m >
Positive slope

/(x)

m <
Negative slope

m

^x

m =

Zero slope

Example 13 Graph the linear function defined by

/(x)=-| + 3

and indicate its slope and y intercept.

Solution f(x)

y intercept: 3

Slope: —
I

Problem 13 Graph the linear function defined by

/(x)=| + l

and indicate its slope and y intercept.

Now let us turn to the graphing of second- and higher-degree polynomial

functions.

Example 14 Sketch a graph of the second-degree polynomial (quadratic) function de-

fined by

/(x) = -x2 + 3x + 4
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Solution We proceed by point-by-point plotting. The process can be speeded up by

writing /(x) in a "nested factored form," as follows:

f[x) = -x^ + 3x + 4

= (-x-l-3)x + 4

Factor the first two terms.

The reason for the use of the phrase "nested factored form" will become

more apparent as the degree of the polynomial function increases (see

Example 15). This form is well-suited to mental calculations and is even

more convenient for use with a hand calculator when x is a decimal

fraction. When using a hand calculator, store the chosen value of x in the

calculator's memory and recall it as necessary as the calculation progresses

from left to right.

To sketch a graph of the function/, we evaluate /(x) for various values of

X and plot the corresponding ordered pairs (x, /(x)). When we have plotted

enough points so that the total graph is apparent, we join these points with

a smooth curve. If we are in doubt in a certain region, we add more points.

Proceeding as indicated, we construct the table and graph shown. The

graph is called a parabola.

X
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It appears that /(x) has a maximum value of 6.25 at x = 1.5. We will say

more about maximum and minimum values of functions and how they are

found in Chapter 12. For now, we proceed somewhat informally, relying on

our intuitive notions of these concepts.

In general:

Graph of /(x) = ax^ + bx + c, a¥^0

The graph of a quadratic function f is a parabola that has its axis

(line of symmetry) parallel to the vertical axis. It opens upward if

Q > and downward if a < 0. The intersection point of the axis and

parabola is called the vertex.

f(x) f(x)

Vertex (high point)

Vertex (low point)

Axis Axis

Note: If we fold the graph along the axis of the parabola, the right

side will match the left side.

Problem 14 Sketch a graph oif(x) = x^ — 3x — 10. Sketch in the axis, label the vertex,

and estimate the maximum or minimum value of /(x) from the graph.

Example 15

Solution

Graph P(x) = x^ + Sx^ - x - 3, -4' 2.

We first write P(x) in a nested factored form as follows:

P(x) = x^ + 3x2-x-3
= (x + 3)x2 - x - 3

= [(x + 3)x-l]x-3

Factor the first two terms and repeat

until you cannot go any further.
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Proceeding mentally or with a calculator, we obtain

P(-
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Note: Nested factorings are shown below for polynomials with
terms:

missing

Q(x) = 2x3-4x + 3

= (2x2 - 4)x + 3

P(x) = x^ - 2x2 - 5

= (x - 2)x2 - 5

= [(x - 2)x]x - 5

For simple polynomial functions, such as

/(x)=x2 g(x) = x3-l h(x) = 2x^ + 3

we can evaluate directly without using nested factoring.

Graphing Other Functions

Graphs of functions often display properties of symmetry. In particular a
graph is symmetric with respect to the vertical axis if [~a b] is on the
graph whenever (a, b] is on the graph. A graph is symmetric with respect to
the origin if (-a, -b) is on the graph whenever [a. b) is on the graph A
function whose graph is symmetric with respect to the vertical axis is
called an even function; a function whose graph is symmetric with respect
to the origin is called an odd function. Convenient tests for even and odd
functions follow from these definitions, as summarized in the box

Even and Odd Functions

If/(— x) =/{x). then /is an even function.
If/(-x) = -/(x), then /is an odd function.

E\'en function

(sjinmetric with
respect to the \-ertical axis)

fW

-)x

Odd function

(symmetric with
respect to the origin)
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Of course, many functions are neither even nor odd. Why are we inter-

ested in knowing whether a function is even or odd? If we want to graph a

function specified by an equation, then the even-odd test given in the box

provides a useful aid for graphing. If the function is even, then its graph is

symmetric with respect to the vertical axis. To graph the function we need

to make a careful sketch only to the right of the vertical axis, then reflect

the result across the vertical axis to obtain the whole sketch— the point-

by-point plotting would be cut in half! Similarly, for odd functions, we

reflect any part of a graph that we have sketched through the origin to

obtain additional parts of the graph. In addition, there are certain problems

and developments in calculus and more advanced mathematics that can be

simplified if one recognizes the presence of either an even or an odd

function.

Example 16 Without graphing, determine whether the functions /, g, and h are even,

odd, or neither.

(A) /(x) = |x|* (B) g(x) = x^-hl (C) h(x) = ^

Solutions (A) f (—x) = |—x| = |x| = /(x); therefore, /is even.

(B) g(x) = x' + l

g(-x) = (-x)3-Hl =-x'-|-l g(-x)#g(x)

-g(x) = -(x^ + l) = -x3-l g(-x)#-g(x)

Therefore, g is neither even nor odd.

[C) h(— x) = ?— X = —\fx = — h(x); therefore, h is odd.

Problem 16 Without graphing, determine whether the functions F, G, and H are even,

odd, or neither.

(A) F(x) = x3-l-x (B) G(x) = x2 + 1 (C) H(x) = 2x-l-4

The following is a small sample of the many different kinds of function
]

graphs we will encounter in this text.

* Recall that the absolute value of x, denoted by |.\'|, is defined by

|.\-|
=

X ifx>0
ifx =

-X ifx<0



1. /(x) = |x|

/is even, because

/(-x) = |-x| = |x| = /(x)
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Graph to the right

of the vertical axis

first, then reflect

across the vertical

2. g(x) = Vx - 1

g is neither even nor odd.

(10, 3|

Note that x cannot

be less than 1,

We use point-by-

point plotting.

3. h(x)=x2/3

h is even, because

h{-x] = {-xf/^ = x^/^ = hlx)

X
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4. G(x) = x'/^

G is odd, because

G(-x)- f-Yll/3 = _vV3 : -G(x)

1 2

G(x) 1 1.26 1.44 1.59 1.71

G(x)

(3. 1.44)

Sketch the

portion

in the first

quadrant, then

reflect across

the origin.

Point-by-point

plotting is

accomplished

with the aid of

a calculator.

5. H(x) = - X^O
X

H is odd, because

H(-x)
1 = -H(x)

X
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After extensive surveys, the research department backed up the recom-

mendation with the demand equation

x=/(p) = 6.000- 30p (1)

where x is the number of units that retailers are Hkely to buy per month at

$p per unit. Notice that as the price goes up, the number of units goes

down. From the financial department, the following cost equation was
obtained:

C = g(x) = 72.000 + 60x (2)

where $72,000 is the fixed cost (tooling and overhead) and $60 is the

variable cost per unit (materials, labor, marketing, transportation, storage,

etc.). The revenue equation (the amount of money, R, received by the

company for selling x units at $p per unit) is

fi = xp (3)

And, finally, the profit equation is

P = fi-C (4)

where P is profit, R is revenue, and C is cost.

We notice that the cost equation (2) expresses C as a function of x and the

demand equation (1) expresses x as a function of p. Substituting (1) into (2),

we obtain cost C as a linear function of price p:

C = 72,000 + 60(6,000 - 30p) , . , ^. ,^,^' Linear function (5)

= 432.000 - l.SOOp

Similarly, substituting (1) into (3). we obtain revenue R as a quadratic

function of price p;

R = (6,000 - 30p)p n ^ *• f , roi'^'^ Quadratic function (6)

= 6,000p - 30p2

When we graph equations (5) and (6) in the same coordinate system, we
obtain Figure 7 (page 236). Notice how much information is contained in

this graph. Let us compute the break-even points; that is. the prices at

which cost equals revenue [the points of intersection of the two graphs).
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Figure 7

^Cost function (5)

Break-even point

Rcv(mue function (6)

Breafc-even point

Loss

Find p so that

C = R

432,000 - l,800p = 6,000p - SOp^

30p2 - 7,800p + 432,000 =

p2-260p + 14,400 =

260 ± V2602 - 4(14,400)

260 ± 100
$80, $180

[Recall that the solutions to the quadratic equation ax^ + bx + c = 0,

a T^ 0, are given by the quadratic formula x = (— b ± 4W— 4ac)/2a.]

Thus, at a price of $80 or $180 per unit, the company will break even.

Between these two prices it is predicted that the company will make a

profit.

Another important question (which we will consider in Chapter 12)

is: At what price will the company make the maximum profit?

Answers to

Matched Problems

^ y intercept: 1

Slope: J
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14.
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B

Graph each quadratic /unction. From the graph, estimate the coordinates of

the vertex, the maximum or minimum value off(x}. and the equation of the

axis. Sketch in the axis.

6. /(u) = u2-2u + 4

8. g(x) = -x2 - 6x -4
10. F(s) = s2-4

12. G(x) = 16x-2x2

14. /(x) = 2x2-12x + 14

16. g(t) = t2-5t + 2

Graph each polynomial function using nested factoring.

17. P[x) = x^-5x^ + 2x + 8. -2«xS5
18. P(x) = x3 + 4x2-x-4. -5SxS2
19. P(x) = x3 + 2x'-5x-6, -4^x«3

5.

7.

9.
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(A) Which functions are odd?

(B) Which functions are even?

(C) Which functions are neither even nor odd?

Indicate if the function is odd. even, or neither, and sketch a graph.

25. /(x) = -|x|

27. h(x) = slx + 1

29. H(x] = -x2/^

31. M(x) = -2x'/3

33. H(.x)= ^

26. g(x) = |x|-l

28. F(x) = V;^ + 1

30. Glx] = x'^^ + 1

32. f{x] = x'/3 + 1

34. F(x) =
1

x + 1 • X

Graph each poJynomiaJ function using nested /actoring and a calculator.

35. P(x) = x^-2x2 + 16x-15
36. P(x) = x''-2x^-2x2 + 8x-8

Applications

37. Cost equation. The cost equation (in dollars) for a particular company
that produces stereos is found to be

C = g(n) = 96,000 + 80n

where $96,000 represents fixed costs (tooling and overhead) and $80 is

the variable cost per unit (material, labor, etc.). Graph this function for

« n « 1,000.

38. Demand equation. After extensive surveys, the research department
of a stereo manufacturing company produced the demand equation

n =/(p) = 8,000 -40p 100^ 200

where n is the number of units that retailers are likely to purchase per

week at a price of $p per unit. Graph the function for the indicated

domain.

39. Construction. A rectangular pen is to be made with 100 feet of fence

wire.

(A) If X represents the width of the pen, express its area A (x) in terms

of X.

(B) Considering the physical limitations, what is the domain of the

function A?

(C) Graph the function for this domain.

(D) Determine the dimensions of the rectangle that will maximize
the area enclosed by the pen (estimate from the graph).

40. Construction. Work Problem 39 with the added assumption that an
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existing property fence will be used for one side of the pen.

(Hint: Let x equal the width— see the figure.)

Existing fence

Pen

41. Packaging. A candy box is to be made out of a rectangular piece of

cardboard that measures 8 by 12 inches. Squares of equal size (x by x

inches) will be cut out of each corner, and then the ends and sides will

be folded up to form a rectangular box.

(A) Write the volume of the box V(x) in terms of x.

(B) Considering the physical limitations, what is the domain of the

function V?

(C) Graph the function for this domain.

(D) From the graph estimate the size square (to the nearest half inch)

that must be cut from each corner to yield a box with the

maximum volume. What is the maximum volume?

42. Packaging. A parcel delivery service will deliver a package only if the

length plus girth (distance around the package) does not exceed 108

inches. A packaging company wants to design a box with a square

base (x by x inches) that will have a maximum volume and will meet

the delivery service's restriction.

(A) Write the volume V(x) of the box in terms of x.

(B) Considering the physical limitation imposed by the delivery

service, what is the domain of the function V?

(C) Graph the function for this domain.

(D) From the graph estimate the dimensions of the box (to the

nearest inch) with the maximum volume. What is the maximum
volume?

43. Market research. Suppose that in the market research application in

this section the demand equation (1) is changed to

X = 9,000 - 30p

and the cost equation (2) is changed to

C = 90,000 + 30x

(A)

(B)

(C)

(D)

Express cost C as a linear function of price p.

Express revenue R as a quadratic function of price p.

Graph the cost and revenue functions found in parts A and B in

the same coordinate system, and identify the regions of profit

and loss.

Find the break-even points; that is, find the prices to the nearest

dollar at which R = C. (A hand calculator might prove useful

here.)
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Life Sciences 44. Medicine. The velocity v of blood, in centimeters per second, at x
centimeters from the center of a given arterv (see the figure) is given

by

v = f(x) = 1.28-20.000x2 0«x«8X10-3

Graph this quadratic function for the indicated values of x.

45. Air pollution. On an average summer day in a large city, the pollution

index at 8:00 AM is 20 parts per million and it increases linearly by 15

parts per million each hour until 3:00 pm. Let P(x) be the amount of

pollutants in the air x hours after 8:00 am.

(A) Express P(x) as a linear function of x.

(B) What is the air pollution index at 1:00 PM?

(C) Graph the function P for « x « 7.

(D) What is the slope of the graph? (The slope is the amount of

increase in pollution for each additional hour of time.)

Social Sciences 46. Psychology— sensory perception. One of the oldest studies in psy-

chology concerns the following question: Given a certain level of

stimulation (light, sound, weight lifting, electric shock, and so on),

how much should the stimulation be increased for a person to notice

the difference? In the middle of the nineteenth century, E. H. Weber (a

German physiologist) formulated a law that still carries his name: IfAs
is the change in stimulus that will just be noticeable at a stimulus

level s, then the ratio of As to s is a constant:

As = k

Hence, the amount of change that will be noticed is a linear function

of the stimulus level, and we note that the greater the stimulus, the

more it takes to notice a difference. In an experiment on weight lifting,

the constant k for a given individual was found to be 1/30.

(A) Find As (the difference that is just noticeable) at the 30-pound
level: at the 90-pound level.

(B) Graph As = s/30 for « s ^ 120.

(C) What is the slope of the graph?
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5-4 Chapter Review

Important Terms

and Symbols

5-1

5-2

5-3

Cartesian coordinate system and straight lines, rectangular coordi-

nate system, Cartesian coordinate system, coordinate axes, ordered

pair, coordinates, abscissa, ordinate, quadrant, solution of an equa-

tion in two variables, solution set, graph of an equation, x intercept, y
intercept, slope, slope -intercept form of the equation of a line, point

-

slope form of the equation of a line, horizontal line, vertical line,

parallel lines, slope = (yj — yj/txj — x,), y = mx + b. y — yi
=

m(x — X,), y = c, X = c

Relations and functions, relation, function, domain, range, input,

output, independent variable, dependent variable, function notation,

/(x)

Graphing functions, graphing first-degree (linear) polynomial func-

tions, graphing second-degree (quadratic] polynomial functions, axis,

vertex, graphing higher-degree polynomial functions, nested factor-

ing, graphing other functions, symmetric with respect to the vertical

axis, symmetric with respect to the origin, even function, odd func-

tion, demand equation, cost equation, revenue equation, profit equa-

tion, break-even points

Exercise 5-4 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the lext. When
you are satisfied that you know the material, fake the practice test following

this review.

1. Graph y = 2 in a rectangular coordinate system. Indicate the

slope and the y intercept.

2. Write an equation of the line that passes through (4, 3) with slope ^.

Write the final answer in the form y = mx -I- b.

3. Graph x — y = 2 in a rectangular coordinate system. Indicate the

slope.

4. For/(x) = 2x-l and g(x) = x^ - 2x, find /(-2) -H g(-l).

Graph each quadratic polynomial. From the graph, estimate the coordi-

nates of the vertex, the maximum or minimum value of f(x], and the '

equation of the axis. Sketch in the axis.

5. f[x] 8X-H4 6. F(x) = 4 - x^
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B 7. Find an equation of the line that passes through (—2, 3) and (6, —1).

Write the answer in the form Ax + By = C,A> 0. What is the slope of

the line?

8. Graph 3x — y = 9 in a rectangular coordinate system. What is the

slope of the graph?

9. Write the equations of the vertical line and the horizontal line that

pass through (—5, 2], Graph both equations on the same coordinate

system.

10. Write an equation of the line that passes through the points (4, —3)

and (4, 5).

11. Which of the following equations specify functions (x is an indepen-

dent variable)?

(A) 2x + y = 6 (B) y^ = x + 1

12. Evaluate for x = — 3:

(A) fix] = Vx^ - 2x + 1 (B) g(x) = 2x-2

13. Find the domain of the function f specified by each equation.

5
(A) flx) = ^^^ (B) /(x) = V^r^

14. For/(x) = 2x-l,find: M±i|lzi^
r

Graph each quadratic polynomial. From the graph, estimate the coordi-

nates of the vertex, the maximum or minimum value of the function, and the

equation of the axis. Sketch in the axis.

15. ,f(x) = x^ - 7x + 10 16. g(t)=-t' + 3t + 4

In Problems 17-19 graph each function. If the graph is a straight line,

indicate the slope. Indicate whether each function is even, odd. or neither.

2 Ixl

17. f(x)
= x + 4 18. g(x) = — , x#0 19. h(x) = x^/^

20. Write P(x) = x^ — 2x^ — 5x + 6 in a nested factored form and graph.

21. Write P(x) = x'' — 2x^ — 8x — 1 in a nested factored form and graph.

Applications

Business & Economics 22. Pricing. A sporting goods store sells a tennis racket that cost $30 for $48

and a pair of jogging shoes that cost $20 for $32.

(A) If the markup policy of the store for items that cost over $10 is

assumed to be linear and is reflected in the pricing of these two

items, write an equation that relates retail price R to cost C.

(B) What would be the retail price of a pair of skis that cost $105?
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23. Advertising. Using past records, a company estimates that it will sell

N(x) units of a product after spending $x thousand on advertising, as

given by

N(x) = 60x - x^ 5 « X « 30

Graph this quadratic function for the restricted domain.

24. Construcfion. A rectangular storage yard is to be built with an existing

building as one side. If 600 feet of fencing are available, what should be

the dimensions of the yard in order to maximize the area? Set up an

area function, graph it for an appropriate set of values, and estimate the

maximum area from the graph.

Practice Test: Chapter 5

1. Graph 3x + 6y = 18 in a rectangular coordinate system. Indicate the

slope, X intercept, and y intercept.

2. Find an equation of the line that passes through (—2, 5) and (2, —1).

Write the answer in the form y = mx + b.

3. Write an equation of the line that passes through (2,-3) and is

parallel to 2x — 4y = 5. Write the final answer in the standard form

Ax + By = C. A > 0.

4. Graph (in the same coordinate system) the vertical and horizontal

lines that pass through (2, —3). Indicate the equation of each line.

5. For f[x) = 2x - x^ and g(x) = l/(x - 2), find /(- 2) - g(3).

6. Find the domains of the functions / and g in Problem 5.

7. Which of the following relations are functions (x is an independent

variable)?

(A) /: 2x + y = 3 (B) g: y^ = x + 1

In Problems 8 and 9 graph each /unction. If the graph is a straight line,

indicate the slope. Indicate whether each function is even, odd, or neither.

8. g(x) = |x-3 9. /(x)=-ix|+2

10. Graph f{x) = x^ — 6x + 5. Show the axis and vertex, and estimate the

maximum or minimum value of /(x) from the graph.

11. Write f[x] = x' — 3x^ — x + 3 in a nested factored form and graph for

-2 «x«4.

12. An electronic computer was purchased by a company for $20,000 and

is assumed to have a salvage value of $2,000 after 10 years (for tax

purposes). If its value is depreciated linearly from $20,000 to $2,000:
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(A) Find the linear equation that relates value V in dollars to time t

in years.

(B) What would be the value of the computer after 6 years?

13. The weekly revenue R (in thousands of dollars) for items selling at $p
each is estimated to be

R(p) = -2p2 + l2p 0«p«6

Graph this quadratic function for the restricted domain and estimate

the price that produces the maximum revenue. What is the maxi-

mum revenue?

14. A Wyoming rancher has 20 miles of fencing to fence in a rectangular

piece of grazing land along a river.

(A) If no fence is required along the river and x is the width of the

rectangle (at right angles to the river), express the area A(x) of the

rectangle in terms of x.

(B) What is the domain of the function A (due to physical restric-

tions)?

(C) Complete the table: A(x)
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CHAPTER 6 Contents

6-1 Simple Interest and Simple Discount

6-2 Compound Interest

6-3 Future Value of an Annuity; Sinking Funds

6-4 Present Value of an Annuity, Amortization

6-5 Chapter Review

This chapter is provided primarily for those who are interested in business

and managerial sciences. If you are not interested in this field, the chapter

may be omitted without loss of continuity.

An inexpensive hand calculator that has the operations +, — , X, and h-

will take most of the drudgery out of the calculations— even when tables

are used. Table V in the back of the book can be used to solve most of the

problems on compound interest, annuities, amortization, and so on. How-

ever, students who have financial calculators or scientific calculators will

be able to work all the problems without tables. Some problems have been

included that require such calculators. If desired, these problems may be

omitted without loss of continuity.

If you desire and time permits, you may wish to cover arithmetic and

geometric progressions, discussed in Appendixes A-1 and A-2, respec-

tively, before beginning this chapter. Though not necessary for the chapter,

these topics will provide additional insight into some of the topics covered.

6-1 Simple Interest and Simple Discount

Simple Interest

Simple Discount

Simple interest and simple discount are generally used only on short-term

notes— often of duration less than one year. The concept of simple interest,

however, forms the basis of much of the rest of the material developed in

this chapter, for which time periods may be much longer than a year.

Simple Interest

If you deposit a sum of money P in a savings account or if you borrow a sum

of money P from a lending agent, then P is referred to as the principal.

When money is borrowed— whether it is a savings institution borrowing

from you when you deposit money in your account or you borrowing from

a lending agent— a fee is charged for the money borrowed. This fee is rent

paid for the use of another's money, just as rent is paid for the use of

another's house. The fee is called interest. It is usually computed as a

250
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percentage (called the interest rate) of the principal over a given period of

time. The interest rate, unless othervirise stated, is an annual rate. Simple

interest is given by the following formula:

Simple Interest
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Given any three of the four variables A, P, r, and t in (2), we should be able

to solve for the fourth. The following examples illustrate several types of

common problems that can be solved by using formula (2).

Example 1 Find the total amount due on a loan of $800 at 18% simple interest at the

end of 4 months.

Solution To find the amount A (future value) due in 4 months, we use formula (2)

with P = 800, r = 0.18, and t = ^ = i year. Thus,

A = P(l + r()

= 800[1 + G.18(i)]

= 800(1.06)

= $848

Problem 1 Find the total amount due on a loan of $500 at 12% simple interest at the

end of 30 months.

Example 2 If you want to earn 10% simple interest on your investments, how much (to

the nearest cent) should you pay for a note that will be worth $5,000 in 9

months?

Solution We again use formula (2), but now we are interested in finding the principal

P (present value), given A = $5,000, r = 0.1, and t
=

-^ = 0.75 year. Thus,

A = P(l + rt)

5,000 = P[l + 0.1(0.75)] Replace A, r, and t with the

5,000 = (1.075)P given values and solve for P

P = $4,651.16

Problem 2 Repeat Example 2 with a time period of 6 months.

Example 3 If you must pay $960 for a note that will be worth $1,000 in 6 months, what

annual simple interest rate will you earn? (Compute the answer to two

decimal places.)

Solution Again we use formula (2), but this time we are interested in finding r, given

P = $960, A = $1,000, and t = ^ = 0.5 year. Thus,

A = P(l + rf)

1,000 = 960[1 +r(0.5)]

l,000 = 960 + 960r(0.5)

40 = 480r

40

480
0.0833 or 8.33%

Problem 3 Repeat Example 3 assuming you have paid $952 for the note.
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Simple Discount

If a borrower signs a simple interest note, he or she will receive the face

value of the note (principal) and repay the face value plus interest at the

end of the time period. On the other hand, if a borrower signs a simple

discount note, the lender deducts the discount at the start from the face

value of the note and the borrower will receive the remainder, called the

proceeds. At the end of the time period, the borrower will pay the lender

the face value (amount before the discount was deducted), called the

maturity value of the note.

As with simple interest transactions, simple discount transactions have

special formulas for their computation:

Simple Discount
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(C) Proceeds = Maturity value — Simple discount

P = M-D
= $1,000 -$150

= $850

Thus, after signing this $1,000, 18% discount note, you will receive $850,

and after 10 months you wfill have to pay the lender $1,000 to clear the debt.

Problem 4 Repeat Example 4 for an $800, 12% discount note for 15 months.

Example 5 Suppose you need $1,000 for 9 months. If a finance company offers you a

12% discount note, compute:

(A) The maturity value (amount you must repay at the end of 9 months to

receive $1,000 now)

(B) The simple discount (your cost for the loan)

Solutions (A) Use formula (4) in the form P = M(l — dt):

P = M(l - dt)

1,000 = M[1 - (0.12)(0.75)]

1,000 = 0.91M

M = $1,098.90 Amount to be repaid

(B) Use formula (4) in the form P = M — D, or

D = M-P
= $1,098.90 -$1,000

= $98.90 Cost of using $1,000 for 9 months

Problem 5 Repeat Example 5 assuming you would like to receive and use $2,000 for a

period of 6 months.

Example 6 If you sign a 6 month, $5,000 note discounted at 20%, what simple interest

rate are you paying on the proceeds?

Solution First, we must determine how much money you actually received (the

proceeds) and how much that money cost you (the discount). Proceeding as

before.

M = $5,000

D = Mdt

=
$5,000(0.2)(-ft)

= $500

P = M-D
= $5,000 -$500

= $4,500

Maturity value

Discount

Proceeds
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Example 7

Solution

Problem 7

Answers to

Matched Problems

Since you received $4,500 and must pay back $5,000, you paid $500 for

using $4,500 for 6 months. Viewing this now as a simple interest problem

and using formula (1) in the form r = I/Pt, we calculate the simple interest

rate as follows:

PI
Simple interest rate

500

4,500(^)

== 0.2222 or 22.22%

In other words, a 6 month, 20% simple discount note costs as much as a 6

month, 22.22% simple interest note.

Problem 6 Repeat Example 6 if the note is for 12 months.

Suppose you decide to buy a 1.5 year, 8% simple-interest-bearing note with

a face value of $3,000 by discounting it at 12% 3 months before it is due.

How much should you pay for the note?

We first compute the future value (amount due in 1.5 years) for the

simple-interest-bearing note. The result of this computation produces the

maturity value M of the discount transaction.

Part I. Find the future value of the simple-interest-bearing note:

A = P(l + rt)

= 3,000[1 + (0.08)(1.5)]

= $3,360

Part II. Find the proceeds (the amount you will pay the holder of the

simple-interest-bearing note):

P = M(l - dt)

= 3,360[1 - (0.12)(tV)]

= $3,259.20

So. 3 months after you buy the note for $3,259.20, you will receive $3,360

from the original borrower.

You own a 1 year, 10% simple-interest-bearing note with a face value of

$10,000. Suppose that 6 months before the due date you need some money
for another investment and decide to sell the note to another investor at

12% discount. How much will you receive for the note?

1. $650 2. $4,761.90 3. 10.08%

4. (A) iVl = $800 (B) D = $120 (C) P = $680

5. (A) M = $2,127.66 (B) D = $127.66

6. 25% 7. $10,340
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Exercise 6-1

A Using formula (1) for simple interest and formula (3) for simple discount,

find each of the indicated quantifies.

1. P = $500, r = 8%, t = 6months, I = ?

2. P = $900, r = 10%, t = 9 months, I = ?

3. M = $1,200, d = 8%, t = 5 months, D = ?

4. M = $3,600, d = 12%, t = 10 months, D = ?

5. I = $80, P = $500, t = 2 years, r = ?

6. I = $40, P = $400, t = 4 years, r = ?

7. D = $360, JVf = $7,200, t = 6 months, d = ?

8. D = $405, M = $6,000, t = 9 months, d = ?

B Use formula {2] in an appropriate form to find the indicated quantities.

9. P = $100, r = 8%, t = 18 months, A = ?

10. P = $6,000, r = 6%, t = 8 months, A = ?

11. A = $1,000, r=10%, t= 15 months, P = ?

12. A = $8,000, r = 12%, t = 7 months, P = ?

Use formula (4) in an appropriate form to find the indicated quantities.

13. JW = $8,000,

14. M = $2,400,

15. P = $2,200,

16. P = $5,000,

d = 10%, t= 15 months, P = ?

d = 15%, t = 9 months, P = ?

d = 12%, t = 10 months, M = ?

d = 16%, t = 1.2 years, M = ?

Solve each formula for the indicated variable.

17. I = Prt, for r

19. D = Mdt, for M
21. A = P + Prt. for P

Applications

18. I = Prt, for P

20. D = Mdt, for d

22. P = M - Mdt, for M

Business & Economics 23 If you borrow $500 at 18% simple interest, how much must you repay

at the end of 8 months?

24. If you borrow $1,000 at 12% simple interest, how much must you

repay at the end of 9 months?

25. What is the future value of $10,000 invested at 15% simple interest for

4 months?

26. What is the future value of $500 invested at 12% simple interest for 7

months?

27. If you sign an 8 month, $500 note discounted at 18%, how much will

you receive, how much will it cost you, and how much must you pay

back at the end of the 8 months?

28. If you sign a 10 month, $2,000 note discounted at 14%, how much will
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you receive, how much will it cost you, and how much must you pay

back at the end of 10 months?

29. If you want to earn 18% simple interest on your investment, how
much should you pay for a note that will be worth $3,000 in 8 months?

30. How much should you pay for a note worth $1 ,000 in 8 months if you

want to earn 12% simple interest on your investment?

31. What is the present value of $10,000 invested at 15% simple interest

for 4 months?

32. What is the present value of $500 invested at 12% simple interest for 7

months?

33. If you pay $450 for a note that will pay $500 in 6 months, what simple

interest rate will you earn?

34. If you pay $920 for a note that will pay $1,000 in 9 months, what

simple interest rate will you earn?

35. Suppose you need $2,400 for 15 months. If a bank offers you a 16%

discount note, compute the maturity value and the simple discount.

36. What will be the maturity value of an 18% discounted note that pays

you $1,200 for 9 months? What is the simple discount?

37. If you sign an 8 month, $1,500 note discounted at 14%, what simple

interest rate are you paying on the proceeds?

38. If you sign a 10 month, $6,000 note discounted at 16%, what simple

interest rate are you paying on the proceeds?

39. Suppose you decide to buy a 12 month, 10% simple-interest-bearing

note with a face value of $5,000 by discounting it at 16% 6 months

before it is due. How much should you pay for the note?

40. You own a 14 month, 12% simple-interest-bearing note with a face

value of $6,000. You need some money for another investment 9

months before the due date, and you decide to sell the note to another

investor at 12% discount. How much will you receive for the note?

41. If you sign a simple discount note for $M at a discount rate of d for t

years, show that the simple interest rate you pay on the proceeds is

1-dt

6-2 Compound Interest

Compound Interest

Effective Rate

Doubling Time

Compound Interest

If at the end of a payment period the interest due is reinvested at the same

rate, then the interest as well as the original principal will earn interest
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during the next payment period. Interest paid on interest reinvested is

called compound interest.

For example, suppose you deposit $1,000 in a bank that pays 8% com-

pounded quarterly. How much will the bank owe you at the end of a year?

Compounding quarterly means that earned interest is paid to your account

at the end of each 3 month period and that interest as well as the principal

earns interest for the next quarter. Using the simple interest formula (2)

from the previous section, we compute the amount in the account at the

end of the first quarter after interest has been paid:

A = P(l + rt)

= 1,000(1 + 0.8(i)]

= 1,000(1.02) = $1,020

Now, $1,020 is your new principal for the second quarter. At the end of

the second quarter, after interest is paid, the account will have

A = $1,020[1 + 0.08(J)]

= $1,020(1.02) = $1,040.40

Similarly, at the end of the third quarter, you will have

A = $l,040.40[l +0.8(J)]

= $1,040.40(1.02) = $1,061.21

Finally, at the end of the fourth quarter, the account will have

A = $l,061.21[l +0.08(i)]

= $1,061.21(1.02) = $1,082.43

How does this compound amount compare with simple interest? The

amount with simple interest would be

A = P(l + rt)

= $1,000[1 +0.08(1)]

= $1,000(1.08) = $1,080

We see that compounding quarterly yields $2.43 more than simple interest

would provide.

Let us look over the above calculations for compound interest to see ifwe
can uncover a pattern that might lead to a general formula for computing

compound interest for arbitrary cases.

A = 1 ,000(1 .02) End of first quarter

A = [1,000(1.02)](1.02) = 1,000(1.02)2 End of second quarter

A = [1,000(1.02)2](1.02) = 1,000(1.02)^ End of third quarter

A = [1,000(1.02)3](1.02) = 1,000(1.02)" End of fourth quarter
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It appears that at the end of n quarters, we would have

A = 1 ,000(1 .02)" End of nth quarter

or

A = 1,000[1 + 0.08(J)]"

1.08

"

4
1,000

r o.(

where 0.08/4 = 0.02 is the interest rate per quarter. Since interest rates are

generally quoted as annual rates, the rate per compound period is found by

dividing the annual rate by the number of compounding periods per year.

The compound interest formula given in the box is the result of the

above discussion. Its general proof requires a technique called mathemati-

cal induction, which is beyond the scope of this book.

Amount—Compound Interest

A = P(l + i)"

where

. _ r

m

(1)

and

r = Annual (quoted) rate

m = Number of compounding periods per year

n = Total number of compounding periods

i = Rate per compounding period

P = Principal (present value)

A = Amount (future value) at end of n periods

Example 8

Several examples will illustrate different uses of formula (1). If any three

of the four variables in (1) are given, we can solve for the fourth. The power

form (1 + i)" in formula (1) can be evaluated for various values of i and n by

using Table V in the back of the book or a financial or scientific calculator.

If $1,000 is invested at 8% compounded

(A) annually (B) semiannually (C) quarterly

what is the amount after 5 years? Write answers to the nearest cent.
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Solutions (A) Compounding annually means that there is one interest payment

period per year. Thus, n = 5 and i = r = 0.08.

A = P(l+ i)"

= 1,000(1 +0.08)=

= 1,000(1.469 328)

= $1,469.33

Use Table V or a calculator

Interest earned = A - P = $469.33

(B) Compounding semiannually means that there are two interest pay-

ment periods per year. Thus, the number of payment periods in 5

years is n = 2(5) = 10 and the interest rate per period is

i
=
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pounding periods in a year. A limit is reached at compounding contin-

uously, which is not a great deal larger than that obtained through monthly

compounding. Continuous compounding is discussed in the study of cal-

culus. Compare the results in Figure 1 with simple interest earned over the

same time period:

I = Prt = 1,000(0.08)5 = $400

Another use of the compound interest formula is in determining how
much you should invest now to have a given amount at a future date.

Example 9 How much should you invest now at 10% compounded quarterly to have

$8,000 to buy a car in 5 years?

Solution We are given a future value A = $8,000 for a compound interest

investment, and we need to find the present value (principal P] given

i = 0.10/4 = 0.025 and n = 4(5) = 20.

A = P(l + i)"

8,000 = P(l + 0.025)2°

8,000

(1 +0.025)2°

8,000 _
1.638 616

~

Use Table V or a calculator

$4,882.17

Problem 9 How much should new parents invest now at 8% compounded semian-

nually to have $16,000 toward their child's college education in 17 years?

Effective Rate

When interest is compounded more than once a year, the stated annual

rate is called a nominal rate; the simple interest rate that would produce

the same interest in 1 year is called the efifective rate (also called the

annual yield or true interest rate). Effective rates are used to compare

various types of investments.

Example 10 An investment company pays 8% compounded quarterly. What is the

effective rate? That is, what simple interest rate would produce the same

interest in 1 year? (Compute the answer to three decimal places.)

Solution We first find the total compound interest for 1 year for an arbitrary princi-

pal, say, P = 1. Then we find the equivalent simple interest rate that will

produce the same amount of interest in 1 year using the simple interest
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formula:

A = P(l + ]•)"

= 1(1 + 0.02)"

= 1.082 432

Compound interest

i = 0.08/4 = 0.02, n = 4, P = 1

Use Table V or a calculator

= A~P = 1.082 432 - 1 = 0.082 432

Now we use the simple interest formula I = Prf with I = 0.082 432, P = 1,

and t = 1 to find r, the effective interest rate:

0.082 432 = (l)r(l)

r = 0.082 432 or 8.243%

This shows that money invested at 8.243% simple interest earns the same

amount of interest in one year as money invested at 8% compounded

quarterly. Thus, the effective rate of 8% compounded quarterly is 8.243%.

Problem 10 What is the effective rate of money invested at 6% compounded quarterly?

Example 11

Solution

Effective Rate for Bond A

Effective Rate for Bond B

An investor has an opportunity to purchase two different bonds. Bond A
pays 15% compounded monthly, and bond B pays 15.2% compounded

semiannually. Which is the better investment, assuming all else is equal?

Nominal rates with different compounding periods cannot be compared

directly. We must first find the effective rate of each nominal rate and then

compare the effective rates to determine which investment will yield the

larger return.

A 1 = 0.15/12 = 0.0125, n = 12

Use Table V or a calculator

A-P= 1.160 775 - 1 =0.160 775

1 = 0.160 775, P^ l,f ^

Effective rate for bond A

P(l + i)"

= 1(1 +0.0125)'2

= 1.160 755

Compound interest

/ = Prt

0.160 775 = (l)r(l)

r = 0.160 775 or 16.0775%

A = P(l + i]" i = 0.152/2 = 0.076, n = 2

= 1(1 + 0.076)2 Use a calculator

= 1.157 78

Compound interest = A - P = 1.157 78 - 1 = 0.157 78

I = Prt 1 = 0.157 78, P= 1,( = 1

0.157 78 = (l)r(l)

r = 0.157 78 or 15.778% Effective rate for bond B
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Since the effective rate for bond A is greater than the effective rate for bond

B, bond A is the preferred investment.

Problem 11 Repeat Example 11 if bond A pays 9% compounded monthly and bond B

pays 9.2% compounded semiannually.

Example 12

Solution

Doubling Time

Investments are also compared by computing their doubling times— the

time it takes an investment to double in value. Example 12 illustrates two

methods for making this calculation.

How long will it take money to double if it is invested at 6% compounded
quarterly?

The problem is to find n in A = P(l + i]" with A = 2P and i = 0.06/4 =
0.015.

Divide both sides by P

Now solve for n

2P = P(1 +0.015)"

2 = (1 +0.015)"

Method I. Use Table V. Look down the (1 + i)" column on the page that

has i = 0.015(1^%). Find the value in this column that is clos-

est to and greater than 2 and take the n value that corresponds

to it. In this case, n = 47 quarters, or 11 years and 9 months.

Use logarithms:Method II.

2 = 1.015"

logio2 = logiol.015"

logio 2 = n logio 1.015

^ _ logic 2

logio 1.015

Notice how logarithmic properties

are needed to solve this problem

(A review of exponential and

logarithmic functions can be found

in Sections 13-1 and 13-2.)

Problem 12

0.3010

0.0065
^46.31 ~ 47 quarters or

11 years and 9 months

[Note: 46.31 is rounded up to 47 to guarantee doubling since

interest is paid at the end o/each quarter.]

How long will it take money to double if it is invested at 8% compounded

semiannually? (Round to next highest half year.)

Answers to

Matched Problems

8. (A) $1,593.85 (B) $1,604.71 (C) $1,610.32

9. $4,216.83 10. 6.1364%

11. BondB (effective rate of bond A is 9.38% and of bond B is 9.412%)

12. 8.84 = 9 years
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Exercise 6-2

Use the compound interest formula {!] and Table Vera calculator (or both]

to find each of the indicated values fto the nearest cent).

1. P = $100, i = 0.01, n = 12, A = ?

2. P = $1,000, 1 = 0.015, n = 20, A = ?

3. P = $800, i = 0.06, n = 25, A = ?

4. P = $10,000. i = 0.08, n = 30, A = ?

5. P = $2,000, i = 0.005, n = 80, A = ?

6. P = $5,000. i = 0.025, n = 75, A = ?

B 7. A = $10,000, i = 0.03. n = 48, P = ?

8. A = $1,000, 1 = 0.015, n=60, P = ?

9. A = $18,000, i = 0.01. n = 90, P = ?

10. A = $50,000. i = 0.005. n = 70, P=!
11. A = 2P, i = 0.06. n = ?

12. A = 2P. i = 0.05, n = ?

C 13. A = 3P. i = 0.02. n = ?

14. A = 4P. i = 0.06, n = ?

Applications

Business & Economics Solve using Table V or a calculator (or both). Find values to two decimal

places.

15. If $100 is invested at 6% compounded

(A) annually (B) quarterly (C) monthly

what is the amount after 4 years? How much interest is earned?

16. If $2,000 is invested at 7% compounded

(A) annually (B) semiannually (C) quarterly

what is the amount after 5 years? How much interest is earned?

17. If $5,000 is invested at 18% compounded monthly, what is the amount

after

(A) 2 years? (B) 4 years?

18. If$20,000 is invested at 6% compounded monthly, what is the amount

after

(A) 5 years? (B) 8 years?
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19. What is the future value of $1,000 invested at 8% compounded quar-

terly for

(A) 10 years? (B) 20 years?

20. What is the future value of $500 invested at 12% compounded

semiannually for

(A) 4 years? (B) 8 years?

21. If an investment company pays 8% compounded semiannually, how

much should you deposit now to have $10,000

(A) 5 years from now? (B) 10 years from now?

22. If an investment company pays 10% compounded quarterly, how

much should you deposit now to have $6,000

(A) 3 years from now? (B) 6 years from now?

23. What is the present value of $5,000 invested at 15% compounded

monthly for

(A) 3 years? (B) 6 years?

24. What is the present value of $200 invested at 12% compounded

monthly for

(A) 1 year? (B) 2 years?

25. A business machine will have to be replaced in 5 years at an estimated

cost of $10,000. How much should be invested now at 8% com-

pounded quarterly to meet this obligation?

26. If for the past 5 years a company had an average annual increase of8%
and if sales this year are $1,000,000, what was the dollar volume in

sales 5 years ago?

27. What is the effective rate of interest for money invested at

(A) 10% compounded quarterly?

(B) 12% compounded monthly?

28. What is the effective rate of interest for money invested at

(A) 6% compounded monthly?

(B) 14% compounded semiannually?

29. How long will it take money to double if it is invested at

(A) 10% compounded quarterly?

(B) 12% compounded quarterly?
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30. How long (to the nearest year) will money take to double if it is

invested at

(A) 14% compounded semiannually?

(B) 10% compounded semiannually?

The /olJowingprobJems require the use o/ a yinanciai or scientijic calculator.

In problems that involve daily compounding, assume that there are always

365 days in a year.

31. If $5,000 is invested at 10% compounded daily, what is the amount

after

(A) 5 years? (B) 10 years?

32. How much should be invested now at

(A) 5.25% (B) 8%

compounded daily to have $10,000 in 5 years?

33. If $100 is invested at 12.6% compounded

(A) annually (B) semiannually (C) quarterly

(D) monthly (E) daily

what is the amount after 30 years?

34. If $100 is invested at 14.5% compounded

(A) annually (B) semiannually (C) quarterly

(D) monthly (E) daily

what is the amount after 25 years?

35. A savings and loan company offers rates of 10% compounded daily.

What is the effective rate?

36. What is the effective rate of 7.75% compounded daily?

37. An investor bought stock at $100 a share. Five years later the stock

sold for $150 a share. If interest was compounded annually, what

annual rate of interest did this investment earn?

38. A family paid $10,000 in cash for a house. Twenty years later they sold

the house for $80,000. If interest was compounded monthly, what

annual rate of interest did the original $10,000 investment earn?

39. How long will it take money to double if it is invested at

(A) 8% (B) 10% (C) 12%

compounded daily?
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6-3 Future Value of an Annuity; Sinking Funds

Future Value of an Annuity

Sinking Funds

Future Value of an Annuity

An annuity is any sequence of equal periodic payments. If payments are

made at the end of each time interval, then the annuity is called an

ordinary annuity. We will only consider ordinary annuities in this book.

The amount, or future value, of an annuity is the sum of all payments plus

all interest earned.

Suppose you decide to deposit $100 every 6 months into an account that

pays 6% compounded semiannually. If you make six deposits, one at the

end of each interest payment period, over 3 years, how much money will

be in the account after the last deposit is made? To solve this problem, let

us look at it in terms of a time line. Using the compound amount formula

A = P(l + i)", we can find the value of each deposit after it has earned

compound interest up through the sixth deposit, as shown in Figure 2.

1 yr

2

2yr

4

3yr

6

$100 $100 $100 $100 $100 $100

Years

Number of periods

Deposits

-^$100(1.03)

-) $100(1.03)2

-4 $100(1.03)3 y Future value

-4 $100(1.03)"

-) $100(1.03)5

Figure 2

We could, of course, evaluate each of the future values in Figure 2 using

Table V or a calculator and then add the results to find the amount in the

account at the time of the sixth deposit— a tedious project at best. Instead,

we take another approach that leads directly to a formula that will produce

the same result in a few steps (even when the number of deposits is very

large). We start by writing the total amount in the account after the sixth

deposit in the form

(1)

S = 100 + 100(1.03) + 100(1.03)2 + 100(1.03)3 + 100(1.03)"

+ 100(1.03)=

We would like a simple way to sum these terms. Let us multiply each side
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of (l)by 1.03 to obtain

1.03S = 100(1.03) + 100(1.03)2 + 100(1.03)^ + 100(1.03)"

+ 100(1.03)^ + 100(1.03)*'

Subtracting (1) from (2), left side from left side and right side from right side,

we obtain

1.03S — S = 100(1.03)^ — 100 Notice how many terms drop out

0.03S = 100[(1.03)'*-1]

r; —
^
pr. (^ "*" 003]" ~ ^ We write S in this form to observe , .

003 a general pattern

In general, if fi is the periodic deposit, i the rate per period, and n the

number of periods, then the future value is given by

S = R + R(l + i) + R(l + i)2 + • • • + R(l + i)"-i Note how this

compares to (1)

and proceeding as in the above example, we obtain the general formula for

the future value of an ordinary annuity:*

M _1_ :\n i

S = fjii J i Note how this compares to (3) (4)

It is common practice to use the symbol

(1 + i)" - 1

SHli
=

j

for the fractional part of (4). The symbol Sj^,, read "s angle n at i," is

evaluated in Table V for various values of n and i. A financial or scientific

calculator can also be used to calculate S. The advantage of a calculator, of

course, is that it can handle many more situations than any table, no matter

how large the table.

Returning to the example above, we now use Table V to complete the

problem:

(1.03)''-1
5 = 100^^

0.03

= lOOSeiooa ^^^ Table V with i = 0.03 and n = 6

= 100(6.468 410)

= $646.84

[Note: Using a scientific calculator, we would evaluate (1.03)^ first and

then complete the problem using the arithmetic operations indicated. A
financial calculator is even more convenient (see the instruction manual

for your particular financial calculator if you have one).]

* This formula can also be obtained by using the formula in Appendix A-2 for the

sum of the first n terms in a geometric progression.
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We summarize the above results in the following box for convenient

reference:

Future Value of an Ordinary Annuity

^Rs:
!Hli

where

R = Periodic payment

i = Rate per period

n = Number of payments (periods)

S = Amount or future value

(Payments are made at the end of each period.)

(5)

Example 13 What is the value of an annuity at the end of 5 years if $100 per month is

deposited into an account earning 9% compounded monthly? How much of

this value is interest?

Solution To find the value of the annuity, use formula (5) with R = $100, i
=

0.09/12 = 0.0075, and n = 12(5) = 60.

(l+if-l
S = R : or Rs^i,

= 100
(1.0075)^ 1

or lOOsgoio.0075 Use Table V or a calculator
0.0075

= 100(75.424 137)

= $7,542.41

To find the interest, subtract the total amount deposited in the annuity

from the value of the annuity:

Deposits = 60(100)

= $6,000

Interest = Value — Deposits

= 7,542.41 - 6,000

= $1,542.41

Problem 13 What is the value of an annuity at the end of 10 years if $1 ,000 is deposited

every 6 months into an account earning 8% compounded semiannually?

How much of this value is interest?
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Sinking Funds

The formula for the future value of an ordinary annuity has another

important application. Suppose the parents of a newborn child decide that

on each of the child's birthdays up to the seventeenth year, they v^fill

deposit $R in an account that pays 6% compounded annually. The money is

to be used for college expenses. What should the annual deposit R be in

order for the amount in the account to be $16,000 after the seventeenth

deposit?

We are given S, i, and n in formula (5), and our problem is to find R. Thus,

S = R^^ f or RsHii

„(1.06)"-1
16,000 = R^^—-^— or Rst71oo6 Solve for R

0.06

„ 0.06(16,000) 16,000
, ," ^ ,. „^M7—T or Use -Table V or a calculator

(1.06)^' - 1 SjTio.oe

= 16,000(0.035 445)

= $567.12 per year

An annuity of seventeen $567.12 annual deposits at 6% compounded

annually wfill amount to approximately $16,000 in 17 years.

This is one of many examples of a similar type that are referred to as

sinking fund problems. In general, any account that is established for

accumulating funds to meet future obligations or debts is called a sinking

fund. If the payments are to be made in the form of an ordinary annuity,

then we have only to solve for R in formula (5) to find the periodic payment

into the fund. Doing this, we obtain the general formula:

Sinking Fund Payment

R=S
(1 + i)" - 1 S^i

where

R = Sinking fund payment

S = Value of annuity after n payments

n = Number of payments (periods)

i = Rate per period

(Payments are made at the end of each period.)

(6)
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Example 14

Solution

A company estimates that it will have to replace a piece of equipment at a

cost of $10,000 in 5 years. To have this money available in 5 years, a sinking

fund is established by making fixed monthly payments into an account

paying 6% compounded monthly. How much should each payment be?

We use formula (6) with S

5(12) = 60:

$10,000, i = 0.06/12 = 0.005, and n =

R-S,
,

.'' or ^
(1 + ir

-
1 s^i
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Applications

Business & Economics 11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

What is the value of an ordinary annuity at the end of 10 years if $500

per quarter is deposited into an account earning 8% compounded

quarterly? How much of this value is interest?

What is the value of an ordinary annuity at the end of 20 years if

$1,000 per year is deposited into an account earning 7% compounded

annually? How much of this value is interest?

In order to accumulate enough money for a down payment on a

house, a couple deposits $300 per month into an account paying 6%
compounded monthly. If payments are made at the end of each

period, how much money will be in the account in 5 years?

A self-employed person has a Keogh retirement plan. (This type of

plan is free of taxes until money is withdrawn.) If deposits of $7,500

are made each year into an account paying 8% compounded annually,

how much will be in the account after 20 years?

In 5 years a couple would like to have $25,000 for a down payment on

a house. What fixed amount should be deposited each month into an

account paying 9% compounded monthly?

A person wishes to have $200,000 in an account for retirement 15

years from now. How much should be deposited quarterly in an

account paying 8% compounded quarterly?

A company estimates it will need $100,000 in 8 years to replace a

computer. If it establishes a sinking fund by making fixed monthly

payments into an account paying 12% compounded monthly, how
much should each payment be?

Parents have set up a sinking fund in order to have $30,000 in 1 5 years

for their children's college education. How much should be paid

semiannually into an account paying 10% compounded semian-

nually?

Beginning in January, a person plans to deposit $1 00 at the end of each

month into an account earning 9% compounded monthly. Each year

taxes must be paid on the interest earned during that year. Find the

interest earned during each year for the first three years.

If $500 is deposited each quarter into an account paying 12% com-

pounded quarterly for 3 years, find the interest earned during each of

the 3 years.

Use a financial or scientific calcuJator to solve each of the following

problems:

21. What is the value ofanordinary annuity at the end of 20 years if $50 is

invested each month into an account paying 8.25% compounded

monthly? How much of this value is interest?

22. What is the value of an ordinary annuity at the end of 25 years if $200
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is Invested each quarter into an account paying 7.75% compounded

quarterly? How much of this value is interest?

23. A company establishes a sinking fund to replace machinery at an

estimated cost of $1,500,000 in 5 years. How much should be invested

each quarter into an account paying 9.15% compounded quarterly?

24. You wish to have $3,000 in 2 years for a down payment on a car. How
much should you deposit each month into an account paying 8%
compounded monthly?

25. If you establish a sinking fund with payments of $200 per month into

an account paying 10% compounded monthly, how long (to the near-

est year) will it take for the account to have a value of $150,000?

26. You can afford monthly deposits of only $150 into an account that

pays 8.5% compounded monthly. How long (to the nearest month)

will it be until you have $7,000 to buy a car?

6-4 Present Value of an Annuity; Amortization

Present Value of an Annuity

Amortization

Amortization Schedules

Present Value of an Annuity

How much should you deposit in an account paying 6% compounded

semiannually in order to be able to withdraw $1,000 every 6 months for the

next 3 years? (After the last payment is made, no money is to be left in the

account.)

Actually, we are interested in finding the present value of each $1,000

that is paid out during the 3 years. We can do this by solving for P in the

compound interest formula

A = P(l + i)"

P = ,
^

.^
= A[\ + i)-"

(1 + i)" ^

'

The rate per period is i = 0.06/2 = 0.03. The present value P of the first

payment is 1, 000(1.03)"\ the second payment is 1,000(1.03)"^, and so on.

Figure 3 (page 274) shows this in terms of a time line.

We could evaluate each of the present values in Figure 3 using a calcula-

tor or Table V and add the results to find the total present values of all the

payments (which will be the amount that is needed now to buy the

annuity). Since this is generally a tedious process, particularly when the

number of payments is large, we will use the same device we used in the
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Years

Number of periods

Now lyr
2

2yr
4

3yr
6

Payments $1,000 $1,000 $1,000 $1,000 $1,000 $1,000

( 1,000(1.03)-' < '

Present value

Figure 3

;

,000(1.03)-

1,000(1.03)-' f-

1.000(1.03)-=' (-

.000(1.03)-'" f-

1.000(1.03)-* f-

l,000(1.03)-'> f-

last section to produce a formula that will accomplish the same result in a

couple of steps. We start by writing the sum of the present values in the

form

P = 1,000(1.03)-' + 1,000(1.03)-^ + • • • + 1,000(1.03)-^

Multiplying both sides of (1) by (1.03), we obtain

1.03P = 1,000 + 1,000(1.03)-' + • • • + 1,000(1.03)-=

Now subtract (1) from (2):

1.03P - P = 1,000 - 1,000(1.03)-^

0.03P = 1,000[1 - (1 + 0.03)-'

1 - (1 + 0.03)-^

(1)

(2)

Notice how many terms drop out

P =1,000-
0.03

We write P in this form

to observe a general pattern
(3)

In general, if R is the periodic payment, i the rate per period, and n the

number of periods, then the present value of all payments is given by

P = R(l + i)-i + R(l + i)-2 + • + R(l + i) Note how this

compares to (1)

Proceeding as in the above example, we obtain the general formula for the

present value of an ordinary annuity:*

P = R
1 - (1 + i)

Note how this compares to (3) (4)

It is common practice to use the symbol

1 - (1 + i)-"
a^. = .

for the fractional part of (4). The symbol a^^, read "a angle n at i," is

evaluated for various values of n and i in Table V. The present value P can

also be evaluated using a financial or scientific calculator. As we said

* This formula can also be obtained by using the formula in Appendix A-2 for the

sum of the first n terms in a geometric progression.
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before, a calculator can handle far more situations than any table, no

matter how large the table.

Returning to the example above, we now use Table V to complete the

problem:

P= 1,000
1 -(1.03)-'

0.03

= 1,00006,0.03

= 1,000(5.417 191)

= $5,417.19

Use Table V with i = 0.03 and n = 6

[Note: Using a scientific calculator, we would evaluate (1.03)-*^ first and
then complete the calculation using the arithmetic operations indicated. A
financial calculator performs the task with even fewer steps (read the

instruction manual for your particular calculator if you have one.)]

We summarize these results in the box for convenient reference:

Present Value of an Ordinary Annuity
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Amortization

The present value formula for an ordinary annuity (5) has another impor-

tant use. Suppose you borrow $5,000 from a bank to buy a car and agree to

repay the loan in 36 equal monthly payments, including all interest due. If

the bank charges 1% per month on the unpaid balance (12% per year

compounded monthly), how much should each payment be to retire the

total debt including interest in 36 months?

Actually, the bank has bought an annuity from you. The question is. If

the bank pays you $5,000 (present value) for an annuity paying them $R per

month for 36 months at 12% interest compounded monthly, what are the

monthly payments R? (Note that the value of the annuity at the end of 36

months is zero.) To find fi, we have only to use formula (5) with P = $5,000,

i = 0.01, and n = 36:

P = fii^(l±in or Ra,.

1 — (1.01)"'^ Use Table V or a calculator;
5,000 = R ^^ — or Rajgiooi .. ^ c r>

0.01 then solve for R

R = 5,000(0.033 214)

= $166.07 per month

At $166.07 per month, the car will be yours after 36 months. That is, you

have amortized the debt in 36 equal monthly payments. (Mort means

"death"; you have "killed" the loan in 36 months.) In general, amortizing a

debt means that the debt is retired in a given length of time by equal

periodic payments that include compound interest. We are usually inter-

ested in computing the equal periodic payment. Solving the present value

formula (5) for R in terms of the other variables, we obtain the following

amortization formula:
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Example 16 Assume that you buy a television set for $800 and agree to pay for it in 18

equal monthly payments at 1^% interest per month on the unpaid balance.

(A) How much are your payments?

(B) How much interest will you pay?

Solutions (A) Use formula (6) with P = $800, i = 0.015. and n = 18:

Problem 16

R=P-
1 - (1 + i)-"

0.015

or

800- • 800-
Use Table V or a

calculator

(B)

l-(1.015r« Q^„„,,

= 800(0.063 806)

= $51.04 per month

Total interest paid = Amount of all payments — Initial loan

= 18($51.04) -$800

= $118.72

If you sell your car to someone for $2,400 and agree to finance it at 1% per

month on the unpaid balance, how much should you receive each month
to amortize the loan in 24 months? How much interest will you receive?

Amortization Schedules

What happens if you are amortizing a debt with equal periodic payments
and at some point decide to pay off the remainder of the debt in one lump
sum payment? This occurs each time a home with an outstanding mortgage

is sold. In order to understand what happens in this situation, we must take

a closer look at the amortization process. We begin with an example that is

simple enough to allow us to examine the effect each payment has on the

debt.

Example 17 If you borrow $500 that you agree to repay in 6 equal monthly payments at

1% interest per month on the unpaid balance, how much of each monthly
payment is used for interest and how much is used to reduce the unpaid

balance?

Solution First, we compute the required monthly payment using formula (6) with

P = $500, i = 0.01, and n = 6:

fi = P
,

'

, ., or P—
1 - (1 + I)-" a„,

= 500
0.01

1 -(1.01)-^

500(0.172 548)

$86.27 per month

or 500-
1

Qglooi
Use Table V or a calculator
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At the end of the first month, the interest due is

$500(0.01) = $5.00

The amortization payment is divided into two parts, payment of the inter-

est due and reduction of the unpaid balance (repayment of principal):

Monthly Interest Unpaid balance

payment due reduction

$86.27 = $5.00 + $81.27

The unpaid balance for the next month is

Previous Unpaid New
unpaid balance unpaid

balance reduction balance

$500.00 - $81.27 = $418.73

At the end of the second month, the interest due on the unpaid balance of

$418.73 is

$418.73(0.01) = $4.19

The monthly payment is divided into

$86.27 = $4.19 + $82.08

and the unpaid balance for the next month is

$418.73 - $82.08 = $366.65

This process continues until all payments have been made and the unpaid

balance is reduced to zero. The calculations for each month are listed in

Table 1, which is referred to as an amortization schedule.

Table 1 Amortization Schedule
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Problem 17

Notice that the last payment had to be increased by $0.03 in order to

reduce the unpaid balance to zero. This small discrepancy is due to round-
off errors that occur in the computations. In almost all cases, the last

payment must be adjusted slightly in order to obtain a final unpaid balance
of exactly zero.

Construct the amortization schedule for a $1,000 debt that is to be amor-
tized in 6 equal monthly payments at 1.25% interest per month on the
unpaid balance.

Example 18 When a family bought their home, they borrowed $25,000 at 9% com-
pounded monthly, which was to be amortized over 30 years in equal

monthly payments. Twenty years later they decided to sell the house and
pay off the loan in one lump sum. Find the monthly payment and the

unpaid balance after making monthly payments for 20 years.

Solution Using formula (6) with P = $25,000, i = 0.09/12 = 0.0075 and n = 30(12) =
360, the monthly payment is

R = P-
1

1 - (1 + i)-"

0.0075
25,000-

1 -(1.0075)-"*°

$201.16 per month

Use a calculator

How can we find the outstanding balance after 20 years or 20(12) = 240
monthly payments? One way to proceed would be to construct an amorti-

zation schedule, but this would require a table with 240 lines. Fortunately,

there is an easier way. The unpaid balance after 240 payments is the

amount of a loan that can be paid off with the remaining 120 payments of

$201.16. Since the bank views a loan as an annuity that they bought from
you, the unpaid balance of a loan with n remaining payments is the

present value of that annuity and can be computed by using formula (5).

Substitutingfi =$201.16, 1
= 0.0075, and n = 120 in (5), the unpaid balance

after 240 payments have been made is

Problem 18

= $201.16
1 -(1.0075)-'2

0.0075
Use a calculator

= $15,879.91

In Example 18, what was the unpaid balance after making payments for 5

years?

The answer to Example 18 may seem a surprisingly large amount to owe
after having made payments for 20 years, but long-term amortizations start
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Answers to

Matched Problems

out with very small reductions in the unpaid balance. For example, the

interest due at the end of the very first period of the loan in Example 18 was

25,000(0.0075) = 187.50

The first monthly payment was divided into

Unpaid

Monthly Interest balance

payment due reduction

$201.16 = $187.50 + $13.66

Thus, only $13.66 was applied to the unpaid balance.

15.

17.

$13,577.71 16. R = $112.98 per month; total interest = $311.52
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Applications

Business & Economics 11.

12.

A relative wills you an annuity paying $4,000 per quarter for the next

10 years. If money is worth 8% compounded quarterly, what is the

present value of this annuity?

How much should you deposit in an account paying 12% com-

pounded monthly in order to receive $1,000 per month for the next 2

13. Parents of a college student wish to set up an annuity that will pay

$350 per month to the student for 4 years. How much should they

deposit now at 9% interest compounded monthly to establish this

annuity? How much will the student receive in the 4 years?

14. A person pays $120 per month for 48 months for a car, making no

down payment. If the loan costs 1.5% interest per month on the

unpaid balance, what was the original cost of the car? How much total

interest will be paid?

15. (A) If you buy a stereo set for $600 and agree to pay for it in 18 equal

installments at 1% interest per month on the unpaid balance,

how much are your monthly payments? How much interest will

you pay?

(B) Repeat part A for 1,5% interestper month on the unpaid balance.

16. (A) A company buys a large copy machine for $12,000 and finances

it at 12% interest compounded monthly. If the loan is to be

amortized in 6 years in equal monthly payments, how much is

each payment? How much interest will be paid?

(B) Repeat part A with 18% interest compounded monthly.

17.

18.

19.

20.

21.

A sailboat costs $16,000. You pay 25% down and amortize the rest

with equal monthly payments over a 6 year period. If you must pay

1.5% interest per month on the unpaid balance (18% compounded

monthly), what is your monthly payment? How much interest will

you pay over the 6 years?

A law firm buys a computerized word-processing system costing

$10,000. If it pays 20% down and amortizes the rest with equal

monthly payments over 5 years at 9% compounded monthly, what

will be the monthly payment? How much interest will the firm pay?

Construct the amortization schedule for a $5,000 debt that is to be

amortized in 8 equal quarterly payments at 4.5% interest per quarter

on the unpaid balance.

Construct the amortization schedule for a $10,000 debt that is to be

amortized in 6 equal quarterly payments at 3.5% interest per quarter

on the unpaid balance.

A person borrows $6,000 at 12% compounded monthly, which is to be

amortized over 3 years in equal monthly payments. For tax purposes,
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he needs to know the amount of interest paid during each year of the

loan. Find the interest paid during the first year, the second year, and

the third year of the loan. [Hint: Find the unpaid balance after 12

payments and after 24 payments.]

22. A person establishes an annuity for retirement by depositing $50,000

into an account that pays 9% compounded monthly. Equal monthly

withdrawals will be made each month for 5 years, at which time the

account will have a zero balance. Each year taxes must be paid on the

interest earned by the account during that year. How much interest

was earned during the first year? [Hint: The amount in the account

at the end of the first year is the present value of a 4 year annuity.]

Use a financial or scientific calculator fo solve each of the following

problems.

23. Some friends tell you that they paid $25,000 down on a new house and

are to pay $525 per month for 30 years. If interest is 9.8% compounded

monthly, what was the selling price of the house? How much interest

will they pay in 30 years?

24. Afamily is thinking about buying a new house costing $120,000. They

must pay 20% down, and the rest is to be amortized over 30 years in

equal monthly payments. If money costs 9.6% compounded monthly,

what will their monthly payment be? How much total interest will be

paid over the 30 years?

25. A student receives a federally backed student loan of $6,000 at 3.5%

interest compounded monthly. After finishing college in 2 years, the

student must amortize the loan in the next 4 years by making equal

monthly payments. What will the payments be and what total interest

will the student pay? [Hint: This is a two-part problem. First find the

amount of the debt at the end of the first 2 years; then amortize this

amount over the next 4 years.]

26. A person establishes a sinking fund for retirement by contributing

$7,500 per year at the end of each year for 20 years. For the next 20

years, equal yearly payments are withdrawn, at the end of which time

the account will have a zero balance. If money is worth 9% com-

pounded annually, what yearly payments will the person receive for

the last 20 years?

27. A family has a $75,000. 30 year mortgage at 13.2% compounded

monthly. Find the monthly payment. Also find the unpaid balance

after

(A) 10 years (B) 20 years (C) 25 years

28. A family has a $50,000, 20 year mortgage of 10.8% compounded

monthly. Find the monthly payment. Also find the unpaid balance

after

(A) 5 years (B) 10 years (C) 15 years
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29. A family has a $30,000, 20 year mortgage at 15% compounded

monthly.

(A) Find the monthly payment and the total interest paid.

(B) Suppose the family decides to add an extra $100 to its mortgage

payment each month starting with the very first payment. How
long will it take the family to pay off the mortgage? How much
interest will the family save?

30. At the time they retire, a couple has $200,000 in an account that pays

8.4% compounded monthly.

(A) If they decide to withdraw equal monthly payments for 10 years,

at the end of which time the account will have a zero balance,

how much should they withdraw each month?

(B) If they decide to withdraw $3,000 a month until the balance in

the account is zero, how many withdrawals can they make?

6-5 Chapter Review

Important Terms and

Svmbols

6-1 Simple interest and simple discount, principal, interest, interest rate,

simple interest, face value, present value, future value, simple inter-

est note, simple discount note, discount, proceeds, maturity value,

I = Prt, A = P(l + rt), D = Mdf, P = M - D, P = M(l - dt)

6-2 Compound interest, compound interest, rate per compound period,

nominal rate, effective rate (or annual yield), doubling time, A =

P(l + i)", i = r/m

6-3 Future value of an annuity; sinking funds, annuity, ordinary annuity,

future value, sinking fund,

S = R
(1 + i)" - 1

R = S
(1 + i)" - 1

= Rsh

^_S_

Shi,

(future value)

(sinking fund)

6-4 Present value o/an annuity; amortization, present value, amortizing a

debt, amortization schedule.

R

R = P

1 - (1 + i)

1 - (1 + i)

Ra^,

:P^

(present value)

(amortization)
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Exercise 6-5 Chapter Review

Work through al] the problems in this chapter review and check your

answers in the back of the book. (Answers to ail review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisjied that you know the materia], take the practice test following

this review.

Solve each problem using Table V or a calculator (or both).

A Find the indicated quantity, given A = P(l + rt).

1. A = ?, P = $100, r = 9%, t = 6months

2. A = $808, P = ?, r = 12%, t = 1 month

3. A = $212, P = $200, r = 8%, t = ?

4. A = $4,120, P = $4,000, r = ?, t = 6 months

Find the indicated quantify, given P = Mil — dt].

5. P = ?, M = $5,000, d = 18%, t = 10 months

6. P = $4,000, M=?. d = 15%, t = 8 months

7. M = $6,000. P = $5,100, d = ?, t = 15 months

8. M = $1,200, P = $1,080, d = 10%, t = ?

B Find the indicated quantity, given A = P(3 + i)" and P = A/(J + i)".

9. A = ?, P = $1,200, i = 0.005, n = 30

10. A = $5,000, P = ?, i = 0.0075, n = 60

Find the indicated quantity, given

11. S = ?, R= $1,000, i = 0.005, n

12. S = $8,000, R = ?, i = 0.015, n

Find the indicated quantity, given

1 - (1 + i)"" i 1

P = R — ^ = RaHi, and R = P
, ,

., =P

—

1

^' l-(-l+ l}-" OHii

13. P = ?, R = $2,500, i = 0.02, n = 16

14. P = $8,000, R = ?, i = 0.0075, n = 60

C Use Table V or a calculator (or bothj to solve for n to the nearest integer.

15. 2,500 = 1,000(1.06)" 16. 5,000 = 100^-^

—

= IOOshjooi

*
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Applications

Business & Economics 17. If you borrow $3,000 at 14% simple interest for 10 months, how much
will you owe in 10 months? How much interest will you pay?

18. If you borrow $3,000 at 14% discount for 10 months, how much will

you receive? How much will you owe when the debt comes due? How
much will the loan cost you?

19. How much should you deposit in an account paying 8% compounded
annually to have $20,000 in 20 years?

20. If $5,000 is invested at 10% compounded quarterly, what is the

amount after 6 years?

21. What is the value of an annuity in 8 years if $100 per month is

deposited into an account earning 6% compounded monthly?
22. Suppose you buy a stereo system costing $900. If you pay 25% down

and amortize the rest in 24 monthly payments at 1.5% interest per
month on the unpaid balance, how much is each payment and how
much total interest will you pay?

23. How much should you pay for an annuity that pays $1 ,000 per quarter

for 10 years if money is worth 8% compounded quarterly?

24. A company decides to establish a sinking fund to replace a piece of

equipment in 6 years at an estimated cost of $50,000. To accomplish
this, they decide to make fixed monthly payments into an account

that pays 9% compounded monthly. How much should each payment
be?

25. A savings and loan company pays 9% compounded monthly. What is

the effective rate?

26. You hold a $5,000, 9 month note at 10% simple interest. You decide to

sell it to another investor at 12% discount 5 months before it is due.

How much will you receive for the note? How much will the other
investor receive in 5 months?

27. How long (to the nearest month) will it take money to double if it is

invested at 12% compounded monthly?
28. Construct the amortization schedule for a $1,000 debt that is to be

amortized in 4 equal quarterly payments at 2.5% interest per quarter

on the unpaid balance.

29. A car dealer offers to sell you a car for $500 down and $200 a month for

36 months. As required by law, he informs you that the effective rate

of interest is 16%.

(A) What nominal rate of interest are you paying?

(B) What is the original cost of the car?

30. A business borrows $80,000 at 15% interest compounded monthly for

8 years.

(A) What is the monthly payment?
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31.

32.

(B) What is the unpaid balance at the end of the first year?

(C) How much interest was paid during the first year?

An individual wants to establish an annuity for retirement purposes.

He wants to make quarterly deposits for 20 years so that he can then

make quarterly withdrawals of $5,000 for 10 years. The annuity earns

12% interest compounded quarterly.

(A) How much will have to be in the account at the time he retires?

(B) How much should be deposited each quarter for 20 years in

order to accumulate the required amount?

(C) What is the total amount of interest earned during the 30 year

period?

In order to save enough money for the down payment on a home, a

young couple deposits $200 each month into an account that pays 9%
interest compounded monthly. If they want $10,000 for a down pay-

ment, how many deposits will they have to make?

Practice Test: Chapter 6

Solve each problem using Table V or a calculator (or both).

2.

5.

6.

7.

How much should you deposit initially in an account paying 10%
compounded semiannually in order to have $25,000 in 10 years?

A company decides to establish a sinking fund to replace a piece of

equipment in 6 years at an estimated cost of $15,000. If they decide to

make quarterly payments into an account paying 10% compounded
every 3 months, how much should each payment be?

What is the value of an annuity in 5 years if $200 per month is

deposited into an account paying 9% interest compounded monthly?

You decide to purchase a car costing $8,000 by paying 20% down and

amortizing the rest in 4 years at 1.5% per month interest on the unpaid

balance by making equal monthly payments. How much is each

payment and what is your total interest?

How much should you pay for an annuity that pays $3,000 per quarter

for 20 years if money is worth 8% compounded quarterly?

You hold a $10,000, 10 month note at 9% simple interest. If you sell it

to another investor at 10% discount 3 months before it is due, how
much will you receive? How much will the other investor receive in 3

months?

A savings and loan company pays 8% compounded quarterly. What is

the effective rate?
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Each quarter a couple deposits $500 into an account that pays 8%.merest^cotnpounded quarterly. How long will it take the^Tsavt

monthrv whfrV" ''7^'' ''°'°°° '' ''"'" '"'^^^^ compoundedmonthly which was to be amortized over 5 years. Now you haveacquired some additional funds and decide that you wa^t fo pay offth^sjoan. What is the unpaid balance after making payments for 2years?
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In this chapter we will first review how systems of equations are solved by

using techniques learned in elementary algebra. These techniques are

suitable for systems involving two or three variables, but they are not

suitable for systems involving larger numbers of variables. After this re-

view, we will introduce techniques that are more suitable for solving

systems with larger numbers of variables. These new techniques form the

basis for computer solutions of large-scale systems.

7-1 Review: Systems of Linear Equations

Systems in Two Variables

Applications

Systems in Three Variables

Applications

Systems in Two Variables

To establish basic concepts, consider the following simple example: If two

adult tickets and one child ticket cost $8, and if one adult ticket and three

child tickets cost $9, what is the price of each?

Let X = Price of adult ticket

y = Price of child ticket

Then 2x + y = 8

x + 3y = 9

We now have a system of two linear equations and two unknowns. To solve

this system, we find all ordered pairs of real numbers that satisfy both

290
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equations at the same time. In general, we are interested in solving linear

systems of the type

ax + by = h

ex + dy = k

where a, b, c, d, h, and k are real constants. A pair of numbers x = Xq and

y = yo [also written as an ordered pair (Xq , yo)] is a solution of this system if

each equation is satisfied by the pair. The set of all such ordered pairs of

numbers is called the solution set for the system. To solve a system is to

find its solution set. We will consider three methods of solving such

systems, each having certain advantages in certain situations.

To solve the ticket problem above by graphing, we graph both equations in

the same coordinate system. The coordinates of any points that the graphs

have in common must be solutions to the system, since they must satisfy

both equations.

Example 1 Solve the ticket problem by graphing:

Solution by Graphing

Solution

x = $3

y = $2

Adult ticket

Child ticket

Check 2x + y = 8 x+ 3y = 9

2(3) + 2 i 8 3 + 3(2) 1 9

8^8 9:^ 9

Problem 1 Solve by graphing and check:

2x- y = -3

x + 2y = -4

It is clear that the above example (and problem) has exactly one solution,

since the lines have exactly one point of intersection. In general, lines in a
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rectangular coordinate system are related to each other in one of the three

ways illustrated in the next example.

Example 2 Solve each of the following systems by graphing:

(A) x-2y = 2 (B) x + 2y = -4 (C) 2x + 4y = 8

x+y = 5 2x + 4y=8 x + 2y = 4

Intersection at one point

only— exactly one solution

Lines are parallel (each

has slope — |)— no solutions

Lines coincide— infinite

number of solutions

Problem 2 Solve each of the following systems by graphing:

Solution by Substitution

(A) X + y = 4

2x - y = 2

(B) 6x - 3y = 9

2x - y = 3

(C) 2x- y= 4

6x- 3v= -18

By geometrically interpreting a system of two linear equations in two

unknowns, we gain useful information about solutions to the system. Since

two lines in a coordinate system must intersect at exactly one point, be

parallel, or coincide, we conclude that the system has (1) exactly one

solution, (2) no solution, or [3) infinitely many solutions. In addition, graphs

of problems frequently reveal relationships that might otherwise be hid-

den. Generally, however, graphic methods only give us rough approxima-

tions of solutions. The methods of substitution and elimination by addition

yield results to any decimal accuracy desired— assuming that solutions

exist.

Choose one of two equations in a system and solve for one variable in terms

of the other. (Make a choice that avoids fractions, if possible.) Then substi-

tute the result into the other equation and solve the resulting linear

equation in one variable. Now substitute this result back into either of the

original equations to find the second variable. An example should make

the process clear.
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Example 3 Solve by substitution:

5x+ y = 4

2x - 3y = 5

Solution Solve either equation for one variable in terms of the other; then substitute

into the remaining equation. In this problem we can avoid fractions by

choosing the first equation and solving for y in terms of x.

5x + y = 4 Solve first equation for y in terms of x

Substitute into second equation

Second equation

Solve for x

Now, replace x with 1 in y = 4 — 5x to find y:

y = 4 — 5x

y = 4-5(l)

y = -l

Check

Problem 3

5x + y = 4
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Theorem 1 A system of linear equations is transformed into an equivalent sys-

tem if;

(A) Two equations are interchanged.

(B) An equation is multiplied by a nonzero constant.

(C) A constant multiple of another equation is added to a given

equation.

Parts B and C of Theorem 1 will be of most use to us now; part A becomes

useful when we generalize the theorem for larger systems. The use of the

theorem is best illustrated by examples.

Example 4 Solve the following system using elimination by addition;

3x - 2y = 8

2x + 5y = -l

Solution We use the theorem to eliminate one of the variables, thus obtaining a

system with an obvious solution;

If we multiply the top

equation by 5 and the

bottom by 2 and then add,

we can eliminate y

3x- 2y =
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Let us see what happens in the elimination process when a system has

either no solution or infinitely many solutions. Consider the following

system:

2x + 6y = - 3

X + 3y = 2

Multiplying the second equation by —2 and adding, we obtain

2x + 6y = - 3

-2x- 6y = -4

= -7

We have obtained a contradiction. The assumption that the original system

has solutions must be false (otherwise we have proved that = — 7). Thus,

the system has no solutions. The graphs of the equations are parallel.

Systems with no solutions are said to be inconsistent.

Now consider the system

X - iy = 4

-2x+ y = -8

If we multiply the top equation by 2 and add the result to the bottom
equation, we obtain

2x - y = 8

-2x + y = -8

0=

Obtaining = by addition implies that the equations are equivalent; that

is, their graphs coincide. Hence, the two equations have the same solution

set, and the system has infinitely many solutions. If x = k, then using either

equation, we obtain y = 2k - 8; that is, (k, 2k - 8) is a solution for any real

number k. Such a system is said to be dependent. The variable k is called a

parameter; replacing it with any real number produces a particular solu-

tion to the system.

Applications

Many real-world problems are readily solved by applying two-equation

-

two-unknown methods. We shall discuss two applications in detail.

Example 5 A dietitian in a hospital is to arrange a special diet comprised of two foods,

j-j.
M and N. Each ounce of food M contains 8 units of calcium and 2 units of

iron. Each ounce of food N contains 5 units of calcium and 4 units of iron.

How many ounces of foods M and N should be used to obtain a food mix
that contains 74 units of calcium and 35 units of iron?
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Solution It is convenient to first summarize the quantities involved in a table:

Check

Problem 5

Example 6

Supply and Demand

Food M Food Af Total Needed

Calcium

Iron

74

35

Let X = Number of ounces of food M
y = Number of ounces of food N

/ Calcium in N / Calcium in \ ^ /

\xozoffoodM/ \vozoffoodN/ \

/ironinxozN /iron in y oz\ ^
I, of food M / \ of food N /

8x + 5y =

2x + 4y =

Solve by elimination by addition:

8x + 5y = 74

-8x- 16v = -140

Total calcium

needed /

(Total iron\

needed /

74

35

-lly= -66

y = 6 oz of food N

2x + 4(6) =35

2x = ll

X = 5.5 oz of food M
8x + 5y =74 2x + 4y = 35

8(5.5) + 5(6) 1 74 2(5.5) + 4(6) 1 35

74 ^74 35 :^ 35

Repeat Example 5 given that each ounce of food M contains 10 units of

calcium and 4 units of iron, each ounce of food N contains 6 units of

calcium and 4 units of iron, and the mix ofM and N must contain 92 units

of calcium and 44 units of iron.

The quantity of a product that people are willing to buy during some period

of time depends on its price. Generally, the higher the price, the less the

demand: the lower the price, the greater the demand. Similarly, the quan-

tity of a product that a supplier is willing to sell during some period of time

also depends on the price. Generally, a supplier will be willing to supply

more of a product at higher prices and less of a product at lower prices. The

simplest supply and demand model is a linear model where the graphs of a

demand equation and a supply equation are straight lines.

Suppose in a given city on a given day supply and demand equations for

cherries are given by



7-1 Review: Systems of Linear Equations 297

p = — 0.2q + 4 Demand equation (consumer)

p = 0.07q + 0.76 Supply equation (supplier)

where q represents the quantity in thousands of pounds and p represents

the price in dollars. For example, we see that consumers will purchase 10

thousand pounds (q = 10) when the price is p = — 0.2(10) + 4 = $2 per

pound. On the other hand, suppliers will be willing to supply 17.714

thousand pounds of cherries at $2 per pound (solve 2 = 0.07q + 0.76). Thus,

at $2 per pound the suppliers are willing to supply more cherries than

consumers are willing to purchase. The supply exceeds the demand at that

price and the price will come down. At what price will cherries stabilize for

the day? That is, at what price will supply equal demand? This price, if it

exists, is called the equilibrium price, and the quantity sold at that price is

called the equilibrium quantity. How do we find these quantities? We
solve the linear system

p = — 0.2q + 4 Demand equation

p = 0.07q + 0.76 Supply equation

We solve this system using substitution (substituting p = — 0.2q + 4 into

the second equation).

-0.2q + 4 = 0.07q + 0.76

-0.27q = -3.24

q = 12 thousand pounds (equilibrium quantity)

Now substitute q = 12 back into either of the original equations in the

system and solve for p (we choose the first equation):

p = -0.2(12) + 4

p = $1.60 per pound (equilibrium price)

These results are interpreted geometrically in the figure.

Equilibrium quantity = 12 thousand pounds

Equilibrium price = $1.60 per pound

Supply curve

12, 1.6) Equilibrium point

10 15

Thousands of pounds
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If the price was above the equiHbrium price of $1 .60 per pound, the supply

would exceed the demand and the price would come down. If the price was

below the equilibrium price of $1.60 per pound, the demand would exceed

the supply and the price would rise. Thus, the price would reach equilib-

rium at $1.60. At this price, suppliers would supply 12 thousand pounds of

cherries and consumers would purchase 12 thousand pounds.

Problem 6 Repeat Example 6 (including drawing the graph) given:

p = — O.lq + 3 Demand equation

p = 0.08q + 0.66 Supply equation

Systems in Three Variables

Any equation that can be written in the form

ax + by = c

where a, b. and c are constants (not both a and b zero) is called a linear

equation in two variables. Similarly, any equation that can be written in

the form

ax + by + cz = k

where a. b, c, and k are constants (not all a, b, and c zero) is called a linear

equation in three variables. (A similar definition holds for a linear equa-

tion in four or more variables.)

Now that we know how to solve systems of linear equations in two

variables, there is no reason to stop there. Systems of the form

QjX + biV -I- CjZ = k-i

QjX -f- bjV + CjZ = kj (1)

ajX + bjV -I- C3Z = kj

as well as higher-order systems are encountered frequently. In fact, sys-

tems of equations are so important in solving real-world problems that

whole courses are devoted to this one topic. A triplet of numbers x = x,,,

y= Vo. and z = Zg [also written as an ordered triplet (x,,, Vq, Zq)] is a

solution of system (1) if each equation is satisfied by this triplet. The set of

all such ordered triplets of numbers is called the solution set of the system.

If operations are performed on a system and the new system has the same

solution set as the original, then both systems are said to be equivalent.

Linear equations in three variables represent planes in a three-dimen-

sional space. Trying to visualize how three planes can intersect will give

you insight as to what kind of solution sets are possible for system (1).

Figure 1 shows several of the many ways in which three planes can

intersect. It can be shown that system (1) will have exactly one solution, no

solutions, or infinitely many solutions.
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Figure 1 Three intersecting planes

In this section we will use an extension of the method of elimination

discussed above to solve systems in the form of (1). In the next section we
will consider techniques for solving linear systems that are more compati-

ble with solving such systems with computers. In practice, most linear

systems involving more than three variables are solved with the aid of a

computer.

Steps in Solving Systems of Form (1)

1. Choose two equations from the system and eliminate one of the

three variables using elimination by addition. The result is gener-

ally one equation in two unknowns.

2. Now eliminate the same variable from the unused equation and

one of those used in step 1. We (generally) obtain another equa-

tion in two variables.

3. The two equations from steps 1 and 2 form a system of two

equations and two unknowns. Solve as described in the earlier

part of this section.

4. Substitute the solution from step 3 into any of the three original

equations and solve for the third variable to complete the solu-

tion of the original system.
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Example 7 Solve:

3x - 2y + 4z = 6 (2)

2x + 3y-5z = -8 (3)

5x - 4y + 3z = 7 (4)

Solution Step 1. We look at the coefficients ofthe variables and choose to eliminate

y from equations (2) and (4) because ofthe convenient coefficients

— 2 and —4. Multiply equation (2) by —2 and add to equation (4):

-6x + 4y-8z = -12 -2[equation (2)]

5x - 4y + 3z = 7 Equation (4)

-X -5z= -5 (5)

Step 2. Novif we eliminate y (the same variable) from equations (2) and (3):

9x-6y + 12z= 18 3[equation (2)]

4x + 6y-10z = -16 2[equation (3)]

13x + 2z= 2 (6)

Step 3. From steps 1 and 2 we obtain the system

-x-5z = -5 (5)

13x + 2z= 2 (6)

[It has been shown that equations (5) and (6) along with (2), (3), or

(4) form a system equivalent to the original system.] We solve

system (5) and (6) as in the earlier part of this section:

-13x-65z = -65 13[equation (5)]

13x+ 2z= 2 Equation (6)

-63z = -63

z= 1

Substitute z = 1 back into either equation (5) or (6) [we choose

equation (5)] to find x:

-x- 5z = -5 (5)

-x-5(l)=-5

-x=
x=

Step 4. Substitute x = and z = 1 back into any of the three original

equations [we choose equation (2)] to find y:
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3x - 2y + 4z = 6 (2)

3(0) - 2y + 4(1) = 6

-2y+ 4= 6

-2y= 2

y = -l

Thus, the solution to the original system is (0, — 1. l)orx = 0, y = — l,z = l.

Check To check the solution, we must check each equation in the original system:

3x - 2y + 4z = 6 2x + 3y - 5z = - 8

3(0) - 2(- 1) + 4(1) 1 6 2(0) + 3(- 1) - 5(1) 1-8

6^6 -8^-8

5x — 4y + 3z = 7

5(0)-4(-l)+ 3(1)17

Problem 7 Solve:

2x + 3y- 5z = -12

3x - 2y + 2z = 1

4x - 5y- 4z = -12

In the process described above, if we encounter an equation that states a

contradiction, such as = — 2, then we must conclude that the system has

no solution (that is, the system is inconsistent). On the other hand, if one of

the equations turns out to be = 0, the system has either infinitely many
solutions or none. We must proceed further to determine which. Notice

how this last result differs from the two-equation-two-unknown case.

There, when we obtained = 0, we knew that there were infinitely many
solutions. We shall have more to say about this in Section 7-3.

Applications

Now let us consider a real-world problem that leads to a system of three

equations and three unknowns.

Example 8

Production Scheduling

A garment industry manufactures three shirt styles. Each style shirt re-

quires the services of three departments as listed in the table on the next

page. The cutting, sewing, and packaging departments have available a

maximum of 1,160, 1,560, and 480 labor-hours per week, respectively. How
many of each style shirt must be produced each week for the plant to

operate at full capacity?
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2x
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Substitute y = 800 into either (10) or (11) to find x:

-X- 2y = -2,800

-X- 2(800) = -2,800

-X- 1,600 = -2,800

-x = -1,200

X = 1,200

(10)

Now use either (7), (8), or (9) to find z:

2x+ 4y+3z= 11,600

2(1,200) + 4(800) + 3z = 11,600

2,400+ 3,200 + 3z= 11,600

3z= 6,000

z= 2,000

[7)

Thus, each week, the company should produce 1,200 style A shirts, 800
style B shirts, and 2,000 style C shirts to operate at full capacity. The check
of the solution is left to the reader.

Problem 8 Repeat Example 8 with the cutting, sewing, and packaging departments

having available a maximum of 1 ,180, 1 ,560, and 510 labor-hours per week,
respectively.

Answers to

Matched Problems

-2 C
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6. Equilibrium quantity = 13 thousand pounds

Equilibrium price = $1.70 per pound

|13, 1.7) Equilibrium point
Supply curve

10 15

Thousands of pounds

7. X = - 1, y = 0, z = 2 8. 900 style A; 1,300 style B; 1,600 style C

Exercise 7-1

Solve by graphing.

1. X + y = 5

X — v= 1

3.
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9x - 3y = 24
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Applications

Business & Economics 37.

38.

39.

Supply and demand. Suppose the supply and demand equations for

printed T-shirts in a resort town for a particular week are

p = 0.7q + 3 Supply equation

p = — 1.7q + 15 Demand equation

where p is the price in dollars and q is the quantity in hundreds.

(A) Find the equilibrium price and quantity.

(B) Graph the two equations in the same coordinate system and

identify the equilibrium point, supply curve, and demand curve.

Supply and demand. Repeat Problem 37 with the following supply

and demand equations:

p = 0.4q + 3.2 Supply equation

p = — 1.9q + 17 Demand equation

Break-even analysis. A small company manufactures portable home
computers. The plant has fixed costs (leases, insurance, and so on] of

$48,000 per month and variable costs (labor, materials, and so on) of

$1,400 per unit produced. The computers are sold for $1,800 each.

Thus, the cost and revenue equations are

C 48,000 + l,400x

l,800x

where x is the total number of computers produced and sold each

month, and C and R are, respectively, monthly costs and revenue in

dollars.

(A) How many units must be manufactured and sold each month for

the company to break even? (This is actually a three-equation-

three-unknown problem with the third equation R = C. It can be

solved by using the substitution method.)

(B) Graph both equations in the same coordinate system and show

the break-even point. Interpret the regions between the lines to

the left and to the right of the break-even point.

40. Break-even analysis. Repeat Problem 39 with the cost and revenue

equations

C = 65,000 -I- 1,100

R = l,600x

41. Production scheduling. A small manufacturing plant makes three i

types of inflatable boats: one-person, two-person, and four-person i

models. Each boat requires the services of three departments as listed

in the table. The cutting, assembly, and packaging departments have
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available a maximum of 380, 330, and 120 labor-hours per week,

respectively. How many boats of each type must be produced each

week for the plant to operate at full capacity?

One-Person Two-Person Four-Person

Boat Boat Boat

Cutting

department

Assembly

department

Packaging

department

0.6 hr

0.6 hr

0.2 hr

1.0 hr
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(avoidance) from the shock goal box when the rat is placed d centime-

ters from it.

(A) Graph the two equations above in the same coordinate system.

(B) Find d when p = a by substitution.

(C) What do you think the rat would do when placed the distance d

from the box found in part B?

(For additional discussion of this phenomenon, see J. S. Brown, "Gra-

dients of Approach and Avoidance Responses and Their Relation to

Motivation," Journal of Comparative and Physiologica) Psychology,

1948,41:450-465.)

7-2 Systems of Linear Equations and Augmented Matrices— Introduction

Introduction

Augmented Matrices

Solving Linear Systems

Introduction

Most linear systems of any consequence involve large numbers of equa-

tions and unknowns. These systems are solved with computers, since hand

methods would be impractical (try solving even a five-equation -five-un-

known problem and you will understand why). However, even if you have

a computer facility to help solve a problem, it is still important for you to

know how to formulate the problem so that it can be solved by a computer.

In addition, it is helpful to have at least a general idea of how computers

solve these problems. Finally, it is important for you to know how to

interpret the results.

Even though the procedures and notation introduced in this and the next

section are more involved than those used in the preceding section, it is

important to keep in mind that our objective is not to find an efficient hand

method for solving large-scale systems [there are none), but rather to find a

process that generalizes readily for computer use. It turns out that you will

receive an added bonus for your efforts, since several of the processes

developed in this and the next section will be of considerable value in

Sections 7-6, 7-7, 8-5. 8-6, and 8-7.

Augmented Matrices

In solving systems of equations by elimination, the coefficients of the

variables and the constant terms played a central role. The process can be

made more efficient for generalization and computer work by the intro-

duction of a mathematical form called a matrix. A matrix is a rectangular
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array of numbers written within brackets. Some examples are

3 5

-2_
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Theorem 1

Theorem 2

a solution exists. The manipulative process is a direct outgrowth of the

elimination process discussed in Section 7-1.

Recall that two linear systems are said to be equivalent if they have

exactly the same solution set. How did we transform linear systems into

equivalent linear systems? We used Theorem 1, which we restate here.

A system of linear equations is transformed into an equivalent sys-

tem if:

(A) Two equations are interchanged.

(B) An equation is multiplied by a nonzero constant.

(C) A constant multiple of another equation is added to a given

equation.

Paralleling the discussion above, we say that two augmented matrices

are row-equivalent, denoted by the symbol ~ placed between the two

matrices, if they are augmented matrices of equivalent systems of equa-

tions. (Think about this.) How do we transform augmented matrices into

row-equivalent matrices? We use Theorem 2, which is a direct conse-

quence of Theorem 1:

An
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SoJufion We start by writing the augmented matrix corresponding to (5)

(6)

Our objective is to use row operations from Theorem 2 to try to transform

(6) into the form

m

n
(7)

where m and n are real numbers. The solution to system (5) will then be

obvious, since matrix (7) will be the augmented matrix of the following

system:

We now proceed to use row operations to transform (6) into form (7).

Step 1. To get a 1 in the upper left corner, we interchange Rows 1 and 2

(Theorem 2A):

Step 2.

Step 3.

Step 4.

Ri^Rz

[:

Now you see why we wanted Theorem lA!

To get a in the lower left corner, we multiply R^ by (— 3) and add

toR2 (Theorem 2C)— this changes Rj but not R^. Some people find

it useful to write (— 3)Ri outside the matrix to help reduce errors

in arithmetic, as shown:

-3

1

3

-2

4

-21«-

7

1

R, + (-3)R,

1:
-2

10

7

-20

To get a 1 in the second row, second column, we multiply R2 by -

(Theorem 2B):

1 -2

10

7

20

10R2 ~*R2 -2

1

7

-2

To get a in the first row. second column, we multiply Rj by 2 and
add the result to R, (Theorem 2C)— this changes R, but not Rj:

2 -4*
,

-2

1

R, + 2R2 — Ri
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We have accomplished our objective! The last matrix is the augmented

matrix for the system

= 3

(8)

Since system (8) is equivalent to system (5), our starting system, we have

solved (5); that is, Xj = 3 and Xj = — 2.

Check 3Xi + 4X2 = 1 x, - 2X2 = 7

3(3) + 4(-2)il 3-2(-2)J=7

9-8^1 3+4^7

The above process is written more compactly as follows:

Therefore, x, = 3 and Xj = — 2.

Problem 9 Solve using augmented matrix methods:

2x, — X2 = —

7

Xj + 2X2 = 4

Example 10 Solve using augmented matrix methods:

2x, - 3X2 = 6

3Xi + 4X2 = i

R1--R2

ij R2+^-^R^^R2
-21* - -1

-2OJ ^R2^R2

7] R, +^2Rj-Ri

-4* '

-:]
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Solution

.:]

—

i

2

1

R2 + {-3)R, ->R2

Ri + |R,-R,

Problem 10

Example 11

Solution

Thus, Xi = I and Xj = — 1.

Solve using augmented matrix methods:

5Xi - 2x2 = 11

2Xi + 3x2 =4

Solve using augmented matrix methods:

2Xi — X2 = 4

-6x, + 3x2 = -12
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This system is equivalent to the original system. Geometrically, the graphs

of the two original equations coincide and there are infinitely many solu-

tions. In general, if we end up with a row of zeros in an augmented matrix

for a two-equation -two-unknown system, the system is dependent and

there are infinitely many solutions.

There are several ways of representing the infinitely many solutions to

system (9). For example, solving the first equation in (10) for either variable

in terms of the other (we solve for x, in terms of Xj). we obtain

^x, + 2

Thus, for anv real number x.

(U)

(1x2 + 2, xj

is a solution. Another way to represent the infinitely many solutions— a

way that is convenient for the larger-scale systems we will be solving later

in this chapter— is as follows: We choose another variable called a param-

eter, say t, and set the variable on the right of equation (11), Xj, equal to it.

Then for t any real number.

\t + 2

represents a solution. For example, if t = 8, then

X, =i(8) + 2 = 6

That is, (6, 8) is a solution of (9). If f = - 3. then

i(-3) + 2 = i

-3

That is, (|, —3} is a solution of (9). Other solutions can be obtained in a

similar manner.

Problem 11 Solve using augmented matrix methods:

— 2Xi + 6X2 = 6

Example 12 Solve using augmented matrix methods:

2x, -I- 6X2 = -3

Xi + 3x2 = 2
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Solution

Problem 12

2
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Answers to

Matched Problems

9.

11.

12.

A ^ ^ t A o \j 10. 2, X,

The system is dependent. For f any real number,

X, = 3t - 3

X2 = f

is a solution.

Inconsistent— no solution

Exercise 7-2

Perform each of the indicated row operations on the following matrix:

B

1. Ri-^Rz
3. -4R, ^Ri
5. 2R2 * K2

7. R2 + (-4)R,

9. R2 + (-2)R,

11. R2 + (-l)Rr

•R,

Solve using augmented matrix methods

13. Xi + X2 = 5
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Solve using augmented matrix methods.

29. 3Xi - X2 = 7 30. 2Xi-3x2 = -8

2x, + 3X2 = 1 5Xi + 3X2 = 1

31. 3Xi + 2X2 = 4 32. 4Xi + 3X2 = 26

2Xi — X2 = 5 3x, — 11X2 = —

7

33. 0.2X1-0.5X2 = 0.07 34. 0.3X1-0.6X2 = 0.18

0.8X1 - 0.3X2 = 0,79 0.5Xi - 0.2x2 = 0.54

7-3 Gauss -Jordan Elimination

Reduced Matrices

Solving Systems by Gauss -Jordan Elimination

Application

Now that you have had some experience with row operations on simple

augmented matrices, we will consider systems involving more than two

variables. In addition, we will not require that a system have the same

number of equations as variables.

Reduced Matrices

Our objective is to start with the augmented matrix of a linear system and

transform it by using row operations from Theorem 2 in the preceding

section into a simple form where the solution can be read by inspection.

The simple form so obtained is called the reduced form, and we define it as

follows:

Reduced Matrix

A matrix is in reduced form if:

1. Each row consisting entirely of zeros is below any row having at

least one nonzero element.

2. The leftmost nonzero element in each row is 1.

3. The column containing the leftmost 1 of a given row has zeros

above and below the 1.

4. The leftmost 1 in any row is to the right of the leftmost 1 in the

row above.
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Example 13 The following matrices are in reduced form. Check each one carefully to

convince yourself that the conditions in the definition are met.

1
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(B) X, + 4x3 =

X2 + 3X3 =

OXi + 0X2 + 0X3 = 1

The last equation implies 0=1, which is a contradiction. Hence, the

system is inconsistent and has no solution.

(C) Xi + 2X3 = — 3 We disregard the equation corresponding to the

^ _ ^ _ g third row in the matrix, since it is satisfied by

all values of x, , Xj. and x.

When a reduced system (a system corresponding to a reduced aug-

mented matrix) has more variables than equations, the system is

dependent and has infinitely many solutions. To represent these

solutions, it is useful to divide the variables into two types: basic

variables and nonbasic variables. To represent the infinitely many
solutions to the system, we solve for the basic variables in terms of the

nonbasic variables. This can be accomplished very easily ifwe choose

as basic variables the first variable (with a nonzero coeflBcient) in

each equation of the reduced system. Since each of these variables

occurs in exactly one equation, it is easy to solve for each in terms of

the other variables, the nonbasic variables. Returning to our original

system, we choose x, and Xj (the first variable in each equation) as

basic variables and X3 as a nonbasic variable. We then solve for the

basic variables x, and Xj in terms of the nonbasic variable X3:

Xi = -2x3-3
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Solve for Xj, X3, andx4 (basic variables) in terms ofxj andxs (nonbasic

variables):

Xi ^^ tX2 "Xc ^

X3 ^Xs

X4 = -2X5 + 4

If we let X2 = s and X5 = f, then for any real numbers s and t,

Xi = -4s- 3t - 2

X2 = s

X3 = 2t

X4 = -2t+4

is a solution. The system is dependent and has infinitely many solu-

tions. Can you find two?

Problem 14 Write the linear system corresponding to each reduced augmented matrix

and solve.

(A)

(C)

1
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Steps 1-4 outlined in the solution of Example 15 are referred to as

Gauss-Jordan elimination. The steps are summarized in the box below for

easy reference:

Gauss -Jordan Elimination

1. Choose the leftmost nonzero column and use appropriate row

operations to get a 1 at the top.

2. Use multiples of the first row to get zeros in all places below the 1

obtained in step 1.

3. Delete (mentally) the top row and first column of the matrix.

Repeat steps 1 and 2 with the submatrix (the matrix that remains

after deleting the top row and first column). Continue this process

(steps 1-3) until it is not possible to go further.

4. Consider the whole matrix obtained after mentally returning all

the rows and columns to the matrix. Begin with the bottom

nonzero row and use appropriate multiples of it to get zeros above

the leftmost 1. Continue this process, moving up row by row,

until the matrix is finally in reduced form.

Note: If at any point in the above process we obtain a row with all

zeros to the left of the vertical line and a nonzero number to the right,

we can stop, since we will have a contradiction (0 = n, n # 0). We can

then conclude that the system has no solution.

Problem 15 Solve by Gauss-Jordan elimination:

OAi I "* 2 3 "

A^ ^^2 ~i Ag O

^Ai •* 2 "'^3 *^

Example 16 Solve by Gauss -Jordan elimination:

2Xi — X2 + 4x3 = —

2

3Xi + 2X2 — X3 = 1
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Solution ( Need a 1 here
*R, ^R,

R, + (-3)R, ^R,

*R,^R,

R, +*R,

The matrix is now in

reduced form. Write the

corresponding system

and the solution.

X2 ^X3
-J

Solve for the basic variables Xj and Xj in terms of the nonbasic variable X3

:

— Y. — i

2X3 + 1

If X3 = t. then for t any real number,

X, = -t-f
X2 = 2t + 4

X3 = t

is a solution.

Remark: In general, it can be proved that a system with more variables

than equations cannot have a unique solution.

Problem 16 Solve by Gauss -Jordan elimination:

3x, + 6X2 - 3X3 = 2

2Xi — X2 + 2x3 = —

1

Example 17 Solve by Gauss-Jordan elimination:

2x,
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Solud'or. 2
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Solution First, we summarize the relevant manufacturing data in a table:

Casting department

Finishing department

Labor-Hours

per Sculpture

A B
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Problem 18

Answers to

Matched Problems

middle equation (X2 = — 4t + 5), t can only assume the values and 1.

Thus, for t = 0, we have x, = 10, Xj = 5, Xj = 0; and for t = 1, we have

X] = 11, X2 = 1, X3 = 1. These are the only possible production schedules

that utilize the full capacity of the plant.

Repeat Example 18 given a casting capacity of 400 labor-hours per week

and a finishing capacity of 200 labor-hours per week.

13.

14.

15.

16.

17.

18.

(A)

(B)

(C)

(D)

(A)

Condition 2 is violated: The 3 in the second row should be a 1.

Condition 3 is violated: In the second column, the 5 should

beaO.

Condition 4 is violated: The leftmost 1 in the second row is not to

the right of the leftmost 1 in the first row.

Condition 1 is violated: The all-zero second row should be at the

bottom.

(C)

X, = —

5

X2 = 3

X3= 6

Solution:

Xi ^Xt

(B)

3,X3

(D)

X,
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B

1
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25.
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44.

45.

46.

47.

48.

Life Sciences 49.
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Snrial .Sripnces 55. Sociology Two sociologists have grant money to study school busing

in a particular city. They wish to conduct an opinion survey using 600

telephone contacts and 400 house contacts. Survey company A has

personnel to do 30 telephone and 10 house contacts per hour; survey

company B can handle 20 telephone and 20 house contacts per hour.

How many hours should be scheduled for each firm to produce

exactly the number of contacts needed?

56. SocioJogy. Repeat Problem 55 if 650 telephone contacts and 350 house

contacts are needed.

7-4 Matrices— Addition and Multiplication by a Number

Basic Definitions

Sum and Difference

Product of a Number k and a Matrix M
Application

In the last two sections we introduced the important new idea of matrices.

In this and the following sections, we shall develop this concept further.

Basic Definitions

Recall that we defined a matrix as any rectangular array of numbers

enclosed within brackets. The size or dimension of a matrix is important to

operations on matrices. We define an m X n matrix (read "m by n matrix")

to be one with m rows and n columns. It is important to note that the

number of rows is always given first. If a matrix has the same number of

rows and columns, it is called a square matrix. A matrix with only one

column is called a column matrix, and one with only one row is called a

row matrix. These definitions are illustrated by the following:

3X2
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Sum and Difference

The sum of two matrices of the same dimension is a matrix with elements

that are the sum of the corresponding elements of the two given matrices.

Addition is not defined for matrices with different dimensions.

Example 19 [A)

(B)

a

_c
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Example 20

If A and B are matrices of the same dimension, then we define subtrac-

tion as follows:

A-B = A + {-B)

Thus, to subtract matrix B from matrix A, we simply subtract correspond-

ing elements.

3 -2

5

-2 2

3 4]=[: -Ki ::]=[
5 -4

2 -4

Problem 20 Subtract: [2-3 5] -[3 -2 1]

Product of a Number k and a Matrix M
Finally, the product of a number k and a matrix M, denoted by kM, is a

matrix formed by multiplying each element of M by k. This definition is

partly motivated by the fact that ifM is a matrix, then we would likeM + M
to equal 2M.



7-4 Matrices— Addition and Multiplication by a Number 333

(For example, Ms. Smith had $18,000 in compact sales in August, and Mr.

Jones had $108,000 in luxury car sales in September.)

(A) What was the combined dollar sales in August and September for

each person and each model?

(B) What was the increase in dollar sales from August to September?

(C) If both salespeople receive 5% commissions on gross dollar sales,

compute the commission for each person for each model sold in

September.

Solutions (A) A + B-

(B) B-A

(C) 0.05B -[

Compact

$90,000

$126,000

Compact

$54,000

$54,000

(0,05)($72,000)

(0.05)($90,000)

$3,600 $7,200

$4,500 $5,400

Luxury

$180.00o1

$108.00oJ

Luxury

$108,000l

$108,OOoJ

Ms. Smith

Mr. Jones

Ms. Smith

Mr. Jones

{0.05}($144,000)

(0.05)($108,000)_

Ms. Smith

Mr. Jones

In Example 22 we chose a relatively simple example involving an agency

with only two salespeople and two models. Consider the more realistic

problem of an agency with nine models and perhaps seven salespeople—
then you can begin to see the value of matrix methods.

Problem 22 Repeat Example 22 with

$36,000

$18,000

$36,000

$36,000
and B =

$90,000

$72,000

$108,000

$108,000

Answers to

Matched Problems

19. 1 5

-2

2 1

20. [-1 4] 21. 13

2

35

22. (A)

(C)

$126,000

_ $90,000

[$4,500
$3,600

$144,000

$144,000_

$5,400

$5,400

(B) $54,000

$54,000

$72,000

$72,000
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Exercise 7-4

ProbJems 1-18 refer to the following matrices:

D =

2 -1

3
B =

E=[-4

-3 1

2 -3
C =

-2]

2
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21.

22.

1.3

8.3

2.5

-1.4

ii r-4.1 1.

7J [ 0.7 2.

2.6
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Life Sciences 32. Heredity. Gregor Mendel (1822-1884), an Austrian monk and bota-

nist, made discoveries that revolutionized the science of heredity. In

one experiment, he crossed dihybrid yellow round peas (yellow and

round are dominant characteristics; the peas also contained genes for

the recessive characteristics green and wrinkled) and obtained 560

peas of the types indicated in the matrix:

Round
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7-5 Matrix Multiplication

Dot Product

Application

Matrix Product

Arithmetic of Matrix Products

Application

In this section, we are going to introduce two types of matrix multiplication

that will seem rather strange at first. In spite of this apparent strangeness,

these operations are well founded in the general theory of matrices and, as

we will see, extremely useful in practical problems.

Dot Product

We start by defining the dot product of two special matrices, a 1 X n row

matrix and an n X 1 column matrix:

n X 1

b.1 Xn

fa, a,- • -a^ Qibi H-ajhs + • • • + a„b„ A real number

The dot product is a real number, not a matrix. The dot between the two

matrices is important. If the dot is omitted, the multiplication is of another

type, which we will consider below.

Example 23 [2-3 0] = (2)(-5) + (-3K2) + (0)(-2)

= -10-6 + = -16

Problem 23 [— i o 3 2]

2

3

4

-1
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Application

Example 24 A factory produces a slalom water ski that requires 4 labor-hours in the

fabricating department and 1 labor-hour in the finishing department. Fa-

bricating personnel receive $8 per hour and finishing personnel receive $6

per hour. Total labor cost per ski is given by the dot product:

[4 !]• (4)(8) + (1)(6) = 32 + 6 = $38 per ski

Problem 24 If the factory in Example 24 also produces a trick water ski that requires 6

labor-hours in the fabricating department and 1.5 labor-hours in the finish-

ing department, write a dot product between appropriate row and column

matrices that will give the total labor cost for this ski. Compute the cost.

Must be the same
(b = c)
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2X3

3

1

1

2.
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Arithmetic of Matrix Products

Relative to addition, in the last section we noted that

A + B = B + A Commutative

A + (B + C) = [A + B) + C Associative

where A, B, and C are matrices of the same dimension. Do similar proper-

ties hold for multiplication? What about the commutative property? Let us

compute AB and BA for

and B =

A =

2X2

-3

2 :]

2X2

[:-:]

14 18

4 -2

2X2

AB = C

= C

2X2

2X2

[1 :]-

] [-

8

6

2X2

10

20
= D

BA = D

Thus, AB ¥= BA. Only in some very special cases will matrix products

commute; therefore, we must always be careful about the order in which

matrix multiplication is performed^we cannot indiscriminately reverse

order as in the arithmetic of real numbers. In fact. BA is often not even

defined, even though AB is. Thus, AB ¥= BA in general.

Another important difference between matrix products and real number

products is found in the zero property for real numbers:

For all real numbers a and b,

ab = if and only if a = or b = (or both)

For A and B matrices it is possible for AB = and neither A nor B be 0. For

example,
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products and sums are defined for the indicated matrices A, B, and C, then

for k a real number:

1. [AB]C=A(BC)
2. A{B + C) = AB+AC
3. (B + C)A = BA + CA
4. k(AB) = (kA)B = A(kB)

Associative property

Left-hand distributive property

Right-hand distributive property

Since matrix multiphcation is not commutative, properties 2 and 3 must be

Hsted as distinct properties.

Example 26

Application

Let us combine the time requirements for slalom and trick vvater skis

discussed in Example 24 and Problem 24 into one matrix:

Trick ski

Slalom ski

Fabricating

department

6hr

4 hr

Finishing

department

1.5 hrl _
1 hr J~

Novvf suppose the company has two manufacturing plants X and Y in

different parts of the country and that their hourly rates for each depart-

ment are given in the following matrix:

Plant X Plant Y

Fabricating department

Finishing department

$8

$6

$7

$4

To find the total labor costs for each ski at each factory, we multiply A
andB:

2X2 2X2

AB =
1.5

1 ]
=

[

X

$57

$38

$48

$32

Trick ski

Slalom ski

Notice that the dot product of the first row matrix ofA and the first column

matrix of B gives us the labor costs, $57, for a trick ski manufactured at

plant X; the dot product of the second row matrix of A and the second

column matrix of B gives us the labor costs, $32, for manufacturing a slalom

ski at plant Y; and so on.

Example 26 is, of course, overly simplified. Companies manufacturing

many different items in many different plants deal with matrices that have

very large numbers of rows and columns.
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Problem 26 Repeat Example 26 with

7 hr 2 hr

Answers to

Matched Problems

A =

23. 8

25. (A)

5 hr 1.5 hr

:]

and B

(B) [-9] 26.

no
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B Find the dot products.

17. [-1 -2 2] •

19. [-1

Find the matrix products.

21.

23.

-1 1

3 -2

1
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31

32.

[2.1 3.2 -ll]
-0.8 5.7 -4.3 J

6.4

-2.8

-1.5

2.0

3.9

-2.4

[-6.3

-2.7

-4.5
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Life Sciences

38.

39.

40.

(C) What is the dimension of MN?
(D) Find MN and interpret.

Inventory value. A personal computer retail company sells five differ-

ent computer models through three stores located in a large metropol-
itan area. The inventory of each model on hand in each store is

summarized in matrix M. Wholesale (W) and retail (R) values of each
model computer are summarized in matrix N.

A

ModelBCD
M-

N =

4 2

2 3

10 4

W

$700

$1,400

$1,800

$2,700

.$3,500

3 7

5

3 4

R

Store 1

Store 2

Store 3

$840

$1,800

$2,400

$3,300

$4,900.

A

B

C

D

E

(A) What is the retail value of the inventory at store 2?

(B) What is the wholesale value of the inventory at store 3?

(C) Compute MN and interpret.

(A) Multiply M in Problem 38 by [1 1 1] and interpret.

(The multiplication only makes sense in one direction.)

(B) Multiply MN in Problem 38 by [1 1 1] and interpret.

(The multiplication only makes sense in one direction.)

Nutrition. A nutritionist for a cereal company blends two cereals in

different mixes. The amounts of protein, carbohydrate, and fat (in

grams per ounce) in each cereal are given by matrix M. The amounts
of each cereal used in the three mixes are given by matrix N.

N

Cereal A
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(A) Find the amount of protein in mix X by computing the dot

product

[4 2]
[':]

(B) Find the amount of fat in mix Z. Set up a dot product as in part A
and multiply.

(C) What is the dimension of MN?
(D) Find MN and interpret.

(E) Find ^ MN and interpret.

Social Sciences 41. Politics. In a local California election, a group hired a public relations

firm to promote its candidate in three ways: telephone calls, house

calls, and letters. The cost per contact is given in matrix M;

M =

Cost per
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7-6 Inverse of a Square Matrix; Matrix Equations

Identity Matrix for Multiplication

Inverse of a Square Matrix

Matrix Equations

Application
'

Identity Matrix for Multiplication

We know that

la = al = a

for all real numbers a. The number 1 is called the identity for real number
multiplication. Does the set of all matrices of a given dimension have an

identity element for multiplication? The answer, in general, is no. How-
ever, the set of all square matrices of order n (dimension n X n) does have

an identity, and it is given as follows: The identity element for multiplica-

tion for the set of all square matrices of order n is the square matrix of order

n, denoted by I, with I's along the main diagonal (from the upper left

corner to the lower right) and O's elsewhere. For example.

and
1
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Inverse of a Square Matrix

In the set of real numbers, we know that for each real number a (except

zero) there exists a real number a"' such that

a 'a 1

The number a~' is called the inverse of the number a relative to multipli-

cation, or the multiplicative inverse of a. For example, 2"' is the multipli-

cative inverse of 2, since 2~^ • 2 = 1. For each square matrix M, does there

exist an inverse matrix M~' such that the following relation is true?

If M ' exists for a given matrix M, then M ' is called the inverse of M
relative to multiplication. Let us use this definition to find M~* for

M =
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as is easily c
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Since each matrix to the left of the vertical bar is the same, exactly the

same row operations can be used on each total matrix to transform it into a

reduced form. We can speed up the process substantially by combining all

three augmented matrices into the single augmented matrix form

1
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Example 28

Solution

I

1

1

1

B

3 3-1
-2 -2 1

-4 -5 2

Converting back to systems of equations equivalent to our three original

systems (we don't have to do this step in practice), we have

a = 3

b =-2
c = -4

d = 3

e =-2
/=-5

= -1

h = 1

i= 2

And these are just the elements of M"^ that we are looking for! Hence,

M-i

3 3-1
-2 -2 1

-4 -5 2

Note that this is the matrix to the right of the vertical line in the last

augmented matrix above. (You should check that MM"' = 1.)

Inverse of a Square Matrix M
If [M\I] is transformed by row operations into [1\B], then the resulting

matrix B is M~'. However, if we obtain all zeros in one or more rows
to the left of the vertical line, then M"' does not exist.

Find M \ given: M ^

3
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Thus,

1
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xample 31
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Thus.

X

X,

32

-6

13

8 -8
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Application

The following application will illustrate the usefulness of the inverse

method for solving systems of equations.

Example 32 An investment advisor currently has two types of investments available for

clients; a conservative investment A that pays 10% per year and an invest-

ment B of higher risk that pays 20% per year. Clients may divide their

investments between the two to achieve any total return desired between

10% and 20%. However, the higher the desired return, the higher the risk.

How should each client listed in the table invest to achieve the indicated

return?

Client

Total investment

Annual return desired

$20,000
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1

-1

2

-1

1oj
R. + (-l)fl2^R:

Thus,

A-'
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31.



7-6 Inverse of a Square Matrix; Matrix Equations 359

B Given M as indicated, find M ' and show that M 'M = 1.

13.

15.

17.

19.

1
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Write each system as a matrix equation and solve using inverses.

[Note: The inverses were found in ProbJems 19 and 20.

J

27. X, + Xj =ki

Xj ' X3 ^ K3

28.

(A) k, = 2, k2 = 0,
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36. Production scheduling. Labor and material costs for manufacturing

two guitar models are given in the table below:

Guitar Labor Material

Model Cost Cost

A $30 $20

B $40 $30

If a total of $3,000 a week is allowed for labor and material, how many
of each model should be produced each week to use exactly each of

the allocations of the $3,000 indicated in the following table? Use

decimals in computing the inverse.

Weekly Allocation

1 2 3
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— output analysis. Wassily Leontief, the primary force behind these new
developments, was awarded the Nobel Prize in economics in 1973 because

of the significant impact his work had on economic planning for industrial-

ized countries. Among other things, he conducted a comprehensive study

ofhow 500 sectors of the American economy interacted with each other. Of

course, large-scale computers played an important role in this analysis.

Our investigation will be more modest. In fact, we will start with an

economy comprised of only two industries. From these humble beginnings,

ideas and definitions will evolve that can be readily generalized for more

realistic economies. Input -output analysis attempts to establish equilib-

rium conditions under which industries in an economy have just enough

output to satisfy each other's demands in addition to final (outside) de-

mands. Given the internal demands within the industries for each other's

output, the problem is to determine output levels that will meet various

levels of final (outside) demands.

Two-Industry Model

To make the problem concrete, let us start with a hypothetical economy

with only two industries— electric company E and water company W.

Outputs for both companies are measured in dollars. The heart of input

-

output analysis is a matrix, called the technology matrix, that expresses

how each industry uses the other industries' outputs as well as its own for

its own output. (In this case, the electric company will use both electricity

and water as input for its own output, and the water company will use both

electricity and water as input for its output.) Suppose that each dollar's

worth of the electric company's output requires$0.10of its own output and

$0.30 of the water company's output, and each dollar's worth of the water

company's output requires $0.40 of the electric company's output and

$0.20 of its own output. These internal requirements can be conveniently

summarized in a technology matrix:

E W
E

W
0.1 0.4

0.3 0.2
= M Technology matrix

Thus, the first column indicates that each dollar of the electric company's

output requires $0.10 of its own output as input and $0.30 of the water

company's output as input. The second column is interpreted similarly.

The first row tells us that $0.10 of electricity is needed to produce a dollar's

worth of electricity, and $0.40 of electricity is needed to produce a dollar's

worth of water. The second row has a similar interpretation.

Now that we know how much of each output dollar must be used by each

industry for input, we are ready to attack the main problem.
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Basic Input -Output Problem

Given the internal demands for each industry's output, determine

output levels for the various industries that will meet a given final

(outside) level of demand as well as the internal demand.

Suppose the final demand (the demand from the outside sector) is

d, = $12 million for electricity

dj = $6 million for water

What dollar outputs, Sx, from the electric company and Sxj from the water

company, are required to meet these final demands? Before we answer this

question, we introduce the final demand matrix and the output matrix:

D =

X =

d.
Final demand matrix

Output matrix

Given the technology matrix M and the final demand matrix D, the

problem is to find the output matrix X. The following verbal equations

(which summarize the discussion above) lead to a matrix equation and a

solution to the problem:

(Total output^

from E /

(Total output\

from W /

^ Input ^

required by E

^ from E ^

' Input ^

required by E

V from W )

(Input
required by W

from E

(Input
required by W

from W

Final '

outside) demand
from E J

Final ^

(outside) demand
from W )

Converted to symbolic forms, these equations become

Xi =0.1Xi + 0.4X2 + di

X2 =0.3Xi + 0.2x2 + CI2

or

(1)

fxj fo.l 0.4irx,l fd,]

[xjj L0.3 O.2J [xjj [d2j

or

X = MX + D (2)
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Now our problem is to solve this matrix equation for X. We proceed as in

the preceding section:

X - MX = D
IX - MX = D
(I - M]X = D

X = (I - M]-'D

I

(3)

assuming I — M has an inverse. Since

I-M^
0.9

-0.3

-0.4

0.8

and

(I - M]-'

we have

3 3

1 a
_2 2J

We convert decimals to fractions in

this example to work with exact forms

[::]

[;

(4)

20l

I5J

Therefore, the electric company must have an output of $20 million and

the water company an output of $15 million so that each company can

meet both internal and final demands.

Actually, (4) solves the original problem for arbitrary final demands dj

and 62- This is very useful, since (4) gives a quick solution not only for the

final demands stated but also to the original problem for various other

projected final demands. If we had solved (1) by elimination, then we

would have to start over for each new set of final demands.

Suppose in the original problem that the projected final demands 5 years

from now were d, = 18 and dz = 12. Determine each company's output for

this projection. We simply substitute these values into (4) and multiply:
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We summarize these results for convenient reference.

Solution to a Two-Company Input -Output Problem

Given

M

IS

Technology
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2. How much input from A and E are required to produce a dollar's

worth of output for E?

3. Find I - A and (I - A)-\

4. Find the output for each sector that is needed to satisfy the final

demand D,

.

5. Repeat Problem 4 for Dj.

6. Repeat Problem 4 for D3.

B Problems 7-12 pertain io the following input-output model: Assume an

economy is based on three industrial sectors -agriculture [A), building (B),

and energy (E). The technology matrix M and jinaJ demand matrices are (in

billions of dollars)

A

B

E

A B

0.422 0.100 0.266

0.089 0.350 0.134

0.134 0.100 0.334

^M

D,

10.

11.

12.

13.

12

10

8

How much input from A, B, and E are required to produce a dollar's

worth of output for B?

How much of each of B's output dollar is required as input for each of

the three sectors?



7-8 Chapter Review 367

7-8 Chapter Review

Important Terms and

Symbols

7-1

7-2

7-3

7-4

7-5

Review: systems of linear equations, graphing method, substitution

method, elimination by addition, equivalent systems, inconsistent

systems, dependent systems, parameter, equilibrium price, equilib-

rium quantity, linear equation in two variables, linear equation in

three variables, solution of a system, solution set

Systems of linear equations and augmented matrices— introduction,

matrix, element, augmented matrix, column, row, equivalent sys-

tems, row-equivalent matrices, row operations. R, *-»R|. kR, —»R,.
Ri + kR, -^ R;

Gauss-Jordan elimination, reduced matrix, basic variables, nonbasic

variables, submatrix, Gauss -Jordan elimination

Matrices— addition and multiplication by a number, size or dimen-

sion of a matrix, m X n matrix, square matrix, column matrix, row

matrix, equal matrices, sum of two matrices, zero matrix, negative of

a matrix M, subtraction of matrices, product of a number k and a

matrix M
Matrix multiplication, dot product, matrix product, associative prop-

erty, distributive properties.

7-6 In\-erse of a square matrix: matrix equations, inverse of a number,

multiplicative inverse of a number, identity matrix, multiplicative

inverse of a matrix, matrix equation, M~^

7-7 Leontief input-output analysis fopfional). input-output analysis,

technology matrix, final demand matrix, output matrix

Exercise 7-8 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to aJJ re\'iew problems are there.)

Where weaknesses shoiv up, review appropriate sections in the text. When
you are satisfied that you know the material, take the practice test following

this review.

1. Solve the following system by graphing:

2x- y= 4

x- 2y = -4

2. Solve the system in Problem 1 by substitution.
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In Problems 3-11 perform the operations that are defined, given the foIJow-

ing matrices:

B = [2
1

1 1.

C = [2 3] -[:]
3.
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23. Solve by Gauss-Iordan elimination:

24.

(A) Xi + 2x2 + 3x3 = 1

2x, + 3X2 + 4x3 = 3

x, + 2X2 + X3 = 3

(B) Xi + 2X2 - X3 = 2

2x, + 3x2 + X3 = -3

3X1 + 5X2 =-1

Solve the system in Problem 23A by viriting the system as a matrix

equation and using the inverse of the coefficient matrix (see Problem

22). Also.solve the system if the constants 1, 3. and 3 are replaced by 0,

0, and —2, respectively. By —3, —4, and 1. respectively.

25. Find the inverse of the matrix A given below. Show that A ^A = 1.

4 5 6

A= 4 5-6
1 1 1

26. Solve the system

0.04Xi + 0.05X2 + 0.06X3 = 360

0.04X, + 0.05x2 - 0.06X3 = 120

Xi + X2 + X3 = 7,000

by writing as a matrix equation and using the inverse of the coeffi-

cient matrix. (Before starting, multiply the first two equations by 100

to eliminate decimals. Also, see Problem 25.)

27. Solve Problem 26 by Gauss -)ordan elimination.

Applications

Business & Economics 28. Resource aJJocafion. A mining company has two mines with ore

compositions as given in the table. How many tons of each ore should

be used to obtain 4.5 tons of nickel and 10 tons of copper? Set up a

system of equations and solve using Gauss-Jordan elimination.

Ore

A
B

Nickel (%) Copper (%)

29. (A) Set up Problem 28 as a matrix equation and solve using the

inverse of the coefficient matrix.

(B) Solve Problem 28 (as in part A) if 2.3 tons of nickel and 5 tons of

copper are needed.
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30. Material costs. A metal foundry wishes to make two different bronze

alloys. The quantities of copper, tin, and zinc needed are indicated in

matrix M. The costs for these materials in dollars per pound from two

suppliers is summarized in matrix N. The company must choose one

supplier or the other.

M =

N =

Copper
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5. B C and BC
7. AD
9. A + E

11. Convert the system

12.

13.

14.

6. DA
8. CB + 2E

10. (CB)E and C(BE)

Xt ~r X-i

2x, + 3X2

into a matrix equation and solve using the inverse of the coefficient

matrix for:

(A) k, = 2, k2 = 0. k3 = -l (B) k, = -1, k^ k3 =

A person has $5,000 to invest, part at 5% and the rest at 10%. How
much should be invested at each rate to yield $400 per year? Set up a

system of equations and solve using augmented matrix methods.

Solve Problem 12 by using a matrix equation and the inverse of the

coefficient matrix.

Labor costs. A company with manufacturing plants in California and

Texas has labor-hour and wage requirements for the manufacturing

of two inexpensive hand calculators as given in matrices M and N
below:

Labor-Hours per Calculator

M^

N--

Fabricating





Linear Inequalities and Linear

Programming

8

.i--



CHAPTER 8 Contents

8-1 Linear Inequalities in Two Variables

8-2 Systems of Linear Inequalities in Two Variables

8-3 Linear Programming in Two Dimensions—A Geometric Approach

8-4 A Geometric Introduction to the Simplex Method

8-5 The Simplex Method: Maximization with « Problem Constraints

8-6 The Dual; Minimization with ^ Problem Constraints

8-7 Maximization and Minimization with Mixed Problem Constraints

(Optional)

8-8 Chapter Review

In this chapter we will discuss linear inequalities in two and more vari-

ables; in addition, we will introduce a relatively new and powerful mathe-

matical tool called linear programming that will be used to solve a variety

of interesting practical problems. The row operations on matrices intro-

duced in Chapter 7 will be particularly useful in Sections 8-5, 8-6, and 8-7.

8-1 Linear Inequalities in Two Variables

Having graphed linear equations such as

y = -2x-|-3 and 2x-3y = 12

we now turn to graphing linear inequalities in two variables such as

y«-2x-f3 and 2x-3y>12
Graphing inequalities of this type is almost as easy as graphing equations.

The following discussion leads to a simple solution of the problem.

A vertical line divides a plane into left and right half-pIanes; a nonverti-

cal line divides a plane into upper and lower half-planes (Fig. 1).

P is above the line
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Figure 2

i R (4, y) y < 2

Let US compare the graphs of

y<x-2 y=x-2 y>x-2

We start by graphing y = x — 2 (Fig. 2). It is clear from Figure 2 that for

X = 4, any point P above Q will satisfy y > 2, and any point R below Q will

satisfy y < 2. Since the same result holds for each x, we conclude that the

graph of y > X — 2 is the upper half-plane determined by the graph of

y = X — 2, and y < x — 2 is the lower half-plane.

To graph y > x — 2, we show the line y = x — 2 as a broken line (Fig. 3),

\'' -5 -

\'

-^x

y > X - 2

y < X - 2

1 . . .

Figure 3

.• ' 1 L

.'N

-)x
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Theorem 1

indicating that the Una is not part of the graph. In graphing y ^ x — 2, we

show the Hne y = x — 2 as a soHd Hne, indicating that it is part of the graph.

Four typical cases are illustrated in Figure 3 (on the preceding page).

The above discussion suggests the following theorem, which is stated

without proof:

The graph of the
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true. Hence, the graph of the inequality is the upper half-plane.

^^^^

Problem 1 Graph 6x - 3y > 18.
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graphing — 2«0x + y<3. Thus, x in (x, y) can be any real number as

long as y is between —2 and 3, including —2 but not 3.

"X"
y = 3

_I I L- -^ )x

Problem 2 Graph: (A) y<4 (B) -3<x«3

Answers to

Matched Problems

1. Graph 6x — 3y = 18 as a broken line (since

equality is not included). Choosing the origin

(0, 0) as a test point, we see that 6(0) - 3(0) > 18

is a false statement; thus, the lower half-plane

(determined by 6x — 3y = 18) is the graph of

6x-3y> 18.

(A)

-X-

-5

-5

-^_y = 4

-) X

(B)

-5
;

I

I

1 -5

x = -3

I ,

-5

-5

i

H
x = 3

-> X

-) x

Exercise 8-1

Graph each inequality.

1.
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B 13.
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We wish to solve such systems graphically, that is, to find the graph of all

ordered pairs of real numbers (x, y) that simultaneously satisfy all in-

equalities in the system. The graph is called the solution region for the

system. To find the solution region, we graph each inequality in the system

and then take the intersection of all of the graphs.

Example 3 Solve the following linear system graphically:

X3=0

x«8
y=S4

Solution Graph all the inequalities in the same coordinate system and shade in the

region that satisfies all four inequalities— that is, the intersection of all four

graphs. The coordinates of any point in the shaded region will simulta-

neously satisfy all the original inequalities.

Problem 3 Solve the following linear system graphically:

xS2

x«6
y«5
y^2

Example 4 Solve the following linear system graphically:

6x + 2y « 36

2x + 4y ^ 32

x3=0

y^O

Solution Graph all the inequalities in the same coordinate system and shade in thi

intersection of all four graphs. The coordinates of any point in the shadei
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region of the accompanying figure specify a solution to the system. For

example, (0, 0), (3, 4), and (2.35, 3.87) are three of infinitely many solutions,

as can easily be checked.

6x J- 2v = 36

To graph each line, find the x and y

intercepts, then sketch the line through

these points. We obtain the intersection

point (4, 6) by solving 6x + 2y = 36 and

2x + 4 y = 32 simultaneously.

Problem 4 Solve by graphing:

3x + 2y ? 24

x + 2y^l2

y^O

Example 5 Solve the system

2x + y « 20

lOx + y ^ 36

2x + 5y 3= 36

graphically and find the coordinates of the intersection points of the bound-

ary of the solution region.

Solution The solution region is the intersection of the graphs of the three inequali

ties, as shown in the figure on the next page.
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2x + 5v= 36
lOx + 3'= 36 2x + y= 20

Coordinates of A

Coordinates of B

Coordinates ofC

Solve the system

10x + y = 36

2x + y = 20

to obtain (2, 16).

Solve the system

lOx + y = 36

2x + 5y = 36

to obtain (3, 6).

Solve the system

2x + y = 20

2x + 5y = 36

to obtain (8, 4).
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Problem 5 Solve the system

3x + 4y « 48

X- y =s 2

graphically and find the coordinates of the intersection points of the bound-

ary of the solution region.

Special Definitions Pertaining to Solution Regions

The following definitions pertain to the solution regions ofsystems of linear

inequalities such as those found in the above examples and matched

problems.

1. A solution region of a system of linear inequalities in two variables is

bounded if it can be enclosed within a circle; if it cannot be enclosed

within a circle, then it is unbounded. (The solution regions for Exam-

ples 4 and 5 are bounded; the solution region for Problem 4 is un-

bounded.)

2. A corner point of a solution region is the intersection of two boundary

lines. [The corner points of the solution region in Example 5 are (2, 16),

(3, 6), and (8, 4).]

That is enough new terminology for the moment. These definitions will

be important to us in the next section. For now, let us introduce two

applications that will be developed more fully as we proceed through this

chapter.

Application

Example 6 A patient in a hospital is required to have at least 84 units of drug A and 120

units of drug B each day (assume that an overdosage of either drug is

harmless). Each gram of substance M contains 10 units of drugA and 8 units

of drug B, and each gram of substance N contains 2 units of drug A and 4

units of drug B. How many grams of substances M and N can be mixed to

meet the minimum daily requirements?

Solution To clarify relationships, we summarize the information in the following

table:

Drug A
DrugB

Amount of Drug per

Gram
Substance M Substance iV

10 units

8 units

2 units

4 units

Minimum Daily

Requirement

84 units

120 units
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Let X = Number of grams of substance M used

y = Number of grams of substance N used

Then lOx = Number of units of drug A in x grams of substance M
2y = Number of units of drug A in y grams of substance N

8x = Number of units of drug B in x grams of substance M
4y = Number of units of drug B in y grams of substance N

The following conditions must be satisfied to meet daily requirements:

(Number of units of \ / Number of units of \

drug A
1
+ 1 drug A 1^84

in X grams of substance M / \ in y grams of substance N /

(Number of units of \ / Number of units of \

drugB + drugB 1^120

in X grams of substance M / \ in y grams of substance N /

(Number of grams of\

substance M used /

(Number of grams of\ ^
substance N used /

Converting these verbal statements into symbolic statements by using the

variables x and y introduced above, we obtain the system of linear in-

equalities

lOx + 2y ^ 84 Drug A restriction

8x + 4y 3^120 Drug B restriction

X 3^ Cannot use a negative amount of M
y ^ Cannot use a negative amount of N

Graphing this system of linear inequalities, we obtain the set of feasible

solutions, or the feasible region, as shown in the following figure.* Thus,

any point in the shaded area (including the straight line boundaries) will

meet the daily requirements; any point outside the shaded area will not.

(Note that the feasible region is unbounded.)

* For problems of this type and for linear programming problems in general (Sections

8-3 through 8-7), solution regions are often referred to as feasible regions.
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lOx + 2y = 84

8x + 4y = 120
Feasible

region

Problem 6 A manufacturing plant makes two types of inflatable boats, a two-person

boat and a four-person boat. Each two-person boat requires 0.9 labor-hour

in the cutting department and 0.8 labor-hour in the assembly department.

Each four-person boat requires 1.8 labor-hours in the cutting department

and 1.2 labor-hours in the assembly department. The maximum labor-

hours available each month in the cutting and assembly departments are

864 and 672, respectively.

(A) Summarize this information in a table.

(B) If X two-person boats and y four-person boats are manufactured each

month, write a system of linear inequalities that reflect the conditions

indicated. Find the set of feasible solutions graphically.

Answers to

Matched Problems

3.

" ~ ^^ Solution region

V = 5
^

h'h
10

-^ X

-^ X

3x -I- 2y = 24^ x + 2y - 12
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Solution region

X - y = 2 _

3x + 4y = 48

6. (A)



8-2 Systems of Linear Inequalities in Two Variables 387

Exercise 8-2

A SoJve the foIJowing linear systems graphically;

1. x^3 2. xS^O

x«7 x^4
y^O y^3
y «4 y^ 7

3. 2x + 3y«12 4. 3x + 4y « 24

x^O x^O
ySO y3=0

5. 2x + y ^ 10 6. 6x + 3y « 24

x + 2y « 8 3x + 6y =« 30

x^O x3=0

7. 2x + y 3= 10 8. 4x + 3y 3= 24

X + 2y s 8 3x + 4y ^ 8

x^O x^O
ys=0 y^O

B SoJve the following systems graphically and indicate whether each solution

set is bounded or unbounded. Find the coordinates of each corner.

9. 2x+ y^lO 10. 3x+ y ^ 21

x+ y^7 x-l-y=S9

X + 2y « 12 X + 3y « 21

X ^0 X S=

y 3^ y ^

11. 2x+ y^l6 12. 3x+ y ^ 24

x+y^l2 x+yS16
X + 2y s 14 X + 3y S^ 30

xs= x3^

y s y 3=

13. x + 4y«32 14. x+ y<ll

3x+ y€30 x + 5y&15

4x + 5y>51 2x+ y3=12
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15. 4x + 3y<48

2x+ y2=24

x<9
17. x-y^O

2x - y « 4

0=sx«8

16.

18.

2x + 3y > 24

x + 3y < 15

y>4
2x + 3yS12

-x + 3y«3

0«y=S5

Solve the following systems graphically and indicate whether each solution

set is bounded or unbounded. Find the coordinates of each corner.

19. -x + 3y5^1

5x- y^9
x+ y=S9

x«5
21. 0.6X+ 1.2y^960

0.03X + 0.04y « 36

0.3X+ 0.2y«270

x3=0

y^O

Applications

20. x+ y^lO

5x + 3y2^15

-2x + 3y«15

2x - 5y « 6

22. 1.8X+ 0.9y3^270

0.3x4- O.Zy^Si

O.Olx + 0.03y ^ 3.9

x^^O

yS^O

Business & Economics 23.

Life Sciences 24.

Manufacturing— resource allocation. A manufacturing company
makes two types of water skis, a trick ski and a slalom ski. The trick

ski requires 6 labor-hours for fabricating and 1 labor-hour for finish-

ing. The slalom ski requires 4 labor-hours for fabricating and 1 labor-

hour for finishing. The maximum labor-hours available per day for

fabricating and finishing are 108 and 24, respectively. If x is the

number of trick skis and y is the number of slalom skis produced per

day, write a system of inequalities that indicates appropriate re-

straints on X and y. Find the set of feasible solutions graphically for the

number of each type of ski that can be produced.

Nutrition. A dietitian in a hospital is to arrange a special diet using two

foods. Each ounce of food M contains 30 units of calcium, 10 units of

iron, and 10 units of vitamin A. Each ounce of food N contains 10 units

of calcium, 10 units of iron, and 30 units of vitamin A. The minimum
requirements in the diet are 360 units of calcium, 160 units of iron,

and 240 units of vitamin A. If x is the number of ounces of food M used

and y is the number of ounces of food N used, write a system of linear

inequalities that reflects the conditions indicated above. Find the set
|

of feasible solutions graphically for the amount of each kind of food

that can be used.
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Social Sciences 25. Psychology. In an experiment on conditioning, a psychologist uses

two types of Skinner (conditioning) boxes with mice and rats. Each

mouse spends 10 minutes per day in box A and 20 minutes per day in

box B. Each rat spends 20 minutes per day in box A and 10 minutes

per day in box B. The total maximum time available per day is 800

minutes for box A and 640 minutes for box B. We are interested in the

various numbers of mice and rats that can be used in the experiment

under the conditions stated. If we let x be the number of mice used

and y the number of rats used, write a system of inequalities that

indicates appropriate restrictions on x and y. Find the set of feasible

solutions graphically.

8-3 Linear Programming in Two Dimensions—A Geometric Approach

A Maximization Problem

A Minimization Problem

Linear Program—A General Description

A Maximum-Minimum Problem with Mixed Constraints

Exceptional Situations

Several problems in the last section are related to a more general type of

problem— a linear programming problem. Linear programming is a math-

ematical process that has been developed to help management in decision-

making, and it has become one of the most widely used and best-known

tools of management science. We will introduce this topic by considering a

couple of examples in detail, using an intuitive geometric approach. Insight

gained from this approach will prove invaluable when we later consider an

algebraic approach that is less intuitive but necessary in solving most

real-world problems.

Notation Change

For efficiency of generalization in later sections, we will now change

variable notation from letters such as x and y to subscript forms such

as Xi and x,

.

A Maximization Problem

Example 7 A manufacturer of lightweight mountain tents makes a standard model

and an expedition model. Each standard tent requires 1 labor-hour from
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the cutting department and 3 labor-hours from the assembly department.

Each expedition tent requires 2 labor-hours from the cutting department

and 4 labor-hours from the assembly department. The maximum labor-

hours available per week in the cutting department and the assembly

department are 32 and 84, respectively. In addition, the distributor, be-

cause of demand, will not take more than 12 expedition tents per week. If

the company makes a profit of $50 on each standard tent and $80 on each

expedition tent, how many tents of each type should be manufactured each

week to maximize the total weekly profit?

Solution This is an example of a linear programming problem. To see relationships

more clearly, let us summarize the manufacturing requirements, objec-

tives, and restrictions in table form (see Table 1).

Table 1

•
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made as large as we like by manufacturing more and more tents— or can

it?

Constraints Any manufacturing company, no matter how large or small, has manufac-

turing limits imposed by available resources, plant capacity, demand, and

so forth. These limits are referred to as constraints.

Cutting department constraint:

(Weekly cuttingX / Weekly cutting \ /Maximum laborA

time for Xj
|
+

(
time for X2 1^1 hours available I

standard tents / \ expedition tents/ \ per week /

IXi + 2x2 32

Assembly department constraint:

(Weekly assembly^

time for x,

standard tents /

3Xi

(Weekly assembly\

time for Xj I

expedition tents /

4x,

(Maximum labor-

hours available

per week

84

Demand constraints. The distributor will not take more then 12 expedi-

tion tents per week; thus,

X2«12

Nonnegative constraints. It is not possible to manufacture a negative

number of tents; thus, we have the nonnegative constraints

X, 3=0
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Assembly capacity line

3.\, + 4x, = 84

Demand capacity line

X, = 12

Cutting capacity line

X, + 2x, = 32

I I I I I I 4x,
(28, 0) 30 40

By choosing a production schedule (x^, X2) from the feasible region, a

profit can be determined using the objective function

P = 50x, + 8OX2

For example, if Xj = 12 and X2 = 10, then the profit for the week would be

P = 50(12) + 80(10)

= $1,400

Or if X, = 23 and Xj = 2, then the profit for the week would be

P = 50(23) + 80(2)

= $1,310

The question is. out of all possible production schedules (x, , Xj) from the

feasible region, which schedule(s) produces the maximum profit? Thus, we
have a maximization problem. Since point-by-point checking is impossi-

ble (there are infinitely many points to check), we must find another way.

By assigning P in

P = 50xi + 8OX2

a particular value and plotting the resulting equation in Figure 4, we obtain

a constant-profit line (isoprofit line). Every point in the feasible region on
j

this line represents a production schedule that will produce the same |
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profit. By doing this for a number of values for P, we obtain a family of

constant-profit lines (Fig. 5) that are parallel to each other, since they all

have the same slope. To see that they all have the same slope, we write

P = 50Xi + 8OX2 in the slope -intercept form

5
.

P
x, =— X, H

^ 8 ' 80

and note that for any profit P, the constant-profit line has slope — f. We also

observe that as the profit P increases, the X2 intercept (P/80) increases, and

the line moves away from the origin.

Constant-profit line

P = 50x, + 80X-,

with P = $2,000"

Figure 5 Constant-profit lines

Thus, the maximum profit occurs at a point where a constant-profit line

is the farthest from the origin but still in contact with the feasible region. In

this example, this occurs at (20, 6), as is seen in Figure 5. Thus, if the

manufacturer makes 20 standard tents and 6 expedition tents per week, the

profit will be maximized at

P = 50(20) + 80(6)

= $1,480

The point (20, 6) is called an optimal solution to the problem, because it

maximizes the objective (profit) function and is in the feasible region. In

general, it appears that a maximum profit occurs at one of the corner points.

We also note that the minimum profit (P = 0) occurs at the corner point

(0, 0).
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Graphical Solution of a Maximization Problem

1. Form a mathematical model for the problem:

a. Introduce decision variables and write a linear objective

function.

b. Write problem constraints using linear inequalities and/or

equations.

c. Write nonnegative constraints.

2. Graph the feasible region.

3. Draw a constant-profit line that passes through the feasible re-

gion.

4. Move parallel constant-profit lines toward higher profits (usually

away from the origin) until they cannot be moved farther without

leaving the feasible region.

5. The last line found in step 4 (if it exists) will pass through a corner

of the feasible region. This corner represents an optimal solution.

6. Find the optimal solution (coordinates of the corner found in step

5) by simultaneously solving the constraint equations whose

graphs pass through the corner point.

7. Evaluate the objective function at the optimal solution to find the

maximum value.

Problem 7 We now convert the boat problem in the preceding section (Problem 6) into

a linear programming problem. A manufacturing plant makes two types of

inflatable boats, a two-person boat and a four-person boat. Each boat

requires the services of two departments as listed in the table. In addition,

the distribution will not take more than 750 two-person boats each month.

How many boats of each type should be manufactured each month to

maximize the profit? What is the maximum profit?
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A Minimization Problem

Example 8 We now convert the drug example in the preceding section (Example 6)

into a linear programming problem. A patient in a hospital is required to

have at least 84 units of drug D, and 120 units of drug Dj each day. Two
substances M and N contain each of these drugs; however, in addition,

suppose both M and N contain an undesirable drug D3. The relevant

information is contained in the table. How many grams each of substances

M and N should be mixed to meet the minimum daily requirement and at

the same time minimize the intake of drug D3? How many units of the

undesirable drug D3 will be in this mixture? (This is a minimization

problem.)
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lOx, + 2x2 = 84

8x, + 4x, = 120
Feasible \

region \

imal solution \ Constant drug D, line

90 120 C = 3x, + X2

\
'. with C = 120

(15, 0) \ \

I I I I I 1 I r I I 1 ^ x,

20 30 40

Figure 6

Proceeding as in Example 7, we see that the constant drug D3 lines (found

by assigning C in the objective function a constant value and graphing)

produce the minimum value for C when the line is closest to the origin and

still in contact with the feasible region. This takes place at the corner

(4, 22), which is the optimal solution to the problem. Thus, if we use 4 grams

of substance M and 22 grams of substance N, we shall supply the minimum
requirements for drugs Dj and D2 and minimize the intake of the undesir-

able drug D3 at 34 units. Any other combination of M and N from the

feasible region will not result in a smaller amount of the undesirable drug

D3. (Note that C = 3Xi + Xj has no maximum value in the feasible region,

since Xj and x^ can be made as large as we like.)

The key steps used in solving a minimization problem by graphing are

listed at the top of the next page.

Problem 8 A chicken farmer can buy a special food mix A at 20(1: per pound and a

special food mix B at 40C; per pound. Each pound of mix A contains 3,000

units of nutrient Nj and 1,000 units of nutrient N2; each pound of mix B

contains 4,000 units of nutrient N, and 4,000 units of nutrient N2. If the

minimum daily requirements for the chickens collectively are 36,000 units

of nutrient Nj and 20,000 units of nutrient N2, how many pounds of each

food mix should be used each day to minimize daily food costs while

meeting (or exceeding) the minimum daily nutrient requirements? What is

the minimum daily cost?
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Graphical Solution of a Minimization Problem

1. Form a mathematical model for the problem.

2. Graph the feasible region.

3. Draw a constant-cost line that passes through the feasible region.

4. Move parallel constant-cost lines toward lower costs (usually

toward the origin) until they cannot be moved further without

leaving the feasible region.

5. The last line found in step 4 (if it exists) will pass through a corner

of the feasible region. This corner represents an optimal solution.

6. Find the optimal solution (coordinates of the corner point in step

5) by simultaneously solving the constraint equations whose

graphs pass through the corner point.

7. Evaluate the objective function at the optimal solution to find the

minimum value.

Linear Program—A General Description

The mathematical model for the tent problem in Example 7,

Objective function

Problem constraints

Maximize
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Theorem 2

In general, we describe a linear program as follows:

A Linear Program

All linear programs involve maximizing or minimizing a linear ob-

jective function of two or more decision variables subject to con-

straints in the form of linear inequalities or equations. All variables

except the dependent variable for the objective function must be

nonnegative.

The following theorem, which should seem reasonable after our earlier

discussion, is fundamental to solving linear programming problems.

Fundamental Theorem of Linear Programming

Let S be the feasible region in a linear programming problem and z

the objective function.

(A) If S is bounded, the objective function z will have both a maxi-

mum and minimum value on S, and these will occur at corner

points. [Thus, to find the maximum (minimum) value of an

objective function, simply evaluate it at the corner points and

choose the maximum (minimum) value.]

(B) If S is unbounded, the objective function z may not have a

maximum or minimum. If it does, it will occur at a corner point.

A Maximum -Minimum Problem with Mixed Constraints

Example 9 (A) Maximize P = 3x, + x^ (B) Minimize C = x, + Bx^

P and C both subject to 2x^ + Xj 20

lOXi + Xj ^ 36

2xi + 5X2 ^ 36

Xj , Xj 3=
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SoJufions

(A) S = Feasible region (B) S = Feasible region

\^
\ ""^^(8, 4) Optimal solution

\ \
P=15 P = 21 P = 28

* * \

I I f I t I iH I I r I I w
5 10 15

^

Corner Point

(x,
.

-x-j)
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Multiple Optima) Solutions

Exceptional Situations

We complete this section by considering three exceptional situations that

one can encounter when solving a linear programming problem.

A linear programming problem may have more than one optimal solution.

Consider the following:

Maximize P = Sx, + 2X2

Subject to 3Xi + 2X2 « 22

X, « 6

P(4, 5)

MaxP = 22

Q(6, 2)

10

P = 10

P=16
P = 22

No Feasible Region

Notice that both P and Q are optimal solutions. In fact, any point on the line

segment PQ is an optimal solution. This would be useful information for

management, since it provides them with more choices for reaching their

objective.

A linear programming problem may have no feasible region; that is, there

may not be any points that simultaneously satisfy all constraints. Consider

the following:

Maximize
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then the management may have to reconsider items such as labor-hours,

overtime, budget, and suppHes allocated to the project in order to obtain a

nonempty feasible region and a solution to the original problem.

Unbounded Objective

Function

An objective function may increase (or decrease) without bound over a

feasible region. Consider the followfing:

Maximize

P = 6x, + 3x2

Subject to

-2xi + 3x2 « 9

-Xi + 3x2 « 12

Xj , Xj ^
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Exercise 8-3

B

Solve the following linear programming problems;

1

3.

5.

7.

Maximize P = 5Xi + SXj

Subject to 2Xi + Xj « 10

Xj + 2x2 « 8

Xj, X2 s

Minimize and maximize

z = 2X] + 3X2

Subject to 2x, + x^^ \0

X, + 2x2 3= 8

Xi , X2 ^

Maximize P = 30x, + 40X2

Subject to 2Xi + X2 « 10

X, + X2 « 7

Xi -I-2X2« 12

Xj, X2 ^

Minimize and maximize

z = lOXi + 30x2

Subject to 2Xi + Xj ^ 16

Xi + X2 s= 12

X, + 2x2 ^ 14

Xj , X2

9. Minimize and maximize

P = 30x, + 10x2

Subject to 2Xi + 2X2 5^ 4

6X1 + 4x2 ^ 36

2xi + X2 =s 10

Xi, X2 ^

11. Minimize and maximize

P = 3x, + 5X2

Subject to X, + 2x2 « 6

Xi + Xj « 4

2Xi + 3x2 ^ 12

X, , X, 3=

2. Maximize P = 3x, + 2x2

Subject to 6X1 + 3x2 « 24

3x, + 6X2 « 30

Xj , X2 ^

4. Minimize and maximize

z = 8X1 + 7X2

Subject to 4Xi + 3X3 ^ 24

3Xi + 4X2 ^ 8

X, , X2 ^

6. Maximize P = 20Xi + lOXj

Subject to 3Xi + X2 « 21

X, + X2 « 9

X, + 3X2 « 21

Xi , X2 ^

8. Minimize and maximize

z = 400x, + 100X2

Subject to 3Xi + X2 ^ 24

Xi + X2 3^ 16

Xi + 3x2 ^ 30

Xi, X2 3^

10. Minimize and maximize

P = 2x, + X2

Subject to Xj + X2 ^ 2

6X1 + 4X2 « 36

4Xi + 2x2 ^ 20

X, , Xj 3=

12. Minimize and maximize

P = -x, + 3x2

Subject to 2Xi — X2 S'

4

-Xi + 2x2 « 4

X2=S6

Xi , X2 ^
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14. Minimize and maximize

P = 12Xi + 14X2

Subject to -2x, + X2^6

Xi + X2 ^ 15

3Xi - X2 ^

X, , Xj ^

13. Minimize and maximize

P = 20x, + 10X2

Subject to 2x, + 3x2 5= 30

2xi + X2 =s 26

-2Xi + 5X2 « 34

Xi , X2 2=

15. Maximize P = 20x, + 30x2

Subject to 0.6X1+ 1.2X2^960

0.03Xi + 0.04X2 « 36

0.3x, + 0.2X2 ^ 270

x,, X2 ^

16. Minimize C = 30Xi + IOX2

Subject to 1.8x, + 0.9X2 3=270

0.3x, + 0.2X2 3=54

O.Olx, + 0.03x2^3.9

Xi , X2 3^

17. The corner points for the system of inequalities

X, + 2x2 =s 10

3Xi + X2^15

Xj, X2 3=

are O = (0, 0), A = (0, 5), B = (4, 3), and C = (5, 0). If P = ax^ + bx^ and

a, b > 0, determine conditions on a and b which will ensure that the

maximum value of P occurs:

(A) Only at A (B) Only at B (C) Only at C
(D) At both A and B (E) At both B and C

18. The corner points for the system of inequalities

Xi + 4X2 3= 30

3x, + X2 3= 24

X,, X2^0

are A = (0. 24), B = (6. 6). and D = (30, 0). If C = ax, + bx2 and a, b > 0,

determine conditions on a and b which will ensure that the minimum
value of C occurs:

(A) Only at A (B) Only at B (C) Only at D
(D) At both A and B (E) At both B and D
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Applications

Business & Economics 19. iVfanufachiring— resource allocation. A manufacturing company

makes two types of water skis, a trick ski and a slalom ski. The

relevant manufacturing data are given in the table. How many of each

type of ski should be manufactured each day to realize a maximum
profit? What is the maximum profit?
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iron, and 240 units of vitamin A, how many ounces of each food

should be used to meet the minimum requirements and at the same

time minimize the cholesterol intake? What is the minimum choles-

terol intake?

23. Nutrition— plants. A farmer can buy two types of plant food, mix A
and mix B. Each cubic yard of mix A contains 20 pounds of phosphoric

acid, 30 pounds of nitrogen, and 5 pounds of potash. Each cubic yard of

mix B contains 10 pounds of phosphoric acid, 30 pounds of nitrogen,

and 10 pounds of potash. The minimum monthly requirements are

460 pounds of phosphoric acid, 960 pounds of nitrogen, and 220

pounds of potash. If mix A costs $30 per cubic yard and mix B costs $35

per cubic yard, how many cubic yards of each mix should the farmer

blend to meet the minimum monthly requirements at a minimal cost?

What is this cost?

24. Nutrition— animals. A laboratory technician in a medical research

center is asked to formulate a diet from two commercially packaged

foods, food A and food B, for a group of animals. Each ounce of food A
contains 8 units of fat, 16 units of carbohydrate, and 2 units of protein.

Each ounce of food B contains 4 units of fat, 32 units of carbohydrate,

and 8 units of protein. The minimum daily requirements are 176 units

of fat, 1,024 units of carbohydrate, and 384 units of protein. If food A
costs 5(C per ounce and food B costs 50: per ounce, how many ounces of

each food should be used to meet the minimum daily requirements at

the least cost? What is the cost for this amount of food?

Social Sciences 25. Psychology. In an experiment on conditioning, a psychologist uses

two types of Skinner boxes with mice and rats. The amount of time in

minutes each mouse and each rat spends in each box per day is given

in the table. What is the maximum number of mice and rats that can

be used in this experiment? How many mice and how many rats

produce this maximum?
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week are given in the table. How many sociologists and how many
research assistants should be hired to minimize the cost and meet the

weekly labor-hour requirements? What is the minimum weekly cost?
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Slack Variables

Let us return to the tent production problem in Example 7 from the last

section. Recall the mathematical model for the problem:

Maximize P = SOx, + 8OX2 Objective function

Subject to X, + 2X2 ^ 32 Cutting department constraint

3x, + 4X2 ^ 84 Assembly department constraint (1)

X2 ^ 12 Demand constraint

Xj , X2 3= Nonnegative constraints

where Xj and Xj are the number of standard and expedition tents, respec-

tively, produced each week.

To take advantage of matrix methods in solving systems of equations

(which is part of the algebraic process we will discuss in the next section),

we convert the problem constraint inequalities in a linear program into a

system of linear equations by using a simple device called a slack variable.

In particular, to convert the system of problem constraint inequalities from

(1)

Xi + 2X2 « 32

3x, + 4X2 « 84 (2)

X2« 12

into a system of equations, we add nonnegative quantities s, , Sj, and S3 to

the left members of (2) to obtain

X,



408 Linear Inequalities and Linear Programming

B(0, 16)

Assembly capacity line

3x, + 4x, = 84

A(0, 12|(

10
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solutions (O, A. D, F, and G) in Table 2. which correspond to corner points

of the feasible region, as basic /easibJe solutions of system (3). In general,

Basic and Basic Feasible Solutions

Given a system of m linear equations with n variables, n > m, and

assuming the system has infinitely many solutions, then the solution

(if it exists) obtained by setting n — m variables equal to zero and

solving for the remaining m variables is called a basic solution. When
a linear system is associated with a linear programming problem and

a basic solution of the system has no negative values (that is, corre-

sponds to a corner point of the feasible region], we refer to it as a basic

feasible solution. The n — m variables set equal to zero in obtaining a

basic solution are called nonbasic variables; the m remaining vari-

ables are called basic variables.

Thus, in Table 2 when we set Xj and Xj equal to zero, then x^ and Xj

become nonbasic variables and s, , S2, and s, become basic variables: if we

set Xi and Sj equal to zero, then Xj and s, become nonbasic variables and X2

,

Sj, and S3 become basic variables; and so on.

Looking again at Table 2, we notice some negative entries for some

variables. Any basic solution with a negative value for one or more

variables is infeasible (recall that all decision variables and slack variables

must be nonnegative). These infeasible basic solutions correspond to points

B, C, E, and H in Figure 7, which are outside of the feasible region. Thus, we

see that we may subdivide basic solutions into two mutually exclusive sets:

basic feasible solutions and basic infeasible solutions. The following impor-

tant theorem [which is equivalent to the fundamental theorem (Theorem

2) in the preceding section] is stated without proof:

Theorem 3 If a linear program has an optimal solution, then it must be one (or

more) of the basic feasible solutions.

Thus, to solve a linear programming problem (if a solution exists), we
need only concern ourselves with basic feasible solutions (that is, corner

points of the feasible region).

Let us carefully compare a couple of the basic feasible solutions in Table

2. If we choose the origin as a basic feasible solution, then we will not

produce any tents, and the values of the slack variables represent 32

unused labor-hours in the cutting department, 84 unused labor-hours in

the assembly department, and 12 units of unused demand for expedition

tents. If we choose the basic feasible solution D(8, 1 2). then we will produce
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8 standard tents and 12 expedition tents. However, there will still be slack

in the assembly department; that is. there will be 12 unused labor-hours in

that department. There is no cutting department slack nor demand slack.

Interpret the value of each slack variable at the optimal solution F(20, 6).

The values of slack variables at optimal solutions provide management

with useful information regarding resource utilization. For example, it

would be useful to know after deciding on an optimal production schedule

if there were any unused (slack) labor-hours in the cutting or assembly

departments that could be utilized for other purposes.

Basic Feasible Solutions and the Simplex Method

What does all of the above discussion have to do with the simplex method?

The simplex method is an iterative (repetitive) algebraic procedure that

moves automatically from one basic feasible solution to another, improving

the situation each time until an optimal solution is reached (if it exists).

Geometrically, the simplex method moves from one corner point of the

feasible region (see Fig. 7) to another corner point, improving the situation

each time until an optimal solution is reached (if it exists). With this

background, we are now ready to discuss the details of the simplex

method.

Exercise 8-4

A 1. Listed in the table below are all the basic solutions for the system

2Xi + 3X2 + Si =24

4Xi + 3X2 + S2 = 36

For each basic solution, identify the nonbasic variables and the basic

variables, then classify each basic solution as feasible or not feasible.
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1

whose basic solutions are given in the following table:

(AJ
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8-5 The Simplex Method: Maximization with ^ Problem Constraints

Standard Form of a Linear Program

An Algebraic Introduction to the Simplex Method

The Simplex Tableau and Method

In this section we will restrict our attention to maximization problems with

^ problem constraints and nonnegative constants to the right of the in-

equality symbols.

Standard Form of a Linear Program

We start our discussion with the tent problem considered in the last two

sections (Example 7). Recall the mathematical model for the problem:

Maximize P = 50x, + SOxj

Subject to X, + 2x2 ^ 32

3x, + 4X2 ^ 84

Xi , X2

Objective function

Problem constraints

Nonnegative constraints

(1)

Using (nonnegative) slack variables s,, S2, and S3, we convert the problem

constraint inequalities into equations and all of (1) into the following

standard form:

(2)

For clarity, all variables with zero coefficients are omitted from each

equation.

Maximize



Xi
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Obvious Basic Feasible Solution

When a linear program is written in standard form [as in (4)] with m
equations and n variables, then choose m variables such that each

occurs in one and only one equation and no two occur in the same

equation. These m variables are the basic variables. (The objective

function variable P will always be chosen as a basic variable.) The

remaining n — m variables (each usually occurring in more than one

equation) are then nonbasic variables. The solution obtained by

setting these n — m nonbasic variables equal to zero and solving (by

inspection) for the m basic variables will be referred to as an obvious

basic solution. If no number in the solution is negative except possi-

bly P, then the solution is an obvious basic feasible solution.

To obtain an obvious basic solution to (4), we choose S1.S2.S3, and P as

basic variables (since each occurs in exactly one equation and no two

appear in the same equation). This leaves x^ and Xj (each occurring in more

than one equation) as nonbasic variables. Setting the nonbasic variables

equal to zero, a basic feasible solution to (4) can be obtained by inspection

(thus the name "obvious basic feasible solution"):



Si = 32 -
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we see that P can be increased still further if we can increase x, , holding

83 = 0, without making X2, Sj, and S2 negative. To see how far we can

increase x, under these conditions, rewrite the first three equations in (6),

with
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respectively, to become negative. Thus, we can increase S3 to 6 (the mini-

mum of 6 and 12) without causing any of the variables x,, S2, or Xj to

become negative.

So that S3 = 6 can be read by inspection as part of an obvious basic

feasible solution, we multiply the second equation in (7) by ^ (so that the

coefficient of S3 is 1), then use the second equation to eliminate S3 from the

first, third, and fourth equations. In the process, S3 will change from a

nonbasic variable to a basic variable, while Xj and X2 do not lose their status

as basic variables. (Why?) Carrying out the elimination, we obtain the

equivalent system:

Xi - 2si + Sj =20

- l.Ss, +0.5S, + S3 = 6
(8)

+ X2 + 1.5Si -0.5S2 =6

20Si + 10 S2 +P = $1,480

which has the obvious basic feasible solution

X, = 20, X2 = 6, Si = 0, 82 = 0, S3 = 6, P = $1,480

And P has been improved even further. Have we found the production

schedule that maximizes P? To find out, we write the objective function in

(8) in the form

P = -20Si-10s2 + $1,480

and note that any increase in s^ or Sj will reduce P.

It can be shown that when this situation occurs, we have found the

optimal solution. Hence, P is a maximum when 20 standard tents and 6

expedition tents are produced (as we found geometrically in Section 8-3).

Since Sj and Sj are both zero, there are no labor-hours (slack) left in the

cutting or assembly departments. However, there is a slack in demand,
since S3 = 6. That is, a weekly demand of 6 expedition tents is left unfilled.

Listing the obvious basic feasible solution we considered at each stage

above in table form (Table 3) and comparing the results with the corners of

Table 3 Obvious Basic Feasible Solutions

Xl
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D(8, 12)

Optimal solution

F(20, 6)

Figure 8

the feasible region discussed in the last section (Fig. 8), we see that the

algebraic process moved from one corner point of the feasible region to

another, improving P each time until the optimal solution F(20, 6) was

reached.

The Simplex Tableau and Method

The above process can be made substantially more efficient by using the

matrix methods discussed in the last chapter. We start with the original

linear program:

Maximize P = 50Xi + 80x

Subject to Xj + 2x2 « 32

3X1 + 4X2 ^84

X2^ 12^

X, , X, &

Objective function

Problem constraints

Nonnegative constraints

(9)

Now we introduce slack variables s^ ^ 0, S2 3= 0, and S3 ^ and convert (9)

into the standard form:

X, + 2X2 + s, =32

3Xi + 4x2 + S2 =84

X2 + S3 =12

-50x, -8OX2 + P =0

(10)

Xj , X2

Let us again state our objective: Out of the infinitely many solutions to

system (10), we are interested in finding a solution that maximizes the

profit P by using matrix methods.
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Our first step is to write the augmented matrix, called the simplex

tableau, for system (10):

Xi
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Pivot row •

Pivot

element

X,
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X, 12, 8, s, = 36, S3 = 0, P = $960

This is an improvement over our earlier solution, but we can improve P

still further since a negative number remains in the fourth row. (Write out

the fourth row using variables to see why the negative number indicates

that P can still be increased.)

We repeat the above sequence of steps using another pivot element. To

locate the pivot element, we see that the pivot column is the first column in

the matrix (since it contains the most negative element in the fourth row).

To find the pivot row, divide each positive element in the pivot column

above the dashed line into the corresponding element in the last column

and choose the minimum value. The row corresponding to this value is the

pivot row.

Pivot element

Pivot row

Xi
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element as before and complete the pivot operation:

Pivot element

Pivot row

X,
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Let US review the critical steps in the simplex method so that the process

can be mechanized. The key idea in the matrix transformation centers on

the selection of the pivot element, which we summarize here:

Selecting the Pivot Element

1. Locate the most negative element in the bottom row of the

tableau. The column containing this element is the pivot column.

If there is a tie for most negative, choose either.

2. Divide each positive element in the pivot column above the

dashed line into the corresponding element in the last column.

The pivot row is the row corresponding to the smallest quotient. If

the pivot column above the dashed line has no positive elements,

then there is no solution and we stop.

3. The pivot (or pivot element) is the element in the pivot column

and in the pivot row. [Note: The pivot element is never in the

bottom row.]

We now summarize the important parts of the simplex method.

Simplex Method— Key Steps for Maximization Problems

(Constraints involving two or more variables are of the ^ form with

nonnegative constants on the right.)

1. Write the simplex tableau associated with a linear programming

problem.

2. Determine the pivot element.

3. Use row transformations (except for interchanging rows) to con-

vert the pivot element to 1 and all the other elements in the pivot

column to 0.

4. Repeat steps 2 and 3 until all elements in the bottom row are

nonnegative. When this occurs, we stop the process and read the

optimal solution.

Example 10 Solve the following linear programming problem using the simplex

method:
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Maximize P = lOx^ + Sxj

Subject to 6x, + 2X2 ^ 36

2Xi +4x2 ^ 32

X,, X2S=0

Solution Introduce slack variables s, and Sj and write in standard form:

6x, + 2x2 + s, =36

2x1+4x2 +S2 =32

-10x1-5x2 +P =

1' 2' 1' 2
""^

Write the simplex tableau and identify the first pivot element:

Xl
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X,



426 Linear Inequalities and Linear Programming

Xi
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Solution Let

X, = Number of acres of crop A

Xj = Number of acres of crop B

X3 = Number of acres of crop C

P = Total profit

Then we have the following linear programming problem:

Maximize P = lOOXj + 300x2 + 2OOX3

Subject to Xi + 100

40x, + 20X2 + 30x3 « 3,200

Xi + 2X2 + X3

<2-

160

Problem constraints

Nonnegative constraints

Next, we introduce slack variables:

X, + X2 + X3 + S]

40Xi + 20X2 + 30x3 + s

X, + 2X2 + X3

-lOOXi - 300X2- 200x3

= 100

= 3,200

+ S3 =160

+ P =

Si f Sy , S-i U

Now we form the simplex tableau and solve using the technique described

earlier:

X,
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X,
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Exercise 8-5

In Problems 1 -4:

(A) Write the linear programming problem in standard form using slack

variables.

(B) Write the simplex tableau and circle the first pivot.

(C) Use the simplex method to solve the problem.

Maximize P = ISXj + lOXj

Subject to 2Xi + X2 « 10

Xi + 2X2 « 8

Xi.Xj^

2. Maximize P = Sxj + 2X2

Subject to 6X1 + 3X2 « 24

3Xi + 6X2 =s 30

X, .x,S^

3. Repeat Problem 1 with the objective function changed to

P = 30xi + X2.

4. Repeat Problem 2 with the objective function changed to

P = Xi + 3X2.

B Solve the following linear programming problems using the simplex
method:

5. Maximize P = 30Xi + 4OX2

Subject to 2Xi + Xj « 10

X, + X2 ^ 7

X, + 2x2 « 12

Xj, X2 ^

7. Maximize P = 2Xi + 3X2

Subject to - 2x, + X2 « 2

— Xi + X2 ^ 5

6. Maximize P = 20Xi + 10X2

Subject to 3Xi + X2 =s 21

Xi + X2 =S 9

Xi + 3X2 ^ 21

Xi , X2 ^

8. Repeat Problem 7 with

P = -Xi + 3x2.

Xi , X2 ^

9. Maximize P = — Xi + 2x2

Subject to — Xi + X2 ^ 2

-X, + 3x2« 12

10. Repeat Problem 9 with

P = Xi + 2x2.
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11. Maximize

P = 5x, + 2x2

Subject to

x,+ X,

2Xi + 4X2 + X3

^2.

13.

^30

Xj , X2 , X3 —^ U

Maximize

P = 20xi + 30X2

Subject to

0.6x, + 1.2X2 ^ 960

0.03Xi + 0.04x2 ^ 36

0.3Xi + 0.2X2^270

12. Maximize

P = 4x, - 3X2 + 2x3

Subject to

3Xi + 2x2 + 2X3 « 22

1 ' 2 ' 3
""^

14. Repeat Problem 13 with

P = 20xi + 20x2.

Xj, X2

15. Maximize

P = Xi + 2x2 + 3x3

Subject to

2x, + 2x2 + 8X3 ^ 600

Xi + 3x2 + 2x3 ^ 600

3Xi + 2X2 + X3 ^ 400

1 ' 2 ' 3
""^

16. Maximize

P = lOXi + 50x2 + 10x3

Subject to

3xi + 3x2 + 3x3

6X1 — 2X2 + 4X3

3Xi + 6X2 + 9X3

Xj , X2 . X3

;66

;48

;i08

In Problems 17 and 18, first solve the linear programming problem by the

simplex melhod, keeping track of the obvious basic solution at each step.

Then graph the feasible region and illustrate the path to the optimal solu-

tion determined by the simplex method.

17. Maximize P = 2Xi + SXj

Subject to Xi + 2x2 « 40

X, + 3X2 « 48

X, + 4x2 « 60

X, s 14

18. Maximize P = 5Xj + 3X2

Subject to 5Xi + 4X2 100

1.2

Xj , X2 :

2x, + X2 « 28

4Xi + X2 « 42

Xi ^ 10

x. , x, ^

Applications

Business & Economics

Formulate each of the following as a linear programming problem. Then 1

solve the problem using the simplex method.
j

19. Manufacturing— resource allocation. A company manufactures '

rackets for tennis, squash, and racketball. Each tennis racket requires 1

2 units of aluminum and 1 unit of nylon, each squash racket requires 1

unit of aluminum and 2 units of nylon, and each racketball racket
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requires 2 units of aluminum and 2 units of nylon. The company has

1,000 units of aluminum and 800 units of nylon. The profits on each

tennis, squash and racketball racket are $7, $9, and $10, respectively.

How many rackets of each type should the company manufacture in

order to maximize its profit? What is the maximum profit?

20. iVfanufacturing— resource alJocafion. Repeat Problem 19 under the

additional assumption that the combined total number of rackets

produced by the company cannot exceed 550.

21. Investment. An investor has $100,000 to invest in government bonds,

mutual funds, and money market funds. The average yields for gov-

ernment bonds, mutual funds, and money market funds are 8%, 13%,

and 15%, respectively. The investor's policy requires that the total

amount invested in mutual and money market funds not exceed the

amount invested in government bonds. How much should be invested

in each type of investment in order to maximize the return? What is

the maximum return?

22. Investment. Repeat Problem 21 under the additional assumption that

no more than $30,000 can be invested in money market funds.

23. Ad\'ertising. A department store has $2,000 to spend on television

advertising for a sale. An ad on a daytime show costs $100 and is

viewed by 1,400 potential customers. An ad on a prime-time show

costs $200 and is viewed by 2,400 potential customers. An ad on a

late-night show costs $150 and is viewed by 1,800 potential customers.

The television station will not accept a total of more than 1 5 ads in all

three time periods. How many ads should be placed in each time

period in order to maximize the number of potential customers who
will see the ads? How many potential customers will see the ads?

24. Ad\ertising. Repeat Problem 23 if the department store increases its

advertising budget to $2,400 and requires that at least half of the ads

be placed in prime-time shows.

Life Sciences 25. Nutrition— animals. The natural diet of a certain animal consists of

three foods. A, B, and C. The number of units of calcium, iron, and

protein in 1 gram of each food and the average daily intake are given

in the table. A scientist wants to investigate the effect of increasing the

protein in the animal's diet while not allowing the units of calcium

and iron to exceed their average daily intakes. How many grams of

each food should be used to maximize the amount of protein in the

diet? What is the maximum amount of protein?

Units per Gram
Food A Food B Food C

Average

Daily Intake
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26. Nutrition— animals. Repeat Problem 25 if the scientist wants to max-

imize the daily calcium intake while not allowing the intake of iron or

protein to exceed the average daily intake.

Social Sciences 27. Opinion survey. A political scientist has received a grant to fund a

research project involving voting trends. The budget of the grant

included $540 for conducting door-to-door interviews the day before

an election. Undergraduate students, graduate students, and faculty

members will be hired to conduct the interviews. Each undergradu-

ate student will conduct 18 interviews and be paid $20. Each graduate

student will conduct 25 interviews and be paid $30. Each faculty

member will conduct 30 interviews and be paid $40. Due to limited

transportation facilities, no more than 20 interviewers can be hired.

How many undergraduate students, graduate students, and faculty

members should be hired in order to maximize the number of inter-

views that will be conducted? What is the maximum number of

interviews?

28. Opinion survey. Repeat Problem 27 if one of the requirements of the

grant is that at least 50% of the interviewers be undergraduate stu-

dents.

8-6 The Dual; Minimization with 5= Problem Constraints

Formation of the Dual Problem

Solution of Minimization Problems

Application: A Transportation Problem

In the last section we restricted ourselves to maximization problems with «

problem constraints. Now we will consider minimization problems with ^

problem constraints. These two types of problems turn out to be very

closely related.

Formation of the Dual Problem

Associated with each minimization problem is a maximization problem

called the dual problem. To illustrate the procedure for finding the dual
j

problem, we will use Example 8 from Section 8-3. There we solved the r

following linear programming problem geometrically. Now we will form its I
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dual, and later we will solve the problem using the dual and the simplex

method.

Minimize C = 3x, + Xj

Subject to lOXi + 2X2 ^ 84

8x, +4x2 ^ 120

Xi , X2 3=

(1)

The first step in forming the dual problem is to construct a matrix by

using the problem constraints and the objective function written in the

following form:

lOx, + 2X2 » 84



434 Linear Inequalities and Linear Programming

The dual of the minimization problem (1) is:

Maximize P = 84yi + 120y2

Subject to 10yi+8y2«3

This procedure is summarized in the box below:

Formation of the Dual Problem

Given a minimization problem with ^ problem constraints:

1. Use the coefficients of the problem constraints and the objective

function to form a matrix A with the coefficients of the objective

function in the last row.

2. Use the rows of the matrix A as the columns of a second matrix B

(matrix B is the transpose of A).

3. Use the rows of B to form a maximization problem with ^ prob-

lem constraints.

Example 13 Form the dual problem:

Minimize C = 20Xi + 12x2 + 40X3

Subject to x, + X2 + 5X3 ^ 20

2x, +X2+ X3>30

Solution Step 1. Form the matrix A:

1
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Problem 13

Step 3. State the dual problem:

Maximize P = 20yi + 30y2

Subject to y, + 2y2=s20

5y, + y2«40

Find the dual problem:

Minimize = 16X1 + 9x2 + 21x3

Subject to X, +X2 + 3x3^16

2X1 + X2+ X3 3= 12

1 ' 2 ' 3
—'

Solution of Minimization Problems

The following theorem establishes the relationship between the solution of

a minimization problem and the solution of its dual:

Theorem 4 A minimization problem has a solution if and only if its dual problem

has a solution. If a solution exists, then the optimal value of the

minimization problem is the same as the optimal value of the dual

problem.

In Section 8-5 we saw that the simplex method can be used to solve

maximization problems with =s problem constraints and nonnegative con-

stants on the right side of each problem constraint. When the dual of a

minimization problem is formed, the coefficients of the objective function

in the minimization problem (the last row in A) become the constants in the

problem constraints in the dual problem (the last column in B). Thus, a

minimization problem whose objective function has nonnegative coefB-

cients can be solved by applying the simplex method to the dual. To

illustrate this, let's return to Example 8 in Section 8-3, whose dual was

found earlier in this section.

Original Problem

Minimize C = 3xi + X2

Subject to lOx, + 2x2 3= 48

8X1 +4x2 3= 120

X,, X2 ^

Dual Problem

Maximize P = 80yi + 120y2

Subject to 10yi + 8y2«3

2y, + 4y2«l

Vi.yz^O
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Now we will use the simplex method to solve the dual problem. For

reasons that will become clear later, we will use the variables x, and X2

from the original problem as the slack variables in the dual:

lOyi + 8y2 + Xi =3

2yi+ 4y2 + Xj =1

-84yi-120y2 +P =

ifl.

yi
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we can conclude that the solution to the minimization problem is

MinC = 34 at Xi=4, Xj = 22

Now we can see that using Xj and Xj as slack variables in the dual problem

makes it easy to identify the solution of the original problem.

Solution of a Minimization Problem

(Problem constraints are of the ^ form, and the coefficients of the

objective function are nonnegative.)

1. Form the dual problem.

2. Use the simplex method to solve the dual problem.

3. Read the solution of the minimization problem from the bottom

row of the final simplex tableau in step 2.

Example 14 Solve the following minimization problem by maximizing the dual (see

Example 13).

Minimize C = 20xj + 12X2 + 40X3

Subject to Xi + X2 + 5X3 s 20

2X1+X2+ XjS^SO

1 ' 2 3
—

Solution From Example 13, the dual is

Maximize P = 20yi + 30y2

Subject to yi + 2y2«20

y,+ y2«12

5yi+ y2«40

Using Xj , X2. and X3 for slack variables, we obtain

y, + 2y2 + x, =20

+ X,

+ x.

= 12

= 40

yi+ Vz

5y, + yj

-20yi-30y2 +P =

Now we form the simplex tableau and solve the dual problem.
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yi



8-6 The Dual; Minimization with ^ Problem Constraints 439

Solution

Minimize
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-X, + X

X, - X, = 1

A n B =

Problem 15 Solve the following minimization problem by maximizing the dual:

Minimize C = 2Xi + 3X2

Subject to

— X, + X2

Xj, X2

Application: A Transportation Problem

One of the first applications of linear programming was to the problem of

minimizing the cost of transporting materials. Problems of this type are

referred to as transportation problems.

Example 16 A computer manufacturing company has two assembly plants, plant A and

plant B, and two distribution outlets, outlet I and outlet II. Plant A can

assemble 700 computers a month, and plant B can assemble 900 computers

a month. Outlet I must have at least 500 computers a month and outlet II

must have at least 1,000 computers a month. Transportation costs for

shipping one computer from each plant to each outlet are as follows: $6

from plant A to outlet I; $5 from plant A to outlet II; $4 from plant B to outlet

I; $8 from plant B to outlet II. Find a shipping schedule that will minimize

the total cost of shipping the computers from the assembly plants to the

distribution outlets. What is this minimum cost?

Solution First we summarize the relevant data in a table:
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Assembly

Plant
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straints by — 1 so that all the problem constraints are of the 3= type. This will

introduce negative constants into the minimization problem but not into

the dual. Since the coefficients of C are nonnegative, the constants in the

dual problem will be nonnegative, a requirement for the simplex method

in Section 8-5. The problem can now be stated as

Minimize C = 6x, + SXj + 4X3 + 8X4

Subject to -X1-X2 3= -700

-X3-X4^-900

X, + X3 ^ 500

X2 +X4^ 1,000

1' ^2' 3' 4
"^

-1
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Form the simplex tableau and solve:

r
^'
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Answers to

Matched Problems

13. Maximize P = IBVi + 12y2

Subject to yi + ly,, « 16

y,+ 72 « 9

3y, + y2«21

14. MinC = 132 atxi = 0, X2 = 10, X3 = 2

15. Dual problem:

Maximize P = 2y, + y-i

Subject to yi - 72 ^ 2

-2y, + y2«3

y,.y2^o

No solution

1 6. 600 from plant A to outlet II, 500 from plant B to outlet 1, 400 from plant

B to outlet II; total shipping cost $6,200

Exercise 8-6

In Problems 1-8:

(A) Form the dual problem.

(B) Find the solution to the original problem by applying the simplex

method \o the dual problem.

1. Minimize C = 9Xi + 2X3

Subject to 4Xi + X2 3^13

3Xi-|-X2 3^12

Xj, X2 ^

3. Minimize C = 7x, + 12x2

Subject to 2Xi + SXj ^ 15

Xi + 2X2^^8

Xj, X2 3=0

5. Minimize C = llXi+4x2

Subject to 2Xi + X2 ^ 8

-2x, + 3X2^^4

Xi, X2^

Minimize C = Xj + 4x2

Subject to X, + 2x2 3^ 5

X, + 3x2 5= 6

Xj, X2 3^

Minimize C = Sxj + 5x2

Subject to 2Xi + 3X2 3^ 7

Xi + 2x2 3= 4

Xi, X2 ^

Minimize C = 40x, + IOX2

Subject to 2x, + X2^12

ijXi A2 "^ ^

Xi, X2 ^
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7. Minimize C = 7Xi + QXj

Subject to — 3x, + Xj ^ 6

Xi - 2x2 S= 4

X, , x, 5^

8. Minimize C = lOXj + ISXj

Subject to -4Xi+ x^^U
12Xi - 3X2 3= 10

X, , X, ^

B Solve the following linear programming problems by applying the simplex

method to the dual problem.

10. Minimize C = 2x, + X2

Subject to Xi + X2 ^ 8

Xi + 2x2 5= 4

Xj, Xj 3=

12. Minimize C = lOx, + 4X2

Subject to 2Xi + Xj ^ 6

Xj -4X2^-24

9. Minimize C = SXj + 9x2

Subject to 2Xi + X2 ^ 8

Xi + 2X2 2= 8

Xj, X2 ^

11. Minimize C = 7Xi + 5X2

Subject to X, + X2 ^ 4

Xi - 2x2 ^-8

-2Xi+ X2 3=-8

Xj, X2 5:

13. Minimize C = lOx, + SOXj

Subject to 2x, + X2 ^ 16

X, + X2 ^ 12

Xi + 2X2 > 14

Xi , X2 ^

15. Minimize C = 5x, + 7X2

Subject to Xj 3^ 4

Xi + X2 2= 8

x, + 2X2 ^ 10

Xj, X2 ^

17. Minimize

C = lOXj + 7x2 + 12x3

Subject to

Xj + X2 + 2x3 ^ 7

2x, + X2 + X3 3^ 4

X2 , X3

19. Minimize

C = 5Xi + 2X2 + 2X3

Subject to

X] — 4X2 + X3 ^ 6

\.-i T' "2 3
—

'

1 ' 2 3
^^
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21. Minimize

C = 16Xi + 8X2 + 4X3

Subject to

3Xi + 2X2 + 2x3 3^ 16

4x, + 3x2 + X3 3 14

5x, + 3x2 + X3 3 12

1 ' 2 ' 3
""^

23. Minimize

C = 5x, + 4X2 + 5X3 + 6X4

Subject to

22. Minimize

C = 6X1 + 8X2 + 12X3

Subject to

Xj + 3x2 + 3X3 3= 6

Xi + 5X2 + 5X3 3 4

2x, + 2x2 + 3X3 3 8

1 ' 2 ' 3
—"

24. Repeat Problem 23 with

C = 4X] + 7X2 + 5X3 + 6X4

X, + Xj « 12

X3 + X4 =S 25

3 20

+ X4315

+ X3

Xj, X2, X3, X4 3

Applications

Formulate each of the following as a linear programming problem. Then

solve the problem by applying the simplex method to the dual problem.

Business & Economics 25.

26.

Manu/acfuring— production scheduling. A food processing company
produces regular and deluxe ice cream at three plants. Per hour of

operation, the plant in Cedarburg produces 20 gallons of regular ice

cream and 10 gallons of deluxe ice cream, the Grafton plant 10 gallons

of regular and 20 gallons of deluxe, and the West Bend plant 20 gallons

of regular and 20 gallons of deluxe. It costs $70 per hour to operate the

Cedarburg plant, $75 per hour to operate the Grafton plant, and $90

per hour to operate the West Bend plant. The company needs at least

300 gallons of regular ice cream and at least 200 gallons of deluxe ice

cream each day. How many hours per day should each plant operate

in order to produce the required amounts of ice cream and minimize

the cost of production? What is the minimum production cost?

Mining— production scheduling. A mining company operates two

mines, which produce three grades of ore. The West Summit mine can

produce 4 tons of low-grade ore, 3 tons of medium-grade ore, and 2

tons of high-grade ore per hour of operation. The North Ridge mine

can produce 1 ton of low-grade ore, 1 ton of medium-grade ore, and 2

tons of high-grade ore per hour of operation. It costs $1,000 per hour to

operate the mine at West Summit and $300 per hour to operate the

North Ridge mine. To satisfy existing orders, the company needs at
|

least 48 tons of low-grade ore, 45 tons of medium-grade ore, and 31
|
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tons of high-grade ore. How many hours should each mine be oper-

ated to supply the required amounts of ore and minimize the cost of

production? What is the minimum production cost?

27. Purchasing. Acme Micros markets computers with single-sided and

double-sided disk drives. The disk drives are supplied by two other

companies, Associated Electronics and Digital Drives. Associated

Electronics charges $250 for a single-sided disk drive and $350 for a

double-sided disk drive. Digital Drives charges $290 for a single-sided

disk drive and $320 for a double-sided disk drive. Each month Asso-

ciated Electronics can supply at most 1,000 disk drives in any combi-

nation of single-sided and double-sided drives. The combined

monthly total supplied by Digital Drives cannot exceed 2,000 disk

drives. Acme Micros needs at least 1,200 single-sided drives and at

least 1,600 double-sided drives each month. How many disk drives of

each type should Acme Micros order from each supplier in order to

meet its monthly demand and minimize the purchase cost? What is

the minimum purchase cost?

28. Transportation. A feed company stores grain in elevators located in

Ames, Iowa, and Bedford, Indiana. Each month the grain is shipped to

processing plants in Columbia, Missouri, and Danville, Illinois. The

monthly supply (in tons) of grain at each elevator, the monthly de-

mand (in tons) at each processing plant, and the cost per ton for

transporting the grain are given in the table. Determine a shipping

schedule that will minimize the cost of transporting the grain. What is

the minimum cost?

Originating Shipping

Elevators per Ton
Columbia
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30. Nutrition— plants. A farmer can buy three types of plant food, mix A,

mix B, and mix C. Each cubic yard of mix A contains 20 pounds of

phosphoric acid, 10 pounds of nitrogen, and 5 pounds of potash. Each

cubic yard of mix B contains 10 pounds of phosphoric acid, 10 pounds

of nitrogen, and 10 pounds of potash. Each cubic yard of mix C

contains 20 pounds of phosphoric acid, 20 pounds of nitrogen, and 5

pounds of potash. The minimum monthly requirements are 480

pounds of phosphoric acid, 320 pounds of nitrogen, and 225 pounds of

potash. If mix A costs $30 per cubic yard, mix B $36 per cubic yard,

and mix C $39 per cubic yard, how many cubic yards of each mix

should the farmer blend to meet the minimum monthly requirements

at a minimal cost? What is the minimum cost?

Social Sciences 31. Education— resource allocation. A metropolitan school district has

two high schools that are overcrowded and two that are under-

enrolled. In order to balance the enrollment, the school board has

decided to bus students from the overcrowded schools to the under-

enrolled schools. North Division High School has 300 more students

than it should have, and South Division High School has 500 more

students than it should have. Central High School can accommodate

400 additional students and Washington High School can accommo-

date 500 additional students. The weekly cost of busing a student from

North Division to Central is $5, from North Division to Washington is

$2, from South Division to Central is $3, and from South Division to

Washington is $4. Determine the number of students that should be

bused from each of the overcrowded schools to each of the under-

enrolled schools in order to balance the enrollment and minimize the

cost of busing the students. What is the minimum cost?

32. Education— resource alJocation. Repeat Problem 31 ifthe weekly cost

of busing a student from North Division to Washington is $7 and all

the other information remains the same.

8-7 Maximization and Minimization with Mixed Problem Constraints
(Optional)

An Introduction to the Big M Method
The Big M Method

Minimization by the Big M Method
Summary of Methods of Solution

Larger Problems—A Refinery Application

An Introduction to the Big M Method

In the preceding two sections, we have seen how to solve two types of

linear programming problems: maximization problems with « problem
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constraints and nonnegative constants on the right side of each problem

constraint, and minimization problems with 3= problem constraints and

nonnegative coefficients in the objective function. In this section we will

present a generalized version of the simplex method that will solve both

maximization and minimization problems with any combination of ^, ^,

and = problem constraints. The only requirement is that each problem

constraint have a nonnegative constant on the right side.

To illustrate this new method, we will consider the following problem,

which has one « problem constraint and one 3= problem constraint:

Maximize P = 2xi+X2

Subject to Xi + X2 =5 10

-Xi + X2^2 (1)

Xj, X2 >

To form an equation out of the first inequality, we introduce a nonnegative

slack variable s, , as before, and write:

Xj + X2 + s, = 10

How can we form an equation out of the second inequality? We introduce a

second nonnegative variable Sj and subtract it from the left side so that we
can write

The variable S2 is called a surplus variable because it is the amount

(surplus) by which the left side of the inequality exceeds the right side.

Surplus variables are always nonnegative quantities.

We now express the linear programming problem (1) in the standard

form.

X, + X2 + S] = 10

— X1 + X2 — S2 =2 (2)

-2x,-X2 +P =
X,, Xj, Si, S2 3^

The obvious basic solution (found by setting the nonbasic variables x^ and

X2 equal to zero) is:

Xi = 0, X2 = 0, Si = 10. S2 = -2. P =

This basic solution is not feasible. The surplus variable Sj is negative, a

violation of the nonnegative requirement for all variables except P. The
simplex method works only when the obvious basic solution for each

tableau is feasible, so we cannot solve this problem by writing the tableau

for (2) and starting pivot operations.

In order to use the simplex method on a problem with mixed constraints,

we must modify the problem. First, we introduce a second nonnegative
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variable a, in the equation involving the surplus variable Sj:

— Xi + Xj — S2 + a] = 2

The variable a, is called an artificial variable, since it has no actual

relationship to any of the variables in the original problem. Artificial

variables are always nonnegative quantities. Next we add the term —Ma,
to the objective function:

P = 2Xi +X2-Mai

The number M is a very large positive constant whose value can be made as

large as we wish. We now have a new problem, which we shall call the

modified problem:

Maximize P = 2x, + X2 — Ma,

Subject to Xj + Xj + s, =10

— X1 + X2 — S2 + a, = 2 (3)

Xj, X2, Sj, S2, Qi 3=

Rewriting (3) in the alternate standard form, we obtain:

X, + X2 + Si = 10

— Xj + X2 — S2 + Qi =2 (4)

-2X1-X2 +Mai+P =

Again we see that the obvious basic solution is not feasible. (Setting the

nonbasic variables x,, x^. and a, equal to zero, we see that S2 is still

negative.) To overcome this problem, we write the augmented matrix for

(4) and proceed as follows:

Xi
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The obvious basic solution (setting the nonbasic variables x,, X2, and S2

equal to zero) is

Xj = 0, X2 = 0, Si = 10, S2 = 0, ai = 2, P = -2M

This solution is also feasible, because all variables except P are nonnega-

tive. Thus, we can commence with pivot operations.

The pivot column is determined by the most negative element in the

bottom row of the tableau. Since M is a positive number, —M — 1 is

certainly a negative element. What about the element M — 2? Remember
that M is a very large positive number. We will assume that M is so large

that any expression of the form M — k is positive. Thus, the only negative

element in the bottom row is —M — 1.

Pivot row

Xi
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the original problem. To see that this is true, suppose that we were able to

find feasible values of Xj, Xj, Sj, and Sj that satisfy the original system (2)

and produce a value of P > 14. Then by using these same values in (3) along

with a, = 0, we have found a feasible solution of (3) with P> 14. This

contradicts the fact that P = 14 is the maximum value of P for the modified

problem. Thus (5) is an optimal solution for the original problem.

As this example illustrates, if a, = in an optimal solution for the

modified problem, then deleting a, produces an optimal solution for the

original problem. What happens if a, # in the optimal solution for the

modified problem? In this case, it can be shown that the original problem

has no solution because its feasible set is empty.

In larger problems, each > problem constraint will require the introduc-

tion of a surplus variable and an artificial variable. If one of the problem

constraints is an equation rather than an inequality, there is no need to

introduce a slack or surplus variable. However, each = problem constraint

will require the introduction of another artificial variable. Finally, each

artificial variable must also be included in the objective function for the

modified problem. The same constant M can be used for each artificial

variable. Because of the role that the constant M plays in this approach, this

method is often called the big M method.

The Big M Method

We now summarize the key steps used in the bigM method and use them to

solve several problems.

The Big M Method— Introducing Slack, Surplus, and Artificial

Variables

1.

2.

3.

4.

5.

If any problem constraints have negative constants on the right

side, multiply both sides by —1 to obtain a constraint with a

nonnegative constant. (If the constraint is an inequality, this will

reverse the direction of the inequality.)

Introduce a slack variable in each ^ constraint.

Introduce a surplus variable and an artificial variable in each ^
constraint.

Introduce an artificial variable in each = constraint.

For each artificial variable Uj , add — Mqj to the objective function.

Use the same constant M for all artificial variables.

Example 17 Find the modified problem for the following linear programming problem.

Do not attempt to solve the problem.
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Maximize P = 2Xj + SXj + 8X3

Subject to X, + 2X2 — X3 « 7

Aj T '^ 2 '^ ** 3
"""" ^

X, + 4X2 + 3x3 3^ 1

2x, — Xj + 4X3 = 6

1' 2' 3
"^

First, we multiply the second constraint by — 1 to change —5 to 5:

(-l)(-X2 + X2-2x3)^(-l)(-5)

Xi — X2 + 2X3 ^ 5

Next, we introduce the slack, surplus, and artificial variables according to

the rules stated in the box:

Xj + 2X2 — X3 + Si
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The Big Af Method— Solving the Problem

3.

4.

Form the simplex tableau for the modified problem.

Use row operations to eliminate the M's in the bottom row of the

simplex tableau in the columns corresponding to the artificial

variables.

Solve the modified problem by the simplex method.

Relate the solution of the modified problem to the original

problem.

a. If the modified problem has no solution, then the original

problem has no solution.

b. If all artificial variables are zero in the solution to the modi-

fied problem, then delete the artificial variables to find a

solution to the original problem.

c. If any artificial variables are nonzero in the solution to the

modified problem, then the original problem has no solution.

Example 18 Solve the following linear programming problem using the big M method:

Maximize P = Xj — Xj + 8X3

Subject to X, + X2 ^ 20

Xi + X3 = 5

X2 + X3 3= 10

1 ' 2 ' 3
'

—

Solution State the modified problem:

Maximize P = Xj — Xj + 3X3 — Mqi — Moj

Subject to Xi + X2 + Si

X, + x.

20

X2 + X3 — S2 + 02 = 10

Xi , X2 , X3 , Si , S2 , Qi , 02 3^

Write the simplex tableau for the modified problem.

X2 x, s, a, s, a, P

1
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Eliminate M from

the a, column

Xi
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Since a, = and Qj = 0, the solution to the original problem is

Max P = 10 at Xj = 0, Xj = 5, Xj = 5

Problem 18 Solve the following linear programming problem using the big M method:

Maximize P = x^ + 4X2 + 2X3

Subject to

X2, X3

Example 19

Solution

Solve the following linear programming problem using the big M method:

Maximize P = 3xi + 5x2

Subject to 2X] + X2 ^ 4

Xi + 2x2 ^ 10

X, , Xj ^

Introducing slack, surplus, and artificial variables, we obtain the modified

problem:

Modified problem

2x, + X2 -f



8-7 Maximization and Minimization with Mixed Problem Constraints (Optional) 457

10

Problem 19 Solve the following linear programming problem using the big M method:

Maximize P = Sx^ + 2X2

Subject to X] + 5X2 ^ 5

2Xi + X2 3^ 12

X, , X2 ^

>
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Solution

cost requirements are listed in the table. How many gemstones of each type

should be processed each day to minimize the cost of the finished stones?

What is the minimum cost?
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Xl
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Summary of Methods
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Table 4
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The corresponding inequality for premium gasoline is

Xo
. _ _ _ Xi

90 + 110- ^ 105
^2 + X4

90X2 + 110X4 ^ 105(X2 + X4)

-15X2+ 5X43=0

The cost of the components used is

C = 28(x, + X2) + 32(X3 + X4)

The revenue from selling all the gasoline is

R = 34(x, + X3) + 40(X2 + X4)

and the profit is

P = R-C
= 34(Xi + X3) + 40(X2 + X4) - 28(Xj + X2) - 32(X3 + X4)

= (34 - 28)x, + (40 - 28)X2 + (34 - 32)x3 + (40 - 32)x4

= 6x, + 12X2 + 2X3 + 8X4

To find the maximum profit, we must solve the following linear program-

ming problem:

Maximize
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Table 5

Input to Program Output from Program

NUMBER OF '...'nR I flBLES = 4

N U M B E R F C N S T R fl I N T S = 6

2 OF THE FORM <=

4 OF THE FORM > =

OF THE FORM =

CONSTRfilHTS
1 1 30000

1 1 20000

1 1 £0 000

1 1 1

- 5 1 5

0-15 5

OBJECTIVE FUHCTION

DECISIOH '..'RR I flBLES

X 1 = 26 25

X3 = S750
X4 = 1 1250

JLflCK '...'HR I flBLES

il =

i2 =

SURPLUS '...'HRIHBLE;

53 = 15

54 = 500
55 =

56 =

MAXIMUM '...'flLUE OF OB JECT I UE FUHCTION
3 1

Problem 21 Suppose the refinery in Example 21 has 35.000 barrels of component A,

which costs $25 a barrel, and 15,000 barrels of component B, which costs

$35 a barrel. If all the other information is unchanged, formulate a linear

programming problem whose solution is the maximum profit. Do not

attempt to solve the problem (unless you have access to a computer and a

program that solves linear programming problems).

Answers to 17. Maximize P = 3x, — 2x2 + Xj — Ma^ — Mqj — Mqj
Matched Problems Subject to x,-2x^+ x,-s, + a, =5

x, + 3x2 — 4x3 —82 + 02 =10

2X1+4X2 + 5X3 +S3 =20

— 3x, + X2 + X3 +03=15

X, , X2, X3, Si, Qj, S2, 2, S3, 03 s^

18. MaxP = 22 at Xi = 6, X2 = 4, X3 =
19. No solution (empty feasible region)

20. MinC = $86|atXi=^, X2 = 0, X3 = ^
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21. Maximize P = QXj + 15x2 — X3 + 5X4

Subject to Xj + X2 35,000

X3 + X4« 15,000

Xi + X3 5= 20,000

X2 + X4 ^ 10,000

-5Xi +15X3 ^0
- 15x2 + 5X4 ^

1' 2' 3' 4
""^

Exercise 8-7

In ProbJems 3-8:

(A) Introduce slack, surplus, and artificial variables and form the modified

problem.

(B) Write the augmented coejjficienf matrix for the modified problem and

eliminate M from the columns of the artificial variables.

(C) Solve the modified problem using the simplex method.

1. Maximize P = 5Xi + 2X2

Subject to X, + 2x2 « 12

2. Maximize P = Sx, + 7x2

Subject to 2x, + Xj 16
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B Use (he big M method to solve (he following

9. Minimize and maximize 10.

P = 6x, - 2x2

Subject to Xj + X2 ^ 10

3x, + 2X2 ^ 24

X, X2 ^

11. Maximize P = 2X] + SXj 12.

Subject to X, + 2X2 ^ 18

2xi+ X2«21

X, + X2 3=10

Xj, X2 3=

13. Maximize 14.

P = 10xi + 12x2 + 20x3

Subject to

3x, + X2 + 2x3^ 12

A 9 I ^ A -1 6

15. Minimize

C = -5Xi - 12x2 + 16x3

Subject to

Xi + 2X2 + X3« 10

2Xi + 3X2 +X3 ^ 6

^Aj I ^2 3

problems:

Minimize and maximize

P = -4x, + 16X2

Subject to 3Xi + X2 « 28

Xi + 2X2^ 16

X, , X2

16.

Xj , X2. X3

Maximize P = 6x, + 2X2

Subject to X, + 2X2 ^ 20

2Xi + X2 « 16

Xj + X2 2= 9

X,,X2 3=0

Maximize

P = 5x, + 7X2 + 9X3

Subject to

Xj — X2 + X3 2^ 20

2Xi + X2 + 3X3 = 36

X^ , X2 1 X3 — u

Minimize

C = — 3x, + 15x2 — 4X3

Subject to

2Xi + X2 + 3x3^24

Xi + 2X2 + X3 ^ 6

A

1

iJ \ y I -^3 "

1 ' 2 ' 3
"

—

Problems 17-24 are mixed. Some can besoJved by the methods presen(ed in

Sections 8-5 and 8-6, vvhiie others mus( be solved b;- (he big M method.

17. Minimize

C = lOXi -40x2-

Subject to

Xi + 3x2 « 6

5x,

18. Maximize

P = 7Xi - 5X2 + 2x3

Subject to

x^ — 2X2 + X3 3 —8

X, — X2 + X3 ^ 10

Aji Aof "3 —
' '-'
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19.
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28.

Life Sciences 29.

30.

31.

2,000 people. Each ad in the Journal costs $200 and will be read by 500
people. Each ad in the Tribune costs $100 and will be read by 1,500

people. The company wants at least 16.000 people to read its ads. How
many ads should it place in each paper in order to minimize the

advertising costs? What is the minimum cost?

Advertising. Repeat Problem 27 if the Tribune is unable to accept
more than 4 ads from the company.

Afutrition— people. An individual on a high-protein, low-carbohy-
drate diet requires at least 100 units of protein and at most 24 units of

carbohydrates daily. The diet will consist entirely of three special

liquid diet foods. A, B, and C. The contents and cost of the diet foods

are given in the table. How many bottles of each brand of diet food
should be consumed daily in order to meet the protein and carbohy-
drate requirements at minimal cost? What is the minimum cost?
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In Problems 33-39. formulate each problem as a linear programming

problem. Do not solve the linear programming problem.

Business & Economics 33. Manufacturing— production scheduling. A company manufactures

car and truck frames at plants in Milwaukee and Racine. The Mil-

waukee plant has a daily operating budget of $50,000 and can produce

at most 300 frames daily in any combination. It costs $150 to manufac-

ture a car frame and $200 to manufacture a truck frame at the

Milwaukee plant. The Racine plant has a daily operating budget of

$35,000, can produce a maximum combined total of 200 frames daily,

and produces a car frame at a cost of $135 and a truck frame at a cost of

$180. Based on past demand, the company wants to limit production

to a maximum of 250 car frames and 350 truck frames per day. If the

company realizes a profit of $50 on each car frame and $70 on each

truck frame, how many frames of each type should be produced at

each plant to maximize the daily profit?

34. Finances— loan distributions. A savings and loan company has $3

million to lend. The types of loans and annual returns offered by the

company are given in the table. State laws require that at least 50% of

the money loaned for mortgages must be for first mortgages and that at

least 30% of the total amount loaned must be for either first or second

mortgages. Company policy requires that the amount of signature and

automobile loans cannot exceed 25% of the total amount loaned and

that signature loans cannot exceed 15% of the total amount loaned.

How much money should be allocated to each type of loan in order to

maximize the company's return?

Type of Loan Annual Return

Signature 18%
First mortgage 12%
Second mortgage 14%
Automobile 16%

35. Blending— petroleum. A refinery produces two grades of gasoline,

regular and premium, by blending together three components. A, B,

and C. Component A has an octane rating of 90 and costs $28 a barrel,

component B has an octane rating of 100 and costs $30 a barrel, and

component C has an octane rating of 110 and costs $34 a barrel. The

octane rating for regular must be at least 95 and the octane rating for

premium must be at least 105. Regular gasoline sells for $38 a barrel

and premium sells for $46 a barrel. The company has 40.000 barrels of

component A, 25,000 barrels of component B, and 15,000 barrels of

component C and must produce at least 30,000 barrels of regular and

25,000 barrels of premium. How should they blend the components in

order to maximize their profit?
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36. Blending

—

food processing. A company produces two brands of trail

mix, regular and deluxe, by mixing dried fruits, nuts, and cereal. The

recipes for the mixes are given in the table. The company has 1,200

pounds of dried fruits, 750 pounds of nuts, and 1,500 pounds of cereal

to be used in producing the mixes. The company makes a profit of

$0.40 on each pound of regular mix and $0.60 on each pound of deluxe

mix. How many pounds of each ingredient should be used in each mix

in order to maximize the company's profit?

Type of Mix
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Social Sciences 39. Education— resource allocation. Three towns are forming a consoli-

dated school district with two high schools. Each high school has a

maximum capacity of 2,000 students. Town A has 500 high school

students, town B has 1 ,200, and town C has 1 ,800. The weekly costs of

transporting a student from each town to each school are given in the

table. In order to keep the enrollment balanced, the school board has

decided that each high school must enroll at least 40% of the total

student population. Furthermore, no more than 60% of the students

in any town should be sent to the same high school. How many
students from each town should be enrolled in each school in order to

meet these requirements and minimize the cost of transporting the

students?

Weekly Transportation

Cost per Student

School I School II

Town A
Town B
Town C

$4

6

3

$8

4

9

8-8 Chapter Review

Important Terms

and Symbols

8-1

8-2

8-3

8-4

8-5

Linear inequalities in two variables, graph of a linear inequality in two

variables, upper half-plane, lower half-plane

Systems of linear inequalities in two variables, graphical solution,

solution region, bounded regions, unbounded regions, corner point,

feasible solution, feasible region

Linear programming in two dimensions— a geometric approach, lin-

ear programming problem, decision variables, objective function,

constraints, nonnegative constraints, mathematical model, graphical

solution, maximization problem, constant-profit line, isoprofit line,

optimal solution, minimization problem, linear function, multiple

optimal solutions, no feasible region, unbounded objective function

A geometric introduction to the simplex method, slack variables, basic

solution, basic feasible solution, nonbasic variables, basic variables,

simplex method

The simplex method: maximization with s problem constraints, stan-

dard form of a linear programming problem, obvious basic solution,

obvious basic feasible solution, simplex tableau, pivot column, pivot

row, pivot element, pivot operation, row operations, kRj^Rj,
fi, + kR,-*Ri
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8-6 The dual: minimizad'on tvith 3^ problem constrainfs. dual problem,

solution of minimization problems, transportation problem

8-7 Maximization and minimization with mixed problem constraints.

surplus variable, artificial variable, modified problem, big M method

Exercise 8-8 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satis^ed that you know the material, take the practice test following

this review.

A 1. Solve the system of linear inequalities graphically:

3xi + X2 « 9

2xi + 6X2 « 18

Xj, X2 ^

2. Solve the linear programming problem geometrically:

Maximize P = 6X1 + 2X2

Subject to 2xi + X2^8

Xi + 2x2 ^ 10

Xj, X2 5=

3. Convert Problem 2 into a system of equations using slack variables.

4. Find all basic solutions for the system in Problem 3 and determine

which basic solutions are feasible.

5. Write the simplex tableau for Problem 2 and circle the pivot element.

6. Solve Problem 2 using the simplex method.

7. Solve the linear programming problem geometrically:

Minimize C = 5Xj + 2X2

Subject to X, + 3X2 ^ 15

2x, + X2 3= 20

Xj, X2 ^

8. Form the dual of Problem 7.

9. Solve Problem 8by applying the simplex method to the dual problem.
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B 10. Solve the linear programming problem geometrically:

Maximize P = 3x, + 4x2

Subject to 2Xi + 4X2 « 24

3x, + 3X2 'S21

4Xi + 2x2 ^ 20

Xj, X2 >

11- Solve Problem 10 using the simplex method.

12. Solve the linear programming problem geometrically:

Minimize C = 3X1 + 8X2

Subject to Xi + X2 3^ 10

Xi + 2x2 5^ 15

X2^3

Xj, X2 3^

13. Form the dual of Problem 12.

14. Solve Problem 13 by applying the simplex method.

Solve the following linear programming probJems:

15. Maximize P = 5Xj + 3X2 — 3X3

Subject to Xi — X2 — 2X3 « 3

2Xi + 2x2 - 5X3 =s 10

16. Maximize P = 5x, + 3X2 — 3X3

Subject to X, — X2 — 2x3 ^ 3

X, + Xj ^5

1 ' 2 ' 3
""^

C 17. Minimize C = 2x, + 3X2

Subject to 2Xi + X2 « 20

2Xi + X2^10

Xi + 2X2 2= 8

X,, X2 ^

18. Minimize = 15X1 + 12X2 + 15X3 + 18X4

Subject to Xi + Xj « 240

X3 + X4 « 500

Xi + X3 ^ 400

X2 + X4 3^ 300
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Applications

Business & Economics 19. Manufacturing— resource allocation. Set up (but do not solve) Prob-

lem 19 in Exercise 8-3 with the added restrictions that the fabricating

department must operate at least 60 labor-hours per day and the

finishing department at least 12 labor-hours per day.

(A) Write the linear programming problem using appropriate in-

equalities and objective function.

(B) Tranform part A into a system of equations using slack, surplus,

and artificial variables.

(C) Write the simplex tableau for part B. Do not solve.

Formulate the following as linear programming problems but do not solve:

20. Transportation— shipping schedule. A company produces motors for

washing machines at factory A and factory B. Factory A can produce

1,500 motors a month and factory B can produce 1,000 motors a

month. The motors are then shipped to one of three plants, where the

washing machines are assembled. In order to meet anticipated de-

mand, plant X must assemble 500 washing machines a month, plant Y
must assemble 700 washing machines a month, and plant Z must

assemble 800 washing machines a month. The shipping charges for

one motor are given in the table. Determine a shipping schedule that

will minimize the cost of transporting the motors from the factories to

the assembly plants.

Shipping Charges

Plant X Plant Y Plant Z

Factory A
Factory B

$5

$9

$8

$7

$12

$ 6

Life Sciences 21. Nutrition— animals. A special diet for laboratory animals is to con-

tain at least 300 units of vitamins. 200 units of minerals, and 900

calories. There are two feed mixes available, mix A and mix B. A gram

of mix A contains 3 units of vitamins, 2 units of minerals, and 6

calories. A gram of mix B contains 4 units of vitamins. 5 units of

minerals, and 10 calories. Mix A costs $0.02 per gram and mix B costs

$0.04 per gram. How many grams of each mix should be used to satisfy

the requirements of the diet at minimal cost?
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Practice Test: Chapter 8

1. Solve the system of linear inequalities graphically:

2x, + X2 « 8

2Xi + 3x2 ^ 12

Xj, Xj ^

2. Convert the following maximization problem into a system of equa-

tions using slack variables:

7.

8.

9.

Maximize
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Formulate the following problems as linear programming problems bu( do
not solve;

10. South Shore Sail Loft manufactures regular and competition sails.

Each regular sail takes 2 hours to cut and 4 hours to sew. Each
competition sail takes 3 hours to cut and 9 hours to sew. The Loft

makes a profit of $100 on each regular sail and $200 on each competi-
tion sail. If there are 150 hours available in the cutting department
and 360 hours available in the sewing department, how many sails of

each type should the company manufacture in order to maximize
their profit?

11. An individual requires 400 units of vitamin B and 800 units of vitamin
C daily. The local drugstore carries two types of vitamin tablets, brand
X and brand Y. A brand X tablet contains 75 units of vitamin B and 100
units of vitamin C and costs $0.05. A brand Y tablet contains 50 units

of vitamin B and 200 units of vitamin C and costs $0.04. How many
tablets of each brand should be taken in order to meet the daily

vitamin requirements at minimal cost?
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Probability, like many branches of mathematics, evolved out of practical

considerations. Girolamo Cardano (1501-1576), a gambler and physician,

produced some of the best mathematics of his time, including a systematic

analysis of gambling problems. In 1654 another gambler, the Chevalier de

Mere, plagued with bad luck, approached the well-known French philoso-

pher and mathematician Blaise Pascal (1623-1662) regarding certain dice

problems. Pascal became interested in these problems, studied them, and

discussed them with Pierre de Fermat (1601 - 1665), another French math-

ematician. Thus, out of the gaming rooms of western Europe probability

was born.

In spite of this lowly birth, probability has matured into a highly re-

spected and immensely useful branch of mathematics. It is used in practi-

cally every field. Probability can be thought of as the science of uncer-

tainty. If, for example, a card is drawn from a deck of 52 cards, it is

uncertain which card will be drawn. But suppose a card is drawn and

replaced in the deck and a card is again drawn and replaced, and this action

is repeated a large number of times. A particular card, say the ace of spades,

will be drawn over the long run with a relative frequency that is approxi-

mately predictable. Probability theory is concerned with determining the

long-run frequency of the occurrence of a given event.

How do we assign probabilities to events? There are two basic ap-

proaches to this problem, one theoretical and the other empirical. An
example will illustrate the difference between the two approaches.

Suppose you were asked, "What is the probability of obtaining a 2 on a

single throw of a die?" Using a theoretical approach, we would reason as

follows: Since there are six equally likely ways the die can turn up (assum-

ing the die is fair) and there is only one way a 2 can turn up, then the

probability of obtaining a 2 is i. Here we have arrived at a probability

assignment without even rolling a die once; we have used certain assump-

tions and a reasoning process.

What does the result have to do with reality? We would expect that in

the long run (after rolling a die many times) the 2 would appear approxi-

mately I of the time. With the empiricaJ approach, we make no assumption

about the equally likely ways in which the die can turn up. We simply set

478
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up an experiment and roll the die a large number of times. Then we
compute the percentage of times the 2 appears and use this number as an

estimate of the probability of obtaining a 2 on a single roll of the die. Each

approach has advantages and drawbacks: these will be discussed in the

following sections.

We will first consider the theoretical approach and develop procedures

that will lead to the solution of a large variety of interesting problems.

These procedures require counting the number of ways certain events can

happen, and this is not always easy. However, powerful mathematical tools

can assist us in this counting task. The development of these tools is the

subject matter of the next two sections.

9-2 The Fundamental Principle of Counting

The best way to start this discussion is with an example.

Example 1 Suppose we spin a spinner that can land on four possible numbers, 1 , 2, 3, or

4. We then flip a coin that can turn up either heads (H) or tails (T). What are

the possible combined outcomes?

Solution To solve this problem, let us use a tree diagram:

SPINNER

OUTCOMES

Start

COMBINED

OUTCOMES

(l.H)

(l.T)

(2,H)

(2,T)

(3.H)

(3,T)

(4. H)

(4,T)

Thus, there are eight possible combined outcomes (there are four places

the spinner can stop followed by two ways the coin can land).
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Problem 1 Use a tree diagram to determine the possible combined outcomes of flip-

ping a coin followed by spinning the dial in Example 1.

Now suppose you asked, "From the twenty-six letters in the alphabet,

how many ways can three letters appear in a row on a license plate if no

letter is repeated?" To try to count the possibilities using a tree diagram

would be extremely tedious, to say the least. The following fundamental

principle of counting will enable us to solve this problem easily; in addi-

tion, it forms the basis for several other counting devices that are developed

in the next section:

Fundamental Principle of Counting

1, If two operations O, and O2 are performed in order, with N,

possible outcomes for the first operation and N2 possible out-

comes for the second operation, then there are

possible combined outcomes of the first operation followed by the

second.

2. In general, if n operations Oj, Oj 0„ are performed in

order, with possible number of outcomes N,, N2, . . . , N^, re-

spectively, then there are

N,-N, N„

possible combined outcomes of the operations performed in the

given order.

IB^^
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Example 2 Many colleges and universities are now using computer-assisted testing

procedures. Suppose a screening test is to consist of five questions, and a

computer stores five comparable questions for the first test question, eight

for the second, six for the third, five for the fourth, and ten for the fifth. Howf

many different five-question tests can the computer select? (Two tests are

considered different if they differ in one or more questions.)

Solution O,: Selecting the first question

N,: 5 ways

O,: Selecting the second question

N2

:

8 ways

O3

:

Selecting the third question

N3: 6 ways

O4: Selecting the fourth question

N^: 5 ways

O5

:

Selecting the fifth question

N5: 10 ways

Thus, the computer can generate

5 • 8 • 6 • 5 • 10 = 12,000 different tests

Problem 2 Each question on a multiple-choice test has five choices. If there are five

such questions on a test, how many different response sheets are possible if

only one choice is marked for each question?

Example 3

Solutions

How many three-letter code words are possible using the first eight letters

of the alphabet if:

(A) No letter can be repeated?

(C) Adjacent letters cannot be alike?

(B) Letters can be repeated?

To form three-letter code words from the eight letters available, we select a

letter for the first position, one for the second position, and one for the third

position. Altogether, there are three operations.

(A) O,: Selecting the first letter

Nj! 8 ways

O,: Selecting the second letter

Nj! 7 ways {since one letter has been used)

O3: Selecting the third letter

N3: 6 ways (since two letters have been used)
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Problem 3

Answers to

Matched Problems

Thus, there are

8 • 7 • 6 = 336 possible code words

(possible combined operations).

(B) O,

N,

Selecting the first letter

8 ways

Selecting the second letter

8 ways (repeats are allowed)

Selecting the third letter

8 ways (repeats are allowed)

Thus, there are

8*8*8 = 8^ = 512 possible code words

(C) O,: Selecting the first letter

N,: Sways

O2: Selecting the second letter

Nj: 7 ways (cannot be the same as the first)

O3: Selecting the third letter

N3: 7 ways (cannot be the same as the second letter, but can be the

same as the first)

Thus, there are

8 • 7 • 7 = 392 possible code words

How many four-letter code words are possible using the first ten letters of

the alphabet under the three different conditions stated in Example 3?

COIN

OUTCOMES

Start

2. 5= or 3,125

3. (A) 10 • 9 • 8 • 7 = 5,040

(C) 10 • 9 • 9 • 9 = 7,290

COMBINED

OUTCOMES
(H,l)

(H,2)

(H,3)

(H.4)

(T, 1)

(T,2)

(T.3)

(T.4)

(B) 10 • 10 • 10 • 10 = 10,000
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Exercise 9-2

Solve by using a tree diagram.

1. In how many ways can two coins turn up if the combined outcome
(H, T) is to be distinguished from (T, H)? [Hint: Think of the problem

in terms of two operations: (1) Flipping coin 1 with possible outcomes
H or T and (2) flipping coin 2 with possible outcomes H or T.]

2. How many two-letter "words" can be formed from the first three

letters of the alphabet with no letter being used more than once?

3. A coin is flipped with possible outcomes H or T; then a single die is

rolled with possible outcomes 1, 2, 3, 4, 5, or 6. How many combined
outcomes are there?

4. In how many ways can three coins turn up if combined outcomes
such as (H, T, H), (H, H, T), and (T, H, H) are to be considered differ-

ent? [Hint: See Problem 1 above.]

Solve the indicated problem from above by using the /iindamental principle

of counting.

B

5.

7.

10.

11.

12.

13.

14.

15.

16.

17.

Problem 1

Problem 3

6.

8.

Problem 2

Problem 4

How many ways can two dice turn up if combined outcomes such as

(3, 6) and (6, 3) are to be considered different?

In how many ways can two coins and two dice turn up if combined
outcomes such as (H, T, 2, 4), (H, T, 4, 2), (T, H. 2, 4), and (T. H, 4, 2)

are to be considered different?

In how many ways can a chairperson, a vice chairperson, and a

secretary be selected from a committee of ten people? (One person can
hold only one office.)

How many ways can five people be seated in a row of five chairs? Ten
people?

In a sailboat race, how many different finishes among the first three

places are possible for a ten-boat race? (Exclude ties.)

In a long distance foot race, how many different finishes among the

first five places are possible for a fifty-person race? (Exclude ties.)

How many four-letter code words are possible from the first six letters

of the alphabet with no letter repeated? Allowing letters to repeat?

How many five-letter code words are possible from the first seven
letters of the alphabet with no letters repeated? Allowing letters to

repeat?

How many different license plates are possible if each contains three

letters followed by three digits? How many of these license plates

contain no repeated letters and no repeated digits? [Digits: 0, 1, 2, 3,

4, 5, 6, 7. 8, 9]
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Business & Economics

18. How many five-digit ZIP code numbers are possible? How many of

these numbers contain no repeated digits?

19. How many three-letter code words are possible out of the alphabet if:

(A) No letter can be used more than once?

(B) Adjacent letters cannot be alike?

20. Each of two countries sends five delegates to a negotiating conference.

A rectangular table is used with five chairs on each long side. If each

country is assigned one long side of the table (operation 1), how many
seating arrangements are possible?

Applications

21. Management selection. A management selection service classifies its

applicants (using tests and interviews) as high-IQ, middle-IQ. or low-

IQ and as aggressive or passive. How many combined classifications

are possible?

(A) Solve by using a tree diagram.

(B) Solve by using the fundamental principle of counting.

22. Management seJection. A corporation plans to fill two different vice-

president positions, Vj and V2. from the administrative officers in two

of its manufacturing plants. Plant A has six officers and plant B has

eight. How many ways can these two positions be filled if the V,

position is to be filled from plant A and the Vj position from plant B? If

the selection is made without regard to plant?

23. Product choice. A particular new car model is available with five

choices of color, three choices of transmission, four types of interior,

and two types of engine. How many different cars of this model are

possible?

24. Security. For security purposes, a company classifies each employee

according to five hair colors, three eye colors, three weight categories,

four height categories, and two sex categories. How many classifica-

tions are possible?

Life Sciences 25.

26.

Medicine. A medical researcher classifies subjects according to male

or female, smoker or nonsmoker, and underweight, average weight,

or overweight. How many combined classifications are possible?

(A) Solve by using a tree diagram.

(B) Solve by using the fundamental principle of counting.

Family planning. A couple is planning to have three children. How
many boy -girl combinations are possible? Distinguish between com-

bined outcomes such as (B, B, G)), (B, G, B), and (G, B, B).

(A) Solve by using a tree diagram.

(B) Solve by using the fundamental principle of counting.
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Social Sciences 27. Psychology— behavior modification. In an experiment on the use of

the drug Ritalin to modify behavior, a psychologist classified subjects

according to four dosage levels of the drug, 0, 1, 2, and 3; male or

female; and hyperactive (H), normal (N). and hypoactive (L). How
many combined classifications are possible?

(A) Solve by using a tree diagram.

(B) Solve by using the fundamental principle of counting.

9-3 Permutations, Combinations, and Set Partitioning

Factorial

Permutations

Combinations

Set Partitioning

The fundamental principle of counting studied in the last section can be

used to develop three additional devices for counting that are extremely

useful in more complicated counting problems. All of these devices use a

function called a factorial function, which we introduce first.

Factorial

In the last section, when using the fundamental principle of counting, we

encountered expressions of the form

5 • 4 3 • 2 • 1 50 • 49 • 48 • 47 • 46

where each natural number factor is decreased by one as we move from left

to right. Forms of this type are encountered with such great frequency in

certain types of counting problems that it is useful to express them in a

concise notation. The product of the first n natural numbers is called n

factorial and is denoted by n!. Also, we define zero factorial to be 1.

Symbolically,

Factorial

For n a natural number,

n! = n(n-l)(n-2) 2-1

0! = 1

n! = n • (n - 1)!

[Note: n! appears on many hand calculators.
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Example 4
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Now suppose the museum director decides to use only two of the four

available pictures on the wall arranged from left to right. How many
arrangements of two pictures can be formed from the four? There are four

ways the first picture can be selected; after selecting the first picture, there

are three ways the second picture can be selected. Thus, the number of

arrangements of two pictures from four pictures, denoted by P4 2 is given by

P4.2 4-3

or in terms of factorials, multiplying 4 • 3 by 2!/2!, we have

4 • 3 • 2! 4!
P., 4-3^

2!

We write this last form for the purposes of generalization. Reasoning in

the same way as in the example, we find that the number of permutations

of n objects taken r at a time, ^ r « n, denoted by P^ ^ , is given by

n(n-l)(n-2) r + ll

Multiplying the right side by 1 in the form (n — r)!/(n — r)!, we obtain a

factorial form for P„ •

n(n - l)(n -2) (n-r + 1)

But

n(n - l)(n -2)

Hence,

(n-r+ l)(n-r)! = n!

Permutation of n Objects Taken r at a Time

The number of permutations of n objects taken r at a time is given by*

P„. = - 0« r s n

n\ ni
Note: Pn n

~ 7 r:
= —r == n! Permutations of n objects

(n — nl! 0!

Example 5 From a committee of eight people, in how many ways can we choose a

chairperson and a vice-chairperson, assuming one person cannot hold

more than one position?

* In place of the symbol P„^, one will also see P", „P,, and P(n, r).
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Solution We are actually asking for the number of permutations of eight objects

taken two at a time; that is, P^a:

Problem 5

Example 6

Solution

Problem 6

I ft 9

8!

(8 - 2)!

8!

6!

8'7-B*

&.

= 56

From a committee of ten people, in how many ways can we choose a

chairperson, vice-chairperson, and a secretary, assuming one person can-

not hold more than one position?

As we mentioned earlier, many hand calculators have an n! button, and

some even have a P„r button. The use of such a calculator will greatly

facilitate many of the calculations in this and the following sections.

Find the number of permutations of 25 objects taken 8 at a time. Compute

the answer to four significant digits using a calculator.

25' 25'
P25 8 = 7 ^ =—: = 4.361 X 10'°
"' (25-8)! 17!

Find the number of permutations of 30 objects taken 4 at a time. Compute

the answer exactly using a calculator.

Combinations

Now suppose that an art museum owns eight paintings by a given artist and

another art museum wishes to borrow three of these paintings for a special

show. How many ways can three paintings be selected out of the eight

available? Here the order does not matter. What we are actually interested

in is how many three-object subsets can be formed from a set of eight

objects. We call such a subset a combination of eight objects taken three at

a time. The total number of such subsets (combinations) is denoted by the

symbol

(3)

To find the number of combinations of eight objects taken three at a time,

€33, we make use of the formula for P„^ developed above and the funda-

mental principle of counting. We know that the number of permutations of

eight objects taken three at a time is given by Pgj, and we have a formula

for computing this. Now suppose we think of Pe.3 in terms of two operations:

Selecting a subset of three objects (paintings)

C8,3 ways

Arranging the subset in a given order

3! ways
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The combined operation, O, followed by O2, produces a permutation of

eight objects taken three at a time. Thus,

^^8.3 "-'8.3 •J-

To find Ce3, the number of combinations of eight objects taken three at a

time, we replace Pgj with 8!/(8 — 3)! and solve for Ca.3.

8!

(8 - 3)! "'^

8! _ 8 • 7 • 6 -^

_

Co T 56" 3!(8-3)! 3 • 2 • 1 --sr

Thus, the museum can make 56 choices in selecting three paintings from

the eight available.

In general, reasoning in the same way as in the example, the number of

combinations of n objects taken r at a time, « r « n, denoted by C^^. can

be obtained by replacing P^ r with n!/(n — r)! and solving C„ ^ in the rela-

tionship:

p = r • r'

n!

"'
r!(n - r)!

In summary.

Combinations of n Objects Taken rata Time

The number of combinations of n objects taken r at a time is given by*

_/n\_ n!

^"^ \v) r!(n-r)!
^'

If n and r are other than small numbers, a calculator with an n! button

will simplify the computation, and one with a C„ , button will simplify the

computation even further.

Example 7 From a committee of eight people, in how many ways can we choose a

subcommittee of two people?

Solution Notice how this example differs from Example 4, where we asked in how
many ways can we choose a chairperson and a vice-chairperson from a

:„,,and(^"j,* In place of tlie symbols C„, and ( 1, one will also see C", „Cf, and C(n, r).
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committee of eight people. In Example 4, ordering matters; in choosing a

two-person subcommittee the ordering does not matter. Thus, we are

actually asking how many combinations of eight objects taken two at a time

there are. The number is given by

[2) 2!

8 • 7 • 6!

(8-2)! 2 • 1 • ©t
= 28

Problem 7 How many three-person subcommittees can be chosen from a committee of

eight people?

Example 8

Solution

Find the number of combinations of 25 objects taken 8 at a time. Compute

the answer to four significant digits using a calculator.

{':}
25! 25!

1.082 X 10'^

81(25-8)! 8!17!

Compare this result with that obtained in Example 6.

Problem 8 Find the number of combinations of 30 objects taken 4 at a time. Compute

the answer exactly using a calculator.

Remember
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ent committees is

7! _ 7! _
'' 4!(7-4)! ~'4!3!

~^^

(C) The three senior officers can be selected in C73 ways, and the one

junior officer can be selected in C5 , ways. Applying the fundamental

principle of counting, the number of ways that three senior officers

and one junior officer can be selected is

^ ^ 7! 5! 7!5!

'' " 3!{7-3)! 1!(5-1)! 3!4!l!4!

71 51 7Ic;I

(D) C.,2-C., = ' ' = ^-^=210
^ '

'' " 2!(7-2)! 2!(5-2)! 2!5!2!3!

(E) The committees with at least two senior officers can be divided into

three disjoint collections:

1. Committees with four senior and zero junior officers

2. Committees with three senior officers and one junior officer

3. Committees with two senior and two junior officers

The number of committees of types 1, 2, and 3 were computed in parts

B, C, and D, respectively. The total number of committees of all three

types is the sum of these quantities

Type 1 Type 2 Type 3

C7.4 + C^^^C^, + C7.2C5,2 = 35 + 175 + 210 = 420

Problem 9 Given the information in Example 9, answer the following questions:

(A) How many committees with one senior and three junior officers can

be formed?

(B) How many committees with four junior officers can be formed?

(C) How many committees with at least two junior officers can be

formed?

Set Partitioning

The combination of n objects taken r at a time can be thought of in another

way, a way that generalizes into something very useful. Let us return to the

art museum that agreed to lend to another museum three paintings from

the eight they own by a given artist. In choosing the three, they are actually

partitioning (dividing) the set of eight paintings into two subsets: the subset

containing the three paintings to be loaned and the subset containing the

five paintings that will remain. Now let us suppose that in addition to the

one museum wishing to borrow three paintings, a second museum wishes

to borrow two paintings by the same artist. The museum owning the eight
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paintings is now confronted with the following problem: How to partition

(divide) the set of eight paintings into three subsets, one containing three

paintings, one containing two paintings, and one containing three paintings

(the three left over). We now ask, "In how many ways can a set of eight

objects be partitioned into three subsets with the first containing three

objects, the second containing two objects, and the third containing three

objects?" Again we call on the fundamental principle of counting. Think of

the problem in terms of the following three operations:

O,: Select a subset with three paintings from eight paintings— Cgj

ways

O2: Select a subset with two paintings from the five remaining paint-

ings— C52 ways

O3: Select a subset with three paintings from the three remaining

paintings

—

C33 ways

The combined operations Oj, O2, and O3 produce a partition of the set of

eight paintings into three subsets as desired. Thus, the number of such

partitions, denoted by I I, is given by

(
'

)\3, 2, 3/

\3, 2, 3/

3
* ^5,2 ' ^3,3

8! 5! 3!

3!(8 - 3)! 2!(5 - 2)! 3!(3 - 3)!

_8! 5T 3!

3!5! 2!3! 3!0!

8

3!2!3!
Compare this arrangement with the

{ 8 \
arrangement I I

^560

In general, to partition a set of n elements into k subsets such that r,

elements are in the first subset, Tj elements are in the second subset

T], elements are in the kth subset, Tj + Tj + • • • + r^ = n, we can think of

the problem in terms of k operations as above and apply the fundamental

principle of counting to obtain

(
" ]=C -c -c r'-' n—r,—r2— —r^-i Jt

Note: (n — ri — r2 — • • • — r^)!

Tk! =0! = 1
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In summary,

Partition of n Elements into k Subsets

The number of partitions of a set with n elements into k subsets is

given by

\ri,r2, . . . ,rk/ r^lr^'. r,.!

where

Fj elements are in the ith subset

and

r, + Fj + • • + Tk = n

Note: ( ]
= C„, — C„^ if Fi + r, = n

Example 10 Iffourpeople are playing poker, how many deals are possible if each person

receives five cards?

Solution This is a partition problem. We are actually dividing (partitioning) the deck

(set of 52 cards) into five subsets: four subsets correspond to the hands for

four players, and the fifth subset is what is left over after dealing the four

hands. We use a calculator to compute the following to four significant

digits.

(
"

)\5, 5, 5, 5, 32/

52!

5!5!5!5!32!

52!

(5!)''32!

« 1.478 X 10^" deals

Problem 10 If three people are playing cards and each is dealt 7 cards from a 52 card

deck, how many deals are possible? Compute the answer to four significant

digits using a calculator.

Answers to 4. (A) 720 (B) 10 (C) 720 (D) 20 (E) 1,140

Matched Problems
5- "l0.3

'

10!

(10-3)!

8!

3!(8 - 3)!

720

56

6- P3o,4
—

°- ^30.4
~

30!

(30-4)!

30!

4!(30 - 4)!

= 657,720

= 27,405
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9. (A) C,,,C5,3 = 70 (B) C5., = 5

I'-') L.7 2tj5.2 I '-'7,1 '-'5,3 ' '-'5,4 ~ 285

(52 \ 52'
=

, . ; ,

« 7.662 X 10^2
7,7,7,31/ 7!7!7!3l!

Exercise 9-3

Evaluate.

1.
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33. Seven paintings are left by a wealthy collector to three museums. If

three are to go to one museum and two each to the other two, how
many ways can they be distributed?

34. Thirteen rare books are left to two universities. If eight are to go to one

and five to the other, how many ways can they be distributed?

35. A catering service offers eight appetizers, ten main courses, and seven

desserts. A banquet chairperson is to select three appetizers, four

main courses, and two desserts for a banquet. How many ways can

this be done?

36. Three departments have 12, 15, and 18 members, respectively. If each

department is to select a delegate and an alternate to represent the

department at a conference, how many ways can this be done?

37. From a standard 52 card deck, how many 7 card hands have exactly 5

spades and 2 hearts?

38. How many 5 card hands will have 2 clubs and 3 hearts?

39. (A) How many 13 card bridge hands are possible from a standard 52

card deck?

(B) If four people are playing cards and each is dealt 13 cards, how
many different deals are possible from a 52 card deck?

40. (A) How many 7 card hands are possible from a standard 52 card

deck?

(B) If 5 people are playing cards and each is dealt 7 cards, how many
different deals are possible from a 52 card deck?

Applications

Business & Economics 41. Consumer testing. From six known brands of cola, three are chosen at

random for a consumer to identify. Assuming that the consumer
guesses blindly, how many responses are possible?

42. Contests. In how many ways can ten finalists finish first, second, and

third in a promotion contest?

43. Personnel selection. Six female and five male applicants have been

successfully screened for five positions. In how many ways can the

following compositions be selected?

(A) Three females and two males

(B) Four females and one male

(C) Five females

(D) Five people regardles of sex

(E) At least four females

44. Committee selection. A 4-person grievance committee is to be selected
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out of two departments, A and B, with 15 and 20 people, respectively.

In how many ways can the following committees be selected?

(A) Three from A and one from B

(B) Two from A and two from B

(C) All from A
(D) Four people regardless of department

(E) At least three from department A

45. Management.

(A) In how many ways can 4 accounts be assigned to four salespeople

so that each receives 1 account?

(B) Out of 6 accounts available, how many ways can 4 be selected

and assigned to four salespeople so that each receives 1 ac-

count?

(C) Out of 6 accounts, how many ways can 4 be selected and as-

signed to one salesperson?

(D) In how many ways can 12 accounts be assigned to three sales-

people, with 4 to the first, 3 to the second, and 5 to the third?

46. Managemenl. A company has just completed a new office building

and must make some decisions regarding office assignments.

(A) In how many ways can 5 vice presidents be assigned to five

offices?

(B) In how many ways can 12 secretaries be assigned to three offices,

3 in the first, 4 in the second, and 5 in the third?

(C) How many ways can 4 managers be assigned to two offices, two

in each?

Life Sciences 47. Medicine. A prospective laboratory technician is given a test to iden-

tify blood types from eight standard classifications. If three different

types are chosen at random for the identification test, how many
responses are possible if the candidate guesses blindly?

48. Medical research. Because of limited funds, five research centers are

to be chosen out of eight suitable ones for a study on heart disease.

How many choices are possible?

Social Sciences 49. Politics. A nominating convention is to select a president and a vice-

president from among four candidates. Campaign buttons, listing a

president and a vice-president, are to be designed for each possible

outcome before the convention. How many different kinds of buttons

should be designed?

50. Survey. Twelve regions are to be divided among three trained sur-

veyors, with five to the first, three to the second, and four to the third.

In how many ways can this be done?
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9-4 Experiments. Sample Spaces, and Probability of an Event

Experiments

Sample Spaces

Events

Probability of an Event

Equally Likely Assumption

Experiments

Certain experiments in science produce the same results when performed
repeatedly under exactly the same conditions. For example, when all other
conditions are held constant, a given liquid will always freeze at the same
temperature. Experiments of this type are called deterministic— the con-
ditions of the experiment determine the outcome. There are also experi-
ments that do not yield the same results no matter how carefully they are
repeated under the same conditions. These experiments are called random
experiments. Familiar examples of the latter are flipping coins, rolling

dice, observing the sex of a newborn child, or observing the frequency of
death in a certain age group. Probability theory is a branch of mathematics
that has been developed to deal with outcomes of random experiments,
both real and conceptual. In the work that follows, the word experiment
will be used to mean a random experiment.

Sample Spaces

Consider the experiment "A child is born." What can we observe about this

child? We might be interested in the day of the week the birth takes place;

the sex of the child: the child's weight, height, eye color, or blood type: and
so on. The list of possible outcomes of the experiment appears to be endless.

In general, there is no unique method of analyzing all possible outcomes of

an experiment. Therefore, before conducting an experiment, it is impor-
tant to decide just what outcomes are of interest.

In the birth experiment, suppose we limit our interest to questions
concerning the day of the week on which a birth takes place. Having
decided what to observe, we make a list of outcomes of the experiment
such that on each trial of the experiment one and only one of the results on
the list will occur. Thus,

U = {M, T, W, Th, F, S, Su}

is an appropriate list for our interests (M represents the outcome "The child

was born on Monday," and so on). Note that each birth will correspond to

exactly one element in U. The set of outcomes U is called a sample space for

the experiment. In general.
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Sample Space

A set S is a sample space for an experiment (real or conceptual) if:

1. Each element of S is an outcome of the experiment.

2. Each outcome of the experiment corresponds to one and only one

element of S.

Each element in the sample space is called a sample point or a simple

outcome.

Notice that we did not include the outcome "The child was born on a

weekend" in set U, since this outcome would occur if either S or Su occurs,

violating the condition that one and only one of the outcomes in the sample

space occurs on a given trial. The outcome "The child was born on a

weekend" is called a compound outcome. In general. C is a compound

outcome relative to a sample space S if there exist at least two simple

outcomes in S that imply the occurrence of C. The outcome "The child was

born on a weekday" is a compound outcome relative to the sample space U,

since this outcome will occur if any of the simple outcomes in the set

{M, T, W. Th, F} occurs. Of course, none of the outcomes in a sample space

are compound outcomes relative to that space; that is why they are called

simple outcomes.

Suppose we are interested in the sex of each child as well as the day of

the week of the birth. Then we must refine the sample space U given above.

A suitable new sample space for the experiment "A child is born," reflect-

ing our additional interest, is

V={M-m, M-f, , Su-m, Su-f)

where M-m is the outcome "A male is born on Monday," and so on. Each

simple outcome in the original sample space U is now a compound outcome

in the new sample space V; that is, we will know that M has occurred if we

know that either M-m or M-f has occurred.

Important Remark

There is no one correct sample space for a given experiment. We do

require, however, that a set of outcomes satisfies both conditions in

the definition above before it can be called a sample space. When
specifying a sample space for an experiment, we include as much
detail as is necessary to answer aJI questions of interest regarding the

outcomes of the experiment. If in doubt, include more sample points

rather than less.
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Example 11 A nickel and a dime are tossed. How shall we identify a sample space for

this experiment? There are a number of possibilities, depending on our

interest. We shall consider three.

(A) If we are interested in whether each coin falls heads (H) or tails (T),

then, using a tree diagram, we can easily determine an appropriate

sample space for the experiment:

NICKEL DIME COMBINED

OUTCOMES OUTCOMES OUTCOMES

H

Start

HH
HT

TH

TT

Thus,

S, = {HH, HT, TH, TT}

and there are four sample points in the sample space.

(B) If we are only interested in the number of heads that appear on a

single toss of the two coins, then we can let

52 = {0, 1, 2)

and there are three sample points in the sample space.

(C) If we are interested in whether the coins match (M) or do not match

(D), then we can let

53 = {M. D}

and there are only two sample points in the sample space.

In Example 1 1 , sample space S, contains more information than either S2

or S3 . If we know which outcome has occurred in Sj , then we know which

outcome has occurred in Sj and S3 . However, the reverse is not true. In this

sense, we say that Sj is a more fundamental sample space than either S^

or S3.

Problem 11 An experiment consists of recording the boy- girl composition of two-child

families.

(A) What is an appropriate sample space if we are interested in the sex of

each child in the order of their births? Draw a tree diagram.

(B) What is an appropriate sample space if we are only interested in the

number of girls in a family?

(C) What is an appropriate sample space if we are only interested in

whether the sexes are alike (A) or different (D)?

(D) What is an appropriate sample space for all three interests expressed

above?
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A sample space may be finite or infinite. For example, a sample space for

a single roll of a die might be

S = {1, 2, 3,4,5, 6}

This is a finite sample space, since there are only a finite number of

outcomes of the experiment.

On the other hand, if we are interested in the number of rolls it takes for

the die to turn up 5 for the first time, then an appropriate sample space

would be the set of natural numbers

N = {1, 2, 3,4, . . . }

which is infinite. In this book, unless stated to the contrary, we will restrict

our attention to finite sample spaces.

Events

We have now completed a first step in constructing a mathematical model

for probability studies. That is, we have introduced a sample space, a set of

sample points, as the mathematical counterpart of an experiment. The

sample space becomes the universal set for all discussion pertaining to the

experiment.

Now let us return to the two-coin problem in Example 11 and the sample

space

S, = {HH, HT, TH, TT}

Suppose we are interested in the compound outcome "Exactly one head is

up." Looking at Sj, we find that it will occur if either of the two simple

outcomes HT or TH occurs. Thus, to say that the compound outcome

"Exactly one head is up" occurs is the same as saying the experiment has

an outcome in the set

E = {HT, TH}

which is a subset of the sample space S^ . We will call the subset E an event.

Event

In general, given a sample space S for an experiment, we define an

event E to be any subset of S. We say that an event E occurs if any of

the simple outcomes in E occurs. If an event E has only one element

in it, it is called a simple event; if it has more than one element, it is

called a compound event.

A second step in constructing a mathematical model for probability!

studies has now been completed by introducing an event as a subset of a
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Example 12

SoJutions

sample space. In the coin example above, the event E, a subset of S, , is the
mathematical counterpart of the experimental outcome "Exactly one head
is up" in the toss of a nickel and a dime.

Let us now consider a more complex experiment.

Consider an experiment of rolling two dice. A convenient sample space
that will enable us to answer many questions about interesting events is

shown in Figure 1. Let S be the set of all ordered pairs in the table. The
sample point (3, 2) is to be distinguished from the sample point (2, 3); the
former indicates a 3 turned up on the first die and a 2 on the second, while
the latter indicates that a 2 turned up on the first die and a 3 on the second.

SECOND DIE

H H • • • • • •
• • •

• • • • • •

Q
E-

MM * •

(1.1)
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Problem 12

(D) "A 12 turns up" corresponds to the event

{(6, 6))

which is a simple event.

Using the sample space in Example 12 (Figure 1), write down the events

corresponding to the following outcomes:

(A) A 5 turns up. (B] A prime number* greater than 7 turns up.

Informal Use of the Word Event

Informally, to facilitate discussion, we will often use event and out-

come of an experiment interchangeably. Thus, in Example 12 we
might use "the event 'An 11 turns up' " in place of "the outcome 'An

11 turns up,' " or even write

E = An 11 turns up = {(6, 5), (5, 6))

Technically speaking, as we said earlier, an event is the mathemati-

cal counterpart of an outcome of an experiment. Formally, we have

Real World Mathematical Model

Experiment Sample space (set S)

(real or conceptual)

Outcome Event (subset of S)

(simple or compound) (simple or compound)

Probability of an Event

The next step in developing our mathematical model for probability stud-

ies is the introduction of a probability /unction. This is a function that

assigns to an arbitrary event associated with a sample space a real number

between and 1, inclusive. Since an arbitrary event relative to a sample

space S can be thought of as the union of simple events in S, we start by

discussing ways in which probabilities are assigned to simple events in S.

We will then use these results as building blocks in assigning probabilities

for compound events.

* Recall that a prime number is a natural number greater than 1 thai cannot be

divided by any natural number other than itself or 1.
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Probabilities for Simple Events

Given a sample space

S = {e,,e2 e„)

to each simple event* e, we assign a real number, denoted by PleJ,

that is called the probability of the event e,-. These numbers can be

assigned in an arbitrary manner as long as the following two condi-

tions are satisfied;

1. If Bj is a simple event, then ^ P(eJ ^ 1.

2. P(ei) + P(e2) + • • • + P(e„) = 1; that is, the sum of the probabili-

ties of all simple events in the sample space is 1.

Any probability assignment that meets conditions 1 and 2 is said to be

an acceptable probability assignment.

How specific acceptable probabilities are assigned to simple events is a

question our mathematical theory does not answer. These assignments,

however, are generally based on expected or actual long-run relative

frequencies of the occurrences of the various simple events for a given

experiment.

Example 13 Let an experiment be the flipping of a single coin, and let us choose a

sample space S to be

S = {H, T}

Psychologically, if a coin appears to be "fair," we are inclined to assign

probabilities to the simple events in S as follows:

P(H) = i and P(T) = ^

thinking (since there are two ways a coin can land) that in the long run a

head will turn up half the time and a tail will turn up half the time. These
probability assignments are acceptable, since both conditions for accept-

able probability assignments are satisfied:

1. CSPIMJ^I, 0«P(T)^1

2. P(H) + P(T) = i + i
= 1

But there are other acceptable assignments. Maybe after flipping a coin

1,000 times, we find that the head turns up 376 times and the tail 624 times.

* Technically, we should write {e^}, since there is a logical distinction between an
element of a set and a subset consisting only of that element. But we will just keep
this in mind and drop the braces for simple events to simplify the notation.
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With this result, we might suspect that the coin is not fair and assign simple

events in S the probabilities

P(H) = .376 and P(T) = .624

This is also an acceptable assignment. Which of the following are accept-

able assignments?

(A)
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pie space S, how do we define the probability of an arbitrary event asso-

ciated with S?

Probability of an Event E

Given an acceptable probability assignment for the simple events in a

sample space S, we define the probability of an arbitrary event E,

denoted by P(E), as follows:

1. If E is the empty set, then P(E) = 0.

2. If E is a simple event, then P(E) has already been assigned.

3. IfEis the union oftwo or more simple events, then P(E] is the sum
of the probabilities of the simple events whose union is E.

4. If E = S, then P(E) = P(S) = 1 (this is a special case of 3).

Example 14 Let us return to Example 11, the tossing of a nickel and dime, with sample

space

S = {HH. HT, TH, TT}

Since there are four simple outcomes and the coins are assumed to be fair,

it would appear that each outcome would occur in the long run 25% of the

time. Let us assign the same probability of \ to each simple event in S:

Simple Event e,-
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Problem 14

(C) E3 = Getting three heads =

P(0) =

Let us summarize the key steps for finding probabihties of events:

Steps for Finding Probabilities of Events

1. Set up an appropriate sample space S for the experiment.

2. Assign acceptable probabilities to the simple events of S.

3. To obtain the probability of an arbitrary event E, add the proba-

bilities of the simple events whose union is E.

4. If it is easier to find P(E'), then we can use P[E) = 1 — P(E').

(More will be said about this later in the chapter.) The event E' is

the complement of E relative to S.

The function P defined in steps 2 and 3 is called a probability function

with domain all possible events (subsets) in the sample space S and range a

set of real numbers between and 1, inclusive.

Suppose in Example 14 after flipping the nickel and dime 1,000 times, we

find that HH turns up 273 times, HT 206 times, TH 312 times, and TT 209

times. On the basis of this evidence, we assign probabilities to simple

events in S as follows:

Simple Event e,
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experiment; instead, we take a sample of all possible outcomes and use

the relative frequency (percentage) of each simple event in the total

sample as approximations of the actual probabilities.* This is what we
did in Problem 14 above.

Each approach has its advantages in certain situations. For the rest of this

section, we will emphasize the theoretical approach. In the next section,

we will consider the empirical approach in more detail.

Equally Likely Assumption

In tossing a nickel and dime (Example 14), we assigned the same probabil-

ity, ^, to each simple event in the sample space

S = (HH, HT, TH, TT)

By assigning the same probability to each simple event in S, we are actually

making the assumption that each simple event is as likely to occur as any

other. We refer to this as an equally likely assumption.

In general.

Probability of a Simple Event (Under Equally Likely Assumption)

If. in a sample space

S = (e,,e2 e„)

with n elements, we assume each simple event is as likely to occur as

any other, then we assign the probability 1/n to each; that is,

P(e,)4

Under the equally likely assumption, we can develop a very useful

formula for finding probabilities of arbitrary events associated with S.

Consider the following example.

If a single die is rolled and we assume each face is as likely to come up as

any other, then for the sample space

S = (l, 2, 3,4, 5, 6}

we assign I to each simple event, since there are six simple events. The

' The actual probability of an event is generally defined as the single fixed number
(if it exists) that the relative frequency of the occurrence of the event approaches as

an experiment is repeated without end.
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probability of

E = Rolling a prime number

= {2, 3, 5} = {2}U{3}U{5}

Example 15

SoJulions

P(E] = P(2) + P(3) + P(5)

=1+1+1=1=1
6 ^ 6 ^ 6 6 2

Notice the following:

3 _ Number of elements in E

6 Number of elements in S

Thus, under the assumption that each simple event is as likely to occur

as any other, the computation of the probability of the occurrence of any

event E in S is relatively easy. We simply count the number of elements in E

and divide by the number of elements in the sample space S:

Probability of an Arbitrary Event E (Under Equally Likely

Assumption)

If we assume each simple event in S is as likely to occur as any other,

then the probability of an arbitrary event E in S is given by

P(E) =
Number of elements in E _ n(E)

Number of elements in S n(S)

If in rolling two dice we assume each simple event in the sample space

shown in Figure 1 (page 501) is as likely as any other, find the probabilities

of the following events (each event refers to the sum of the dots facing up on

both dice):

(A) Ej = A 7 turns up

(C) E3 = A sum less than 4 turns up

(B) £2 = An 11 turns up

(D) E4 = A 12 turns up

Referring to Figure 1 (page 501), we see that

(B) P[E,) =

(C) P(E3) =

(D) P(EJ =

n(S)
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Problem 15

Example 16

Under the conditions in Example 15, find the probabilities of the following

events (each event refers to the sum of the dots facing up on both dice):

(A) Ej = A 5 turns up
(B) Eg = A prime number greater than 7 turns up

The following questions pertain to the composition of a three-child family,

excluding multiple births.

Under the assumption that a girl is as likely as a boy at each birth,

select a sample space S such that all simple events can be assumed
equally likely to occur.

What is the probability of having three girls?

What is the probability of having two boys and a girl in that order?
What is the probability of having two boys and a girl in any order?

Solutions (A) A tree diagram is helpful in selecting a sample space S:

(A)

(B)

(C)

(D)

(B)

(C)

COMBINED

OUTCOMES
BBB

BBG

BGB

BGG

GBB

GBG

GGB

GGG

Under the assumption that a boy is as likely as a girl at each birth,

each branch at the end is as likely as any other; hence, each combined
outcome is as likely as any other. Thus, we let

S = {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}

The event of having three girls is the simple event

E = {GGG}

Thus,

P{E]^
n(E)

n(S)

The event of having two boys and a girl in that order is the simple
event

E = {BBG}
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Thus,

P(E) =^ = 1^ ' n(S) 8

(D) The event of having two boys and a girl in any order is

E = {BBG, BGB, GBB)

Thus,

P(E) =^ = i
^ ' n(S) 8

Problem 16 Using the sample space in Example 16, find the probability of having:

(A) Three boys (B) At least two girls

We now turn to some examples that make use of the counting techniques

developed in the last section.

Example 17 In drawing 5 cards from a 52 card deck without replacement (without

replacing a drawn card before selecting the next card), what is the probabil-

ity of getting five spades?

Solution Let the sample space S be the set of all 5 card hands from a 52 card deck.

Since the order in a hand does not matter, n(S) = C^2.5- The event E = the

set of all 5 card hands from 13 spades. Again, the order does not matter and

n(E) = C135. Thus, assuming each 5 card hand is as likely as any other,

„,_ n(E) C,3 5 13!/(5!8!) 13! 5!47!
P E^ = —5—^ = —^^ = — = « .0005

' ' n(S) C52,5 52!/(5!47!) 5!8! 52!

Problem 17 In drawing 7 cards from a 52 card deck without replacement, what is the

probability of getting seven hearts?

Example 18 The board of regents of a university is made up of 12 men and 16 women. If

a committee of 6 is chosen at random, what is the probability that it will

contain 3 men and 3 women?

Solution Let S = the set of all six-person committees out of 28 people:

n(S) = Czae

E = the set of all six-person committees with 3 men and 3 women. Using

the fundamental principle of counting,

^l^J *-• 12.3 ^16.3

Thus,

P(E)=^ = %^-.327
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Problem 18 What is the probability that the committee in Example 18 will have four

men and two women?

Example 19 Four people are playing poker. In a single deal of 5 cards each from a

standard 52 card deck, what is the probability that each player has a flush

in a different suit? (A flush is 5 cards of the same suit.)

Solution Let the sample space S be the set of all four-person deals of 5 cards each

from a 52 card deck. Using the partition formula (see Example 10 in Section

9-3). we find the number of elements in S is given by

n(S)
(

"'
)\5, 5, 5, 5, 32/

We assume each deal is as likely as any other. The event E is the set of all

four-person deals of 5 cards each from a 52 card deck such that each hand is

a flush in a different suit. To find the number of elements in E, we utilize

the fundamental principle of counting as follows:

Oi : Selecting a suit for the first hand— 4 ways

O2: Selecting 5 cards out of 13 possible in the suit— C135 ways

O3; Selecting a suit for the second hand— 3 ways (three suits left after

using one suit for the first hand)

O4: Selecting 5 cards out of 13 possible in the suit— C135 ways

O5: Selecting a suit for the third hand— 2 ways (two suits left after

using two suits for first two hands)

Og: Selecting 5 cards out of 13 possible in the suit— C135 ways

O7 : Selecting a suit for the fourth hand— 1 way (one suit left after using

three suits for first three hands)

Oei Selecting 5 cards out of 13 possible in the suit— C135 ways

Thus, the number of elements in E is given by

'^I'^J ^'-'13.5 " '^'-'13.5 ' 2Lj35 • IL135

= 4!(c,3,5r

We can now compute the probability of E, under the equally likely as-

sumption, to be

p(B)
_ n(E) _ 4!(C,3,5)^

n(S) / 52

5, 5, 5,5, 32I

V5!8!;

=4!fi^y
\5!8!;

52!

5!5!5!5!32!

(5!)''32!

52!

^4,45X 10-"
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Problem 19 Repeat Example 19 for three people.

We should point out that there are many counting problems for which it

is not possible to produce a simple formula that will yield the number of

possible cases. In cases of this type, we usually revert back to tree diagrams

and count branches.

Answers to

Matched Problems

11. (A)



9-4 Experiments. Sample Spaces, and Probability of an Event 513

8. What is the probabiHty of getting exactly one head in tossing a coin

twice? (See Example 11.)

B 9. How would you interpret P(E) = 1?

10. How would you interpret P[E] = 0?

An experiment consists of a coin being tossed three times in succession.

Answer the questions in Problems 13-34 regarding this experiment.

11. Find a sample space composed of equally likely simple events. (See

Example 16.)

12. Find the event E associated with exactly two heads occurring in three

tosses of a coin. What is the probability of getting exactly two heads in

three tosses?

13. Find the event E associated with at least two heads occurring. What is

the probability of getting at least two heads?

14. Find the event E associated with at least one tail occurring. What is

the probability of getting at least one tail?

15. A spinner can land on four different colors: red (R), green (G), yellow

(Y). and blue (B). If we do not assume each color is as likely to turn up

as any other, which of the probability assignments below have to be

rejected, and why?

(A) P(R) = .15, P(G) = -.35. P(Y) = . 50, P(B) = .70

(B) P(R) = .32, P(G) = .28, P(y) = .24, P(B) = .30

(C) P(R) = .26, P(G) = . 14, P(y) = .30. P(B) = .30

16. Using the probability assignments in Problem 15C, what is the proba-

bility that the spinner will not land on blue?

17. Using the probability assignments in Problem 15C, what is the proba-

bility that the spinner will land on red or yellow?

18. Using the probability assignments in Problem 15C. what is the proba-

bility that the spinner will not land on red or yellow?

19. Five thank-you notes are written and five envelopes are addressed.

Accidentally, the notes are randomly inserted into the envelopes and

mailed without checking the addresses. What is the probability that

all notes will be inserted into the correct envelopes?

20. Six people check their coats in a checkroom. If all claim checks are

lost and the six coats are randomly returned, what is the probability

that all people will get their own coats back?

An experiment consists of rolling two fair dice and adding the dots on the

two sides facing up. Using the sample space shown in Figure 3 and assuming

each simple event is as likely as any other, jind the prohability of the sum of

the dots in Problems 23-32:

21. Being 2 22. Being 10

23. Being 6 24. Being 8

25. Being less than 5 26. Being greater than 8
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27.



9-5 Empirical Probability 515

48.

men. Three are to be selected at random and sent to New York, and
two are to be selected at random and sent to Los Angeles. The remain-

ing two people will not be hired at this time. What is the probability

that three men go to New York and two women go to Los Angeles?

Personnel selection. Repeat Problem 47 if the pool of seven qualified

salespeople is composed of four women and three men.

Life Sciences 49. Medicine. A prospective laboratory technician is to be tested on
identifying blood types from eight standard classifications. If three

different samples are chosen at random from the eight types, what is

the probability that the technician could identify these correctly by

just guessing?

50. MedicaJ research. Because of limited funds, five research centers are

to be chosen out of eight suitable ones for a study on heart disease. If

the selection is made at random, what is the probability that five

particular regions will be chosen?

Social Sciences 51. Membership selection. A town council has 11 members, 6 Democrats
and 5 Republicans.

(A) If the president and vice-president are selected at random, what
is the probability that they are both Democrats?

(B) If a three-person committee is selected at random, what is the

probability that a majority are Republicans?

9-5 Empirical Probability

Theoretical versus Empirical Probability

Statistics versus Probability Theory

Law of Large Numbers

Theoretical versus Empirical Probability

In the last section we indicated that probability assignments are made for

events in a sample space in two common ways, theoretical and empirical.

Let us look at another example and compare the two approaches.

There are 20,000 students registered in a state university. Students are

legally either state residents, out-of-state residents, or foreign residents.

What is the probability that a student chosen at random is a state resident?

An out-of-state resident? A foreign resident? How do we proceed to find

these probabilities?
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Theoretical Approach

Empirical Approach

Suppose resident information is available in the registrar's office and can be

obtained from a computer printout. Requesting the printout, we find

State residents (EJ

Out-of-state residents (E2

Foreign residents (E3)

12,000

5,000

3,000

20,000 = N

Looking at the total structure, we reason as follows: We choose the total

register of registered students with resident status indicated as our sample

space S. We assume one student is as likely to be chosen as another in a

random sample of one. Thus, we assign the probability ^j;^ to each simple

event in S. This is an acceptable assignment. Under the equally likely

assumption.

P{E,) =

P(E,) =

P(E3) =

n(EJ

n(S)

n(E,]

n(S)

nlEJ

n(S)

12,000

20,000

5,000

20,000

3,000

20,000

= .60

= .25

.15

Our approach here is analogous to that used in assigning a probability of J to

the drawing of a heart in a single draw of one card from a 52 card deck.

Suppose residency status was not recorded during registration and the

information is not available through the registrar. Not having the time,

inclination, or money to interview each student, we choose a random

sample of 200 students and find:

State residents

Out-of-state residents

Foreign residents

128

47

25

200

It would be reasonable to say that

1 9ft

P(E,) = = .640
' 200

P(E,
47

200

25

= .235

P(E3) = =.125
^ ^' 200

As we increase the sample size, our confidence in the probability assign-

ments would likely increase. We refer to these probability assignments as
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approximate empirical probabilities and use them to approximate the

actual probabilities for the total population.

In general, if we conduct an experiment n times and an event E occurs

with frequency /(E), then the ratio /(E)/n is called the relative frequency

of the occurrence of event E in n trials. We define the empirical probability

of E, denotedby P(E),by the number (if it exists) that the relative frequency

/(E)/n approaches as n gets larger and larger. Of course, for any particular

n, the relative frequency /(E)/n is generally only approximately equal to

P(E). However, as n increases in size, we would expect the approximation

to improve.

Empirical Probability Approximation

^ Frequency of occurrence of E _ /(E)

Total number of trials n

(The larger n is, the better the approximation.)

Example 20

Solutions

If equally likely assumptions used to obtain theoretical probability as-

signments are actually warranted, then we would also expect correspond-

ing approximate empirical probabilities to approach the theoretical ones as

the number of trials n of actual experiments becomes very large.

Two coins are tossed 1,000 times with the following frequencies of out-

comes:

2 heads

1 head

heads

200

560

240

(A) Compute the approximate empirical probability for each type of out-

come.

(B) Compute the theoretical probabilities for each type of outcome.

200
(A) P(2 heads) =

P(l head) «

P(0 heads) =

1,000

560

1,000

240

1,000

.20

.56

.24

(B) (See Example 14.;

P(2 heads) = .25

P(l head) = .50

P(0 heads) = .25

Problem 20 One die is rolled 1,000 times with the following frequencies of outcomes:

180

140

152

4
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(A) Calculate approximate empirical probabilities for each indicated out-

come.

(B) Do the indicated outcomes seem equally likely?

(C) Assuming the indicated outcomes are equally likely, compute their

theoretical probabilities.

Example 21 An insurance company selected 1 ,000 drivers at random in a particular city

to determine a relationship between age and accidents. The data obtained

are listed in Table 1. Compute the following approximate empirical proba-

bilities for a driver chosen at random in the city:

(A) Of being under 20 years old and having three accidents in 1 year (E,)

(B) Of being 30-39 years old and having one or more accidents in 1 year

(C) Of having no accidents in 1 year (E3)

(D) Of being under 20 years old or having three accidents in 1 year (EJ

Table 1
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(B) Of being 20-29 years old and having fewer than two accidents in 1

year (EJ

(C) Of not being over 49 years old (E3)

Approximate empirical probabilities are often used to test theoretical
probabilities. As we said before, equally likely assumptions may not be
justified in reality. In addition to this use, there are many situations in
which it is either very difficult or impossible to compute the theoretical
probabilities for given events. For example, insurance companies use past
experience to establish approximate empirical probabilities to predict the
future, baseball teams use batting averages (approximate empirical proba-
bilities based on past experience) to predict the future performance of a
player, and pollsters use approximate empirical probabilities to predict
outcomes of elections.

Statistics versus Probability Theory

We are now entering the area of mathematical statistics, which we will not
pursue too far in this book. Mathematical statistics is a branch of mathe-
matics that draws inferences about certain characteristics of a total popula-
tion, called population parameters, based on corresponding characteristics
of a random sample from the population. In general, a population is the set
containing every element we are describing (all people in a school, all

flashbulbs produced by a given company using a particular type of manu-
facturing process, all flips of a certain coin, or all rolls of a certain die). A
sample is a subset of a population. The population size, if finite, is denoted
by N; the sample size is denoted by n. [Except when the sample is a census
(the whole population), n is less than N,]

Because samples are used to draw inferences about the total population,
it is desirable that a sample be representative of the population, that is, that
various population characteristics are proportionately represented in the
sample. Random samples are those in which each element of the popula-
tion has the same probability of being chosen for the sample. Much statisti-

cal theory is based on random samples.

Statistics starts with a known sample and proceeds to describe certain
characteristics of the total population that are not known. [For example, in
Example 21 the insurance company used the approximate empirical prob-
ability .035 (computed from the sample) as an approximation for the actual
probability of a person drawn at random from the total population being
under 20 years old and having three accidents in one year,]

Probability theory, on the other hand, starts with a known composition
of a population and from this deduces the probable composition of a
sample. [For example, knowing the composition of a standard deck of 52
cards, we can (assuming each 5 card hand has the same probability of being
dealt as any other) deduce that the probability of being dealt a flush (5 cards
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Answers to

Matched Problems

of the same suit) is given by 4C135/C52.5 = .00198.] In short, statistics

proceeds from a sample to the population, while probability theory pro-

ceeds from a population to a sample.

Law of Large Numbers

How does the approximate empirical probability of an event determined

from a sample relate to the actual probability of the event relative to the

total population? In mathematical statistics an important theorem, called

the law of large numbers (or the law of averages), is proved. Informally, it

states that the approximate empirical probability can be made as close to

the actual probability as we please by making the sample sufficiently large.

For example, if we roll a fair die a large number of times, we would

expect to get each number about (not exactly) J of the time. The law of large

numbers states (informally) the greater the number of times we roll a fair

die, the closer the relative frequency of the occurrence of a given number
will be to I [or if the die is not fair (and no die can be absolutely fair), then

the closer the relative frequency of the occurrence of a given number will

be to the actual probability of the occurrence of that number],

20. (A) P(l) = .180, P(2) = .140, P(3) = .152, P(4) = .138, P(5) = .175,

P(6) = .215

(B) No (C) i = . 167 for each

21. (A) P{E,) .05 (B) P(E2) = .157

(C) P(E3) == .82 or P(E3) = 1 - P(E^) = 1 - .18 = .82

Exercise 9-5

A ski jumper has jumped over 300 feet in 25 out of 250 jumps. What is

the approximate empirical probability of the next jump being over

300 feet?

In a city there are 4,000 youths between 16 and 20 years old who drive

cars. If 560 of them were involved in accidents last year, what is the

approximate empirical probability of a youth in this age group being

involved in an accident this year?

Out of 420 times at bat, a baseball player gets 189 hits. What is the

approximate empirical probability that the player will get a hit next|

time at bat?
'

In a medical experiment, a new drug is found to help 2,400 out of 3,000

1

people. If a doctor prescribes the drug for a particular patient, what is

the approximate empirical probability that the patient will be helped?

:
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5. A thumbtack is tossed 1,000 times with the following outcome fre-

quencies:
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10. Toss three coins 50 times and compute the approximate empirical

probability for three heads, two heads, one head, and no heads,

respectively.

11. If four fair coins are tossed 80 times, what is the expected frequency of

four heads turning up? Three heads? Two heads? One head? No
heads? (See Problem 8 above for a definition of expected frequency.)

12. Actually toss four coins 80 times and tabulate the frequencies of the

outcomes indicated in Problem 11. What are the approximate empiri-

cal probabilities for these outcomes?

Applications

Business & Economics 13. Market analysis. A company selected 1,000 households at random and

surveyed them to determine a relationship between income level and

the number of television sets in a home.
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Life Sciences

(C) Of a household earning less than $10,000 per year or owning two

television sets.

(D) Of a household not owning more than three television sets.

15. Genetics. A particular type of flowering plant has the following possi-

ble colors:

Genes

RR
RW
WW

Flowers

Red
Pink

White

If two pink plants are crossed, the theoretical probabilities associated

with each possible flower color are determined by the table:

Pink-Flowered

Plant

R
W

Pink-Flowered

Plant

R W
RR
WR

RW
WW

P(Red) = i

P(Pink) = i

P(White) = i

In an experiment, 1,000 crosses were made with pink flowered plants

with the following results:

Red
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Compute the approximate empirical probabilities:

(A) Of a woman being 21-25 years old on her first marriage and

having a total of three marriages

(B) Of a woman being 18-20 years old on her first marriage and

having more than one marriage

(C) Of a woman being under 18 on her first marriage or having two

marriages

(D) Of a woman not being over 30 on her first marriage

9-6 Union, Intersection, and Complement of Events

Union and Intersection

Complement of an Event

Applications to Empirical Probability

Recall that in Section 9-4 we said that given a sample space

S = {e,,e2, . . . ,ej

any function P defined on S such that

0«P(ei)«l i = l, 2 n

and

P(e,) + P(e,) + - • • + P(eJ = l

is called a probability /unction. In addition, we said that any subset of S is

called an event E, and we defined the probability of E to be the sum of the

probabilities of the simple events in E.

Example 22

Union and Intersection

Let us start the discussion of union and intersection with an example.

Consider the sample space of equally likely events for the rolling of a single

fair die

S={1, 2, 3,4, 5, 6}

(A) What is the probability of rolling an even number or a 3?

(B) What is the probability of rolling a number that is odd and exactly

divisible by 3?
'

(C) What is the probability of rolling a number that is odd or exactly

divisible by 3?

Solutions (A) Let Abe theevent of rolling an even number, B the event of rolling a 3,'
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and E the event of rolling an even number or a 3. Then

A = {2, 4, 6} B = {3} £ = {2,3,4,6}

Now let us look at events A, B, and E in the Venn diagrams:

C^
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Problem 22 Use the sample space in Example 22 to answer the following:

(A) What is the probability of rolling a number that is less than 3 or

greater than 4?

(B) What is the probability of rolling an odd number and a prime number?

(C) What is the probability of roUing an odd number or a prime number?

In general, ifA and B are two events in a sample space, the eventA or B is

defined to be the union ofA and B and the event A and B is defined to be the

intersection of A and B.

In this section we shall concentrate on the union of events and only

consider simple cases of intersection.

Suppose

E = AUB

Can we find P(E) in terms of A and B? The answer is almost yes, but we

must be careful. There are two cases to be considered:

Case 1. Events A and B are mutually exclusive; that is, A n B = 0.

Case 2. Events A and B are not mutually exclusive; that is, A n B # 0.

(3D
Casel AnB = Case 2 A n B #

In case 1 , since E = A U B andA D B = 0, to find P(E) we just add the sum of}

the probabilities of the elements in A to the sum of the probabilities of the
J

elements in B. But this is the same as adding P(A) to P(B):
j

IfAnB = 0, then

P(A U B) = P(A) + P(B) (1)

In case 2, if we simply added the probabilities of the elements in A to the,

probabilities of the elements in B, we would be adding some of the proba-

bilities twice, namely those for elements that are in both A and B. Tc|

compensate for this double counting, we subtract P(A n B) from equatiorj
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(1) to obtain the following:

IfAnB¥=0, then

P(A U B) = PIA] + P(B] - P[A n B] (2)

Example 23

SoJutions

[Note: Formula (2) holds for both cases. (Why?)]

To illustrate the difference between these two cases, let us return to

Example 22. In Example 22A, we saw that

A = {2, 4, 6} B = {3) AUB = {2, 3. 4, 6}

Suppose we compute P(A) + P(B) and P(A U B) and compare them:

P(A) + P(B) = [P(2) + P(4) + P(6)] + P(3) = I

P(A U B) = P(2) + P(3) + P(4) + P(6) = f

As equation (1) indicates, P{A U B) = P(A) + P(B) when A n B = 0. Now
consider Example 22B, where

A = {1,3, 5} B = {3, 6} AUB = {1, 3, 5, 6} A n B = {3}

Once again, let us compare P[A) + P[B) and P{A U B):

P(A) + P(B) = [P(l] + P(3) + P(5)] + [P13) + P(6)] = Ib

P(A U B) = P(l) + P(3) + P(5) + P(6) = -
6

Notice that P(3) = P(A n B) shows up twice in the sum for PIA) + P(B) but

only once in the sum for P(A U B). Thus, we must subtract P(A n B) from

P(A] + P{B] when A n B ^ 0.

In the experiment of rolling two dice, use the equally likely sample space of

ordered pairs shown in Figure 1 (Example 12, Section 9-4) to answer the

following:

(A) What is the probability that a 7 or 11 turns up?

(B) What is the probability that both dice turn up the same or that a sum
less than 5 turns up?

(A) IfA is the event that a 7 turns up and B is the event that anil turns up,

then the event that a 7 or 11 turns up is A U B where

A = {(1,6), (2, 5), (3,4), (4, 3), (5, 2), (6, 1))

and

B = {(5, 6), (6, 5)}
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the sum is exactly divisible by 4. Then

A = {2, 3, 5, 7, 11) and P(A) = P{2) + P(3) + P(5) + P(7) + P(ll)

= .01 + .03 + .07 + .15 + .08

= .34

B = {4, 8, 12} and P(B) = P(4) + P(8) + P(12)

= .05 + .17 + .07

= .29

Since A n B = 0, the probability that the sum is a prime number or

exactly divisible by 4 is

P(AUB) = P(A) + P(B)

= .34 + .29

= .63

(B) Let A be the event that the sum is an odd number and B the event that

the sum is exactly divisible by 3.

A = {3, 5, 7, 9, 11} and P(A) = P(3) + P(5) + P(7} + P(9) + P[ll)

= .03 + .07 + .15 + .14 + .08

= .47

B = {3, 6, 9, 12} and P(B) = P(3) + P(6) + P(9) + P(12)

= .03 + .11 + .14 + .07

= .35

AnB = {3, 9} and P(A n B) = P(3} + P(9)

= .03 + .14

= .17

Using equation (2), the probability that the sum is an odd number or

exactly divisible by 3 is

P(A U B) = P(A) + P(B) - P(A n B)

= .47 + .35 -.17 »

= .65

Problem 24 Use the empirical probability function in Example 24 to calculate the

probability of the following events:

(A) The sum is less than 4 or greater than 9.

(B) The sum is even or exactly divisible by 5.
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ire 4

E'

Complement of an Event

Suppose we divide a finite sample space

S = {e, e„]

into two subsets E and E' such that

EnE' =

that is. E and E' are mutually exclusive, and

EU£' = S

Then E'is called the complement ofE relative to S. Thus, E' contains all the

elements of S that are not in E (Fig. 4). Furthermore,

P(S) = P(EUE')

= P(E] + P(E') = 1

Hence,

Complements

P(E) = 1 -P(E')

P[E'] = 1 - P(E)
(3)

Example 25 If the probability of rain is .67, then the probability of no rain is

1 — .67 = .33; if the probability of striking oil is .01 , then the probability of

not striking oil is .99; and so on.

Problem 25 If the probability of having at least one boy in a two-child family is .75, what

is the probability of having no boys?

As was stated in Section 9-4, in finding P(E). there are situations in which

it is easier to find P(E') first, and then use equations (3) to find P(E].

Consider the following example.

Example 26 What is the probability of getting at least one diamond in a 5 card hand

dealt from a 52 card deck?

Solution S = Set of all 5 card hands

E = Set of all 5 card hands with at least 1 diamond

E' = Set of all 5 card hands with diamonds

Since P(E') is easier to compute than P{E), we calculate it first and then use
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Problem 26

equations (3) to find P(E):

P(E') =
n(E') _ ^39.5

.22

Thus,

P(E) = 1 - P(E') == 1 - .22 = .78

What is the probability of getting at least one ace in a 5 card hand dealt from

a 52 card deck?

Example 27

Birthday Problem

Solution

In a group of n people, what is the probability that at least two people have

the same birthday (the same month and day excluding leap years)? (Make a

guess for a class of 40 people, and check your guess with the conclusion of

this example.)

Ifwe form a list of the birthdays of all the people in the group, then we have

a simple event in the sample space

S = Set of all lists of n birthdays

For any person in the group, we will assume that any birthday is as likely as

any other, so that the simple events in S are equally likely. How many

simple events are in the set S? Since any person could have any one of 365

birthdays (excluding leap years), the fundamental principle of counting

implies that the number of simple events in S is

1st 2nd 3rd nth

person person person person

n(S) = 365 • 365 • 365 365

= 365"

n(E')

Now, let E be the event that at least two people in the group have the same

birthday. Then E' is the event that no two people have the same birthday.

The fundamental principle of counting can be used to determine the

number of simple events in E':

1st 2nd 3rd nth

person person person person

365 • 364 • 363 (366 - n)

365 • 364 • 363 (366 - n)(365 - n)(364 - n)

(365 - n)(364 - n)

365!

(365

Multiply numerator

and denominator

by (365 - n)!
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Since we have assumed that S is an equally likely sample space,

_365!
nfR'l Tii

P{E')=-
^/^_"(E'] _ (365-n]! _ 365!

n{S) 365" 365''(365 - n)!

Thus,

P{E) = 1 -P(E')

365!= 1 (41
365"(365-n)! ^

'

Equation (4) is valid for any n satisfying 1 « n « 365. [What is P(E] if

n > 365?] For example, in a group of six people,

365!
P(E] = 1

= 1

(365)^359!

2^ • 364 • 363 • 362 • 361 • 360 • 359!

-365 • 365 • 365 • 365 • 365 • 365 • 359!

= .04

It is interesting to note that as the size of the group increases, P(E] increases

more rapidly than you might expect. Table 2 gives the value of P(E) for

selected values of n. Notice that for a group of only twenty-three people,

the probability that two or more have the same birthday is greater than |.

Table 2 The Birthday Problem

Number of People
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Example 28

Solutions

selected sample from a total population. In this situation, the distinction

between theoretical and empirical probabilities is a subtle one. If we use

the data to assign probabilities to events in the sample population, we are

dealing with theoretical probabilities. If we use the same data to assign

probabilities to events in the total population, then we are working with

empirical probabilities. (See the discussion at the beginning of Section 9-5).

Fortunately, the procedures for computing the probabilities are the same in

either case, and all we must do is be careful to use the correct terminology.

In the following discussions, we will use empirical probability to mean the

probability of an event determined by a sample that is used to approximate

the probability of the corresponding event in the total population.

From a survey involving 1,000 people in a certain city, it was found that 500

people had tried a certain brand of diet cola, 600 had tried a certain brand

of regular cola, and 200 had tried both brands. If a resident of the city is

selected at random, what is the (empirical) probability that:

(A) He or she has tried the diet or the regular cola?

(B) He or she has tried one of the colas but not both?

Let D be the event that a person has tried the diet cola and R the event that a

person has tried the regular cola. The events D and R can be used to

partition the residents of the city into four mutually exclusive subsets (a

collection of subsets is mutually exclusive if the intersection of any two of

them is the empty set):

D n R = Set of people who have tried both colas

D n R ' = Set of people who have tried the diet cola but not the regular

cola

D' n R = Set of people who have tried the regular cola but not the diet

cola

D' n R ' = Set of people who have not tried either cola

These sets are displayed in the Venn diagram in Figure 5.

D/-^
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The sample population of 1,000 residents is also partitioned into four

mutually exclusive sets, with n(D) = 500, n(R) = 600, and n(D n R) = 200.

By using a Venn diagram (Fig. 6), we can determine the number of sample
points in the sets D n R ', D' n R, and D' n R ' (see Example 5 in Section 1-1).

These frequencies can be conveniently displayed in a table:
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Problem 28 If a person is selected at random from the city in Example 28, what is the

(empirical) probability that:

(A) He or she has not tried either cola?

(B) He or she has tried the diet cola or has not tried the regular cola?

Example 29 The data in the table were obtained by surveying 1,000 residents of a state

concerning their political affiliations and their preferences in an upcoming

gubernatorial election. If a resident of the state is selected at random, what

is the (empirical) probability that the:

(A) Resident is not affiliated with a political party or has no preference?

(B) Resident is affiliated with a political party and prefers candidate A?



Problem 29
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Use the data in the survey in Example 29 to find the (empirical) probabiHty
that a resident of the state selected at random is:

(A) A Democrat or prefers candidate B
(B) Not a Democrat and has no preference

Answers to

Matched Problems
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B Use the equally likely sample space in Example 23 and equation (Ij or (2],

indicating which is used, to compute the probabiJify of the following events:

19. A sum of 5 or 6 20. A sum of 9 or 10

21. The number on the first die is a 1 or the number on the second die

is a 1.

22. The number on the first die is a 1 or the number on the second die is

less than 3.

Use the sample space and probabiiity function in Example 24 and equation

{!] or [2], indicating which is used, to find the empirical probability of the

following events:

23. The sum is exactly divisible by 4 or exactly divisible by 5.

24. The sum is odd or exactly divisible by 6.

25. The sum is an odd number or a prime number.

26. The sum is even or exactly divisible by 4.

In drawing single card from a deck of 52 cards, use equation (1), (2). or (3),

indicating which is used, to determine the probability of drawing:

27. A king or a queen 28. A spade or a heart

29. A king or a heart 30. A 10 or a club

31. A black card (spade or club) or an ace

32. A heart or a number less than 3 (count an ace as 1)

33. A card other than a king or ace

34. A card other than a spade or king

Two spinners are each numbered from 1 to 4. On both spinners, each

number is as likely to occur as any other. An experiment consists o/ spin-

ning each dial once. Find the probability that:

35. The dials stop at two numbers whose sum is 2 or 3.

36. The dials stop at two numbers whose sum is 5 or 6.

37. Both dials stop at the same number or the first dial stops at the num-

ber 2.

38. The first dial stops at 1 or the second dial stops at 2.

Given a sample space S, an event E, and its complement E', we dejine

Odds in favor of E = -^^ P(E')^0
P(E')

P(E'1
Odds against E = -^—^ P(E) #

For example, the odds in favor of rolling a 3 in a single roll of a fair die is

(Wis} = 5. or 1 to 5; and the odds against rolling a 3 is 5 to 1. Compute the
,

odds in favor of obtaining:

39. A head in a single toss of a coin

40. A number divisible by 3 in a single roll of a die
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41. At least one head when a single coin is tossed three times

42. One head when a single coin is tossed twice

Compute the odds against obtaining:

43. A number greater than 4 in a single roll of a die

44. Two heads when a single coin is tossed twice

45. A 3 or an even number in a single roll of a die

46. An odd number or a number divisible by 3 in a single roll of a die

If the odds in favor of an event E are a to b, then PfE) = a/(a + b). For

example, if the odds in favor of a horse winning a race are 2 to 3, then the

probability that the horse wins is 2/(2 + 3) = f . Compute the probability of

the event E if:

47. The odds in favor of E are 5 to 9.

48. The odds in favor of E are 4 to 3.

49. The odds in favor of E' are 2 to 7.

50. The odds in favor of E' are 11 to 9.

51. In a group of n people (n ^ 12), what is the probability that at least two

of them have the same birth month? (Assume any birth month is as

likely as any other.)

52. In a group of n people (n « 100), each person is asked to select a

number between 1 and 100. write the number on a slip of paper, and

place the slip in a hat. What is the probability that at least two of the

slips in the hat have the same number written on them?

53. If the odds in favor of an event E occurring are a to b, show that

P(E) =
a + b

[Hint; Solve the equation P(E)/P(E') = a/b for P(E].]

54. IfP(E) = c/d, show that the odds infavor of E occurring are c tod — c.

Applications

Business & Economics 55. Market research. From a survey involving 1,000 students at a large

university, a market research company found that 750 students

owned stereos, 450 owned cars, and 350 owned cars and stereos. If a

student at the university is selected at random, what is the (empirical)

probability that:

(A) The student owns either a car or a stereo?

(B) The student owns neither a car nor a stereo?

56. Market research. If a student at the university in Problem 55 is

selected at random, what is the (empirical) probability that:

(A) The student does not own a car?

(B) The student owns a car but not a stereo?
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57. Insurance. By examining the past driving records of drivers in a

certain city, an insurance company has determined the (empirical)

probabiUties in the table below.
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Social Sciences

person using the drug will suffer both a loss of appetite and a loss of

sleep?

62. Medicine. Thirty animals are to be used in a medical experiment on

diet deficiency: three male and seven female rhesus monkeys, six

male and four female chimpanzees, and two male and eight female

dogs. If one animal is selected at random, what is the probability of

getting:

(A) A chimpanzee or a dog?

(B) A chimpanzee or a male?

(C) An animal other than a female monkey?

63. SocioJog\'. A group of five Blacks, five Asians, five Latinos, and five

Whites were used in a study on racial influence in small group

dynamics. If three people are chosen at random, what is the probabil-

ity that at least one is Black? [Hint: See Example 26.]

64. PoJiticaJ science. In Example 29 suppose that candidate A is a Demo-
crat and candidate B is a Republican. If a resident of the state is

selected at random, what is the (empirical) probability that he or she is

a member of a political party and prefers the candidate of the other

party?

9-7 Chapter Review

Important Terms

and Symbols

9-2

9-3

9-4

9-5

The fundamental principle of counting, tree diagram, fundamental

principle of counting

Permutations, combinations, and set partitioning, n factorial, zero

factorial, permutation, permutations of n objects, permutation of n

objects taken r at a time, combination, combination of n objects taken

r at a time, set partitioning,

n!
n(n-l)(n-2) " '2 • 1. Pn.r = -

r)!

"' \tJ r!(n-r)!' \r,,r,.. . , , rJ r,!r,! •

Tk!

Experiments, sample spaces, and probability of an even!, determinis-

tic experiment, random experiment, sample space, sample point,

simple outcome, compound outcome, finite sample space, infinite

sample space, event, simple event, compound event, probability of an

event, acceptable probability assignment, probability function,

equally likely assumptions, P(E)

Empirical probabilitx'. approximate empirical probability, empirical

probability, relative frequency, population parameters, population.
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sample, representative sample, random sample, law of large numbers

(or law of averages), expected frequency, P(F), f(E)/n

9-6 Union, intersection, and complement of events, event A or event B,

event A and event B, mutually exclusive, complement of an event,

AUB, AHB, P(AUB) = P(A) + P(B) if A n B = 0, P(A U B) =

P(A) + P(B) - P(A n B) if Ann 1^0. A', P(A') = 1-P(A)

Exercise 9-7 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisfied that you know the material, take the practice test following

this review.

1. If one spinner can land on either red or green and a second spinner

can land on the number 1, 2, 3, or 4, how many combined outcomes

are possible? Solve by using a tree diagram.

2. Solve Problem 1 using the fundamental principle of counting.

3. Evaluate Cg 2 and Pe 2-

4. A spinner lands on R with probability .3, on G with probability .5, and

on B with probability .2. What is an appropriate sample space S? Find

the probability of the spinner landing on either R or G.

5. A drug has side effects for 50 out of 1,000 people in a test. What is the

approximate empirical probability that a person using the drug will

have side effects?

6. IfA and B are events in an equally likely sample space S and P(A) = .3,

P(B) = .4, and P(A n B) = .1, find:

(A) P(A') (B) P(AUB) I

7. How many different five-child families are possible where the sex of

each child in the order of their birth is taken into consideration [that

is, birth sequences such as (B, G, G, B, B) and (G, B, G, B, B) produce

different families]? How many families are possible if the order pat-
j

tern is not taken into account?
|

8. How many seating arrangements are possible with six people and six i

chairs in a row? Solve by using the fundamental principle of counting.

)

9. Solve Problem 8 using permutations or combinations, whichever is;

applicable.
'

10. How many ways can eight people be divided into four two-player,

bridge teams?
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11. In a single draw from a 52 card deck, what is the probability of

drawing:

(A) A jack or a queen? (B) A jack or a spade?

(C) A card other than an ace?

12. A pair of dice are rolled. The sample space is chosen as the set of all

ordered pairs of integers taken from{l, 2, 3, 4, 5, 6}. What is the event

A that corresponds to the sum being divisible by 4? What is the event

B that corresponds to the sum being divisible by 6? What are P[A),

P{B), P[A n B), and P[A U B)?

13. Each letter of the first ten letters of the alphabet is printed on one of

ten different cards. What is the probability of drawing the code word

dig by drawing d on the first draw, i on the second draw, and g on the

third draw? What is the probability of being dealt a three-card hand

containing the letters d, i, and g in any order?

14. Two coins are flipped 1,000 times with the following frequencies:

2 heads 210

1 head 480

heads 310

(A) Compute the empirical probability for each outcome.

(B) Compute the theoretical probability for each outcome.

(C) Compute the expected frequency of each outcome, assuming fair

coins.

15. Market analysis. From asurvey of 100 residents of a city, it was found

that 40 read the daily morning paper, 70 read the daily evening paper,

and 30 read both papers. What is the (empirical) probability that a

resident selected at random:

(A) Reads a daily paper?

(B) Does not read a daily paper?

(C) Reads exactly one daily paper?

16. Personnel selection. A software development department consists of

six women and four men.

(A) How many ways can they select a chief programmer, a backup

programmer, and a programming librarian?

(B) If the positions in part A are selected by lottery, what is the

probability that women are selected for all three positions?

(C) How many ways can they select a team of three programmers to

work on a particular project?

(D) If the selections in part C are made by lottery, what is the

probability that a majority of the team members will be women?

17. Membership selection. A mathematics department has 12 members.

The department wants to form a curriculum committee with 5
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18.

19.

20.

21.

22.

23.

members, an executive committee with 3 members, and a textbook

selection committee with 4 members. Each faculty member will serve

on one committee. How many ways can these committees be formed?

How many three-letter code words are possible using the first eight

letters of the alphabet if no letter can be repeated? If letters can be

repeated? If adjacent letters cannot be alike?

From a standard deck of 52 cards, how many 5 card hands have

exactly 3 hearts and 2 clubs?

What is the probability of being dealt 5 clubs from a deck of 52 cards?

A person tells you that the following approximate empirical proba-

bilities apply to the sample space {61,62,63,64}: P(ei) = .1,

Pt^z) °° ~-2, P(e3) = .6, P(eJ = 2. There are three reasons why P can-

not be a probability function. Name them.

A group of ten people includes one married couple. If four people are

selected at random, what is the probability that the married couple is

selected?

If each of five people is asked to identify his or her favorite book from a

list of ten best-sellers, what is the probability that at least two of them

identify the same book?

Practice Test: Chapter 9

1. A single die is rolled and a coin is flipped. How many combined

outcomes are possible? Solve:

(A) By using a tree diagram

(B) By using the fundamental principle of counting

2. Solve the following problems using P„^ or €„/.

(A) How many three-digit opening combinations are possible on a

combination lock with six digits if the digits cannot be repeated?

(B) Five tennis players have made the finals. If each of the five

players is to play every other player exactly once, how many

games must be scheduled?

3. Why are the following probability assignments for the sample space

{61, 62, 63, 64} not possible?

P(e,) = .3 P[e,] = -.2 P(e3) = 1.2 P(64) = .1

4. Betty and Bill are members of a 15-person ski club. If the president

and treasurer are selected by lottery, what is the probability that Betty

will be president and Bill will be treasurer? (A person cannot hold

more than one office.)
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5. From a standard deck of 52 cards, what is the probability of obtaining

a 5 card hand:

(A) Of all diamonds? (B) Of 3 diamonds and 2 spades?

Write answers in terms of €„, or P^^; do not evaluate.

6. Three fair coins are tossed 1,000 times with the following frequencies

of outcomes:

7.

10.

Number of Heads
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10-1 Introduction

How do algebra and calculus differ? The two words static and dynamic

probably come as close as any in expressing the difference between the two

disciplines. In algebra, we solve equations for a particular value of a

variable— a static notion. In calculus, we are interested in how a change in

one variable affects another variable— a dynamic notion.

Figure 1 illustrates three basic problems in calculus. It may surprise you

to learn that all three problems— as different as they appear— are mathe-

matically related. The solutions to these problems and the discovery of

their relationship required the creation of a new kind of mathematics. Isaac

Newton (1642-1727) of England and Gottfried Wilhelm von Leibniz (1646-

1716) of Germany simultaneously and independently developed this new

mathematics, called the calculus— it was an idea whose time had come.

In addition to solving the problems described in Figure 1, calculus will

Tangent line

Velocity

here

(A) Find the equation of the

tangent line at (x,, y,)

given y = f(x)

Figure 1

(B) Find the instantaneou.s

velocity of a falling

object

(C) Find the indicated area

bounded by y = g(x), x

X = b, and the x axis

550



10-2 Limits and Continuity 551

enable us to solve many important problems. Until fairly recently, calculus

was used primarily in the physical sciences, but now, people in many other

disciplines are finding it a useful tool.

10-2 Limits and Continuity

Limit

One-Sided Limits

Properties of Limits

Continuity

Application

Basic to the study of calculus are the concepts of limit and continuity.

These concepts help us to describe, in a precise way, the behavior of /(x)

when X is close to but not equal to a particular value c. And as we will soon

see, they are fundamental to the two main topics of calculus— the deriva-

tive and the integral. In our discussion, we will concentrate on concept

development and understanding rather than on the formal details.

Limit

We introduce the concept of limit through a problem that goes back to early

Grecian times. The problem concerns estimating the circumference of a

circle using perimeters of regular polygons inscribed in the circle. Figure 2

illustrates three-sided, six-sided, and twelve-sided regular polygons in-

scribed in a circle. It appears that if we continue to double the number of

sides of an inscribed regular polygon, we can make the perimeter as close to

the circumference of the circle as we like. We say that the circumference C

Three-sided

regular

polygon

Figure 2

Six-sided

regular

polygon

Twelve-sided

regular

polygon
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of the circle is the "limit" of the perimeter of the inscribed regular polygon

as the number of sides increases without bound. Archimedes, a Greek

mathematician and inventor (287 -21 2 B.C.), approximated the value of TT as

the "limit" of perimeters of inscribed regular polygons in a circle with

diameter D = 1, (Recall that C = ttD. If D = 1, then n = C.)

We now turn to another geometric example that will have far-reaching

consequences in the whole development of calculus. Consider the graph of

f(x) = x^, a parabola, and the slope of the line through the point (2, 4) and

another arbitrary point (x, x^) on the graph (see Figure 3). A line through

Figure 3

two points on a graph is called a secant line. The formula for the slope of the

hne passing through (Xj, yj and (X2, yz) is

Vz-

Xn Xl
X, =^ X2 See Section 5-1.

Thus, the slope of the secant line through (2, 4) and (x, x^) is given by

v2 — A

Slope of secant line = m^ =
x-2

It is clear that x cannot equal 2 (0/0 is meaningless); but what happens to

m^ when x approaches 2 from either side of 2? Let us investigate this

question using a calculator experiment. Table 1 shows the secant line

Table 1
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slopes jTis for values of x approaching 2 from the left and for values of x

approaching 2 from the right. It appears that m, approaches 4 {m^ —» 4) as x

approaches 2 (x —» 2) from either side of 2, and the closer x is to 2. the closer

m^ will be to 4. We say that 4 is the "limit" of m, as x approaches 2 and write

, x2-4
Iim = 4
x-2 x-2

As X approaches 2, (x- — 4)/{x — 2) approaches 4, and it is this number 4

that we call the "limit," even though (x^ — 4)/(x — 2] is not defined at

x = 2.

In Figure 3 we associate 4 with the slope of the "tangent line" to the

graph at (2, 4). ("Tangent line" will be carefully defined in the next two

sections.)

We now state an informal definition of the limit of a function / as x

approaches a number c. A precise definition will not be needed for our

discussion, but one is given in the footnote.*

Limit (Informal Definition)
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With a little algebraic ingenuity, this result is obtained almost as easily as

the preceding one. Factoring the numerator, we have

4 (*—2)(x + 2)

x-2

Thus,

(*—2)

x + 2 x#2

lim—
X—2 X

— = lim (x + 2) = 4
2 x—2

Remember

A function / does not have to be defined at

order for a limit to exist as x approaches c.

must be defined on both sides of c.
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Example 1 For /(x) = |x|/x, find

(A) lim /(x) (B) lim /(x) (C) lim/(x)
x—*0- x—'0+ X—•O

Solutions We start by sketching a graph of/:

/(x)
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Theorem 2

Properties of Limits

We now turn to some basic properties of limits that will enable us to

evaluate limits of a rather large class of functions without resorting to

geometric figures and graphs. We state some important properties without

proof in Theorem 2.

Properties of Limits

If k and c are constants, n is a positive integer, and

lim/(x)=A limg(x) = B
x—*c x-*c

then:

1. limk = k
x-~*c

2. Urn kf(x] = k lim f (x) = kA

3. lim [fix] ± g(x)] = lim /(x) ± lim g(x) = A ± B
X—"C X—"C X—»c

4. If P is a polynomial function, then lim P(x) = P{c]
x—*c

5. lim [/(x)-g(x)] = [lim /(x)][lim g(x)] = AB
X—'C X—'C X—'C

fix}
^™-^(^) A

X-.C g(x) limg(x) B
x~*c

7. lim "V/M = r/lim/(x) = VA

(x is restricted to avoid even roots of negative numbers)

[Note; These properties also hold for one-sided limits.]

Example 2 Use the properties of limits to evaluate each limit.

(A) lim (3x5 _ 2x2 + 2x-l) = 3{2f - 2(2)2 + 3(3) - 1
X—

2

Use property 4.

93

(B)
x-2 V X^ + 2 V x-2 x^ +

2_x

2

2^ + 2

V6

3

Use properties 7, 6, and 4.

(x^ - 2x)/(x2 + 2) is not

negative for x close to 2

and lim (x^ + 2) # 0.
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Problem 2 Use the properties of limits to evaluate each limit.

(A] lim (2x^-3x^ + 5) (B) lim a/^^^"^-2 X— 1 V 1 - X

Example 3 Use the properties of limits and algebraic manipulation to find each limit if
it exists, for/(x] = (x - l]/{x^ - i).

(A) lim/(x) (B) lim/(x) (C) lim f[x]

Solutions (A) lim

(B) lim

x-1



558 The Derivative

Table 2

X approaches — 1 from the left —» — 1 <— x approaches — 1 from the right

X
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Thus,

,. n/2 + Ax-
hm
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Q

70

60

50

40

J3
B

z

s
I _L

3 6 9 12 15 18 21 24

Hours after midnight

(A) Temperature for a 24-hour period

(continuous, natural behavior)

-^t
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likely to encounter with great frequency. It was designed to illustrate most

of the kinds of points of discontinuity exhibited by various types of func-

tions. Looking at Table 3, we are led to the following precise definition of

continuity:

Continuity

A function / is continuous at the point x = c if

1. lim /(x) exists.

2. /(c) exists.

3. lim/(x)=/(c).
X—»c

A function is continuous on the open interval [a, b) if it is continuous

at each point on the interval.

If one or more of the three conditions in the definition fails, then a function

is discontinuous at x = c. Note that at least one of the conditions fails at

each of the points x = — 1 , 1 , 2, and 3 in Figure 6; as you can see, these are

the points of discontinuity for/.

We can talk about one-sided continuity as we talked about one-sided

limits. For example, a function is said to be continuous on the right at x = c

if lim^^,;* /(x) = /(c) and continuous on the left at x = c if lim^^r fM —

/(c). For example, the function /(x) = \/x is continuous on the half-closed

interval [0, "=), since

lim \/x = Vc c >
X—

c

and

lim ^fx = yfo =

Functions have continuity properties similar to limit properties. For

example, the sum, difference, product, and quotient of two continuous

functions are continuous, except for values of x that make the denominator

in a quotient 0. In addition, we state the following important theorem for

polynomial and rational functions.*

* Rational functions are functions of the form /(x)/g(x) where /(x) and g(x) are

polynomials.
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Theorem 3 Continuity for Polynomial and Rational Functions

Polynomials are continuous for all values of x. Rational functions are

continuous for all values of x for which they are defined— that is, for

all values of x except those which make a denominator 0.

Example 5 For what values of x are the following functions discontinuous?

(A] f(x)=x-3x^+i (B) ^+ ,^_;;^^3)
(C)

X- 1

x^ + 2x - 3

Solutions (A) Continuous for all x

(B) Discontinuous at x = —2, 0, 3

x-1 X-

1

(C)
x2 + 2x-3 (x + 3){x-l)

Discontinuous at x = — 3, 1

Problem 5 For what values of x are the following functions discontinuous?

(A)
x2-5

x(2x - l)(x + 7)

(B) Sx" - 2x' + 3x2 - X (q
x^-g

2x2 + 5x - 3

Application

Example 6

Compound interest

If $1,000 is invested at 12% interest compounded quarterly, the amount in

the account at the end of x months for a 1-year period is given by

F(x)

$1,000 0'Sx<3
1,030 3'Sx<6
1,061 6«x<9
1,093 9«x<12
1,126 12 =x

(A) Graph the function F.

(B) Find Hm^^,- F(x), lim.^j. F(x), and lim.^j F(x).

(C) Find lim,_6 F(x) and F(6).

(D) Is F continuous at x = 6? At x = 7?
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Solutions (A) F(x)

1,150

1,100

1,050

1,000

$1,000 invested at 12%
compounded quarterly

J I I L
12

^x

(B) lim,_3- F(x) = $1,000; lim^^j. F(x) = $1,030; lim.^j F(x) does not

exist

(C) Iim,_6 F(x) does not exist; F(6) = $1,061

(D) No. since lim,_6 F(x) # F(6); yes, since lim,_7 F(x) = $1,061 = F(7)

Problem 6 Use the function F in Example 6.

(A) Find lim^^g F(x), lim.,.^9. F(x), and lim^^i, F(x).

(BJ Findlim,_o. F(x) andF(O).

(C) Is the function F continuous on the right at x = 0?

Answers to

Matched Problems
(A) lim^^o- \/x does not exist

since values to the left of

are not in the domain

of/.

(B) lim,^o^ Vx = 0, since Vx

approaches as x

approaches from the

right.

(C) lim^^o Vx does not exist,

since limj,^,,- Vx +
limx_(,, Vx.

2. (A) 61 (B) V372 or V6/2

3. (A) 1/5 (B) 1/4 (C) Does not exist

4. (A) 5 (B) 1/(2V3) or V3/6

5. (A) x = -7. 0.1/2 (B) Continuous for all x

6. (A) $1,061; $1,093; does not exist

(B) $1,000; $1,000

(C) Yes

(C) x = -3, 1/2
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Exercise 10-2

A Problems ^-12 refer to the function f in the following graph. Use the graph

to estimate limits.

-3 -2 -1
J \ \ )x
1 2 3

'

1.

2.
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15. lim (x^ - 5x)
X—

4

5x

x^2 2 + x^

19. lim (x + l)3(2x - 1)
X—

2

,. x^ - 3x
21. lim

X— X

16. lim (3x'-9)

,. 2x + 5
18. lim

X— 10 3x — 5

20. lim (x + 2)2(2x - 4)
X—

3

22. lim
X—

2x2 + 5jj

Find points of discontinuity {if they exist) for each function.

23. f(x) = 2x - 3 24. g(x) = 3 - 5x

25. h(x)

27. g(x)

x-5
x-5

(x-3)(x + 2)

26. k(x) =

28. F(x) =

x + 3

1

x(x + 7)

B Problems 29-34 refer to the greatest integer function, which is denoted by

[x] and is dejined as follows:

[x] = Greatest integer ^ x

For example,

[-3.6] = Greatest integer =s -3,6 = -4

[2] = Greatest integer s 2 = 2

[2.5] = Greatest integer « 2,5 = 2

The graph of f(x} = [x] is as shown here:

/(x)

4

3

2

1

J \ I L
-1

4—

L

12 3

h- 2 /(x| = |x]

^^
[x] = - 2 for - 2 < X < -

1

[xj = -

1

for - 1 < x <
[xj = for < x < 1

[x] = 1 for 1 < x < 2

[x| = 2 for 2 < x < 3

Find the indicated limits.

29. (A) lim [x] (B) lim [x]
x—2- X—2+

30. (A) lim [x] (B) lim [x]
X—0- X—0+

31. (A) lim [x] (B) lim [x]
X— 1.5- X—-1.5+

(C) lim [x]
x— 2

(C) lim [x]

(C) lim [x]
X—*1 5
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32. (A) lim [x]
x-»2.6-

33. (A) lim [x]
X—

2

34. (A) lim [x]
X—

(B) lim [x]
X— 2.6+

(B) [2] = ?

(B) [0] = ?

(C) lim [X]
X—26

(C) Is [x] continuous

atx = 2?

At x = 2.5?

(C) Is [x] continuous

at X = 0?

Atx = 0.5?

Find each limit, if if exists. (Use algebraic manipulation where necessary.)

35. lim Vx^ - 3x

37. lim
4x-2

39. lim
x-6

X— 2 X + 2

41. lim-
1^2 — V —x-6

-3 x2 - 9

2x^ - 3x + 2
43. lim

x^l X^ + X

,. / X , X- 3 \
45. lim —;— + —

x-3\x + 3 x2-9/

4x-2
47. lim

x-4 X — 4

36.
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Compute

/(2 + Ax)-/{2)
lim
Ax— Ax

for each function in Problems 57-66.

57. f[x] = 3x + 1

59. f(x] = x^ + x

61. /(x) = -3

63. /(x)=-
X

65. /(x) = Vx + 5

Find each limit.

67. lim

69.

8

-2 X - 2

x + 2
m

71. lim

X--2 x^ + 8

|x + l|

»-l* X + 1

58. fix) = 5x - 1

60. fix) = 2x^-3
62. f[x) = 2

64. /(x)=-
X''

66. /(x) = Vx-1

68.
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R(x)

$.30 < X « 1

$.50 l<x«2
$.70 2<x«3
and so on

(A) Graph R for < x « 6.

(B) Find limx_3- R(x), limx^3+ R(x), and lim,_3 R(x).

(C) Find lim,_2 R (x) and R (2).

(D) Is R continuous at x = 2? At x = 2.5?

75. Compound interest. If $1,000 is invested at 12% interest compounded

quarterly, the amount of money in the account at the end of x months

is given by

F(x) = 1,000(1. OSlt'/^l

where [x/3] = (Greatest integer « x/3). (Note: The greatest integer

function is defined before Problem 29.)

(A) Graph F for OSx« 12.

(B) For what values of x on the interval [0, 12] is F discontinuous?

(C) Is F continuous on the right at x = 9? On the left at x = 9?

76. Compound interest. Use the function F in Problem 75 to find the

following:

(A) lim^_8- F(x), lim,_B+ F(x), and lim^^j F(x)

(B) lim,_5 F(x) and F(5)

(C) Is F continuous at x = 5?

Life Sciences 77. Animal supply. A medical laboratory raises its own rabbits. The

number of rabbits N(f) available at any time t depends on the number

of births and deaths. When a birth or death occurs, the function N
generally has a discontinuity, as shown in the figure.

(A) Where is the function N discontinuous?

(B) lim,^., N(t) = ?, N[U) = ?

(C) Iim,^,,N(f) = ?, N(t3) = ?

N(t)

s 10 -

XI

B
a
Z

-T ?

•t
+

-^t
t3 U
Time
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Social Sciences 78. Learning. The graph shown here might represent the history of a

particular person learning the material on limits and continuity in

this book. At time tj, the student's mind goes blank during a quiz. At

time (4, the instructor explains a concept particularly well, and sud-

denly, a big jump in understanding takes place.

(A) Where is the function p discontinuous?

(B) lim,^,,p(t) = ?, p(t,) = ?

(C) lim,^,^p(t) = ?, p(t,) = ?

(D) lim,^,,p(t) = ?, p((4) = ?

P(t)

>- 100

50

I2 h
Time

-)t

10-3 Increments, Tangent Lines, and Rates of Change

Increments

Slope and Tangent Line

Average and Instantaneous Rates of Change

We will now use the concept of limit to solve two of the three basic

problems of calculus stated at the beginning of this chapter. The parts of

Figure 1 that we will concentrate on are repeated in Figure 7 (page 570).

Increments

Before pursuing these problems, we digress for a moment to introduce

increment notation. If we are given a function defined by y = /(x) and the

independent variable x changes from Xj to Xj , then the dependent variable

y will change from y^ =/(Xi) to y2 =/(x2) (see Figure 8). Mathematically,

the change in x and the corresponding change in y, called increments in x

and y, respectively, are denoted by Ax and Ay (read "delta x" and "delta

y"]-
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Tangent line

(A) Find the equation of the

tangent line at (,\,. y,)

given y = f(x)

Figure 7

Velocity

here

(B) Find the instantaneous

velocity of a falling

object

Increments
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Example 7 Given the function

x^

(A) Find Ax, Ay. and Ay/Ax for x, = 1 and Xj = 2.

(B) Find

/(x, + Ax)-/(x,)

Ax

for X, = 1 and Ax = 2.

Solutions (A) Ax = x^ - x, = 2 - 1 = 1

4 13
' ' 2 2 2

(B)

Ay
Ax
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f(x) X2 y-z

P^lx, + Ax,/(x, + Ax))

Figure 9

Secant line slope = Vi - yi _ /(Xi + Ax) - f(xj _ Ay
x, — X, Ax Ax

As we let Ax tend to 0, Pj will approach P, , and it appears that the secant

lines will approach a limiting position and the secant slopes will approach a

limiting value (see Figure 10). If they do. then we will call the line that the

secant lines approach the tangent line io the graph at (x,, /(x,)). and the

limiting slope will be the slope of the tangent line. This leads to the

following definition of a tangent line:

Tangent Line

Given the graph of y = /(x). then the tangent line at (x,.f(xj) is the

line that passes through this point with slope

Tangent line slope lim
Ax—

/(x, +Ax)-/(xJ
Ax

if the limit exists. The slope of the tangent line is also referred to as

the slope of the graph at (x^, /(xj). [Actually, in much of the work

that follows, our main interest will be in the slope of the graph of

y = /(x) at (Xj , /(xj) rather than in the tangent line itself.]

Tangent line

X, X, + Ax

Figure 10 Dotted lines are secant lines for smaller and smaller Ax.
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Given f (x) = x^, find the slope and equation of the tangent line at x = 1.

Sketch the graph of/, the tangent line at (1,/(1)), and the secant line passing

through (1, /(I)) and (2, /(2)).

Solution First, we find the slope of the tangent line using equation (1).

/(I + Ax) - /(I) _ (1+Axp-l''

Ax Ax

1 + 2Ax + (Ax)^

Ax

2Ax + (Ax)^

Ax
Ax(2 + Ax)

We are computing the

slope of a secant line

passing through (1, /(I))

and(l +Ax, f(l +Ax))-

see Figure 9.

Tangent line slope = lim
Ax—

Ax

/(1+Ax)-/(1)

2 + Ax Ax 1^0

Ax

= lim (2 + Ax) = 2

This is also the slope of

the graph of /(x) = x^ at

(l./(l)).

Now, to find the tangent line equation, we use the point-slope formula and

substitute our known values:

y-yi = m(x-x,)

x, = l y,=/(xj = /(!) = 1^ = 1 m = 2

So,

y-l = 2(x-l)

y-l = 2x-2 or y = 2x — 1 Tangent line equation

-2

*'^'
/ Secant line

P2(2. f(2))J

Tangent line:

y = 2x - 1

-1 '/ 1 2
-)x
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Problem 8 Find the equation of the tangent Hne for the graph of /(x) = x^ at x = 2.

Write the answer in the form y = mx + b.

Average and Instantaneous Rates of Change

We now show how increments and limits can be used to analyze rate

problems. In the process, we will solve the second basic calculus problem

we stated at the beginning of the chapter.

Example 9 A small steel ball dropped from a tower will fall a distance of y feet in x

Velocity seconds, as given approximately by the formula (from physics) y = /(x) =

16x^. Let us determine the ball's position on a coordinate line at various

times (see Figure 11). Our ultimate objective is to find the ball's velocity at a

given instant, say, at the end of 2 seconds.

(A) Find X2 and Ay for x, = 2 and Ax = 1.

(B) Find the average velocity for the time change in part A.

(C) Find an expression for the average velocity from x = 2 to x = 2 + Ax,

where Ax represents a small but arbitrary change in time and Ax =?*=

(see Figure 11).

(D) Find lim^^_o (Ay/Ax) using Ay/Ax from part C.

Solutions (A) Xj = x, + Ax = 2 + 1 = 3

Ay = /(x, + Ax)-f(x,)

= /(3)-/(2)

= 16(3^)- 16(22)

= 144 - 64 = 80 ft Distance fallen from end of 2 seconds

to end of 3 seconds (see Figure 11)

(B) Recall the formula d = r(, which can be written in the form

d Total distance
r = — = -:7; r—. = Average rate

( Elapsed time

For example, if a person drives from San Francisco to Los Angeles—

a

distance of about 420 miles— in 10 hours, then the average rate is

d 420
r = — = = 42 miles per hour

t 10
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Position at start (x = second)

Position at X = 1 second [y = 16(1') = 16 feet]

Position at X = 2 seconds [y = 16(2^) = 64 feet]

Position at x = 2 + Ax seconds [y = 16(2 + Ax)^ feet]

Position at X = 3 seconds [y = 16(3-) = 144 feet]

Ground

Figure 11 Note: Positive y direction is down.

Sometimes the person will be traveling faster and sometimes slower,

but the average rate is 42 miles per hour. In our present problem, it is

clear from Figure 11 that the ball is acceleraling (falling faster and

faster), but we can compute an average rate, or average velocity, just

as we did for the trip from San Francisco to Los Angeles:

Average velocity =
Total distance

Elapsed time

Ay f(3)-/(2) 80-— = =— = 80 teet per second
Ax 1 1

^

Thus, the average velocity from the end of 2 seconds to the end of 3

seconds is 80 feet per second.

Av f(2 + Ax)-/(2)
(C) Average velocity = -7^ = — r-^

—^-^ Ax ¥=

Ax Ax



576 The Derivative

Note that if Ax = 1, the average velocity is 80 feet per second; if

Ax = 0.5, then the average velocity is 72 feet per second; if Ax = 0.01,

then the average velocity is 64.16 feet per second; and so on. The

smaller Ax gets, the closer the average velocity gets to 64 feet per

second.

m, r ^y V /(2 + Ax)-/(2)
(D) hm -— = hm

x^o Ax Ax— Ax

= lim (64 + 16Ax)
Ax->0

= 64 feet per second

We call 64 feet per second the instantaneous velocity at x = 2 sec-

onds, and we have solved the second basic problem stated at the

beginning of this chapter!

The discussion in Example 9 leads to the following general definitions of

average rate and instantaneous rate:

Average and Instantaneous Rates
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S(x)

3,000 -

2 2,000 -

XI

E
3
Z 1,000

(1, 100)

12 3 4

Price per crate in dollars

Figure 12

(A) What is the average rate of change in supply from $2 per crate to $4 per

crate?

(B) What is the average rate of change in supply from $2 per crate to

$(2 + Ax) per crate?

(C) What value does AS/Ax in part B approach as Ax tends to 0?

SoJufions (A)
AS_S(x2)-S(x,)

Ax Xj — X,

_ S[4]-S(2)

4-2

1,600-400 1,200
600 crates per dollar

(B)

2 2

AS_ S(2 + Ax)-S(2)

Ax Ax

_ 100(2 + Ax)^- 100(2']

_ 100[4 + 4Ax + (Axf ]
- 400

_ 400Ax + 100(Ax)2 Ax(400 + lOOAx)

Ax Ax
400 + lOOAx

AS
(C) lim -— = lim (400 + lOOAx)

Ax— Ax Ax—

= 400 crates per dollar
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This is an "instantaneous" rate. It indicates the change in supply per

unit change in dollars at the $2 price level. It approximates the actual

change in supply, S(3)-S(2) = 900 — 400 = 500, for a price increase of

1 dollar at the $2 price level. We will say more about these concepts

later.

Problem 10 For Example 10, find:

(A) The average rate of change in supply from $1 per crate to $3 per crate.

(B) The average rate of change in supply from $1 per crate to $(1 + Ax) per

crate.

(C) What value does AS/Ax in part B approach as Ax tends to 0?

Answers to

Matched Problems

7. (A) Ax = 1, Ay = 5, Ay/Ax = 5 (B) 4

8. y = 4x-4
9. (A) 48 feet per second (B) 32 + 16Ax

(C) 32 feet per second

10. (A) 400 crates per dollar (B) 200+lOOAx
(C) 200 crates per dollar

Exercise 10-3

In Problems 1-14 jind (he indicated quantities for y = f(x)

1. Ax, Ay, and Ay/Ax, given x, = 1 and X2 = 4

2. Ax, Ay, and Ay/Ax, given x, = 2 and Xj = 5

„ /(x,+Ax)-/(xJ

3x^

4.

5.

6.

Ax

/(x, + Ax)-/(xJ
Ax

given X, = 1 and Ax = 2

given Xj = 2 and Ax = 1

Yz



10-3 Increments, Tangent Lines, and Rates of Change 579

11. (A)
^'^ + ^;J-^^^'

(simplify)

(B) What does the ratio in part A approach as Ax approaches 0?

12. {A]
f^'^^^-f^'^

(sin^plify)

(B) What does the ratio in part A approach as Ax approaches 0?

13. (A)
»^ + ^;^-^t^'

(simphfy)

(B) What does the ratio in part A approach as Ax approaches 0?

14. (A) fi'^^^l'f^^^ (s,:nplify)

(B) What does the ratio in part A approach as Ax approaches 0?

Suppose an object moves along the y axis so that its location is

y = /(x) = x^ + X at time x (y is in meters and x is in seconds). Find:

15. (A) The average velocity (the average rate of change of y) for x

changing from 1 to 3 seconds

(B) The average velocity for x changing from 1 to (1 + Ax) seconds

(C) The instantaneous velocity at x = 1

16. (A) The average velocity (the average rate of change of y) for x

changing from 2 to 4 seconds

(B) The average velocity for x changing from 2 to (2 + Ax) seconds

(C) The instantaneous velocity at x = 2

In Problems 17 and 18, find each of the following for the graph of

y = f(x) = x^ + x:

17. (A) The slope of the secant line joining (1, /(I)) and (3. /(3))

(B) The slope of the secant line joining (1, /(I)) and

(1+Ax,/(1+Ax))
(C) The slope of the tangent line at (1, /(I))

(D) The equation of the tangent line at (1, /(I))

18. (A) The slope of the secant line joining (2, /(2)) and (4, /(4))

(B) The slope of the secant line joining (2, /(2)) and

(2 + Ax, /(2 + Ax))

(C) The slope of the tangent line at (2, /(2))

(D) The equation of the tangent line at (2, f{2))

19. If an object moves on the x axis so that it is at x =/(t) =t^ — t at time f

(f measured in seconds and x measured in meters), find the instanta-

neous velocity of the object at t = 2.

20. Find the equation of the tangent line for the graph of y = x^ — x at

x = 2.
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Applications

Business & Economics 21. Income. The per capita income in the United States from 1969 to 1973

is given approximately in the table. Find the average rate of change of

per capita income for a time change from:

(A) 1969 to 1971 (B) 1971 to 1973

Year

Income

1969 1970 1971 1972 1973

$3,700 $3,900 $4,100 $4,500 $5,000

22. Demand funclioii. Suppose in a given grocery store people are willing

to buy D(x) pounds of chocolate candy per day at $x per pound, as

given by the demand function

D(x) = 100 -x^ $1 ;$io

Price in dollars

Life Sciences

Note that as price goes up, demand goes down (see the figure).

(A) Find the average rate of change in demand for a price change

from $2 to $5; that is, find Ay/Ax for x, = 2 and X2 = 5.

(B) Simplify:

D(2 + Ax) - D(2]

Ax

(C) What does the ratio in part B approach as Ax approaches 0? [This

is called "the instantaneous rate of change of D(x) with respect to

X at x = 2."]

23, Medicine. The area of a small (healing) wound in square millimeters,

where time is measured in days, is given in the table.

Area
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Find the average rate of change of area for the time change from:

(A) to 2 days (B) 4 to 6 days I

24. VVeighf -height, A formula relating the approximate weight of an

average person and his or her height is

W(h) = 0.0005h3

where W(h) is in pounds and h is in inches.

(A) Find the average rate of change of weight for a height change

from 60 to 70 inches.

Simplify:(B)

W(60 + Ah)- W(60)

Ah

(C) What does the ratio in part B approach as Ah approaches 0? [This

is called "the instantaneous rate of change of W(h) with respect

toh at h = 60."]

Social Sciences 25. Illegifimale births. The approximate numbers of illegitimate births

per 1,000 live births in the United States from 1940 to 1970 are given

in the table. Find the average rate of change of illegitimate births per

1,000 live births for the time change from:

(A) 1940 to 1945 (B) 1965 to 1970

Year
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where N[t) is in number of words per minute and t is in weeks. Find

the average rate of change of the number of words per minute for the

change in time from:

(A) 4 to 6 weeks (B) 8 to 10 weeks

10-4 The Derivative

The Derivative

Slope Function and Tangent Lines

Nonexistence of the Derivative

Instantaneous Rates of Change

Marginal Cost

Summary

The Derivative

In the last section we found that the special limit

/(x, + Ax)-/(x,)
lim
Ax- Ax

(1)

if it exists, gives us the slope of the tangent line to the graph of y = /(x) at

(Xj, /(xj). It also gives us the instantaneous rate of change of y per unit

change in x at x = x,. Formula (1) is of such basic importance to calculus

and to the applications of calculus that we will give it a name and study it in

detail. To keep formula (1) simple and general, we will drop the subscript

on Xj and think of the ratio

/(x + Ax)-/(x)

Ax

as a function of Ax, with x held fixed as we let Ax tend to 0. We are now

ready to define one of the basic concepts in calculus, the derivative:

Derivative

Fory = /(x) we define the derivative of/at x, denoted by /'(x), to be

/(x + Ax)-/{x)
/'(x) = hm if the limit exists

If/'(x) exists, then /is said to be a differentiable function at x.
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Thus, taking the derivative of a function fat x creates a new function/' that

gives, among other things, the instantaneous rate of change of y = /(x) and

the slope of the tangent line to the graph of y = f(x] for each x. The domain

off is a subset of the domain of/, which will become clearer as we progress

through this section.

Example 11 Find/'(x). the derivative of/ at x. for/(x) = 4x — x^.

Solution To find /'(x), we find

/(x + Ax]-/(x)
lim
Ax— Ax

To make the computation easier, we introduce a two-step process:

Step 1. Find [/(x + Ax) — /(x)]/Ax and simplify.

/(x + Ax] - /(x) _ [4(x + A.\] - (x + Ax)^] - (4x - x^]

Ax Ax

4x + 4Ax - x^ - 2xAx - (Axf - 4x + x^

Ax

_ 4Ax - 2xAx - (Ax]-

Ax

Ax
. ,=— 4 - 2x - Ax

Ax

= 4 - 2x - Ax Ax #

Step 2. Find the limit of the result of step 1.

,. f(x + A.\)-/(x)
,

lim -^—^^-^= lim (4-2x-Ax)
Ax— A.X Ax—

= 4 - 2x

Thus, /'(x) = 4-2x.

Problem 11 Find/'[x), the derivative of/ at x, for/(x) = 8x — 2x^.

Example 12 Find/'(x), the derivative of /at x, for /(x) = ^fx + 2.

Solution To find/ '(x), we find

j.^^
/(x + Ax)-X(x)

Ax— Ax

We use the two-step process presented in Example 11.
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Step 1. Find [f(x + Ax) -/(x)]/Ax and simplify.

f (x + Ax) - f (x) _ (Vx + Ax + 2) - (n/x + 2)

Ax Ax

_ Vx + Ax + 2-n/x-2
Ax

_ Vx + Ax — 4x

Ax

Trying to apply the quotient property of limits, we find that

lim^x^o '^x = 0; hence, we cannot use it. We try rationalizing the

numerator:
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Tangent Line
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Observations
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f'(a) = lim
/(a + Ax)-f(a)

Ax

If the limit does not exist at x = a, we say that the function f is nondifferen-

tiable atx — a oif'[a) does not exist. Geometrically, a tangent line may not

exist at a point, or a point may have a vertical tangent line (recall that the

slope of a vertical line is not defined).

Given a function /, we now illustrate several common situations where

its derivative will not exist. The derivative of /will not exist:

1. Where /is not defined

Since / is not defined at x = - 1.

the derivative of / does not exist

atx = -1.

2. Where / is defined but not continuous

fix]

-1

/(x)
^^ x^l
X - 1

X = 1

-)=^

Since / is not continuous at x = 1,

the derivative of / does not exist at

X = 1.
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3. Where the graph of /has a vertical tangent

fix)

The derivative does not exist at

X = 0. The graph of / has a vertical

tangent at x = (slope is not

defined].

4. Where the graph of /is continuous but has a sharp corner (the curve is

not "smooth")

The derivative does not exist

at X = 0. No tangent hne exists

at X = 0. even though the function

is continuous there.

Example 14 Show that /'(O) does not exist for f(x) = \x\.

Solution no)=iim^'°+^^)-^'°'
Ax

j.^|0 + Ax|-|

Ax— Ax

= lim^
Ax— Ax

To show that f (0) does not exist, we compute left- and right-hand limits

and show that they are not equal:

|Ax| ,. —Ax
lim '—-^= lim —— = lim -1=-1
Ax—0- Ax Ax— 0- Ax Ax—0-

,. |Ax| ,. Ax
hm -—' = hm -— = lim 1 = 1

Ax—0* Ax Ax—0+ Ax Ax— 0+
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Geometrically, a tangent line cannot be defined at x = because the graph

has a sharp corner at this point:

f(x) = !x|

No tangent line here

(What would its slope be?)

Problem 14 Show that/ '(0) does not exist for /(x) = x^''^ (see illustration for situation 3).

If the derivative of/exists at x = a, what can we say about the function at

X = a? We can prove that if the derivative of/exists at x = a, then /must

be continuous at x = a. The converse of this statement is false. That is, if a

function is continuous at x = a, then its derivative at x = a may or may not

exist (see illustrations for situations 3 and 4).

Instantaneous Rates of Change

From the definition of instantaneous rate of change of /(x) at x given in

Section 10-3, we see that the instantaneous rate of change is simply the

derivative of /at x— that is, fix).

Example 15 Refer to Example 9 in Section 10-3. Find a function that will give the

instantaneous velocity, v, of the falling steel ball at any time x. Find the

velocity at x = 2, 3, and 5 seconds.

Solution Recall that the distance y (in feet) that the ball falls in x seconds is given by

y = /(.x) = 16x^

The instantaneous velocity function is v = fix): thus,

/(x + Ax)-/(x)
v = /'(x)= lim

Ax

We will find fix) using the two-step process described in Example 11.
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Step 1. Find [f(x + Ax] — /(x)]/Ax and simplify.

f(x + Ax) -f (x) _ [16(x + Ax)^] - (16x')

Ax Ax

_ 16x' + 32xAx + 16(AxP - 16x^

Ax

_ 32xAx + 16(Ax)^

A^

Ax= -— (32x + 16Ax) = 32x + 16Ax Ax ^^ o
Ax

Step 2. Find the limit of the result of step 1.

hm = lim (32x + 16Axj
Ax— Ax Ax—

= 32x

Thus,

v = /'(x) = 32x

The instantaneous velocities at x = 2. 3, and 5 seconds are

f'{2) = 32(2) = 64 feet per second

/'(3) = 32(3) = 96 feet per second

/'(5) = 32(5) = 160 feet per second

An instantaneous rate of 64 feet per second at the end of 2 seconds means

that if the rate were to remain constant for the next second, the object

would fall an additional 64 feet. If the object is accelerating or decelerating

(that is, if the rate does not remain constant), then the instantaneous rate is

an approximation of what actually happens during the next second.

Problem 15 A steel ball falls so that its distance y (in feet) at time x (in seconds) is given

by y = /(x) = 16x2 -4x.

(A) Find a function that will give the instantaneous velocity v at time x.

(B) Find the velocity at x = 2, 4, and 6 seconds.

Marginal Cost

In business and economics one is often interested in the rate at which

something is taking place. A manufacturer, for example, is not only inter-

ested in the total cost C(x) at certain production levels x, but is also I

interested in the rate of change of costs at various production levels.
]

In economics the word marginal refers to a rate of change, that is, to a i

derivative. Thus, if I

C(x) = Total cost of producing x units during some unit of time
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then

C'(x) = Marginal cost

= Rate of change in cost per unit change in production at an output

level of X units

Just as with instantaneous velocity, C'(x) is an instantaneous rate. It

indicates the change in cost for a 1 unit change in production at a produc-

tion level of X units if the rate were to remain constant for the next unit

change in production. If the rate does not remain constant, then the

instantaneous rate is an approximation of what actually happens during

the next unit change in production. Example 16 should help to clarify these

ideas.

Example 16 Suppose the total cost C(x) in thousands of dollars for manufacturing x

Marginal Cost sailboats per week is given by the function shown in the figure:

C(x] = 2 -t- 8x - x^

< X < 3

1 2

Production

Find:

(A) The marginal cost at x

(B) The marginal cost at x = 1, 2, and 3 unit levels of production

Solutions (A) Marginal cost at x is

C(x + Ax)
C'(x) = lim

C(x)

which we find using the two-step process discussed in Example 11

(steps omitted here).

Marginal cost = C'{x) = 8 — 2x
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(B) Marginal costs at x = 1, 2, and 3 unit levels of production are:

C'(l) = 8-2(1) = 6

C'(2) = 8-2(2)=4

C'(3) = 8-2(3) = 2

$6,000 per unit increase in production

$4,000 per unit increase in production

$2,000 per unit increase in production

Notice that, as production goes up, the marginal cost goes down, as we
might expect.

Let us now look at the marginal cost at the 1 unit level of production and

interpret the result geometrically:

Approximate change using

Actual change isl C'lD is $6 thousand per

$5 thousand V """ t^hich is slope of

per unit ''^"8^"' ''"«^ 3' " = ^)-

1 Using the tangent assumes

a constant rate of change.

1 2

Production

-^^

Problem 16 Repeat Example 16 with the cost function C(x) = 3 + lOx — x^, ^ x ^ 4.

Summary

The concept of the derivative is a very powerful mathematical idea, and its

applications are many and varied. In the next three sections we will

develop formulas and general properties of derivatives that will enable us

to find the derivatives of many functions without having to go through the

(two-step) limiting process each time.

Answers to

Matched Problems

11. /'(x) = 8-4x 12. f'[x] = -l/x^

13. (A) m(l) = 4, m(2) = 0, m(3) = -4

(B) Atx = l:y = 4x + 2; at x = 2: y^

or

8; atx = 3:y = -4x + 18
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(C)

14.
f(0 + Ax)-/(0)

lim : = lim. ,. .-rr-does not exist [l/(Axp^ in-

creases without bound as Ax approaches from either side]

15. (A) v=/'(x) = 32x-4
(B) /'(2) = 60 feet per second. /'(4) = 124 feet per second, f (6) = 188

feet per second

16. (A) Marginal cost = C '(x) = 10 - 2x

(B) Marginal costs at 1, 2, and 3 unit levels of production are:

C '(1) = 8 $8,000 per unit increase

C '(2) = 6 $6,000 per unit increase

C '(3) = 4 $4,000 per unit increase

Exercise 10-4

B

In Problems 1-10. find f'(x) for each indicated function; then find /'(I),

/'(2),and/'(3),

2. /(x) = 4x + 3

4. /(x) = 8x - x^

6. /{x)=^-
X — 5

8. /(x)==2-Vx

10. /(x)=—

1.
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12. Repeat Problem 11 with /(x) = Sx^ - 4x.

13. Given y = f(x) = x^ -3=Sx«3:

(A) Find the slope function m =/'(x).

(B) Find the slope of the tangent line to the graph of y = x^ at x = — 2,

0, and 2.

(C) Find the equations of the tangents at x = — 2, 0. and 2.

(D) Sketch the tangent lines on the graph at x = — 2, 0, and 2.

14. Repeat Problem 13 for y = /(x) = x2 + 1, -3«x«3.
15. For /(x) = x3 + 2x, find:

(A) fix) (B) /'(l)and/'(3)

16. For /(x) = x2-3x^ find:

(A) f'(x) (B) /'(l)and/'(2)

Applications

Business & Economics 17. Marginal cost. The total cost per day, C(x) (in hundreds of dollars), for

manufacturing x windsurfers is given by

C(x) = 3 + lOx-x^ 0Sx«4

(A) Find the marginal cost at x.

(B) Find the marginal cost at x = 1. 3, and 4 unit levels of production.

18. Marginal cost. Repeat Problem 17 for C(x) = 5 + 12x - x^ « x « 4.

Life Sciences 19. Negative growth. A colony of bacteria was treated with a poison, and

the number of survivors N((), in thousands, after t hours was found to

be given approximately by

N(t) = (^-8t+ 16 0«t^4

(A) Find N'(t).

(B) Find the rate of change of the colony at t = 1. 2. and 3. C

Social Sciences 20. Learning. A private foreign language school found that the average

person learned N(t) basic phrases in t continuous hours, as given

approximately by

N(() = 14t-t2 0«(«7

(A) Find N'(t).

(B) Find the rate of learning at f = 1, 3, and 6 hours.
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10-5 Derivatives of Constants, Power Forms, and Sums

Derivative of a Constant

Power Rule

Derivative of a Constant Times a Function

Derivatives of Sums and Differences

Applications

In the last section we defined the derivative of /at x as

/(x + Ax)-/(x)
f'(x) = lim

Ax— Ax

(if the limit exists) and we used this definition and a two-step process to find

the derivatives of a number of functions. In this and the next two sections

we will develop some rules based on this definition that will enable us to

determine the derivatives of a rather large class of functions without

having to go through the two-step process each time.

Before starting on these rules, we list some symbols that are widely used

to represent derivatives:

Derivative Notation

Given y =/(x), then

f'M
dx

DJ[x)

all represent the derivative of /at x.

«
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process introduced in the last section. We want to find

/'(x) = lim
/(^ + ^^)-/W

Definition of / '(x)
Ax-*0 AX

Step 1.

/(x + Ax)-/(x) C-C
Ax Ax Ax

Ax =^=0

Step 2.

lim =
Ax—

Thus,

D,C =

And we conclude that the derivative of any constant is 0.

Derivative of a Constant
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For/(x) = x^, we have

Step 1.

fix + Ax) - f(x] _ (x + Axf - x"-

Ax Ax

_ x^ + 2xAx + (Axf - x^

Ax

2xAx + (Ax)^

Ax

Ax(2x + Ax)

Factor out Ax.

2x + Ax Ax#0
Ax

Step 2.

,. /(x + Ax)-f(x)
,hm —!

—

'-^^ = lim (2x + Ax) = 2x
Ax— Ax Ax—

Thus,

D,x^ = 2x (1)

Now, let /(x) = x^. Then we have

Step 1.

f (x + Ax) - f (x) _ [x + Ax)^ - x^

Ax Ax

_ x^ + Sx^Ax + 3x(Ax)2 + (Ax)^ - x'

Ax

_ 3x^Ax + 3x(Ax)^ + (Ax)^

Ax

_ Ax[3x^ + SxAx + (Ax)^]

Factor out Ax.

Ax

3x2 j^ 3x^x + (Axf Ax 9t

Step 2.

f(x + Ax)-/(x)
ro 2_i.o A j.rA 121 o 2hm = hm [Sx^ + 3xAx + (Ax)^] = Sx^

Ax— Ax Ax—

Thus,

D^x^ = 3x2 (2)

Comparing equations (1) and (2) suggests D^x" = 4x' and, in general,

D^x" = nx"-' n a positive integer

Let us see that this is the case.
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Step 1. If /(x) = X" (n a positive integer), then

f (x + Ax) - f (x) _ (x + Ax)" - X"

Ax Ax

To simplify we use the binomial formula (Appendix A):

(a + b)" = a" + na"-'b + "'" ~ ^^
a^-^b^ + • • • + b"

Thus,

(x + Ax)" = x" + nx"-'Ax +— x"-^{Axy + • • • + (Ax)"

and

(x + Ax)" - X"

Ax

X" + nx"-iAx +— x"-2(Ax)2 + • • • + (Ax)" - x"

,
n(n — 1)

nx"-^Ax + — -

Ax

x"-2(Ax)2 + • • • + (Ax)"

Ax
Factor out Ax.

Ax nx"-' +——- x"-^Ax + • • + (Ax)"-'

Ax

= nx"-> + "*" ~ ^^
x"-^Ax + + (Ax)"-'

Step 2.

^.^ f(x + Ax)-f(x) ^ j.^ r ^„_, ^ n(n-ll ^„_^^^ ^ . . . ^ ^^^
Ax-»0 Ax Ax— L 2 J

= nx"-'

and we conclude that

D,x" = nx"-'

It can be shown that this formula holds for any real number n. We will

assume this general result for the remainder of this book.

Power Rule
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Example 18 (A) If /(x) = xMhen /'(x) = 5x^"' = 5x^

(B) Ify = ^ = x-Mheny' = -3x-^-' =-3x-'' or ^.
x^ x"

(C) If y = xV^ then^ = - x(=/''-' = - x^/\
ax 3 3

^ " "
2 2 2^

Problem 18 Find:

(A) /'(x)for.f{x) = x^ (B) y' for y = x^^

(C) Sfory =^ or x- (D) D.^dx

Derivative of a Constant Times a Function

Let

fix) = ku(x)

where k is a constant and u is differentiable at x. Then we have

Stepl.

f(x + Ax) - f(x] _ ku(x + Ax) - ku(x)

Ax Ax

+ Ax) - u(x)= k[Hiii
Ax

Step 2.

,. /(x + Ax)-/(x)

ax-o Ax
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Constant Times a Function Rule
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Step 2.

/(x + Ax)-/(x)
lim
Ax—O
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(C) 3^ for y = 5x^ - v^
dx

(D) "im^T)

Example 21

Instantaneous Velocity

Solution

Problem 21

Applications

The distance y in feet that a steel ball falls in x seconds is given by

y = /(x) = 16x^

Find the instantaneous velocity function v = /'(x). Find the velocity at

X = 1 and X = 6 seconds.

v = /'(x) = 16(2x2-') = 32x

/'(I) = 32(1) = 32 feet per second

/'(6) = 32(6) = 192 feet per second

A steel ball falls so that its distance y in feet after x seconds is given by

y = /(x) = 16x2 -4x

(A) Find the instantaneous velocity function.

(B) Find the velocity at x = 2 and x = 5 seconds.

(A) Find the slope function m = /'(x) for y = f(x) = 4x — x^.

(B) Find the slope of the tangent to the graph of y = 4x — x^ at x = 1, 2,

and 3.

(A) m=/'(x) = (4x)'-(x2)' = 4-2x

(B) m, = /'(!) = 4 -2(1) = 2

m2 = /'(2) = 4-2(2) =

m3 = /'(3) = 4-2(3) = -2

Problem 22 Repeat Example 22 for y = f(x] = 8x - 2x2.

Example 23 The total cost C (x) in thousands of dollars for manufacturing x sailboats is

Marginal Cost given by

C(x) = 2 + 8x-x2 0=sx«3

(A) The marginal cost at a production level of x is

Example 22

Solutions

C'(x) = (2)' + (8x)' - (x2)' =8-2x
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(B) The marginal cost at x = 1 is

C'(l) = 8 — 2(1) = 6 $6,000 per unit increase in production

(C) The marginal cost at x = 3 is

C'(3) = 8 — 2(3) — 2 $2,000 per unit increase in production

Problem 23
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11. D,(lx^) 12. y' fory = -x*
•^ 2

B 13.
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Applications

Business & Economics 43. Advertising. Using past records it is estimated that a company will sell

N(x) units of a product after spending $x thousand on advertising, as

given by

N(x) = 60x - x^ 30

N(x)

1,000

o

m 500

10 20 30

Thousands of advertising dollars

)x

(A) Find N'(x), the rate of change of sales per unit change in money

spent on advertising at the $x thousand level.

(B) Find N'(IO) and N'(20) and interpret.

44. Marginal average cost. (This topic is treated in detail in Section 11-5.)

Economists often work with average costs— cost per unit output—
rather than total costs. We would expect higher average costs, because

of plant inefficiency, at low output levels and also at output levels near

plant capacity. Therefore, we would expect the graph of an average

cost function to be U-shaped. Suppose that for a given firm the total

cost of producing x thousand units is given by

C(x) 6x2+ ;^2X

Then the average cost C(x) is given by

— rfxl
C(x) = -!-^ = x2-6x + 12

(A) Find the marginal average cost C'(x).

(B) Find the marginal average cost at x = 2, 3, and 4, and interpret.

Life Sciences 45. Medicine. A person x inches tall has a pulse rate of y beats per minute,

as given approximately by

y = 590x-^^2 30«x«75

What is the instantaneous rate of change of pulse rate at the:

(A) 36 inch level? (B) 64 inch level?
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Social Sciences

46. Ecology. A coal-burning electrical generating plant emits sulfur diox-

ide into the surrounding air. The concentration C(x) in parts per

million is given approximately by

C(x)
0.1

„2

where x is the distance from the plant in miles. Find the (instanta-

neous) rate of change of concentration at:

(A) X = 1 mile (B) x = 2 miles

47. Learning. Suppose a person learns y items in x hours, as given by

y = 50\/x 0«x«9

5 10

Time in hours

Find the rate of learning at the end of:

(A) 1 hour (B) 9 hours

48. Learning. If a person learns y items in x hours, as given by

y = 2l3x^ 0^x^8

find the rate of learning at the end of:

(A) 1 hour (B) 8 hours

10-6 Derivatives of Products and Quotients

Derivatives of Products

Derivatives of Quotients

The derivative rules discussed in the last section added substantially to our

ability to compute and apply derivatives to many practical problems. In

this and the next section we will add a few more rules that will increase

this ability even further.
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Derivatives of Products

In the last section we found that the derivative of a sum is the sum of the

derivatives. Is the derivative of a product the product of the derivatives?

Let us take a look at a simple example. Consider

fix) = u(x)v(x) = (x^ - 3x)(2x^ - 1) (1)

where u(x) = x^ — 3x and v(x) = 2x^ — 1. The product of the derivatives is

u'(x)v'(x) = (2x - 3)6x2 = ;|2x3 - isx^ (2)

To see if this is equal to the derivative of the product, we multiply the right

side of (1) and use derivative formulas from the last section:

/w =
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Thus, the derivative of a product is the first times the derivative of the

second plus the second times the derivative of the first.

Product Rule
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(C) D,[C^+ 2)12^-1]]

= DJ(x''^ + 2)(2x'^2 - 1)] Change radicals to fractional

exponent form.

= (x'/3 + 2)D,(2x>''^ - 1) + {2x'''2 - l)D,(x'/' + 2)

= (x"3 + 2)x-"^ + (2x'/^ - 1) - X-V3

Vx + 2 2v'x-l

>/x 3V^

Problem 24 Find:

(A) /'(x) for/(x) = 3x^(2x2 - 3x + 1) two ways

(B) y'fory=(2x'-3x + 5)(x' + 3x + l)

(C) D,[(y^-2KVP + 5)]

Derivatives of Quotients

As is the case with a product, the derivative of a quotient is not the quotient

of the derivatives.

Let

/(x)=——- where u'(x) and v'(x) exist

Quotient Rule
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Starting with the definition of a derivative, you can show that

v(x)u'(x) — u(x)v'{x)
/'(x)

[v(x)]^

Thus, the derivative of a quotient is the denominator times the derivative

of the numerator minus the numerator times the derivative of the denom-

inator, all over the denominator squared.

Example 25 (A) If
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(C) Method I. Use the quotient rule:

D.
3 _ x'/^D,(x'1/2 _ Ol _ fvl/2 _

3) 3)D,x'

(!-'=) <'/2 - 3) _ X-V2
' 2

2 2 2

2x(x>''^) 2x^/2

Method II. Split into two fractions:

x^/2 - 3

A/2 vV2
= 1 - 3x-^/2

D,(l-3x-'/2) = + -x-3''2^
2x^/2

Comparing methods I and II, we see that it may sometimes pay to

change an expression algebraically before blindly using a derivative

formula.

Problem 25 Find:

(A) fix) ioTfix]-
2x

x^ + 3

2 + x'''^

(C) D, —— two ways

(B) y' fory = -

3x

Answers to

Matched Problems

24. (A) 30x^ - 36x^ + Qx^

(B) (2x2 - 3x + 5)(2x + 3) + (x^ + 3x + l)(4x - 3)

= 8x^ + 9x2-4x + 12

(C) (x^/2 - 2)
(I

x-'A + (x==/3 + 5) (- x-'A

2(4x - 2) Vx2 + 5

25. (A)

(B)

(C)

3Vx 2x/x

(x^ + 3]2 - [2x](2x) _ 6-2x2
(x^+Zf

(x2-4){3x2-3)

(x2 + 3)2

(x^ - 3x)(2x) _ x" 9x2 + 12

4)2 (X2 - 4)2

Sx"/'
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Exercise 10-6

For f(x) as given, find f'(x} and simplify.

1. /(x) = 2x3(x2 - 2) 2. /(x) = Sx^lx' + 2)

3. /(x) = (x - 3K2x - 1) 4. /(x) = (3x + 2)(4x - 5)

•^''x-2 ^2x + 3

9. /(x) = (x2 + l)(2x-3) 10. /(x) = (3x + 5)(x2-3)

11. /(x)=^^^ 12. /(x)^^
•^* ' 2x-3 ^*

' x2-3

B Find each of the following fProbJems 21 -32 do not have to be simpUfied):

13. f'[x] for/(x) = (2x + l)(x2-3x)

14. y' for y = [x^ + 2x2K3x - 1)

dv
15. -^ for y = (2x - x^KSx + 2)

dx

16. D,[(3-x^)(x^-x)]

17. y' fory =^^ 18. /'(x) forf{x) = -

x^ + 2x -^ ' ' 2x - 1

x2-3x+l dv , x''-x3
19. D, ; 20. -f- fory = -

" x^ - 1 dx -^ 3x -

1

21. f'(x) for/(x) = (2x^-3x' + x){x2-x + 5)

22. -^ fory = (x2-3x + lKx^ + 2x2-x)
dx

^ 3x2-2x + 3 ^^ , , x3-3x + 4
'' P-

4x^ + 5x-l
''

y ^°^y = 2x^+3x-2

25. ^ for V = 9x'/^(x' + 5) 26. DJ(4x'/^ - l)(3x'/^ + 2)]
dx

bVx , 2\'x
27. /'(x) for/(x) =

^^,3^
28. y' f°r Y = ^. _ 3^ ^ ,

„ x^-2x2 ,„ dy , x2-3x + l

29. D, 3^ 30. -i fory = —
^4x^ dx V^

31. /'(x) for/(x) =

32. y' fory =

x^ + 1

2x-l
(x3 + 2){x2-3)
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Applications

Business & Economics 33. Price- demand function. According to classical economic theory, the

demand d(x) for a commodity in a free market decreases as the price x

increases. Suppose that the number d(x) of transistor radios people are

willing to buy per week in a given city at a price $x is given by

d(x) =
50.000

x2 + 10x + 25
$5 :$15

Life Sciences 34.

(A) Find d'(x), the rate of change of demand with respect to price

change.

(B) Find d '(5) and d '(10).

Drug sensilivify. One hour after x milligrams of a particular drug are

given to a person, the change in body temperature T(x) in degrees

Fahrenheit is given approximately by

(x) = x^(l-f)

Social Sciences 35.

The rate at which T changes with respect to the size of the dosage x,

T'{x), is called the sensitivit\' of the body to the dosage.

(A) Find T'(x). using the product rule.

(B) Find T'(l). T'(3), and T'(6).

Learning. In the early days of quantitative learning theory (around

1917), L. L. Thurstone found that a given person successfully accom-

plished N(x) acts after x practice acts, as given by

N(x)=-
l OOx + 200

x + 32

(A) Find the rate of change of learning, N'(x). with respect to the

number of practice acts x.

(B) Find N '(4) and N '(68).

10-7 Chain Rule and General Power Rule

Composite Functions

Chain Rule

General Power Rule

Suppose you were asked to find the derivative of

h(x) = V2x + 1
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We have developed formulas for computing the derivatives of square root

functions and polynomial functions separately, but not in the indicated

combination. In this section we will discuss one of the most important

derivative rules of all— the chain rule. This rule will enable us to deter-

mine the derivatives of some fairly complicated functions in terms of

derivatives of more elementary functions. The chain rule is used to com-

pute derivatives of functions that are compositions of more elementary

functions whose derivatives are known.

Composite Functions

Let us look at the given function h more closely:

h(x) = V2X + 1

Inside the radical is a first-degree polynomial that defines a linear function.

So the function h is really a combination of a square root function and a

linear function. To see this more clearly, let

y = f (u) = \/u

u = g(x) = 2x + 1

Then we can express y as a function of x as follows:

y = /(u) = /[g(x)] = V2^rfT = h(x)

The function h is said to be the composite of the two simpler functions/and

g. (Loosely speaking, we can think of h as a function of a function.) In

general,

Composite Functions

A function h is a composite of functions /and g if

h(x)=/[g(x)]

The domain of h is the set of all numbers x such that x is in the

domain of g and g(x) is in the domain of/.

Example 26 Let /(u) = u>° and g(x) = Sx" - 1. Find

(A) /[g(x)] (B) g[/(u)]

Solutions (A) /[g(x)] = [g(x)]'° = (Sx" - 1)'°

(B) g[/(u)] =3[/(u)r-l = 3(u'T - 1 = Su"" - 1
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Problem 26 Let /(u) = Vu and g(x) = x^ - 3x + 1. Find

(A) /[g(x)] (B) g[f(u)]

Write answers using fractional exponents.

Example 27 Given:

(A) y = t/x^ -2x^+1 (B) y

SoJutions

Check

Check

Problem 27

(x^-lf

Write each in the form y = f(u) = u" and u = g(x) so that y = /[g(x)].

(A) y = t/x^ - 2x2 + 1 = (x3 - 2x2 _|_ -iy/4

Let

y = /{u) = u'/^

u =g(x) = x3- 2x^ + 1

y = /[g(x)] = [x^ - 2x2 + 1)1/4 = t/x^ -2x2 + 1

1
(B) y = X2- 1)

lX2-lp

Let

y = /{u) = u"^

u = g(x) = x2-i

y = /[g(x)] = (x2-ir
(x2 - 1)

Given:

(A) y = (X-' + 3x2)-2/5 (B) y =
VITVx

Write each in the form y = f[u) = u" and u = g(x) so that y = /[g(x)]. Write

all radicals in terms of fractional exponents.

Chain Rule

The word "chain" comes from the fact that a function formed by composi-

tion (such as those in Example 26) involves a "chain" of functions— that is,

"a function of a function." We now introduce the chain rule, which will

enable us to compute the derivative of a composite function in terms of the

derivatives of the functions making up the composition.

Suppose

y = h(x) = /[g(x)]
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\
is a composite of /and g where

y = /(u) and u = g(x)

We would like to express the derivative dyy^dx in terms'of the derivatives

of /and g. From the definition of a derivative\we have

dy , h(x + Ax)-h(x)

dx ax— Ax

(1)
=
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dy _ dy du

dx du dx

= 8u'(2x)

= 8(x2 - 2)'(2x) Since u = x^ - 2

= 16x(x2 - 2Y

Gradually, you will want to be able to do most of these steps in your head

and simply write

DJ(x^ - 2f ] = 8(x2 - 2r(2x]

= 16x(x2 - 2y

Problem 28 Find dy/dx for y = Vx^ + 8x.

General Power Rule

Example 28 and Problem 28 are particular cases of the general power form

y=[g{x)]'' or y = u", u = g(x)

a composite function form that occurs with great frequency. In fact, it

occurs with sufficient frequency to warrant a special derivative formula as

a special case of the chain rule. If y = u" and u = g(x), then we can apply

the chain rule to obtain

dy _ dy du

dx du dx

, du= nu""' -;-
dx

or, equivalently,

£ = n[g{x)r'g'[x)

Thus, we have the following general power rule:

General Power Rule
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The special power form of the chain rule will handle most of the prob-

lems we are considering now. Chapter 13 (on exponential and logarithmic

functions) will require the use of the chain rule in its more general form.

We conclude this section with a variety of examples using the general

power rule.

Example 29

Solutions

Find dy/dx, given

1
(A)

(A)

y
=

y
=

V4 +

1
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Solution (A) We use the quotient rule and the power rule:

dy _ (2xM- l)*DJ3x - 5)^ - (3x - 5)^0^(2x2 + 1)

dx [(2x2 + ^)4]2

_ (2x2 + \Y3(3x - 5)2D^(3x - 5) - (3x - 5)^4(2x2 + l)^D,(2x^ + 1)

(2x2+l)«

_ (2x2 + l)^3(3x - 5)^3 - (3x - 5f4(2x2 ^ -^^^^

(2X2 + 1)8

_ 9(2x2 + ^Y(3x - 5)2 - 16x(3x - 5)^(2x2 + l)^

(2X2 + 1)6

To simplify, factor out the highest common powers of (2x2 ^ i) gj^j

(3x — 5), then reduce to lowest terms:

dy _ (2x2 )_ i)3(3x - 5)2[9(2x2 + 1) - 16x(3x - 5)]

dx" (2x2 + 1)8

_ (3x - 5]2(-30x2 + 80x + 9)

(2x2 + IP

In general, derivatives should be simplified so that their uses will

proceed more smoothly.

(B) y=(3x2-4P(2x-l)'^2

Use the product and power rules.

dv
-^ = (3x2 _ 4)3DJ2x - l]'/2 + (2x - l)'^^D,(3x2 - 4)^

= (3x2 _ 4)3 1 (2x - IJ-i/^DJ2x - 1)

+ (2x - l)'''23(3x2 - 4)2D,(3x2 - 4)

= (3x2 _ 4)3 i (2x - 1)-V22 + (2x - l)'/23(3x2 - 4)26x

=
(2x -~ir/2 +

^^^''^ ~ ^^'''''^' ~ ^''

_ (3x2 _ 4)3 + i8x(2x - l)(3x2 - 4)2

(2x-l)'/2

To simplify further, factor out the highest common power of (3x2 _ 4).

dy _ (3x2 _ 4)2[(3x2 - 4) + 18x(2x - 1)]

dx
~

(2x - 1)'''2

_ (3x2 - 4)2(39x2 -18x- 4)

(2x- 1)1/2
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Problem 30 Find dy/dx and simplify.

(A) y =
•2)"

(6x + 1)

(B) y = V2x^ + 1 (x^ - 4f

Answers to

Matched Problems

26. (A) /[g(.x-)] = (x^-3x + ir/^

(B) g[f(u)] = u^/'-3u''' + l

27. (A) y=f[u) = u-2/' and g(x) = x"' + Sx^

(B) y=/(u) = u-'/^andg(x) = 4 + x'/2

28. (x2 + 8xP^^(x + 4)

— v2
29. (A) 9)- or

,3 _ Q14/3

30. (A)

(B)

x^ - 9)"

(B) 6(2x-'' + x)=(-8x-= + 1)

6(x3 - 2)3(9x3 + 2x2 + g)

(6x + ir

2x^(x3-4](7x3-l)

(2X3 + J)2/3

Exercise 10-7

Write each composite function in the form y = u" and u = g(x).

1. y = (2x + 5)3

3. y = (x3-xT
5. y = (x3 + 3x)^/3

2. y = (3x - 7]^

4. y = (2x2 - 3x + 1)4

6. y = (x2- 6)3/2

Find dy/dx using the general power rule.

7. y = (2x + 5)3

9. y = (x3 - x^Y

11. y=(x3 + 3x)"3

8.

10.

12.

y = (3x - 7f
y=(2x2-3x + l)-'

y = (x2 - 6)3 2

B Find dy/dx using the general power rule.

13.
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Business & Economics

25. y =

27. y =

29. y =

31. y =

1

4x2 _ 4x + 1

4

Vx2 - 3x

1

3-V^
4

VVx-S

Find each derivative and simplify.

33. Dj3x(x2 + 1)3]

26. y =

28. y =

30. y =

32. y =

2x2-



622 The Derivative

Life Sciences

Social Sciences

48. Compound interest. If $100 is invested at an interest rate of i com-

pounded semiannually, the amount in the account at the end of 5

years is given by

50.

A = 100H-r
Find dA/di.

49. Bacteria growth. The number y of bacteria in a certain colony after x

days is given approximately by

y = (3X 10'V V(F^T)^/

Find dy/dx.

PoJ/ii(ion. A small lake in a resort area became contaminated with a

harmful bacteria because of excessive septic tank seepage. After

treating the lake with a bactericide, the Department of Public Health

estimated the bacteria concentration (number per cubic centimeter)

after f days to be given by

C(t) = 500(8 -t)2 OS t

(A) Find C'(t] using the general power rule.

(B) Find C'(l) and C'(6). and interpret.

51. Learning. In 1930. L. L. Thurstone developed the following formula to

indicate how learning time T depends on the length of a list n:

T = /(n) = 7" n Vn — a

where a. c. and k are empirical constants. Suppose for a particular

person, time T in minutes for learning a list of length n is

T = /{n) = 2nv'n-2

(A) Find dT/dn, the rate of change in time with respect to n.

(B) Find /'(1 1) and/'(27), and interpret.

10-8 Chapter Review

Important Terms

and Symbols

10-2 Limits and continuity, secant line, hmit, one-sided limits, left-hand

limit, right-hand limit, properties of limits, continuity, discontin-

uous, continuous, open interval, closed interval, half-open interval,

continuous at a point, continuous on an interval, continuous on the
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right, continuous on the left, lim,^^ /(x) = L, lim^,.,^ f (x) = L,

limx-c*/(x)=L
10-3 increments, tangent lines, and rates of change, increments, slope,

tangent line, slope of graph at a point, average rate of change,

instantaneous rate of change, average velocity, instantaneous veloc-

ity. Ax, Ay, average rate = Ay/Ax, instantaneous rate = lim^^^o
Ay/Ax

10-4 The derivative, the derivative of /at x, slope function, tangent line,

nonexistence of the derivative, nondifferentiable at x = a, instanta-

neous rates of change, marginal cost, /'(x)

10-5 Derivatives of constants, power forms, and sums, derivative notation,

derivative of a constant, power rule, derivative of a constant times a

function, derivatives of sums and differences, /'(x), y', dy/dx. D^f{x)
10-6 Derivatives ofproducts and quotients, derivatives of products, deriv-

atives of quotients

10-7 Chain rule and general power rule, composite function, chain rule,

general power rule

Exercise 10-8 Chapter Review

Work through all the problems in this chapter review and check your
answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisfied that you know the material, lake the practice test following

this review.

A In Problems 3-10 jind f (x) for f[x] as given.

1. ,f (x) = Sx" - 2x2 + 1 2. /(x) = 2xV2-3x

3. /(x) = 5

5. /(x) = (2x - l)(3x + 2) 6. /(x) = (x2-i)(x3-3)

9. /(x) = (2x-3P

B In Problems 11-18 find the indicated derivatives

11. -J- for v = Sx" - 2x-3 + 5
dx

12. y' fory = (2x2-3x + 2)(x2 + 2x- 1)

2x-3

2.
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14. y' fory = 2\/x+—
Vx

15. D,[(x^-lK2x + iP]

16. D/Vx3-5

dy . 1
17.

-f-
fory = -^^=

18. D,
(x^ + 2)"

2x-3

19. Fory = /(x) = x2 + 4, find:

(A) The slope of the graph at x = 1

(B) The equation of the tangent line at x = 1 in the form y = mx + b

20. For y = /(x) = 10x-x^ find:

(A) The slope function

(B) The value(s) of x such that the slope is

21. If an object moves along the y axis (scale in feet) so that it is at

y ~ /(x) = 16x^ — 4x at time x (in seconds), find:

(A) The instantaneous velocity function

(B) The velocity at time x = 3 seconds

22. An object moves along the y axis (scale in feet) so that at time x (in

seconds) it is at y = /(x) = 96x — 16x^. Find:

(A) The instantaneous velocity function

(B) The time(s) when the velocity is

Problems 23-24 refer to the function f described in the jigure.

23. (A) hm/(x) = ? (B) lim /(x) = ? (C) lim/(x) = ?
x—2- X— 2+ X—

2

(D) /(2) = ? (E) Is /continuous at x = 2?

24. (A) lim fix) = ? (B) lim f[x) = ? (C) lim /(x) = ?
X—*5* x-*5+ X—-5

^x- (D) /(5) = ? (E) Is /continuous at x = 5?
|

In Problems 25 -2S find points o/ discontinuity, if any exist.
,

1

25. /(x) = 2x2-3x + l

27. fix)

^"^

26. /(x) =
x + 5

x^-x-B

In Problems 29-36 find each limit if it exists

2x-3

28. fix) = Vx - 3

29. lim-
x-'s x + 5

30. lim (2x2 - X + 1)
X—

3
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31. lim
2x

x-H) 3x2 _ 2x

33. lim
x-3

X— 3 X'

35. lim
vx- Vy

32. lim^llMzltH
Ax— Ax

for/(x) = x2 + 4

34. hm —
X— 3 X^ — 9

36. hm J
X— 2 V 2 -XX— 7 X — 7

In Problems 37-38 use the definition of the derivative to find f(x).

37. f[x) = x'-x 38. /(x) = V^-3

Problems 39-41 refer to

,, , 2x2 -3x-

2

^'"^ = 3x2-4x-4

39. (A) lim/(x) = ? (B) /(2) = ? (C) Is /continuous at x = 2-^
X—•Z

40. (A) lim/(x) = ? (B) /(0) = ? (C) Is /continuous at x = 0?

41. Find all points of discontinuity for /
42. Using the greatest integer function [x] = (Greatest integer « xj

find

(A) lim [X] (B) lim [x] (C) lim [x]

«• FindD,y^^ and simplify.

Applications

Business & Economics

Life Sciences

44. Marginal average cost. Suppose a firm manufactures items having an
average cost per item (in hundreds of dollars) given by

C(x) = x2- lOx + 30

where x is the number of items manufactured.

(A) Find the marginal average cost C'(x).

(B) Find the marginal average cost at x = 3, 5, and 7, and interpret.

45. Poilulion. A sevk^age treatment plant disposes of its effluent through a

pipeline that extends 1 mile toward the center of a large lake. The
concentration of effluent C(x), in parts per million, x meters from the
end of the pipe is given approximately by

C(x) = 500(x + l)-2
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What is the instantaneous rate of change of concentration at 9 meters?

At 99 meters?

Social Sciences 46. Learning. If a person learns N items in t hours, as given by

N(t) = 20V(

find the rate of learning after:

(A) 1 hour (B) 4 hours

Practice Test: Chapter 10

In Problems 1 -4 find f'(x} for f(x) as given.

1. /(x) = 3x2 - 2x^2 - 3 2. /(x) = (x^ + 2)(2x - 3)

3x^-5
x^ + l

3- /W=-l^-r 4. /(x) = (2x^-3x + l)

In Problems 5-8, find the indicated derivative and simplify.

5. dJ^-- + x) 6. DJ(x2 - l)n2x + 1)]

\ VX X /

7. -/- fory = -p^^ 8. D,
dx ' 1/^^^^^^ Mx^ + sr

9. Given y = /(x) = 8x — x^. Find:

(A) The slope function

(B) The slope at x = 2

(C) The equation of the tangent line at x = 2 in the form of

y = mx + b

(D) The value(s) of x that produces a slope of

10. An object moves along the y axis (scale in feet) so that its position at

time x (in seconds) is given by y = f[x) = 20 + 80x — lOx^. Find:

(A) The instantaneous velocity function

(B) The velocity at x = 3 seconds

(C) The time(s) when the velocity is

11. (A) Write the definition of the derivative of a function fat X.

(B) Use the definition in part A to find f'(x] for f (x) = x — x^.
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Problems 12-13 refer to the function f described in the ^gure.

/(x)

1 1
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11-1 Implicit Differentiation

Special Function Notation

Implicit Differentiation

Special Function Notation

The equation

y = 2 - 3x2 (1)

defines a function /with y asa dependent variable and x as an independent

variable. Using function notation, we would write

y = /(x) or /(x) = 2-3x2

In order to reduce to a minimum the number of symbols involved in a

discussion, we will often write equation (1) in the form

y = 2 — 3x^ = y(x)

where y is both a dependent variable and a function symbol. This is a

convenient notation and no harm is done as long as one is aware of the

double role of y. Other examples are

X = 2t2 - 3t + 1 = x(t)

z = Vu^ — 3u = z(u)

1

(s^ - 3s) 2/3
r(s)

This type of notation will simplify much of the discussion and work that

follows.

Until now we have considered functions involving only one independent

variable. There is no reason to stop there. The concept can be generalized

to functions involving two or more independent variables, and this will be

done in detail in Chapter 16. For now, we will "borrow" the notation for a

630
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function involving two independent variables. For example,

F(x.y] = x'-2xy + 3y^-5

would specify a function F involving two independent variables.

Implicit Differentiation

Consider the equation

3x2 + y _ 2 = (2)

and the equation obtained by solving (2) for y in terms of x,

y = 2 - 3x2 (3)

Both equations define the same function using x as the independent vari-

able and y as the dependent variable. For (1) we can write

y = /(x)

where

f{x] = 2-3x2 (4)

and we have an explicit (clearly stated) rule that enables us to determine y

for each value of x. On the other hand, the y in equation (2) is the same y as

in equation (3], and equation (2) implicitly gives (implies though does not

plainly express) y as a function of x. Thus, we say that equations (3) and (4)

define the function / explicitly and equation (2) defines / implicitly.

The direct use of an equation that defines a function implicitly to find the

derivative of the dependent variable with respect to the independent

variable is called implicit differentiation. Let us differentiate (2) implicitly

and (3) directly, and compare results.

Starting with

3x2 -f- y - 2 =

we think of y as a function of x— that is, y = y(x)— and write

3x2 + y(x) -2 =

and differentiate both sides with respect to x:

D,[3x2 -I- y(x) — 2] = D^O Since y is a function of x. but is not

£) 3x2 + £) yi^-, — D 2 = explicitly given, we simply write

D,v[x) = y' to indicate its derivative.
6x + y' - = "-^ ' ^

Now we solve for y':

y' = -6x
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Note that we get the same result if we start with equation (3) and differen-

tiate directly:

y = 2 - 3x2

y' = -6x

Why are we interested in implicit differentiation? In general, why do we

not solve for y in terms of x and differentiate directly? The answer is that

there are many equations of the form

F(x, y) = (5)

that are either difficult or impossible to solve for y explicitly in terms of x

(try it for x^y^ — 3xy + 5=0, for example), yet it can be shown that, under

fairly general conditions on F, equation (5) will define one or more func-

tions where y is a dependent variable and x is an independent variable. To

find y' under these conditions, we differentiate (5) implicitly.

Example 1

SoJufion

Given

F(x, .v) = x^ + y2-25 =

find y' and the slope of the graph at x = 3.

(6)

We start with the graph of x^ + y^ — 25 = (a circle) so that we can

interpret our results geometrically:

From the graph it is clear that equation (6) does not define a function. But

with a suitable restriction on the variables, equation (6) can define two or

more functions. For example, the upper half and the lower half of the circle
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each define a function. A point on each half-circle that corresponds to x = 3

is found by substituting x = 3 into (6) and solving for y:

x^
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The results are interpreted geometrically on the original graph as fol-

lows:

In Example 1 the fact that y' is given in terms of both x and y is not a great

disadvantage. We have only to make certain that when we want to evalu-

ate y' for a particular value of x andy, say (xq, y,,), the ordered pair must

satisfy the original equation.

Problem 1

Example 2

Solution

Given x^ + y^ — 169 = 0, find y' by implicit differentiation and the slope

of the graph when x = 5.

(7)

Find the equation(s) of the tangent line(s) to the graph of

y - xy2 + x^ + 1 =

at the point(s) where x = 1.

We first find y when x = 1:

y - xy^ + x^ + 1 =

y-(l)y^ + (1)^ + 1=0

y - y^ + 2 =

y2 _ y _ 2 =

(y-2)(y + l) =

y = -1. 2

Thus, there are two points on the graph of (7) where x = 1; namely,

(1,-1) and (1,2)

We next find the slope of the graph at these two points by differentiating (7)

implicitly:
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Solution X- + 3t^x-\0 =
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Find the equation(s) of the tangent line(s) to the graphs of the indicated

equations at the point(s) with abscissas as indicated.

15.

17.

xy— X — 4 = 0, x =

y^ — xy — 6 = 0, x

16.

18.

3x + xy + 1

xy^ -y-2--
= 0,

0,

x

X =

-1
1

Find y ' and the slope of the tangent line to the graph of each equation at the

indicated point.

19.
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Differentiating both sides of (1) with respect to (, we obtain

dx
,

dy
2x-r + 2y-r =

dt ^ di
(2)

The derivatives dx/dX and dy/dt are related by equation (2); hence, they

are referred to as related rates. If one of the rates and the value of one

variable are both known, we can use equation (1) to find the value of the

other variable and then we can use equation (2) to find the other rate. The

following examples will illustrate how related rates can be used to solve

certain types of practical problems.

Example 4 Suppose a point is moving on the graph of x^ + y^ = 25. When the point is at

(—3, 4) its X coordinate is increasing at the rate of 0.4 unit per second. How
fast is the y coordinate changing at that moment?

(-3,4)

X2 + y2 = 25

Solution Since both x and y are changing with respect to time, we can think of each

as a function of time:

X = x(t) and y = y{\]

but restricted so that

x^ + y2 = 25

Our problem is now to find dy/dU given x = — 3, y = 4, and dx/di — 0.4.

Implicitly differentiating both sides of (3) with respect to t, we have

x2 + y2 ^25

dx
,

dy
2x -r- + 2y -p =

dt ' di

dx
,

dy
x-r + y-r- =

dt ' dt

(-3)(0.4) + 4^ =

Divide both sides by 2.

Substitute x = -3, y = 4, and dx/d( = 0.4,

and solve for dy/d(.

dy

dt
= 0.3 unit per second
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Problem 4 A point is moving on the graph of y^ = x^. When the point is at (— 8. 4) its y

coordinate is decreasing at 2 units per second. How fast is the x coordinate

changing at that moment?

Example 5 Suppose two motor boats leave from the same point at the same time. If one

travels north at 15 miles per hour and the other travels east at 20 miles per

hour, how fast will the distance between them be changing after 2 hours?

Solution First, draw a picture.

All variables, x, y, and z, are changing with time. Hence, they can be

thought of as functions of time; X = x((l,y = y[t], andz = z(t), given implic-

itly. It now makes sense to take derivatives of each variable with respect to

time. From the Pythagorean theorem,

z- = x^ + y^

We also know that

(4)

dx ., ,

—r = 20 miles per hour
df

^ and -i-
dt

15 miles per hour

We would like to find dz/dt at the end of 2 hours; that is, when x = 40 miles

and y = 30 miles. To do this we differentiate both sides of (4) with respect to

f and solve for dz/dt:

dz dx dy
2z— = 2x-p+2y-p

dt dt ^ dt
(5)

We have everything we need except z. When x = 40 and y = 30, we find z

from (4) to be 50. Substituting the known quantities into (5), we obtain

dz
2(50) -r- = 2(40)(20) + 2(30)(15)

dt

dz ., ,

-;- = 25 miles per hour
dt

^

Problem 5 Repeat Example 5 for the situation at the end of 3 hours.
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Example 6

Solutions

Suggestions for Solving Problems Involving Related Rates

1. Sketch a figure if helpful.

2. Identify ail relevant variables, including those whose rates are

given and those whose rates are to be found.

3. Find an equation connecting the variables in step 2.

4. Differentiate the equation implicitly and substitute in all given

values.

5. Solve for the derivative that will give the unknown rate.

Suppose that for a company manufacturing transistor radios, the cost,

revenue, and profit equations are given by

C = 5,000 + 2x

R = lOx
1,000

P = R

Cost equation

Revenue equation

Profit equation

where the production output in 1 week is x radios. If production is increas-

ing at the rate of 500 radios per week when production is 2,000 radios, find

the rate of increase in:

(A) Cost (B) Revenue (C) Profit

If production x is a function of time (it must be since it is changing with

respect to time), then C, R, and P must also be functions of time. They are

implicitly (rather than explicitly) given. Letting t represent time in weeks,

we differentiate both sides of each of the three equations above with

respect to t, and then substitute x = 2,000 and dx/dt = 500 to find the

desired rates.

(A) C = 5,000 + 2x

_ =_ (5,000) +-(2x)

^ = + 2^ = 2^
df dt dt

Think C = C(f) and x = x{!).

Differentiate both sides with respect

to(.

Since dx/dt = 500 when x = 2,000,

-r = 2(500) = $1,000 per week
dt

Cost is increasing at a rate of $1,000 per week.



11-2 Related Rates 641

(B)
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B 7. A point is moving on the graph of xy = 36. When the point is at (4, 9),

its X coordinate is increasing at 4 units per second. How fast is the y
coordinate changing at that moment?

8. A point is moving on the graph of4x- + 9y^ = 36. When the point is at

(3, 0), its y coordinate is decreasing at 2 units per second. How fast is its

X coordinate changing at that moment?

9. A boat is being pulled toward a dock as indicated in the accompanying

figure. If the rope is being pulled in at 3 feet per second, how fast is the

distance between the dock and boat decreasing when it is 30 feet from

the dock?

10. Refer to Problem 9. Suppose the distance between the boat and dock is

decreasing at 3.05 feet per second. How fast is the rope being pulled in

when the boat is 10 feet from the dock?

11. A rock is thrown into a still pond and causes a circular ripple. If the

radius of the ripple is increasing at 2 feet per second, how fast is the

area changing when the radius is 10 feet? (Use A = nR-, n ~ 3.14.)

12. Refer to Problem 11. How fast is the circumference of a circular ripple

changing when the radius is 10 feet? (Use C = ZnR, n = 3.14.)

13. The radius of a spherical balloon is increasing at the rate of 3 centime-

ters per minute. How fast is the volume changing when the radius is

10 centimeters? [Use V = (4/3)nR\ n = 3.14.]

14. Refer to Problem 13. How fast is the surface area of the sphere

increasing? (Use S = 4nR-. n ~ 3.14.)

15. Boyle's law for enclosed gases states that if the volume is kept con-

stant, then the pressure P and temperature T are related by the

equation

I-
where k is a constant. If the temperature is increasing at 3 degrees per

hour, what is the rate of change of pressure when the temperature is

250° (Kelvin) and the pressure is 500 pounds per square inch?

16. Boyle's law for enclosed gases states that if the temperature is kept
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constant, then the pressure P and volume V of the gas are related by

the equation

VP = k

where k is a constant. If the volume is decreasing by 5 cubic inches per

second, what is the rate of change of the pressure when the volume is

1,000 cubic inches and the pressure is 40 pounds per square inch?

17. A 10 foot ladder is placed against a vertical wall. Suppose the bottom

slides away from the wall at a constant rate of 3 feet per second. How
fast is the top sliding down the wall (negative rate) when the bottom is

6 feet from the wall? [Hint: Use the Pythagorean theorem:

a- + b- = c~. where c is the length of the hypotenuse of a right triangle

and a and b are the lengths of the two shorter sides.]

18. A weather balloon is rising vertically at the rate of 5 meters per

second. An observer is standing on the ground 300 meters from the

point where the balloon was released. At what rate is the distance

between the observer and the balloon changing when the balloon is

400 meters high?

19. A streetlight is on top of a 20 foot pole. A 5 foot tall person walks away

from the pole at the rate of 5 feet per second. At what rate is the tip of

the person's shadow moving away from the pole when he is 20 feet

from the pole?

20. Refer to Problem 19. At what rate is the person's shadow growing

when he is 20 feet from the pole?

Applications

Business & Economics 21. Cos!. re\enue. and profit rules. Suppose that for a company manufac-

turing hand calculators, the cost, revenue, and profit equations are

given by

%mm^
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22. Cost, revenue, and profit rates. Repeat Problem 21 for

C = 72,000 + 60x

E = 200x -
30

P = R-C

Life Sciences 23.

where production is increasing at a rate of 500 calculators per week at

a production level of 1,500 calculators.

Pollution. An oil tanker aground on a reef is leaking oil that forms a

circular oil slick about 0.1 foot thick. To estimate the rate (in cubic

feet per minute, dV/dt) at which the oil is leaking from the tanker, it

was found that the radius of the slick was increasing at 0.32 foot per

minute (dR/dt = 0.32) when the radius was 500 feet (fi = 500). Find

dV/dt. using ;:= 3.14.

Social Sciences 24. Learning. A person who is new on an assembly line performs an

operation in T minutes after x performances of the operation, as given

by

If

i-i)

dx

dt
6 operations per hour

where t is time in hours, find dT/dt after thirty-six performances of

the operation.
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11-3 Higher-Order Derivatives

Higher-Order Derivatives for Explicitly Deiined Functions

Second-Order Derivatives for Implicitly Defined Functions

Higher-Order Derivatives for Explicitly Defined Functions

If we start with the function / defined by

/(x) = 3x^-4x2-x + l

and take the derivative, we obtain a new function /' defined by

/'(x) = 9x2-8x-l

Now if we take another derivative, called the second derivative, we obtain

a new function /" defined by

/"(x) = 18X-8

And taking still another derivative produces the third derivative f

"

defined by

/"'(x) = 18

and so on.

In general, the successive derivatives for a function fare denoted by

/',/",/'",/ (41
,

/'"'

It can be shown that domains of successive derivatives of a given function

are subsets of the domain of the original function.

Example 7 Find /',/", and /'" for f(x) = Sx"' + x\

Solution /'(x) = -3x-^ + 2x /"(x) = 6x-^ + 2 /"'(x) = -ISx-"

Problem 7 Find/',/", and/'" for/(x) = 2-3x^ + x-\

Along with the various other symbols for the first derivative that we
considered earlier, we have corresponding symbols for higher-order deriv-

atives. For example, if

y = /(x)

then

dy

dx
= /'(x)



646 Additional Derivative Topics

and the second derivative is given by

or, in short,

dx

Similarly,

/"(x) Note how the 2's are placed.

d^
dx

3=/"'(x)

and so on. We summarize some of the more commonly used higher-deriva-

tive forms in the box.

Derivative Notation

For y = fix), we have the following:

First-derivative symbols

"«' £ DJ[x)

Second-derivative symbols

f"(x)
d^y

dx^

Third-derivative symbols

Dlf{x]

f"'{x)
d^y

dx^
Dlfix]

Fourth-derivative symbols

dV
/'^'(x)

dx^
,w DJ/(x)

nth-derivative symbols

/'"'(x) P^ y'"i d;:/(x)
dx"

[Note: In the fourth derivative (and higher) we use /'""(x) and y'''' to

avoid confusion with powers represented by fix] and y'*.]
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Example 8 If y = 4x'/2, then

dy

dx
= 2X-1/2 D, 4x^2 = 2X-1/2

dx^

^2 dx^ 2
"

2

The domain of the original function is [0, °c), while the domain of each

higher derivative is (0, »=), a subset of [0, oo).

Problem 8 If y = 27x*^\ find:

(A) d^'y/dx^ (B) D^ 27x''''^ (C) yi"!

Example 9 If

Solution

y =
1

v'2x-l

find y', y", and y'".

1 1

V2X-1 (2x- 1)1/2

1

{2x-l)- irv2

y = - - (2x - ir'^'2 = -(2x - !) 3/2

y" = - (2x - ir5''22 = 3(2x - ir'^^

y'" = -— {2x - ir'/22 = -i5(2x - 1)-'/^

Problem 9 If

1

^ (3x + 2)3

find y', y", and y'".

Second-Order Derivatives for Implicitly Defined Functions

Suppose we have a function y = y(x) defined implicitly by an equation of

the form F(x, y) = 0. How can we find y " without solving for y in terms of

X? We will illustrate the process with an example.

Example 10 Find y" for y = y(x) defined implicitly by

X2 + y2 = 4 (1)
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Solution Differentiate both sides with respect to x and solve for y'.

2x + 2yy' =

2yy' = -2x

~x
(2)

Now differentiate both sides again with respect to x, thinking of y = y(x), to

obtain

,„_ y(-i)-(-x)y'

We are almost there! Substituting (2) into (3) we obtain

y„ = -y + x(-x/y)

(3)
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4. g"'(x) forg(x) = l-x-2x^
5. d^y/dx^ for y = 2x^ — 3

6. d^y/dx^ for y = Sx" - 7x

7. d^y/dx^ for y= 120 -30x2
8. d^y/dx^ for y = 1 + 2x^ - 4x^

9. DJ(x-') 10. D^(x-2)

11. D^(l-2x + x') 12. DJ(3x2-x^)

B Find the indicated derivative ^ov each function.

13. D;(3x-' + 2x -2 + 5] 14. d^/dx^ for y = x^ - ^
15. yW for y = V2x - 1 16. /<'"(x) for/(x) = 27^
17. Y)\{\ - Ixf 18. D^(3 - x)"

19. y" fory = (x2-l)3 20. y" for y = (x" + 4f

21. D;
,

22. D^, ^

V3-2X (5 - 3x)2

23. /"(x) for/(x) = (3x2-l)''/3

24. /"(x) for/(x) = (2x3 + 3f/2

Use impJicif dijiferentiation (o find y " /or each o/ the /olJowing;

25. 4x2-y2 = 3 26. 2x3-3y2 = 4

27. y''-^x' = 7 28. 3xy - x^ = 2

29. Find: D?
" 2x-l

30. Find y'" for y=(2x-l)(x2 + l).

31. Findy"'forx2 + y2 = 4.

32. Findy"'for4x2-y2 = 3.

11-4 The Differential

The Differential

Approximations Using Differentials

Differential Rules

The Differential

In Chapter 10 we introduced the concept of increment. Recall that for a

function defined by

y = /(x)

we said that Ax represents a change in the independent variable x; that is.

Ax = Xj — Xj or X2 = X, + Ax
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And Ay represents the corresponding change in the dependent variable y;

that is.

Ay = /(x, + Ax)-/(xJ

We then defined the derivative of/ at Xj to be

dv ,. Ay
-j- = hm —

•

dx Ax— Ax

If the limit exists, then it follows that

^y ^y f 11

A

~ -;— tor small Ax
Ax dx

or

Ay^^Ax
dx

(1)

We used dy/dx as an alternate symbol for/'(x). We will now give dy and

dx special meaning, and we will show how dy can be used to approximate

Ay. This turns out to be quite useful, since a number of practical problems

require the computation of Ay, and we will be able to use the more readily

computed dy. The symbols dy and dx are called differentials and are

defined in the box.

Example 11

Solution

Differentials
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Problem 11

Example 12

Solution

When X = 3 and dx = 0.1,

dy= [2(3) + 3]0.1 =0.9

When X = 1 and dx = 0.02,

dy= [2(1) + 3]0.02 = 0.1

Find dy for/ (x) = \/x + 3. Evaluate dy for x = 4 and dx = 0.1. for x = 9 and

dx = 0.12, and for x = 1 and dx = 0.01.

If you compare the right-hand sides of (1) and (2) you will see what

motivated the definition of dy. The differential concept has a very clear

geometric interpretation, as is indicated in Figure 1 (study it carefully).

X -t- Ax

Figure 1

For small Ax, we have

Slope of secant line == Slope of tangent line

Ay __ dy

Ax dx

Ay = dy = /'(x) dx

Find Ay and dy for /(x) = 6x — x^ when x = 2 and Ax = dx = 0.1.

Ay = .f(x + Ax)-/(x)

= /(2.1)-/(2)

= [6(2.1) -(2.1)^] -[6(2) -2^]

= 8.19-8

= 0.19

dy =/'(x) dx

= (6-2x)dx

= [6-2(2)](0.1)

= 0.2

Notice that dv and A v differ by only 0.01 in this case.

Problem 12 Repeat Example 12 for x = 4 and Ax = dx = 0.2.
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Approximations Using Differentials

Differentials provide a fast and convenient way of approximating certain

quantities. The relationships given in the box can be used in this regard.

Differentia
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Problem 13 Refer to Example 13. Approximate the change in weight resulting from a

height increase from 70 to 72 inches.

Example 14

Cost -Revenue

Solution

Problem 14

A company manufactures and sells x transistor radios per week. If the

weekly cost and revenue equations are

C(x) = 5,000 + 2x

^2 ^ X « 8,000

R(x) = 10x
1,000

find the approximate changes in revenue and profit if production is in-

creased from 2,000 to 2,010 units per week.

We will approximate AR and AP with dfi and dP, respectively, using

X = 2,000 and dx = Ax = 2,010 - 2,000 = 10.

R(x) = lOx
^

'

1,000

dR=R'(x)dx

= (io-^)d
\ 500/

= (io-^
V 500 /

P(x)

500

$60 per week

•R(x)-C(x)

x^

10

lOx

= 8x

1,000

x^

5,000 -2x

1,000

dP = P'(x)dx

-5,000

dx

/ 2,000\
= 8 10

V 500 /

= $40 per week

Repeat Example 14 with production increasing from 6,000 to 6,010.

Comparing the results in Example 14 and Problem 14, we see that an

increase in production results in a revenue and profit increase at the 2,000

production level, but a revenue and profit loss at the 6,000 production

level.

Now we will consider a slightly different type of problem involving

differential approximations.
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Example 1 5 Use differentials to approximate v'27.54.

SoJution Even though the problem is trivial using a hand calculator, its solution

using differentials will help increase the understanding of this concept.

Form the function

y = /(x) = vGc = x' /3

and note that we can compute f(27] and f'(27] exactly. Thus, if we let

X = 27 and dx = Ax = 0.54 and use

/(x + Ax)=/(x)+Ay

= /(x) + dy

= /(x) + /'(x)dx

we will obtain an approximation for/(27.54) = ^27.54 that is easy to com-

pute.

/(x + Ax)=/(x)+/'(x)dx

(x + Axy/^ = x'/3 +
3x^/3

dx

(27 + 0.54)V3 « 27'/3 +-__ (0.54)
3(27)2

Thus,

0.54
^27.54 = 3 + ^^^^ = 3.02 (Calculator value = 3.0199)

27

Problem 15 Use differentials to approximate V36.72.

Differential Rules

We close this section by listing a number of differential rules that will be of

use to us in the next chapter. These rules follow directly from the defini-

tion of the differential and the derivative rules discussed earlier.

Differential R



Answers to

Matched Problems
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To illustrate how these rules are established, we derive rule 4 as an

example:

y = /(x) = u(x)v(x)

dy=/'(x)dx

= [u(x)v'(x) + v(x)u'(x)]dx

= u(x)v'(x) dx + v(x)u'(x) dx

= u dv + V du

11. dy = -^dx;0.025, 0.02, 0.005
2Vx

12. Ay = -0.44, dy = -0.4 13. 14.7 pounds

14. dR = -$20 per week, dp = -$40 per week 15. 6.06

Exercise 11-4

Find dy for each function.

1. y = 30 + 12x2-x^

3. y = x3(i-f)

5. y = flx) = —r
vx

2, y = 200x-
30

4. y = x'(60 - x)

6. y = 52\/x

7. y = 75H) 8. y=100 X
^)

B Evaluate dy and Ay for each function at the indicated values.

9- y = i'(x) = x2-3x + 2, x = 5, Ax = dx = 0.2

10. y = /(x) = 30 + 12x2-x^ x = 2, Ax = dx = 0.1

11. y = /(x) = 75(l j, x = 5, dx = Ax = 0.5

12. y = /{x) = 100(x -], x = 2, Ax = dx = 0.1

Use di^erentiaJs to approximate the indicated roots.

13. \fr7 14. Vas

15. ^ IH. ^
17. A cube with sides 10 inches long is covered with a 0.2 inch thick coat

of fiberglass. Use differentials to estimate the volume of the fiberglass

shell.
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18.

19.

20.

21.

22.

A sphere with a radius of 5 centimeters is coated with ice 0.1 centime-

ter thick. Use differentials to estimate the volume of the ice [recall

that V = (4/3) OT^;t=3.14].

Find dy if y = ^3x' - 2x +"T.

Find dy if y = {2x^ - 4) Vx + 2.

Find dy and Ay for y = 52\fx, x = 4, and Ax = dx = 0.3.

Find dy and Ay for y = 590/ n/x, x = 64, and Ax = dx = 1.

Applications

Business & Economics

Use dijferentiaJ approximations in the following problems.

23. Advertising. Using past records, it is estimated that a company will

sell N units of a product after spending x thousand dollars in advertis-

ing, as given by

24.

25.

26.

Life Sciences 27.

N = 60x-x2 30

Estimate the increase in sales that will result by increasing the adver-

tising budget from $10,000 to $11,000. From $20,000 to $21,000.

Price -demand. Suppose in a grocery chain the daily demand in

pounds for chocolate candy at $x per pound is given by

D= 1,000 -40x2 i^x«5

If the price is increased from $3.00 per pound to $3.20 per pound, what

is the approximate change in demand?

Average cost. For a company that manufactures tennis rackets, the

average cost per racket, C, is found to be

20X-I- 110 14

where x is the number of rackets produced per hour. Approximate the

change in cost per racket if production is increased from seven per

hour to eight per hour. From twelve per hour to thirteen per hour.

Revenue and profit. A company manufactures and sells x televisions

per month. If the cost and revenue equations are

C(x) = 72,000 + 60x

R(x) = 200x
X'

30

6,000

find the approximate changes in revenue and profit if production is

increased from 1,500 to 1,501. From 4,500 to 4,501.

Pulse rate. The average pulse rate y in beats per minute of a healthy

person x inches tall is given approximately by

y
= 590

30^ ;75
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Approximate the change in pulse rate for a height change from 36 to

37 inches. From 64 to 65 inches.

28. Measurement. An egg of a particular bird is very nearly spherical. If

the radius to the inside of the shell is 5 millimeters and the radius to

the outside of the shell is 5.3 millimeters, approximately what is the

volume of the shell? [Remember that V = (4/3) nr^ and use n = 3.14.]

29. Medicine. A drug is given to a patient to dilate her arteries. If the

radius of an artery is increased from 2 to 2.1 millimeters, approxi-

mately how much is a cross-sectional area increased? (Assume the

cross-section of the artery is circular; A = nr' and n ~ 3.14.)

30. Drug sensitivil\'. One hour after x milligrams of a particular drug are

given to a person, the change in body temperature T in degrees

Fahrenheit is given by

T-
(^-f)

°

Approximate the changes in body temperature produced by the fol-

lowing changes in drug dosages:

(A) From 2 to 2.1 milligrams

(B) From 3 to 3.1 milligrams

(C) From 4 to 4.1 milligrams

Social Sciences 31. Learning. A particular person learning to type has an achievement

record given approximately by

="('-!)N = 75ll 1 3«t«20

where N is the number of words per minute typed after t weeks of

practice. What is the approximate improvement from 5 to 5.5 weeks of

practice?

32. Learning. If a person learns y items inx hours, as given approximately

by

y = 52Vx 0=Sx=S9

what is the approximate increase in the number of items learned

when X changes from 1 to 1.1 hours? From 4 to 4.1 hours?

33. Politics. In a newly incorporated city it is estimated that the voting

population (in thousands) will increase according to

N(() = 30 + 12f2-t^ 0«t«8

where t is time in years. Find the approximate change in votes for the

following time changes:

(A) From 1 to 1.1 years

(B) From 4 to 4.1 years

(C) From 7 to 7.1 years
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11-5 Marginal Analysis in Business and Economics

One important use of calculus in business and economics is in marginal

analysis. We introduced the concept of marginal cost earlier. There is no

reason to stop there. Economists also talk about marginal revenue and

marginal profit. Recall that the word marginal refers to a rate of change—
that is, a derivative. Thus, we define the following:

Marginal Cost, Revenue, and Profit
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We now present an example in market research to show how marginal

cost, revenue, and profit are tied together.

Production Strategy The market research department of a company recommends that the

company manufacture and market a new transistor radio. After extensive

surveys, the research department presents the following demand equation:

X = 10,000 — l,000p X is demand at $p per radio

p = 10
X

1,000

(1)

(2)

where x is the number of radios retailers are likely to buy per week at $p
per radio. Equation (2) is simply equation (1) solved for p in terms of x.

Notice that as price goes up. demand goes down.

The financial department provides the following cost equation:

C(x) = 5,000 +2x (3)

where $5,000 is the estimated fixed costs (tooling and overhead) and $2 is

the estimated variable costs (cost per unit for materials, labor, marketing,

transportation, storage, etc.).

The marginal cost is

C'(x) = 2

Since this is a constant, it costs an additional $2 to produce one more radio

at all production levels.

The revenue equation [the amount of money R(x) received by the

company for manufacturing and selling x units at $p per unit] is

R(x) = (Number of units sold)(Price per unit)

= xp

x (lO ^1
\ 1,000/

Using equation (2) (4)

lOx
1,000

The marginal revenue is

x
E'(x] 10-

500

For production levels of x = 2,000, 5,000, and 7,000, we have

R'(2,000) = 6 R'(5.000) = R'(7,000) = -4
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This means that at production levels of 2,000. 5,000, and 7,000. the respec-

tive approximate changes in revenue per unit change in production are $6,

$0, and — $4. That is, at the 2,000 output level revenue increases as

production increases; at the 5,000 output level revenue does not change

with a "small" change in production; and at the 7,000 output level revenue

decreases with an increase in production. Figure 3 illustrates these results.

Revenue function

Cost function

5,000 10,000

Number of radios produced per week

Figure 3

Finally, the profit equation is

P(x) = R(x)-C(,x)

=
( lOx —

I
- (5,000 + 2x)

\ 1,000/

+ 8x- 5,000
1,000

The marginal profit is

P'(x) = + 8
^ ' 500

For production levels of 1,000, 4,000, and 6,000, we have

P'(l,000) = 6 P'(4,000) = P'(6,000) = -4

This means that at production levels of 1,000, 4,000, and 6,000, the respec-

tive approximate changes in profit per unit change in production are $6, $0,

and — $4. That is, at the 1,000 output level profit will be increased if

production is increased; at the 4,000 output level profit does not change for

"small" changes in production; and at the 6,000 output level profits will
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decrease if production is increased. It seems the best production level to

produce a maximum profit is 4,000. [In the next chapter we will develop a

systematic procedure for finding the production level (and, using the

demand equation, the selling price) that will maximize profit.] This exam-
ple warrants careful study, since a number of important ideas in economics

and calculus are involved.

Sometimes it is desirable to carry out marginal analysis relative to

average cost (cost per unit), average revenue (revenue per unit), and
average profit (profit per unit). The relevant definitions are summarized in

the following box:

Marginal Average Cost, Revenue, and Profit
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Exercise 11-5

Applications

Business & Economics 1. In the production strategy problem discussed in this section, suppose

we have the demand equation

X = 6,000 - 30p or p = 200 -

and the cost equation

C(x) = 72.000 + 60x

(A)

(B)

(C)

(D)

(E)

(F)

(G)

(H)

Find the marginal cost.

Find the revenue equation in terms of x.

Find the marginal revenue.

Find R'(l,500) and R'(4,500), and interpret.

Graph the cost function and the revenue function on the same

coordinate system. Indicate regions of loss and profit. Use

s X « 6,000.

Find the profit equation in terms of x.

Find the marginal profit.

Find P'(l,500) and P'(3,000). and interpret.

In the production strategy problem discussed in this section, suppose

we have the demand equation

x = 9,000 -30p or

and the cost equation

C(x) = 90,000 + 30x

p = 300'^

30

(A)

(B)

(C)

(D)

(E)

(F)

(G)

(H)

Find the marginal cost.

Find the revenue equation in terms of x.

Find the marginal revenue.

Find R '(3,000) and R '(6,000), and interpret.

Graph the cost function and the revenue function on the same

coordinate system for ^ x =s 9,000. Indicate regions of loss and

profit.

Find the profit equation in terms of x.

Find the marginal profit.

Find P'(l,500) and P'(4,500), and interpret.
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3. Referring to Problem 1, find:

(A) C(x), RJx), and P(x)

(B) C'(x), R'(x), andP'(x)

(C| P'(1,000) and P'(6,000), and interpret

4. Referring to Problem 2. find:

(A) C(x), R(x), and P(x)

(B) C'lx), R'(x). andP'(x)

(C) P'(1,000) and P'(2,000), and interpret

11-6 Chapter Review

Important Terms

and Symbols

11-1 Implicit differentiation, special function notation, function explic-

itly defined, function implicitly defined, implicit differentiation,

y = /(x], y = y{x), F(x, y) =

11-2 Related rates, related rates, x = x(t), y = y(f)

11-3 Higher-order derivatives. /"(x),/"'(x),/'''i(x) /'"'(x), . . .
;

d^y d^y d''y

dx^' dx^ ' dx"'

y", y'", y'"',
. .

Dlf[x],Dlf[x).Dtf[x)

d"y

dx"'

,(11)

.D"Jlx].. . .

11-4 The differential, differential dx, differential dy = f'{x) dx, differen-

tial approximation. Ay = dy,f(x + Ax] =/(x) +f'lx) dx, differential

rules, dc = 0,

du" = nu""' du,

d(u ± v) = du ± dv,

d(uv) = u dv + v du,

dv(u\ _ V du — u I

v) ^^
11-5 Marginal analysis in business and economics, demand equation, cost

equation, marginal cost, revenue equation, marginal revenue, profit

equation, marginal profit, average cost, marginal average cost, aver-

age revenue, marginal average revenue, average profit, marginal

average profit, C'(x), C'(x), R'(x), R'(x), P'(x), P'(x)
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Exercise 11-6 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are safisjied that you know the material, take the practice test following

this review.

A 1. Find y' for y = y(x) defined implicitly by

2y2-3x3-5 =

and evaluate at (x, y) = (1, 2).

2. For y = 3x^ - 5 where x = x(t) and y = y{t). find dy/dt if dx/dt = 3

when X = 12.

3. Findd^y/dx-Mfy^x^-x/^.

4. For y = f(x) = (3x~ - 7]\ find dy.

B 5. Find y' for y = y(x) defined implicitly by

y* — xy — 4 =

and evaluate at (x, y) = (6, 2).

6. Find x' for x = x(t) defined implicitly by

x3-2t-x + 8 =

and evaluate at (t, x) = (—2, 2).

7. Find y" for y = y(x) defined implicitly by 2x^ — y^ = 3.

8. Find y" for y = (2x'-3r'"»

Find
\V5-4x/

10. Finddy and Ay for/(x) = x^ - 2x + 1. x = 5, and Ax = dx = 0.1.

11. Approximate VT? using differentials.

12. A point is moving on the graph of y ^ — xy — 2 = so that its y coordi-

nate is decreasing at 2 units per second when (x, y) = (5, — 2). Find the

rate of change of the x coordinate.

13. Water from a water heater is leaking onto a floor. A circular pool is

created whose area is increasing at the rate of 24 square inches per

minute. How fast is the radius R of the pool increasing when the

radius is 12 inches? (A = ;rR^)

14. Find y' for y(x) defined implicitly by

Vs-y^- 2x^ + 6 =

Find the slope of the graph at (2. 1).

15. Using implicit differentiation, find d^y/dx^ if x^ + y- = 6.

16. Find dy and Ay fpr y = (2/Vx) + 8, x = 16, and Ax = dx = 0.2.
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Applications

Business & Economics

Life Sciences

Social Sciences

17. Marginal analysis. Let

p = 20-x and C(x) = 2x + 56

19.

0^ 20

be the demand equation and the cost function, respectively, for a

certain commodity.

(A) Find the marginal cost, average cost, and marginal average cost

functions.

(B) Find the revenue, marginal revenue, average revenue, and mar-

ginal average revenue functions.

(C) Find the profit, marginal profit, average profit, and marginal

average profit functions.

(D) Find the break-even point(s).

(E) Evaluate the marginal profit at x = 7, 9, and 11, and interpret.

(F) Graph R = R(x) and C = C(x) on the same axes and locate re-

gions of profit and loss.

18. Demand equation. Given the demand equation

x = x/5,000-2p3

find the rate of change of p with respect to x by implicit differentiation

(x is the number of items that can be sold at a price of $p per item).

Rate of change of revenue. A company is manufacturing a new video

game and can sell all it manufactures. The revenue (in dollars) is given

by

R = 36x
x"

20

where the production output in 1 day is x games. If production is

increasing at 10 games per day when production is 250 games per day,

find the rate of increase in revenue.

20. Wound healing. A circular wound on an arm is healing at the rate of

45 square millimeters per day (area of wound is decreasing at this

rate). How fast is the radius R of the wound decreasing when R = 15

millimeters? (A = ttR-)

21. Learning. A new worker on the production line performs an operation

in T minutes after x performances of the operation, as given by

-(-^)
If, after performing the operation nine times, the rate of improvement

dx/dt = 3 operations per hour, find the rate of improvement in time

dT/d( in performing each operation.
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Practice Test: Chapter 11

1. Find y' for y = y(x) defined implicitly by x^ — 3xy + 4y^ = 23 and

find the slope of the graph at (—1, 2).

2. Find y" for y = y(x) defined implicitly by x^ + y^ = 81.

3. Find DjVl - 2x.

4. Findy"fory = (5-3x2)3/^

5. Find dy and Ay for /(x) = x^ — 1, x = 2, and Ax = dx = 0.1.

6. Approximate ^f26 using differentials.

7. A point is moving on the graph of y^ — 4x^ = 12, so that its x coordi-

nate is decreasing at 2 units per second when (x, y) = (1, 4). Find the

rate of change of the y coordinate.

8. A 17 foot ladder is placed against a wall. If the foot of the ladder is

pushed toward the wall at 0.5 foot per second, how fast is the top rising

when the foot of the ladder is 8 feet from the wall?

9. Let p = 14 - X and C(x) = 2x + 20, « x « 14, be the demand equa-

tion and the cost function, respectively, for a certain commodity.

(A) Find the revenue and profit functions.

(B) Find the marginal profit, average profit, and marginal average

profit functions.

(C) Evaluate marginal profit at x = 4, 6. and 8, and interpret.

(D) Find the break-even point(s).

(E) Graph R = R(x) and C = C(x) on the same axes and locate re-

gions of profit and loss.
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CHAPTER 12 Contents

12-1 Asymptotes; Limits at Infinity and Infinite Limits

12-2 First Derivative and Graphs

12-3 Second Derivative and Graphs

12-4 Curve Sketching

12-5 Optimization; Absolute Maxima and Minima

12-6 Elasticity of Demand (Optional)

12-7 Chapter Review

This chapter is concerned with two important applications of the deriva-

tive: sketching the graph of a function and solving optimization problems.

The first three sections cover basic concepts that will be used in both of

these applications. The last (optional) section shows how these basic con-

cepts can be applied to a particular topic in economics.

12-1 Asymptotes; Limits at Infinity and Infinite Limits

Limits at Infinity and Horizontal Asymptotes

Infinite Limits and Vertical Asymptotes

Application

In this section we take another look at limits. This time we are interested in

limits as x increases or decreases without bound and limits at points where

/(x) is not defined.

Limits at Infinity and Horizontal Asymptotes

In Section 10-2 we said that the limit of f (x) as x approaches a number c is

the number L, written

lim/(x) = L

if the functional value f[x] is close to the single real number L whenever x

is close to but not equal to c on either side of c. In order to make an accurate

sketch of the graph of a function, it will be helpful to know what happens to

the functional value f(x) as x assumes large positive values and large

negative values. We will consider a specific example before we make any

general statements.

Example 1 Consider the function

2x2

668
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Solution

which is defined for all real numbers. What happens to the functional value
f(x] as X assumes larger and larger positive values?

Let us investigate this question using a calculator. Table 1 shows the values
of /(x) for increasingly large values of x.

Table 1

X

fix]

X assumes larger and larger positive value

5

1.92

10

1.98

20

1.995

50

1.9992

100

1.9998

500

1.999992

1,000

1.999998

The calculations shown here suggest that as the values of x continue to

increase, the functional value /(x) approaches the number 2. It seems that
we can make the functional value f[x] come as close to 2 as we like by
taking a sufficiently large value of x. If we use the symbol "x -^ oo" to

indicate that x is increasing with no upper limit on its size, then we can
write

2x^
lim

.

x-^ 1 + x-
= 2

It is important to understand that the symbol <» does not represent an actual
number that x is approaching, but is used to indicate only that the value of
X is increasing with no upper limit on its size. In particular, the statement
"x = 00" is meaningless since <» is not a symbol for a real number. We will

also use the statement "x ^ -qo" to indicate that the value of x is decreas-
ing with no lower limit on its size. Since the function in this example is an
even function [/(-x) =/(x)], the values in Table 1 also suggest that

2x'
= 2lim

X—» 1 + x

Examining the graph of this function (see Figure 1) provides us with a

geometric interpretation of these two limit statements. The graph of /is

-7 -6 -5
Figure 1
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Problem 1

approaching the horizontal line with equation y = 2 as x ^ <» and as x

— oo. The line y = 2 is called a horizontal asymptote of/.

Construct a table such as Table 1 in order to estimate (do not graph):

lim
X-. 1 + x^

We now state an informal* definition of the limit of a function / as x

approaches oo or — <» and the definition of a horizontal asymptote.

Limits at Infinity and Horizontal Asymptotes

We write

lim f[x) = L

if the functional value /(x) is close to the single real number L

whenever x is a very large positive number. We write

lim f (x) = L

if the functional value /(x) is close to the single real number L

whenever x is a very large negative number. If either condition holds,

then the line

y = L

is a horizontal asymptote of/.

Figure 2 illustrates several different possibilities for limits at infinity.

Figures 2A and 2B both show that the existence of one of the limits at

infinity does not imply the existence of the other. In Figure 2A, limx^-„/(x)

fails to exist because /(x) is unbounded as x ^ — <». In Figure 2B, limx^„

g(x) fails to exist because g(x) oscillates as x ^ =o and does not approach a

single real number. Finally, Figure 2C shows that it is possible for a

function to have two different horizontal asymptotes, one as x ^ <» and a

different one as x ^ — <».

Now that we have a basic understanding of limits at infinity, how can we
evaluate such a limit? Fortunately, all the limit properties we used in

* A more formal definition of lim, ^„/(x) = Lis as follows: Given any e >0 (no matter

how small), we can find a (large) positive number N such that|/(x) — L| <e whenever
X > N. A similar statement can be made for lim, « /(x).
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(A) limflx) = L

lim /(x) does not exist

(Bl^i^m_g(x) = L

lim g(x) does not exist

(C) lim h(x) = L,

lim h(x) = L2

Figure 2 Limits at infinity

Section 10-2 (see the box on page 556) are valid if we replace the statement

X —» c with the statement x ^ <» (or x^ — 00). These properties, together

with Theorem 1, will enable us to evaluate limits at infinity for many
functions.

Theorem 1 If p is a positive number, then

1 I
lim — = and lim — =
x-« XP x^-„ xP

provided that xp is defined for negative values of x.

Figure 3 on the next page illustrates the theorem for several values of p.
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(A) lim - =
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= lim

5+1
X

X

,. /(x) limj,_„/(x) ., , . ,

lim ^^-4 = T^-^^

—

-T-^' provided that
x-= g(x) lim,_. g(x)

lim /(x) and lim g(x) both exist.

lim (5 + -]
X-" V X/

lim f 2 + -) =
X— \ X /

5+4 • = 5 and

lim I 2 + -
I
= 2 + 3 • = 2 as in

part A

(C) lim
4x^ + 3x + 2

2x^ + 5

= li

4x2 + 3x + 2

2x^ + 5

lim
X—

»

i+l+A
X x^ x'

2+-

0+0+0 _
2+0 ~2~°

Divide numerator and denominator

by x', the highest power of x that

occurs in the numerator or the

denominator, simplify, and proceed

as before.

,T.. ,. 3x* + 6x
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= lim

3 + 4

x^ x*

Does not exist

Since the numerator of this fraction

approaches 3 and the denominator

approaches 0, the fraction can be

made as large as you Hke; hence, the

hmit does not exist.

Problem 2 Find each limit.

[A)
}'j^X'-M

(B) lim
2x-

(C) lim
3x^ + 4

.v-« 2x^ + 6
(D) lim

x^» 3x + 5

2x + l

x-« x^ + 4

The methods used to evaluate the limits in Example 2 can be applied to

any rational function (ratio of two polynomials). The results are summar-

ized in the box.

Limits at Infinity for Rational Functions
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Example 3 Use equations (1), (2), and (3) to find each limit.

(A) lim ^ , , ^
(B) lim ^ ^ , ^

(C) lim

Solutions (A) lim

-±» 3x2 + 4

5x2 + 3 5

X—±» 3X- + 4

-i".. 6x^ + 4 ' ' x-±- Sx** + 5

Use (2): n = m = 2. a„ = 5, b„ = 3

2x5 -)- 7
(B) lim ^ ^ , ^

Does not exist Use (3): n = 5, m = 3, n > m
x-.±oo 6x^ + 4 ^

'

,^. , 3x-» + 9
C lim — =

x-±» 8x6 + 5
Use (1): n = 4, m = 6, n<m

Problem 3 Use equations (1). (2), and (3) in the box to find each limit.

(A) lim^4±^ (B) lim4±^ (C) lim
''' ^

'

x-±. 2X'' + 4 x^ + 4 -±. 9x^ + 11

Infinite Limits and Vertical Asymptotes

Now we turn our attention to another type of limit problem that is also

related to asymptotes and curve sketching. In Section 10-2 when we en-

countered limits of the type

,. x + 2

x-2 x-2

we said that the limit did not exist because the numerator was approaching

a nonzero number (in this case, the number 4) and the denominator was

approaching 0. Hence, the fraction can be made as large in absolute value

as you like. Table 2 illustrates this behavior.

Table 2 /(x) =
x-t-2

x-2
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lim fix] = <K

flx)

Horizontal

asymptote

aty = 1

Figure 4

Once again, it is important to understand that we are not using the

symbol » to represent the value of a limit, but to describe a certain type of

behavior for a limit that does not exist. In general, when we write

lim /(x) = 00

X—•C+

we mean that the functional value f[x) is increasing without limit as x

approaches c from the right. A similar statement can be made for x ap-

proaching c from the left and for fix] approaching — oo. If

lim fix) = 00 and lim fix] = oo

then we can write

lim/(x) = 00

X—^c

and if

lim fix] = —00

then we can write

lim/(x) =—00

and lim f(x) = — oo

We can now state the general definition of a vertical asymptote.
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Vertical Asymptotes

If

lim f[x] = 00 (or — oo)

or

lim f[x] = 00 (or — oo)

then the vertical line

X = c

is a vertical asymptote of/.

Refer again to the functions in Figure 3. Each of these functions has a

vertical asymptote at x = 0. In each case, the vertical asymptote is due to

the fact that as x approaches 0, the denominator of the function approaches

and the numerator does not. Theorem 2 formalizes this observation and

provides a very important tool for locating vertical asymptotes.

Theorem 2 If
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We let p(x) = X + 1 and q(x) = x(x — 1) and note that both p and q are

continuous for all values of x (polynomials are continuous every-

where). Since q(0) = and p{0) = 1 # 0, / has a vertical asymptote at

X = 0. Since q(l) = and p(l) = 2 t^ 0, /also has a vertical asymptote at

X = 1. There are no other values of x for which q(x) = 0, so these are

all the vertical asymptotes of/. (At all other values of c, lim / (x) exists.)

We let p(x) = X + 4 and q(x) = x^ + 6x + 8. First, we factor q to find the

values of x that satisfy q(x) = 0:

q(x) = x2 + 6x + 8

= (x + 4)(x + 2)

Thus, q(x) = only for x = —2 and x = —4. Since p(— 2) =2 + 0,/has

a vertical asymptote at x = — 2. Since p(— 4) = 0, Theorem 2 does not

apply and we must evaluate limx__4/(x) to determine if x = —4 is a

vertical asymptote:

, . X + 4 ,

.

x »H4
lim ^-- — = hm
^—4 x2 + 6x + 8 X—4 (J^+ 4) (x + 2)

1

1= lim
,__4 x + 2

~
2

Since this limit exists, /does not have a vertical asymptote at x = —4.

(C) /(x)^-^ = fl
x^ + 2 q(x)

Let p(x) = X and q(x) = x^ + 2. Since

q(x) = x2 + 2^2>0

for all values of x, q(x) is never and / has no vertical asymptotes.

(D) /(x) = .^+^^-PW
Vx + 2 q(x)

p(x) = 1 + x^ is continuous for all x and q(x) = Vx + 2 is continuous

for X >— 2 and continuous on the right at x = — 2. Since p(— 2) = 5 =?^

and q(— 2) = 0, / has a vertical asymptote at x = — 2.
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Problem 4 Find the vertical asymptotes of each function.

(A) fix)

(C) fix)

x^-l

x + 1

X 2 _

(B) /(x) =

(D) /(x) =

x^ + l

x + 1

^
In order to use vertical asymptotes as an aid in sketching the graph of a

function, it is not enough simply to locate all of the vertical asymptotes. In

addition, we must determine the behavior of the graph as x approaches
each asymptote from the left and the right. That is. we must evaluate

linix-c- fix] and lim,_^+ /(x) at each vertical asymptote x = c.

Example 5 Sketch a graph of / by first evaluating lim,_^^ f{x] and lim,^^, /(x) at each
vertical asymptote of

fix]
x^lx - 4)

Then find any horizontal asymptotes and complete the graph using a

calculator and point-by-point plotting.

Solution Let p(x) = x - 2 and q(x) = x^x - 4), and observe that q(0) = and q(4) = 0.

Since p(0) =-2 ^ and p(4) = 2 9^ o. /has vertical asymptotes at x =Oand
X = 4. It will be helpful to construct a sign chart for / relative to the real

number line:

Sign of (x - 2) - - -
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Vertical asymptote Vertical asymptote

at X = at X = 4

Figure 5

Since / is a rational function we can use (1) on page 674 to conclude that /

has a horizontal asymptote at y = 0. We complete the graph (see Figure 5)

using a calculator and point-by-point plotting for regions of uncertainty.

(As we progress through this chapter, the aids to graphing that we will

develop will tell us more and more about the shape of a graph and we will

need less and less point-by-point plotting.)

Problem 5 Repeat Example 5 for f (x) =

Application

Example 6 A company estimates that the fixed costs for manufacturing a new transis-

Average Cost tor radio are $5,000 and the cost per unit produced is $2 (see Section 11-5).

The total cost of producing x radios is

C(x) = 5,000 -I- 2x
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and the average cost per unit is

Cx 5,000 + 2x 5,000
,

C(x) = = =
r- 2XXX

Since

, - , /5,000 , \
lim C(x) = lim I +21 = 2
X—•» X—•» \ X /

the hne y = 2 is a horizontal asymptote for the average cost function.

Notice that 2 is also the cost per unit.

The function C(x] also has a vertical asymptote at x = 0. Since C(x) is not

defined for x ^ 0, we need investigate only the right-hand limit at x = 0:

limC(x)=limf^:^ + 2)=oo
X—0+ X—0+ \ X /

Figure 6 shows these results graphically.

30

20

10

J L.

1,000
^'^

Figure 6 Average cost function

Problem 6 Refer to Example 6. Evaluate lim,^„ C(x) and lim,_(,+ C(-x) for the cost

function C(x) = 10,000 + 4x.

Answers to 1- '^

Matched Problems

X
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5. Vertical asymptotes

at X = —2 and x = 2

lim f(x) = —00
x-«-2-

lim /(x) = 00

X—2+

lim /(x) = 00

X—2-

lim /(x) = —00
X—2+

Horizontal asymptote

at y =

6. lim C(x) = 4; lim C(x) = oo

x-»» X—»0*

Exercise 12-1

Use a caJcuJator to evaluate each /unction at x = 10, 100, 1,000. and 10,000.

Use the results o/ these calculations to estimate Jimx_„/(xJ.

1. /(x) =
x + 1

fM
x + 1

fix)

fM

x+1

x + 1

Use a calculator to evaluate each function at x=l.l, 1.01. 1.001, and

1.0001. and at .9, .99, .999. and .9999. Use the results of your calculations to

estimate lim^^i+ffx) and limx^,-/(x).

5. fix)- X- 1
fix)

(1
11/3
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7. /(x)=- 8. /(x)=-
(X - If/"

'^ '
(1 - x)"/^

Problems 9-12 re/er to the /olJowing graph oj y =fix]:

9- (A) lim fix) = ?
X—•—

^

10. (A) lim /(x) = ?
X—*a"

11. (A) lim fix) = ?

(B) lim fix) = ?
X—•»

(B) lim fix) = ?

(B) lim/(x) = ?

12. (A) Where does / have horizontal asymptotes?

(B) Where does /have vertical asymptotes?

B Evaluate the following limits.

14. lim (3-4 + 4)X » \ X^ X*/

15. lim

17. lim

19. lim

2x^

3x^ + 5

2x3

—» 4X'' + 7

3x^ + 5

16. lim
X—.CO

18. lim

4X''

X-" Qx" + 10

3x2

x-« 4x2 + 2
20. hm

^_-„ X + 2

7x2

x-^» x= + 7

Find the vertical asymptotes of each function.

x2 + l x2 + 4
21- fix)

23. fix)

25. /(x):

X2
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For each function, find all horizonfai and vertical asymptotes. Evaluate

lim^^c+f(x)and lim^^^-f(x) at each vertical asymptote. Sketch the graph of

the function. Use a calculator and point-by-point plotting in regions of

uncertainty.

27. /(x) =

29. /(x) =

2x-h4

x-4
X

v2 — A

28. /(x) =

30. /(x) =

x + 2

1

v2 — d

31. Let/(x) = -

(A) Use a calculator to evaluate f(x) at x = 10, 100. and 1,000, and

x = -10, -100, and -1,000.

(B) Evaluate lim,_„/(x) and lim,__,o/(x).

(C) Sketch the graph of/.

32. Repeat Problem 31 for/(x)
sl4x^ + 1

Each of the limits in Problems 33-36 is of the form

lim [/(x) - g(x)]

Evaluate each limit by jirst rationalizing the expression [f(x) — g(xJJ/].

That is, multiply f/(x) - g(x)J/l by [fix] + g(xM/fx) + g(x)J.

33. 11m (Vx + l - Vx)

35. lim (Vx^ + X - x)

34. lim(VxMM - x)

36. lim (Vx^ -I- 4x - x)

Applications

Business & Economics 37. Average cost. The cost function for manufacturing x flashlights is

C(x) = 3,000 -I- 2.75X

(A) Find C(x), the average cost function.

(B) Evaluate lim,^.. C(x).

(C) Evaluate limx—o* C(x).

38. Average pro/it. Suppose the flashlights in Problem 37 sell for $5.25

each and that the company manufactures and sells x flashlights.

(A) Find the profit.

(B) Find the average profit.

(C) Find the limit of the average profit as x approaches infinity.
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39. Marginal cost. The cost function for a publishing company is

100
C(x) = 10.000 + 12x H

X

u'here x is the number of books produced in a single printing.

(A) Find the marginal cost function.

(B) Evaluate the limit of the marginal cost function as x approaches

infinity.

40. Advertising. A company estimates that it will sell N(x) units of a

product after spending $x thousand on advertising, as given by

M, 1
S.OOOx'

N(x) =
^ ' 2.5x^ + 4,000

Evaluate the limit of N(x) as x approaches infinity.

41. Pollution. The bacteria concentration (number of bacteria per cubic

centimeter) t days after a polluted lake is treated with a bactericide is

given by

50(2 + 45,000
^"^^

,2 + 225

(A) What was the concentration at the time the lake was initially

treated?

(B) What is the limit of the concentration as t approaches infinity?

42. AnimaJ population. A biologist has estimated that the population of a

certain species t years from now will be given by

500(2

^^'
.5(2 + 450

What is the limit of P(t) as t approaches infinity?

43. Learning. A new worker on an assembly line performs an operation in

T minutes after x performances of the operation, as given by

What is the limit of T as x approaches infinity?

12-2 First Derivative and Graphs

Increasing and Decreasing Functions

Critical Values and Local Extrema

First-Derivative Test

Application
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Since the derivative is associated with the slope of the graph of a function at

a point, we might expect that it is also associated with other properties of a

graph. As we will see in this and the next section, the first and second

derivatives can tell us a great deal about the shape of the graph of a

function. In addition, this investigation will lead to methods for finding

absolute maximum and minimum values for functions that do not require

graphing. Companies can use these methods to find production levels that

will minimize cost or maximize profit. Pharmacologists can use them to

find levels of drug dosages that will produce maximum sensitivity to a

drug. And so on.

Increasing and Decreasing Functions

Graphs of functions generally have rising or falling sections as we move
from left to right. It would be an aid to graphing ifwe could figure out where

these sections occur. Suppose the graph of a function / is as indicated in

Figure 7. As we move from left to right, we see that on the interval (a, b) the

graph of /is rising, /(x) is increasing,* and the slope of the graph is positive

[/'(x) > 0]. On the other hand, on the interval (b. c) the graph of/is falling,

f[x] is decreasing, and the slope of the graph is negative [fix) < 0]. At x = b

the graph of /changes direction (from rising to falling), /(x) changes from

increasing to decreasing, the slope of the graph is [/'(b) = 0], and the

tangent line is horizontal.

Slope

positive

Slope

In general, we can prove that if /'(x) > (is positive) on the interval (a, b),

then/(x) increases (/") and the graph of /rises as we move from left to right

over the interval; if /'(x) < (is negative) on an interval (a, b), then /(x)

decreases (\) and the graph of/ falls as we move from left to right over the

interval. We summarize these important results in the box.

* Formally, we say that /(x) is increasing on an interval (a. b) if /(X2) > /(x,)

whenever a < x, < Xj < b; /is decreasing on (a. b) if/lXj) </(x,) whenever a < x, <
x, < b.
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Increasing and Decreasing Functions

For the interval (a, b):

/'(x) fix] Graph off Examples

Increases / Rises /"

Decreases \ Falls \

Example? Given f (x) = x^ - Sx^ + 3:

(A) Which values of x correspond to horizontal tangents?

(B) For which values of x is f(x] increasing? Decreasing?

(C) Sketch a graph off. Add horizontal tangent lines.

Solutions (A) Take the derivative of / and determine which values of x make

/'(x) = 0:

/'(x) = 3x2-6x

= 3x(x-2)

Now, 3x(x- 2) = if

3x = or x-2 =

X = or X = 2

Thus, horizontal tangent lines exist at x = and at x = 2.

(B) Construct a sign chart for /' to determine which values of x make

/'(x) > and which values make /'(x) < 0.

Sign chart for/' (x) = 3x(x - 2)

i

I

Sign of 3x ---]+ + +!+ + +

Sign of (x - 2) - -

fW

/(x)

1-

+ 9

i ^"^

6 + + +

1^^

The last line of the sign chart indicates that / increases on {— <», 0), has

a horizontal tangent at x = 0, decreases on (0, 2), has a horizontal
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Problem 7

Example 8

Solutions

tangent at x = 2, and increases on (2, «=). These facts are summarized

in the table.

/'(x) f[x) Graph off

x<0
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(B) When you construct the sign chart for a fraction, remember to include

the zeros for both the numerator and the denominator on the number

line.

Sign chart for f(x) = ^^1-^)

Sign of ^(1 - X) + + +

Sign of x'^ _ _ _

+ + +

+ + + + + +

) X

fix)

- -NP+ + +0-

/'(x) /(x) Graph of f

x<0 -

X = Not defined

0<x<l +
x = 1

x> 1

Decreasing Falling

Is defined Sharp corner

Increasing Rising

Horizontal tangent

Decreasing Falling

(C) We sketch a graph of/ using the information from part B and point-by-

point plotting for regions of uncertainty.

X
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Example 9 Given f(x) =
x-1
x-2'

(A) Find the intervals where f[x] is increasing and those where f(x] is

decreasing.

(B) Find the horizontal and vertical asymptotes off.

(C) Sketch a graph of/.

Solutions (A) f'{x)-
(x-2)(l)-(x-l)(l)
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(C) We sketch a graph effusing the information from parts A and B and

point-by-point plotting for regions of uncertainty.

X /(x)
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Theorem 3

points occur at c, and Cg, and low points occur at Cj and c^. In general, we
call a point (c, /(c)) a local maximum if there exists an interval (m, n)

containing c such that

/(x)«/(c)

for all X in (m, n). A point (c, /(c)) is called a local minimum if there exists

an interval (m, n) containing c such that

/(x)^/(c)

for all X in (m, n). Thus, in Figure 8 we see that local maxima occur at c^ and

Ce and local minima occur at Cj and c^.

How can we locate local maxima and minima if we are given the

equation for the function and not its graph? Figure 8 suggests an approach.

It appears that local maxima and minima occur among those values of x

such that/'(x) = or/'(x) does not exist— that is, among the values c, , C2,

C3, C4, C5, Cg, and C7. [Recall from Section 10-4 that /'(x) is not defined at

sharp points or corners on a graph.] It is possible to prove the following

theorem:

Existence of Local Extrema

If/is a continuous function over the interval (a, b), then local maxima

or minima, if they exist, must occur at values of x. called critical

values, such that /'(x) = or /'(x) does not exist (is not defined).

Our strategy is now clear. We find all critical values for /and test each

one to see if it is a local maximum, a local minimum, or neither. There are

two derivative tests that can be used for this purpose. In this section we will

discuss the first-derivative test, which works in all cases. In the next

section we will discuss the second-derivative test, which is often easier to

use but does not work in all cases.

First-Derivative Test

If /'(x) exists on both sides of a critical value c, then the sign of/'(x) can be

used to determine if /(c) is a local maximum, a local minimum, or neither.

The various possibilities are summarized in the next box. Figure 9 illus-

trates several typical cases.
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First-Derivative Test for Local Extrema

Let c be a critical value of /[/'(c) = or /'(c) is not defined, but /(c) is

defined].

Caselmen
f(x)l ---1^-. i

-)x

Case 2

m
f(x)

/(x) /^ N
^x

If /' (x) changes from

negative to positive

at c, then /(c) is a

local minimum.

If /'(x) changes from

positive to negative

at c, then f{c] is a

local maximum.

[Note: If /'(x) does not change sign at c, then /(c) is neither a local

maximum nor a local minimum.]

/(x)

/(c)

/(x)

/(c)-

c

+

-^x

/'(x)

(A) /(c) is a

local minimum.

/(c) =

Horizontal tangent

/(x)

7
ĉ

+ -f(x)

(B) /(c) is a local

maximum.

-)x

/(c)

c

/'(x) + + + +

(C) /(c) is neither

a local maximum
nor a local minimum.

-^x

.f(x)

/(c)

c

fix] - - - -

(D) /(c) is neither a

local maximum nor

a local minimum.

-^x

/(x)

/(c)

/(x)

/(c)

c

f (x) - - ND + +

(Ej /(c) is a local

minimum.

Figure 9 Local extrema

^x

/'(c) is not defined

but flc) is defined

/(x)

/(c)

c

/'(x) + + ND

(F) /(c) is a local

maximum.

-)x ^x

/'(x) + + ND + -

(G) /(c) is neither a

local maximum nor

a local minimum.

/(x)

/(c)-

^x

f(x) ND

(H) /(c) is neither a

local maximum nor

a local minimum.
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Example 10 Given /(x) = x^ - Gx^ + 9x + 1:

(A) Find the critical values of/.

(B) Find the local maxima and minima.

(C) Sketch the graph of/.

Solutions (A) /'(x) = Sx^ - 12x + 9

= 3(x^-4x + 3)

= 3(x- l)(x-3)

Now,/'(x) = Oif

x-l=0 or x-3 =

x = 1 or X = 3

Critical values are x = 1 and x = 3.

(B) The easiest way to apply the first-derivative test is to construct a sign

chart for/'(x):

Slgnchart for/' (x) = 3(x -
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X f(x)

1

1 5

2 3

3 1

4 5

Problem 10 Given f(x) = x^ - Qx^ + 24x - 10:

(A) Find the critical values of /.

(B) Find the local maxima and minima.

(C) Sketch a graph of /.

Example 11 Find the local maxima and minima for each of the following functions:

(A) f{x) = x''/' + 4x'/' (B) /(x) =
1 -2x

Solutions (A) /(x) = x"/^ + 4x^3

/'(x]=-xi/3 + -x-2/3
3 3

4 /x^ x^ 1 \

3 V 1 ' x2/3 x^/V

4 / x + l \

3 \ x^/' /

/'(—I) = and/'(0) is not defined. Thus, the critical values are x

and X = 0.
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Sign chart for f(x) = |C^i-±jl)

Signof|(x + 1) + + ++ + +

Sign of x^" + + +I+ + +I+ + +

-j 6
^ i ^ X

f(x)

fix)

0+ + +ND+ + +

Since /'(x) changes from negative to positive at x = — !,/(- 1) = — 3 is

a local minimum. Since /'(x) does not change sign at x = 0, /(O) = is

not a local extreme point, as shown in the figure.

fix] = 4x"=i + x-«'

(B) /(x) =
1 -2x

/'(x) =
x2(-2)-(l -2x)2x
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does not exist. Nevertheless, must be included on the number line in

the sign chart for/'(x):

Sign chart for /'(x) = ?i^^

Sign of 2(x - 1) - - -

Sign of x^ - I

-
I

+ + +
I

+ + +

+ + +

^x
f(x)

/(x)

+ ND

NfD

+ + +

i—

'

The sign chart seems to indicate that there is a local maximum at

X = 0. However, as we noted before, is not in the domain of the

function and it makes no sense to apply the first-derivative test at

x = 0. In fact, since lim^^af{x] = 'x, f has a vertical asymptote at

X = 0. The test does apply at x = 1 and /(I) = — 1 is a local minimum,
as indicated in the figure.

/(x)

1 - 2x

-5

1 -

Notice that in Example llA, f[x] is defined at but f'(x) is not.

Thus, x = is a critical value. However, in part B, both/(x) and/'(x)

are not defined at 0. Hence, x = is not a critical value for this

function. Be careful that you do not apply the first-derivative test to a

value that is not a critical value.
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Problem 11 Find the local maxima and minima for each of the following functions (do

not graph):

(A) /(x) = x'/' + 5x2/^ (B) f(x)
x + 1

Application

Example 12 Given the cost function C(x) = 5,000 + (l/2)x^ where x is the number of

Average Cost units produced:

(A) Find the minimum average cost.

(B) Find the marginal cost function.

(C) Graph the average cost function and the marginal cost function on the

same axes.

Solutions (A) Let C(x) = —'^ = -^ h - x, x > 0. Then
X x 2

_ 10.000 x^
~

2x2 J^
_ x^ - 10,000~

2x2

_ (x - 100)(x + 100)

2x2

C'{x) = Oatx = 100 and X = —100. Since the number of units must be

positive, X = 100 is the only critical value.

Sign chart for C'(x)

Sign of (x - 100)

Sign of (x + 100)

Sign of 2x^

(x - 100) (x + 100)

2x2

+ + +

+ + +
1
+ + +

+ + +;+ + +

100—4
+ + +

-^x
C'(x) ND

C(x) ND

The first-derivative test implies that C(IOO) = 100 is a local minimum.
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An examination of the graph shows that C(x] > 100 for all other

values of X. Thus, the minimum average cost is 100.

C'(x) = X

CM = 5^ + |x

Minimum average cost

100 200 300 400

This graph illustrates an important principle in economics: The mini-

mal average cost occurs when the average cost is equal to the marginal

cost.

Problem 12 Given the cost function C(x) = 1,600 + {l/4)x^:

(A) Find the minimum average cost.

(B) Find the marginal cost function.

(C) Graph the average cost function and the marginal cost function on the

same axes.

Answers to

Matched Problems

7. (A) x = -l;x = l

(B) Increasing on (— oo, — i)

and (1, 00)

Decreasing on (—1, 1)

H^
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(A) Horizontal tangent at

x = 2

f '(0) does not exist

(B) Increasing on (— <», 0)

and (2, »)

Decreasing on (0, 2)

9. (A) Increasing on (—00, 1)

and [1, 00)

10. (A) Critical values: x = 2,

x = 4

(B) Horizontal asymptote:

y=-2

Vertical asymptote: x = 1

(B) f[2] = 10 is a local

maximum

/(4) = 6 is a local

minimum

11. (A) /(- 2) = (-2)V3 + 5(- 2)2/3 = 4.8 is a local maximum

/(O) = is a local minimum

(B) /(— 2)
= —1/4 is a local minimum

12. (A) Minimal average cost is 40 at x = 80

(B) C'(x) = (l/2)x
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XI = MOO ^ 1^
X 4

J I I L
40 80 120 160 200

-^x

Exercise 12-2

A Problems 1-6 refer to the following graph of y = f(x]

1. Identify the intervals over which /(x) is increasing.

2. Identify the intervals over which f[x] is decreasing.

3. Identify the points where f'[x) = 0.

4. Identify the points where /'(x) does not exist.

5. Identify the points where / has a local maximum.

6. Identify the points where / has a local minimum.
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In Problems 7-10 replace question marks in the tables with "Local maxi-

mum," "Local minimum," or "Neither," as appropriate. Assume/is contin-

uous over (m, n) unless otherwise stated. (Sketching pictures may help you

decide.)

y.
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21. /(x) = x+- 22. /(x)=- + x
X X

23. /(x) = l+- + ^ 24. /(x) = 3---4
X X^ X x^

25. f[x) = ^(x-Wf 26. /(x) = x2n/x + 5

27. /M-^ 28. /(x)-^

For each /unction, jind (he intervals over which the graph off is rising and
falling, locale horizontal tangents and points where f (x) does not exist [but

fix) does exist], and sketch the graph.

x^ 30. f[x) = 2x2 _ 8j^. + g

-1 32. /(x) = x^- 12X + 2

34. /(x) = (x + 3)2/3

36. /(x) = x-4Vx
'/'

38. /(x) = (X - ir^ - 4(x - 1)2/3

For each function, find the intervals over which the graph o//is rising and
/ailing, locate horizontal tangents and points where /'(x) does not exist [but

fix} does exist], find horizontal and vertical asymptotes, and sketch the

graph.

41. /(x) = x + - 42. /(x) = x2 + ^

29.
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48.

(B) Determine when the rate of change of sales is increasing.

[Hint: UseN"(x).]

Profit function. If the profit P(x) in dollars for an output of x units is

given by

P(x) =
30
+ 140x- 72,000 x^O

find production levels for which P is increasing and levels for which P

is decreasing.

Life Sciences 49. Bacteria growth. A colony of bacteria was treated with a slow-acting

poison and the number of survivors N((), in thousands, t hours after

the poison was administered was found to be given approximately by

N(t) = 2t^- 7512 + 6001 + 2,000 « t S 20

How long did the colony continue to grow after the drug was adminis-

tered?

50. Drug sensitivity. One hour after x milligrams of a particular drug are

given to a person, the change in body temperature T(x) in degrees

Fahrenheit is given by

T(x -'H)

Social Sciences 51,

The rate at which T changes with respect to the size of the dosage x,

T'(x), is called the sensitivity of the body to the dosage. For what

values of X is T'(x) increasing? Decreasing? [Hint: Use T"(x).]

Learning. The time T in minutes that it takes a particular person to

learn a list of n items is

T = /(n) = 2nVn-12 n ^ 12

(A) When is T increasing?

(B) When is the rate of change of T increasing? [Hint: Use /"(n).]

12-3 Second Derivative and Graphs

Concavity

Inflection Points

Second-Derivative Test

Application

In the preceding section we saw that the first derivative can be used to

determine when a graph is rising and falling. Now we want to see what the

second derivative can tell us about the shape of a graph.
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Concavity

Consider the functions

/(x) = x^ and g(x) = Vx

for X in the interval (0, «=). Since

/'(x) = 2x>0 forO<x<°o

and

g ixj
1

2Vx
> for < x < oo

both functions are increasing on (0, «=).

Notice the different shapes of the graphs of /and g (see Figure 10). Even

though the graph of each function is rising and each graph starts at (0, 0)

and goes through (1. 1), the graphs are quite dissimilar. The graph of/opens

upward while the graph of g opens downward. We say that the graph of /is

concave upward and the graph of g is concave downward. It will help us

draw graphs if we can determine the concavity of the graph before we draw

it. How can we find a mathematical formulation of concavity?

(A) f[x] =

Figure 10

(B) g(x

It will be instructive to examine the slopes of/and g at various points on

their graphs (see Figure 11). There are two observations we can make about

each graph. Looking at the graph of/ in Figure 11 A, we see that/'(x) (the

slope of the tangent line) is increasing and that the graph lies above each

tangent line. Looking at Figure 1 IB, we see that g '(x) is decreasing and that

the graph lies below each tangent line. With these ideas in mind, we state

the general definition of concavity: The graph of a function / is concave

upward (CU) on the interval (a, b] if /'(x) is increasing on (a, b) and is

concave downward (CD) on the interval (a, b] if f'(x) is decreasing on

(a, b). Geometrically, the graph is concave upward on (a. b) if it lies above

its tangent lines in (a, b) and is concave downward on (a, b) if it lies below

its tangent lines in (a, b).
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.25 .50

(A) /(x) = x^

Figure 11

(B) g(x) = VT

How can we determine when / ' (x) is increasing or decreasing? In the last

section we used the derivative of a function to find out when the function is

increasing and decreasing. Thus, to determine when/'(x) is increasing and

decreasing, we can use f"[x), the derivative of /'(x). The results are

summarized in the box.

Concavity

For the interval [a, b]

/"W /'(.v) Graph of y = f(x) Example

+ Increasing

— Decreasing

Concave upward

Concave downward

Be careful not to confuse concavity with falling and rising. As Figure 12

illustrates, a graph that is concave upward on an interval may be falling,

rising, or both falling and rising on that interval. A similar statement holds

for a graph that is concave downward.
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t
1
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Concave

upward

(B) /'(x)=-(x-ir/^

/"(x) = --(x-ir/3

9(x-l)^/^

Sign chart for f"(x]

2

9(x - 1)

Sign of
9(x - 1)

+ + +

-^^
f(x)

m
+ + + n/d

cu CD

Thus, the graph of / is concave upward on (— oo, i) and concave

doufnward on (1, <»). The graph of/ (without going through the other

graphing details) is shown at the top of the next page.

Problem 13 Repeat Example 13 for the following functions:

(A) /(x) = x-x3
(B) /(x) = (x + 2F'
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Each of the graphs in Example 13 has a point where the concavity

changes. Such points are called inflection points.

Inflection Points

In general, an inflection point is a point on the graph of a function where

the concavity changes (from upward to downward or from downward to

upward). In order for the concavity to change at a point, /"(x) must change

sign at that point. Reasoning as we did in the previous section, we conclude

that the inflection points must occur at points where /"(x) = Oor/"(x) does

not exist [but/(.x) must exist]. Figure 13 illustrates several typical cases.

If /'(c) exists, then the tangent line at an inflection point {c,f{c]) will

always lie below the graph on the side that is concave upward and above

the graph on the side that is concave downward (see Figures 13A, B, and C).

f"[x] + + +

(A) /'(c) >

f"(x) + +

(B)/'(c)<0

/"(.\) + + +

(C)/'(c) =

Figure 13 Inflection paints

f"{x] - - - ND + + +

(D) /'(c) is not defined
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Example 14 Given fix] = x* - 2x' + 2.

(A) Find the intervals where /is concave upward. Concave downward.

(B) Find the inflection points.

(C) Graph /. Add tangent lines at all inflection points.

Solutions (A) /'(x) = 4x^ - Bx^

/"(x) = 12x2-12x

= 12x(x- 1)

Now,/"(x) = Oif

x = or X = 1

Sign chart for/"(x)

Sign of 12x -

Sign of (x - 1) -

12x(x - 1)

+ I + + +

)x

+ + +

CU

/"(x)

/ CU CD

Thus, f is concave upward on (— oo. 0) and (1, <^) and concave down-

ward on (0, 1).

(B) From the sign chart, we see that / " (x) changes sign atx = Oandx = l;

thus, / has inflection points at x = and x = 1.

(C)
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Problem 14 Given f(x) = x" + 4x3 + 10.

(A) Find intervals where /is concave upward. Concave downward.

(B) Find the inflection points.

(C) Graph /. Add tangent lines at all inflection points.

The next example illustrates the same two important ideas that we
discussed in the preceding section. That is.

1. The points where f"(x) = or /"(x) does not exist are only possible

inflection points. The sign of f "(x) must change at such a point in order

for an inflection point to occur.

2. Numbers not in the domain of/must be included on the number line in

the sign chart for /"(x), but there cannot be an inflection point at a

number where / is not defined.

Example 15 Find the inflection points (if any exist) for each of the following functions.

Sketch a graph of each function.

(A) /(x) = (x-2r/3 (B) /(x) = x + -

Soluli (A) .f'(x)=-(x-2r3 Sign chart for f"{x)
9(x - 2)2'3

/"(x)=^(x- 2)^/3 Signofgj-J^

9(x - 2)2/3

f"M

f

+ + + ] + + +
I

I

2

^ )x

+ + + ND + + +

CU cu

Since the second derivative does not change sign at x = 2, there is no

inflection point at x = 2. The graph of f is shown here.
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(B) /'(x) = l

f"[x)=-

Sign chart for f"{x) = -—

Sign of + + +

-)x

f"{x]

f

- - ND + + +

CD ND CU

Even though the second derivative changes sign at x = 0, there is no

inflection point at x = 0. The graph of /is given here.

/(x)

fix] = X +

I I I I _l I I L 4x

--4

Problem 15 Repeat Example 15 for each of the following functions:

(A) /(x) = x'' (B) /(x) = -^
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Second-Derivative Test

Now we want to see how the second derivative can be used to find local

extrema. Suppose / is a function satisfying f'(c] = and /"(c) > 0. First,

note that if /"(c) > 0, then it follows from the properties of limits* that

/"(x) > in some interval (m, n) containing c. Thus, the graph of/must be

concave upward in this interval. But this implies that / '(x) is increasing in

this interval. Since /'(c) = 0,/'(x) must change from negative to positive at

x = c and /(c) is a local minimum (see Figure 14). Reasoning in the same
fashion, we conclude that if /'(c) = and /"(c) < 0, then /(c) is a local

maximum. Of course, it is possible that both /'(c) = Oand/"(c) = 0. In this

case the second derivative cannot be used to determine the shape of the

graph around x = c; /(c) may be a local minimum, a local maximum, or

neither.

f (X) <

/"(c) >
f (c) =

f (x) >

fix) >

f'ic] =

f (X) <

f'ic] <

_l_ _L _L

(A)f(c) = and /"(c) >
implies /(c) is a local

minimum.

(B)f(c) = and f(c) <
implies /(c) is a local

maximum.

Figure 14 The second derivative and local extrema

The sign of the second derivative thus provides a simple test for identify-

ing local maxima and minima. This test is most useful when we do not

want to draw the graph of the function. If we are interested in drawing the

graph and have already constructed the sign chart for /'(x), then the

first-derivative test can be used to identify the local extrema.

* Actually, -we are assuming that/"(x) is continuous in an interval containing c. It is

very unlikely that we will encounter a function for which f "(c) exists, but f"[x) is

not continuous in an interval containing c.
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Second-Derivative Test for Local Maxima and Minima

f'{c] f"{c] /(c) Example

Local minimum

Local maximum
Test fails

Example 16 Find the local maxima and minima of each function. Use the second-deriv-

ative test when it applies.

(A) f[x) = x^-6x^ + 9x + l (B) /(x) = (l/6)x'^-4x'5 + 25x''

Solutions (A) Take first and second derivatives and find critical values:

f(x] = x^-Gx^ + 9x + l

f'(x) = 3x2 - i2x -I- 9 = 3(x - l)(x - 3)

/"(x) = 6x-12 = 6(x-2)

Critical values are x = 1, 3.

/"(I) = —6 < Therefore, /(I) is a local maximum.

/"(3) = 6 > Therefore, /(3) is a local minimum.

(B) /(x) = (l/6)x'=-4x5-l-25x''

f'(x) = x^- 20X'' -I- lOOx' = x^(x - 10)2

/"(x) = Sx" - 80x' -I- 300x2

Critical values are x = and x = 10.

/"(O) = The second-derivative test fails at both critical

("{YQ\ = values, so the first-derivative test must be used.

Sign chart for f(x) = x'(x - lO)^

Sign of x' _ _ _ + + -f 1 -F + -I-

Signof(x - wy + + + l + -t--l-! + -l-

lb

f(x)

-^^

0+-I-+0+-I--I-
I t
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Therefore, /(O) is a local minimum and f (10) is neither a local maxi-

mum nor minimum.

Problem 16 Find the local maxima and minima of each function. Use the second-deriv-

ative test when it applies.

(A) /(x] = x^-9x2-t-24x- 10 (B) /(x) = lOx'^ - 24x= + ISx-*

A common error is to assume that /"(c) = implies that/(c) is not a local

extreme point. As Example 16B illustrates, if /"(c) = 0, then /(c) may or

may not be a local extreme point. The first-derivative test must be used

whenever /"(c) = [or /"(c) does not exist].

Example 17

Maximum Rate of Change

Application

Using past records, a company estimates that it will sell N(x) units of a

product after spending $x thousand on advertising, as given by

N(x) = 2,000 -2x3 + 60x2 -450x 5«x«15

Solution

When is the rate of change of sales per unit (thousand dollars) change in

advertising increasing? Decreasing? What is the maximum rate of change?

Graph N and N' on the same axes and interpret.

The rate of change of sales per unit (thousand dollars) change in advertising

expenditure is

N'(x) = -6x2 + -[20x - 450

We are interested in determining when N'(x) is increasing and decreasing.

This information can be obtained by examining the sign of N"(x), the

derivative of N'(x):

N"(x) = -12x + 120 = 12(10 - x)

Since N"(x) > for 5 < x < 10 and N"(x) < for 10 < x < 15, N'(x) is

increasing on (5, 10) and decreasing on (10, 15). An examination of the

graph of N'(x) shows that the maximum rate of change is N'(IO) = 150.

(Refer to the figure at the top of the next page.) Graphing N(x) on the same
axes shows that the graph of N(x) has an inflection point at x = 10. This
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point is often referred to as the point of diminishing returns since the rate

of change of the number of units sold begins to decrease at this point.

2,000

1,000

y = N[x)

N"(x) > 0/ N"(x) <

N'(x)/-1 N'(x)\

v = N'(x)
-^x

5 10 15

T

Point of diminishing returns

Problem 17 Repeat Example 17 for

N(x) = 5,000 - x^ + 60x2 _ goox 10 « x ^ 30

Answers to

Matched Problems

13. (A) Concave upward on

(-°°, 0)

Concave downward on

(0,00)

(B) Concave downward on

(-00.-2)

Concave upward on

(-2.00)

/(x)
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14. (A) Concave upward on (—<», —2) and (0, <»):

concave downward on (—2, 0)

(B) Inflection points at x = — 2 and x =

(C) fix)

15. (A) No inflection point (B) No inflection point

fix] fix]

16. (A) /(2) is a local maximum;

/(4) is a local minimum

(B) /(O) is a local minimum;

/(I) is neither a local maximum nor a local minimum
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17. N'(x) is increasing on (10, 20), decreasing on (20, 30); maximum rate

of change is N'(20) = 300; x = 20 is point of diminishing returns

5,000

4,000

3,000

2,000

1,000 -

V = N'(x)

Point of diminishing returns

Exercise 12-3

A ProbJems 1-4 refer to the following graph of y = f[x):

fix)

1. Identify intervals over which the graph of /is concave upward.

2. Identify intervals over which the graph of /is concave downward.

3. Identify inflection points.

4. Identify local extrema.

In Problems 5-6 replace question marks in the tables with "Local maxi-

mum," "Local minimum," "Neither," or "Test fails," as appropriate. As-
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sume f is continuous over {m. n) unless otherwise stated. (Sketching pictures

may help you decide.]

/'(c)
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B Find all local maxima and minima using the second-derivative test when-

ever it applies (do not graph). If the second-derivative test fails, use the

;/irst-derivative test.

11. /(x) = 2x2-8x-l-6

13. /(x) = 2x3-3x--12x-5
15. /(x) = 3-x3 + 3x--3x
17. /{x) = x" - 8x2 + 10

19. f{x)=x<' + 3x' + 2

21. /(x) = x+—

12. /(x) = 6x-x2 + 4

14. /(x) = 2x^ + 3x2-12x-l
/(x) = x' + 6x2 + 12x + 2

/(x) = x" - 18x2 -I- 50

16.

18.

20.

22.

/(x)=4-x''-

/(x)=x+^

ex"

Find local maxima, local minima, and inflection points. Sketch the graph of

each function. Include tangent lines at each local extreme point and in/lec-

tion point.

23.
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(A) Find the local extrema for the average cost function.

(B) Determine the intervals over which the graph of the average cost

function is concave upward. Concave downward.

Advertising. A company estimates that it will sell N(x) units of a

product after spending $x thousand on advertising, as given by

N(x) = -2x^ + 90x2 _ 750x + 2,000 ;25 \

(A) When is the rate of change of sales N'(x) increasing? Decreasing?

(B) Find the inflection points for N(x).

(C) Graph N(x) and N'(x) on the same axes.

(D) What is the maximum rate of change of sales?

Life Sciences 43. Population growth— bacteria. A drug that stimulates reproduction is

introduced into a colony of bacteria. After t minutes, the number of

bacteria is given approximately by

N(t) = 1.000 + 30t2-t^ G«t«20

(A) When is the rate of growth N'{t] increasing? Decreasing?

(B) Find the inflection points for N(t).
^

(C) Sketch the graph of N[i) and N'(t) on the same axes.

(D) What is the maximum rate of growth? ^

44. Drug sensitivity. One hour after x milligrams of a particular drug are

given to a person, the change in body temperature T(x} in degrees

Fahrenheit is given by

T(x) = x2(l-|) 0«x«6

The rate at which T changes with respect to the size of the dosage x,

T'(x), is called the sensitivity of the body to the dosage.

(A) When is T'(x) increasing? Decreasing?

(B) Where does T(x) have inflection points?

(C) Sketch the graph of T(x) and T'(x) on the same axes.

(D) What is the maximum value of T'(x)?

Social Sciences 45. Learning. The time T in minutes it takes a person to learn a list of

length n is

T(n)
25

n^ + en O^n

(A) When is the rate of change of T with respect to the length of the

list increasing? Decreasing?

(B) Where does the graph of T have inflection points? Graph T and T'

on the same axes.

(C) What is the minimum value of T'(n)?
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12-4 Curve Sketching

A Graphing Strategy

Using the Strategy

In this section we will apply, in a systematic way, all the graphing concepts

discussed in the previous three sections as well as those discussed in

Section 5-3. Before considering specific examples, we will outline a graph-

ing strategy that you should find helpful in graphing many functions.

A Graphing Strategy

We now have powerful tools to determine the shape of a graph of a

function, even before we plot any points. We can accurately sketch the

graphs of many functions using these tools and point-by-point plotting as

necessary (often, very little point-by-point plotting is necessary). We orga-

nize these tools in the graphing strategy summarized in the box on page 723.

Using the Strategy

Several examples will illustrate the use of the graphing strategy.

Example 18 Sketch the graph of /(x) = 6x'/^ - x^^^ + 2 using the graphing strategy.

Solution First, notice that f[x] is defined only for x^ 0.

Step 1.
' ' 2

/ 1 2 x'/^ xV^\

^\x''''"2 2
'

x'/y

3(2 - x)

2x'/2

Sign chart for/' (x) = 3(2 - x)/(2x"2)

I
I

Sign of 3(2 -
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A Graphing Strategy

[Omit any of the following steps if procedures involved are too difficult

or impossible (what may seem too difficult now, with a little practice,

will become less so).]

Step 1. Use the first derivative. Construct a sign chart for f'(x),

determine the intervals where /(x) is increasing and de-

creasing, and find local maxima and minima.

Step 2. Use the second derivative. Construct a sign chart for f"[x),

determine the intervals where the graph of / is concave

upward and downward, and find any inflection points.

Step 3. Find horizontal and vertical asymptotes. Find any horizon-

tal asymptotes by calculating \\m^^+^f[x]. Find any vertical

asymptotes by evaluating lim,^^/(x) and lim,^^-/(x)at any

value c where / is not defined.

Step 4. Find intercepts. Find the y intercept by evaluating /(O), if it

exists. Find x intercepts by solving the equation f[x) = for

x, if possible. This equation may be too difficult to solve and

the X intercepts are omitted.

Step 5. Determine symmetry. The graph of / is symmetric with

respect to the vertical axis if fis even— that is, if/(x) =/(— x)

for all x in the domain of/. The graph of/ is symmetric with

respect to the origin if /is odd— that is, if /(— x) = — /(x) for

all X in the domain of/.

Step 6. Sketch the graph of/. Draw asymptotes and locate inter-

cepts, local maxima and minima, and inflection points.

Sketch in what you know from steps 1-5. Use point-by-

point plotting to complete the graph in regions of uncer-

tainty.

Thus, /(x) is increasing on (0, 2) and decreasing on (2, <»). There is

a local maximum at x = 2.

Step 2. f"(x] = --x-^/^--x-^/^

\ 2x^^^ 2 4x^/2 xj

_ -3(2-l-x)

4x^/2

Since 2 + x > and x^^^ > o for x > 0, /"(x) < for x > 0. Thus,

the graph of / is concave downward on (0, °o) and there are no

inflection points.
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Step 3. There are no asymptotes.

Step 4. f (0) = 2 is the y intercept. Since 6x'^^ - x^^^ + 2 = cannot be

solved easily, we will not find the x intercepts.

Step 5. Symmetry with respect to the vertical axis or the origin is impossi-

ble since / is defined only for x ^ 0.

Step 6.
/(x)

2

7

7.7

6

-7

Problem 18 Sketch the graph of /(x) = x^^^ - 3x'/^ — 1 using the graphing strategy.

Example 19 Sketch the graph oif(x) = (x^ — l)(x^ — 7) using the graphing strategy.

Solution Step 1.

f[x) = (x^ - l)(x2 - 7) = x" - 8x2 + 7

f'{x] = 4x' - 16x = 4x(x + 2)(x - 2)

Sign chart for f(x) = 4x (x + 2) (x - 2)

I

Sign of 4x —

Sign of (x + 2) -

Sign of (x — 2) -

_
I

_ _ _
1

I

-
i + + +
I

I

_ I _ _ _
I

-2

+ + + + + +

+ + + ! + + +

I + + +
I

2
-)x

f(x) + + + + + +
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f(x) is increasing on (—2, 0) and (2, =»], and decreasing on (—<», —2)

and (0, 2). /(O) is a local maximum. /(— 2) and /(2) are local

minima.

Step 2. fix) = 12x^ - 16 = 12 (x - ^)(x +—

)

Sign chart for /"(x) = 12 (x - 2\/3/3) (x + 2V'3/3)

Sign of 12 (x - 2\'3I3]

Sign of (x + 2V3/3)

+ + +

+ + +

f(x)

fix]

+ + +

cu CD

+ + +

cu

f(x) is concave upward on (— «=, — 2V3/3) and (2\/3/3. <»), and

concave downward on (— 2n/3/3, 2>/3/3)./has inflection points at

x = -2n^/3 andx = 2V3/3. Since the signs of both /' and/" are

related to the shape of the graph off, it is helpful to combine the

information from the two sign charts:

f(x)

f(x) + + +

+ + +

+ +

+ + +

+ + +

+ + +

+ + +

^x

CUGraph of / CU

Local

minimum

-1

CU

Inflection

point

CD

Local

maximum

CD
I

I

I

I

Inflection

point

CU

Local

minimum

Step 3. Since f[x) is a polynomial, there are no horizontal or vertical

asymptotes.

Step 4. /(O) = 7 is the y intercept.

f[x) = [x'-l]{x'-7]

= (x - l)(x + l)(x - n/7)(x + 77)

The X intercepts are x = — \/7, x = — l,x = l, and x = 47.
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Step 5. /(-x) = (-x)''-8[-x)^ + 7

= x«-8x2 + 7

= f(x)

Thus, /is an even function and its graph will be symmetric with

respect to the y axis.

Step 6.

X
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Sign chart for f(x) = (Vs - x) (Vs + xj/x"

Sign of (V3 - x) + + + ! + + +

Sign of (V3 + x) - - -

Sign of x" + + +

+ + +

+ + + I + +
I

I

I

+ + +
I

+ + +
I

+ + +

+ + +

-V3
I

V3
? 1

0+ + +ND+ + +0-
I I I

-j 1
^'^^ ND ^

i

Thus,/(x) is increasing on (— \/3, 0) and (0, Vs), and decreasing on

(— 00, — Vs) and (n/3, oo). The function has a local minimum at

X = — ^3 and a local maximum at x = \/3.

Step 2. /»(x)=-i-li=2x--12 = 2(x + V6)(x-76)

x^ x^ x^ x^

Sign chart for /"(x) = 2(x +V6)(x - V6)/x=

I

Sign of 2(x + Ve) - - -
I

+ + +

Sign of (X -Ve) """I"""
I

I

Sign of x= _ _ _ I _ _ _

-V6

+ + +

+ + +

+ + +

+ + +

+ + +

V6
^x

f(x) ---0+ + +ND
I I

!
I

CD CU
I

NfD CD

(J
+ + +

CU

Thus, the graph of/is concave upward on (— \/6, 0) and (V6, oo), and

concave dow^nward on (— oo, — Ve) and (0, >/6). There are inflection

points at x = — Ve and x = \/6. The combined sign chart is shovi^n

at the top of the next page.

Step 3. lim/(x)=lim( j) =
X—•±°o X—•+°^ \X X /

The line y = (the x axis) is a horizontal asymptote.

lim
X—0- x^

:+00

lim = —00

X' — 1 < and x^ < for x close to and

on the left of 0.

x^ — 1 < and x^ > for x close to and

on the right of 0.x-o* x-'

The line x = (the y axis) is a vertical asymptote
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f(x)

f(x) - - -

ND

I

ND

^x
-V6

Graph of / CD

-V3

CU

Inflection

point Local

minimum

CU ND CD

V3

Local

maximum

V6

CD CU

Inflection

point

Step 4. Since /(O) is not defined, there is no y intercept. Since /(I) = Oand
/(—I) = 0, the X intercepts are x = — 1 and x = 1.

Step 5. /(-x)
1 x^

(-x)=
= -/(x)

Thus, / is an odd function and the graph of / is symmetric with

respect to the origin.

Step 6.

X



Problem 20 Sketch a graph of

12-4 Curve Sketching 729

/(x)=-

using the graphing strategy.

Answers to

Matched Problems

18. Increasing on (1, 00)

Decreasing on (0, 1)

Local minimum at x = 1

Concave upward on (0, oo)

y intercept: /(O) = — 1

X f(x]

19. Increasing on {— oo, —2) and (2, oo). decreasing on (—2, 0) and (0, 2)

Local maximum at x = — 2 and local minimum at x = 2

Concave upward on (—^2,0) and (\/2, oo). concave downward on
(-00, -,/2) and (0, V2)

Inflection points at x = — ^/2, x = 0, and x = VS

/(O) = 0, /(-2>/T5/3) = 0, /(2V15/3) =

/(— x) = —/(x): symmetry with respect to the origin

.\'



730 Graphing and Optimization

20. Increasing on (— <», — V2) and (0,^2); decreasing on (— \/2, 0) and

(V2, <»)

Local maxima at x = — V2 and x = 42

Concave upward on (— <», — \/30/3) and (\/30/3, °o); concave down-

wfard on (-x/30/3, 0) and (0, V30/3)

Inflection points at x = -n/30/3 and x = -I^Qfi

Asymptotes: lim^^-t, /(x) = 0; horizontal asymptote at y =

lim,_o /(x) = —00; vertical asymptote at x =

/(-1) = and /(1) =

/(— x) =/(x); symmetry with respect to the y axis

X
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Exercise 12-4

A Problems 3-12 refer to the following graph of y = f(x}:

1. Identify the intervals over which f[x] is increasing.

2. Identify the intervals over which /(x) is decreasing.

3. Identify the points where f[x) has a local maximum.

4. Identify the points where f[x) has a local minimum.

5. Identify the intervals over which the graph of /is concave upward.

6. Identify the intervals over which the graph of f is concave downward.

7. Identify the inflection points.

8. Identify the horizontal asymptotes.

9. Identify the vertical asymptotes.

10. Identify the x intercepts.

11. Identify the y intercepts.

12. What type of symmetry does the graph exhibit?

B Use (he given information to sketch a rough graph off

13. f + + +

f + +

-2
-^x

X
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14. f + + +

X
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18. f - - -

/" + + +

+ ND - - -

I

+ ND + + +

-2
-)^

fix]

lim,^,-/(x) = oo;

lim^^,./(x) = «>;

Sketch a graph of y =/(xJ using (he graphing strategy.

20. f(x) = 3 + 2x - x^

22. /(x) = x^ + x

24. f(x] = {x^-l](x^-

26. f(x] = 3x5 _ 5^4

28. /(x) = 3x - 2x^/^

30. /(x) = x-3x^/^

32. /(x) ^ + ^

19.
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city to produce minimum pollution in residential and business areas.

Before we launch an attack on problems of this type, we have to say a few

words about the procedures needed to find absolute maximum and abso-

lute minimum values of functions. We have most of the tools we need from

the previous sections.

Absolute Maxima and Minima

First, what do we mean by absolute maximum and absolute minimum? We
say that /(c) is an absolute maximum of / if

/(c)^f(x)

for all X in the domain of/. Similarly, /(c) is called an absolute minimum of

/if

/(c)«/(x)

for all X in the domain of/. Figure 15 illustrates several typical examples.

(A) No absolute maximum or minimum
One local maximum at x = -2
One local minimum at x = 2

(B) Absolute maximum at x =
No absolute minimum

f(x)

(C) Absolute minimum at x

No absolute maximum

Figure 15

In many practical problems, the domain of a function is restricted be-

cause of practical or physical considerations. If the domain is restricted to

some closed interval, as is often the case, then Theorem 4 can be proved.

It is important to understand that the absolute maximum and minimum



12-5 Optimization; Absolute Maxima and Minima 735

Theorem 4 A function /continuous on a closed interval [a, b] assumes both an

absolute maximum and an absolute minimum on that interval.

depend on both the function / and the interval [a, b] (see Figure 16).

However, in all four cases illustrated in Figure 16, the absolute maximum
and the absolute minimum both occur at a critical value or an end point. It

can be proved that absolute extrema (if they exist) must always occur at

critical values or end points. Thus, to find the absolute maximum or

fix]

/(x

150
Absolute

maximum '

/(12) = 154

21x2 + 135JJ _ 170

f(x

150

100

50

mmimum

5 10

-^x

a = 4 b = 10

(B) [a, bl = [4, 10]

a = 4 b = 8

(C) (a. b] = [4, 8]

Figure 16 Absolute extrema on a closed interval

a = 6 b -

(D) [a. b| = [6, 8|
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minimum value of a continuous function on a closed interval, we simply

identify the end points and the critical values, evaluate each, and then

choose the largest and smallest values out of this group.

Steps in Finding Absolute Maximum and Minimum Values of

Continuous Functions

1. Check to make certain that /is continuous over [a, h].

2. List end points and critical values: a, b, c,, C2 c„.

3. Evaluate f[a]. /(b), /(cj, /(c,) /(c„).

4. The absolute maximum /(x) on [a, b] is the largest of the values

found in step 3.

5. The absolute minimum /(x) on [a, b] is the smallest of the values

found in step 3.

Example 21

Solutions

Find the absolute maximum and absolute minimum values of

/(x) = x^ + 3x2-9x-7

on each of the following intervals:

(A) [-6,4] (B) [-4,2] (C) [-2,2]

(A) The function is continuous for all values of x,

/'(x) = 3x2 + 6x - 9 = 3(x - i)(x + 3)

Thus, X = — 3 and x = 1 are critical values. Evaluate/at the end points

and critical values, —6, —3, 1, and 4, and choose the maximum and

minimum from these:

Absolute minimum

Absolute maximum
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(C) Interval: [-2,2]

X
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Second-Derivative Test for Absolute Maximum and Minimum

When / Is Continuous on an Interval / and c Is the Only Critical

Value in J

/'(c) f"{c] fjc]

Absolute minimum

Absolute maximum

Test fails

Example

h-^^

^—)x

Example 22

Solution

Problem 22

Find the absolute minimum value of

on the interval (0, <»).

X

/'(x) = l-- = .

/"(x)=-

4 _ (x - 2)(x + 2)

The only critical value in the interval (0, oo) is x = 2. Since /"(2) = 1 > 0,

/(2) = 4 is the absolute minimum value of fon (0, oo).

Find the absolute maximum value of

/(x) = 12-x--

on the interval (0, «=).

Applications

Now we want to solve some applied problems that involve absolute ex-

trema. Before beginning, we outline in the next box the steps to follow in

solving this type of problem. The first step is the most difficult one. The

techniques used to construct the model are best illustrated through a series

of examples.
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A Strategy for Solving Applied Optimization Problems

Step 1. Introduce variables and construct a mathematical model of

the form

Maximize (or minimize) f(x) on the interval I

Step 2. Find the absolute maximum (or minimum) value of /(x) on

the interval I and the value(s) of x where this occurs.

Step 3. Use the solution to the mathematical model to answer the

questions asked in the application.

Example 23

Cost -Demand

Solutions

A company manufactures and sells x transistor radios per week. If the

weekly cost and demand equations are

C(x] = 5,000 + 2x

X
p = 10- « X « 8.000

1.000

find for each week

(A) The maximum revenue

(B) The maximum profit, the production level that will realize the maxi-

mum profit, and the price that the company should charge for each

radio

(A) The revenue received for selling x radios at $p per radio is

R[x) = xp

= x ( 10 ^1
\ 1,000/

x^= lOx
1,000

Thus, the mathematical model is

Maximize R(x) = 10x —

R'(x) = 10
500

10 =
500

1.000
; 8.000

X = 5,000 Only critical value
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Use the second-derivative test for absolute extrema:

R"(x) = -— <0 for all X
500

Thus, the maximum revenue is

Max R(x) = R(5,000) = $25,000

(B) Profit = Revenue — Cost

P(x) = R(x)-C(x)

lOx 5,000 - 2x
1,000

^8x 5,000
1,000
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Maximum
revenue

Minimum
cost

Figure 18

5.000 10,000

Production, number of radios per week

Problem 23

Example 24

Profit

Solution

Repeat Example 23 for

C(x) = 90,000 + 30x

300
30

0^ 9,000

In Example 23 the government has decided to tax the company $2 for each

radio produced. Taking into account this additional cost, how many radios

should the company manufacture each week in order to maximize its

weekly profit? What is the maximum weekly profit? How much should it

charge for the radios?

The tax of $2 per unit changes the company's cost equation:

C(x) = Original cost + Tax

= 5,000 + 2x + 2x

= 5,000 + 4x

The new profit function is

P(x) = R{x)-C(x)

x2
lOx

= 6x-

1,000

x^

1,000

5.000 -4x

5,000
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Problem 24

Example 25

Maximize Yield

Solution

Thus, we must solve the following:

Maximize P(x) = 6x —
1.000

- 5,000 « X s 8,000

P'(x) = 6-

6 =
500

500

X = 3,000

1
<0

500

Max P(x) = P(3,000) = $4,000

Using the price -demand equation with x = 3,000, we find

3,000
p = 10

1,000
• = $7

Thus, the company's maximum profit is $4,000 when 3,000 radios are

produced and sold weekly at a price of $7.

Even though the tax caused the company's cost to increase by $2 per

radio, the price that the company should charge to maximize its profit

increases by only $1. The company must absorb the other $1 with a

resulting decrease of $7,000 in maximum profit.

Repeat Example 24 if

C(x) = 90,000 + 30x

p = 300-^ OSx« 9,000
x

30

and the government decides to tax the company $20 for each unit pro-

duced. Compare the results with the results in Problem 23B.

A walnut grower estimates from past records that if twenty trees are

planted per acre, each tree will average 60 pounds of nuts per year. If for

each additional tree planted per acre (up to fifteen) the average yield per

tree drops 2 pounds, how many trees should be planted to maximize the

yield per acre? What is the maximum yield?

Let X be the number of additional trees planted per acre. Then

20 + X = Total number of trees per acre

60 - 2x = Yield per tree

Yield per acre = (Total number of trees per acre)(Yield per tree)

Y(x) = (20 + x)(60 - 2x)

= 1,200 + 20x- 2x2 o«xS15
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Problem 25

Thus, we must solve the following:

Maximize y(x) = 1,200 + 20x - 2x2 0«xS15

y'(x) = 20-4x

20-4x =

x = 5

y"(x) = -4 < for all x

Hence,

Max Y(x) = Y(5) = 1,250 pounds per acre

Thus, a maximum yield of 1,250 pounds of nuts per acre is realized if

twenty-five trees are planted per acre.

Repeat Example 25 starting with thirty trees per acre and a reduction of 1

pound per tree for each additional tree planted.

Example 26 A farmer wants to construct a rectangular pen next to a barn 60 feet long,

Maximize Area using all of the barn as part of one side of the pen. Find the dimensions of

the pen with the largest area that the farmer can build if

(A) 160 feet of fencing material is available

(B) 260 feet of fencing material is available

Solutions (A) We begin by constructing and labeling a figure:
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Thus,

A(x) = (x + 60)(50 - x)

Now we need to determine the permissible values of x. Since the

farmer wants to use all of the barn as part of one side of the pen, x

cannot be negative. Since y is the other dimension of the pen, y cannot

be negative. Thus,

y = 50 - X ^

50 ^ X

Thus, we must solve the following:

Maximize A(.\) = (x + 60)(50 - x) « x « 50

A(x) = 3,000 - lOx - x^

A'(x) = -10-2x

-10-2x =

x = -5

Since x = —5 is not in the interval [0, 50], there are no critical points

in the interval. A(x) is continuous on [0, 50], so the absolute maxi-

mum must occur at one of the end points.

A(0) = 3,000 Maximum area

A(50) =

If X = 0, then y = 50. Thus, the dimensions of the pen with largest area

are 60 feet by 50 feet.

(B) If there is 260 feet of fencing material available, then

X + y + X + 60 + y = 260

2x + 2y = 200

y = 100 -X

The model becomes

Maximize A(x) = (x + 60)(100 - x) 0^x^100

A(x) = 6,000 + 40x - x^

A'(x)=40-2x

40-2x =

X = 20 The only critical value

A"(x) = -2<0

Max A(x)=A(20) = 6,400

y = 100-20 = 80
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This time the dimensions of the pen with the largest area are 80 feet

by 80 feet.

Problem 26 Repeat Example 26 if the barn is 80 feet long.

Example 27

Inventory Control

SoJution

A record company anticipates that there will be a demand for 20,000 copies

of a certain album during the following year. It costs the company $.50 to

store a record for 1 year. Each time it must press additional records, it costs

$200 to set up the equipment. How many records should the company press

during each production run in order to minimize its total storage and set-up

costs?

This type of problem is called an inventory control problem. One of the

basic assumptions made in such problems is that the demand is uniform.

For example, if there are 250 working days in a year, then the daily demand
would be 20,000/250 = 800 records. The company could decide to produce

all 20,000 records at the beginning of the year. This would certainly

minimize the set-up costs, but would result in very large storage costs. At

the other extreme, it could produce 800 records each day. This would
minimize the storage costs, but would result in very large set-up costs.

Somewhere between these two extremes is the optimal solution that will

minimize the total storage and set-up costs. Let

X = Number of records pressed durmg each production run

y = Number of production runs

It is easy to see that the total set-up cost for the year is 200 y, but what is the

total storage cost? If the demand is uniform, then the number of records in

storage between production runs will decrease from x to and the average

number in storage each day is x/2. This result is illustrated in the following

figure:

Number of records in storage

First

Average

number in

storage

Second Third

ftoduction run

Fourth

Since it costs $.50 to store one record for a year, the total storage cost is

.5(x/2) = .25x and the total cost is
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Total cost = Set-up cost + Storage cost

C = 200y+.25x

If the company produces x records in each of y production runs, then the

total number of records produced is xy. Thus,

xy = 20,000

20,000

y =^^
Certainly, x must be at least 1 and cannot exceed 20,000. Thus, we must

solve the following:

Minimize C(x) = 200
/ 20,000 \

+ .25X l«x« 20,000

4,000,000
C(x) = + .25X

4,000,000C X = + .25

4,000,000
+ .25 =

, 4,000,000
x^ =

.25

= 16,000,000

X = 4,000 — 4,000 is not a critical value

since 1 « x « 20,000

8,000,000
C"(x)=- i

>0 for xe(l, 20,000)
x^

Thus,

Min C(x) = C(4,000) = 2,000

20,000
y = =5
^ 4,000

The company will minimize its total cost by pressing 4,000 records five

times during the year.

Problem 27 Repeat Example 27 if it costs $250 to set up a production run and $.40 to

store one record for a vear.

Answers to

Matched Problems

21. (A) Absolute maximum: /(5) = 65; absolute minimum:/ (—5) = —65

(B) Absolute maximum: f(— 2] = 16; absolute minimum: /(2) =—16
(C) Absolute maximum:/(— 2) = 16; absolute minimum: /(I) = — 11

22. /(3) = 6
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23. (A) Max R(x) = R(4,500) = $675,000

(B) Max P(x) = P(4,050) = $456,750: p = $165

24. Max P(x) = P(3,750) = $378,750; p = $175; price increases $10, profit

decreases $78,000

25. Max Y(x) = 7(15) = 2,025 pounds per acre

26. (A) 80 feet by 40 feet (B) 85 feet by 85 feet

27. Press 5,000 records four times during the year

Exercise 12-5

A Find the absoJute maximum and absolute minimum, if either exists, for

each function.

1. /(x) = x2-4x + 5 2. /(x) = x2 + 6x + 7

3. /(x) = 10 + 8x-x2 4. /(x) = 6-8x-x2
5. fix) = 1 + x2/3 6. fix] = 2VJ - X

B Find the indicated extrema of each function.

7. Absolute maximum value of fix) = 24 — 2x — 8/x, x >
8. Absolute minimum value of f(x) = 3x + 27/x, x >
9. Absolute minimum value of /(x) = 36 + x — 12x'^^ x>l

10. Absolute maximum value of fix) = 9x^''^ — 2x + 3, x > 1

Find the absolute maximum and minimum, if either exists, of each function

on the indicated intervals.

H. flx) = x^-6x^ + 9x-6

(A) [-1,5] (B) [-1,3] (C) [2,5]

12. /(x) = 2x3-3x2-12x + 24

(A) [-3,4] (B) [-2,3] (C) [-2.1]

13. /(x) = (x-l)(x- 5)^ + 1

(A) [0.3] (B) [1,7] [C) [3,6]

14. /(x) = x''-8x2 + 16

(A) [-1,3] (B) [0,2] (C) [-3,4]

(A) (-00, oc) (B) [0,00) (C) [1.00)
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16. ffx)= —
'^' x^ + x + l

(A) (-00,00) (B) [-1,00) (C) [O.oo)

Preliminary Word Problems:

17. How would you divide a 10 inch line so that the product of the two

lengths is a maximum?
18. What quantity should be added to 5 and subtracted from 5 in order to

produce the maximum product of the results?

19. Find two numbers whose difference is 30 and whose product is a

minimum.
20. Find two positive numbers whose sum is 60 and whose product is a

maximum.
21. Find the dimensions of a rectangle with perimeter 100 centimeters

that has maximum area. Find the maximum area.

22. Find the dimensions of a rectangle of area 225 square centimeters that

has the least perimeter. What is the perimeter?

Applications

Business & Economics 23. Average costs. If the average manufacturing cost (in dollars) per pair of

sunglasses is given by

C(x) = x2-6x + 12 0«x«6
where x is the number (in thousands) of pairs manufactured, how
many pairs of glasses should be manufactured to minimize the aver-

age cost per pair? What is the minimum average cost per pair?

24. Maximum revenue and profit. A company manufactures and sells x

television sets per month. The monthly cost and demand equations

are

C(x) = 72,000 + 60x

p = 200-— 0«x« 6,000
30

(A) Find the maximum revenue.

(B) Find the maximum profit, the production level that will realize

the maximum profit, and the price the company should charge

for each television set.

(C) If the government decides to tax the company $5 for each set it

produces, how many sets should the company manufacture each

month in order to maximize its profit? What is the maximum
profit? What should the company charge for each set?

25. Car rental. A car rental agency rents 100 cars per day at a rate of $10

per day. For each $1 increase in rate, five fewer cars are rented. At

what rate should the cars be rented to produce the maximum in-

come? What is the maximum income?



12-5 Optimization; Absolute Maxima and Minima 749

26. Rental income. A ninety room hotel in Las Vegas is filled to capacity

every night at $25 a room. For each $1 increase in rent, three fewer

rooms are rented. If each rented room costs $3 to service per day, how
much should the management charge for each room to maximize

gross profit? What is the maximum gross profit?

27. Agriculture. A commercial cherry grower estimates from past records

that if thirty trees are planted per acre, each tree will yield an average

of 50 pounds of cherries per season. If for each additional tree planted

per acre (up to twenty) the average yield per tree is reduced by 1

pound, how many trees should be planted per acre to obtain the

maximum yield per acre? What is the maximum yield?

28. Agriculture. A commercial pear grower must decide on the optimum

time to have fruit picked and sold. If the pears are picked now, they

will bring 30(t per pound, with each tree yielding an average of 60

pounds of salable pears. If the average yield per tree increases 6

pounds per tree per week for the next 4 weeks, but the price drops 2<t

per pound per week, when should the pears be picked to realize the

maximum return per tree? What is the maximum return?

29. Manufacturing. A candy box is to be made out of a piece of cardboard

that measures 8 by 12 inches. Squares of equal size will be cut out of

each corner, and then the ends and sides will be folded up to form a

rectangular box. What size square should be cut from each corner to

obtain a maximum volume?

30. Packaging. A parcel delivery service will deliver a package only if the

length plus girth (distance around) does not exceed 108 inches.

(A) Find the dimensions of a rectangular box with square ends that

satisfies the delivery service's restriction and has maximum
volume. What is the maximum volume?

(B) Find the dimensions (radius and height) of a cylindrical con-

tainer that meets the delivery service's requirement and has

maximum volume. What is the maximum volume?

31. Construction costs. A fence is to be built to enclose a rectangular area

of 800 square feet. The fence along three sides is to be made of

material that costs $2 per foot. The material for the fourth side costs $6

per foot. Find the dimensions of the rectangle that will allow the most

economical fence to be built.

32. Construction costs. The owner of a retail lumber store wants to con-

struct a fence to enclose an outdoor storage area adjacent to the store

as indicated in the accompanying figure. Find the dimensions that

will enclose the largest area if:

(A) 240 feet of fencing material is used.

(B) 400 feet of fencing material is used.

Lumber store

100'

Outdoor storage area
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33. Inventory control. A publishing company sells 50,000 copies of a

certain book each year. It costs the company $1 .00 to store a book for 1

year. Each time it must print additional copies, it costs the company

$1,000 to set up the presses. How many books should the company

produce during each printing in order to minimize its total storage

and set-up costs?

34. OperationaJ costs. The cost per hour for fuel for running a train is v^/4

dollars, where v is the speed in miles per hour. (Note that the cost goes

up as the square of the speed.) Other costs, including labor, are $300

per hour. How fast should the train travel on a 360 mile trip to

minimize the total cost for the trip?

35. Construction costs. A freshwater pipeline is to be run from a source on

the edge of a lake to a small resort community on an island 5 miles

off-shore, as indicated in the figure.

(A) If it costs 1 .4 times as much to lay the pipe in the lake as it does on

land, what should x be (in miles) to minimize the total cost of the

project?

(B) If it costs only 1.1 times as much to lay the pipe in the lake as it

does on land, what should x be to minimize the total cost of the

project? [Note: Compare with Problem 40.]

Island

Land

Lake

Pipe

-10

-10 miles-

iSl Freshwater

source

36.

Life Sciences 37.

Manufacturing costs. A manufacturer wants to produce cans that will

hold 12 ounces (approximately 22 cubic inches) in the form of a right

circular cylinder. Find the dimensions (radius of an end and height) of

the can that will use the smallest amount of material. Assume the

circular ends are cut out of squares, with the corner portions wasted,

and the sides are made from rectangles, with no waste.

Bacteria control. A recreational swimming lake is treated periodically

to control harmful bacteria growth. Suppose t days after a treatment,

the concentration of bacteria per cubic centimeter is given by
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C(f) = 30t2-240t + 500 0St«8

How many days after a treatment will the concentration be minimal?

What is the minimum concentration?

Drug concentration. The concentration C[t) in milligrams per cubic

centimeter of a particular drug in a patient's bloodstream is given by

C(l) =
0.16f

t2 + 4t + 4

where t is the number of hours after the drug is taken. How many
hours after the drug is given will the concentration be maximum?
What is the maximum concentration?

39. Laboratory management. A laboratory uses 500 white mice each year

for experimental purposes. It costs $4.00 to feed a mouse for 1 year.

Each time mice are ordered from a supplier, there is a service charge

of $10 for processing the order. How many mice should be ordered

each time in order to minimize the total cost of feeding the mice and of

placing the orders for the mice?

40. Bird flights. Some birds tend to avoid flights over large bodies of water

during daylight hours. It is speculated that more energy is required to

fly over water than land because air generally rises over land and falls

over water during the day. Suppose an adult bird with these tenden-

cies is taken from its nesting area on the edge of a large lake to an

island 5 miles off-shore and is then released (see the accompanying

figure).

(A) If it takes 1.4 times as much energy to fly over water as land, how
far up-shore (x, in miles) should the bird head in order to mini-

mize the total energy expended in returning to the nesting area?

(B) If it takes only 1 . 1 times as much energy to fly over water as land,

how far up-shore should the bird head in order to minimize the

total energy expended in returning to the nesting area? [Note:

Compare with Problem 35.]

Island

Land

Lake

^alm^i'^ajo^etm^

Flight path

-10 - X-

-10 miles-

_) Nesting

_J area
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41 . Botany. If it is known from past experiments that the height in feet ofa

given plant after t months is given approximately by

H(t) = 4t'/2-2( 0«t^2

how long, on the average, will it take a plant to reach its maximum
height? What is the maximum height?

42. PoJJution. Two heavy industrial areas are located 10 miles apart, as

indicated in the figure. If the concentration of particulate matter in

parts per million decreases as the reciprocal of the square of the

distance from the source, and area A, emits eight times the particulate

matter as Aj , then the concentration of particulate matter at any point

between the two areas is given by

C(x) =^ +
(IO-

CS «x«9.5, k >0

How far from Aj will the concentration of particulate matter be at a

minimum?

P^rOstl
-10

Social Sciences 43. Politics. In a newly incorporated city it is estimated that the voting

population (in thousands) will increase according to

N(f) = 30 + 12(2-1^ 0Sts8

where t is time in years. When will the rate of increase be most rapid?

44. Learning. A large grocery chain found that, on the average, a checker

can memorize P% of a given price list in x continuous hours, as given

approximately by

P(x) = 96x - 24x2 ^ X « 3

How long should a checker plan to take to memorize the maximum
percentage? What is the maximum?

12-6 Elasticity of Demand (Optional)

Price and Elasticity of Demand
Revenue and Elasticity of Demand
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Price and Elasticity of Demand

In this section we will study the effect that changes in price have on

demand and revenue. Suppose the price $p and the demand x for a certain

product are related by the price -demand equation:

x + 500p = 10,000 (1)

In problems involving revenue, cost, and profit, it is customary to use the

demand equation to express price as a function of demand. Since we are

now interested in the effects that changes in price have on demand, it will

be more convenient to express demand as a function of price. Solving (1) for

X, we have

X = 10,000 - 500p

= 500(20 - p)

Demand as a function of price

or

X =/(p) = 500(20 -p) 0«pS20 (2)

Since x and p must be nonnegative quantities, we must restrict p so that

^ p ^ 20.

For most products, demand is assumed to be a decreasing function of

price. That is, price increases result in lower demand and price decreases

result in higher demand (see Figure 19). Suppose the price is changed by an

10,000
X = 500(20

Demand
decreases

10,000
500(20 - p)

P P + AP

(A) Increasing price

Figure 19 Price and demand

p + Ap p

(B) Decreasing price
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amount Ap. Then the relative change in price and the relative change in

demand are. respectively.

Ap

P
and

Ax

X

/(p + Ap)-/(p)

fip]

Economists use the ratio

Ax

X

aF
p

Relative change in demand

Relative change in price
(3)

to study the effect of price changes on demand. Economics texts that do not

use calculus will call the expression in (3) the elasticity of demand al price

p. However, this expression obviously depends on both p and Ap. Using

calculus, we can let Ap —> and obtain an expression for the point elastic-

ity of demand at price p, denoted E(p):

Ax

E(P)
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Soiutions E(p) - P-^ 'P'

fip]

p(-500]

500(20 - p)

-P
20 -p

« p < 20

(A)
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All the pertinent definitions are summarized in the box.

Example 29

Price-Demand

Point Elasticity of Demand

Let demand x and price p be related by the price -demand equation

x = /(p)

The point elasticity of demand is

P/'{P)
E(P):

/(P)

Demand is inelastic if — 1 < E(p) ^ 0.

Demand is elastic if E(p) < — 1

.

Demand has unit elasticity if E(p) = -
1.

Given x = /(p) = 9,000 - SOp^:

(A) Determine the values of p for which demand is inelastic and the

values for which it is elastic.

(B) Discuss the effect of a 10% price cut when p = $7.

(C) Discuss the effect of a 10% price increase when p = $15.

Solutions (A) First, notice that

/(p) = 30(300 - p^)

= 30(10\/3-p)(10n/3 + p)

Since both p and /(p) must be nonnegative, we must restrict p to

O^ps 10^3 « 17.3

P.f'(p)
E(p)=-

/(P)

p(-60p)

9,000- 30
p2

= ~^^
, 0«p<10>/3

300 - p2
^

The following observations will simplify our calculations:

Demand is inelastic: E(p) >— 1 E(p) + 1>0

Demand is elastic: E(p) < - 1 E(p) + 1 <

Thus, we can determine where demand is inelastic and where it is

elastic by constructing a sign chart for E(p) + 1:
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E(p) + 1 =—^£!- +

1

^'
300 -p'

_ 300-3p'

300 - p2

_ 3(10-p)(10 + p)

(10V3-p)(10^/3+p)

Sign of 3(10 - p)

Sign of (10 + p)

Signof (10V3~- p)

Sign of (10V3~+ p)

Sign of [E(p) + 1]

+
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Example 30

Price-Demand

Revenue and Elasticity of Demand

Now we want to see how revenue and elasticity of demand are related. We
begin by considering an example.

Given the price-demand equation x = /{p) = 500(20 — p), ^ p s 20:

(A) Determine the values of p for which revenue is increasing and those

for which revenue is decreasing.

(B) Determine the values of p for which demand is inelastic and those for

which demand is elastic.

Solution (A) Revenue = (Price per unit)(Number of units)

R(p) = px

= 500p(20 - p)

= 10,000p-500p2 0«p^20

R'(p) = 10,000 -l.OOOp

= 1,000(10 -p)

The only critical value is p = 10. Thus,

R'(p)>0 for < p < 10 Increasing revenue

and

R'(p)<0 forl0<p<20 Decreasing revenue

P/'(P)
(B) E(p)^

E(p) + 1 =

f(p]
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Problem 30 Repeat Example 30 for x = f(p] = 1,000(40 - p), « p s 40.

Comparing the answers in Examples 30A and B, we see that revenue is

increasing precisely when demand is inelastic and revenue is decreasing

when demand is elastic. Is this always the case?

In general, let x =/(p) be a demand function and let

R(p) = px = pf(p)

Then

fi'(p] = p/'(p)+/(p)

= /(p)[E(p) + l]

Since x =/(p) > 0, we conclude:

All are true

or aJI are false

R'(p) >

E(p) + 1 >

Demand is inelastic

AJJ are true

or all are false

R'(p)<0

E(p) + 1 <0

Demand is elastic

Example 31

Thus, if demand is inelastic, a price increase will increase revenue and a

price cut will decrease revenue. On the other hand, if demand is elastic,

then a price increase will decrease revenue and a price cut will increase

revenue (see Figure 20 on the next page).

A company can sell 4,500 pairs of sunglasses monthly when the price is

$5.00. When the price of a pair of sunglasses is increased by 10%. the

demand drops to 4,250 pairs a month. Assume that the demand equation is

linear.

(A) Find the point elasticity of demand at the new price level.

(B) Approximate the change in demand if the price is increased by an

additional 10%.

(C) Will a second 10% price increase cause the revenue to increase or

decrease?

Solutions First, we must find the demand equation. Since we are given that the

demand equation is linear, there must be constants a and b so that

^ a + bp (4)

We know that x = 4,500 when p = $5.00 and x = 4,250 when p = 5 +
(.1)5 = $5.50. Substituting these values into (4) produces a pair of equations
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R(P)

Inelastic demand E(p) > -
1 1 Elastic demand E[p) < -

1

Increasing revenue R'(p) > 01 Decreasing revenue R'(p) <

Revenu

decreas

Price

decreases

Revenue

decreases

Figure 20 Revenue and elasticity of demand

that we can solve for a and b:

4,500 = a + 5b Solve the first equation for a and substitute into

4,250 = a + 5.5b the second equation.

4,250 = (4,500- 5b) + 5.5b

-250 = . 5b

b = -500

4,500 = a + 5{- 500)

a = 7,000

Substitute b = —500 into the first equation

and solve for a.

Thus, the demand equation is

x = /(p) = 7,000 -500p Check: p = 5: x = 7,000 - 2,500 i^ 4,500

p = 5.5: x = 7,000 -2,750 ^4,250
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Problem 31

(A) E(p)^
Pf'(p)

/(P)

-500p

7,000 - 500p

-P

E(5.5) =

14 -p
-5.5

14-5.5

— .65 Point elasticity of demand at p = 5.5

(B) At a price level of $5.50, a 10% increase in the price will result in a

percentage change in demand of approximately

E(p) • 10% = -.65(10%) = -6.5%

Thus, the demand will decrease by

0.065(4,250) == 276

(C) Since E(5.5) = — .65 > — 1, demand is inelastic at this price level and

an increase in price will increase revenue.

Repeat Example 31 if the demand drops from 4,500 to 3.250 when the price

is increased from $5.00 to $5.50.

Answers to

Matched Problems

28. E(p) = -p/(40-p); (A) E(8) = -.25 (B) E(30) = -3

(C) E(20) = -

1

29. (A) Inelastic for <p <20; elastic for 20 <p <20y3

(B) 1.8% decrease in demand (C) 22% increase in demand

30. (A) Revenue is increasing for < p < 20. decreasing for 20 < p < 40

(B) Demand is inelastic for < p < 20, elastic for 20 < p < 40

31. (A) E(5.5)~-4.2 (B) Changes by -42%; decreases by approxi-

(C) Revenue decreases mately 1,365 pairs

Exercise 12-6

1. Given the demand equation

p H X
^ 200

30 0^ 30

(A) Express the demand x as a function of the price p.

(B) Find the point elasticity of demand, E(p).
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(C) What is the point elasticity of demand when p = $10? If this

price is increased by 10%, what is the approximate change in

demand?

(D) What is the point elasticity of demand when p = $25? If this

price is increased by 10%, what is the approximate change in

demand?

(E) What is the point elasticity of demand when p = $15? If this

price is increased by 10%, what is the approximate change in

demand?

1

2. Given the demand equation p + —— x = 50 « p « 50

(A) Express the demand x as a function of the price p.

(B) Find the point elasticity of demand, E(p).

(C) What is the point elasticity of demand when p = $10? If this

price is decreased by 5%, what is the approximate change in

demand?

(D) What is the point elasticity of demand when p = $45? If this

price is decreased by 5%, what is the approximate change in

demand?

(E) What is the point elasticity of demand when p = $25? If this

price is decreased by 5%, what is the approximate change in

demand?

1
3. Given the demand equation — x + p = 60 0^p^60

(A) Express the demand x as a function of the price p.

(B) Express the revenue R as a function of the price p.

(C) Find the point elasticity of demand, E(p).

(D) For which values of p is demand elastic? Inelastic?

(E) For which values of p is revenue increasing? Decreasing?

(F) If p = $10 and the price is cut by 10%, will revenue increase or

decrease?

(G) If p = $40 and the price is cut by 10%, will revenue increase or

decrease?

4. Repeat Problem 3 for the demand equation

— x + p = 50 0Sp«50
60 ^ ^

For each of the following demand equations, determine ifdemand is elastic,

inelastic, or has unit elasticity at the indicated values of p.

5. x = /(p) = 12,000 -10p2

(A) p = 10 (B) p = 20 (C) p = 30

6. x=/(p) = 1,875 -p^

(A) p = 15 (B) p = 25 (C) p = 40
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7. x=/(p) = 950-2p-^p^

(A) p = 30 (B) p = 50 (C) p = 70

8. x = /(p) = 875-p-^p2

(A) p = 50 (B) p = 70 [C] p = 100

B For each of the following demand equations, jind the values of p for which

demand is elastic and the values for which demand is inelastic.

9.
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1
26. p = g(x) = 30 X, x = 400

^ ^ 20

27. p = g(x) = 50-2Vx, x = 400

28. p = g(x) = 20 - Vx, X = 100

Applications

Business & Economics 29.

30.

Revenue and elasticity. The weekly demand for hamburgers sold by a

chain of restaurants is 30.000 when the price of a hamburger is $2.00.

A 10% price increase caused the weekly demand to drop to 28,000

hamburgers. Assume that the demand equation is linear.

(A)

(B]

(C)

Find the point elasticity of demand at the new price.

Approximate the change in demand if the price is increased by

an additional 10% over the first 10% increase (see pages 754-

755).

Will the second price increase cause the revenue to increase or

decrease?

Revenue and elasticity. Repeat Problem 29 if the 10% price increase

caused the weekly demand to drop to 24,000 hamburgers.

31. Revenue and elasticity. The weekly demand for a small personal

computer is 2,000 when the price of a computer is $100. A 10% price

cut caused the demand to increase to 2,100 computers per week.

Assume that the demand equation is linear.

(A) Find the point elasticity of demand at the new price.

(B) Approximate the change in demand if the price is decreased by

an additional 10% over the first 10% cut (see pages 754-755).

(C) Will the second price decrease cause the revenue to increase or

decrease?

32. Revenue and elasticity. Repeat Problem 31 if the 10% price cut caused

the demand to increase to 2,400 computers per week.

12-7 Chapter Review

Important Terms

and Symbols

12-1 Asymptotes; limits at infinity and infinite limits, limit as x ap-

proaches 00 or — <», horizontal asymptote, limits at infinity for ratio-

nal functions, infinite limits, vertical asymptote, one-sided limits at

vertical asymptotes
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12-2 First derivative and graphs, increasing function, decreasing func-

tion, rising, falling, critical value, local extrema, local maximum,
local minimum, first-derivative test for local extrema

12-3 Second derivative and graphs, concave upward, concave downward,

concavity and the second derivative, inflection point, second-deriv-

ative test for local maxima and minima

Curve sketching, increasing, decreasing-, local maxima and minima,

concave upward, concave downward, inflection point, horizontal

asymptote, vertical asymptote, y intercept, x intercept, even func-

tion, odd function

Optimization; absolute maxima and minima, absolute maxima, ab-

solute minima, absolute extrema of a function continuous on a

closed interval, second-derivative test for absolute maximum and

minimum

EJasticity of demand foptional). price-demand equation, relative

change in prce, relative change in demand, elasticity of demand at

price p, point elasticity of demand, inelastic demand, elastic de-

mand, unit elasticity, E(p) = p/'(p)//(p)

12-4

12-5

12-6

Exercise 12-7 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisfied that you know the material, take the practice test following

this review.

Problems 1-8 refer to the following graph of y = /(x):

Identify the points or intervals on the x axis that produce the indicated

behavior.

1. Graph of /is rising 2. /'(x)<0

3. Graph of/ is concave downward 4. Local minima
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5. Absolute maxima 6. /'(x) appears to be

7. f'(x) does not exist 8. Inflection points

9. Use the following information to sketch the graph of y =/(x):

f + + +
I

p + + +
I

I

I
I

- ND

ND

^x

X
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29. Identify inflection points.

30. Graph /.

31. Find the absolute maximum and minimum for

y = /(x) = x3- 12X + 12 -3SxS5

32. Find the absolute minimum for

y = /(x) = x^ + i| x>0

Find vertical asymptotes. Evaluale

lim f[x) and lim /(x)

at each vertical asymptote c.

x2-x-2 ^, , x2-5x + 6
33- /W=^ 7-TT 34. f{x)=- ——

-

x^ — 4x + 4 x^ — 3x + 2

35. Find the absolute maximum for f'{x) if

/(x) = 6x2-x^ + 8

Graph /and /' on the same axes.

36. Sketch the graph of

11X1 =
-"-"

x^-1

using the graphing strategy discussed in Section 12-4.

Applications

Business & Economics 37. Profit. The profit for a company manufacturing and selling x units per

month is given by

P(x) = 150x 50,000 0«x« 5.000
^

'

40

What production level will produce the maximum profit? What is the

maximum profit?

38. Average cost. The total cost of producing x units per month is given by

C(x) = 4,000 + lOx H x^
' ' 10

Find the minimum average cost. Graph the average cost and the

marginal cost functions on the same axes.

39. Rental income. A 100 room hotel in Fresno is filled to capacity every

night at a rate of $20 per room. For each $1 increase in the nightly rate,

two fewer rooms are rented. If each rented room costs $4 a dav to
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Life Sciences

Social Sciences

service, how much should the management charge per room in order

to maximize gross profit?

40. Inventory control. A computer store sells 7,200 boxes of floppy discs

annually. It costs the store $.20 to store a box of discs for 1 year. Each

time it reorders discs, the store must pay a $5.00 service charge for

processing the order. How many times during the year should the

store order discs in order to minimize the total storage and reorder

costs?

41. Bacteria control. If t days after a treatment the bacteria count per

cubic centimeter in a body of water is given by

C(t) = 20t2- 1201 + 800 0^t«9

in how many days will the count be a minimum?

42. Politics. In a new suburb it is estimated that the number of registered

voters will grow according to

N = 10 + 6t^-t^ 0St«5

where t is time in years and N is in thousands. When will the rate of

increase be maximum?

Practice Test: Chapter 12

Problems 3 -3 refer to the function y = f (x) = 2x^ — 9x^ + 7.

1. Find intervals over which f(x) is increasing. Decreasing. Find all local

maxima and minima.

2. Find intervals over which the graph of f is concave upward. Concave

downward. Indicate the x coordinate(s) of any inflection point(s).

3. Sketch a graph off

Problems 4-7 refer to the function

2x-4
y = f(x]=-

4. Find horizontal and vertical asymptotes.

5. Find intervals over which f (x) is increasing. Decreasing.

6. Find intervals over which the graph of f is concave upward. Concave

downward.

7. Sketch a graph of f.

8. Find all local maxima and minima for

f(x) = 2x- 3x^/3
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9. Find the absolute maximum and minimum forf (x) in Problem 8 over

the interval [0, 8].

10. Find two positive numbers whose product is 400 and whose sum is a

minimum. What is the minimum sum?

11. A cable television company has 3,600 subscribers in a city, each

paying $10 per month for the service. A survey indicates that for each

50C reduction in rate, 300 more people will subscribe (and none of the

original subscribers will be lost). What rate will maximize revenue?

What is the maximum revenue and how many subscribers will pro-

duce this revenue?
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CHAPTER 13 Contents

13-1 Exponential Functions— A Review

13-2 Logarithmic Functions—A Review

13-3 The Constant e and Continuous Compound Interest

13-4 Derivatives of Logarithmic Functions

13-5 Derivatives of Exponential Functions

13-6 Chapter Review

Sections 13-1 and 13-2 provide a brief review of exponential and logarith-

mic functions without the use of calculus. If you have recently studied this

material in an algebra or functions course, then you may go directly to

Section 13-3. If you have forgotten some of the material, then a brief review

should prove helpful.

13-1 Exponential Functions—A Review

Exponential Functions

Graphing an Exponential Function

Typical Types of Exponential Graphs

Base e

Basic Exponential Properties

Exponential Functions

Until now we have considered mostly algebraic functions— that is, func-

tions that can be defined using the algebraic operations of addition, sub-

traction, multiplication, division, powers, and roots. In no case has a

variable been an exponent. In this and the next section we will consider

two new kinds of functions that use variable exponents in their definitions.

To start, note that

fix] = 2^ and g(x) = x^

are not the same function. The function g is a quadratic function, which we

have already discussed, and the function / is a new function, called an

exponential function. In general, an exponential function is a function

defined by the equation

f(x) = b^ b>0, b#l

where b is a constant, called the base, and the exponent is a variable. The

domain of/is the set of all real numbers. The range of/is the set of positive

real numbers. We require the base b to be positive to avoid nonreal

numbers such as (—2)''^.

772
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Graphing an Exponential Function

If asked to graph an exponential function such as

fix] = 2^

most students would not hesitate. They would likely make up a table by
assigning integers to x, plot the resulting ordered pairs of numbers, and
then join the plotted points with a smooth curve (see Figure 1). What has

been overlooked? The exponent form 2" has not been defined for all real

numbers x. We assume 2" is defined in such a way that if we plot f (x) = 2"

for irrational values of x, the points will lie on the curve in Figure 1.

X

-3
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will look very much like the graph of y = 2", and the graph of

f(x] = 6" < b < 1 (Figure 2B)

will look very much like the graph of y = (1/2)^. [Note: In both cases, the

X axis is a horizontal asymptote and the graphs will never touch it.]

Example 1 Graph y = (
- 1 4" for - 3 ^ x « 3.
(i)

Solution X
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e== 2.718 281 83

Since, for large n,

we can raise each side to the xth power to obtain

Thus, for any x, e" can be approximated as close as we like bv making n (an

integer) sufficiently large in I 1 H— I . Because of the importance of e^ and

e"", tables for their evaluation are readily available. In fact, all scientific

and financial calculators can evaluate these functions directly. A short

table for evaluating e^ and e~^ is provided in Table I of Appendix B. The

important constant e, along with two other important constants— V2 and

7t— are shown on the number line below;

-2 -1

VT

Example 2 Graph y = lOe""^", -3 « x « 3, using a hand calculator or Table I of

Appendix B.

Solution X
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Problem 2 Graph y = lOe^'N

Appendix B.

-3^x^3, using a hand calculator or Table I of

Basic Exponential Properties

In Sections 3-1 and 3-3 we discussed five laws for integer and rational

exponents. It can be shown that these laws also hold for irrational expo-

nents. Thus, we now assume that all five laws of exponents hold for any

real exponents as long as the involved bases are positive. In addition,

b" if and only if m n, b>0, b?tl

Thus, if 2'^ = 23\ then 3x = 15 and x = 5.

Answers to

Matched Problems

1. y (!)

X
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Exercise 13-1

B

Graph each equation /or — 3 ^ x =s 3. Plot points using integers for x, and

then join the points with a smooth curve.

1. y = 3''

3. y = (i)--

5. y=10-3^

Graph each equation for —3

calculator if the base is e.

7. y = 10 • 2^^

9. y = e"

11. y=10e°2''

13. y = lOOe-"'"

2.
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in t hours (assuming adequate food supply) we will have

A = 100 • 2"'

bacteria. Graph this equation for ^ ( ^ 5.

22. Ecology. The atmospheric pressure (P, in pounds per square inch)

may be calculated approximately from the formula

P = 14.7e-°^"'

where h is the altitude above sea level in miles. Graph this equation

for « h =5 12.

Social Sciences 23. Learning curves. The performance record of a particular person learn-

ing to type is given approximately by

N = 100(1 - 6^° ")

where N is the number of words typed per minute and f is the number
of weeks of instruction. Graph this equation for « t « 40. What does

N approach as t approaches <»?

24. Small group analysis. After a lengthy investigation, sociologists Ste-

phan and Mischler found that if the members of a discussion group of

ten were ranked according to the number of times each participated,

then the number of times, N(k), the kth-ranked person participated

was given approximately by

N(k]=N,e-°"^^-'> l^k^lO

where Nj was the number of times the top-ranked person participated

in the discussion. Graph the equation assuming N, = 100. [For a

general discussion of this phenomenon, see ). S. Coleman, Introduc-

tion to Mathematical Sociology (London: The Free Press of Glencoe,

1964), pp. 28-31.]

13-2 Logarithmic Functions—A Review

Definition of Logarithmic Functions

From Logarithmic to Exponential Form and Vice Versa

Properties of Logarithmic Functions

Calculator Evaluation of Common and Natural Logarithms

Application

Now we are ready to consider logarithmic functions, which are closely

related to exponential functions.
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Definition of Logarithmic Functions

If we start with an exponential function /defined by

7 = 2"
(1)

and interchange the variables, we obtain an equation that defines a new
relation g defined by

x = 2>'
(2)

Any ordered pair of numbers that belongs to / will belong to g if we
interchange the order of the components. For example, (3, 8) satisfies

equation (1) and (8, 3) satisfies equation (2). Thus, the domain of /becomes

the range of g and the range of/becomes the domain of g. Graphing/and g

on the same coordinate system (Figure 3), we see that g is also a function.

We call this new function the logarithmic function with base 2, and write

y = logj X if and only if x = V

Note that if we fold the paper along the dashed line y = x in Figure 3, the

two graphs match exactly.
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In words, the logarithm of a number x to a base b (b > 0, b ^^ 1) is the

exponent to which b must be raised to equal x. It is important to remember

that y = logt, X and x = b*' describe the same function, while y = b" is the

related exponential function. Look at Figure 3 again.

Since the domain of an exponential function includes all real numbers

and its range is the set of positive real numbers, the domain of a logarithmic

function is the set of all positive real numbers and its range is the set of all

real numbers. Remember that the logarithm of or a negative number is

not defined.

From Logarithmic to Exponential Form and Vice Versa

We now consider the matter of converting logarithmic forms to equivalent

exponential forms and vice versa.

Example 3 Change from logarithmic form to exponential form.

(A) logs 25 = 2 is equivalent to 25 = 5^

(B) logg 3 .= 1/2 is equivalent to 3 = 9'^^

(C) log2[l/4) = -2 is equivalent to 1/4 = 2"^

Problem 3 Change to an equivalent exponential form.

(A) log3 9 = 2 (B) log, 2 = 1/2 (C) log3(l/9) = -2

Example 4 Change from exponential form to logarithmic form.

(A) 64 = 4^ is equivalent to log4 64 = 3

(B) 6=\/36 is equivalent to log36 6 = l/2

(C) 1/8 = 2"^ is equivalent to log2(l/8) = -3

Problem 4 Change to an equivalent logarithmic form.

(A) 49 = 7^ (B) 3 = V9 (C) 1/3 = 3"'

Example 5 Find y, b, or x.

(A) y = log4l6 (B) log2X = -3

(C) y=loga4 (D) log, 100 = 2

Solutions (A) y = log, 16 is equivalent to 16 = 4>'. Thus,

y = 2

(B) log2 X = — 3 is equivalent to x = 2~^. Thus,

1 1
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(C) y = logg 4 is equivalent to

4 = 8>- or 22 = i'y

Thus.

3y = 2

2

(D) logb 100 = 2 is equivalent to 100 = b^. Thus.

b = 10 Recall that b cannot be negative.

Problem 5 Find y, b, or x.

(A) y = logg27 (B) log3X = -l (C) log^ 1,000 = 3

Example 6 Graph y = logjlx + 1) by converting to an equivalent exponential form

first.

Solution Changing y = log2(x + 1) to an equivalent exponential form, we have

X + 1 = 2>' or X = 2>' - 1

Even though x is the independent variable and y is the dependent variable,

it is easier to assign y values and solve for x.

\
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subtraction problems, and power and root problems into multiplication

problems. We will also be able to solve exponential equations such as

2 = 1.06".

Logarithmic Properties



Solution
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The following examples and problems, though somewhat artificial, will

give you additional practice in using basic logarithmic properties.

Example 8 Find x so that

3 2- logb 4 - - logb 8 + logb 2 = logb X

3 2
- logb 4 - - logb 8 + logb 2 = logb X

logb 4'-'^ - logb 8^/^ + logb 2 = logb X

logb 8 - logb 4 + logb 2 = logb X

8 • 2
logb

Property 4

= logb X Properties 2 and 3

Property 5

logb 4 = logb X

x = 4

Problem 8 Find x so that

3 logb 2 + - logb 25 - logb 20 = logb x

Example 9 Solve logio x + logio(x + 1) = log^ 6.

Solution logio X + logio(x + 1) = log,o 6

log,o x(x + 1) = log,o 6 Property 2

x(x + l) = 6 Property 5

x^ + x — 6 = Solve by factoring,

(x + 3)(x - 2) =

x = -3, 2

We must exclude x = — 3. since negative numbers are not in the domains of

logarithmic functions; hence.

x = 2

is the only solution.

Problem 9 Solve logj x + logalx — 3) = logj 10.

Calculator Evaluation of Common and Natural Logarithms

Of all possible logarithmic bases, the base e and the base 10 are used almost

exclusively. Before we can use logarithms in certain practical problems, we

need to be able to approximate the logarithm of any number either to base

10 or to base e. And conversely, ifwe are given the logarithm of a number to
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Solutions

base 10 or base e, we need to be able to approximate the number. Histori-

cally, tables such as Tables II and III of Appendix B were used for this

purpose, but now with inexpensive scientific hand calculators readily

available, most people will use a calculator, since it is faster and far more

accurate.

Common logarithms (also called Briggsian logarithms) are logarithms

with base 10. Natural logarithms (also called Napierian logarithms] are

logarithms with base e. Most scientific calculators have a button labeled

"log" (or "LOG") and a button labeled "In" (or "LN"). The former repre-

sents a common (base 10) logarithm and the latter a natural (base e)

logarithm. In fact, "log" and "In" are both used extensively in mathemati-

cal literature, and whenever you see either used in this book without a base

indicated they will be interpreted as follows:

Logarithmic Notation

log X = logio X

In X = loge X

Finding the common or natural logarithm using a scientific calculator is

very easy: you simply enter a number from the domain of the function and

push the log or In button.

Example 10 Use a scientific calculator to find each to six decimal places:

(A) log 3,184 (B) In 0.000 349 (C) log(-3.24)

Enter

(A) 3184

(B) 0.000 349

(C) -3.24

Press

log

log

Display

3.502973

-7.960439

Error

An error is indicated in part C because — 3.24 is not in the domain of the log

function.

Problem 10 Use a scientific calculator to find each to six decimal places:

(A) log 0.013 529 (B) In 28.693 28 (C) ln(-0.438)

We now turn to the second problem to be discussed in this section: Given

the logarithm of a number, find the number. We make direct use of the
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logarithmic- exponential relationships, which follow directly from the

definition of logarithmic functions at the beginning of this section.

Logarithmic - Exponential Relationships

logx = y is equivalent to x = IC

In X = y is equivalent to x = e*'

Example 11 Find x to three significant digits, given the indicated logarithms:

(A) log x = -9.315 (B) In x = 2.386

Solutions (A) log x = —9.315 Change to equivalent exponential form.

X = io-'"5

x = 4.84 X 10^'°

(B) In X = 2.386

X = e^^'**

x = 10.9

The answer is displayed in scientific notation

in the calculator.

Change to equivalent exponential form.

Problem 11 Find x to four significant digits, given the indicated logarithms.

(A) In x = -5.062 (B) log x= 12.082 1

Application

If P dollars are invested at 100i% interest per period for n periods, and

interest is paid to the account at the end of each period, then the amount of

money in the account at the end of period n is given by

A = P(l + i)" Compound interest formula

The fact that interest paid to the account at the end of each period earns

interest during the following periods is the reason this is called a com-

pound interest formula.

Example 12 How long (to the next whole year) will it take money to double if it is

Doubling Time invested at 20% interest compounded annually?
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Solufion Find n for A = 2P and i = 0.2.

A = P(1 + i)"

2P



Answers to

Matched Problems
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rates compounded annually. We proceed as follows:

A = P(1 +i)"

2P = P(l + i)"

2 = (1 + i)"

(1 +i)" = 2

ln(l +i)" = ln2

n ln(l + i) = In 2

_ In 2

" ~ ln(l + i)

Figure 4 shows the graph of this equation (doubling times in years) for

interest rates compounded annually from 1% to 70%. Note the dramatic

changes in doubling times from 1% to 20%.

(A) 9 = 32 (B) 2 = 4'^^ (C) 1/9 = 3-^

(A) log, 49 = 2 (B) 108,3 = 1/2 (C) log3(l/3) = -l
(A) y = 3/2 (B) x = l/3 (C) b = 10

y = log3(x — 1) is equivalent

to X = 3 '' + 1

5
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5. log,8 = - 6. logc,27=-

RewTite in logarithmic form.

7. 49 = 72 8. 36 = 6^

9. 8 = 4^/2 10. 9 = 27^^^

11. A = b" 12. M = b''

Find each 0/ the following:

13. logiolO^ 14. logiolO-^

15. log2 2"3 16. log3 3^

17. log,o 1,000 18. logeSe

Write in terms 0/ simpler logarithmic forms as in Example 7.

19. logb^ 20. log,FG

21. logbL^ 22. logbW'^

23. logb-^ 24. logbPQR
qrs

B Find X, y, or b.

25. log3X = 2 26. log, x = 2

27. logj 49 = y 28. logj 27 = y
29. logt,10"'' = -4 30. logt,e-' = -2

31. log4X =
^

32. log,,x = -

1
33. log,/3 9 = y 34. bg.g - = y

35. logb 1,000 =
^

36. log54 =
^

Write in terms of simpler logarithmic forms going as far as you can with

logarithmic properties (see Example 7).

37. log, 4 38. logtx^y^

39. logbVN 40. logfcVQ

41. \ogt,x'V^ 42. log,
^

43. log;, (50 • 2"° 21) 44. log,, (100 • 1.06')

45. logbP(l+r)' 46. logeAe^"^'

47. log, 100e-°°" 48. log,o (67 • iQ-^'^x
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Find X.

2 1
49. logb X = - logb 8 + - logb 9 - logb 6

50. logb X = - logb 27 + 2 logb 2 - logb 3

3 2
51. logt, X = - logb 4 - - logb 8 + 2 logb 2

52. logb X = 3 logb 2 + - logb 25 - logb 20

53. logb X + logb (X - 4) = logb 21

54. logb(x + 2) + logbX = logb24

55. log,o(x-l)-log,o(x + l) = l

56. log,„(x + 6)-log,„(x-3) = l

Graph by converting to exponential form first.

57. y = log2(x-2) 58. y = log3(x + 2)

In Problems 59 and 60, evaluate to five decimal places using a scientijic

calculator.

59. (A) log 3,527.2 (B) log 0.006 913 2

(C) In 277.63 (D) In 0.040 883

60. (A) log 72.604 (B) log 0.033 041

(C) In 40,257 (D) In 0.005 926 3

In Problems 61 and 62, find x to four signijicant digits.

61. (A) log x = 3. 128 5 (B) log x = -2.049 7

(C) In x = 8.776 3 (D) In x = -5.887 9

62. (A) log x = 5.083 2 (B) log x = -3.157 7

(C) In x = 10.133 6 (D) In x = -4. 328 1

63. Find the logarithm of 1 for any permissible base.

64. Why is 1 not a suitable logarithmic base? [Hint; Try to find log, 8.]

65. Write logm y — logjg c = 0.8x in an exponential form that is free of

logarithms.

66. Write loge x — log^ 25 = 0.2t in an exponential form that is free of

logarithms.

Applications

Business & Economics 67. Doubling time. How long (to the next whole year) will it take money to

double if it is invested at 6% interest compounded annually?
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68.

69.

70.

Life Sciences 71.

Doubling time. How long (to the next whole year) will it take money to

double if it is invested at 3% interest compounded annually?

Tripling time. Write a formula similar to the doubling time formula in

Figure 4 for the tripling time of money invested at 100i% interest

compounded annually.

Tripling time. How long (to the next whole year) will it take money to

triple if invested at 15% interest compounded annually?

Sound intensity— decibels. Because of the extraordinary range of

sensitivity of the human ear (a range of over 1,000 million millions to

1 ), it is helpful to use a logarithmic scale, rather than an absolute scale,

to measure sound intensity over this range. The unit of measure is

called the decibel, after the inventor of the telephone, Alexander

Graham Bell. If we let N be the number of decibels, I the power of the

sound in question (in watts per square centimeter), and !„ the power of

sound just below the threshold of hearing (approximately 10""* watt

per square centimeter), then

I = IolO~''>''

Show that this formula can be written in the form

N = 10 log

72. Sound intensity— decibels. Use the formula in Problem 71 (with

Iq = 10"'" watt/cm^) to find the decibel ratings of the following

sounds:

Social Sciences

(A) Whisper: 10~" watt/cm^

(B) Normal conversation: 3.16 X 10""' watt/cm^

(C) Heavy traffic: 10^" watt/cm^

(D) Jet plane with afterburner: 10"' watt/cm^

73. World population. If the world population is now 4 billion (4 X lO**)

people and if it continues to grow at 2% per year compounded an-

nually, how long will it be before there is only 1 square yard of land

per person? (The earth contains approximately 1.68 X lO''' square

yards of land.)

74. Archaeology— carbon-14 dating. Cosmic-ray bombardment of the

atmosphere produces neutrons, which in turn react with nitrogen to

produce radioactive carbon-14. Radioactive carbon-14 enters all liv-

ing tissues through carbon dioxide which is first absorbed by plants.

As long as a plant or animal is alive, carbon-14 is maintained at a

constant level in its tissues. Once dead, however, it ceases taking in

carbon and the carbon-14 diminishes by radioactive decay according

to the equation

A = Aoe-°<"">'''"
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where I is time in years. Estimate the age of a skull uncovered in an

archaeological site if 10% of the original amount of carbon-14 is still

present. [Hint: Find t such that A = 0.1 Aj,.]

13-3 The Constant e and Continuous Compound Interest

The Constant e

Continuous Compound Interest

The Constant e

In the last two sections we introduced the special irrational number e as a

particularly suitable base for both exponential and logarithmic functions.

In this and the following sections we will see why this is so. We said earlier

that e can be approximated as closely as we like by [1 + (l/n)]" by taking n

sufficiently large. Now we will use the limit concept to formally define e as

either of the following two limits:

The
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Compute some of the table values with a calculator yourself and also try

several values of s even closer to 0. Note that the function is discontinuous

at s = 0.

Exactly who discovered e is still being debated. It is named after the great

mathematician Leonhard Euler (1707-1783), who computed e to twenty-

three decimal places using [1 + (l/n)]".

Continuous Compound Interest

Now we will see how e appears quite naturally in the important application

of compound interest. Let us start with simple interest, move on to com-

pound interest, and then to continuous compound interest.

If a principal P is borrowed at an annual rate r, then after t years at simple

interest the borrower will owe the lender an amount A given by

A = P + Prt = P(l +rt) Simple interest (1)

On the other hand, if interest is compounded n times a year, then the

borrower will owe the lender an amount A given by

A = PHT Compound interest (2)

Suppose P, r, and ( in (2) are held fixed and n is increased. Will the amount

A increase without bound or will it tend to some limiting value?

Let us perform a calculator experiment before we attack the general

limit problem. If P = $100, r = 0.06, and t = 2 years, then

100(-^r
We compute A for several values of n in Table 1. The biggest gain appears in

the first step; then the gains slow down as n increases. In fact, it appears that

A might be tending to something close to $11 2. 75 as n gets larger and larger.

Now we turn back to the general problem for a moment. Keeping P, r, and

t fixed in equation (2), we compute the following limit and observe an
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Table 1

Compounding
Frequency

A = 100 (-^)"
Annually
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Problem 13

Example 14

SoJufion

What amount (to the nearest cent) will an account have after 5 years if $100

is invested at 8% interest compounded annually? Semiannually? Contin-

uously?

If $100 is invested at 12% interest compounded continuously, graph the

amount in the account relative to time for a period of 10 years.

We want to graph

A=100e°"' 0«t«10

We construct a table of values using a calculator or Table I of Appendix B,

graph the points from the table, and join the points with a smooth curve.

1 A
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Problem 15 How long will it take money to triple if it is invested at 12% interest

compounded continuously?

Answers to 13.

Matched Problems 14.

$146.93; $148.02; $149.18

A = 5,000e°^'

1 A
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B In Problems 3-8 solve for t or r to two decimal places.

42 = e""^'

6. 3 = 6°"'

8. 3 = e""-

In Problems 9 and 10 complete each table to five decimal places using a

hand calculator.

3.
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15.

16.

17.

18.

19.

Doubling lime. How long will it take money to double if invested at

25% interest compounded continuously?

Doubling time. How long will it take money to double if invested at 5%
interest compounded continuously?

Doubling rate. At what rate compounded continuously must money

be invested to double in 5 years?

Doubling rate. At what rate compounded continuously must money

be invested to double in 3 years?

Doubling time. It is instructive to look at doubling times for money

invested at various rates of interest compounded continuously. Show

that doubling time t at 100r% interest compounded continuously is

given by

In 2

Social Sciences

20. Doubling time. Graph the doubling time equation from Problem 19 for

< r < 1.00. Identify vertical and horizontal asymptotes.

Life Sciences 21 World population. A mathematical model for world population

growth over short periods of time is given by

P = Poe^'

where

Pij = Population at time t =

r = Rate compounded continuously

t = Time in years

P = Population at time t

How long will it take the earth's population to double if it continues to

grow at its current rate of 2% per year (compounded continuously)?

22. World population. Repeat Problem 21 under the assumption that the

world population is growing at a rate of 1% per year compounded

continuously.

23. Population grovvlh. Some underdeveloped nations have population

doubling times of 20 years. At what rate compounded continuously is

the population growing? (Use the population growth model in Prob-

lem 21.)

24. Population groivth. Some developed nations have population dou-

bling times of 120 years. At what rate compounded continuously is

the population growing? (Use the population growth model in Prob-

lem 21.)

25. World population. If the world population is now 4 billion (4 X 10^)

people and if it continues to grow at 2% per year compounded contin-

uously, how long will it be before there is only 1 square yard of land

per person? (The earth has approximately 1.68 X 10''* square yards of

land.)
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13-4 Derivatives of Logarithmic Functions

Derivatives of Logarithmic Functions

Graph Properties of y = In x

Derivatives of Logarithmic Functions

We are now ready to derive a formula for the derivative of

/(x) = Iog(,x b>0, b^l, x>0

using the definition of the derivative

f(x + Ax)-/(x)
/'(x)= hm —

Ax— Ax

and the two-step process discussed in Section 10-4.

Step 1. Simplify the difference quotient first.

f (x + Ax) - f (x) _ logt,(x + Ax) - logb X

Ax Ax

1
=^ [Iogb(x + Ax) - logb x]

=— logk Property of logs
Ax X

4fe)l°^^(^+v) Multiply by ^^1.

1 / AxN"/'^= - logb 1 "I Property of logs
X \ x /

Step 2. Find the limit.

Let s = Ax/x. For x fixed, if Ax —» 0, then s —> 0. Thus,

f(x + Ax)-/(x)
D^ logb X = lim

Ax

1 / AxN"'''^
= lim - logb 1 "I Let s = Ax/x.
Ax— X \ X /

= lim - logb(l + sy/'
s-*0 X

1= — logb[Iim(l + s)'/*] Properties of limits and
^~'°

continuity of log functions

I= — logb e Definition of e
X
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Thus,

1
D, logb X = - logb e (1)

This derivative formula takes on a particularly simple form for one particu-

lar base. Which base? Since logj, b = 1 for any permissible base b, then

loge e = 1

Thus, for the natural logarithmic function

In X = loge X

we have

1 11
D, In X = D, loge X = - loge e = - • 1 = -

[2)

Now you see why we might want the complicated irrational number e as a

base— of all possible bases, it provides the simplest derivative formula for

logarithmic functions.

We will now see the power of the chain rule discussed in Section 10-7.

Recall that if

y = /(u) and u = g(x)

then

dy dy du
-r- = -,—;— Cham rule
dx du dx

In particular, if

y = log(, u and u = u(x)

or

y = In u and u = u(x)

then

1

D^ logb u = - logb e D, u

and

D, In u = — D„ u
u

Let us summarize these results for convenient reference and then con-

sider several examples. Formulas 1 and 2 in the box are used far more

frequently than the others; hence, they will be given more attention in the

examples and exercises that follow.
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Derivatives of Logarithmic Functions

For b>Oand b#l:

1
1. D, lnx=-

X

2. D^lnu=-D, u
u

1
3. D^ logb X = - logb e

1
4. D, logb u = - logb e D, u

Example 16 Differentiate.

(A) D, In (x2 + 1) (B) D,(ln x)" (C) D, In x"

Solutions (A) ln(x^ + 1) is a composite function of the form

y = In u u = u(x) = x^ + 1

Formula 2 applies: thus,

D,ln(x^ + l) = ^^^D,(x2 + l)

2x

x^ + 1

(B) (In x)* is a composite function of the form

y = uP u = u(x) = In X

Hence, D, up = puP~' D, u, and

D,(In x]" = 4(ln x]^D^ In x Power rule

= 4(lnx)M-] Formula 2

_ 4(ln xf

X

(C) We work this problem two ways. The second method takes particular

advantage of logarithmic properties.

1 4v3 4
Method I. DJn x" = — D^ x« = -— = -

x" " x" x

Method II. D, In x" = D^(4 In x) = 4D, In x = -
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Problem 16 Differentiate.

(A) DJn{x^ + 5] (B) D^llnx)"' (C) D, In x"

Example 17 Find:

Solution

DAn-
^fxTl

Using the chain rule directly results in a messy operation. (Try it.) Instead,

we first take advantage of logarithmic properties to write

(x + 1)'''^
In x= - ln(x + 1)'/^ = 5 In X - (l/2)ln(x + 1)

Then,

Dx In , ,'',„, = 5D, In x - (1/2)D, In (x + 1)

X 2(x+l)

Problem 17 Find D^ ln[(x - 1)^ Vx + 2]. [Hint: Use logarithmic properties first.]

Example 18 Find D,[ln{2x2 - x)]^

Solution This problem involves two successive uses of the chain rule:

DJln(2x2 - x)]^ = 3[ln(2x2 - x)YD, ln(2x2 - x)

3[ln(2x2 - x)f

' 3[ln(2x2 _ x)]2

2x2 -x
[DA2x' - X)]

2x2
(4x - 1)

3(4x-l)[ln(2x2-x)]2

2x2 -X

Problem 18 Find D, Vln(l + x^)

Graph Properties of y = In x

Using techniques discussed in Chapter 12. we can use the first and second

derivatives of In x to give us useful information about the graph of y = In x.

Using the derivative formulas given previously, we have

y = In X X >

y = — = X
X

y" = -X"
-1
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We see that the first derivative is positive for all x in the domain of In x (all

positive real numbers); hence, In is an increasing function for all x > 0. We
also see that the second derivative is negative for all x in the domain of In x;

hence, the graph of y = In x is concave dovkmward everywhere. It can also

be shown that

lim In X = —°°
X—0+

lim In X = oo

Thus, the y axis is a vertical asymptote (there are no horizontal asymptotes)

and In x increases without bound as x ^ <», but In x increases more slowly

than X. The graph of y = In x is shown in Figure 6.

-5

Figure 6

In X

5 10

• Concave downward
• Increasing

• lim in X = -°°

X - 0*

• lim In X = <!o

Answers to

Matched Problems

16. (A)

17.

3x2

x^ + 5
(B)

X - 1 2(x + 2)

-3(Inx)-''

18,

(C)

(1 +x^)[In(l+x3)] 2/3

Exercise 13-4

Find each derivative.

1. D, In (

3. D,ln(x-3)

5. Dx 3 ln(x - 1)

7. DJz^ + 3 In z)

9. D,(6Vt - In t)

2.
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B Find each derivative.

11. D, In x''

13. D^ In \/x

15. D^(\/ln x + In >/x)

17. D, ln(x + 1)*

19. D, Mt^ + St)

/) (Ua-/ 21. DJ2x^ + ln(x^ + 1)]

25. D^(x In X — x)

27. DJ(x2 + X) ln(x2 + x)]

„ Inx^ ,

31. D, logioX

Find each derivative in Problems 33-48

33. D^ log2(3x2 - 1)

35. D,ln(x' + iy/^

37. D, log,o(3x^ - 2x)

39. D, In

..^<rT 41. D, ln[(x - 1)^ V^]^
43. DJln(x2-l)P

45. D,

^xM " ln(l + x^)

47. D^ 'Vln(l - x^)

12.

14.
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nually. is given by

_ In 2

"~
ln(l + i)

Find dn/di.

52. Rate of change of doubling time. Using dn/di found in Problem 51 and

a hand calculator, complete the table to two significant figures. (Re-

member that a unit change in i corresponds to 100%.)

i dn/di
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We start by taking the natural logarithm of both sides of the equation in

(1) to obtain

In y = In b"

= X In b (2)

Now, thinking of y as a function of x,

y = y(x)

we differentiate both sides of (2) with respect to x:

D, In y = D,(x In b)

Using formula 2 from Section 13-4 and implicit differentiation, we arrive at

—r- = In b
y dx

and we solve for dy/dx:

-;— = V In b
dx

Recall that y = b" from equation (1), and we have

D^ b" = bMn b (3)

We ask, as before, for what number b will the derivative formula (3) be the

simplest? If b = e, then (3) becomes

D, e" = e" In e = e" 1 = e'

and we find that the derivative of the exponential function with base e is

the function itself. Thus, all higher-order derivatives of e" are e"; that is,

D; e" = e" (4)

for all natural numbers n.

If we have a composite function

y = e" u = u(x)

or

y = b" u = u(x)

then, using the chain rule, we obtain

du ,ci
D, e" = e" -;- (5)

dx

and

D, b" = b" In b^ (6)
dx
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We summarize these results for convenient reference. Then we will con-

sider several examples. Formulas 1 and 2 in the box are used far more

frequently than the others; hence, they will be given more attention in the

examples and exercises that follow.

Derivatives of Exponential Functions
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D, 3^" = S^^iln 3)D,(2x)

= 32''(ln3)(2)

= 2(32") (In 3) = 32X
1j^ 32 = 32X jn 9

[Note: 2(3^") ¥= 6^" (Why?) and D, 3^" ^ 2x 3^"-' (Why?)]

Problem 19 Differentiate

(A) D,(2e'-3f) (B) D, e^" (C) D, e"^'" (D) 0,10^"+^

Example 20 Find:

(A) D,(x-eMnx) (B) D, ^^j^

Solutions (A) D,(x - e" In x) = D, x - D, e" In x

= 1 - (e" D, In X + In X D, e")

1 e'' In X
X

(B) D
1 - e-" _ (x^ + 1)D,(1 - e-") - (1 - e-'')D,(x^ + 1)

" x^ + 1 (x^ + If

_ e-''[x^+ l)-2x(l -e"")

(x^ + 1)'

Problem 20 Find;

(A) D,(x^e'' + In x) (B) D,
x + 1

Example 21

SoJution

Find D^ e''^^.

This problem requires the use of the chain rule twice in succession:

D^ e''^^ = D, ei^x-^)'-

= e'^x-^)'- D,(2x - 3)'/^

= e<"-3>'
' - (2x - 3)-'/^ D,(2x - 3)

= e'^'-^)./.
i (2x - 3)-V2 2
2

v'2x-3

Problem 21 Find D, e""'"'.
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Graph Properties oiy = e" and y = e
"

Using techniques discussed in Chapter 12, we can use the first and second

derivatives of e" and e'" to give us useful information about the graphs of

y — e" and y = e"". Using the derivative formulas given previously, v^fe

have

y = e'

y' = e"

y" = e"

Both the first and second derivatives are positive for all real x; hence, e" is

an increasing function and the graph of y = e" is concave upward every-

where. In addition, it can be shown that

lim e" =
X—•—

»

lim e" = 00

Thus, the x axis is a horizontal asymptote (there are no vertical asymptotes)

and e" increases without bound as x ^ oo, but e" increases much more

rapidly than x. The graph of y = e" is shown in Figure 7.

' Concave upward
• Increasing

' lim e" =

• lim e-
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We nowf use the same techniques to analyze the graph of e ".

y = e""

y' = D^ e"" = e-" D,(-x) = -e""

y" = DJ-e-") = -e-«D,(-x) = e"'

For all real values of x the first derivative is negative and the second

derivative is positive. Hence, e"" is a decreasing function and the graph of

y = e"" is concave upward everywhere. In addition, it can be shown that

lim e"" = <» and lim e"" =

Thus, the x axis is a horizontal asymptote (there are no vertical asymptotes]

and e"" increases without bound as x ^ — <». The graph of y = e"" is shown

in Figure 8.

y = e-

30

• Concave upward
• Decreasing

• lim e'" = ^

Answers to

Malched Problems

19. (A) 2e'-3 (B) 3e^

(D) SflO^x+^Jlln 10)

1
20. (A) XV + 2x6" + -

21.

(B)

(C) (2x - IJe"'-"

e^''(2x + 1]

(x + lP

2ellnxF ii^ X
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Exercise 13-5

A Find each derivative.

1. D,e'

/!.> 3. D, e""

4^ 5. 0,36^"

^ 7. D, 26-"'

Lf^ ^11. 0^26^" - 36" + 5)

B Find each derivative.

13.
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Life Sciences

Social Sciences

42. Marginal anafy-sis. Suppose the price-supply equation for x units of a

commodity is

p(x) = lOe'"'^''

where p is in dollars. Find the marginal price.

43. Salvage value. The salvage value Sofa company airplane after t years

is estimated to be given by

S(t) = 300,000e-" "

What is the rate of depreciation in dollars per year after 1 year? 5

years? 10 years?

44. Resale \alue. The resale value R of a company car after t years is

estimated to be given by

R{t] = 20,000e-'"'>'

What is the rate of depreciation in dollars per year after 1 year? 2

years? 3 years?

45. Bacterial groivfh. A single cholera bacterium divides every 0.5 hour to

produce two complete cholera bacteria. If we start with a colony of

5.000 bacteria, then after t hours there will be

A = 5.000 • 2^'

bacteria. Find A'(t). A'(5), and A'(IO). Compute numerical quantities

to three significant digits.

46. Ecology. The atmospheric pressure P (in pounds per square inch) at x

miles above sea level is given approximately by

P= 14.76-°"'

What is the rate of change in pressure at x = 1? At x = 5? At x = 10?

47. Psychology— learning. Suppose a particular person's history of learn-

ing to type is given by the equation

N = 80(1 - e-"""')

where N is the number of words per minute typed after t weeks of

instruction. Find N'{1). N'(l). N'(5). and N'(20).

13-6 Chapter Review

Important Terms

and Symbols

13-1 Exponential functions— a review, algebraic function, exponential

function, graphs of exponential functions, base e, exponential prop-

erties, b", e"
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13-2 Logarithmic functions— a review, logarithmic function, logarithmic

properties, common logarithms, natural logarithms, calculator eval-

uation, logt, X, log X, In X

13-3 The constant e and continuous compound interest, definition of e,

continuous compound interest

13-4 Derivatives of logarithmic functions, derivative formulas for loga-

rithmic functions, graph properties of y = In x

13-5 Derivatives of exponential functions, derivative formulas for expo-

nential functions, graph properties of y = e" and y = e""

Exercise 13-6 Chapter Review

A 1, Write logjo y = X in exponential form.

vvx
2. Write logj,— in terms of simpler logarithms.

Find the indicated derivatives in Problems 3-5.

3. D,(2 In X + Se")

4. D^ e^"-'

5. y' for y = ln(2x' - 3x)

B 6. (A) Find b: logb 9 = 2 (B) Find x: log^ x = -3/2
7. Write in terms of simpler logarithmic forms:

'>/x

8. Write in terms of simpler logarithmic forms:

logb(100-1.06')

9. Graph y = lOOe""'", « x « 10, using a calculator or a table.

10. Find x: log^ x = 3 logt 2 - - log^ 4 - - logj, 36

11. Find x: log x + log(x - 3) = 1

12. Evaluate to five decimal places using a scientific calculator:

(A) log 0.009 108 5 (B) In 9,843.3

13. Find x to four significant digits:

(A) logx = -3.805 5 (B) lnx = 12.814 3

14. Find t: 240 = BOe" '2'
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Find (he indicated derivatives in Problems 15-39.

15. D,[2Vx + ln(x3 + l)]

16. dy/dx for y = e"^" In 5x

17. Dl e"

18. DAn
x^ + 1

19. D,(>/Irrz - In Vz)

C 20. Write In y — In c = — 0.2x in an exponential form free of logarithms.

Find the indicated derivatives in Problems 23-23.

21. y' for y = 5'''-'

22. D, log3(x^ - X)

23. D^Vln (x^ + x)

Applications

Business & Economics 24. Doubling time. How long (to three significant digits) will it take money
to double if it is invested at 5% interest compounded

(A) Annually? (B) Continuously?

25. Continuous compound interest. If $100 is invested at 10% interest

compounded continuously, the amount (in dollars) at the end of t

years is given by

A = 100e°"

Find A'[t), A'(l), and A'{10). Compute numerical quantities to four

significant digits.

26. Marginal analysis. If the price -demand equation for x units of a

commodity is

p(x) = l,000e-°°2x

then the revenue equation is

R(x) = xp(x) = l,000xe-°02x

Find the marginal revenue equation.

Practice Test: Chapter 13

Find X in Problems 3-3.

2
1. log8X = --
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2. lnx + ln(x-3) = ln 28

3. 22 = lie""""

4. Write in equivalent exponential form: In y — In c = — O.OSx

Find (he indicated derivatives in Problems 5-30.

5. D,[3e-''-ln(x + l)]

6. Dl e"'-"

3x — 5
7. dy/dx for y = In —— —

8. y' for y = v In Vx

9. D, 10"'-'

10. D, log,o(x2 - X)

11. Suppose the price -demand equation for x units of a commodity is

p(x) = 10,0006""'"^"

(A) Find the revenue equation.

(B) Find the marginal revenue equation.

12. Find, to three significant digits, the tripling time for money invested at

15% interest:

(A) Compounded annually

(B) Compounded continuously





CHAPTER 14 Contents

14-1 Antiderivatives and Indefinite Integrals

14-2 Differential Equations— Growth and Decay

14-3 General Power Rule

14-4 Definite Integral

14-5 Area and the Definite Integral

14-6 Definite Integral as a Limit of a Sum
14-7 Chapter Review

The last four chapters dealt with differential calculus. We now begin the

development of the second main part of calculus, called integral calculus.

Two types of integrals will be introduced, the indefinite integral and the

definite integral; each is quite different from the other. But through the

remarkable fundamental theorem of caJcuJus, we will show that not only

are the two integral forms intimately related, but both are intimately

related to differentiation.

14-1 Antiderivatives and Indefinite Integrals

Antiderivatives

Indefinite Integrals

Indefinite Integrals Involving Algebraic Functions

Indefinite Integrals Involving Exponential and Logarithmic Functions

Applications

Antiderivatives

Many operations in mathematics have reverses— compare addition and

subtraction, multiplication and division, and powers and roots. The func-

tion f[x) = (1/3) x^ has the derivative f'(x) = x^. Reversing this process is

referred to as antidi^erentiation. Thus,

x^— is an antiderivative of x^
3

".(?) = -

In general, we say that F(x) is an antiderivative of /(x) if

F'(x)=/(x)

Note that

816
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D.(f + 2) = x^ D.(f-.) = x^ °^(? + ^)-^

Hence,

— +2
3

x- x-*
,

,-— -n — +V5
3 3

are also antiderivatives of x^ since each has x^ as a derivative. In fact, it

appears that

x^- + C
3

for any real number C, is an antiderivative of x^, since

D.(f + c) = x^

Thus, antidifferentiation of a given function does not, in general, lead to a

unique function, but to a whole set of functions.

Does the expression

x^- + C
3

with C any real number, include all antiderivatives of x"? Theorem 1

(which we state without proof) indicates that the answer is yes.

Theorem 1 If F and G are differentiable functions on the interval (a, b) and
F'(x) = G'(x), then F(x) = G(x) + k for some constant k.

Indefinite Integrals

In words. Theorem 1 states that if the derivatives of two functions are

equal, then the functions differ by at most a constant. We use the symbol

/
j(x] dx

called the indefinite integral, to represent all antiderivatives of /(x), and
we write

/
/(x)dx = F(x) + C where F'(x)=/{x)

that is, if F(x) is any antiderivative of /(x). The symbol / is called an
integral sign and f (x) is called the integrand. (We will have more to say



818 Integration

about the symbol dx later.) The arbitrary constant C is called the constant

of integration.

Indefinite Integrals Involving Algebraic Functions

Just as with differentiation, we can develop formulas and special properties

that will enable us to find indefinite integrals of many frequently encoun-

tered functions. To start, we list some formulas that can be established

using the definitions of antiderivative and indefinite integral, and the many
properties of derivatives considered in Chapter 10.

Indefinite Integral Formulas and Properties
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Example 1

erty 3 states that a constant factor can be moved across an integral sign; a

variable factor cannot be moved across an integral sign.

Correct Incorrect

I
5x'/^dx = 5 I x'/^dx J]x?53x:**=rs3Z22i

Now let us put the formulas and properties to use.

(A)

(B)

(C)

(D)

I 5 dx = 5x + C

dx = +C=—+C
4 + 1 5

5x'dx = 5 x'dx = 5— + C = -x» + C
J J 8 8

/(4x 3 + 2x-
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Example 2 (A) |(^-6V^jdx = I (2x-'/3 - 6x'/2) dx

i
= 2

I
x-'/^ dx - 6

I

x'/2 dx

-l/3hH v(l/2H-l

-6
, . .

+C
(-1/3) + 1 (1/2) + 1

(B) /^'^ =/(;^-i)

v2/3 y3/2
=2^-6—- + C

2/3 3/2

= 3x2/^ - 4x^/2 + C

dx

/
(x=/^ - 3x-'/2) dx

x(V2H-i x-t-i/ZH-i

3 . , . .
+C

(5/2) + 1 (-1/2) + 1

x7/2 x'/2^-3^+C
7/2 1/2

7

Problem 2 Find each indefinite integral.

Indefinite Integrals Involving Exponential and
Logarithmic Functions

The four indefinite integral formulas given in the next box follow immedi-

ately from the derivative formulas discussed in the last chapter. Because of

the absolute value, formula 8 is the least obvious of the four and causes the

most confusion among students. Let us show that

D, lnlx| = - x¥=0
X

We consider two cases:

Case 1. x>0

Dj, ln|x| = D, In X

_ 1_

X

Since Ixl = x for x >
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Indefinite Integral Formulas

1
6. \ e"" dx == - e"' + C a^O

aI
f dx ,

7. I — = lnx + C x>0

r dx
8. I — = ln|x| + C x^O

Note: Formula 7 is a special case of formula 8.

Case 2. x<0
D^ ln| x| = D^ In(-x) Since |xi = -x for x <

= ^DJ-x)

_-l _ 1

— x x

Thus,

D, ln|x| = - x¥=0
X

Hence,

/
-dx = ln|x| + C x#0

What about the indefinite integral of In x? We postpone a discussion of

/ In x dx until Section 15-2, where we will be able to find it using a tech-

nique called integration by parts.

Example 3 (A)
f e" — e "

, f /e* e~''\
,

= - e^dx
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Example 4

Solution

(B)
r 2x=-3x , r /2x= 3x\ ,

J—^"x -jil^-T^)'"'

= 2
I
x^-3

I

-dx

-2 3ln|x| + C
4

-x*-3ln|x| + C
2

'

Problem 3 Find each indefinite integral

36^"-

4

(A)

/
dx (B) /^-

Let us now consider some applications of the indefinite integral to see

why we are interested in finding antiderivatives of functions.

Applications

Find the equation of the curve that passes through (2, 5) if its slope is given

by Ay/dx = 2x at any point x.

We are interested in finding a function y = f(x] such that

dy.

dx

and

y = 5 when x = 2

If

dv

(1)

(2)

dx

then

= 2x

=/2x,y=
j
2xdx

= x^ + C (3)

Since y = 5 when x = 2, we determine the particular value of C so that

5 = 2^ + C
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Thus,
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We now find the indefinite integral of 3x^ — 2x and determine the arbitrary

integration constant using C(0) = 2,000.

C'[x) = 3x'-2x

C(x)=
I

(3x^-2x)dx

= x^-x^ + K Since C represents the cost, we use K for

the constant of integration.

But

C(0) = 0^ - 0^ + K = 2,000

Thus,

K = 2,000

and the particular cost function is

C(x) = x^ - x^ + 2,000

We now find C(20), the cost of producing twenty units:

C(20) = 20^ - 20^ + 2,000

= $9,600

Problem 5 Find the revenue function R(x) when the marginal revenue is

R'(x) = 400-0.4x

and no revenue results at a zero production level. What is the revenue at a

production level of 1,000 units?

Example 6

Price-Demand

Solution

The marginal price p'(x) at x units per month demand for a given model

sailboat is given by

p'(x) = -500e-'"'^''

Find the price -demand equation if at a price $17,788 each the demand is 5

boats per month.

p{.x)= I -5006"°°=" dx

= -500 I e-°''^'dx

-500- + C
-0.05

10,0006-°"=" + C
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Problem 6

Answers to

Matched Problems

We find C by noting that

p(5) = lO.OOOe-""^!^! + C = $17,788

C = $17,788 — lO.OOOe""^^ Use a calculator or a table.

C = $17,788- 7,788

C = $10,000

Thus,

p(x) = 10.0006"°°^" + 10.000

The marginal price p'(x) at x units per month supply for a given model

sailboat is given by

p'(x) = 500e''°'''

Find the price -supply equation if the supplier is willing to supply 10 boats

per month at a price of $14,487 each.

1. (A) x + C (B) (3/5)x^ + C (C) xV3-x^ + x + C

(D) (5/2)x''^' + C (E) (6/5) x^/3 + x-3 + C

2. (A) 6x''/3-12x'/^ + C (B) -2x-'/^-4x^ + C

3. (A) e'" + 26-^" + C (B) e''-3ln|x|+C

4. y = x^ - 2

5. R(x) = 400x-0.2x"; R (1,000) = $200,000

6. p(x) = 10,0006'"'''' -2,000

Exercise 14-1

A Find each indejinite integral. (Check by differentiating.)

1. 7dx
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13.
I

e^'df 14.
I

e-" dt

15.
I

2z-'dz 16.
I

-ds

Find all the antiderivatives for each derivative.

17. -^ = 200x'' 18. -^ = 42f^
dx dt

dP dv
19. ^^=24-6x 20. -^ = 3x2-4x^

dx dx

21. -;^=2u=-3u2-l 22. -- = 3-12t^-9f^
du d(

23. -r^ = e-'' + 3 24. -^ = x-e-''
dx dx

dx du 4
,
V

25. ^ = 5(-' + l 26. -r = - + -
dt dv V 4

B Find eacJi indejinite integraJ. (Check by differentiation.)

31

33

35

37

39

41

43

I Gx'/^dx 28.
I

I
Bx-'dx 30. I 12u-''du

f^ 32. f^
J ^ J Vt

. (^ 34. fi^
J 4x' J m'

f4 36. f^
J 2u= J ay

I (3x'/^ - x-'/2) dx 38. I (4x'''3 + 2x-'/^) dx

I
{lOx^''^ - 8x'/3 - 2) dx 40.

I

(6x'^ - 2x-3 + 1] dx

r e^" — e ^''
. f e" + I

dx 46.

J 2 J 2
45. I

::^— dx 46. |
^ '^ dx

47.
I

(2z-3 + z-2 + z-i)dz 48. 1 (ax"' - x"') dx
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In Problems 49-58, jind the particular antiderivative ofeach derivative that

satisfies the given condition.

dv
49. -i- = 2x-3. y(0) = 5

dx

dy
50. -r = 5-4x, y(0) = 20

dx

51. C'{x) = 6x2-4x, C(0) = 3,000

52. R'(x) = 600-0.6x, R(0) =

dx 20
53. — = -p. x(l) = 40

dt Vt

^*-
dt t'

dy
55. -r-

= 2x-2 + 3x-i-l, y(l) =
dx

dv
56. -r = 3x-^ + x-^ y(l) = l

dx

dx
57. -r = 4e--' - 3e-' - 2, x(0) = 1

dt

dv
58. -p = 5e^' - 4e*' + e"', y(0) = -l

dt

59. Find the equation of the curve that passes through (2, 3) if its slope is

given by

-r^ = 4x-3
dx

for each x.

60. Find the equation of the curve that passes through (1, 3) if its slope is

given by

dy
-^=12x--12x
dx

for each x.

C Find each indefinite integral.

r 2x''-x , r x-'-x" ,

61. J^^dx 62. J-^^dx
r x^-2x , r 1 -3X'' .

f x^e'^'-Zx , r x-e» .

«^-
J X- ^^ ««• J^^^^
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Find the antiderivative of each of the derivatives that satisfies the given

condition.

dlW Vf-1 .., ,
dR 1- V^ „, ^

67. = p— , IVf(4) = 5 68. — =—-^, R(8)=4
dt Vt d.\- Vx

dy 5x + 2 , dx n/P - f

69. -^= ,^ v(l) = 70. — =—^, x(9) = 4
dx Vx

'

dt Vt^

71. p'[x) = -100e-'"'^\ p(0) = 3,000

72. p'(x) = 40e°''°*'^ p(0) = 4,000

Applications

Business & Economics 73. Pro^t /unction. If the marginal profit for producing x units is given by

P'(x) = 50-0.04X P(0) =

where P(x) is the profit in dollars, find the profit function P and the

profit on 100 units of production.

74. NaturaJ resources. The world demand for wood is increasing. In 1975

the demand was 12.6 billion cubic feet, and the rate of increase in

demand is given approximately by

d'(t) = 0.009t

where t is time in years after 1975. Noting that d(0) = 12.6, find d(t).

Also find d(25), the demand in the year 2000.

75. Price-demand equation. The marginal price p'(x) at x units demand

per month for a given model water-skiing boat is given by

p'(x) = -200e"'"""'

Find the price-demand equation if at a price of $6,094 each the

demand is 12 boats per month.

76. Price-supply equation. The marginal price p'(x) at x units per month

supply for a given model water-skiing boat is given by

p'(x) = 200e''°'"'

Find the price-supply equation if the supplier is willing to supply 5

boats per month at a price of $5,107 each.

Life Sciences 77. Weight -height. The rate of change of an average person's weight with

respect to their height h (in inches) is given approximately by

dW
-rT- = 0.0015h2
dn

Find W(h) if W(60) = 108 pounds. Also find the average weight for a

person who is 5 feet 10 inches tall.
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78. Wound healing. If the area of a healing wound changes at a rate given

approximately by

dA = -4t-3 l^tSlO
dt

where t is in days and A(l) = 2 square centimeters, what will the area

of the wound be in 10 days?

Social Sciences 79. L'rban gron (h. A suburban area of Chicago incorporated into a city.

The growth rate t years after incorporation is estimated to be

dN r-;- = 400 + 600Vf 0«f«9
dt

If the current population is 5,000, what will the population be 9 years

from now?

80. Learning. In an experiment on memorizing vocabulary from a foreign

language, it is found that the rate of learning during a study session

increases and then decreases because of saturation. A typical rate

might be given by

v'(t) = 0.04t-0.0003t^

where v(t) is the amount of vocabulary learned after t minutes of

study. Find v(t) if v(0) = 0. Then find how many words are learned

after 60 minutes of study.

14-2 Differential Equations— Growth and Decay

Differential Equations

Continuous Compound Interest Revisited

Exponential Growth Law
Population Growth, Radioactive Decay, Learning

A Comparison of Exponential Growth Phenomena

Differential Equations

In the last section we considered equations of the form

dy
-y- = 6x^-4x p'(x) = -400e-°'"''
dx

These are examples of differential equations. In general an equation is a

differential equation if it involves an unknown function (often denoted by
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y) and one or more of its derivatives. Other examples of differential equa-

tions are

dv
-i^ — ky y" — xv' + x^ = 5
ax

Finding solutions to different types of differential equations (functions that

satisfy the equation) is the subject matter for whole books and courses on

the subject. Here we will consider only a few very special but very impor-

tant types of equations that have immediate and significant application. We
start by considering the problem of continuous compound interest from

another point of view, which will enable us to generalize the concept and

apply the results to problems from a number of different fields.

Continuous Compound Interest Revisited

Suppose we say that the amount of money A in an account grows at a rate

proportional to the amount present, and the amount in the account at the

start is P. Mathematically,

-^ = tA A(0] = P a, P>0
dt

where r is an appropriate constant. We would like to find a function

A= A(t) that satisfies these conditions. Using differentials, we can treat dA
and dt as separate quantities and multiply both sides of the first equation by

dt/A to obtain

dA—- = r dt
A

Now we integrate both sides,

rdt/M
ln|A| = rf + C |A| = A since A >

In A = rt + C

and convert this last equation into the equivalent exponential form

A = e'''"'"'' From Section 13-2. y = In x if and only if x = e*'

= e'^e" Property of exponents: b"'b" = b"'"^"

Since A(0) = P, we evaluate A[t] = e'^e" at t = and set it equal to P:

A(0) = eCe° = e'= = P

Hence, e'^ = P, and we can rewrite A = e'-e''' in the form

A = Pe"
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This is the same continuous compound interest formula obtained in Sec-

tion 13-3. where the principal P is invested at an annual rate of r com-

pounded continuously for t years.

Exponential Growth Law

In general, if a quantity Q changes at a rate proportional to the amount
present and Q(0) = Qq. then proceeding in exactly the same way as above,

we obtain the following:

Exponential Growth Law
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WHERE THE PEOPLE MAY BE IN THE YEAR 2000

World
population

in billions

-7.5

5.8

4.5

3.6

3.0

C.1830 1.0

Million.s



Problem 8

Example 9

Archaeology

Solution
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2Pn
.p^glOOr

Take In of both sides and reverse equation.2 = eioor

lOOr = In 2

_ln2
100

= 0.0069 or 0.69%

If the exponential growth law applies to population growth in Mexico, find

the doubling time of the population if it continues to grow at 3.2% per year

compounded continuously.

We now turn to another type of exponential growth— radioactive decay,

a negative growth. In 1946, Willard Libby (who later received a Nobel Prize

in chemistry) found that as long as a plant or animal is alive, radioactive

carbon-14 is maintained at a constant level in its tissues. Once the plant or

animal is dead, however, the radioactive carbon-14 diminishes by radioac-

tive decay at a rate proportional to the amount present. Thus,

dQ
dt

rQ Q(0) = Qo

and we have another example of the exponential growth law. The rate of

decay for radioactive carbon-14 is found to be 0.000 123 8; thus,

r = — 0.000 123 8, since decay is negative growth.

A pieceof human bone was found at an archaeological site in Africa. If 10%

of the original amount of radioactive carbon-14 was present, estimate the

age of the bone.

Using the exponential growth law for

-0.000 123 8Q Q(0) = Q(,

dQ
dt

we find that

Q = Qo
-0-00012381

and our problem is to find ( so that Q = 0.1 Qo (the amount of carbon-14

present now is 10% of the amount present, Qq, at the death of the person).

Thus,

0.lQo = Qoe -0.00012381

-0-00012381
0.1 = e

In 0.1 = In 6-°™'""'"

_ In 0.1
~

-0.0001238
== 18,600 years
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Problem 9

Example 10

Learning

Solution

Estimate the age of the bone in Example 9 if 50% of the original amount of

carbon-14 is present.

In learning certain skills such as typing and swimming, a mathematical

model often used is one that assumes there is a maximum skill attainable,

say M, and the rate of improving is proportional to the difference between

that achieved, y, and that attainable, M. Mathematically,

dy

dt
= k(M-y) y(0) =

We solve this using the same technique that was used to obtain the

exponential growth law. First, multiply both sides of the first equation by

dt/(M — y) to obtain

M — y

and then integrate both sides:

J M-y J
kdt

The indefinite integral on the left side can be

verified by differentiation. We will have more

to say about this type of integral in Section 15-1.

-n-c

-C„-kl

M-y
-ln(M-y) = kt + C

Change this last equation to equivalent exponential form:

M — y = e

M — y = e~^e

y = M — e~'-e~'''

Now y(0) = 0; hence,

y(0) = M - e-'^e" =

Solving for e"*^, we obtain

e-c = M
and our final solution is

y = M - Me-'" = M(l - e''"]

For a particular person who is learning to swim, it is found that the distance

y (in feet) the person is able to swim in 1 minute after t hours of practice is

given approximately by

y = 50(1 - e-"""')

What is the rate of improvement after 10 hours of practice?

y = 50 - 50e-<"'^'

y'(t) = 26-°°'"

y'(lO) = 26-°°"'"" = 1.34 feet per hour of practice

Problem 10 In Example 10, what is the rate of improvement after 50 hours of practice?
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A Comparison of Exponential Growth Phenomena

The graphs and equations given in Table 1 compare several widely used

grovirth models. These are divided basically into two groups: unlimited

growth and limited growth. Following each graph and equation is a short,

incomplete list of areas in which the models are used. This only touches on

Table 1 Exponential Growth

Description Model Solution Graph Uses

Unlimited

growth

Rate of growth is

proportional to

the amount

present.

Exponential

decay

Rate of growth is

proportional to

the amount
present.

Limited growth

Rate of growth is

proportional to

the difference

between the

amount present

and a fixed limit.

Logistic growth

Rate of growth is

proportional to

the amount
present and to

the difference

between the

amount present

and a fixed

amount.

dy = ky
y = ce"

dt

k, f >0

y(0} = c

k. OO
y(0) = c

y = ce '''

dy = k(M-y)
^c(l

dt

k, l>0

y(0) =

^ = ky{M - y)
M

1 -l-ce-

^t

k, t>0

y(0)-
M

1 + c

• Short-term

population

growth (people,

bacteria, etc.)

• Growth of

money at

continuous

compound
interest

• Price -supply

curves

• Depletion of

natural

resources

• Radioactive

decay

• Light absorption

in water

• Price-demand
curves

• Atmospheric

pressure (t is

altitude]

• Learning

• Sales fads (e.g.,

skateboards)

• Depreciation of

equipment

• Company
growth

• Learning

• Long-term

population

growth

• Epidemics

• Sales of new
products

• Company
growth
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a subject that has been extensively developed and which you are likely to

encounter in greater depth in the future.

Answers to

Matched Problems

7. 1.429 million people

8. Approximately 22 years

9. Approximately 5,600 years

10. Approximately 0.27 foot per hour

Exercise 14-2

Applications

Business & Economics

5.

Continuous compound interest. Find the amount A in an account after

f years if

dA

dt
-3- = 0.08A and A (0) = 1,000

2. Continuous compound interest. Find the amount A in an account after

t years if

dA
-;- = 0.12A and A(0) = 5,250
at

3. Continuous compound interest. Find the amount A in an account after

t years if

dA

dt

' tA A(0) = 8,000 A(2) = 9,020

4. Continuous compound interest. Find the amount A in an account after

t years if

dA

dt
= rA A(0) = 5,000 A(5) = 7,460

Price -demand. If the marginal price dp/dx at x units of demand per

week is proportional to the price p, and if at $100 there is no weekly

demand [p(0) = 100], and if at $77.88 there is a weekly demand of 5

units [p(5) = 77.88], find the price-demand equation.

Price - supply. If the marginal price dp/dx at x units of supply per day

is proportional to the price p, and if at a price of $10 there is no daily

supply [p(0) = 10], and if at a price of $12.84 there is a daily supply of

50 units [p(50) = 12.84], find the price-supply equation.
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Life Sciences

10.

11.

12.

Advertising. A company is trying to expose a new product to as many
people as possible through television advertising. Suppose the rate of

exposure to new people is proportional to the number of those who
have not seen the product out of L possible viewers. If no one is aware

of the product at the start of the campaign and after 10 days 40% of L

are aware of the product, solve

dN
d(

= klL-N] N(0) = N{10) = 0.4L

for N = N((), the number of people who are aware of the product after

t days of advertising.

8. Advertising. Repeat Problem 7 for

dt
k{L-N] N(0) = N(10) = 0.1L

9. Ecology. For relatively clear bodies of water, light intensity is reduced

according to

dl^

dx
= -kl 1(0) = lo

where I is the intensity of light at x feet below the surface. For the

Sargasso Sea off the West Indies, k = 0.009 42. Find I in terms of x and

find the depth at which the light is reduced to half of that at the

surface.

Blood pressure. It can be shown under certain assumptions that blood

pressure P in the largest artery in the human body (the aorta) changes

between beats with respect to time f according to

dP

df
= -aP P(0) = Po

where a is a constant. Find P = P{t) that satisfies both conditions.

Drug concenlralions. A single injection of a drug is administered to a

patient. The amount Q in the body then decreases at a rate propor-

tional to the amount present, and for this particular drug the rate is

4% per hour. Thus,

f =-""« Q{0) = Qo

where t is time in hours. If the initial injection is 3 milliliters

[Q(0) = 3], find Q = Q(t) that satisfies both conditions. How many
milliliters of the drug are still in the body after 10 hours?

Simple epidemic. A community of 1,000 individuals is assumed to be

homogeneously mixed. One individual who has just returned from

another community has influenza. Assume the home community has
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Social Sciences 13.

14.

15.

16.

not had influenza shots and all are susceptible. One mathematical

model for an influenza epidemic assumes that influenza tends to

spread at a rate in direct proportion to the number who have it, N, and

to the number who have not contracted it, in this case, 1,000 — N.

Mathematically,

dN
dt

= kN(l,000-N) N(0) = 1

where N is the number of people who have contracted influenza after

t days. For k = 0.0004, it can be shown that N[t) is given by

N[t] =
1,000

1 + 999e^

See Table 1 (logistic growth) for the characteristic graph.

(A) How many people have contracted influenza after 10 days? After

20 days?

(B) How many days will it take until half the community has con-

tracted influenza?

(C) Findlim,_.N(t).

Archaeology. A skull from an ancient tomb was discovered and was

found to have 5% of the original amount of radioactive carbon-14

present. Estimate the age of the skull. (See Example 9.)

Learning. For a particular person learning to type, it was found that

the number of words per minute, N, the person was able to type after t

hours of practice was given approximately by

N = 100(1 -e-°°")

See Table 1 (limited growth) for a characteristic graph. What is the

rate of improvement after 10 hours of practice? After 40 hours of

practice?

Small group analysis. In a study on small group dynamics, sociologists

Stephan and Mischler found that, when the members of a discussion

group of ten were ranked according to the number of times each

participated, the number of times N(k) the kth-ranked person partici-

pated was given approximately by

Nlk] = N,e -0.11|k-l)
1 «k « 10

where N, is the number of times the first-ranked person participated

in the discussion. If, in a particular discussion group of ten people,

N, = 180, estimate how many times the sixth-ranked person partici-

pated. The tenth-ranked person.

Perception. One of the oldest laws in mathematical psychology is the

Weber-Fechner law (discovered in the middle of the nineteenth

century). It concerns a person's sensed perception of various strengths
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of stimulation involving weights, sound, light, shock, taste, and so on.

One form of the law states that the rate of change of sensed sensation S

with respect to stimulus R is inversely proportional to the strength of

the stimulus R. Thus,

dS^k
dR R

where k is a constant. If we let fij, be the threshold level at which the

stimulus R can be detected (the least amount of sound, light, weight,

and so on that can be detected), then it is appropriate to write

S{R„) =

Find a function S in terms of R that satisiies the above conditions.

17. Rumor spread. A group of 400 parents, relatives, and friends are

waiting anxiously at Kennedy Airport for a student charter to return

after a year in Europe. It is stormy and the plane is late. A particular

parent thought he had heard that the plane's radio had gone out and

related this news to some friends, who in turn passed it on to others,

and so on. Sociologists have studied rumor propagation and have

found that a rumor tends to spread at a rate in direct proportion to the

number who have heard it, x, and to the number who have not. P — x,

where P is the total population. Mathematically, for our case, P = 400

and

dx
-p = 0.001 X (400 -x] x(0] = l
df

where ( is time in minutes. From this, it can be shown that

400
x{t]

1 + 3996-°'"

See Table 1 (logistic growth) for a characteristic graph.

(A) How many people have heard the rumor after 5 minutes? 20

minutes?

(B) Find lim,^. x(t).

14-3 General Power Rule

Introduction

General Power Rule

Common Errors

Remarks
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Introduction

Just as the general power rule for differentiation

D. u" = nu""' -r-
dx

significantly increases the variety of functions we can differentiate (see

Section 10-7), a corresponding power rule for integration will significantly

increase the number of functions we can integrate. Let us start with several

illustrations and generalize from the experience.

1. Since

D,i^ = ^i^DJx^-l, = (x-ir2x

then

/
X- - lY2x dx = -—-—^ + C

2. Since

= (x-xT'(l -3x=)

then

/
fx — x^l"''

(x - xT'(l - 3x') dx = ' _
' + C

3. Since, for u = u(x),

„ u"+' (n + llu" „ du
D,—;— = - —i

—

D,u = u"-r- n^t-i
' n + 1 n + 1 ' dx

the

r du , u"+'
, ^u"-i-dx =—;— + C n¥=-l

J dx n + 1

General Power Rule

The last illustration establishes the general power rule for integration.

This rule is the inverse of the power rule for differentiation. We will

illustrate its use with several examples.
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General Power Rule

If u = u(x) and u'(x) exists, then for all real numbers n(n # — 1)

/
U" -;-dx =

dx n + 1

+ C

Example 11 (A) 2x(x^ + 5)" dx
/

du

dx

Note that if u = x^ + 5, then

du/dx = 2x.

Write in I u"-;— dxform
J dx

and apply the power rule.

Check D, - (x- + 5)^ = (x= + S^Zx

(B)
r 3X- + 1

J (x' + x)^
dx

du

dx

=
j

(x^ + x)-2(3x' + l)dx

_ (x^ + X)-'
^ ^-1

= -(x' + xP + C

Check D,[ - (x^ + x)-'] = (x^ + xP(3x^ + 1)

3x' + l

(x^ + xf

Problem 11 Find: (A] 3x'(x^ - 1)- dx (B)

/

Note that if u = x^ + x, then

du/dx = 3x- + 1.

Write in I u"-r-dxforin
J dx

and apply the power rule.

J (e^ + 1)^

du
If an integrand is within a constant factor of u" -;— , we can adjust the

dx

integral to achieve this form. Example 12 illustrates the process.
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Example 12 Integrate

(A)
I

x^-Jx^- 10 dx (B)

Soiutions (A) Rewrite in power form:

10)'/2x2 dx

I
x^Vx^-lOdx (B) \ ^——

J
^ '

J {x'-2x]

/(X3-

dx

If U = x' — 10, then du/dx = 3x^. We are missing a factor of 3 in the

integrand to have the form

(We must have this form exactly in order to apply the power rule.)

Recalling that a constant factor can be moved across an integral sign,

we proceed as follows:

I

(x^-wy/^x''dx=
I

(x'- loy/^-x^dx

du

u" dx

= -
I

(x3-10)'/2(3x2)dx

1 (x^ - 10)^/^

3 3/2
+ C

= - (x^ - 10)^/2 + C
9

Check D, - (x^ - 10)^/^ = 1 _
2 _ ^q^/^^^^z^

= (x' - loy/^x^

(B) Rewrite in power form:

/
{x2-2xn(x-l)dx

If u = x^ — 2x, then du/dx = 2x — 2 = 2(x — 1). Again, we are within

a constant factor of having u" du/dx. We adjust the integrand as in

part A:
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/
(x2-2xn(x-l)d> =

J
(x^-
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Problem 13 Solve the differential equation:

dx_ 7t^

dt
~

(t^ + 2f

m Common Errors

1. I 2(x2-3p''2d>
I

2(x2-3p''2dx=
I

(x 2 - 3)3/^2 - dx
X

dx

A variable cannot be moved across an integral sign! This integral

requires techniques that are beyond the scope of this book.

/i^-/'^' 3)-' 2x2 ^^

[dx

No, for the same reason as in illustration 1.

A constant factor can be moved back and forth across an integral

sign, but a variable factor cannot.

Yes No

j kf(x) dx = k
j

/(x) dx lfUi^^?Fg^}^-=iW=p^x

(k a constant factor) [/(x) a variable factor]

Remarks

In this section we have touched on an integration technique that will be

generalized in the next chapter. In fact. Chapter 15 covers several other

commonly used techniques of integration as well. However, even with that

chapter, our treatment will not be exhaustive.

Answers to 11. (A) - (x^ - 1)^ + C (B) --(e'' + ir' + C
Matched Problems

12. (A) i(3x + 5F^ + C (B) - - (x' + 3xP + C

13. x^
12

([3 + 2)-4 + c
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Exercise 14-3

Find each indefinite integral and check by differentiating the result.

1. I (x^-4f2xdx 2.
I

(x^ + l)''3x2dx

i.
I

V2x2 - 1 4x dx 4.
I

V2x

5.
I

(3x-2)'dx 6.
I

^ + 5 6x2 (jx

(5x + 3f dx

B 7.
I

(x^ + Sfxdx 8.
I

(x'-S^x^dx

9.
I

xV3x2 + 7dx 10.
I

11.

13.

x2x/2x^ + l dx

r ^' ^ r x' ^dx 12. dx
J V2x^ + 3 J V4x^ - 1

I

(x-l)Vx2-2x-3dx 14.
I

(x^-x)N/x^-2x2 + 7dx

17.
,

^
dx 18. dx

J V4-x' J (5-2x^)5

19.
I

(e" - 2x)^(e'' - 2) dx 20. I (x^ - e'')''(2x - e") dx

r Vl + In x J r (In xf ,

21. dx 22. ^^ ^dx

r x' + x , r x^-i ,

23. dx 24. - dx
j (x* + 2x2 + ir J 'Vx^ - 3x + 7

Solve each di^erentiai equation.

25. -^ = 7t2VF+5 26. ^ = 10n(n2-8r
dt dn

o^ dy 3t dy 5x2
27. -^ = - 28. ^ -

dt v't2-4 dx (x^-7)*

2g dp_ e^ + e-"
^^

dm _ ln(t - 5)

dx (e'-e-'-j^ '

dt t-5
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Applications

Business & Economics

Life Sciences

Social Sciences

31. Revenue function. If the marginal revenue in thousands of dollars of

producing x units is given by

fi'(x) = x(x2 + 9)-'/2

and no revenue results from a zero production level, find the revenue

function R(x). Find the revenue at a production level of four units.

32. Pollution. An oil tanker aground on a reef is losing oil and producing

an oil slick that is radiating outward at a rate given approximately by

dR

dt

60

Vi + g
t^o

where R is the radius in feet of the circular slick after t minutes. Find

the radius of the slick after 16 minutes if the radius is when t = 0.

33. College enrollment. The projected rate of increase in enrollment in a

new college is estimated by

dE

dt
5,000(t + 1]-^/^ t ^

where E(f) is the projected enrollment in ( years. If enrollment is 2,000

when t = 0, find the projected enrollment 15 years from now.

14-4 Definite Integral

Definite Integral

Properties

Applications

Definite Integral

We start this discussion with a simple example, out of which will evolve a

new integral form, called the dejinife integral. Our approach in this section

will be intuitive and informal; these concepts will be made more precise in

Section 14-6.

Suppose a manufacturing company's marginal cost equation for a given

product is given by

C'(x) = 2-0.2x 0«x«8

where the marginal cost is in thousands of dollars and production is x units

per day. What is the total change in cost per day going from a production
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level of 2 units per day to 6 units per day? If C = C(x] is the cost function,

then

(Total net change in cost \

between x = 2 and x = 6 j
= ^(^' " ^'2' = C(x)|t (i)

The special symbol C(x)|^ is a convenient way of representing the center

expression that will prove useful to us later.

To evaluate (1), we need to find the antiderivative of C'(x). that is,

C(x) =
I

(2 - 0.2x) dx = 2x - O.lx^ + K (2)

Thus, we are within a constant of knowing the original marginal cost

function. However, we do not need to know the constant K to solve the
original problem (1). We compute C(6) - C(2) for C(x) found in (2):

C(6) - C(2) = [2(6) - 0.1(6P + K] - [2(2) - 0.1(2)^ + K]

= 12 - 3.6 + K - 4 + OA - K

= $4,8 thousand per day increase in costs for a production

increase from 2 to 6 units per day

The unknown constant K canceled out! Thus, we conclude that any anti-

derivative of C'(x) = 2 -0.2x will do, since antiderivatives of a given
function can differ by at most a constant (see Section 14-1). Thus, we really

do not have to find the original cost function to solve the problem.

Since C(x) is an antiderivative of C'(x), the above discussion suggests the
following notation:

C(6)-C(2) = C(x)|^= rC'(x)dx (3)

The integral form on the right in (3) is called a dejinite integral— it repre-

sents the number found by evaluating an antiderivative of the integrand at

6 and 2 and taking the difference as indicated.

Definite Integral

The definite integral of a continuous function /over an interval from
X = a to x = b is the net change of an antiderivative of / over the

interval. Symbolically, if F(x) is an antiderivative of /(x), then

H'
/(x)dx = F(x)|„^ = F(b)-F(a) where F'(x)=/(x)

Integrand: /(x) Upper limit: b Lower limit: a
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Example 14

SoJution

Problem 14

In Section 14-6 we will formally define a definite integral as a limit of a

special sum. Then the relationship in the box turns out to be the most

important theorem in calculus— the fundamental theorem of calculus.

Our intent in this and the next section is to give you some intuitive

experience with the definite integral concept and its use. You will then be

better able to understand a formal definition and to appreciate the signifi-

cance of the fundamental theorem.

Evaluate
iy-'-

2x) dx.

We choose the simplest antiderivative of (3x^ — 2x), namely (x^ — x^), since

any antiderivative will do (see discussion at beginning of section).

i:
(3x2-2x)dx = (x3-x2)|i,

Evaluate
L'"

= (2^ - 2^) - [(-1)' - (-1)^] Be careful of

— A — 1—2] = 6 ^'S" errors here.

l)dx.

Remark

Do not confuse a definite integral with an indefinite integral. The

definite integral /a/(x) dx is a real number; the indefinite integral

/ fix) dx is a whole set of functions— all the antiderivatives of /(x).

Properties

In the next box we state several useful properties of the definite integral.

You will note that some of these parallel the properties for the indefinite

integral listed in Section 14-1.

These properties are justified as follows: If F'(x) =/(x), then

1.

J
/(x)dx = F(x)|2 = F(a)-F(a) =

2.

J

'
/(x) dx = F(x)|S = F(b) - F(a) = -[F[a) - F(b)] = - f f(x] dx

3.
I

K/(x)dx = KF(x)|S = KF(b)-KF(a) = K[F(b)-F(a)]

= K ['/(xldx

and so on.
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Definite Integral Properties

1. I f(x1dx =

. r/(x)dx = - f/Wdx
Ja Jb

. JKf(x)dx = K Iflx)

. i [fix] ± g(x)] dx =
I

'
fix] dx ±

\
g(x) dx

Jo Ja Ja

.

j
/(x)dx= r/(x)dx+ \fix]dx

Ja Ja Jc

<) dx K a constant

Example 15 Evaluate
|

[(2x - 1)^ + 2x] dx.

Solution
I

[(2x - 1)^ + 2x] dx

=
I
(2x-ipdx+

I
2xdx

Jo Jo

2 Jo

du

u dx

(2x - 1)^2 dx + 2

1 (2x-l,'4-2

r^'^

_ [" (2 • 1 - l)" _ (2-0- l)"

"

~L 8 8
+ (12 - 02)

8 8
+ 1 = 1

-rProblem 15 Evaluate [3x^ - xv'x^ - 1] dx

Be careful of sign errors

here.

Example 16 Evaluate
/:

yin x
dx.
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Solution

Problem 16

du

dx

f''^^dx= P(lnxr/^-dx
Jl X J, X

= - (In xf/^
3 ^

'

2 2 2:_. 1 o = -
3 3 3

1.5 gZx e~2x
Evaluate | dx to four significant digits.r

Example 17

Velocity

Solution

Example 18

Pollution

Solution

Applications

A steel ball is dropped from a tower. Its velocity t seconds later is v(t) = 32t

feet per second. How far will the ball fall from the end of 2 seconds to the

end of 4 seconds?

The antiderivative of a velocity function is a positive function s = s(t), and

we are looking for s(4) — s(2):

-fs(4)-s(2)= I 32t dt = IGt^lt

= 16 • 42 - 16 • 2^ = 256 - 64 = 192 feet

Problem 17 Repeat Example 17 with v(t) = 32t - 10.

A large factory on the Mississippi River discharges pollutants into the river

at a rate that is estimated by a water quality control agency to be

P'(t) = R(t) = tVFTT 0«t^5

where P(t) is the total number of tons of pollutants discharged into the river

after t years of operation. What quantity of pollutants will be discharged

into the river during the first 3 years of operation?

/:
P(3)-P(0)= I (VtMMdt

= I (t^ + ll'/^tdt

2 Jo
(t2 + l)V22tdt
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Matched Problems
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1 [t" + 1]^/^

2 3/2

3
^ '

= - (3^ + ip/2-- (0^ + 1)^2

= -(103/2-1) = 10.2 tons

Problem 18 Repeat Example 18 for the time interval from 3 to 5 years.

14. -4

15. 7-V3

16.
e' + e

= 4.534

17. 172 feet

18. - (26^/2 _ 103/2) „ 33 7 tons

Exercise 14-4

Evaluate.
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B 17.
I

(2x-2-3)dx 18. I (5-16x-^)dx

19. sVxdx 20. — dx
Ji J4 Vx

21.
I

12(x2-4)^xdx 22. I 32(x2 + l)'x dx

23.
I

'Vx - 1 dx 24.
I

Vx + 1 dx

25. I fe^'' - 2xP{e2'' - 1) dx 26. I dx.

I

(e^'' - 2xP{e2'' - 1) dx 26. T

27.
I

(x-i + 2x)dx 28.
I

(-3x-2 + x-i)dx

29. I xV2x2 - 3 dx 30. I xVSx^ + 2 dx

f' x-1 ^ P x + 1
31. -dx 32. — dx

Jo Vx^ - 2x + 3 Ji V2x2 + 4x - 2

33. -; ;:rdx 34. —^

—

^dt5

Applications

Business & Economics 35. Marginal analysis. A company's marginal cost, revenue, and profit

equations (in thousands of dollars per day) are:

C'(x) = 1

fi'(x) = 10-2x 0«x=siO

P'(x) = R'(x)-C'(x).

where x is the number of units produced per day. Find the change in

(A) Cost (B) Revenue (C) Profit

in going from a production level of 2 units per day to 4 units per day.

36. Marginal analysis. Repeat Problem 35 with C'(x)= 2 and

R'(x) = 12-2x.
37. Salvage value. A new piece of industrial equipment will depreciate in

value rapidly at first, then less rapidly as time goes on. Suppose the

rate (in dollars per year) at which the book value of a new milling

machine changes is given approximately by

V'(t)=/(() = 500(t-12) O^t^lO

where V(t) is the value of the machine after f years. Find the total loss

in value of the machine in the first 5 years. In the second 5 years. Set

up appropriate integrals and solve.
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Life Sciences

38. Maintenance costs. Maintenance costs for an apartment house gener-

ally increase as the building gets older. From past records, a manage-

rial service determines that the rate of increase in maintenance costs

(in dollars per year) for a particular apartment complex is given

approximately by

M'(x) = fix] = 90x2 + 5 000

where x is the age of the apartment in years and M(x) is the total

(accumulated) cost of maintenance for x years. Write a definite inte-

gral that will give the total maintenance costs from 2 to 7 years after

the apartment house was built, and evaluate it.

39. Pulse rate versus height. The rate of change of an average person's

pulse rate with respect to height is given approximately by

P'(x)=/(x) = -295x-^''2 30^x^75

where x is height in inches. Find the total change in pulse rate for a

child growing from 49 to 64 inches. Set up an appropriate definite

integral and solve.

40. Drug sensitivity. One hour after x milligrams of a particular drug are

given to a person, the rate of change of temperature in degrees Fahr-

enheit, T'(x), with respect to dosage x (called sensitivity) is given

approximately by

Social Sciences

41.

42.

43.

T'(x) 2x
X'

T ^ X

What total change in temperature results from a dosage change from

to 2 milligrams? From 2 to 3 milligrams? Set up definite integrals and

evaluate.

Natural resource depletion. The instantaneous rate of change of de-

mand for wood in the United States since 1970 (t = 0) in billions of

cubic feet per year is estimated to be given by

Q'(t) = 12 + 0.006t2 O'St^sO

where Q(t) is the total amount of wood consumed in billions of cubic

feet t years after 1970. How many billions of cubic feet of wood will be

consumed from 1980 to 1990?

Natural re.source depletion. Repeat Problem 41 for the time interval

from 1990 to 2000.

Learning. A person learns N items at a rate given approximately by

25
N'W=fW =

Tf

t--

where t is the number of hours of continuous study. Use a definite

integral to determine the total number of items learned from t = 1 to

t = 9 hours of study.
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14-5 Area and the Definite Integral

Area under a Curve

Area between Two Curves

Signed Areas

Consumers' and Producers' Surplus

Area under a Curve

Consider the graph of f (x) = x from x = to x = 4 (Figure 3). We can easily

compute the area of the triangle bounded by /(x) = x, the x axis (y = 0),and

the line x = 4, using the formula for the area of a triangle:

A = -

bh 4-4
8

2 2

Let us integrate f[x] = x from x = to x = 4:

f" , x^ " 4^ 0^
xdx = — = = 8

Jo 2 2 2

We get the same result! It turns out that this is not a coincidence. In general,

we can prove the following:

Area under a Curve

If/ is continuous and f(x) 5= over the interval [a, b], then the area

bounded by y = /(x), the x axis (y = 0), and the vertical lines x = a

and X = b is given exactly by

/>"" dx

y = /(x)

-)x

Let us see why the definite integral gives us the area exactly. Let A(x] be

the area under the graph of y = /(x) from a to x, as indicated in Figure 4.
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a

Figure 4

A(x)

y ((>:) A(x) = Area from a to x

A(b) = Area from a to b = A

>x

If we can show that A(x) is an antiderivative of/(x), then we can write

b

1
/(x)dx = A(x)Lb = A(b)-A(a

(Area from \ / Area from \

x = atox = b/ \x = atox = a/

Area from

to X = b

^A-0=A

Toshow that A(x) is an antiderivative of /(x)— that is, A'(x) =/(x)—we
use the definition of a derivative (Section 10-4) and write

A'(x) = lim
Ax—

A(x + Ax)-A(x)

Ax

Geometrically, A(x + Ax) — A(x) is the area from x tox + Ax (see Figure 5).

This area is given approximately by the area of the rectangle Ax • /(x), and

the smaller Ax is, the better the approximation. Using

A(x + Ax)-A(x) = Ax •f{x]

and dividing both sides by Ax, we obtain

A(x + Ax)-A(x)

Ax
= /(x)

Now. if we let Ax — 0, then the left side has A '(x) as a limit, which is equal

to the right side. Hence,

A'(x)=/(x)

Figure 5

y = f(x)
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that is, A(x) is an antiderivative of /(x). Thus,

r /(x) dx = A{x)|S = A(b] - A{a) = A - = A

This is a remarkable result: The area under the graph of y = /(x), /(x) ^ 0,

can be obtained simply by evaluating the antiderivative of /(x) at the end

points of the interval [a. b]. We have now solved, at least in part, the third

basic problem of calculus stated in Section 10-1.

Example 19 Find the area bounded by /(x) = 6x — x^ and y = for 1 ^ x ^ 4.

Solution We sketch a graph of the region first:

y = f(x) = 6x - x^

A=
j

[6x - x^) dx = Ux^ - —jY

= [3(4)-fj-[3(l)-^]

64 1= 48 3+-
3 3

= 48 - 21 - 3 = 24

Problem 19 pind the area bounded by /(x) = x^ + 1 and y = for - 1 « x « 3.

Example 20 Find the area between the curve y = 1/t and the t axis from f = 1 to f = 2.

Solution
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= fT dt

= {ln|f|)

li

= In 2 -In 1 = In 2

Problem 20 Find the area between the curve y = 1/f and the 1 axis from t = 1 to ( = 3.5.

Generalizing from the results of Example 20 and Problem 20, we can

determine the area between the curve y = l/( and the t axis from t = 1 to

t = X, X > 0.

r
dt

(ln|t|)

= In X — In 1 |x| = X since x >

= In X

Thus, In X is exactly the area indicated in Figure 6.

y

Figure 6

This is a significant result. In a more advanced treatment of logarithmic

functions. In x is defined by

In X = — X >
J, f

and all of the basic logarithmic properties can be obtained from this

definition. For example,

f' dt
In 1 = — =



858 Integration

Area between Two Curves

Consider the area bounded by y =/(x) and y = g(x), f[x] ^ g(x) ^ 0, for

a ^ X =s b, as indicated in Figure 7.

y = f(x)

y = g(x)

Figure 7

(Area A between

\

/(x)andg(x) )

(Area underN _ /Area under\

/(x) / V g(x) /

=
J
V(x) dx - r g(x) dx

=
J

[/(x)-g(x)]dx

Areas are from

X = a to X = b

above the x axis

From definite in-

tegral property 4

(Section 14-4)

It can be shown that the above result does not require /(x) or g (x) to remain

positive over the interval [a, b]. A more general result is stated in the box:

Area between Two Curves
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Problem 21

Example 22

Solution

fix] = ix + 3
2

We observe from the graph that f[x) ^^ g(x) for -2 ^ x « 1, so

A=J'^[/(x)-g(x)]dx

= 1 [(x/2 + 3)-(-x^ + l)]dx

= 1 (x^ + x/2 + 2) dx

/x^ , x^ \ '

= — + — +2x
V 3 4 / _,

33

4

Find the area bounded by /(x) = x^ - i, g(x) = -(l/2)x - 3, x = -1, and
x = 2.

Find the area bounded by /(x) = 5 — x^ and g(x) = x^ — 3.
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The two graphs are parabolas, one opening up and the other down, as

shown in the figure. To find the points of intersection (hence, the upper and

lower limits of integration), we solve y = 5 — x^ and y = x^ — 3 simulta-

neously by setting 5 — x^ equal to x^ — 3 (substitution method):

2x^
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following two integrals:

X dx = —
2

X dx -

2 2

22 0^

2]'
= -2

= 2

We interpret the results as signed areas; Area Aj above the x axis is positive

and area A, below the x axis is negative. The actual area can then be

obtained by adding the absolute value of the negative area to the positive

area:

Total area =
L'^'^'l^l!''

dx = |-2| + 2 = 4

Note that the integral from —2 to 2 is the algebraic sum of the signed areas:

I

xdx= \ xdx+ I xdx = -2 + 2 =

We summarize these observations as follows:

From definite integral

property 5 (Section 14-4)

Signed Areas and the Definite Integral

The area bounded by y = f(x), the x axis (y = 0), x = a, and x = b is

positive where the area is above the x axis and negative where the

area is below the x axis. The definite integral of /(x) from x = a to

X = b can always be interpreted as the algebraic sum of these signed

areas:

I

b (+) H (+)

/(x)dx = A, +A2+A3

If we want the actual bounded area, then we add the absolute value

of each negative area to the sum of the positive areas.

Example 23 (A) Find the finite area bounded by /(x) = 1 — x^ and y = 0, « x « 2.

(B) Find the definite integral of /(x) from x = to x = 2.

Solutions (A) We need to sketch a graph first to see if negative areas are involved.
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(B)

LCtU
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Consumers' surplus = I [D(x) — b] dx

Producers' surplus =1 [b — S{x)] dx

In other words, if the price stabilizes at $b per unit, then there is still a

demand by some people at higher prices, and people who are willing to pay
a higher price benefit by only having to pay the equilibrium price. The total

of these benefits over [0. a] is the consumers' surplus. On the other hand,
there are still some producers who are willing to supply at a lower price,

and these people benefit by receiving the equilibrium price. The total of

these benefits for the producers over the interval [0. a] is the producers'
surplus.

Example 24 Find the consumers' surplus for

p = D(x) = --+ll and p = S(x)=x + 2

Solution Sketch a graph:

p = ,S(\) = X + 2

To find the equilibrium point, set (x + 2) equal to [(-x/2] + 11]

x + 2 = 1- 11
2

2x + 4 = -x + 22

3x = 18

x = 6

p = x + 2

=6+2=8

Therefore, the equilibrium point is (6, 8), as shown in the figure. Now,
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Consumers' surplus = I [D(x) — b] dx

Problem 24 Find the producers' surplus for Example 24.

Answers to 19. A
Matched Problems i:

40
x2+l)dx =—

3

20. In 3.5

21. A = P [(x^-l)-(-x/2-3)]dx =^
39

4

=i:
125

22. A=
) [(6

- x^) - x] dx =

23. (A) - (B)

24. 18

Exercise 14-5

Find the area bounded by the graphs of the indicated equations.

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

y = 2x + 4, y = 0, l«x^3
y = -2x + 6, y = 0, 0^x^2
y = 3x^ y = 0, l«x«2
y = 4x^ y = 0, l«x«2
y = x^ + 2, y = 0. -1

y = 3x^ + 1, y = 0,

— v2

2 =Sx'SO

y = 4-x^ y = 0, -l^x^2
y=12-3x^ y = 0, -2Sx«l

11. y =y = j,

y = 0, -2^

y = 0, 0.5 St

x^l

12. y = 0, O.istsi
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B 13. y=12, y = -2x + 8, -l=Sx«2
14. y = 3, y = 2x + 6. -l«x«2
15. y = 3x2, y=12
16. y = x\ y = 9

17. y = 4-x2, y = -5
18. y = x2-l, y = 3

19. y = x^ + l, y = 2x-2, -lSx«2
20. y = x^-l, y = x-2, -2«x^l
21. y = -x, y = 0. -2'Sx«l
22. y = -x + l, y = 0. -l«x«2

23. y = e''^', y = , l«x«2
X

24.

25.

1
v = -, v = — e"

X

>-2 —
.

0.5^ 1

X' - 4, v =

''^-- y='

0, OSx^ 3

26. y = 4 Vx, y = 0, - 1 ^ x « 8

27. y = x^ + 2x + 3, y = 2x + 4

28. y = 8 + 4x-x2, y = x^ - 2x

Applications

Business & Economics 29. Consumers' and producers' surplus. Find the consumers' surplus and

the producers' surplus for

30.

31.

P = D(x) -^ + 2
2

p = S{x) = ^
Consumers' and producers' surplus. Find the consumers' surplus and

the producers' surplus for

D[x]

^S(x) X

50 -x^

+ 2X + 10

MarginaJ analysis. A company has a vending machine with the fol-

lowing marginal cost and revenue equations (in thousands of dollars

per year):

C'(t) = 2

R'(f) = 12 2t
0«t « 10

where C{t] and R(f) represent total accumulated costs and revenues,

respectively, t years after the machine is put into use. The area

between the graphs of the marginal equations for the time period such

that R'(t) ^ C'(t) represents the total accumulated profit for the useful
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life of the machine. What is the useful life of the machine and what is

the total profit?

32. Marginal analysis. Repeat Problem 31 for C'(t) = 0.5f + 2 and

R'(t) = 10-0.5t, 0St«20.
33. Consumers' surplus. Supply and demand functions are given by

p = D(x) = 1006-°"^"

p = S(x) = 10e''»5'<

(A) Show that the equilibrium point is approximately (23.03, 31.62).

(B) Compute the consumers' surplus to two decimal places.

34. Producers' surplus. Compute the producers' surplus to two decimal

places for Problem 33.

14-6 Definite Integral as a Limit of a Sum

Rectangle Rule for Approximating Definite Integrals

Definite Integral as a Limit of a Sum
Recognizing a Definite Integral

Average Value of a Continuous Function

Volume of a Solid of Revolution (Optional)

Up to this point, in order to evaluate a definite integral

we need to find an antiderivative of the function / so that we can write

r /(x)dx = F(x) F(b)-F(a) F'(x)=/(x)

But suppose we cannot find an antiderivative of/(it may not even exist in a

convenient or closed form). For example, how would you evaluate the

following?

I

° VFTT dx
I

' (^— j'dx
I

' e-x^dx

We now introduce the rectangle rule for approximating definite integrals,

and out of this discussion will evolve a new way of looking at definite

integrals.

Rectangle Rule for Approximating Definite Integrals

In the last section we saw that any definite integral of a continuous function

/over an interval [a. b] can always be interpreted as the algebraic sum of
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I
/(x) dx = A, + A^ + A3

y = f(x)

Figure 10

the signed areas bounded by y = /(x), y = 0, x = a, and x = b (see Figure

10). What we need is a way of approximating such areas, given y =f[x) and

an interval [a. b].

Let us start with a concrete example and generalize from the experience.

We will start with a simple definite integral we can evaluate exactly:

j\.. 3)dx

+ 3(5) y + 3(l)

]

i^f^^HH
160
~3~

1
53-

3

This integral represents the area bounded by y = x^ + 3, y
X = 5, as indicated in Figure 11.

' 0, X = 1, and

f(x) = x= + 3

Since areas of rectangles are easy to compute, we cover the area in Figure

11 with rectangles so that the top of each rectangle has a point in common
with the graph of y = /(x). As our first approximation, we divide the

interval [1, 5] into two equal subintervals, each with length (b — a)/2 =
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y = f(x) = x^ + 3

(5 — l)/2 = 2, and use the midpoint of each subinterval to compute the

altitude of the rectangle sitting on top of that subinterval (see Figure 12).

f (x2 + 3)dx«A, +A2

= /(2)-2+/(4)-2

= 2[/(2)+/(4)]

= 2(7 + 19) = 52

This approximation is less than 3% off of the exact area we found above

(53i).

Now let us divide the interval [1, 5] into four equal subintervals, each of

length (b — a)/4 = (5 — l)/4 = 1, and use the midpoint* of each subinter-

val to compute the altitude of the rectangle corresponding to that subinter-

val (see Figure 13).

f(
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r (x^ + 3) dx = A, + A2 + A3 + A4

= /(1.5) • 1 +/(2.5) • 1 +/(3.5) • 1 +/(4.5) • 1

= /(1.5)+/{2.5)+/(3.5)+/(4.5)

= 5.25 + 9.25 + 15.25 + 23.25

= 53

Now we are less than 1% off of the exact area (53|).

We would expect the approximations to continue to improve as we use

more and more rectangles with smaller and smaller bases. We now state

the rectangle rule for approximating definite integrals of a continuous

function / over the interval from x = a to x = b.

Rectangle
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f /(x) dx « /(c,)Ax + /(c^JAx + /(CjJAx + /(cJAx

= Ax[/(cJ+/(c,)+/(c3)+/(cJ]

= 2[/(3)+/(5)+/(7)+/(9)]

= 2(0.750 + 0.833 + 0.875 + 0.900)

= 2(3.358) = 6.72 To 3 significant digits

Problem 25 Use the rectangle rule to approximate

X

r X- 1
dx

using n = 4 and c^ the midpoint of each subinterval. Compute the approxi-

mation to three significant digits.

Definite Integral as a Limit of a Sum

In using the rectangle rule to approximate a definite integral, one might

expect

lim [/(cj Ax + /(C3) Ax + • • • + /(c„) Ax] =
(

/(x) dx

This idea motivates the formal definition of a definite integral that we
referred to in Section 14-4.

Definition of a Definite Integral
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subinterval Ax,, = x^ — Xi_i tends to as n increases without bound. From
each of the n subintervals we then select a point c^.

Under the conditions stated in the definition, it can be shown that the

Hmit always exists and it is a real number. The limit is independent of the

nature of the subdivisions of [a. b] as long as condition 3 holds, and it is

independent of the choice of the c^ as long as condition 4 holds.

In a more formal treatment of the subject, we would then prove the

remarkable fundamental theorem of calculus, which shows that the limit

in the definition of a definite integral can be determined exactly by evalu-

ating an antiderivative of /(x). if it exists, at the end points of the interval

[a, b] and taking the difference.

Theorem 2 Fundamental Theorem of Calculus
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integral (once it is recognized) if an antiderivative can be found; otherwise,

we will approximate it using the rectangle rule. We will now illustrate

these points by finding the average value of a continuous function and the

volume of a solid of revolution.

Average Value of a Continuous Function

Suppose the temperature T (in degrees Fahrenheit) in the middle of a small

shallow lake from 8 AM (t = 0) to 6 PM (t = 10) during the month of May is

100

50

5 10

Hours after 8 am

T(t) = -(^ + 10( + 50

< I < 10

-4f

Figure 14

given approximately as shown in Figure 14. How can we compute the

average temperature from 8 am to 6 PM? We know that the average of a

finite number of values

ai.Qz a„

is given by

Average =
a, + 02 + - • • + a„

But how can we handle a continuous function with infinitely many values?

It would seem reasonable to divide the time interval [0, 10] into n equal

subintervals, compute the temperature at a point in each subinterval, and

then use the average of these values as an approximation of the average

value of the continuous function T= T(f)over [0, 10]. We would expect the

approximations to improve as n increases. In fact, we would be inclined to

define the limit of the average for n values as n ^ 0° as (he average value of

T over [0, 10], if the limit exists. This is exactly what we will do:

Average temperat

I for n values

ure\ _ 1

/ n
[T(t,) + T(t3) + - • • + T(tJ] (2)

where tj^ is a point in the kth subinterval. We will call the limit of (2) as

n -^ oo (he average temperature over the time interval [0, 10].

Form (2) looks sort of like form (1), but we are missing the At,,. We take

care of this by multiplying (2) by (b — a)/(b — a), which will change the

form of (2) without changing its value.
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^•^[T(y + T(g + -- • + T(y]

1 b-a
[T(tJ + T(y+- • + !((„)]

=F^-h^"i«^----".)^]
^^ [T[t,)At + T(yAt + • • + T(tJA(]

Thus,

(Average temperature

over
[

je temperature\

a, b] = [0, 10] /

= lim [T(tJAt + T((,)Af + - • • + T(UAt]
n—00 b — a

= T-^
\
lim [T(tJAt + T(yAt + • • + T[fJAt]

Now the part in the braces is of form (1)— that is, a definite integral. Thus,

(Average temperature\

over [a. b] = [0, 10] /

T{t] dt

over [a. b]

1 r^"= I (— f2 + lot + 50) dt We now evaluate the definite

10 — jo integral using the fundament;tegral using I

theorem.

200
67°F

In general, proceeding as above for an arbitrary continuous function f

over an interval [a, b], we obtain the general formula:

Average Value of a Continuous Function / over [a, b]

1 f^

Example 26 Find the average value of /(x) = x — 3x^ over the interval [—1, 2].
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SoJution

Problem 26 Find the average value of g(f) = 6f' — 2t over the interval [—2, 3].

Example 27 Given the demand function

Average Price _,, , _„ „„^°
p = D(x) = lOOe ""^^

Find the average price (in dollars) over the demand interval [0, 100].

Solution

Problem 27

1 T"
Average price = -; I D(x) dx

100-0 Jo

_ 100 p™
~

100 Jo

1006-°°=" dx

0,05X
Jjj

- 206-°°^"

^ 20(1 - 8"=]

100

$19.87

Given the supply equation

p = S(x) = 10e°°^''

Find the average price (in dollars) over the supply interval [0, 40].

Volume of a Solid of Revolution (Optional)

Let us consider another application in which expression (1) occurs natu-

rally. Suppose we start out with the region bounded by the graphs of y =

f(x] = Vx, y = 0, and x = 9 (see Figure 15). This is the upper half of a

parabola opening to the right.

\^

Figure 15

If we rotate the shaded area in Figure 1 5 around the x axis, we obtain a

three-dimensional object called a solid of revolution. Figure 16 shows the

result, which in this case is called a paraboloid. What is its volume?
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Let us cover the region in Figure 15 with rectangles (as we did earlier in

the section using the rectangle rule) and rotate the rectangles around the x

axis (see Figure 17). We can then use the stacked cylinders to give an

approximation of the volume— the more rectangles we use, the better the

approximation.

kth rectangle

Figure 17

Volumes of cylinders are easy to compute:

V= (Area of circular base)(Height) = nR^h

In terms of the kth cylinder in Figure 17, we have:

The volume of n cylinders is

n[f[x,]fAx + n[f[x,)YAx + + n[f[x„]YAx

= Jti[f[x,)YAx + [f{x,]YAx + + [flxJfAx]

Again we recognize form (1) within the braces. And, from the fundamental

theorem, in the limit we have a definite integral. Thus, the exact volume is

given by

V=7: j\flx]Ydx

= n I (4xf dx = ;r I x dx = t:
—

Jo Jo 2

In general, proceeding as above, we have:

SlTT
~2~ 127

Volume of a Solid of Revolution

The volume of the solid of revolution obtained by revolving the

region bounded by the graphs of y = /(x), y = 0, x = a, and x = b

about the x axis is given by

V-- -r [/(x)pdx
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Example 28 Find the volume of the solid of revolution formed by rotating the region

bounded by the graphs of y = x^, y = 0, and x = 2 about the x axis.

Solution Sketch a graph of the region first:

Problem 28

Answers to

Matched Problems

y
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Find (he average value of each function over the indicated interval.

13. /(x) = 500 - 50x, [0,10] 14. g(x) = 2x + 7, [0.5]

15. /(t) = 3t^-2f, [-1.2] 16. g(t) = 4t-3t^ [-2.2]

17. f[x)=Vli, [1,8] 18. g(x) = Vx+l, [3,8]

19. /(x)=4e-°2\ [0,10] 20. f [x] = 646°"^"

.

[0.10]

(Optional) In Problems 21-26 find the volume of the solid of revolution

formed by rotating the region bounded by the graphs of the indicated

equations about the x axis. Express the answer in terms of n.

21. y = N/3x, y = 0, x=l, x = 3

22. y = x + l, y = 0, x = l, x = 2

23. y = 42x, y = 0, x = 8 24. y = Vs x^ y = 0, x = 2

25. y=x/4^^, y = 26. y = Vg^T^, y = o

Use the rectangle rule io approximate fto three significant figures) each

quantity in Problems 27-30. Use n = 4 and c^ the midpoint of each subin-

terval. Problems 29 and 30 are optional.

27.

28.

29.

30.

The average value of/(x) = (x + l]/(x^ + 1) for [-1, 1]

The average value of /(x) = x/(x + 1) for [0, 4]

The volume of the solid of revolution formed by rotating the region

bounded by the graphs of y = 1/Vx, y = 0,x = l,andx = 9 about the x

axis. Use ;r = 3.14.

The volume of the solid of revolution formed by rotating the region

bounded by the graphs of y = x/(x + 1), y = 0, and x = 8 about the x

axis. Use n ~ 3.14.

Applications

Business & Economics 31. Inventory. A store orders 600 units of a product every 3 months. If the

product is steadily depleted to zero by the end of each 3 months, the

inventory on hand, I, at any time t during the year is illustrated as

follows:

o -^

c 5

/

600

-)t
,3 6

Time in months

12

(A) Write an inventory function (assume it is continuous) for the first

3 months. [The graph is a straight line joining (0, 600) and (3, 0).]
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(B) What is the average number of units on hand for a 3 month

period?

32. Repeat Problem 31 with an order of 1,200 units every 4 months.

33. Cash reserves. Suppose cash reserves (in thousands of dollars) are

approximated by

C(x) = l +12x- 0^ 12

where X is the number of months after the first of the year. What is the

average cash reserve for the first quarter?

34. Repeat Problem 33 for the second quarter.

35. Supply /unction. Given the supply function

p = S(x) = 10(e« 1)

Find the average price (in dollars) over the supply interval [0, 50].

36. Demand function. Given the demand function

p = D{x)
1,000

Find the average price (in dollars) over the demand range [100, 600].

Life Sciences 37. Temperature. If the temperature C(t) in an artificial habitat was made
to change according to

C(t) = t3-2t+ 10 0€t«2

(in degrees Celsius) over a 2 hour period, what is the average tempera-

ture over this period?

Social Sciences 38. Population composition. Because of various factors (such as birth rate

expansion, then contraction; family flights from urban areas; etc.), the

number of children in a large city was found to increase and then

decrease rather drastically. If the number of children over a 6 year

period was found to be given approximately by

N(t) = -(l/4)t2 + t + 4 O^fSB
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14-7 Chapter Review

Important Terms

and Symbols

14-1 Antiderivatives and indefinife integrals, antiderivative, indefinite

integral, integral sign, integrand, constant of integration, //(x) dx

14-2 Differential equations— growth and deco}-. differential equation,

continuous compound interest, exponential growth law, dQ/d( =

rQ, Q = Qoe^'

14-3 General poiver rule, general power rule for integration

14-4 Definite integral, definite integral, integrand, upper limit, lower

limit, /S/(x)dx

14-5 Area and the definite integral, area under a curve, area between two

curves, signed areas, consumers' surplus, producers' surplus

14-6 Definite integral as a limit of a sum. rectangle rule, definite integral

(as a limit of a sum), fundamental theorem of calculus, average value

of a continuous function, volume of a solid of revolution (optional)

Exercise 14-7 Chapter Review

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When
you are satisfied that you know the material, take the practice test following

this review.

Find each integral in
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B Find each integral in Problems 10-15.

10.
I

^V6x - 5 dx 11.
I

10(2x-l)''dx

12. \(^-y^ndx 13.
I

Vx^ + 4 X dx

14.
I

(e-'" + x"') dx 15.
I

lOe-oo^" dx

16. Find a function y = /(x) that satisfies both conditions:

-^ = 3-Jx-x-'' /{I) = 5
dx

17. Find the equation of the curve that passes through {2, 10) if its slope is

given by

-T-
= 6x + 1

dx

for each x.

18. Approximate /ij (x^ — 4) dx using the rectangle rule with n = 3 and

Ck the midpoint of the kth subinterval.

19. Find the average value of /(x) = Sx'-'^ over the interval [1, 9].

C 20. Find the actual area bounded by the graphs of y = x^ — 4. y = 0,

X = —2, and x = 4.

Find each integral in Problems 21 -23.

21. I Vx^ - 2x (x - 11 dx 22. I

'" ^^ dx
[5 { -Ix-l
I ^Vx^ - 2x (x - 1) dx 22. I

, Vx^e ^'^ — 4x
,

23. p= dx, x>0
n/x^

24. Find a function y = /(x) that satisfies both conditions:

dv
--^ = x2Vx' + 4 /(0) = 2
dx

25. Solve the differential equation:

dN— = 0.06N, N(0) = 800, N >

26. Find the area bounded by the graphs of y = 6 — x^, y = x^ — 2, x = 0,

and x = 3. Be careful!

27. Approximate the average value of /(x) = l/(x + 1) over the interval

[0, 4] using the rectangle rule with n = 4 and c^ the midpoint of the

kth subinterval.
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28. Optional. Find the volume of the soHd of revolution formed by

rotating the region bounded by the graphs of y = 1/x, y = 0, x = 1,

and X = 2 about the x axis. State the answer in terms of n.

Applications

Business & Economics

Life Sciences

29. Profit function. If the marginal profit for producing x units per day is

given by

P'(x) = 100-0.02x P(0) =

where P(x) is the profit in dollars, find the profit function P and the

profit on ten units of production per day.

30. Resource depletion. An oil well starts out producing oil at the rate of

60,000 barrels of oil per year, but the production rate is expected to

decrease by 4,000 barrels per year. Thus, if P(t) is the total production

(in thousands of barrels) in t years, then

P'(t) =/(() = 60 -4t 0^t«15

Write a definite integral that will give the total production after 15

years of operation. Evaluate it.

31. Profit and production. The weekly marginal profit for an output of x

units is given approximately by

P'(x)
x

150
10

0^ :40

What is the total change in profit for a production change from ten

units per week to forty units? Set up a definite integral and evaluate it.

32, Invenlory. Suppose the inventory of a certain item t months after the

first of the year is given approximately by

I(t) = 10 + 36t-3t2 0«f ^ 12

What is the average inventory for the second quarter of the year?

33, Supply /unction. Given the supply function

p = S(x) = SOteOo^" - 1)

find the average price (in dollars) over the supply interval [0. 40],

34. Wound healing. The area of a small, healing surface wound changes at

a rate given approximately by

dA

dt
= -5t- 1 =st^

where t is in days and A(l) = 5 square centimeters. What will the area

of the wound be in 5 days?
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35. Height -weight relationship. For an average person, the rate of change

of weight W'(h) (in pounds) per unit change in height h (in inches) is

given approximately by

W'(h) = 0.0015h2

What is the expected total change in weight in a child growing from 50

to 60 inches? Set up an appropriate definite integral and evaluate.

36. Population growth. If a bacteria culture is growing at a rate given by

N'(t) = 2,000e''2' N(0) = 10,000

where t is time in hours, find N{t) and the number of bacteria after 10

hours.

Social Sciences 37. School enrollment. The student enrollment in a new high school is

expected to grow at a rate that is estimated to be

dN
-T- = 200 + soot ^ t « 4
at

where N(t] is the number of students f years after opening. If the initial

enrollment (t = 0) is 2,000, what will be the enrollment 4 years from

now?

38. Politics. In a newly incorporated city, it is estimated that the rate of

change of the voting population, N'(t), with respect to time t in years is

given by

N'(t) = 12t-3t2 0«t«4

where Nit] is in thousands. What is the total increase in the voting

population during the first 4 years? Set up an appropriate definite

integral and evaluate.

Practice Test: Chapter 14

Find each integral in Problems 1-6.

1.
I

(5t-' - t) dt 2.
I

x^Vx^ + 9 dx

f 4 + x" C^ ,

3. I Y~^^ '*•

I

'>'2x - 1 dx

5. 4(e«2'-l)dt 6. \- dx

7. Find the equation of a function whose graph passes through the point

(3, 10) and whose slope is given by

/'(x) = 6-2x
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8. Find the area bounded by the graphs of y = x^ and y = -Jx.

9. Find the finite area bounded by the graphs of y = 1 — x^ and y = 0.

0«xS2.
10. Approximate /g (x^ — 4) dx using the rectangle rule with n = 3 and c^

the midpoint of the kth subinterval. (Calculate the approximation to

three significant digits.) Also, evaluate the integral exactly.

11. Suppose the inventory of a certain item t months after the first of the

year is given approximately by

I(t)
= -2(4-36 Ost«12

What is the average inventory for the second quarter of the year?

12. The instantaneous rate of change of production for a gold mine, in

thousands of ounces of gold per year, is estimated to be given by

Q'(t) = 40-4t O^t^lO

where Q(t) is the total quantity (in thousands of ounces) of gold

produced after t years of operation. How much gold is produced

during the first 2 years of operation? During the next 2 years?

13. Solve the differential equation;

do
-^ = 0.12Q Q(0) = 10,000 Q>0





i it »t limi
^^i'-^

pi' " ,
'"



CHAPTER 15 Contents

15-1 Integration by Substitution

15-2 Integration by Parts

15-3 Integration Using Tables

15-4 Improper Integrals

15-5 Chapter Review

By now you should realize that finding antiderivatives is not as routine a

process as finding derivatives. Indeed, it is not difficult to find functions

whose antiderivatives cannot be expressed in terms of the elementary

functions we are familiar with. The classic example of this case is

fix) — e'"', an important function in statistics. Nevertheless, there are

certain methods of integration that increase the number of functions we
can integrate. We will now consider some of these methods.

15-1 Integration by Substitution

Introduction

Integration by Substitution

Definite Integrals and Substitution

Common Errors

Introduction

In Section 14-3 we saw that if an integrand is of the form

du

dx

where u = u(x) is a function of x, then we can use the generalized power

rule to conclude that

/
du , u"'*"'

u"-;-dx =—— + C n^t-i
dx n + 1

For example,

du

dx

/

fv2 4- 1)3/2

x- + l)''^2xdx = ^ ' +C Ifu = x2 + l,then

du/dx = 2x.

- (x^ + IP''^ -I-

C

3
^

In this section we will see how to use the relationship u = x- -I- 1 to change

the variable of integration from x to u. This technique, called integration

886
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by substitution, is a very powerful tool that will enable us to evaluate a

large number of indefinite integrals.

Recall from Section 11-4 that if u = u(x), then the differential of u is

du = -r- dx
dx

Thus, for

u = x^ + l

the differential is

du = 2x dx

Substituting for u and du in / 2x(x' + 1)'- - dx, we have

u'/^ du

I (x^ + l)''^2x dx = I u' ' du We momentarily "forget"

•' •'
that u is a function of x and

treat u as if it were the

variable of integration.

u3/2= —-,—h C Now we "remember" that
3/2

we started with u = x^ + 1.

3

At first glance, it appears that we are actually making things more compli-

cated but. as later examples will illustrate, making a substitution in order

to change the variable in an indefinite integral can greatly simplify many

problems. The important point is that, once the substitution has been

made, we can treat u as the variable of integration and proceed to evaluate

the simplified integral directly. We will now generalize this process of

substitution.

Integration by Substitution

In general, if u = u(x) and du = (du/dx) dx, then

u du

I /[u(x)] — dx= I /(u) du Regarding u as the variable of
•^ ^ integration, we try to find an

antiderivative F(u) for/(u).

= F(u) + C Now we substitute u = u(x) to

complete the process.

= F[u(x)] + C
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This statement is easily verified by applying the chain rule to F[u(x)] + C:

D,{F[u(x)] + C} = F'[u(x)]^ F' = f

It is convenient to restate some of the basic integration formulas in terms of

u and du.

Basic Integration Formulas



15-1 Integration by Substitution 889

(2x + l)(x2 + X + S)" dx
I

/

u^ du

=
I
(x^ + X + 5)''{2x + 1) dx Substitution:

/

u =x' + x + 5

du = (2x + 1) dx

u'' du Use formula (1).

=— + C Substitute:
5

u = x^ + X + 5

^ (x^ + X + 5)^ + C Check by
5

differentiating.

Check dJ ^ (x^ + X + 5)M = (x^ + X + 5)''{2x + 1)

(B)

- -du
u 2
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e" — du
3

(C) /x^e^'dx =
/

e^'x^ dx Substitution:
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Example 2 Find each of the following indefinite integrals:

(A) l^=d. (B) l^^^d.
J ^4 + 6" J X

u->/^ du

Solutions (A) I
,

dx =
\ (4 + e^P'^e" dx Substitution:

J V4 + e^ J

u = 4 + e"'

du = e^ dx

=
I

u"'''^ du Use formula (1).

u 1/2

, + C Substitute u = 4 + e\
1/2

= 2(4 + e'')'''^ + C Check by differentiating.

Check D,[2(4 + e'')"'^] = 2 • - (4 + eT'^'e"

74 + 6"

u- du

(B) dx = I (In x)- - dx Substitution:
J X J X

=
I

u^du

u = In X

du = — dx
X

Use formula (1).

3

u-"= -— + C Substitute u = In x.

1= - (In x)^ + C Check by differentiating.

Check D, - (In x)M = - • 3(ln x)^ -

_ (In x)^

X

Problem 2 Find each of the following indefinite integrals:
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Example 3 Find each of the following indefinite integrals:

(A) /i^"" "« h dx
+ 2

Solutions (A) No obvious substitution presents itself here. However, if we let

u = X + 2, the integrand may simplify to something that we can inte-

grate.

If u = X + 2, then du = dx and

[

dx = du-

l^L = fidu
J x+2 J u

I— x + 2 = u '

=/
u-2

du

^u - 2 ln|u| + c

^x + 2-2 ln|x + 2| + c

= x-2ln|x + 2| + C

To eliminate x in the

numerator, we solve

u = X + 2 for x:

u = x + 2

x = u -2

Substitute u = x + 2.

If c is an arbitrary

constant, so is C = c + 2.

Check by differentiating.

Check D,(x-2ln|x + 2[ 1 -2 •

x + 2
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Thus,

-x = u2-2-

dx = 2u du
J Vx + 2 t J " r

-dx = 2u du-

'-Vx + 2 = u

J
(2u^ 4)du

= -u3-4u + C
3

-[x + 2f/^-4{x + 2y/^ + C

Substitute

u = (x + 2)V2.

Check by

differentiating.

°«
[f''^

+ 2)3/2 _ 4(x + 2)1. ^] = (x + 2)'/2 - 2(x + 2)-'''2

x + 2 2

(x + 2)"^ (x + 2)'/2

x

(x + 2y/^

Problem 3 Find each of the following indefinite integrals:

2
(A)

rx + 2. ,„^ rx + 2—;— dx B
,

dx

Definite Integrals and Substitution

Example 4 illustrates two different methods for evaluating definite inte-

grals by substitution.

Example 4 Evaluate

I n/FTT
dx
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Soiut Method 1. First find the indefinite integral:

,

dx = (x^ + ir'-^x^ dx Substitution:
J Vx^ + l J

= /

U = X^ + 1

du = 3x2 ^^

— du = x^ dx
3

= u -i/^ - du
3

1 u^
3 1/2

+ C

3

Now evaluate the definite integral.

I VF+T

2 2
dx = -(x=' + l)V2

^-[(2r + l]V^--[(0P + l]V2

= 1(9^2 -|(ir

_ 2 ^4
3
~

3

Method 2. Substitute directly in the definite integral, changing the limits

of integration:

r
U = (2P + 1-

dx = u-'/^-du
Jo V^^HM^ Ji 3

u = (0)3 + 1-

-Or^-gtlF'

= 2
2 _ 4

3^3

Ifu = x3 + 1, then

X = implies u = 1

and X = 2 implies

u = 9.
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Problem 4 Evaluate

Example 5

Solution

f fx^ + l)
dx

Find the area bounded by the graphs of y = 5/(5 — x) and y = 0, ^ x ^ 4.

First we sketch a graph.

)
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Answers to

Matched Problems

Remember that only a constant can be moved across the integral sign.

Since u is now the variable of integration, it appears that x can be

considered a constant. This is not correct, since x and u are related by

the equation u = x — 1. You must substitute for x wherever it occurs in

the integrand. The correct procedure is as follows:

j^^d.^j^-^du u =x — 1

x = u + l

dx = du

|(u + 2 + l)du

-u2 + 2u + ln|u| + C
2

= - (x - 1)2 + 2(x - 1) + ln|x - 1 1 + C

r= 1 c^i
dx = - 2(u - 5) du u = 5 + Vx

X = (u - 5)2

dx = 2(u - 5) du

If a substitution is made in a definite integral, the limits of integration

also must be changed. The new limits are determined by the particular

substitution used in the integral. The correct procedure for this prob-

lem is as follows:

r^ 1 r» 1^dx= -2(u-5)du
Ji 5 + V^ Je U

u = 5 + Vx

X = 1 implies u = 6

X = 9 implies u = 8

(A)

= (2u-10ln|u|:

= (16 - 10 In 8) - (12 - 10 In 6)

= 4 - 10 In 8 + 10 In 6 « 1.12

(x^ + 2x + 4)' + C (B) -6"'+= + C

(C) -ln|8 + x^| + C

(A) -(5 + eT' + C (B) -[\nx]'/^ + C
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3. (A) x + ln|x + l|+C (B) |(x + 1^== + 2(x + 1)'/^ + C

1
4. - 5. 8 In 4 = 11.1

5

Exercise 15-1

19

-dx
7

'2 + 2x]e''^^'"dx

A Find each indefinite integral.

1.
I

xlx^' + gpdx 2. j x^lx^ + gj-'dx

r 1 + x f x^-1
^-

J 4 + 2x + x^
"*•

J x^-3x +

5.
I

(2x + l)e'"+''+' dx 6. I (x

Evaluate each definite integral.

7. I x'Vx^-l dx 8.
I

x^Vx^' + 1 dx

9. — dx 10. xe"'-' dx
J-i 4x + 5 Jo

B Find each indefinite integral.

11.
I

e^^tl + e^")' dx 12. I ^ ^
dx

r (InxP J .. r ln(x + 4) ^
13. * ^dx 14. —^— ^dx,. JflBi^dx 14. Jif^

5. 1 x(x - 5)^ dx 16.
I

(x

. f-^dx 20. f-^^dx
J Vx + 3 J V4-X

21- l^^dx 22. f-^i— dx
J x-2 J (x-2)2

23.
I

^\ dx 24. f-^^dx
J (x-2) J (X-2F
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Find the area bounded by the graphs of the indicated equations.

8x

xM^4'
25. y = ^-,— . y = o, o«x«4

26. y = 4X6""', y = 0, « X « 1

27. y = x\/9^^, y = 0, 0«xS3

28. y =J^. y = 0, 0^x^2

29. y = x\/2 - X, y = 0, 0«x«2

30. y=
,

'^ -
, y = 0, 6«x«9

VlO-x

In Problems 31-34, find each indefinite integral two ways: first use the

substitution u = Vx — 1 and then use the substitution u = x — 3.

31.
,

dx 32. xVx- 1 dxI
,

dx 32. xVx-
J Vx-l J

I —^^ dx 34. I x2>/x~

J Vx-1 J
33.

,

dx 34. I
xVx - 1 dx

J Vx-1

Find each indefinite integral.

r^-2^ r 1
35. -= dx 36.

,

dx
J Vx - 1 J 3 + Vx-2

37. —z ^dx 38. pdx
J Vx(l + Vx) J x + 2n/x

39. —e-'/'dx 40. —; dx
J x-^ J x In X

41. Use the substitution u = — x to show that if /(x) is an odd function

[that is, if /(-x) = -f(x]], then

j
f(x) dx = - 1° /(u) du

Then show that I f[x) dx = 0.

42. Use the substitution u = — x to show that if ,f(x) is an even function

[that is, if/(-x)=/(x)], then

f /(x)dx= f /(u)du
J-a Jo

Then show that I /(x) dx = 2 I f[x)dx.
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Applications

Business & Economics 43. Price -demand equation. The marginal price p'(x) at x units per week

for a certain style of designer jeans is given by

p'(x) =
-300,000x

(5,000 + x^)^

At a price of $30 each, the weekly demand is 100. Find the price-de-

mand equation.

44. Consumers' surplus. (Refer to Section 14-5.) Find the consumers'

surplus for

_,, ,
400 + lOx 5

P = D(x) = ; p=S(x)=-X^
' 10 + x ^

^ ' 2

45. Marginal analysis. The marginal cost and revenue equations (in thou-

sands of dollars per year) for a coin-operated photocopying machine

are given by

R'(t) = 5te-"

C'(t) =—

f

* ' 11

where t is time in years. The area between the graphs of the marginal

equations for the time period such that R'(t) ^ C'(f) represents the

total accumulated profit for the useful life of the machine.

What is the useful Hfe of the machine? What is the total profit?

Cash reser\'es. Suppose cash reserves (in thousands of dollars) are

approximated by

46.

C(x) = 1 + xVl2-x 12

where x is the number of months after the first of the year. What is the

average cash reserve for the first quarter? The fourth quarter?

Life Sciences 47. Pollution. A contaminated lake is treated with a bactericide. The rate

of decrease in harmful bacteria t days after the treatment is given by

dN _ 2,000t

"df"
~

1 + t=^

0« t =5 10

where N(f) is the number of bacteria per milliliter of water. If the

initial count was 5,000 bacteria per milliliter, find N(t) and then find

the bacteria count after 10 days.

48. Medicine. One hour after x milligrams of a particular drug are given to

a person, the rate of change of temperature in degrees Fahrenheit,

T'(x), with respect to dosage x (called sensitivity) is given approxi-

mately by

T'(x) =— x4q-
^ ' 10

0^
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Social Sciences

What total change in temperature results from a dosage change from

to 5 milligrams? From 8 to 9 milligrams?

49. Learning. A person learns N items at a rate given approximately by

15t
N'[t]

Vl + t

0« t« 10

where t is the number of hours of continuous study. Find the total

number of items learned from t = to t = 8 hours of study.

15-2 Integration by Parts

In Section 14-1 we said that we would return to the indefinite integral

/
In X dx

later, since none of the integration techniques considered up to that time

could be used to find an antiderivative for In x. We will now develop a very

useful technique, called integration by parts, that will not only enable us to

find the above integral, but also many others, including integrals such as

I
X In X dx and I dx

The integration by parts technique is also used to derive many integration

formulas that are tabulated in mathematical handbooks.

The method of integration by parts is based on the product formula for

derivatives. If/ and g are differentiable functions, then

DJ/(x)g(x)]=/(x)g'(x) + g(x)nx)

which can be written in the equivalent form

/(x)g'(x)=D,[/(x)g(x)]-g(x)nx)

Integrating both sides, we obtain

J
/(x)g'(x) dx =

J
DJ/(x)g(x)] dx- j g{x]f'(x] dx

The first integral to the right of the equal sign is /(x)g(x) + C. (Why?) We
will leave out the constant of integration for now, since we can add it after

integrating the second integral to the right of the equal sign. So we have

J
/(x)g'(x) dx =/(x)g(x) -

J
g(x)nx) dx
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This last form can be transformed into a more convenient form by letting

u = /(x) and v = g(x); then du = /'(x) dx and dv = g '(x) dx. Making these

substitutions, we obtain the integration by parts formula:

Example 6

Solution

This formula can be very useful when the integral on the left is difficult to

integrate using standard formulas. If u and dv are chosen with care, then

the integral on the right side may be easier to integrate than the one on the

left. Several examples will demonstrate the use of the formula.

Find / X In X dx, x > 0, using integration by parts.

First, write the integration by parts formula

I u dv = uv — I V du

Then try to identify u and dv in / x In x dx (this is the key step) so that

when / u dv is written in the form uv — / v du, the new integral will be

easier to integrate.

Suppose we choose

u = X and dv = In x dx

Then

du = dx V = ?

We do not know an antiderivative of In x yet, so we change our choice for u

and dv to

u = In X
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Using the chosen u, du, dv, and v in the integration by parts formula, we
obtain

I u dv = u ^ ~
I

V du

|(lnx)xdx = (lnx)(f)-|(f)ldx

=— In X — I
— dx

2 J 2
This new integral is easy

to integrate.

— Inx- — + C
2 4

To check this result, show that

(x^ x^ \
D„( — Inx l-C| = xlnx

\2 4 /

which is the integrand in the original integral.

Problem 6 Find / x In 2x dx.

Example 7 Find / xe" dx.

Solution We write the integration by parts formula

J
u dv = uv — I V du

and choose

u = e" dv = X dx

Then

du = e" dx V = —
2

and

I
u dv = u V — I V du

je^^dx = e''{^)-j{^)e^d

x^ 1 f

2 2 J
x^e" dx This new integral

is more complicated

than the original one.
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This time the integration by parts formula leads to a new integral that is

more complicated than the one we started with. This does not mean that

there is an error in our calculations or in the formula. It simply means that

our first choice for u and dv did not change the original problem into one

that we can solve. Thus, we must make a different selection. Suppose we

choose

u = X dv = e' dx

Then

du = dx V = e"

and

I u dv = u V —
I

V du

= xe" — e" + C

This integral is

one we can evaluate.

Problem 7 Find / xe^" dx.

Integration by Parts: Selection of u and dv

1. It must be possible to integrate dv (preferably by using standard

formulas or simple substitutions).

2. The new integral, J v du, should be simpler than the original

integral, / u dv.

3. For integrals involving xP[ln x)"), try

u = (In x)"" dv = xP dx

4. For integrals involving xp e"", try

u = xP dv = e"* dx

Example 8 Find / x^e"" dx.

Solution Following suggestion 4 in the box, we choose

u = x^ dv = e"" dx

Then

du = 2xdx v = — e""
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and

I u dv = u V — I V

I'x^e-" dx = x^-e-")- I
|

/

dv = u V — I V du

'x^e-''dx = x^f-e"")- ( (-e-'')2xdx

— x^e~'' + 2 I xe"" dx
(1)

The new integral is not one we can evaluate by standard formulas, but it is

simpler than the original integral. Applying the integration by parts for-

mula to it will produce an even simpler integral. For the integral / xe"' dx,

we choose

u = X dv = e"" dx

Then

du = dx V = — e""

and

I u dv = u V — I V du

I xe"" dx = x(— e"") — I (— e"") dx

j
e"" dx= — xe " +

= -xe-''-e-'' (2)

Substituting (2) into (1) and adding a constant of integration, we have

/
x^e"" dx = -x^e"" + 2(-xe"'' - e"") + C

— x^e " — 2X6-" - 26-" + C

Problem 8 Find / x^e^" dx.

Example 9 Find /f In x dx.

Solution First, find / In x dx; then return to the definite integral. Following sugges-

tion 3 in the box (with p = 0), we choose

u = In X dv = dx

Then

du = — dx V = X
X
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Answers to

Matched Problems

Hence,

I In X dx = (In x)(x) —
J

(x) — dx

= xlnx — x + C

Thus,

r In x dx = (x In X — x)

= (e In e - e) - (1 Inl - 1)

= {e - e) - (0 - 1)

= 1

Problem 9 Find /? in 3x dx.

6. — ln2x hC
2 4

X^ X 1— e'" - - e'" + - e^" + C
2 2 4

7. - e^" - - e^'' + C
2 4

9. 2ln6-ln 3- 1 = 1.4849

Exercise 15-2

Integrate using integration by parts. Assume x > whenever the natural log

function is involved.

/ xe'" dx

I x^ In X dx

I xe''" dx

I x^ In X dx

B Problems 5-18 are mixed—some require integration by parts and others

can be solved using techniques we have considered earlier. Integrate as

indicated, assuming x > whenever the natural log /unction is involved.

xe * dx

xe"' dx

„, fin

3)6" dx

2x dx

6

8

10

12

lie-" dx
I-
I xe""' dx

. I (x + 5)e" dx

7x dx
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r 2x f x^

J x^ + 1 J x' + 5

r In X
, r e'' ,

15. dx 16. -r-rrdx
J X J e" + 1

17.
I

Vx In X dx 18. I ^p^ dx

Some of these problems may require using the integration by parts formula

more than once. Assume x > whenever the natural log /unction is in-

volved.

19

21

23

25

. 1 x^e'dx
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Life Sciences

Social Sciences

37. Pollution. The concentration of particulate matter in parts per million

( hours after a factory ceases operation for the day is given by

Clt)
20ln(t + 1)

(t + If

Find the average concentration for the time period from t = to t = 5.

38. Medicine. After a person takes a pill, the drug contained in the pill is

assimilated into the bloodstream. The rate of assimilation t minutes

after taking the pill is

R(() = te-°2'

Find the total amount of the drug that is assimilated into the blood-

stream during the first 10 minutes after the pill is taken.

39. Politics. The number of voters (in thousands) in a certain city is given

by

N(t) ==20+ 41 -5te-°"

where t is the time in years. Find the average number of voters during

the time period from t = to t = 5.

15-3 Integration Using Tables

Introduction

Using a Table of Integrals

Substitution and Integral Tables

Application

Introduction

A table of integrals is a list of integration formulas that can be used to

evaluate definite integrals. Individuals who must evaluate complicated

integrals often refer to a table that may contain hundreds of formulas.

Tables of this type can be found in mathematical handbooks; a short table

illustrating the types of formulas found in more extensive tables is located

inside the back cover of this book. These formulas have been derived by

techniques we have not considered; however, it is possible to verify each

formula by differentiating the right side.

You may notice some logical gaps in the list of formulas we have selected

for this table. There are two reasons for this:

1. We have not included formulas for integrals that can be evaluated by

the techniques we have already discussed. Thus, you will find for-

mulas for / VuM-a^ du and J u^vuM-o^ du, but not for
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Example 10

Solution

/ uVu^ + a^ du, since this last integral can be evaluated by making a

simple substitution.

Many antiderivatives involve functions we have not considered. Thus,

for example, a formula for / Va^ — u^ du is not included in the table

because the antiderivative of Va^

ric function.

u^ involves an inverse trigonomet-

Even though our table is not very large, it will still permit us to evaluate

many new indefinite integrals. We will now consider some examples that

will illustrate the use of a table of integrals.

Using a Table of Integrals

Use the Table of Integrals inside the back cover to find

f
^

J (2x + 5)(3x + 4)

Since the integrand

X

dx

/(x)
(2x + 5)(3x + 4)

is a rational function, we examine formulas 1 - 7 to determine if any of the

integrands in these formulas has the same form as /. Comparing the inte-

grand in formula 2 with /, we conclude that this formula can be used to

evaluate / /(x) dx. Letting u = x and identifying the appropriate values for

a, b, c, d, and A = be — ad, we have

a = 2 b = 5 c = 3 d = 4

A = be - ad = (5)(3) - (2)(4) = 7

I
7 rzz TTIT du =U- \n\au + b| - - ln|cu + d| )

Formula 2

J (au + b)(eu + d) A\a e /

r X 1/5 4 \
7:;
—

t-^ttt;—;—r dx = - - ln|2x + 5| - - ln|3x + 4|

J (2x+ 5)(3x+ 4) 7V2 3 ' 7;+4)

be d

|2x + 5|--ln|3x + 4|) + C

— ln|2x + 5| ln|3x + 4| + C
14 '

' 21 '

'

Notice that the constant of integration C is not included in any of the

formulas in the table. You must still include C in your antiderivatives.

Problem 10 Use the Table of Integrals inside the back cover to find

f I

J (3x + 5)2(x + l)
dx
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Example 11 Evaluate

J3 xV25 - x^

Solution First we will use the Table of Integrals to find

f—^dxJ x^l25 - x^

Since the integrand involves the expression V25 — x^, we examine for-

mulas 8-10 and select formula 8 with a^ = 25 and a = 5.

f-^=du = -iln

J xV25

a + n/q^ — u^
Formula 8

^ dx = In
x2 5

5 + V25-x=
+ C

Thus.

J3 x\/25 -X
dx = In

2 5

In

5 + V25-x2
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SoJufion

Problem 12

Example 13

Solution

In order to relate this integral to one of the formulas involving Vu^ — a^

(formulas 19-24), we observe that if u = 4x, then

u2=16x2 and VlGx^ - 25 = Vu^ - 25

Thus, we will use the substitution u = 4x to change this integral into one

that appears in the table.

Substitution:

J Viex^ - 25 J Vu2-25 4

=^f-^;=dt
64 J n/u2-25

4x

X = — u
4

dx = — du
4

This last integral can be evaluated by using formula 23 with a = 5:

/ ^lu^-25 2
du = - (uVu^ — Q' + a^ ln|u + -Ju^ — a^|) Formula 23

Thus,

/ V16x2-25
dx

=—
I

nil

64 J Vu2-25
Use formula 23 with

a = 5.

1

128

1

128

(un/u^ -25 + 25 ln|u + Vu^ - 25|) + C Substitute u = 4x.

(4xV16x2-25 + 25 ln|4x + ^116x^-25]] + C

Find/V9x2-16dx.

Find

/
dx

VxMM
None of the formulas in the table involve fourth powers; however, if we let

u = x^, then

Vx" + 1 = Vu^ + 1

which does appear in formulas 11-18.

r 1 r 1 1
\ d\ = I — dii Subs

J Vx-i + l J Vu^ + 1 2

^
u — A

"^o / , ,

^" du = 2xdx
2 J Vu^ + 1

stitution:

u = x^

du = X dx
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We recognize the last integral as formula 15 with a = 1:

Vu^ + a-
du = ln|u + Vu- + a'l Formula 15

Thus,

f-^dx = if-^=du
J -Jx' + l 2 J Vu^ + 1

ln|u + Vu^ + l| + C

Use formula 15 with a = 1.

Substitute u = x^.

1= - ln|x^ + VF+ Tl + C

Problem 13 Find /xVx" + 1 dx.

Example 14 Evaluate

1

^' Vx + 4
dx

Solution Since none of the formulas in the table involve vox+b (a more extensive

table would contain formulas of this type), we first make a substitution to

eliminate the square root:

I

21 Vx + 4
dx

2u du

p ul_

^Ja (U + 2KU 2)
du

Substitution: Limits:

u = Vx + 4 x = 5 implies u == 3

X = u^ — 4 x = 21 implies u = 5

dx = 2u du

Use formula 3 with a = 1, b = 2, c = 1, d = — 2, and A = 4:

J (au + b)(cu + d) "

=— u —r I ~r Inlau + bl Inlcu + dl ) Formula 3
ac A \a^ c^ )

Thus,

pi Vx + 4 r^ u^
I

dx = 2 I
-—;— du Use formula 3 with a = 1,

Js X J3 u + 2 u-2
, „•'^ •" ^

" '

b = 2, = 1, d = -2, and *

A = 4.

= 2lu-^Yl"l" + 2|-yln|u-2|j

= 2(5 - ln|7| + ln|3|) - 2(3 - ln|5| + ln|l|)

= 4 + 2 In— = 5.5243
7
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Problem 14 Evaluate

I7 xVx + 9
dx

Application

One of the growth laws discussed in Section 14-2 was referred to as logistic

growth. In this situation, the rate of growth of a quantity y is assumed to be

proportional both to y and to the difference between y and a fixed upper

limit M. Hence, y must satisfy the differential equation

dy
-r- = ky(M — y) Logistic growth equation

Using the Table of Integrals, we can now solve this differential equation.

Example 15

Logistic Growth

Solution

Solve the differential equation

^ = ky(M - y] y(0) = 1

-J-
= ky(M — y) Multiply both sides of

this equation by dt/[y[M — y)].

dy

y(M - y)

dy

kdt

J y(M-y) J
kdt

= kt + C

Integrate both sides of

this equation.

(1)

To evaluate

f
dy

J y(M-y)

we use formula 1 with a = 1, b = 0, c = -1, d = M, and A = — M.

/
1

, _1,
;au + b)(cu + d) A

cu + d

/
dy = _ 1 1„

y(M - y) M

au + b

M-y

Formula 1

(2)

Substituting (2) into (1) and simplifying yields
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y
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:dx
+ 2)

3 I dx 4 I

J (x + 3)-(2x + 5) J (2x + 5)-(x

5. cix 6. dx
J x\/x- + 4 J x-Vx^- 16

fvi^^^ r x^ .
7. dx 8.

,

dx
J X J n/x= + 64

Evaluate each definite integral. Use the Table of IntegraJs to find the anti-

derivative.

'• I (x + 3)(x + l)'*^
" 1 (x + 3)1x+l)'^^

11.
I

dx 12.
I

n/x- - 16 dx
Jo Vx- + 9 J4

B Use substitution techniques and the Table oflnfegrals to find each indejinite

integraJ.

r V4x^ +

1

r
13. I ^ dx 14. x-VQx- - 1 dx

15.
I ,

^
dx 16. xVx"- 16 dx

J Vx" - 16 J

17. xVx'^ + 4 dx 18. dx
J J VxS + 4

r Vx + 16
, r 1 J

19. dx 20. dy
J X J xVx+16

r 1 J ^^/FT4 ,

21. dx 22. dx
J xV4-x'' J X

23.
,

dx 24. ^ dx
J x^Vx+l J x(l +n/x)=

Problems 25-32 are mixed— some require the use o/the Table 0/ Integrals

and others can be solved using techniques we have considered earlier.

25.
I

xVx^ - 9 dx 26. I x-Vx- - 9 dx

27' 71 7^1 dx 28. J-A-T^dx
J, (x^-l)^ J, (x--ip

fx+l, fx+l,
29. ,

, ^ dx 30. ——— dx
J x= + 2x J X- + X

fx + l, r X- + 1 ,

31. ,^ .,
dx 32. ———-dx

J X- + 3x J x- + 3x
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Applications

Business & Economics 33. Consumers' surplus. (Refer to Section 14-5.) Find the consumers'

surplus for

p = D(x)

p = S(x)

360

(x + 2)[x + l)

5x

x + 2

34. Marginal analysis. The marginal cost and revenue equations (in thou-

sands of dollars per year) for a vending machine are given by

R'(t) =
25t

(t+l)(f + 6)

C'(t) = -f
^ ' 2

Life Sciences

where f is time in years. The area between the graphs of the marginal

equations for the time period such that fl'(t) ^ C'(f) represents the

total accumulated profit for the useful life of the machine.

What is the useful life of the machine? What is the total profit?

35. Pollution. An oil tanker aground on a reef is losing oil and producing

an oil slick that is radiating outward at a rate given approximately by

dR _ 100

df Vt'-l-g
t 2=0

36.

where R is the radius (in feet) of the circular slick after t minutes. Find

the radius of the slick after 4 minutes if the radius is when t = 0.

Simple epidemic. An influenza epidemic is spreading through a com-
munity of 1,000 people at a rate proportional both to the number of

people who have been infected and to the number who have not been
infected. If one individual was infected initially and 100 were infected

10 days later, how many will be infected after 20 days?

Social Sciences 37. Learning. A person learns N items at a rate given approximately by

N'(f) =
60

Vt2 + 25
t ^0

where t is the number of hours of continuous study. Determine the

total number of items learned in the first 12 hours of continuous

study.
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15-4 Improper Integrals

Improper Integrals

Probability Density Functions

Improper Integrals

We are now going to consider an integral form that has wide application in

probability studies as well as other areas. Earlier, when we introduced the

idea of a definite integral,

/:
fix) dx (1)

we required / to be continuous over a closed interval [a, b]. Now we are

going to extend the meaning of (1) so that the interval [a. h] may become

infinite in length.

Let us investigate a particular example that will motivate several general

definitions. What would be a reasonable interpretation for the following

expression?

r-dx

J, x^

Sketching a graph of /(x) = 1/x^, x ^ 1 (see Figure 1), we note that for any

fixed b > 1, /f/(x) dx is the area between the curve y = 1/x^, the x axis,

X = 1, and X = b.

->x

Figure 1

Let us see what happens when we let b —» oo; that is, when we compute

the following limit:

f' dx r l''1

lim ^ = lim (-X-')

Did you expect this result? No matter how large b is taken, the area under

the curve from x = 1 to x = b never exceeds 1, and in the limit it is 1. This
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suggests that we write

This integral is an example of an improper integral. In general, the forms

J
f(x]dx

j
f{x]dx

j
/(x)dx

where / is continuous over the indicated interval, are called improper
integrals. (There are also other types of improper integrals that will not be
considered here. These involve certain types of points of discontinuity

within the interval of integration.) Each type of improper integral above is

formally defined in the box:

Improper Integrals

If / is continuous over the indicated interval and the hmit exists,

then:

1 .

I
/(x)dx = lim I f(x]

/(x)dx= Hm ("fix)

.

J
/(x)dx=

j f[x]dx+
j

/(x)d>

dx

dx

where c is any point on (-», oo], provided both improper integrals

on the right exist.

Example 16

Solution

If the indicated limit exists, then the improper integral is said to exist or

converge; if the limit does not exist, then the improper integral is said not to

exist or to diverge (and no value is assigned to it).

Evaluate /2 dx/x if it converges.

r^=iimp^
Jl X b-« J2 X

= lim (In x)
b— «o

= lim (In b - In 2)

Since In b -* 00 as b ^ 00, the limit does not exist. Hence, the improper
integral diverges.
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Problem 16 Evaluate /* dx/(x — 1)^ if it converges.

Example 17 Evaluate Ji« e" dx if it converges.

Solution
J

e" dx = lim I e" dx

= lim (e^ll)
a—*—00

= lim (e^-e") =6^-0 = 62

Problem 17 Evaluate /li x~^ dx if it converges.

The integral converges.

Example 18 Evaluate

2x

j^ (1 + x^f

if it converges.

dx

Solution

"(1 +xT'
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At some point in time, the monthly production rate will become so low that

it will no longer be economically feasible to operate the well. However, for

the purpose of estimating the total production, it is convenient to assume

that the well is operated indefinitely. Thus, the total amount of oil pro-

duced is

R(f)dt = lim
I
R(t)df

Jo T-- Jo

lim i
T— Jo

(50g-o.o5, _ soe-o ") dt

lim
T— oo

(-l,000e-'"'5'-|-500e-°")

^ lim (-1,0006-°°=^ + 500e-°'T + 500)
T—

«

500 thousand barrels

Problem 19 Find the total amount of oil produced by a well whose monthly production

rate (in thousands of barrels) is given by

R(t) = 100e-°"-25e-°^'

Probability Density Functions

We will now take a brief look at the use of improper integrals relative to

probability density functions. The approach will be intuitive and informal.

Hopefully, when you next encounter these concepts in a more formal

setting, you will have a better idea how calculus enters into the subject.

Suppose an experiment is designed in such a way that any real number x

on the interval [a, b] is a possible outcome. For example, x may represent

an IQ score, the height of a person in inches, or the life of a light bulb in

hours.

In certain situations it is possible to find a function / with x as an

independent variable that can be used to determine the probability that x

will assume a value on a given subinterval of (—=<=, °o). Such a function,

called a probability density function, must satisfy the following three

conditions (see Figure 2 on the next page):

1. /(x)^0 for all xe (-co, 00)

2. Jl^f(x) dx = l

3. If [c, d] is a subinterval of (— «:, x), then

Probability(c « x « d) = I /(x) dx
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f(x) dx = 1

y = fix) S

f(x) dx = ProbabiIity(c < x < d)

Figure 2

Example 20 A sailing club has a race over the same course twice a month. The races

always start at 12 noon on Sunday, and the boats finish according to the

probability density function (where x is hours after noon):

/(x) =

LO

+ 2 2 «x«4

otherwise

12 3 4

Hours after 12

-^x

Note that

/(x) ^

and

£/(x)dx =
|;(-f

+ 2)dx = (-^ + 2x)

The probability that a boat selected at random from the sailing fleet will

finish between 2 and 3 hours after the start is given by

Probability(2 ^x«3)=l (--+2)dx

.75

which is the area under the curve from x = 2 to x = 3.
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Problem 20 In Example 20. find the probability that a boat selected at random from the

fleet will finish between 2:30 and 3:30 PM.

Example 21 Suppose the length of telephone calls (in minutes) in a public telephone

booth has the probability density function

Problem 21

f[t)
=

-1/4
t 2=

otherwise

(A) Compute /-»/(t) dt.

(B) Determine the probability that a call selected at random will last

between 2 and 3 minutes.

Solutions (A)

J
/(t)dt= f°/(t)d(+ r/(t)df

= 0+ -e-'/^dt
Jo 4

= lim -e-'/*dt
b-» Jo 4

= lim(-e-"'^ ]

= Hm (-e-''-'^ + e°)
b—

»

ii 4

=0+1=1

(B) Probability(2 =s t « 3) .

(-6-'/^)

= _e-3/4 + e-i/2^ 13

In Example 21, find the probability that a call selected at random will last

longer than 4 minutes.
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The most important probability density function is the normal probabil-

ity density function defined below and graphed in Figure 3.

f[x) = —^ e-^''-''^/^"' n is the mean
(7 is the standard deviation

Figure 3 Normal curve

It can be shown, but not easily, that

/2^J-.

Since / e""' dx is nonintegrable in terms of elementary functions (that is,

the antiderivative cannot be expressed as a finite combination of simple

functions), probabilities such as

1 p
Probability(c « x « d) =—^ I e'^"-"^/'"'' dx

are generally determined by making an appropriate substitution in the

integrand and then using a table of areas under the standard normal curve

(that is, the normal curve with fi = and (j= 1). Such tables are readily

available in most mathematical handbooks. A table can be constructed by

using the rectangle rule discussed in Section 14-6; however, digital com-

puters that use refined techniques are generally used for this purpose.

Some hand calculators have the capability of computing normal curve

areas directly.

Diverges

20. .

Answers to
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Exercise 15-4

B

Find the value of each improper integral that converges.

r-dx

f'-dx

3. I e-'/^ dx

f' dx
^"

Jo (x + 1

Jo (X + 1

f' dx

|2/3
10

11- -ir^ 12

Jl
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Applications

Business & Economics 27.

28.

29.

30.

Production. The monthly production of a natural gas well (in millions

of cubic feet) f months from now is given by

R(t) = te-""'

Assuming that the well is operated indefinitely, find the total produc-

tion.

Investment. An investment will return l,000e~°^^^' dollars per year t

years from now. Assuming that the returns continue indefinitely,

determine the total amount returned by this investment.

Consumption. The daily per capita use of water (in hundreds of

gallons) for domestic purposes has a probability density function of

the form

g(x)
r.05e-

to otherwise

Find the probability that a person chosen at random will use at least

300 gallons of water per day.

Warranty. A manufacturer guarantees a product for 1 year. The time

for failure of a new product after it is sold is given by the probability

density function

/(t) =
{

Ole" t^O
otherwise

where t is time in months. What is the probability that a buyer chosen

at random will have a product failure during the warranty period?

Life Sciences 31.

32.

33.

Pollution. It has been estimated that the seepage of toxic chemicals

from a waste dump is R(t) gallons per year t years from now, where

R(t)
500

(1 + f)^

Assuming that this seepage continues indefinitely, find the total

amount of toxic chemicals that seep from the dump.

Drug assimilation. When a person takes a drug, the body does not

assimilate all of the drug. One way to determine the amount of the

drug that is assimilated is to measure the rate at which the drug is

eliminated from the body. If the rate of elimination of the drug (in

milliliters per minute) is given by

R(t) = te-o2i

where t is the time in minutes since the drug was administered, how
much of the drug is eliminated from the body?

Medicine. If the length of stay for people in a hospital has a probability
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density function

g(t)
r.2e-2' t ^

[0 otheiotherwise

where f is time in days, find the probabiHty that a patient chosen at

random will stay in the hospital less than 5 days.

34. Medicine. For a particular disease, the length of time in days for

recovery has a probability density function of the form

{o' " otherwise

For a randomly selected person who contracts this disease, what is the

probability that he or she will take at least 7 days to recover?

35. Politics. In a particular election, the length of time each voter spent on

campaigning for a candidate or issue was found to have a probability

density function

Ffxl

1
x^O

otherwise

where x is time in minutes. For a voter chosen at random, what is the

probability of his or her spending at least 9 minutes on the campaign?

36. Psychology. In an experiment on conditioning, pigeons were required

to recognize on a light display one pattern of dots out of five possible

patterns to receive a food pellet. After the ninth successful trial, it was

found that the probability density function for the length of time in

seconds until success on the tenth trial is given by

={: otherwise

What is the probability that a pigeon selected at random from those

having successfully completed nine trials will take two or more sec-

onds to complete the tenth trial successfully?

15-5 Chapter Review

Important Terms 15-1 Integration by substitution, substitution, substitution in definite in-

and Symbols tegrals.

I

/[u(x)]u'(x) dx =
I

/(u) du = F(u) + C = F [u(x)] + C

^~u^~du~' F'(u)=/(u)
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r u''+' r 1

u" du = + C(n#-1), -du = ln|u| + C,

J n+1
'
J u

I
e"du = e" + C

15-2 Integration by parts. I u dv = uv — I v du

15-3 Integration using tables. Table of Integrals, substitution and integral

tables

15-4 Improper integrals, improper integral, converge, diverge, probability

density function, normal probability density function,

/:/ (X) dx = limi,_ /S/(x) dx, /L/(x) dx = lim„^_ /„^/(x) dx,

Sl^fix] dx = /l./(x) dx + ;:/ (X) dx

Exercise 15-5 Chapter Review

Work through oil the problems in this chapter review and check your

answers in the back of the book. (Answers to alJ review problems are there.]

Where weaknesses show up, review appropriate sections in the text. When
you are satisjied that you know the material, take the practice test following

this review.

A Evaluate the indicated integrals, i/ possible.

B

1. 2dx

dx

7.

11.

13.

15.

dx

xe"" dx

xVl +x

p X

Jo 1+x

/e^^x

J e--^ + 3

fj^dx
J n/xTq

[^
J x(x-

/:

-1-9)

6.

8.

^vTT^dx

dx

dx

e" dx

10.

12.

14.

16.

I
r_L_
Jo X + l

I X In X dx

/

f^^dx
J x + 9

p dx

Jo (X + 3P

f-L=
J 79x^-1-4

dx

dx
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17. Find the area bounded by the graphs of y = In x, y = 0, and x = e.

18.

20.

22.

I

x(lnx dx

-dx

Ji 4 + Vx

23.

J- (1 + .

19. I (x+lle-^dx

dx

(1 +x^
dx

Applications

Business & Economics 24. Consumers' and producers' surplus. (Refer to Section 14-5.) Find the

consumers' surplus and the producers' surplus for

Life Sciences

p = D(x) =

p = S(x) =

40

Jx+ 15

4x

Vx+ 15

25. Inventor)-. Suppose the inventory of a certain item t months after the

first of the year is given approximately by

I(t) = 4 + 5tVl2-t 0«t«12

What is the average inventory during the last nine months of the

year?

26. Production. An oil field is estimated to produce R(t) thousand barrels

of oil per month t months from now, as given by

R(t) = 25te-°°^'

How much oil is produced during the first 2 years of operation? If the

well is operated indefinitely, what is the total amount of oil produced?

27. Parts (esting. If in testing printed circuits for hand calculators, failures

occur relative to time in hours according to the probability density

function

F(t)-
02e-''2i t ^

otherwise

what is the probability that a circuit chosen at random will fail in the

first hour of testing?

28. Drug assimilation. The rate at which the body eliminates a drug (in

milliliters per hour) is given by

R(t) =
20t

(t + 1)^
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Social Sciences

29.

31.

where t is the number of hours since the drug was administered. How
much of the drug is eliminated in the first hour after it was adminis-

tered? What is the total amount of the drug that is eliminated by the

body?

Medicine. For a particular doctor, the length of time in hours spent

with a patient per office visit has the probability density function

fit]

4/3 0« t«3
[ + 1)

.0 otherwise

What is the probability that the doctor will spend more than 1 hour

with a randomly selected patient?

30. Politics. The rate of change of the voting population of a city, N'(t),

with respect to time t in years is estimated to be

N'[t] =
loot

(1 + t^

where N(t) is in thousands. If N(0) is the current voting population,

how much will this population increase during the next 3 years? If the

population continues to grow at this rate indefinitely, what is the total

increase in the voting population?

Psychology. Rats were trained to go through a maze by rewarding

them with a food pellet upon successful completion. After the seventh

successful run, it was found that the probability density function for

length of time in minutes until success on the eighth trial is given by

fit]
lo

t3=0

otherwise

What is the probability that a rat selected at random after seven

successful runs will take 2 or more minutes to complete the eighth

run successfully?

Practice Test: Chapter 15

Evaluate the indicated integrals in Problems 1 -9.

3. f e *" dx 1.

I

(x+3)e dx
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5. j dx D. I x' In X dx

7.
I

xV2 + xdx 8. — dx
J-2 J x(x-l)

9.
I

[Inxfdx

10. Find the area bounded by the graphs of y = VxM-ie
, y = 0, x = 0. and

x = 3.

11. An oil well is estimated to produce R(f) thousands of barrels of oil per

year t years from now, as given by

R(() = 10te-'

How much oil is produced during the first year of operation? If the

well is operated indefinitely, what is the total amount of oil produced?
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Functions of Two or More Independent Variables

In Section 5-2 we introduced the concept of a function with one indepen-

dent variable. Now we will broaden the concept to include functions with

more than one independent variable. We start with an example.

A small manufacturing company produces a standard type of surfboard

and no other products. If fixed costs are $500 per week and variable costs

are $70 per board produced, then the weekly cost function is given by

C[x] = 500 + 70x (1)

where x is the number of boards produced per week. The cost function is a

function of a single independent variable x. For each value of x from the

domain of C there exists exactly one value of C(x) in the range of C.

Now, suppose the company decides to add a high-performance competi

tion board to its line. If the fixed costs for the competition board are $200

per week and the variable costs are $100 per board, then the cost function

(1) must be modified to

C(x, y) = 700-1- 70x -1-1 OOy (2)

where C(x, y) is the cost for weekly output of x standard boards and y
competition boards. Equation (2) is an example of a function with two

independent variables, x and y. Of course, as the company expands its

product line even further, its weekly cost function must be modified to

include more and more independent variables, one for each new product

produced.

932
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In general, an equation of the form

z = /(x, y)

will describe a function of two independent variables if for each ordered
pair (x, y) from the domain of / there is one and only one value of z

determined by f(x, y) in the range of/. Unless otherwise stated, we will

assume that the domain of a function specified by an equation of the form
z =/(x, y) is the set of all ordered pairs of real numbers (x, y) such that

'f{x, y) is also a real number. It should be noted, however, that certain

conditions in practical problems often lead to further restrictions of the

domain of a function.

We can similarly define functions of three independent variables, w =
f(x, y, z); of four independent variables, u = f(w, x, y. z); and so on. In this

chapter, we will primarily concern ourselves with functions with two
independent variables.

Example 1 For C(x, y) = 700 + 70x + lOOy, find C(10, 5).

Solution C(10, 5) = 700 + 70(10) + 100(5) = $1,900

Problem 1 Find C(20, 10) for the cost function in Example 1.

Example 2 For /(x, y, z) = 2x^ - 3xy + 3z + 1, find /(3, 0, - 1).

Solution /(3, 0, - 1) = 2(3)- - 3(3)(0) + 3(- 1) + 1

= 18-0-3 + 1 = 16

Problem 2 Find/(-2, 2, 3) for / in Example 2,

Example 3 The surfboard company discussed previously has determined that the

demand equations for the two types of boards they produce are given by

p = 210-4X + y

q = 300 + x - 12y

where p is the price of the standard board, q is the price of the competition

board, x is the weekly demand for standard boards, and y is the weekly
demand for competition boards.

(A) Find the weekly revenue function R(x, y) and evaluate R(20, 10).

(B) If the weekly cost function is

C(x, y) = 700 + 70x + lOOy

find the weekly profit function P(x, y) and evaluate P(20, 10).
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Solution (A)

Problem 3

(Demand for

standard

boards )

(Price of a\

standard I

board /

(Demand for

competition

boards

(Price of a \
competition I

board /

R(x, y) = xp + yq

= x(210 - 4x + y) + y(300 + x - 12y)

= 210x + 300y - 4x2 + 2xy - 12y^

R(20, 10) = 210(20) + 300(10) - 4(20)= + 2(20)(10) - 12(10)=

= $4,800

(B) Profit = Revenue — Cost

P(x, y) = R(x, y)-C(x, y)

= 210x + 300y - 4x2 + 2xy- I2y- - 700 - 70x - lOOy

= 140x + 200y - 4x2 + 2xy - \Zy^ - 700

P(20, 10) = 140(20) + 200(10) - 4(20)=+ 2(20)(10) - 12(10)= - 700

= $1,700

Repeat Example 3 if the demand and cost equations are given by

p = 220 - 6x + y

q = 300 + 3x - lOy

C(x. y) = 40x + 80y + 1,000

Examples of Functions of Several Variables

A number of concepts we have already considered can be thought of in

terms of functions of two or more variables. We list a few of these below.

Area of a
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Simple interest

Compound
interest

IQ

Resistance for

blood flow

in a vessel

A[P, r, t]=P(l +rt)

A(P, r, t, n) = pfl+-j

Q(M, = ^(100)

R(L.r) = k-

A = Amount

P = Principal

r = Annual rate

t = Time in years

A = Amount

P = Principal

r = Annual rate

t = Time in years

n = Compound periods

per year

Q = IQ = Intelligence

quotient

M = MA = Mental age

C = CA = Chronological

age

R = Resistance

L = Length of vessel

r = Radius of vessel

k = Constant

Example 4

Solution

A company uses a box with a square base and an open top for one of its

products (see the figure). If x is the length in inches of each side of the base

and y is the height in inches, find the total amount of material M(x, y)

required to construct one of these boxes and evaluate M(5, 10).

Area of base = x'

Area of one side = xy

Total material = (Area of base) + 4(Area of one side)

M(x, y) = x^ + 4xy

M(5, 10) = 5' + 4(5)(10)

= 225 square inches

Problem 4 For the box in Example 4, find the volume V(x, y) and evaluate V(5, 10).
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Three-Dimensional Coordinate Systems

We now take a brief look at some graphs of functions of two independent

variables. Since functions of the form z = f(x, y] involve two independent

variables, x and y, and one dependent variable, z, we need a three-dimen-

sional coordinate system for their graphs. We take three mutually perpen-

dicular number lines intersecting at their origins to form a rectangular

coordinate system in three-dimensional space (see Figure 1). In such a

system, every ordered triplet of numbers (x, y, z) can be associated with a

unique point, and conversely.

f P (x, y, z)

Figure 1 Rectangular coordinate

system

Example 5 Locate (—3, 5, 2) in a rectangular coordinate system.

SoJution z

Problem 5 Find the coordinates of the corners A, C, G, and D of the rectangular box

shown in the figure.
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What does the graph of z = x' + y- look like? If we let x = and graph
z = 0^ + y2 = yMn the yz plane, we obtain a parabola; if we let y = and
graph z = X- + 0" = x' in the xz plane, we obtain another parabola. It can
be shown that the graph of z = x^ + y^ is just one of these parabolas rotated
around the z axis {see Figure 2). This cup-shaped figure is a surface and is

called a paraboloid.
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Saddle point

Answers to

Matched Problems

Figure 4 Saddle point at (0, 0, 0)

4 shows a point at (x, y) = (0, 0), called a saddle point, which is neither a

local minimum nor a local maximum. More will be said about local

maxima and minima in Section 16-4.

1. $3,100 2. 30

3. (A) R(x, y) = 220x + 300y- 6x2 + 4xy-10y^R(20, 10] = $4,800

(B) P(x, y) = 180x + 220y - 6x^ + 4xy - lOy' - 1,000;

P(20, 10) = $2,200

4. V(x, y) = xV; V(5, 10) = 250 cubic inches

5. A(0, 0, 0); C(2, 4, 0); G(2, 4, 3); D(0, 4, 0)

Exercise 16-1

A For the /unctions

/(x, y) = 10 + 2x-3y

jind each of the following:

g(x, y) = x^ - 3y2

B

1.

3.

5.

7.

Fin
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12. T(50, 17) for T{V, X) = ^^^
13. V(2, 4) for V(r, h) = nr^b

14. S(4, 2) forS(x, y) = 5xV
15. R(l,2) forR(x, y)=-5x2 + 6xy-4y2 + 200x + 300y

16. P(2, 2) forP(x, y) = -x2 + 2xy-2y2-4x + 12y + 5

17. R(6, 0.5) forR{L, r) = 0.002 —

18. L(2,000, 50) for L(w. v] = (1.25 X lQ-^)wv'

19. A(100, 0.06, 3) for A(P. r, t) = P + Prt

20. A(10. 0.04. 3, 2) for A(P, r, t, n) = P f 1 + -
j

21. A(100, 0.08. 10) forA(P. r, t) = Pe"

22. A(1,000, 0.06, 8) for A(P, r, t) = Pe--'

23. For the function /(x, y) = x^ + 2y^ find:

f(x + Ax,y)-/(x,y)

Ax

24. For the function f{x, y) = x^ + 2y^ find:

f(x,y + Ay)-/(x,y)

Ay

25. For the function f[x, y] = 2xy^, find:

f(x + Ax,y)-f(x,y)

Ax

26. For the function f(x, y) = 2xy^, find:

f(x,y + Ay)-f(x.y)

Ay

27. Find the coordinates of E and F in the figure for Problem 5 in the text.

28. Find the coordinates ofB and H in the figure for Problem 5 in the text.

Applications

Business & Economics 29. Cost /unction. A small manufacturing company produces two models

of a surfboard: a standard model and a competition model. If the

standard model is produced at a variable cost of $70 each, the compe-

tition model at a variable cost of $100 each, and the total fixed costs
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30.

31.

32.

33.

34.

per month are $2,000, then the monthly cost function is given by

C(x, y) = 2,000 + 70x + lOOy

where x and y are the numbers of standard and competition models

produced per month, respectively. Find C(20, 10), C(50, 5), and

C(30, 30).

Advertising and sales. A company spends x thousand dollars per week
on newspaper advertising and y thousand dollars per week on televi-

sion advertising. Its weekly sales were found to be given by

S(x, y) = 5x^y'

FindS(3, 2)andS(2, 3).

Revenue, cost, and profit functions. A firm produces two types of

calculators, x thousand of type A and y thousand of type B per year.

The revenue and cost functions for the year are (in thousands of

dollars)

R(x, y) = 14x + 20y

C(x, y) = x^ - 2xy + 2y2 + 12x + 16y + 5

Find R(3, 5),.C(3, 5), and P(3, 5).

Revenue, cost, and profit functions. A company manufactures ten-

speed and three-speed bicycles. The weekly demand and cost equa-

tions are

p = 230 - 9x + y

q = 130 + x -4y

C(x, y) = 200 + 80x + 30y

where $p is the price of a ten-speed bicycle, $q is the price of a

three-speed bicycle, x is the weekly demand for ten-speed bicycles, y
is the weekly demand for three-speed bicycles, and C(x, y) is the cost

function. Find the weekly revenue function R(x, y) and the weekly

profit function P(x, y). Evaluate R(10, 15) and P(10, 15).

Revenue function. A supermarket sells two brands of coffee: brand A
at $p per pound and brand B at $q per pound. The daily demand
equations for brands A and B are, respectively.

X • 200 - 5p + 4q

300 + 2p - 4q

(both in pounds). Find the daily revenue function R(p, q). Evaluate

R(2, 3)andR(3, 2).

Package design. The packaging department in a company has been

asked to design a rectangular box with no top and a partition down the
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middle (see the accompanying figure). If x, y, and z are the dimensions

in inches, find the total amount of material M(x, y, z] used in con-

structing one of these boxes and evaluate M{10, 12, 6).

Life Sciences 35. Marine biology. In using scuba diving gear, a marine biologist esti-

mates the time of a dive according to the equation

T(V,x) =^^

x-l-33

where

T = Time of dive in minutes

V= Volume of air, at sea level pressure, compressed into tanks

X = Depth of dive in feet

Find T(70, 47) and T(60, 27).

36.

37.

Blood flow. Poiseuille's lavif states that the resistance, R, for blood

flowing in a blood vessel varies directly as the length of the vessel, L,

and inversely as the fourth power of its radius, r. This relationship

may be stated in equation form as follows:

R(L,r) = k-
r*

k a constant

FindR(8, 1) and R (4, 0.2).

Physical anthropology. Anthropologists, in their study of race and
human genetic groupings, often use an index called the cephalic

index. The cephalic index, C, varies directly as the width, W, of the

head, and inversely as the length, L, of the head (both viewed from the

top). In terms of an equation.

C(W, L) = 100
W

where

W = Width in inches

L = Length in inches

FindC(6, 8) and C(8.1, 9).
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Social Sciences 38. Safety research. Under ideal conditions, if a person driving a car slams

on the brakes and skids to a stop, the length of the skid marks (in feet)

is given by the formula

L(w, v) = kwv^

where

k = Constant

w = Weight of car in pounds

V = Speed of car in miles per hour

For k = 0.0000133, find L(2,000, 40) and L(3,000, 60).

39. Psychology. Intelligence quotient (IQ) is defined to be the ratio of the

mental age (MA), as determined by certain tests, and the chronologi-

cal age (CA), multiplied by 100. Stated as an equation,

Q(M, C) = ^ 100

where

Q = IQ

M = MA
C = CA

Find Q(12, 10) and Q(10, 12).

16-2 Partial Derivatives

Partial Derivatives

Higher-Order Partial Derivatives

Partial Derivatives

We know how to differentiate many kinds of functions of one independent

variable and how to interpret the results. What about functions with two or

more independent variables? Let us return to the surfboard example

considered at the beginning of the chapter.

For the company producing only the standard board, the cost function

was

C(x) = 500 + 70x

Differentiating with respect to x, we obtain the marginal cost function

C'(x) = 70
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Since the marginal cost is constant, $70 is the change in cost for one unit

increase in production at any output level.

For the company producing two boards, a standard model and a competi-

tion model, the cost function was

C(x, y] = 700 + 70x + lOOy

Now suppose we differentiate with respect to x. holding y fixed, and denote

this by Cx(x, y); or we differentiate with respect to y, holding x fixed, and

denote this by Cy[x, y). Differentiating in this way, we obtain

CJx, y) = 70 Cy(x. y] = 100

Both these are called partial derivatives and, in this example, both repre-

sent marginal costs. The first is the change in cost due to one unit increase

in production of the standard board with the production of the competition

model held fixed. The second is the change in cost due to one unit increase

in production of the competition board with the production of the standard

board held fixed.

In general, if z = /(x, y), then the partial derivative of/with respect tox,

denoted by dz/dx, /,, or/^(x, y), is defined by

dz ,. f[x + Ax.y]-f(x,y)— = lim
ax Ax— Ax

provided the limit exists. This is the ordinary derivative of/with respect to

X, holding y constant. Thus, we are able to continue to use all the derivative

rules and properties discussed in Chapters 10 and 11 for partials.

Similarly, the partial derivative of/with respect to y, denoted by dz/dy.

fy, or/j,(x, y), is defined by

dz .. f{x,y + Ay]-f[x,y)— = lim
ay Ay— Ay

which is the ordinary derivative with respect to y, holding x constant.

Parallel definitions and interpretations hold for functions with three or

more independent variables.

Example 6 For z = /(x, y) = 2x^ - 3x^y + 5y + 1, find:

(A) £ (B) /,(2,3)

Solution (A) z = 2x2 - g^Zy + ^y ^ -^

Differentiating with respect to x, holding y constant (that is, treating y

as a constant), we obtain

dz-— = 4x — 6xy
dx

^
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Example 7

Solution

Problem 7

Example 8

Profit

Solution

(B) /(x, y) = 2x2 _ 3x2y + sy + i

First differentiate with respect to x (part A) to obtain

/x(x, y) = 4x - 6xy

Then evaluate at (2, 3). Thus,

/J2, 3) = 4(2)-6(2)(3) = -28

Problem 6 For / in Example 6, find:

(A) 1^ (B) /,(2,3)

For z=/(x,y) = e'''+>'^ find:

(A) £ (B) fy(2,l)

(A) Using the chain rule [thinking of z = e", u = u(x); y is held constant],

we obtain

dx dx

= 2X6"'+'"

(B) f,(x, y) = 2ye''^^'"

fy{2, 1) = 2(l)e^^''

= 2e=

For z = /(x, y) = (x^ + 2xy)=, find:

(A) ^ (B) /,(1,0)
dy

The profit function for the surfboard company in Example 3 in Section 16-1

was

P(x, y) = 140x + 200y - 4x^ + Ixy - 12y2 - 700

Find Px(15, 10) and Px(30, 10), and interpret.

P,(x, y) = 140 - 8x + 2y

P,(15, 10) = 140 - 8(15) + 2(10) = 40

PJ30, 10) = 140 - 8(30) + 2(10) = -80

At a production level of 15 standard and 10 competition boards per week,

increasing the production of standard boards by one and holding the

production of competition boards fixed at 10 will increase profit by approx-

imately $40. At a production level of 30 standard and 10 competition

boards per week, increasing the production of standard boards by one unit
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and holding the production of competition boards fixed at 10 will decrease

profit by approximately $80.

Problem 8 For the profit function in Example 8, find P,.(25. 10) and P,,(25, 15), and

interpret.

Partials have simple geometric interpretations, as indicated in Figure 5.

If we hold X fixed, say x = a, then /y(a, y) is the slope of the curve obtained

by intersecting the plane x = a with the surface z = f (x, y). A similar

interpretation is given to f^(x, b).

Surface

z = f[x. y

Slope of tangent line = /„(a, b)

Curve

z = /(x. b)

Figure S

Curve

z = /(a, y)

Slope of tangent line = /,,(a, b)

Higher-Order Partial Derivatives

Just as there are higher-order ordinary derivatives, there are higher-order

partials, and we will be using some of these in Section 16-4 when we
discuss local maxima and minima. The following second-order partials will

be useful:

Second-Order Partials

If z = /(x, y). then

dx^~ dx \dx)

~ dx \dy)
"

j=/yy(x. y)=/yy

dxdy

dy dx

= /xx(X, y)=/x;

= fyxi^, y) = /vr

dy'
~ dy \dy}
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Example 9

Solution

Problem 9

Answers to

Matched Problems

In the mixed partial
d^z

= fyx, we start with z = /(x, y) and first
dxdy '""

differentiate with respect to y (holding x constant). Then we differentiate

with respect to x (holding y constant). What is the order of differentiation

for
d^z = f^y? It can be shown that for the functions we will consider,
dydx ""

/xy{x. y) = /yx(x, y).

For z = /(x, y) = Sx^ - 2xy^ + 1, find

(A) (B)
dx'

(C) /,,(2,1)
dx dy ' dy dx

(A) First differentiate with respect to y and then with respect to x:

dz = -6xy2
d'z

dz— = 6x
dx

2y3

(B)

(C)

dy dx

Differentiate with respect to x twice

^z

ct to x and the

=A (^\ =
dy \dx/ I

dy dx dy

First differentiate with respect to x and then with respect to y:

a^z d ldz\ d
(6x - 2y^) = - 6y2

dx
= 6x - 2y3

dx^
~ dx\dx}~

First find /yx(x, y). Then evaluate at (2, 1). Again, remember that /y^

means to differentiate with respect to y first and then with respect to x.

Thus,

/y(x. y) = -6xy2

/yx(x, y) = -6y2

and

L,(2, l) = -6(l)^ = -6

For the function in Example 9, find

dH
(A)

dy dx
(B) (C) /,y(2,3) (D) /yx(2,3)

(A)
Sz

dw
= -3x^ + 5 (B) /y(2, 3) = -7

(A) 10x(x2 + 2xy)^ (B) 10

Py(25, 10) = 10: At a production level of x = 25 andy = 10, increasingy

by one unit and holding x fixed at 25 will increase profit by approxi-
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mately $10; Py[25. 15) = -110: At a production level of x = 25 and

y = 15. increasing y by one unit and holding x fixed at 25 will decrease

profit by approximately $110.

9. (A) -6y2 (B) -12xy (C) -54 (D) -54

Exercise 16-2

A For z = fix, yj = 10 + 3x + 2y, find each of the fol]oiving:

dz dz

dx dy

3. f,(1.2) 4. /,(1.2)

For z = ffx, y) = 3x^ — 2xy^ + 1, find each of the following:

dz dz

dy ox

7. /J2. 3) 8. /,(2, 3)

For S(x, y) = 5x^y^, jind each of the following:

9. S,[x,y] 10. Sy(x,y]

11. Sj,(2, 1) 12. SJ2, 1)

B For C(x, y) = x^ - 2xy + 2y^ + 6x - 9y + 5. find each of the following:

13. C,(x,y) 14. Cy[x.y)

15. CJ2, 2) 16. Cj,(2. 2)

17. C,y[x.y] 18. Cy,[x.y]

19. C^^(x.y) 20. Cyy[x,y)

For z = ffx, y) = e^"''"^'', jind each of the following:

dz dz
21- -T- 22. —

dx ay

dH d'-z
23. ^-^— 24.

dx dy ' dy dx

25. /,,,(!. 0) 26. /y,(0, 1)

27. /xx{0. 1) 28. /,^(1,0)

Find fj,x, y] and fy(x, y) for each /unction f given by:

29. /(x. y) = (x^ - y^f 30. /(x, .v) = V2x - y^

31. /(x, y) = (3x^y - 1)" 32. /(x. y) = (3 + 2xyT
33. /(x, y) = ln(x2 + y^) 34. /(x, y) = ln(2x - 3y)

35. /(x, y) = y^e"''' 36. /(x. y) = x^e'''*'
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x^ — v^ 2y^v
37- /(-y) =^ 38. /(x,y) =^
Find /xx(x, y), /xy(x, y), /yx(x, y), and /yy(x, y) for each function /given by:

39. /(x, y) = x^v' + x^ + y 40. /{x, y) = x^y' + x + y^

41. /(x, y) = - - - 42. f (x, V) = — - —
y x ' y X

43. /(x, y) = xe'"' 44. f[x. y] = x In(xy)

45. For

P(x, y) = -x^ + 2xy - 2y^ - 4x + 12y - 5

find values of x and y such that

P^(x, y) = and Py(x, y) =

simultaneously.

46. For

C(x, y) = 2x^ + 2xy + Sy^ - 16x - 18y + 54

find values of x and y such that

C,(x, y) = and C,,(x, y) =

simultaneously.

In ProbJems 47-48, show that the /unction f satisfies f^Jx, y) +fyy(x, y) = 0.

47. /(x, y) = ln(x^ + y^)

48. /{x, y) = x^ - 3xy2

49. For f[x, y) = x^ + 2y\ find:

^.^
/(x-fAxy)-/(x,y)

,.^ /(x, y + Ay) -/(x, y)

Ax— Ax Ay— Ay

50. For/{x, y) = 2xy^find:

H^
/(x + Ax.y]-/(x.y) ^.^ /(x. y -f Ay] -/(x, y)

Ax— Ax Ay-0 Ay

Applications

Business & Economics 51. Cost /unction. The cost function for the surfboard company in Prob-

lem 29 in Exercise 16-1 was

C(x, y) = 2,000 + 70x + lOOy

Find Cx(x, y) and Cy(x, y), and interpret.

52. Advertising and sales. A company spends x thousand dollars per week
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on newspaper advertising and y thousand dollars per week on televi-

sion advertising. Its weekly sales were found to be given by

S(x, y) = 5x^y^

Find S,(3, 2) and 5^(3, 2), and interpret.

53. Projit function. A firm produces two types of calculators, x thousand of

type A and y thousand of type B per year. The revenue and cost

functions for the year are (in thousands of dollars)

R(x, y) = 14x + 20y

C(x, y) = x^ - 2xy + 2y^ + 12x + 16y + 5

Find P^(l, 2) and Py(l, 2), and interpret.

54. Revenue and profit functions. A company manufactures ten-speed

and three-speed bicycles. The weekly demand and cost functions are

p = 230 - 9x -I- y

q = 130 -l-x-4y

C(x, y) = 200 -I- 80x -|- 30y

where $p is the price of a ten-speed bicycle, $q is the price of a

three-speed bicycle, x is the weekly demand for ten-speed bicycles, y
is the weekly demand for three-speed bicycles, and C(x, y) is the cost

function. Find R,(10, 5) and Px(10, 5). and interpret.

55. Demand equations. A supermarket sells two brands of coffee, brand A
at $p per pound and brand B at $q per pound. The daily demand
equations for brands A and B are, respectively,

X = 200 - 5p -I- 4q

y = 300 + 2p - 4q

Find dx/dp and by/dp, and interpret.

56. Marginal productivity. A company has determined that its productiv-

ity (units per employee per week) is given approximately by

z(x, y) = 5Gxy — x^ — 3y^

where x is the size of the labor force in thousands and y is the amount

of capital investment in millions of dollars.

(A) Determine the marginal productivity of labor when x = 5 and

y = 4. Interpret.

(B) Determine the marginal productivity of capital when x = 5 and

y = 4. Interpret.

Life Sciences 57. Marine biology. In using scuba diving gear, a marine biologist esti-

mates the time of a dive according to the equation

T(V,x) =-^
x-l-33
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where

T = Time of dive in minutes

V = Volume of air, at sea level pressure, compressed into tanks

X = Depth of dive in feet

Find Tv{70, 47) and T,(70, 47), and interpret.

58. Blood flow. Poiseuille's law states that the resistance, R, for blood

flowing in a blood vessel varies directly as the length of the vessel, L,

and inversely as the fourth power of its radius, r. This relationship

may be stated in equation form as follows:

R(L, r) = k —- k a constant

Find Rl (4, 0.2) and R, (4. 0.2). and interpret.

59. Physical anthropology. Anthropologists, in their study of race and

human genetic groupings, often use an index called the cephalic

index. The cephalic index, C, varies directly as the width, W, of the

head, and inversely as the length, L, of the head (both viewed from the

top). In terms of an equation,

W
C(W, L) = 100 —

where

W = Width in inches

L = Length in inches

Find Cw(6, 8) and Cl(6, 8), and interpret.

60. Safety research. Under ideal conditions, if a person driving a car slams

on the brakes and skids to a stop, the length of the skid marks (in feet)

is given by the formula

L(w, v] = kwv^

where

k = Constant

w — Weight of car in pounds

V = Speed of car in miles per hour

For k = 0.0000133, find LJ2,500, 60) and LJ2,500, 60), and interpret.

61. Psychology. Intelligence quotient (IQ) is defined to be the ratio of the

mental age (MA), as determined by certain tests, and the chronologi-

cal age (CA), multiplied by 100. Stated as an equation,

Q(M, 0=^-100
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where

Q = IQ

M = MA
C = CA

Find Qm[12, 10) and Qc(12, 10), and interpret.

16-3 Total Differentials and Their Applications

The Total Differential

Approximations Using Differentials

The Total Differential

Recall (Section 11-4) that for a function defined by

y = f[x]

the differential dx of the independent variable x is another independent

variable, which can be viewed as Ax, the change in x. The differential dy of

the dependenl \'ariable y is given by dy = f'[x) dx. Thus, the differential of

a function with one independent variable is a function with two indepen-

dent variables, x and dx. How can the differential concept be extended to

functions with two or more independent variables?

Suppose z = /(x, y) is a function with the independent variables x and y.

We define the total differential of the dependent variable z to be

dz = f^(x, y) dx + fy(x, y) dy

Notice that dz is a function of /our variables: the independent variables x

and y, and their differentials dx and dy.

Example 10 Find dz for f(x, y) = x^y^. Evaluate dz for:

(A) X = 2. y = -l, dx = 0.1, and dy = 0.2

(B) x = l, y = 2. dx = -0.1. and dy = 0.05

(C) x = -2, y=l, dx = 0.3, and dy = -0.1

Solution Since f^(x. y) = 2xy^ and fy[x, y) = 3x^y^,

dz = /x(x, y) dx -f fy[x, y) dy

= 2xy^ dx + 3x2y2 dy

(A) When x = 2, y = -1, dx = 0.1. and dy = 0.2,

dz = 2(2)(- l)'(O.l) + 3(2)-(-l)2(0.2) = 2
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(B) When x = 1, y = 2, dx = -0.1, and dy = 0.05,

dz = 2(1)(2)3(-0.1) + 3(1)2(2)2(0.05) = -1

(C) When x = -2, y = 1, dx = 0.3, and dy = -0.1,

dz = 2(-2)(l)3(0.3) + 3(-2)2(l)2(-0.1) = -2.4

Problem 10 Find dz for f(x, y) = xy^ + x^. Evaluate dz for:

(A) X = 3, y = l, dx = 0.05, and dy = -0.1

(B) x = -2, y = 2, dx = 0.2, and dy = 0.1

(C) x = l, y = -2, dx = 0.1, and dy = -0.04

If w = f(x, y, z), then the total differential is

dw = f,[x, y, z) dx + fy(x, y, z) dy + f^(x, y, z) dz

This time, dw is a function of six independent variables: the original

independent variables x, y, and z, and their differentials dx, dy, and dz.

Generalizations to functions with more than three independent variables

follow the same pattern.

Example 11 Find dw for /(x, y, z) = xyz^. Evaluate dw for:

(A) x = 2, y=3, z = -l, dx = 0.1, dy = -0.2, and dz = 0.05

(B) x = l, y = -2, z = 0, dx = -0.1, dy = 0.1, and dz =
(C) x = -l, y=l, z = 2, dx = 0.2, dy = 0.3, and dz = -0.4

Solution Since /^(x, y, z) = yz^, /^(x, y, z) = xz^, and /^(x, y, z) = 2xyz,

dw = yz^ dx + xz^ dy + 2xyz dz

(A) Whenx = 2,y= 3, z = -1, dx = 0.1, dy = -0.2, and dz = 0.05,

dw = (3)(- 1)2(0.1) + (2)(-l)2(-0.2) + 2(2)(3)[-l)(0.05) = -0.7

(B) When x = 1, y = -2, z = 0, dx = -0.1, dy = 0.1, and dz = 0,

dw = (-2)(0)2(-0.1) + (1)(0)2(0.1) + 2(l)(-2)(0)(0) =

(C) Whenx = -1, y= 1, z = 2, dx = 0.2, dy = 0.3, and dz = -0.4,

dw= (1)(2)2(0.2) + (-1)(2)2(0.3) + 2(-l)(l)(2)(-0.4) = 1.2

Problem 11 Find dw for /(x, y, z) = xy + yz + zx. Evaluate dw for:

(A) x = l, y = l, z = l, dx = 0.1, dy = 0.1, and dz = 0.1

(B) x = 2, y = 2, z = -2, dx = 0.5, dy = 0.5, and dz =

(C) x = 4, y = -3, z = l, dx = 0.1, dy = -0.2. and dz = 0.4

Approximations Using Differentials

If z = /(x, y) and Ax and Ay represent the changes in the independent

variables x and y, then the corresponding change in the dependent variable
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z is given exactly by

Az = fix + Ax, y + Ay) — fix, y)

For small values of Ax and Ay, the differential dz can be used to approxi-

mate the change Az.

Example 12 Find Az and dz for/(x, y) = x^ + y^ when x = 3, y = 4, Ax = dx = 0.01, and

Ay = dy = - 0.02.

Solution Az = f[x + Ax, y + A3'] — f(x, y)

= f(3.01, 3.98) -/(3. 4)

= [(3.01)2 + (3.98P]-[3^ + 42]

= 24.9005 - 25

= -0.0995 *

dz = /„(x, y) dx + fy(x, y) dy

2x dx + 2y dy

2(3){0.01) + 2(4)(-0.02)

-0.1 «

Note that dz is a good

approximation for Az, the exact

change in z, and dz was easier to

calculate

Problem 12 Repeat Example 12 for x = 2, y = 5, Ax = dx = -0.01, and Ay = dy = 0.05.

In addition to approximating Az, the differential can also be used to

approximate f(x + Ax, y + Ay). These approximations are summarized in

the box and illustrated in the examples that follow.

Diiferential Approximation
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(A) What is the cost of producing 100 boards of each type?

(B) What is the approximate change in the cost if one fewer standard and

two more competition boards are produced? Approximate the change

using differentials.

Solution (A) C(100, 100) = 700 + 70(100)^/^ + 100(100)^/^ - 20(100)'/2(ioo)i/2

= 700 + 70,000 + 100,000 - 2,000

= $168,700

(B) We will use dC to approximate AC as x changes from 100 to 99 and y
changes from 100 to 102. We must evaluate dC for x = 100, y = 100,

dx = Ax = — 1 , and dy = Ay = 2:

AC-dC
= C,(x, y] dx + Cy(x, y] dy

= [105x^/2 _ iox-V2yV2] dx + [150y'/2 - IQx'/'y"'/^] dy

= [105(100)^/2 _ io(iOO)-'/2(100)'/2](- 1)

+ [150(100)^/2 _ io(100)'''2(;ioO)-^/2)](2)

= -1,040 + 2,980

= $1,940

Thus, decreasing the production of standard boards by one and in-

creasing the production of competition boards by two will increase

the cost by approximately $1,940.

For the cost function in Example 13:

(A)

Problem 13

Example 14

Solution

(B)

What is the cost of producing 25 standard boards and 100 competition

boards?

What is the approximate change in the cost if three more standard

boards and five fewer competition boards are produced?

Approximate the hypotenuse of a right triangle with legs of length 6.02 and

7.97 inches.

If X and y are the lengths of the legs of a right triangle, then from the

Pythagorean theorem we find the hypotenuse z to be
\

z = /(x, y) = Vx^ + y2

We could use a calculator to compute the value of /(6.02, 7.97) directly,

however, our purpose here is to illustrate the use of the differential to

approximate the value of a function. Thus, we will proceed as though a

calculator is not available. This means that we must select values of x and y

that satisfy two conditions: First, they must be near 6.02 and 7.97; and

second, we must be able to evaluate VxM-y^ without using a calculator.

Since

n/62 + 8^ = v/36 + 64 = ^100 = 10
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X = 6 and y = 8 satisfy both of these conditions. So, we let x = 6, y = 8,

dx = Ax = 0.02, and dy = Ay = —0.03, and then we use

f(x + Ax, y + Ay) = f[x, y] + Az

= /(x,y) + dz

= /(x,y)+/,(x,y)dx+/,(x,y)dy

Now we can obtain an approximation to/(6.02, 7.97) that we can evaluate

bv hand:

fix + Ax, y + Ay) - /(x, y) + /Jx, y) dx + f,(x, y) dy

X . . y
V(x + AxY + [y + Ayf ^ -Jx^ + y^ +

Vx2 + v'

dx + -

V(6 + 0.02)2 + [8 + (-0.03)]' = Ve^ + 8^ + (0.02) + -

Vx' + y2

8

dv

VeM^ '~'~
' Ve' + 8'

V(6.02)2 + (7.97)2 = 10 + 0.012 - 0.024 = 9.988

-0.03)

Problem 14 Approximate the hypotenuse of a right triangle with legs of length 2.95 and

4.02.

Answers to

Matched Problems

10. dz = (y2 + 2x) dx + 2xy dy: (A) -0.25 (B) -0.8 (C) 0.76

11. dw = (y + z) dx + (x + z) dy + (y + x) dz: (A) 0.6 (B)

(C) -0.8

12. Az = 0.4626, dz = 0.46 13. (A) $108,450 (C) -$5,960

14. 4.986

Exercise 16-3

Find dz for each function.

1. z = x2 + y2

3. z = x^y^

r- 5

yly

Find dw for each function.

2. z = 2x + xy + 3y

4. z = V2x + 6y

6. z = xVl +y

8. w = xy'z^

10. w = sl2x + 3v - z

7. w = x^ + y^ + z^

9. w = xy + 2xz + 3yz

B Evaluate dz and Az for each function at the indicated values.

Ax = dx = 0.1,11. z = /(x, y) = x2-2xy + y2.

Ay = dy = 0.2

12. Z = /(X, y) = 2X2 + xy - 3y2,

Ay = dy = 0.05

x = 3, y = l,

x = 2, y = 4, Ax = dx = 0.1,
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13. z = /(x, y) = 100 ( 3--j, x = 2, y=l, Ax = dx = 0.05,

Ay = dy= 0.1

14. z = /(x, y) = 50 ( 1 +— j, x = 3, y = 9, Ax = dx = -0.1,

Ay = dy = 0.2

In Problems 15-38 evaluate dw and Aw for each /unction at the indicated

values.

15. w = /(x, y, z) = x^ + yz, x = 2, y=3, z = 5, Ax = dx = 0.1,

Ay = dy = 0.2, Az = dz = 0.1

16. w = /(x, y, z) = 2xz + y2 - z^ x = 4, y = 2, z = 3,

Ax = dx = 0.2, Ay = dy = 0.1, Az = dz = -0.1

, 10x + 20y
17. H' = /(x, y, z) = , X = 4, y = 3. z = 5,

z

Ax = dx = 0.05, Ay = dy = -0.05, Az = dz = 0.1

18. w = /(x, y, z) = 50 (xH ^~)' x = 2, y=2, z = l,

Ax = dx = 0.2, Ay = dy = 0.1. Az = dz = 0.1

19. Approximate the hypotenuse of a right triangle with legs of length 3.1

and 3.9 inches.

20. Approximate the hypotenuse of a right triangle with legs of length

4.95 and 12.02 inches.

21. A can in the shape of a right circular cylinder with radius 5 inches and

height 10 inches is coated with ice 0.1 inch thick. Use differentials to

approximate the volume of the ice (V = ;rr^h).

22. A box with edges of length 10, 15, and 20 centimeters is covered with a

1 centimeter thick coat of fiberglass. Use differentials to approximate

the volume of the fiberglass shell.

23. A plastic box is to be constructed with a square base and an open top.

The plastic material used in construction is 0.1 centimeter thick. The

inside dimensions of the box are 10 by 10 by 5 centimeters. Use

differentials to approximate the volume of the plastic required for one

box.

24. The surface area of a right circular cone with radius r and altitude h is

given by

S = n^^l^^ + h'

Use differentials to approximate the change in S when r changes from

6 to 6.1 inches and h changes from 8 to 8.05 inches.

25. Find dz if z = xye'"+>".

26. Find dz if z = x In(xy) + y In(xy).
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27. Find dw if w = xyze"''^.

28. Find dw if w = xy In(xz) + yz In(xy).

Applications

Business & Economics 29. Cost /unction. A microcomputer company manufactures two types of

computers, model I and model II. The cost in thousands of dollars of

producing x model I's and y model II's per month is given by

C(x, y) = X + 2v Vx^ + y2

Currently, the company manufactures 30 model I computers and 40

model II computers each month. Use differentials to approximate the

change in the cost function if the company decides to produce 5 more

model I and 3 more model II computers each month.

30. Ad\'ertisiiig and sales. A company spends x thousand dollars per week
on newspaper advertising and y thousand dollars per week on televi-

sion advertising. Its weekly sales were found to be given by

S(x, y) = 5x^y^

Use differentials to approximate the change in sales if the amount
spent on newspaper advertising is increased from $3,000 to $3,100 per

week and the amount spent on television advertising is increased

from $2,000 to $2,200 per week.

31. fie\enue function. A supermarket sells two brands of coffee: brand A
at $x per pound and brand B at $y per pound. The daily demand
equations for brands A and B are, respectively,

u = 200 - 5x -I- 4y

V = 300 - 4y + 2x

(both in pounds). Thus, the daily revenue equation is

fi(x, y) = xu + yv

= x(200 - 5x + 4y) + y(300 - 4y + 2x)

= -5x^ + 6xy - 4y2 + 200x + 300y

Use differentials to approximate the change in revenue if the price of

brand A is increased from $2.00 to $2.10 per pound and the price of

brand B is decreased from $3.00 to $2.95 per pound.

32. Marginal productivity. A company has determined that its productiv-

ity (units per employee per week) is given approximately by

z(x, y) = 50xy - x^ - 3y^

where x is the size of the labor force in thousands and y is the amount

of capital investment in millions of dollars. The current labor force is
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Life Sciences 33.

Social Sciences

5,000 workers. The current capital investment is $4 million. Use

differentials to approximate the change in productivity if both the

labor force and the capital investment are increased by 10%.

Blood flow. Poiseuille's law states that the resistance, R, for blood

flowing in a blood vessel varies directly as the length of the vessel, L,

and inversely as the fourth power of its radius, r. This relationship

may be stated in equation form as follows:

R(L, r) k a constant

Use differentials to approximate the change in the resistance if the

length of the vessel decreases from 8 to 7.5 centimeters and the radius

decreases from 1 to 0.95 centimeter.

34. Drug concentration. The concentration of a drug in the bloodstream

after having been injected into a vein is given by

C(x, y)
=

/
1 + Vx^ + y2

where x is the time passed since the injection and y is the distance

from the point of injection. Use differentials to approximate the

concentration C(3.1, 4.1).

35. Safety research. Under ideal conditions, if a person driving a car slams

on the brakes and skids to a stop, the length of the skid marks (in feet)

is given by the formula

Hw, v) = kwv^

where

k = Constant

w = Weight of car in pounds

V = Speed of car in miles per hour

For k = 0.000 013 3, use differentials to approximate the change in

the length of the skid marks if the weight of the car is increased from

2,000 to 2,200 pounds and the speed is increased from 40 to 45 miles

per hour.

36. Psychology, Intelligence quotient (IQ) is defined to be the ratio of the

mental age (MA), as determined by certain tests, and the chronologi-

cal age (CA) multiplied by 100. Stated as an equation,

Q(M,C) = ^-100

where
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Q = IQ

M = MA
C = CA

Use differentials to approximate the change in IQ as a person's mental

age changes from 12 to 12.5 and chronological age changes from 10 to

11.

16-4 Maxima and Minima

We are now ready to undertake a brief but useful analysis of local maxima
and minima for functions of the type z = f{x, y). Basically, we are going to

extend the second-derivative test developed for functions of a single inde-

pendent variable. To start, we assume that all second-order partials exist

for the function / in some circular region in the xy plane. This guarantees

that the surface z = f[x, y) has no sharp points, breaks, or ruptures. In other

words, we are dealing only with smooth surfaces with no edges (like the

edge of a box); or breaks (like an earthquake fault); or sharp points (like the

bottom point of a golf tee). See Figure 6.

NO

Figure 6

In addition, we will not concern ourselves with boundary points or

absolute maxima-minima theory. In spite of these restrictions, the proce-
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Theorem 1

dure we are now going to describe will help us solve a large number of

useful problems.

What does it mean for/(a, b) to be a local maximum or a local minimum?
We say that /(a, b) is a local maximum if there exists a circular region in

the domain of/ with (a, b) as the center, such that

f(a,b]^/(x,y)

for all (x, y) in the region. Similarly, we say that /(a, b) is a local minimum
if there exists a circular region in the domain of/with (a, b) as the center,

such that

/(a, b)^/(x,y)

for all (x, y) in the region. In Section 16-1, Figure 2 illustrates a local

minimum. Figure 3 illustrates a local maximum, and Figure 4 illustrates a

saddle point, which is neither.

What happens to /x (a, b) and/y(a, b) if/(a, b) is a local minimum or a local

maximum and the partials of/ exist in a circular region containing (a, b)?

Figure 7 suggests that /^(a, b) = and fy(a, b) = 0, since the tangents to the

indicated curves are horizontal. Theorem 1 indicates that our intuitive

reasoning is correct.

Let /(a, b) be an extreme (a local maximum or a local

the function /. If both /, and f^. exist at (a, b), then
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/x(a, b) = and fy(a, b) = and test these further to determine whether

/(a, b) is a local extreme or a saddle point. Points (a, b) such that (1) holds

are called critical points. The next theorem, using second-derivative tests,

gives us sufficient conditions for a local point to produce a local extreme or

a saddle point. As was the case with Theorem 1, we state this theorem
without proof.

Theorem 2 Se

If:

1.

2.

3.

4.
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Step 3. Evaluate AC — B^ and try to classify the critical point (3, 4) using

Theorem 2.

AC - B2 = (- 2)(-2) - (OP = 4 > and A = -2<0

Therefore, case 1 in Theorem 2 holds. That is, /(3, 4) = 4 is a local

maximum.

Problem 15 Use Theorem 2 to find local extrema for

f(x, y) = x^ + y^- lOx - 2y + 36

Example 16 Use Theorem 2 to find local extrema for

/(x, y) = x' + y^ — 6xy

Solution Step 1. Find critical points.

/,(x, y) = 3x^ - 6y =

By = 3x2

y = — x^
^ 2

Solve for v.

(2)

Ux. y] = 3y2 -6x

3y2 =

ih'J'

6x

6x

6x

Use (2) to eliminate y.

Solve for x.
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Therefore, case 3 in Theorem 2 applies. That is, f has a saddle

point at (0, 0).

Now we will consider the second critical point, (2, 2).

Test (2, 2] Step 2. Compute A = f,j2, 2), B = f„i2. 2), and C = /„.(2, 2).

/,,(x,y) = 6x, thus A = /,,(2, 2)= 12

/xy(x,y)=-6, thus B==/,,(2, 2) = -6

fyy[x,y] = 6y, thus C =/„,(2, 2) = 12

Step 3. EvaJuate AC — B-' and try to cJassif)' the critical point (2, 2) using

Theorem 2.

AC -B2 = (12)(12) 6)2 = 108 >0 and A = 12>0

8 is a localThus, case 2 in Theorem 2 applies and /(2, 2)

minimum.

Problem 16

Example 17

Profit

Solution

Use Theorem 2 to find local extrema for

/(x, y]—x^ + y^ — 6xy

Suppose the surfboard company discussed earlier has developed the yearly

profit equation

P(x, y) = -2x^ + 2xy - y^ + lOx - 4y + 107

where x is the number (in thousands) of standard surfboards produced per

year, y is the number (in thousands) of competition surfboards produced

per year, and P is profit (in thousands of dollars). How many of each type of

board should be produced per year to realize a maximum profit? What is

the maximum profit?

Step 1. Find critical points.

Px(x, y) = -4x + 2y + 10 =

Py(x, y)= 2x-2y- 4 =

Solving this system, we obtain (3, 1) as the only critical point.

Step 2. Compute A = P,,(3, 1). B = P,^.l3. 1). and C = Pyy{3, 1).

Pxx(x, y) = -4. thus A = P„(3. l)=-4

Pxy(x, y) = 2, thus B = P,^.(3, 1) = 2

Pyyix, y) = -2, thus C = P,.y(3, 1) = -2

Step 3. Evaluate AC — B^ and try to classify the critical point (3, 1) using

Theorem 2.

AC-B' = (-4)(-2) - (2)2 = 8-4 = 4>0
A = -4 <0
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Therefore, case 1 in Theorem 2 applies. That is, P(3, 1) = $120,000

is a local maximum. This is obtained by producing 3,000 standard

boards and 1,000 competition boards per year.

Problem 17 Repeat Example 17 with

P(x, y) = -2x^ + 4xy - Sy^ + 4x - 2y + 77

Example 18 The packaging department in a company has been asked to design a

Package Design rectangular box with no top and a partition down the middle. The box must

have a volume of 48 cubic inches. Find the dimensions that will minimize

the amount of material used to construct the box.

Solution

The amount of material used in constructing this box is

Front Sides

and and

Base back partition

M = xy + 2xz + 3yz

The volume of the box is

V=xyz = 48

(3)

(4)

Since Theorem 2 applies only to functions with two independent variables,

we must use (4) to eliminate one of the variables in (3).

M = xy + 2xz + 3yz Substitute z =

= xy + 2x(l^) + 3yg)
,
96 144= xy -\ 1

y X

Thus, we must find the minimum value of

48

xy

96 144
Mfx, y) = xy -\ 1

y X
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Step 1. Find critical points.

M,(x,
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Problem 18 If the box in Example 18 must have a volume of 384 cubic inches, find the

dimensions that will require the least amount of material.

Answers to

Matched Problems

15. /(5, 1) = 10 is a local minimum
16. /has a saddle point at (0, 0); .f(6, 18) = —108 is a local minimum
17. Local maximum for x = 2 and y = 1; P(2, 1) = $80,000

18. 12 inches by 8 inches by 4 inches

Exercise 16-4

B

Find JocaJ extrema using Theorem 2.

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

/(x, y) = 6 - x^ - 4x - y2

f[x, y] y' + 6y
/(x, y) = x2 + y2 + 2x - 6y + 14

f(x, y) = x^ + y2 - 4x + 6y + 23

f(x, y) = xy+ 2x - 3y- 2

/(x, y) = x2 - y2 + 2x + By - 4

/(x, y) = -3x2 + 2xy - 2y2 + 14x + 2y + 10

f(x, y) = -x^ + xy - 2y= + x + lOy - 5

/(x, y) = 2x2 _ 2xy + 3y2 - 4x - By + 20

f(x, y) = 2x2 - xy + y2 - X - 5y + 8

11. /(x, y) = e"*"

13. /(x, y) = x^ + y' - 3xy

15. /(x, y) = 2x^ + y2-12xy
17. /(x, y) = x^ - 3xy2 + By^

12. /(x, y) = x2y - xy2

14. /(x, y) = 2y^ -6xy
16.

18.

fix, y)

/(x, y)

16xv 2y2

2x2-2x2y + 6y'

Applications

Business & Economics 19. Product mix for maximum projif. A firm produces tw:o types of calcu-

lators, X thousand of type A and y thousand of type B per year. If the

revenue and cost equations for the year are (in millions of dollars)

R(x, y) = 2x + 3y

C(x, y) = x2 - 2xy + 2y2 + 6x - 9y + 5

find how many of each type of calculator should be produced per year

to maximize profit. What is the maximum profit?

20. Automation- labor mix for minimum cost. The annual labor and

automated equipment cost (in millions of dollars) for a company's

production of television sets is given by

C(x, y) = 2x2 + 2xy + 3y2 - I6x - 18y + 54
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21.

where x is the amount spent per year on labor and y is the amount
spent per year on automated equipment (both in millions of dollars).

Determine how much should be spent on each per year to minimize
this cost. What is the minimum cost?

Research -advertising mix for maximum profit. A pocket calculator

company has developed the profit equation

P(x, y) = -3x^ + 3xy-y2 + 12x-5y+ 17

where x is the amount spent per year on research and development
and y is the amount spent per year on advertising (all units are in

millions of dollars). How much should be spent in each area per year
to maximize profit? What is the maximum profit for this budget?
Minimum materiai. A rectangular box with no top is to be made to

hold 32 cubic inches. What should its dimensions be in order to use
the least amount of material in its construction?

23. Minimum matenal. A rectangular box with no top and two parallel

partitions (see accompanying figure) is to be made to hold 64 cubic
inches. Find the dimensions that will require the least amount of

material.

22

24.

25.

Minimum material. A rectangular box with no top and two intersect-

ing partitions (see accompanying figure) is to be made to hold 72 cubic
inches. What should its dimensions be in order to use the least

amount of material in its construction?

Maximum volume. A mailing service states that a rectangular package
shall have the sum of the length and girth not to exceed 120 inches
(see the figure). What are the dimensions of the largest (in volume)
mailing carton that can be constructed meeting these restrictions?
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16-5 Maxima and Minima Using Lagrange Multipliers

Functions of Two Independent Variables

Functions of Three Independent Variables

Functions of Two Independent Variables

We will now consider a particularly powerful method of solving a certain

class of maxima -minima problems. The method is due to loseph Louis

Lagrange (1736-1813), an eminent eighteenth century French mathemati-

cian, and it is called the method of Lagrange multipliers. We introduce the

method through an example; then we will formalize the discussion in the

form of a theorem.

A rancher wants to construct two feeding pens of the same size along an

existing fence (see Figure 8). If 720 feet of fencing are available, how long

should X and y be in order to obtain the maximum total area? What is the

maximum area?

Existing fence

Figure 8

The total area is given by

f(x, y) = xy

which can be made as large as we like providing there are no restrictions on

X and y. But there are restrictions on x and y, since we have only 720 feet of

fencing. That is, x and y must be chosen so that

3x + y = 720

This restriction on x and y, also called a constraint, leads to the following

maxima -minima problem:

Maximize f[x, y] = xy (1)

Subject to 3x + y = 720 or 3x + y - 720 = (2)

This problem is a special case of a general class of problems of the form

Maximize (or minimize) z = /(x, y) (3)

Subject to g(x, y) = (4)
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Of course, we could try to solve (4) for y in terms of x, or for x in terms of y,

then substitute the result into (3), and use methods developed in Section

12-5 for functions of a single variable. But what if (4) were more compli-

cated than (2). and solving for one variable in terms of the other was either

very difficult or impossible? In the method of Lagrange multipliers we
work with g(x, y) directly and avoid having to solve (4) for one variable in

terms of the other. In addition, the method generalizes to functions of

arbitrarily many variables subject to one or more constraints.

Now, to the method. We form a new function F, using functions /and gin

(3) and (4), as follows:

F(x,y,A)=/(x,y) + Ag(x,y) (5)

where X (lambda) is called a Lagrange multiplier. Theorem 3 forms the

basis for the method.

Theorem 3 The relative maxima
to the constraint g(x,

which (Xo, ya<K] is a
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From the first two equations, we see that

y = -3A

x = -A

Substitute these values for x and y into the third equation and

solve for X.

-3A-3A = 720

-6A = 720

A = -120

Thus,

y=-3(-120) = 360 feet

x = -(-120) = 120 feet

Step 4. Test the critical points /or maxima and minima. The function F

has only one critical point at (120, 360, —120), and since

/(x, y) = xy has a minimum at (0, 0), we conclude that (120, 360)

produces a maximum for f. Hence,

Max/(x, y)=/(120, 360)

= (120)(360)

= 43,200 square feet

Method of Lagrange Multipliers— Key Steps

1. Formulate the problem in the form

Maximize (or minimize) z = f (x, y)

Subject to g(x, y) =

2. Form the function F:

F(x,y.A)=/(x,y) + Ag(x.y)

3. Find the critical points for F; that is, solve the system

F,(x, y, A) =

F,(x, y, A) =

F,(x, y. A) =

4. Evaluate z=/(x, y) at each point (Xg, Yq] such that (Xg, y^, Aq)

satisfies the system in step 3. The maximum or minimum value of

/(x, y) will be among these values in the problems we consider.
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Example 19 Minimize f[x, y] = x^ + y^ subject to x + y = 10.

Solution Step 1. Minimize f[x, y) = x^ + y^

Subject to g(x, y) = x + y- 10 =

Step 2. F(x, y, /l) = x2 + y2 + A(x + y-10)

Step 3. F^ = 2x + A =

Fy = 2y + A =

F^ = x + y-10 =

From the first two equations,

A
y = -

2
"

2

Substituting these into the third equation, we obtain

A A =10
2 2

-A = 10

A = -10

The critical point is (5, 5, —10).

Step 4. /(5, 5) = 5^ + 5^ = 50

Checking other points on the line x + y = 10 near (5, 5), we see

that this is a minimum. (See Figure 9.)

/(x, y] = x^ + y'

g(x, y]=x+y- 10 =

Figure 9
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Problem 19 Maximize f(x, y) = 25 — x^ — y^ subject to x + y = 4. (See Figure 10/

/(x. y) = 25 - x2 - y

(2,2,0)

Figure 10

Functions of Three Independent Variables

We have indicated that the method of Lagrange muUiphers can be ex-

tended to functions with arbitrarily many independent variables with one

or more constraints. We state a theorem for functions with three indepen-

dent variables and one constraint and consider an example that will

demonstrate the advantage of the method of Lagrange multipliers over the

method used in Section 16-4.

Theorem 4 The relative maxima and
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Solution

We must maximize

V(x, y, z) = xyz

subject to the constraint that the amount of material used is 162 square

inches. Thus, x, y, and z must satisfy

xy + 2xz + 3yz = 162

Step 1. Maximize V(x, y, z) = xyz

Subject to g(x, y, z) = xy + 2xz + 3yz - 162 =

Step 2. F(x, y, z, A) = xyz + A(xy + 2xz + 3yz - 162)

Step 3. F^ = yz + A(y + 2z) =

Fy = xz + A(x + 3z) =

F, = xy + A(2x + 3y) =

F^ = xy + 2xz + 3yz - 162 =

From the first two equations, we can write

,_ -yz -xz
" y + 2z
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iminati
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Exercise 16-5

Use the method of Lagrange multipliers in the following problems:

Maximize

Subject to

Minimize

Subject to

Maximize

Subject to

/(x, y) = 2xy

X + y = 6

f(x, y] = x' + y'

3x + 4y = 25

/(x, y) = 25 - x^

2x + y= 10

Minimize

Subject to

/(x, y) = 6xy

V - X = 6

B 5. Find the maximum and minimum of f{x. y) = 2xy subject to

x2-|-y2 = 18.

6. Find the maximum and minimum of f{x, y] = x^ — y^ subject to

x=' + y^ = 25.

7. Maximize the product of two numbers if their sum must be 10.

8. Minimize the product of two numbers if their difference must be 10.

C 9. Minimize f(x, y, z] = x^ + y^ + z^

Subject to 2x-y+3z = -28
10. Maximize f(x. y, z) = xyz

Subject to 2x + y + 2z = 120

11. Maximize and minimize /(x, y, z) = x + y + z

Subject to x^ + y2 + z^ = 12

12. Maximize and minimize /(x, y, z) = 2x + 4y + 4z

Subject to x^ + y' + z'

Applications

Business & Economics 13. Budgeting for least cost. A manufacturing company produces two

models of a television set, x units of model A and y units of model B

per week, at a cost in dollars of

C(x,y) = 6x2 + 12y2

If it is necessary (because of shipping considerations) that

X + y = 90

how many of each type of set should be manufactured per week to

minimize cost? What is the minimum cost?

14. Budgeting for maximum production. A manufacturing firm has bud-

geted $60,000 per month for labor and materials. If x thousand dollars

is spent on labor and y thousand dollars is spent on materials, and if

the monthly output in units is given by

N(x, y) = 4xy — 8x
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how should the $60,000 be allocated to labor and materials in order to

maximize N? What is the maximum N?

15. Maximum volume. A mailing service states that a rectangular package

shall have the sum of the length and girth not to exceed 120 inches

(see the iigure). What are the dimensions of the largest (in volume)

mailing carton that can be constructed meeting these restrictions?

16. Maximum volume. A rectangular box with no top is to be constructed

from 192 square inches of cardboard. Find the dimensions that will

maximize the volume.

17. Maximum volume. A rectangular box with no top and two intersect-

ing partitions is to be constructed from 1 92 square inches of cardboard

(see accompanying figure). Find the dimensions that will maximize

the volume.

18. Scheduling production /or least cost. A company manufactures mat-

tresses at three different plants. The cost functions for each plant are

as follows:

Plant A: Cost of producing x mattresses is

1,000 + 50x x^
20

Plant B: Cost of producing y mattresses is

1,200 + 60y y2
^ 10-^

Plant C; Cost of producing z mattresses is

1 „

800 -I- 40z
30

The company must produce a total of 1,850 mattresses at the three

plants. How many mattresses should it produce at each plant in order

to minimize the total production cost? What is the minimum cost?

Life Sciences 19. Agriculture. Three pens of the same size are to be built along an

existing fence (see the figure). If 400 feet of fencing are available, what

length should x and y be to produce the maximum total area? What is

the maximum area?

Existing fence
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20. Diet and minimum cost. A group of guinea pigs is to receive 25,600

calories per week. Two available foods produce 200xy calories for a

mixture of x kilograms of type M food and y kilograms of type N food.

If type M costs $1 per kilogram and type N costs $2 per kilogram, how
much of each type of food should be used to minimize weekly food

costs? What is the minimum cost? [Note: x ^ 0, y ^ 0]

16-6 Method of Least Squares

Least Squares Approximation

Applications

Least Squares Approximation

In this section we will use the optimization techniques discussed in Section

1 6-4 to find the equation of a line which is a "best" approximation to a set of

points in a rectangular coordinate system. This very popular method is

known as least squares approximation or linear regression. Let us begin

by considering a specific case.

A manufacturer wants to approximate the cost function for a product.

The value of the cost function has been determined for certain levels of

production, as listed in the table:

Number of Units Cost

X, in hundreds )', in thousands of dollars

2 4

5 6

6 7

9 8

Although these points do not all lie on a line (see Figure 11, page 978), they

are very close to being linear. The manufacturer would like to approximate

the cost function by a linear function; that is, determine values m and d so

that the line

y = mx + d

is, in some sense, the "best" approximation to the cost function.

What do we mean by "best"? Since the line y = mx + d will not go

through all four points, it is reasonable to examine the differences between

the y coordinates of the points listed in the table and the y coordinates of
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Residuals^

mx + d

-1 1 1 1 1 1 I
I I \ V12 3 4 5 6 7 8 9

Number of units in hundreds

Figure 12

Fd(m, d) = 2(4 - 2m - d)(- 1) + 2(6 - 5m - d)(- 1)

+ 2(7 - 6m - d)(- 1) + 2(8 - 9m - d)(- 1)

= -50 + 44m +8d =

Solving the system

-304 + 292m + 44d =

-50+ 44m + 8d =

we obtain (m, d) = (0.58, 3.06) as the only critical point.

Step 2. Compute A = F^„(m, dj, B = F^jim. d). and C = F^jlm, d).

F^„(m, d) = 292, thus A = F^„(0.58, 3.06) = 292

F^d(m, d) = 44, thus B = F„d(0.58, 3.06) = 44

f"dd(m, d) = 8, thus C = Fd<j(0.58, 3.06) = 8

Step 3. Evaluate AC - B^ and try to classify the critical point (m. d] using
Theorem 2 in Section 36-4.

AC - B^ = (292)(8) - (44)2 = 400 >

A = 292 >

Therefore, case 2 in Theorem 2 applies, and F(m. d) has a local

minimum at the critical point (0.58, 3.06).

Thus, the least squares line for the given data is

y = 0.58x + 3.06 Least squares line

Note that the sum of the squares of the residuals is minimized for this

choice of m and d (see Figure 13, page 980).
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123456789
Number of units in hundreds

Figure 13

This linear function can now be used by the manufacturer to estimate

any of the quantities normally associated with the cost function— such as

costs, marginal costs, average costs, and so on. For example, the cost of

producing 2,000 units is approximately

y = (0.58)(20) + 3.06 = 14.66 or $14,660

The marginal cost function is

dy
-r- = o.58
dx

The average cost function is

_ 0.58X + 3.06
y
=

7.

In general, if we are given a set of n points (Xj, yj, (Xj, 72), • • .[Xn,yn).

then it can be shown that the coefficients m and d of the least squares line

y = mx + d must satisfy the system of equations

(2xjm+nd=;^y,
\fc-l / k-l

\k=l / \k-l / k=l

(1)

(2)

Using the notation

n k=i

_ 1 "

y=n,2yk

Average of the x coordinates

Average of the y coordinates
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to simplify the form of equations (1) and (2) and solving for m and d

produces the formulas given in the box.

Least Squares
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(A) Find the least squares line for the data given in the table.

(B) Use the least squares line to predict the final examination score for a

student who scored 95 on the midterm examination.

(C) Graph the data and the least squares line on the same set of axes.

Solution (A) A table is a convenient way to compute all the sums in the formulas

for m and d

:

•^k
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The least squares line is given (approximately) by

y=0.875x + 9.68

(B) If X = 95, then the predicted score on the final examination is

y = 0.875(95) + 9.68

Assuming that the score

(C)

= 93

100

90

80

5 70

,S 60

50

?
^^

must be an integer

Predicted score on

final examination

y = 0.875X + 9.68

50 60 70 80 90

Midterm examination score

100
-^^

Problem 21 Repeat Example 21 for the following scores:

Midterm
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Example 22

Wool Production

Table 1 lists the annual production of wool throughout the world for the

years 1970-1980. Use the data in the table to predict the worldwide wool

production for 1981.

Table 1

World Wool Production

Year
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and the estimated worldwide wool production in 1981 is 6,102.85 million

pounds.

Problem 22 Use the least squares line in Example 22 to estimate the worldwide wool

production in 1982.

Answers to

Matched Problems

21. (A) y = 0.85x + 9.47 (B) 90.2

(C) y

100

90

° 80

70

60

50

?

Predicted score on
final examination

y = 0.85X + 9.47

-^^
50 60 70 80 90 100

Midterm examination score

^^

22. 6,136.76 million pounds

Exercise 16-6

A Find the least squares line. Graph the data and the least squares line.

1 1

2 3

3 4

4 3

2. X V 3. X V

1 -2
2 -1

3 3

4 5

1 8

2 5

3 4

4
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B Find the least squares iine and use if to estimate y for the indicated value of

X.

8.

Estimate v when x = 25. Estimate v when x = 20.

10.

Estimate y when x = 2.

11. X

0.5
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Fla. b, c) = (a + b + c - 2)2 + (4a + 2b + c - 1)^

+ (9a + 3b + c - If + (16a + 4b + c - 3)^

by solving the system

F„(a, b, c) = F(,(a, b, c) = F,(a, b, c) =

for a. b, and c. Graph the points and the parabola.

14. Repeat Problem 13 for the points (-1, -2), (0, 1), (1, 2), and (2, 0).

Applications

Business and Economics 15. Cosl. The cost y in thousands of dollars for producing x units of a

product at various times in the past is given in the table.

10
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x y
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Year
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16-7 Double Integrals over Rectangular Regions

Introduction

Definition of the Double Integral

Average Value over Rectangular Regions

Volume and Double Integrals

Introduction

We have generalized the concept of differentiation to functions with two or

more independent variables. How can we do the same with integration and

how can we interpret the results? Let us first look at the operation of

antidifferentiation. We can antidifferentiate a function of two or more

variables with respect to one of the variables by treating all the other

variables as though they were constants. Thus, this operation is the reverse

operation of partial differentiation, just as ordinary antidifferentiation is

the reverse operation of ordinary differentiation. We write J fix, y) dx to

indicate that we are to antidifferentiate f(x, y) with respect to x, holding y
fixed; we write //(x, y) dy to indicate that we are to antidifferentiate f(x, y)

with respect to y, holding x fixed.

Example 23 Evaluate:

(A)
I

(6xy2 + 3x2) dy (g) I (exy^ + Sx^) dx

Solution (A] Treating x as a constant and using the properties of antidifferentiation

from Section 14-1, we have

I
(6xy2 + 3x2) jy = I exy2 dy +

I

3x2 jy xhe dy tells us
' ' •' we are looking

= 6x [ y2 dy + 3x2 I" jy
for the

J J antiderivative (

/vA (6xv2 + 3x2)
= 6x(^^j + 3x2(y) + C(x)

^ith respect to

2xy3 + 3x2y + C(x)
y only, holding x

constant.

Notice that the constant of integration can actually be any /unction of

X alone, since, for any such function, d/dy [C(x)] = 0. We can verify

that our answer is correct by using partial differentiation:

— [2xy^ + 3x2y + C(x)] = 6xy2 + 3x2 +

= 6xy2 + 3x2
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(B) Now we treat y as a constant:

j
(6xy2 + 3x') dx = I Gxy'' dx +

j
3x' dx

= 6y2
I

x dx + 3 j x^ dx

= 3x2y2 + x3 + E(y)

This time the antiderivative contains an arbitrary function E(y) of y
alone.

Check
dx

[3x^y' + x^ + E(y)] = Gxy^ + 3x^ +

= 6xy2 + 3x2

Problem 23 Evaluate:

(A) (4xy + 12x^y^)dy (B)
j

(4xy + 12 x^y') dx

Now that we have extended the concept of antidifferentiation to func-

tions with two variables, we can also evaluate definite integrals of the form

r f(x, y) dx or f/(x, y]dy

Example 24

SoJution

Evaluate, substituting the limits of integration in y if dy is used and in x if

dx is used:

(A)

/:
(6xy2 + 3x2) jy (B) (6xy2 + 3x-) dx

/:

(A) From Example 23A, we know that J (Bxy^ + 3x^) dy = 2xy^ +
3x2y + C(x). According to the definition of the definite integral for a

function of one variable, we can use any antiderivative to evaluate

the definite integral. Thus, choosing C(x) = 0, we have

f (6xy2 + 3x2) ^y = (2xy=' + 3x2y)
y-O

= [2x(2)3 + 3x2(2)] - [2x(0)' + 3x2(0)]

= 16x + 6x2
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(B) From Example 23B, we know that / (Bxy^ + 3x^] dx = 3x^y^ + x^ +
E(y). Thus, choosing E(y) = 0, we have

r (6xy2 + 3x2) ^^ = (3x2y2 + ^3)

= [3y'(l)' + (1)'] - [3y2(0)2 + (0)3]

= 3y2+l

Problem 24 Evaluate:

(A)
I

(4xy + 12x='y3)dy (B) I (4xy + 12x2y') dx
Jo Jo

Notice that integrating and evaluating a definite integral, with integrand

f[x, y), with respect to y produces a function of x alone (or a constant).

Likewise, integrating and evaluating a definite integral, with integrand

/(x, y), with respect to x produces a functionofy alone (or a constant). Each

of these results, involving at most one variable, can now be used as an

integrand in a second definite integral.

I j
(6xy2 + 3x2}dy dx (B) III (Bxy^ + Sx^) dx dy

Example 25 Evaluate

(A)

Solution (A) Example 24A showed that

I (6xy2 + 3x2)dy=16x + 6x2

Thus,

1

I

(6xy2 + 3x=^)dy dx=
I

(16x + 6x2)dx

= (8x2 + 2x3)

= [8(1)2 + 2(1)3] _ [g(0)2 + 2(0)3]

= 10

(B) Example 24B showed that

I

(6xy2 + 3x2)dx = 3y2+l
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Thus,

i\\ l^xy^ + 3x2) dx dy = I (Sy^ + 1] dy

yz
(y3 + y)

y-0

[(2)^ + 2] - [{or + 0]

10

Problem 25 Evaluate:

(A) III (4xy + 12x^y^)dy\dx

(B)
I I

{4xy+12x2y^)dx dy

Definition of the Double Integral

Notice that the answers in Examples 25A and 25B are identical. This is not

an accident. In fact, it is this property that enables us to define the double

integral.

Double Integral

The double integral of a function f[x, y] over a rectangle R

{(x, y]\a « X « b, c ^ y ^ d} is

JJ
/(x,y)dA

R

./;[/;/(x,y,dx]dy

d
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Example 26

Solution

2

1
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Problem 26 Evaluate both ways:

y] dA over R = {(x, y)|- 1 « x « 5, 2^y^4]

Example 27

-1

Solution

-)^

//(2x-y

Evaluate:

Zxe^'+^dA overR = {(x, y)|0«xSl, -l^ySl}
//
H

//
2xe'''+>' dA

= e

2x6"'+'' dx dy

dy

(ei+y-e^Jdy

y=l

y=-i

= (e^ - e) - (e" - e'')

= e^ - e - 1 + e-^

Problem 27 Evaluate:

//
^e''/ydA overR = ((x, v]|0«x«l, 1 « y « 2}

y

Average Value over Rectangular Regions

In Section 14-6 the average value of a function f{x) over an interval [a, b]

was defined as

dx

This definition is easily extended to functions of two variables over rectan-

gular regions, as shown in the box on the next page. Notice that the

denominator in the expression given in the box. (b — a){d — c), is simply

the area of the rectangle R.
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Average Value over Rectangular Regions

The average value of the function /(x, y) over the rectangle R

'

{(x, y]\a ^ X « b, c ^ y ^ d) is

fi z

(b

-^y

Example 28

Solution

Find the average value of /(x, y) = 4 — ^x — Jy over the rectangle R

{(x, y)|0 « X « 2. « y « 2}.

(b
3^^//flx.y)dA =

^^_;^^_J
/(4-lx-ly)dA

=i|;(7-x]dx

V-2

V-OJ

:-(12) = 3
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Problem 28 Find the average value of f[x, y) = x + 2y over the rectangle R =
{(x, y)|0 « X « 2, « y « 1).

Volume and Double Integrals

One application of the definite integral of a function with one variable is

the calculation of areas, so it is not surprising that the definite integral of a

function of two variables can be used to calculate volumes of solids.

Volume under a Surface

If f (x, y) ^ over a rectangle R, R = {(x, y)|a ^ x ^ b, c ^ y ^ d},

then the volume of the solid formed by graphing / over the rectangle

R is given by

V^ //- y]dA
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Example 29

Solution

A proof of the statement in the box is left to a more advanced text.

Find the volume of the solid under the graph of /(x, y) = 1 + x^ + y^ over

the rectangle R = {(x, y)|0 « x « 1, « y ^ 1}.

V = I I (1 + x^ + y^) dA

(1 + x2 + y2) dx dy

'IS

= /'/
Jo Jo

(4
1 \ >~' 5

':: y '^
:;:

y^
I

— ~ cubic units

z = 1 + x^ + y2

Problem 29 Find the volume of the solid under the graph of/(x, y) = 1 + x + y over the

rectangleR = {(x, y)|OSx^ 1, ^ y « 2}.

Answers to 23. (A) 2xy2 + Sx^y* + C{x) (B) 2x2y + 4xV^ + E(y)

Matched Problems 24. (A) 2x + 3x^ (B) 18y + lOSy^ 25. (A) 36 (B) 36

26. 12 27. e-2e'/2 + l 28. 2 29. 5 cubic units
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Exercise 16-7

Find each antiderivative. Then use the antiderivative to evaluate the defi-

nite integral.

1. (A)
I

12x2y3dy (B) I 12x^v' dy

2. (A)
I

12x'y^dx (B) I lax^y^ dx

3. (A) l(4x + 6y + 5)dx (B) I (4x + 6y+5)dx

4. (A) |(4x + 6y + 5)dy (B) ( (4x + 6y + 5)dy

5. (A) f
""

dx (B) f '—^= dx
J Vv + x^ Jo Vy + x^

« 1^1 /j—"' m rj=f'*'

B Evaluate each iterated integral. (See the indicated problem for the evalua-

tion of the inner integral.)

7.
I I

12x2y'dydx 8. I I I2x2y3 dx dy
J-i Jo Jo J-1

(see Problem 1) (see Problem 2)

9. I 1 (4x + 6y + 5) dx dy 10. 1 I (4x + 6y + 5) dy dx

(see Problem 3) (see Problem 4)

11. r \—^=dxdy 12.
I' I'

""

WyrJY
Ji Jo vy + x^ Jo Ji Vy + x^

(see Problem 5) (see Problem 6)

Use both orders o/ iteration to evaluate each double integral.

13. llxydA; R = {(x, y)|0 « x ^ 2, « y « 4)

. jjyfxy'dA: R = ((x, y)|l s x « 4, 1 « y « 9}14

15.
I I

(x + yf dA; R = ((x, y)|-l « x « 1, 1 ^ y « 2}
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//
16. I I xeydA; R = {(x, y)|-2 « x « 3, « y « 2}

R

Find the average value of each function over the given rectangle.

17. f(x,y] = (x + yf; R = {(x, y)|l « x « 5, -l^y^l}
18. f(x, y) = x^ + y2; R = {{x, y)|- 1 s x « 2, 1 « y « 4}

19. /(x, y) = -; R = {(x, y)|l «x^4, 2 « y « 7}

20. /(x, y) = x2y^ R = {(x, y)|-l « x « 1, ^ y « 2}

Find the volume of the soJid under the graph of each function over the given

rectangie.

21- /(x, y) = 2-x2-y2; R = {(x, y)|0«x«l, 0«y«l}
22- /(x, y) = 5-x; R = {(x, y)|0 « x ^ 5, « y s 5}

23. f(x, y) = 4-y2; R = {(x, y)|0 S x « 2, « y « 2}

24. f[x,y] = e-''-y; R = {(x, y)|0 « x « 1, « y =S 1}

Evaluate each double integral. Select the order of integration carefully—
each problem is easy to do one way and difficult the other.

25.
I

I xe"*' dA; R = {(x, y)|0 ^x«l, l«y«2}
n

26.
I I

xye^'^dA; R = {(x, y)|0 « x « 1, 1 « y ^ 2}

r r 2y + 3xy

JJ 1 + x^

^
r

C
2x + 2y

JJ l+4y +
:

27. 11^^^^^-^^—7-dA; R = {(x, y)|0«xSl, -l^y^l}

28-
I I , TV.i^.z dA; R = {(x, y)|l «x«3, 0«y«l)

Applications

Business & Economics 29. Economics— multiplier principle. Suppose Congress enacts a one-

time-only 10% tax rebate that is expected to infuse y billion dollars,

5 s y ^ 7, into the economy. If every individual and corporation is

expected to spend a proportion x, 0.6 s x ^ 0.8, of each dollar re-

ceived, then by the multiplier principle in economics (using the sum

of an infinite geometric progression), the total amount of spending S

(in billions of dollars) generated by this tax rebate is given by

S(x, y] = ^
1 -X

What is the average total amount of spending for the indicated ranges

of the values of x and y? Set up a double integral and evaluate.
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30.

31.

32.

Life Sciences 33.

Economics— multiplier principle. Repeat Problem 29 if 6 « y ^ 10

and 0.7 « X « 0.9.

Economics— Cohh-Douglas production function. If an industry in-

vests X thousand labor-hours, 10 « x s 20, and y million dollars,

1 ^ y ^ 2, in the production of N thousand units of a certain item,

then N is given by

N(x, y) = x""y°"

Functions of this form are called Cobb -Douglas production func-

tions and are used extensively in economics. What is the average

number of units produced for the indicated ranges of x and y? Set up a

double integral and evaluate.

Economics— Cobb-DougJas production function. Repeat Problem 31

for

N(x, y) = x°-^y'>^

where 10 « x « 30 and 1 « y ^ 3.

Population distribution. In order to study the population distribution

of a certain species of insects, a biologist has constructed an artificial

habitat in the shape of a rectangle 16 feet long and 12 feet wide. The

only food available to the insects in this habitat is located at its center.

The biologist has determined that the concentration C of insects per

square foot at a point d units from the food supply (see the figure) is

given approximately by

C = 10-^d2

What is the average concentration of insects throughout the habitat?

Express C as a function of x and y, set up a double integral, and

evaluate.

y

Food supply

-6

.(X, y)

^^
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34. Population distribution. Repeat Problem 33 for a square habitat that

measures 12 feet on each side, where the insect concentration is given

by

35. Pollution. A heavy industrial plant located in the center of a small

town emits particulate matter into the atmosphere. Suppose the con-

centration of particulate matter in parts per million at a point d miles

from the plant is given by

C = 100- ISd^

If the boundaries of the town form a rectangle 4 miles long and 2

miles wide, what is the average concentration of particulate matter

throughout the city? Express C as a function of x and y, set up a dou-

ble integral, and evaluate.

36. Pollution. Repeat Problem 35 if the boundaries of the town form a

rectangle 8 miles long and 4 miles wide and the concentration of

particulate matter is given by

C = 100-3d2

Social Sciences 37. Safety research. Under ideal conditions, if a person driving a car slams

on the brakes and skids to a stop, the length of the skid marks (in feet)

is given by the formula

L = 0.000 013 3xy2

where x is the weight of the car in pounds and y is the speed of the car

in miles per hour. What is the average length of the skid marks for cars

weighing between 2,000 and 3,000 pounds and traveling at speeds

between 50 and 60 miles per hour? Set up a double integral and

evaluate.

38. Safety research. Repeat Problem 37 for cars weighing between 2,000

and 2,500 pounds and traveling at speeds between 40 and 50 miles per

hour.
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39. Psychology. The intelligence quotient Q for an individual with mental

age X and chronological age y is given by

Q(x, y) = 100-
y

In a group of sixth graders, the mental age varies between 8 and 16

years and the chronological age varies between 10 and 12 years. What
is the average intelligence quotient for this group? Set up a double

integral and evaluate.

40. Psychology. Repeat Problem 39 for a group with mental ages between

6 and 14 years and chronological ages between 8 and 10 years.

16-8 Double Integrals over More General Regions

Regular Regions

Double Integrals over Regular Regions

Reversing the Order of Integration

Volume and Double Integrals

In this section we will extend the concept of double integration to nonrec-

tangular regions. We begin with an example and some new terminology.

Regular Regions

Let R be the region graphed in Figure 14. We can describe R with the

following inequalities:

R = {(x, y)|x«y«6x-x^ « x « 5}

f(x) = 6x - x^

X < y < 6x - x^

0<x <5
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The region R can be viewed as a union of vertical line segments. For each x

in the interval [0, 5], the line segment from the point (x, g(x)) to the point

(x,/(x)) lies in the region R. Any region that can be covered by vertical line

segments in this manner is called a regular x region.

Now consider the region S in Figure 15. This is not a regular x region, but

it can be described with inequalities:

S = {(x, y)|y' « x « y + 2, :y«2)

Figure 15

y^ < X < y + 2

-1 < y < 2

The region S can be viewed as a union of horizontal line segments going

from the graph of h(y) = y^ to the graph of k[y) = y + 2 on the interval

[—1, 2]. Regions that can be described in this manner are called regular y
regions. In general, regular regions are defined as follows:

Regular Regions

A region R in the xy plane is a regular x region if there exist

functions f{x) and g(x) and numbers a and b so that

R = Ux,y)|g(x)^y«f(x]. a«x«b)

A region R is a regular y region if there exist functions h(y) and k(y)

and numbers c and d so that

R = {(x, y)|h(y) « X « k(y), c^y^d]

See Figure 16 for a geometric interpretation.
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a b

Regular x region

X = h{yi\ l\ = k{y)

-^x

Regular y region

Both

Figure 16

Example 30 The region R is bounded by the graphs of y = 4 — x^ and y = x — 2, x^ 0,

and the y axis. Graph R and describe R as a regular x region, a regular y
region, both, or neither. If possible, represent R in terms of set notation and

double inequalities.

Solution
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As the solid line in the figure indicates. R can be covered by vertical line

segments which go from the graph of y = x — 2 to the graph of y = 4 — x^.

Thus. R is a regular x region. In terms of set notation and double inequali-

ties, we can write

R = {(x, y)|x - 2 « y « 4 0^ 2}

On the other hand, a horizontal line passing through a point in the interval

[—2, 0] on the y axis will intersect R in a line segment which goes from the

y axis to the graph of y = x — 2. while one that passes through a point in the

interval [0. 4] on the y axis goes from the y axis to the graph of y = 4— x^.

Two such segments are shown as dashed lines in the figure. Thus, the

region is not a regular y region.

Problem 30 Repeat Example 30 for the region R bounded by the graphs of x = 6 — y,

X = y^, y ^ 0, and the x axis, as shown in the figure.

'2 < X < 6

Example 31 The region R is bounded by the graphs of x + y^ = 9 and x + 3y = 9. Graph

R and describe R as a regular x region, a regular y region, both, or neither. If

possible, represent R using set notation and double inequalities.

Test for x region. Region R can be covered by vertical line segments which

go from the graph of x + 3y = 9 to the graph of x + y^ = 9. Thus, R is a

regular x region. In order to describe R with inequalities, we must solve

each equation for y in terms of x:
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X + 3y = 9

3y = 9 - X

y = 3 - ix

X + y2 = 9

y2 = 9 - X

y=\/9^ We use the positive square root, since

the graph is in the first quadrant.

Thus,

fi = {(x, y)|3 - ^x « y ^ V9 - x, « x « 9}

Test for y region. Since region R can also be covered by horizontal line

segments (dashed line in the figure) vifhich go from the graph of x + 3y = 9

to the graph of x + y^ = 9, it is a regular y region. Now we must solve each

equation for x in terms of y:

X + 3y = 9

X = 9 - 3y

Thus,

X + y2 = 9

x = 9-y2

R = {(x, y)|9 - 3y ^ X ^ 9 - y^ « y « 3}

Problem 31 Repeat Example 31 for the region bounded by the graphs of 2y — x = 4 and

y^ — X = 4, as shown in the figure.

-4 -3 -2 -1

Double Integrals over Regular Regions

Now we want to extend the definition of double integration to include

regular x regions and regular y regions.
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Double Integration over Regular Regions

If R = {(x, y)|g(x) « y « f(x), a^x^b], then

JJ
F(x, y)dA = j'

^J2
F{x. y) dy]^ dx

-^ X

If R = {(x, y)|h(y) « x s k{y), c « y « d }, then

J J
F(x, y) dA = r

1^

r"" F(x, y) dxj dy

^x

Regular x region

Regular }' region

Notice that the order of integration now depends on the nature of the

region R. If R is a regular x region, we integrate with respect to y first, while

if R is a regular y region, we integrate with respect to x first.

Example 32

It is also important to note that the variable limits of integration (when

present) are always on the inner integral, and the constant limits of

integration are always on the outer integral.

Evaluate //„ 2xy dA, where R is the region bounded by the graphs of

y = — x and y = x^, x 3^ 0, and the graph of x = 1.
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Solution From the graph we can see that fi is a regular x region described by

R = {(x, y)|-x«y=sx^ OSx^l}

Thus,

2x\
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Solution

Problem 34

Region R is both a regular x region and a regular y region:

R = {(x, y]\ix «y«Vx, 0«xS4} Regular x region

R = {(x, y)|y^ « X =s 2y, « y « 2} Regular y region

Using the first representation (a regular x region), we obtain

//
4xy^ dA = I f I 4xy^ dy I dx

Jo \J(1/2)X /

r4 / y-Vi \
= xy^ dx

Jo \ y-(l/2)x/

[x[^Bl]* - xi^xY] dx

= fix" -

dx

= (64 - ifs) - = f

Using the second representation (a regular y region), we obtain

I

I

4xy='dA=
I

f

I

\xy^dx]dy

=/;(2xv
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Example 35

Solution

y =

Problem 35

integration in an iterated integral was a simple matter. As Example 34

illustrates, the process is more complicated in nonrectangular regions. The

next example illustrates how to start with an iterated integral and reverse

the order of integration. Since we are interested in the reversal process and

not in the value of either integral, the integrand will not be specified.

p r r--i
1

Reverse the order of integration in I I f(x. y] dy dx.

The order of integration indicates that the region of integration is a regular

X region:

R = {(x, y)10 1, 1 3}

Graph region R to determine whether it is also a regular y region. The graph

shows that R is also a regular y region, and we can write

R = {(x. y)|y + l«x«3, 0«y«2}

Thus,

( I
/(x, y)dy dx= r I fix. y) dx dy

Jl LJo J Jo LJy+l

Reverse the order of integration in I I /(x, y) dy dx.

m Volume and Double Integrals

In Section 16-7 we used the double integral to calculate the volume of a

solid with a rectangular base. In general, if a solid can be described by the

graph of a positive function /(x, y] over a regular region R (not necessarily a

rectangle), then the double integral of the function f over the region R still

represents the volume of the corresponding solid.

Example 36

Solution

The region R is bounded by the graphs of x + y = 1, y = 0, and x = 0. Find

the volume of the solid under the graph of z = 1 — x — y over the region R.
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Problem 36

Answers to

Matched Problems

The graph ofR indicates that R is a regular x region and can be described by

R = {(x, y)|0«y«l -X, « x « 1}

Thus, the volume of the solid is

V--

//
(1 X - y) dA = r

I
(1
- x - y) dy dx

= r[(y-xy-iy^) r
' 'Idx

Jo L ly=0 J

[(1 - x) - x(l - x) - HI - xf] dx

(i-x + ^x^Jdx

(ix-ix== + ix^)
x-0

The region R is bounded by the graphs of y + 2x = 2, y = 0, and x = 0. Find

the volume of the solid under the graph of z = 2 — 2x — y over the region R.

[Hint: Sketch the region first— the solid does not have to be sketched.]

30. R = {(x,y)|y^ y, 0- 2} is a regular y region; R is not a

regular x region

31. R is both a regular x region and a regular y region;

R = {(x, y)lix + 2 « y « Vx + 4, -4 ^ x « 0}

= {(x, y)|y2-4«x

32 ^

2y-4, 0«y«2}
4-y

34. 4f 35. I I /{x, y] dx dy
/:/:

36.

Exercise 16-8

Graph the region R bounded by the graphs o/ the equations. Express R in

terms o/ set notation and double inequalities that describe R as a regular x

region, a regular y region, or both.

1.
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Evaluate each infegraJ.

7.
I

(x + y) dy dx 8. I xy dx dy
Jo Jo Jo Jo

9. I I (2x + y)dxdy 10. I I (x^ + 2y) dy dx

B Use the description of the region R to evaluate the indicated integral.

11.
I I

(x^ + y^JdA; R = {(x, y)|0«y«2x, « x « 2}

12.
I I

2xVdA; R = {(x, y)|0 ^ y « 9 - x^ -3«x«3}

13.
I I

(x + y-2f dA; R = {(x, y]|0 s x « y + 2, O^y^l)

14. ||(2x + 3y)dA; R = {(x, yjly^ - 4 =s x s 4 - 2y, « y ^ 2)

R

15.
I I

e''+>dA; R = {(x, y)|-x « y « x, « x « 2}

5.
,

^
rdA: R = {(x, y)|0^x^ V4y-y2, « y s 2}16.

R

Graph the region R bounded by the graphs of the indicated equations.

Describe R in set notation with double inequalities and evaluate the indi-

cated integral.

17. y = x + l, y = 0, x = 0, x = l; I 1 vTTTTy dA

18. y = x\ y = Vx; 11 12xydA

19. y = 4x-x^ y = 0: I I Vy + x^ dA

R

20. x = l + 3y, x = l-y, y = l; I I (x + y + 1]^ dA

nR

21. y = 1 - Vx, y = 1 + Vx, x = 4: \ I x(y - If dA

R

22. y = ix, y = 6-x, y=l: jj^ dAy
R
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Evaluate each integral. Graph the region o/ integration, reverse the order of

integration, and then evaluate the integral with the order reversed.

23.
I I

" (x + 2y) dy dx 24. I I

'

(y - x]" dx dy
Jo Jo Jo Jo

fl fl-x' ("2 f4x
25. xV^dydx 26. (1 + 2y) dy dx

Jo Jo Jo Jxa

("4 f4x/2 fi Cl-fy

27. X dy dx 28. {1 + 2xy) dx dy
Jo Jx/4 Jo Jy'/i

Find the volume o/ the solid under the graph of fix, y] over the region R

bounded by the graphs of the indicated equations. Sketch the region R— the

solid does not have to be sketched.

29. f[x, y) = 4 — X — y; R is bounded by the graphs of x + y = 4,

y = 0, x =
30. f(x, y) = (x — yf ; R is the region bounded by the graphs of y = x,

y = 2, x =
31- /(x, y) = 4; R is the region bounded by the graphs of y = 1 — x^

and y = Ofor0^x«l
32. /(x, y) = 4xy; R is the region bounded by the graphs of

y = Vl -x^ and y = 0for0^xsi

Reverse the order o/integration for each integral. Evaluate the integral with

the order reversed. Do not attempt to evaluate the integral in the original

form.

33. r \

^^
dv dx 34.

I

' Vl-x2 dx dy
Jo Jx> 1 + y' ' Jo Jy

35. 1

I
4ye'" dx dy 36. I VSx + y^ dy dx

Jo Jy' Jo J-lx

16-9 Chapter Review

Important Terms 16-1 Functions of several \-ariabies. functions of two independent vari-

and Symbols ables, functions of several independent variables, surface, parabo-

loid, saddle point, z = /(x, y), w = f{x, y, z)

16-2 Partial derivatives, partial derivative of /with respect to x, partial

derivative of /with respect to y, second-order partials,

5z (9z d^z dH
^.^,/x(x.y),/,(x.y), ^ = /xx(x,y), ^^ = /yx(x.y),

= /xy(x. y), T-i = fyy{^^y)
dydx """ •" dy
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16-3

16-4

16-5

16-6

16-7

Tolal differentials and their appJicafions. total differential of z =

/(x, y), dz = /j,(x, y)dx + /y(x, y) dy, total differential of w =

f{x. y, z), dw = f^[x, y, z) dx +/y(x, y, z) dy + f^[x, y, z) dz, differen-

tial approximation, Az = f (x + Ax, y + Ay) — f (x, y) = /'^(x, y) dx +
/j,(x, y) dy = dz

Maxima and minima, local maximum, local minimum, critical

point, second-derivative test

Maxima and minima using Lagrange niullipliers. constraint.

Lagrange multiplier, method of Lagrange multipliers for functions of

two variables, method of Lagrange multipliers for functions of three

variables

Method of least squares, least squares approximation, linear regres-

sion, residual, least squares line, regression line, estimation, approx-

imation

Double integrals over recfangu/ar regions, double integral, iterated

integral, average value over rectangular regions, volume under a

surface.

JJ/(x,y)dA=r jj{x.y]dy dx = T f /(x .y]dx\ dy

16-8 Double integrals over more general regions, regular x region, regular

y region, reversing the order of integration, volume under a surface.

Tb r r«x

J a LJg(x)

F(x, y) dy
fd r rk{y) -]

F{x. y] dx dy
Jc LJh(y) J

Exercise 16-9 Chapter Review

B

Work through all the problems in this chapter review and check your

answers in the back of the book. (Answers fo all review problems are there.)

Where weaknesses show up, review appropriate sections in the text. When

you are satisjied that you know the material, take the practice test following

this review.

1. For /(x, y) = 2,000 4- 40x + 70y, find/(5, 10), fjx, y), and/j,(x, y).

2. For z = x^y^, find d^z/dx^ and d^z/dx dy.

3. For z = 2x + 3y, find dz. 4. For z = x•'y^ find dz.

5. Evaluate: I (6xy^ + 4y) dy 6. Evaluate: I (6xy^ + 4y) dx

7. Evaluate: I I 4xy dy dx 8. Evaluate: ( I 4xy dy dx
Jo Jo Jo Jo

9. For /(x, y) = 3x^ - 2xy + y^ - 2x + 3y - 7, find f(2. 3), /Jx, y), and

fy{2. 3).
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29.

30.

SocioJogv. Joseph Cavanaugh, a sociologist, found that the number of

long-distance telephone calls, n, between two cities in a given period

of time varied (approximately) jointly as the populations P, and Pj of

the two cities, and varied inversely as the distance, d, between the

two cities. In terms of an equation for a time period of 1 week,

n(Pi,P2, d) = 0.001
Pi Pa

Find n(100,000, 50,000, 100).

Educalion. At the beginning of the semester, students in a foreign

language course are given a proficiency exam. The same exam is

given at the end of the semester. The results for five students are given

in the table. Use the least squares line to estimate the score on the

second exam for a student who scored 40 on the first exam.

First Exam
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9. Find all local extrema for f{x, y) = x'' + 8x^ + y^ — 4y.

10. Find the volume of the solid under the graph of /(x, y) = 1 — x — y
over the region bounded by the graphs of y = 1 — x, y = 0, and x = 0.

11. The cost y in thousands of dollars of producing x units of a certain

product is given in the table for various levels of production. Use the

least squares line to estimate the cost of producing 40 units.

X
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CHAPTER 17 Contents

17-1 Random Variable, Probability Distribution, and Expectation

17-2 Binomial Distributions

17-3 Continuous Random Variables

17-4 Expected Value, Standard Deviation, and Median of Continuous

Random Variables

17-5 Uniform, Beta, and Exponential Distributions

17-6 Normal Distributions

17-7 Chapter Review

In this chapter we return to the study of probability. In particular, we will

see how calculus is used to extend the concepts of probability to experi-

ments with an infinite number of possible outcomes.

17-1 Random Variable, Probability Distribution, and Expectation

Random Variable

Probability Distribution

Expected Value

Mean and Standard Deviation

Random Variable

When performing a random experiment, a sample space S is selected in

such a way that all probability problems of interest relative to the experi-

ment can be solved. In many situations, we may not be interested in each

simple event in the sample space S but in some numerical value associated

with the event. For example, if three coins are tossed, we may be interested

in the number of heads that turn up rather than in the particular pattern

that turns up. Or, in selecting a random sample of students, we may be

interested in the proportion that are women rather than which particular

students are women. And, in the same way, a craps player is usually

interested in the sum of the dots showing on the faces of a pair of dice

rather than the pattern of dots on each face.

In each of these examples, we have a rule that assigns to each simple

event in a sample space S a single real number. Mathematically speaking,

we are dealing with a function. Historically, this particular type of function

has been called a random variable.

Random Variable

A random variable is a function that assigns a numerical value to

each simple event in a sample space S.

1022



17-1 Random Variable. Probability Distribution, and Expectation 1023

The term random variable is an unfortunate choice, since it is neither

random nor a variable— it is a function with a numerical value and it is

defined on a sample space. But the terminology has stuck and is now

standard, so we will have to live with it. Capital letters, such as X, are used

to represent random variables.

Let us consider the experiment of tossing three coins. A sample space S of

equally likely simple events is indicated in the first column of Table 1. The

second column indicates the number of heads corresponding to a simple

event. And the last column indicates the probability of each simple event

occurring.

Table 1 Tossing Three Coins
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Proceeding similarly for p(0), p(l). and p(3), we obtain the results in

Table 2 and Figure 1. The table is called a probabiiity distribution for the

random variable X and the graph is called a histogram.

Table 2 Probability Distribution p(xl

Number of Heads

X
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Sample space = Outcomes of an
Domain of random variable experiment— not

necessarily

numerical values

Range of random variable = Numerical values
Domain of probability distribution assigned to

outcomes in S
PROBABIUTY
DISTRIBUTION'

Range of probability distribution Probabilities

assigned to

values of the

random variable

Figure 2 Probability distribution of a random variable for a finite sample space

we would expect to toss zero heads one-eighth of the time, one head

three-eighths of the time, two heads three-eighths of the time, and three

heads one-eighth of the time. Thus, in the long run, we would expect the

average number of heads per toss of the three coins, or the expected value

E(X), to be given by

E{X) = 0(i) + 1(f) + 2(f) + 3(i)
= ^ = 1.5

It is important to note that the expected value is not a value that will

necessarily occur in a single experiment (1.5 heads cannot occur in the toss

of three coins), but it is an average of what occurs over a large number of

experiments. Sometimes, we will toss more than 1.5 heads and sometimes

less, but if the experiment is repeated many times, the average number of

heads per experiment should approach 1.5.

We make the above discussion precise with the definition of expected

value given in the box.

Expected Value of a Random Variable X

Given the probability distribution for the random variable X:
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Example 1 What is the expected value (long-run average) of the number of dots facing

up for the roll of a single die?

Solution If we choose

S = {1,2, 3,4, 5, 6}

as our sample space, then each simple event is a numerical outcome

reflecting our interest, and each is equally likely. The random variable X in

this case is just the identity function (each number is associated with

itself). Thus, the probability distribution for X is

Pi

Hence,

E(X) = l(i) + 2(i) + 3(i) + 4(i) + 5(i) + 6(i)

= ^ = 3.5

Problem 1 Suppose the die in Example 1 is not fair and we obtain (empirically) the

following probability distribution for X:

Xi
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In general, a game is said to be fair if E(X) = 0. The game in Example 2 is

not fair— the "house" has an advantage, on the average, of about 17C per

game.

Problem 2 Repeat Example 2 with the player winning $5 instead of $4 if the chosen

number turns up. The loss is still $1 if any other number turns up. Is this

now a fair game?

Example 3 Suppose you are interested in insuring a car stereo system for $500 against

theft. An insurance company charges a premium of $60 for coverage for 1

year, claiming an empirically determined probability of .1 that the system

will be stolen some time during the year. What is your expected gain or loss

if you take out this insurance?

SoJution This is actually a game of chance in which your stake is $60. You have a .1

chance of winning $440 ($500 minus your stake of $60) and a .9 chance of

losing your stake of $60. What is the expected value of this game? We form

a payoff table (the probability distribution for X):

Payoff Table
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Example 4

Solution

Problem 4

Another numerical quantity that is used to describe the properties of a

random variable is the standard deviation. This quantity gives a measure of

the dispersion, or spread, of the random variable X about the mean ^i.

Standard Deviation of a Random Variable X

Given the probability distribution for the random variable X:

P, Pz • • • Pm

and the mean

M = XiPi + X2P2 + • • + x„p;^

we define the variance of X, denoted by V(X), by the formula

V(X) = (X, - ^fp, + [X, - nfp, + • • • + (x^ - //)2p„

and the standard deviation of X, denoted by <j, by the formula

cr=VV(X)

In other words, the variance is the expected value of the squares of the

distances from each value ofX to the mean. Standard deviation is defined

using the square root so that it will be expressed in the same units as the

values of X.

Returning to the coin tossing experiment, we have already shown that

/i = E(X) = 1.5. Thus,

V(X) = (0 - 1.5)^(i) + (1 - 1.5)^(1) + (2 - 1.5)^1) + (3 - 1.5)^(J)

= .75

and

(T=VV(X) = 7^75 = .866

Find the variance and standard deviation for the random variable in

Example 1.

H = E(X) = 3.5

V(X) = (1 - 3.5)2(i) + (2 - 3.5)^(i) + (3 - 3.5)^(i)

+ (4 - 3.5m] + (5 - 3.5)ni) + (6 - 3.5)^(i)

= 25.
12

cr=VV(X) = 71 =1.708

Find the variance and standard deviation for the random variable in

Problem 1.
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The standard deviation is often used to compare different probability

distributions. Figure 3 (parts A-D) gives four different probability distribu-

tions and their graphs. Notice the relationship between the standard devia-

tion a and the dispersion of the probability distribution about the mean.

The tighter the cluster of the probability distribution about the mean, the

smaller the standard deviation.

.6-

.5

.4

.3

.2

.1 -

.35

.15

.05 .05

)^

P(x)

.6 -

.5
-

.4

.3 -

.2

.1
-

.25
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Answers to

Matched Problems

1. E(X) = 3.73

2. E(X) = $0; the game is fair

3. E(X) = (-$440)(.l) + ($60)(.9) = $10; this amount, of course, is neces-

sary to cover expenses and profit

4. V(X] = 2.9571; a « 1.720

Exercise 17-1

In Problems 1 -4 graph the probabiJity distribution and find the mean and

standard deviation of the random variable X.

1.
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15. What is the probability of getting an even number of heads?

16. What is the probability of getting more heads than tails?

17. Find the expected number of heads.

18. Find the standard deviation of X.

An experiment consists of rolling two fair dice. Answer the questions in

ProbJems 19-24 regarding this experiment.

19. The random variable X represents the sum of the dots on the two up

faces of the dice. Find and graph the probability distribution of X.

20. What is the probability that the sum is 7 or 11?

21. What is the probability that the sum is less than 6?

22. What is the probability that the sum is an even number?

23. Find the expected value of the sum of the dots.

24. Find the standard deviation of X.

25. After you pay $4 to play a game, a single fair die is rolled and you are

paid back the number of dollars equal to the number of dots facing up.

For example, if 5 dots turn up, $5 is returned to you for a net gain of $1.

If 1 dot turns up, $1 is returned to you for a net gain, or payoff, of— $3;

and so on. If X is the random variable that represents net gain, or

payoff, what is the expected value of X?

26. Repeat Problem 25 with the same game costing $3.50 for each play.

27. A player tosses two coins and wins $3 if two heads appear and $1 if one

head appears, but loses $6 if two tails appear. If X is the random

variable representing the player's net gain, what is the expected value

ofX?

28. Repeat Problem 27 if the player wins $5 if two heads appear and $2 if

one head appears, but loses $7 if two tails appear.

29. Roulette wheels in the United States generally have thirty-eight

equally spaced slots numbered GO. 0, 1, 2, ... , 36. A player who

bets $1 on any given number wins $35 (and gets the bet back) if the

ball comes to rest on the chosen number; otherwise, the $1 bet is lost.

IfX is the random variable that represents the player's net gain, what

is the expected value of X?

30. In roulette (see Problem 29) the numbers from 1 to 36 are evenly

divided between red and black. A player who bets $1 on black, wins

$1 (and gets the bet back) if the ball comes to rest on black; otherwise

(if the ball lands on red, 0, or 00). the $1 bet is lost. If X is the random

variable that represents the player's net gain, what is the expected

value of X?

Applications

Business & Economics 31. Insurance. The annual premium for a $5,000 insurance policy against

the theft of a painting is $150. If the probability that the painting will
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32.

33.

34.

Life Sciences 35.

be stolen during the year is .01. what is your expected gain or loss if

you take out this insurance?

Insurance. Repeat Problem 31 from the point of view of the insurance

company.

Decision analysis. After careful testing and analysis, an oil company is

considering drilling in one of two different sites. It is estimated that

site A will net $30 million if successful (probability .2) and lose $3

million if not (probability .8); site B will net $70 million if successful

(probability .1) and lose $4 million if not (probability .9). Based on the

expected return from each site, which site should the company

choose?

Decision analysis. Repeat Problem 33, assuming additional analysis

caused the estimated probability of success in field B to be changed

from .1 to .11.

Genetics, Suppose that at each birth having a girl is not as likely as

having a boy, and that the probability assignments for the number of

boys in a family with three children is approximated from past

records to be:

Number o
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Now, suppose a Bernoulli experiment is repeated five times. How can we
compute the probability of the outcome SSFFS? In order to answer this

question, we must make two basic assumptions about the trials in a

sequence of Bernoulli experiments. First, we will assume that the probabil-

ity of a success remains the same from trial to trial. Second, we will assume

that the trials are independent; that is, the outcome of one trial has no

effect on the outcome of any of the other trials. With these two assump-

tions, it can be shown that the probability o/a sequence of events is equal to

the product of the probability of each event in the sequence. Thus,

P(SSFFS) = P(S)P(S)P(F)P(F)P(S)

Example 6 If we roll a fair die five times and identify a success in a single roll with a 1

turning up, what is the probability of the sequence SFFSS occurring?

Solution P = 6 Q^'^^P —
6

P(SFFSS) = pqqpp = p^q^

= (mir = -003

Problem 6 In Example 6, find the probability of the outcome FSSSF.

In simple Bernoulli experiments, such as tossing a coin or rolling a die, it

seems very reasonable to assume that the trials are independent. In more

complicated situations, it can be very difficult to determine whether the

trials are actually independent. We will assume that all the Bernoulli

experiments we consider in this book have independent trials.

In general, we define a sequence of Bernoulli trials as follows:

Bernoulli Trials

A sequence of experiments is called a sequence of Bernoulli trials if:

1. Only two outcomes are possible on each trial.

2. The probability of success p for each trial is a constant (probabil-

ity of failure is then q = 1 — p).

3. All trials are independent.

In most applications involving sequences of Bernoulli trials, we will be

interested in the number of successes, rather than in a specific outcome of

the form SSFFS. If X is the random variable associated with the number of

successes in a sequence of Bernoulli trials, we would like to find the

probability distribution for X. Since this probability distribution is closely

related to the binomial theorem, it will be helpful if we first review this

important theorem. (A more detailed discussion of this theorem can be

found in Appendix A-3.)
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Binomial Theorem

To start, let us calculate directly the first five natural number powers of

(a + b)":

(a + b)' = a + b

(a + h)' = a' + 2ab + b'

[a + b)' = a' + 3a'b + 3ab^ + b'

[a + b)" = a" + 4a^b + Ba^'b^ + 4ab^ + b"

(a + b)= = a= + 5a*b + lOa^b^ + lOa^b^ + Sab" + b=

In general, it can be shown that a binomial expansion is given by the

formula in the binomial theorem:

Theorem 1 Binomial Theorem
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Theorem 2

are the probabilities associated with these values? Table 3 answers these

questions completely.

Table 3

Simple

Event

Probability of

Simple Event X successes in 3 trials P{X, = x)

sss
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Solutions (A) Use equation (1) with n

p(2) = P(X, = 2)

4, X = 2, p = ^, and q = i:

4!

2!2!

(B) Notice how this problem differs from part A. Here we have

P(X, ^ 2) = p(2) + p(3) + p(4)

2!2! \2/ 3!1!\2/ 4!0! \2/

= .375 + .25 + .0625 = .6875

Problem 9 If a fair coin is tossed four times, what is the probability of tossing:

(A) Exactly one head? (B) At most one head?

Example 10 Suppose a fair die is rolled three times and a success on a single roll is

considered to be rolling a number divisible by 3.

(A]

(B)

(C)

Solutions (A) p

Write the probability function for the binomial distribution.

Construct a table for this binomial distribution.

Draw a histogram for this theoretical distribution.

Since there are two numbers out of six that are

divisible by 3

q=i-p=l
n = 3

Hence,

P(x successes in 3 trials)

(B) .X p(.x]

" e)(i)W'-
' (:)(i)'©'-

^ (D(t)'©'=

-C)(l)"(f)*

.44

22

1.00
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(C) p(x)

-
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Application

Binomial experiments are associated with a wide variety of practical

problems: industrial sampling, drug testing, genetics, epidemics, medical

diagnosis, opinion polls, analysis of social phenomena, qualifying tests, and

so on. Several types of applications are included in Exercise 17-2. We will

now consider one application in detail.

Example 12 The probability of recovering after a particular type of operation is .5. Let us

investigate the binomial distribution involving eight patients undergoing

this operation.

(A) Write the function defining this distribution.

(B) Construct a table for the distribution.

(C) Construct a histogram for the distribution.

(D) Find the mean and standard deviation for the distribution.

Solutions (A) p = .5 q = 1 — p = .5 n = 8

Hence, letting a recovery be a success,

p(x) = P(Exactly x successes in 8 trials) = 1 I {.SYl.SY'"

(B) X
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(C) p(x)

.004 r
.

1—

1
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11. H = .67: a =.67

12. (A) p(x) = P(Exactly X successes in 4 trials)

(B)

(D) fi-

=0 .5r

(C) p(x)

cr=l

- .06
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16. Roll a die three times or roll three dice simultaneously, and record the

number of 5's that occur. Repeat the binomial experiment 100 times

and compare your relative frequency distribution with the theoreti-

cal probability distribution.

A coin is loaded so that the probability of a head occurring on a singJe toss is

J. In jive tosses of the coin, what is the probability of getting:

17. All heads or all tails?

18. Exactly two heads or exactly two tails?

Applications

Business & Economics 19. Quality confroJ. A manufacturing process produces on the average 5

defective items out of 100. To control quality, each day a random

sample of six completed items is selected and inspected. If a success

on a single trial (inspection of one item) is finding the item defective,

then the inspection of each of the 6 items in the sample constitutes a

binomial experiment, which has a binomial distribution.

(A) Write the function defining the distribution.

(B) Construct a table for the distribution.

(C) Draw a histogram.

(D) Compute the mean and standard deviation.

20. Quality control. Refer to Problem 19. If the sample of six items that are

inspected contains two or more defective items, then the whole day's

output is inspected and the manufacturing process is reviewed. What

is the probability of this happening, assuming that the process is still

producing 5 defective items out of 100?

21. Guarantees. A manufacturing process produces, on the average, 3%
defective items. The company ships ten items in each box and wishes

to guarantee no more than one defective item per box. If this guaran-

tee accompanies each box, what is the probability that the box will

fail to satisfy the guarantee?

22. Management training. Each year a company selects 20 employees for

a management training program given at a nearby university. On the

average, 70% of those sent complete the course. Compute the mean

and standard deviation for the number of employees who complete

the program each year.

Life Sciences 23. Epidemics. If the probability of a person contracting influenza on

exposure is .6, consider the binomial distribution for a family of six

that has been exposed.



17-2 Binomial Distributions 1043

(A) Write the function defining the distribution.

(B) Construct a table for the distribution.

(C) Draw a histogram.

(D) Compute the mean and standard deviation.

24. Epidemics. Refer to Problem 23. Out of a family of six exposed to the

virus, Mfhat is the probability that:

(A) No one will contract the disease?

(B) All will contract the disease?

(C) Exactly two will contract the disease?

(D) At least two will contract the disease?

25. Genetics. The probability that brown-eyed parents, both with the

recessive gene for blue, will have a child with brown eyes is .75. If

such parents have five children, what is the probability that they will

have:

(A) All blue-eyed children?

(B) Exactly three children with brown eyes?

(C) At least three children with brown eyes?

26. Side effects of drugs. The probability that a given drug will produce a

serious side effect in a person using the drug is .02. In the binomial

distribution for 450 people using the drug, what are the mean and

standard deviation?

Social Sciences 27. Testing. A multiple-choice test is given with five choices for each of

five questions. Answering each of the five questions by guessing

constitutes a binomial experiment with an associated binomial distri-

bution.

(A) Write the function defining the distribution.

(B) Construct a table for the distribution.

(C) Draw a histogram.

(D) Compute the mean and standard deviation.

28. Testing. Refer to Problem 27. What is the probability of passing the

test with a grade of 60% or better just by guessing?

29. Opinion polls. An opinion poll based on a small sample can be un-

representative of the population. To see why, let us assume that 40%
of the electorate favors a certain candidate. If a random sample of

seven are asked their preference, what is the probability that a major-

ity will favor the candidate?

30. Sociology. The probability that a marriage will end in divorce within

10 years is .4. What are the mean and standard deviation for the

binomial distribution involving 1,000 marriages?
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17-3 Continuous Random Variables

Continuous Random Variable

Probability Density Function

Comparing Probability Distribution Functions and Probability Density

Functions

Cumulative Probability Distribution Function

Continuous Random Variable

All the random variables we considered in the preceding section assumed

one of a finite number of possible values. But in many experiments we use

random variables that can assume any one of an infinite number of possible

values. For example, we may be interested in the life expectancy of a

circuit in a computer, the time it takes a rat to find its way through a maze,

or the amount of a certain drug present in an individual's bloodstream. In

experiments of this type, the set of all possible outcomes forms an interval

on the real line. Thus, the life expectancy of a computer's circuit could be

any value in the interval [0, <»), and the transit time of a rat in a maze might

always lie in the interval [5, 60]. A random variable associated with this

kind of experiment is usually called continuous.

Continuous Random Variable

A continuous random variable is a random variable whose set of

possible values (range) is an interval on the real line. This interval

may be open or closed, and it may be bounded or unbounded.

The term continuous is not used in the same sense here as it was used in

Section 10-2. In this case, it refers to the fact that the values of the random

variable form a continuous set of numbers, such as [0, 0°), rather than a

discrete set, such as {0, 1, 2, 3). In fact, random variables of the type we
considered in the preceding two sections are often called discrete random

variables to emphasize the difference between them and continuous ran-

dom variables.

Probability Density Function

In order to work with continuous random variables, we must have some

way of defining the probability of an event. Since there are an infinite



17-3 Continuous Random Variables 1045

number of possible outcomes, we cannot define the probability of each

outcome by means of a table. Instead, we introduce a new function that is

used to compute probabilities. For convenience in stating definitions and

formulas, we will assume that the value of a continuous random variable

can be any real number; that is, the range is (—0°, 0°).

Probability Density Function

The function f[x) is a probability density function for a continuous

random variable X if:

1. /(xJ^'Ofor allxe (-», «>)

2. /!!„f(x)dx = l

3. The probability that X lies in the interval [c, d] is given by

P(c ^ X « d)

fix) dx = 1

V .^ f(x) >

= Probability(c « X s d)

Range of X = (— <», «) = Domain of/

r, .
[12x2 -12x^ OSx=si

Example 13 Let: f(x) = \ ^ ,u •^
I

otherwise

(A) Verify that / satisfies the first two conditions for a probability density

function.

(B) Compute P(J s X «
J), P(X « i), P(X ^ f), and P(X = ^).

Solulions (A) For ^ x « 1, we have f[x) = 12x^ - Ux^ = 12x^(1 - x) ^ 0. Since

f[x) = for all other values of x, it follows that/(x) ^ for all x. Also.

ly^'^'^i
(12x2 _ 12x3) £jx = (4x3 _ 3x4) (4 - 3) - (0) = 1
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(B) P(i^x«i; f(x) dx
/4

3/4

J 1/4

= (4x^ - 3x*

(12x2 _ ^2x^) dx

3/4

1/4

P(X =

fl/2

I /(x) dx

^I
1/2

(12x2 - 12x3) (jx

(4x3 _ 3^4
1/2

P(x; f)
=

f
" fix) dx

J2/3

=1 (12x2 _ 12x3) (jx

2/3

(4x3 _ 3^4)

2/3

P(X^
fl/3

fix
Jl/3

)dx =

Note that ,f(x) = for x < 0.

Note that /(x) = for x > 1.

Property 1, page 849

Problem 13 Let: /(x) =
6x - 6x2 Q^ X

otherwise

(A) Verify that /satisfies the first two conditions for a probability density

function.

(B) Compute P(i « X « |), P(X « i), P(X ^ i), and P(X = i).

Comparing Probability Distribution Functions and
Probability Density Functions

The last probability in Example 13 illustrates a fundamental difference

between discrete and continuous random variables. In the discrete case,

there is a probability distribution p(x) that gives the probability of each

possible value of the random variable. Thus, if c is one of the values of the

random variable, then P(X = c) = p(c). In the continuous case, the integral
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of the probability density /unction f[x] gives the probability that the out-

come lies in a certain interval. If c is any real number, then the probability

that the outcome is exactJ\' c is

^{/(x)P(X = c) = P(c^X«c)= ,f(x)dx =

Thus, P[X = c) = for any number c and, since f[c) is certainly not for all

values of c, we see that fix] does not play the same role for a continuous

random variable as p(x) does for a discrete random variable.

The fact that P(X = c) = also implies that excluding either end point

from an interval does not change the probability that the random variable

lies in that interval; that is.

P(a < X < b) = P(a < X « b) = P(a ^ X < b) = P(a « X « b)

'/(x)dx
/:

Example 14 Use the probability density function in Example 13 to compute

P(.l <X«.2) andP(X>.9).

f2 , ri2x--12x=' O^xSl
Solution P(.l< X ^ .2) =

J^
f[x) dx f(x) =

| ^ otherwise

I:
(12x2- 12x3) jx

= (4x=' - Sx")
,1

= .0272 - .0037 = .0235

P(X>.9)= /(x)dx

(12x^-12x3) dx
I9

(4x3 _ 3x4)
,9

^ 1 - .9477 = .0523

Problem 14 Use the probability density function in Problem 13 to compute

P(.2«X<.4)andP(X<.8).

If /(x) is the probability density function in Example 13. notice that

/(f)
= ¥ > 1- Thus, a probability density function can assume values larger

than 1. This illustrates another difference between probability density

functions and probability distribution functions. In terms of inequalities, a

probability distribution function must always satisfy « p(x) « 1. while a
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Example 15

Shelf-Life

probability density function need only satisfy f(x) ^ 0. Despite these differ-

ences, we shall see that there are many similarities in the application of

probability distribution functions and probability density functions.

The shelf-life (in months) of a certain drug is a continuous random variable

with probability density function

fix]-
50/(x + 50p

otherwise

Solutions

Find the probability that the drug has a shelf-life of:

(A) Between 10 and 20 months (B) At most 30 months

(C) Over 25 months

(A)

(B)

(C)

f20 flO en _r
P(10«X^20)= /(x)dx=

, ,n^.
dx =—

f

Jio Jio (x + 50)2 x-t-

I 707 I 60/ 42

f(x]dx= dx = -
J-. Jo (x + 50)2 X

-50_

50

P(X « 30)
-1-50

B-"" J25 (x +

H-=o\ R-l-50 75/

50 ,
,

-50—
-r dx = lim ;

50)2 p_. X -I- 50

Problem 15 In Example 15 find the probability that the drug has a shelf-life of:

(A) Between 50 and 100 months (B) At most 20 months

(C) Over 10 months
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Cumulative Probability Distribution Function

Each time we compute the probability for a continuous random variable,

we must find the antiderivative of the probability density function. This

antiderivative is used so often that it is convenient to give it a name.

Cumulative Probability Distribution Function

If/ is a probability density function, then the associated cumulative

probability distribution function F is defined by

F(x) = P(X =

-i: m dt

Furthermore,

P(c « X « d) = F{d) - F(c)

Figure 4 gives a geometric interpretation of these ideas.

F(a) = P(X«a)= mdt

[A] Cumulative probability distribution function

y = m

— yo a

(B) Probability density function

Figure 4

F(d) - F(c) = P(c « X « d)

Notice that F(x) = /i„ f[t] dt is a function of x. the upper limit of integra-

tion, not t, the variable in the integrand. We state some important proper-

ties of cumulative probability distribution functions in Theorem 4 (next

page). These properties follow directly from the fact that F(x) can be

interpreted geometrically as the area under the graph of y = f[t) from — oc

to X (see Section 14-5).
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Theorem 4

Example 16

Solution

Properties of Cumulative Probability Distribution Functions

If/ is a probability density function and

F,x)=/_;m dt

is the associated cumulative probability distribution function, then:

1. F'(x) = f{x) wherever / is continuous

2. 0«F(x)^l, -oo<x<oo
3. F(x) is nondecreasing on (— oo, <»)*

Find the cumulative probability distribution function for the probability

density function in Example 13, and use it to compute P(.l ^ X « .9).

Ifx<0, then

F(x) = £' /(f) dt fix)
= 12x^-12x3 0«x«l

otherwise

=
I

Odf =

If 0«x« 1, then

F(x)= r mdt=
\
mdt+ \mdt

J— CO J— 00 Jo

(12(2 -12t^)dl = (41^-31")
Jo

= 4x3-3x^

Ifx> 1. then

F(x) = !_' m dt =
J

/(f) dt +
IJ

/(f) dt + Pm dt

=0+1+0=1
Thus,

F(x)

And

x<0
4x^ - 3x* « x « 1

1 x> 1

P(.l « X « .9) = F(.9) - F(.l) = .9477 - .0037 = .944

A function F(x) is nondecreasing on [a. b] if F(x,) « FfXj) for a < Xj < Xj < b.
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f(x)

I

/(x)dx = P(.l «X«.9)

F(.9)-F(.l) = P(.l «X«.9)

Problem 16 Find the cumulative probability distribution function for the probability

density function in Problem 13. and use it to compute P(.3 « X ^ .7).

Example 17

Shelf-Life

Solution

Returning to the discussion ofthe shelf-life of a drug in Example 15, suppose

a pharmacist wants to be 95% certain that the drug is still good when it is

sold. How long is it safe to leave the drug on the shelf?

Let X be the number of months the drug has been on the shelf when it

is sold. The probability that the shelf-life of the drug is less than the num-
ber of months it has been sitting on the shelf is P(0 « X 'S x). The pharma-

cist wants this probability to be .05. Thus, we must solve the equation

P(0 ^ X s x) = .05 for X. First, we will find the cumulative probability

distribution function F. For x < 0, we see that F(x) = 0. For x ^ 0,

F(x) =
I

50

(50 + t)2

X

dt = -

-50

50 -ft

-50
50 -I-

X

-(-!) = 1- 50

50 + x

50 -I-

X

Thus,

F(x)
x<0

.x/{50 + x) X 2=
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Problem 17

Answers to

Matched Problems

Now, to solve the equation P(0 ^ X « x) = .05, we solve

F(x) - F(0) = .05 F{0) =

X
; = .05

50 + x

x = 2.5 + .05x

.95x = 2.5

x = 2.6

If the drug is sold during the first 2.6 months it is on the shelf, then the

probability that it is still good is .95.

Repeat Example 1 7 if the pharmacist wants the probability that the drug is

still good to be .99.

13. (B) #; ^; i; 14. .248; .896

15. (A) i (B) f (C) I

(0
x<0

3x2 -2x^ OSx^l P(.3SX«.7) = .568

1 x> 1

17. Approx. ^ month or 15 days

Exercise 17-3

Problems 1-12 refer to the continuous random variable X with probability

density function

f(x)

ix 0«x^4
otherwise

1. Graph f and verify that f satisfies the first two conditions for a proba-

bility density function.

2. Find P(l « X ^ 3) and illustrate with a graph.

3. FindP(2<X<3). 4. Find P(X « 2).

5. Find P(X > 3). 6. Find P(X = 1).

7. FindP(X>5). 8. Find P(X < 5).

9. Find and graph the associated cumulative probability distribution

function.

10. Use the associated cumulative probability distribution function to

find P(2 ^ X « 4) and illustrate with a graph.

11. Use the associated cumulative probability distribution function to

find P(0 < X < 2) and illustrate with a graph.

12. Use the associated cumulative probability distribution function to

find the value of x that satisfies P(0 « X ^ x) = |.
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B Problems 33-20 refer to the continuous random variable X with probability

density /unction

.,^, = |2/(l+xf x^O
I otherwise

13. Graph /and verify that /satisfies the first two conditions for a proba-

biUty density function.

14. Find P(l ^ X « 4) and illustrate with a graph.

15. FindP{X>3). 16. Find P(X « 2).

17. FindP(X=l). 18. FindP(X>-l).

19. Find and graph the associated cumulative probability distribution

function.

20. Use the associated cumulative probability distribution function to

find the value of x that satisfies P(0 « X ^ x) = |.

21. Find the associated cumulative probability distribution function for

/(x) = {'
x-fx^ 0«x«2

otherwise

Graph both functions (on separate sets of axes).

22. Repeat Problem 21 for

.,, fe-" x^O
\ otherwise

In Problems 23-26 jind the associated cumulative probability /unction, and

use it to find the indicated probability.

23. Find P(l « X « 2) for 24. Find P(l « X « 2) for

/(

25. Find P(X^l) for 26. Find P(X & e) for

fix

f In X 1 =s X « e ,
(x) = 1 , . /(x) =
^ '

[ otherwise '^ '

3x/(8vT+x) 0«x=S3
otherwise

fxe"' x^O
ff 1 = J(^" ^'/^^ ^^^

\ otherwise \ othererwise

In Problems 27-30 F(xJ is the cumulative probability distribution function

/or a continuous random variable X. Find the probability density /unction

f(x] associated with each F(x).

27. F(x)
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In Problems 31-34, find the associated cumulative distribution /unction

(X 0«x«

1

2 - X 1< X « 2 32. /(x)

otherwise

r ixi

i 0«x«

1

i 1 <x«2
i 2<x^3

otherwise

33. fix)

Applications

-1 ^ X « 1

otherwise
34. /(x) =

|x| + ix -l«xsi
otherwise

Business & Economics 35. Time-sharing. In a computer time-sharing network, the time it takes

(in seconds) to respond to a user's request is a continuous random

variable with probability density given by

fW =
_p-x/10 X ^0

otherwise

(A) What is the probability that the computer responds within 1

second?

(B) What is the probability that a user must wait over 4 seconds for a

response?

36. Gasoline consumption. The daily demand for gasoline (in millions of

gallons) in a certain area is a continuous random variable with proba-

bility density given by

/(x) =
ixe-'/^ X ^

otherwise

(A) What is the probability that no more than 1 million gallons are

demanded?

(B) What is the probability that 2 million gallons will not be suffi-

cient to meet the daily demand?
37. Demand. The weekly demand for hamburger (in thousands of

pounds) for a chain of supermarkets is a continuous random variable

with probability density given by

/(

(A)

(B)

(C)

-{" 003x\/lOO-x2 0^x^10
otherwise

What is the probability that more than 4,000 pounds of ham-

burger are demanded?

The manager of the meat department orders 8,000 pounds of

hamburger. What is the probability that the demand will not

exceed this amount?

The manager wants the probability that the demand does not

exceed the amount ordered to be .9. How much hamburger meat

should be ordered?
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38. Demand. Repeat Problem 37 if

2^00X^(1,000 -x^)'''^ 0^x^10
otherwise

Life Sciences 39. Life expectancy. The life expectancy (in minutes) of a certain micro-

scopic organism is a continuous random variable with probability

density function given by

/(x) = 5.000 I ^ ^^ O^x^s 10

otherwise

(A) What is the probability that an organism lives for at least 7

minutes?

(B) What is the probability that an organism lives for at most 5

minutes?

40. Shelf-Jife. The shelf-life (in days) of a perishable drug is a continuous

random variable with probability density function given by

r200x/(100 + x^)^ x3=0

\ otherwise

(A) What is the probability that the drug has a shelf-life of at most 10

days?

(B) What is the probability that the shelf-life exceeds 15 days?

(C) If the user wants the probability that the drug is still good to be .8,

when is the last time it should be used?

Social Sciences 41. Learning. The numberof words per minute a beginner can type after 1

week of practice is a continuous random variable with probability

density given by

fix)
^xe""/^" x^O

otherwise

(A) What is the probability that a beginner can type at least 30 words

per minute after 1 week of practice?

(B) What is the probability that a beginner can type at least 80 words

per minute after 1 week of practice?

42. Learning. The number of hours it takes a chimpanzee to learn a new

task is a continuous random variable with probability density given

by

{^x^ — -i-\^ ^ x
' o" other

«3
otherwise

(A) What is the probability that the chimpanzee learns the task in

the first hour?

(B) What is the probability that the chimpanzee does not learn the

task in the first 2 hours?
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17-4 Expected Value, Standard Deviation, and Median of Continuous
Random Variables

Expected Value and Standard Deviation

Alternate Formula for Variance

Median

Expected Value and Standard Deviation

In Section 17-1 we discussed the expected value, variance, and standard

deviation for discrete random variables. The formulas for these quantities

can be generalized to the continuous case by replacing the finite summa-

tion operation with integration. Compare the formulas below with those in

Section 17-1.

Expected Value and Standard Deviation for a Continuous Random
Variable

Let f(x] be the probability density function for a continuous random

variable X. The expected value, or mean, of X is

£H = E(X]=
I

xf(x)dx

The variance is

V(X)= f [x-fxmx)dx

and the standard deviation is

(T=v'V(X)

Example 18

The standard deviation of a continuous random variable measures the

dispersion of the probability density function about the mean, just as in the

discrete case. This is illustrated in Figure 5. The probability density func-

tion in Figure 5A has a standard deviation of 1 . Most of the area under the

curve is near the mean. In Figure 5B, the standard deviation is four times as

large, and the area under the graph is much more spread out.

Find the mean, variance, and standard deviation for

^, , ri2x2-12x3 0«x^ 1
rlxl ^

otherwise
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4x

Solution

Problem 18

(A) = 1

f

(B) o = 4

Figure 5

4 X

H = E(X]= I x/(x)dx=| x[12x^ - 12x^) dx = I (12x^ - IZx") dx

= fl^v^-AlYSI(3x

V(X] =
J

(X - nrf[x] dx = r (X - t)2(12x^

=
1

(x2-fx + A)(12x2- 12x^)dx

=
1 (^x2-^x3 + ifx^-12x=)dx

12x^1 dx

;
I3& Y 3 111 Y ^ + 13Z V 5 9 V 6
i25 -^ 25 -^

' 25 '^ ^'^

Find the mean, variance, and standard deviation for

f6x-6x' O^x^ 1

[ otrierwise

Alternate Formula for Variance

The term [x — fi)^ in the formula for V(X) introduces some complicated

algebraic manipulations in the evaluation of the integral. We can use the

properties of the definite integral to simplify this formula. Thus.
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V(X) =
j

(x-^)2/(x)dx

= I (x2-2x/<+//2)/(x)dx

=
J

[x^/(x)-2x///(x)+/^^/{x)]dx

=
1

x^f{x)dx-\ 2xnf(x]dx+ I n'f(x] dx

=
I

x^f[x]dx-2n
I

x/(x)dx+//^ I /(x) dx

=
I

x^f(x)dx

=
I

x2/(x)dx-/z^

2/^(/z)+/ini)

Expand (x — ^f.

Multiply by /(x).

Use property 4, page 849.

Use property 3, page 849.

I

x/(x) dx = /I,
I

/(x) dx = ;

Theorem 5

In general, it will be easier to evaluate /",x^/(x) dx than to evalu-

ate /!!„(x-/iP/(x)dx.

Alternate Formula for Variance

V(X)=
I

x^f(x]dx-n^

Example 19 Use the alternate formula for variance (Theorem 5) to compute the var-

iance in Example 18.

Solution From Example 18, we have ^ = /"„ x/(x) dx = |.

I

x2/(x)dx= r xHl2x2-12x^)dx /(x) =
|

=
I

(12X''- 12x5) jjx

12x2 -12x^ 0«x«l
otherwise

= IU.y5 -:lix61

V(X) = |_"_x2/(x)dx-M' = i-m' =

Problem 19 Use the alternate formula for variance (Theorem 5) to compute the var-

iance in Problem 18.
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Example 20

Solution

Find the mean, variance, and standard deviation for

fix]
3/x* x^l

otherwise

// = I xf (x) dx = I X— dx = lim I — dx
J-. Jl X R—« J, X

=i'4-i(^)l>f.[-i(^)-t

I x^f(x)dx= I x^ —r dx = lim I ^r dx = hm ( 1

J-. Jl x^ B-» J, x^ R-- V xy

V(X) =
I"

x^/(x) dx -/i^ = 3 -
(ly

=
^

cr = n/V(X] = Vf ^

V3
.8660

Problem 20 Find the mean, variance, and standard deviation for

f24/x^ XJ2
I otherwise

Example 21 The life expectancy (in hours) for a particular brand of light bulbs is a

Life Expectancy continuous random variable with probability density function

/(x) = {^
00 20.000 ^ ^ '^ ^\J\J

Otherwise

(A) What is the average life expectancy of one of these light bulbs?

(B) What is the probability that a bulb will last longer than this average?

Solution (A) Since the value of this random variable is the number of hours a bulb

lasts, the average life expectancy is just the expected value of the

random variable. Thus,

r» Tzoo

E(X) =
J

x/(x)dx=| x(

Tzoo

I
1 100 X

Jo

100 20,000 x) dx

jx^) dx = l^x 2 — 1 v31
60.000 -^ t

= 2sa or 66| hours
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(B) The probability that a bulb lasts longer than 66| hours is

f" fzoo

P(X > T) = /(x) dx =
J 100/3 J 20

UOO 20.000'

; 200/3

llOO^ 40.000^

200/3

200

Problem 21 Repeat Example 21 if the probability density function is

;X 0^x^300
/(x] = 200 90,000 '

otherwise

Median

Another measurement often used to describe the properties of a random

variable is the median. The median is the value of the random variable that

divides the area under the graph of the probability density function into

\.\N0 equal parts (see Figure 6). If x„ is the median, then x^ must satisfy

P(X^x^) = i

Generally, this equation is solved by first finding the cumulative probabil-

ity distribution function.

Example 22

SoJution

Figure 6

Find the median of the continuous random variable with probability

density function

m 3/x^ x5=l

otherwise

Step 1. Find the cumulative probability distribution function. For x < 1,

we have F(x) = 0. If x 5^ 1 , then

F(x) = £/(t)dt = |^''-^dt = -i

Step 2. Solve (he equation P(Xs x^,) = ^jor x„.

F(x,) = P(XSx„)

1 _ 1

+ 1 = 1
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Problem 22

Example 23

Life Expectancy

Solution

1 _ 1

xL = 2

x„= V2

Thus, the median is \/2 » 1.26.

Find the median of the continuous random variable with probability

density function

^^ =
1 ot' " otherwise

In Example 21, find the median life expectancy of a light bulb.

Step 1. Find the cumulative probability distribution function. If x < 0, we

have F(x) = 0. If « x « 200, then

F(.x] = jj[t]dt f(x] =

t)dt

100 20,000 X ^ X =S 200

Otherwise

=/: UOO 20,000^

it-100 ^ 40.000 ^

iX-:

If x> 200, then

F(x)=
I

/(t)dt
fx fo faoo /"x

= fit) dt = m dt + /(f) dt + m dt

J-=e J— Jo J2OO

= + 1+0=1

Thus,

F(x) = 100 -^ 40.000

1

x<0
x^ 0«x^200

x>200

Step 2. Solve the equation P(X ^ x^] = j for x^.

F(xJ = P(X«x^) = ^

TooXn,
— 4ofeoXm = ^ The solution must occur for

x^-400x„ + 20,000 = 0«x^S200.

This quadratic equation has two solutions, 200 + 100 v2 and

200 - 100 >/2. Since x^^ must lie in the interval [0, 200], the second

root is the correct answer.

Thus, the median hfe expectancy is 200 - 100 V2 = 58.58 hours.
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Figure 7

Problem 23 In Problem 21. find the median life expectancy of a light bulb.

If you compare Examples 21 and 23, and Examples 20 and 22, you will

see that the mean and the median generally are not equal (see Figure 7).

;ii = ^ = 66f 200

^ x„ = 200 - 100\/2 !« 58.58

Answers to 18. // = i; V(X) = ^; ct = .2236 19. js

Matched Problems 20. /i = 3; V(X) = 3; ct = \^ == 1.732 21. (A) 125 hours (B) ^
22. x„ = VT6 = 2V2 = 2.52 23. x„ = 450 - 150^5 == 114.59 hours

Exercise 17-4

A Problems 1-8 refer to the random variable X with probabiJifj' density

function

/(x) =
|x OSx ^ 2

otherwise

1. Find the mean.

2. Find the variance.

3. Find the standard deviation.

4. Find the probability that the random variable is less than the mean.

5. Find the probability that the random variable is within 1 standard

deviation of the mean (between /i — a and // + a).

6. Find the associated cumulative probability distribution function.

7. Find the median.

8. Find the probability that the random variable lies between the me-

dian and the mean.
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B Problems 9-16 refer to the continuous random variable X with probability

density /unction

\ otherwise

9. Find the mean.

10. Find the variance.

11. Find the standard deviation.

12. Find the probabihty that the random variable is greater than the

mean.

13. Find the probability that the random variable is within 2 standard

deviations of the mean (between fj
— 2a and /i + 2a].

14. Find the associated cumulative probability density function.

15. Find the median.

16. Find the probability that the random variable is between the mean

and the median.

In Problems 17-20 find the mean, variance, and standard deviation of the

continuous random variable with the indicated probability density func-

tion.

[3x2 0^
IH. f I VI = •

Otherwise

{-1- 2 ^ X ^ =5LLl 18' /M =

19. f(x) =
1/(2^1 + 1^) 0^x^3

^^
otherwise

otherwise

In X 1 ^ X « e

otherwise

In Problems 21 -24 find the median of the continuous random variable with

the indicated probability density function.

^^- ^''^J"!
otherwise

^^^ ^''"
\ otherwise

23. f(x)
1/(1 +x)2 x^O

3^_
otherwise

e"" X 3^

otherwise

In Problems 25 and 26f(x] is a continuous probability density function with

mean // and standard deviation a; a and b are constants. Evaluate each

integral, expressing the result in terms of a, h, fi, and a.

25.
I

(ax + b)f(x)dx 26. I (x - aj^ffx) dx

In Problems 27 and 28 f(x] is an even continuous probability density

function [f(— xj =f(x)for all .xj.

27. Find the mean. 28. Find the median.

The quartile points for a probability density function are the values x, , Xj,

Xj that divide the area under the graph of the function intofour equal parts.
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Find the quartile points for the probability density functions in Problems 29

and 30.

29. /(x) = ^'' ^^""^-^ 30. /(x) =
[ otherwise

1/(1 +x)2 x^O
otherwise

Applications

Business & Economics 31. Profit. A building contractor's pfofit (in thousands of dollars) on each

unit in a subdivision is a continuous random variable with probability

density given by

32.

33.

34.

fM
i(lO-x) 6«x«10

otherwise

(A) What is the contractor's expected profit?

(B) What is the median profit?

Product life. The life expectancy (in years) of an automobile battery is

a continuous random variable with probability density given by

{ip-x/2

^0
x^O
otherwise

Find the median life expectancy.

Wafer consumption. The daily consumption of water (in millions of

gallons) in a small city is a continuous random variable with probabil-

ity density given by

f(X) =
1/(1 +x2)3/2

otherwise

Find the expected daily consumption.

Demand. The weekly demand for hamburger (in thousands of

pounds) for a chain of supermarkets is a continuous random variable

with probability density given by

L003x\/lOO-x^ 0^x^10
otherwise

/(x) {"'

Find the median demand for hamburger meat.

Life Sciences 35. Life expectancy. The life expectancy of a certain microscopic orga-

nism (in minutes) is a continuous random variable with probability

density function given by

f(x) =
{

3;g5o(10X='-X'') « X« 10

otherwise

Find the mean life expectancy of one of these organisms.
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36. Shelf-life. The shelf-life (in days) of a perishable drug is a continuous

random variable with probability density given by

{200x)/(100 + xY x^O
otherwise

/(x) =

Find the median shelf-life of this drug

Social Sciences 37. Learning. The number of hours it takes a chimpanzee to learn a new
task is a continuous random variable with probability density given

by

/(x) =
ix^-^x^ 0«x«3

otherwise

What is the expected number of hours it will take a chimpanzee to

learn the task?

17-5 Uniform, Beta, and Exponental Distributions

Uniform Distribution

Beta Distribution

Exponential Distribution

In this section we will examine several important probability density

functions. In actual practice, we do not usually construct a probability

density function for each experiment. Instead, we try to select a known
probability density function that seems to give a reasonable description of

the experiment. Thus, it is important to be familiar with the properties and

applications of a variety of probability density functions.

Uniform Distribution

To begin, suppose the outcome of an experiment can be any number in a

certain finite interval [a, b]. If we believe that the probability of the

outcome lying in a small interval of fixed length is independent of the

location of this small interval within [a, b], then we say that the continuous

random variable for this experiment is uniformly distributed on the inter-

val [a, b]. The uniform probability density function is

y = f(x)

J ^ >x
/(x)

;x« b
b-a

otherwise
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Since f(x] ^ and

p/(x)dx= P-^dx =-^
J-„ Ja D - a b-a b — a b — a

/satisfies the necessary conditions for a probability density function.

If F is the associated cumulative probability distribution function, then

for X < a, F(x) = 0. For a « x s b, we have

F(x)=|_;/(t)dt=|;^ dt^
b-a

X — a

b — a b — a b — a

Forx>b, F(x) = l.

Now we calculate the mean, median, and standard deviation for the

uniform probability density function:

Mean

/u =
I

xf (x) dx =
I
-g^ dx =

_ b^-g^ _ (b-a)[b + a) _ 1

~
2(b -a]~ 2(b - a)

~
2

2(b - a)

(Q+b)

, 2[b - a] 2(b - a)

Median

F(x^) = P(X«x„)

x„ - g _ 1

b-a 2

1

Xm-a=-(b-a]

x„ = a + ^ (b - 0) = ^ (a + b)

Standard Deviation

f" f" x^
J_^x^/Mdx = |^dx^

3(b - a) 3(b-a) 3(b-a)

^3-a3^(b-a)(b- + ab + a')^l ^^^^^
3(b - a) 3(b - a) 3

'

V(X)^ P x^/(x) dx-/^2 = -(b2 + ab + a2) ^(a + b)j^
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= - fb^ + ab + a^) - - (a^ + 2ab + b^l
3 ^ 4

^ '

_ 4(b^ + ab + g^) - 3(q^ + 2ah + b^)~
12

b^-lab + a^ 1

12 12
(b-a)

a = VV[X) = V^(b - Q)^ =^ (b - a)

V12

These properties are summarized in the box.

Uniform Probability Density Function

Probability Density

Function

1
a «x« b

fix) =\b-a
otherwise

y = f(x)

Cumulative Probability

Distribution

X < a

X — a
F(x) a«x=s b

b-a
1 x>b

b-a 1 - V .. F(x)

_L -^x

Mean;

Median:

M--[a + b]

x„ = -(a + b)

Standard deviation: (T = —=(b — a)
V12

Example 24

Electrical Current

Solution

Standard electrical current is uniformly distributed between 110 and 120

volts. What is the probability that the current is between 113 and 118 volts?

Since we are told that the current is uniformly distributed on the interval

[110, 120]. we choose the uniform probability density function

/(x)
^ 110^x^120

otherwise
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Then

"°_218 _ 113 _ 1r"° 1 X
P(113^X«118)= — dx =—

Jii3 10 10

Problem 24 in Example 24, what is the probability that the current is at least 116 volts?

Beta Distribution

In many applications, the outcomes of an experiment are expressed in

terms of fractions or percentages. For example, ^ or 90% of the students

entering a certain college successfully complete the freshman year, ^ or

20% of fast-food restaurants fail to show a profit during their first year of

operation, and so on. In order to work with outcomes expressed as fractions

or percentages, it is necessary to use a probability density function whose
values lie in the interval [0, 1]. One special probability density function

which is often used in this situation is the beta probability density /unction.

A continuous random variable has a beta distribution* and is referred to

as a beta random variable if its probability density function is the beta

probability density function

l)(y?+2)x^(l -x) 0^x«lr{/?+l)(/?+2
/(x)

, " otherwise

where y? is a constant, fi^O. The value of fi is usually determined by

examining the results of a particular experiment. The values of a beta

random variable can be expressed as fractions or percentages; however,

percentages should be converted to fractions before performing calcula-

tions involving a beta random variable.

First, we show that /satisfies the requirements for a probability density

function:

/(x) = (y?+l)(/J-f 2)x^(l -x)^0 0«x«l

I

f[x]dx= I (;?+l)(/3+2)x^(l -x)dx

(yJ+l)(/?+2)(x'«-x^+^)dx

= {/]+2]-{fi+l] = l

Thus, /is a probability density function.

* There is a more general definition of a beta distribution, but we will not consider it

here.

r
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If F(x) is the associated cumulative probability distribution function,

then for x < 0, F(x) = 0. For « x ^ 1, we have

FM =
J

' m dt = r [P + l)(yS + 2)tK{l - t) dt

/ x^"^' x^+2 \

= (/?+2)x^+'-(/?+l)x^+^

And for x > 1,

F(x) = 1

In general, it is not possible to solve the equation F(Xj„) = ^ for x^,. Thus,

we will not discuss the median of a beta random variable. By straightfor-

ward (but tedious) integration we can show that

yS+1

and

^-i
2(^3+1)

(/? + 4)(/?+3p

The calculations are not included here. The above results are summarized

below.

Beta Probability Density Function

/(x)
lP+m+2]xni-x] O^x^l

^here/?^0
otherwise

F(x) =

Mean:

X <0
(y3+2)x^+'-()ff+l)x^-*-=' 0«x«l

1 x>l

fi+3

Standard deviation: a
/ 2(yg+l

V(fl + 4)(/?H(/? + 4)(^+3f

Figure 8 (page 1070) shows the graphs of f (x) for some typical values of ;ff.
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J il
) X

(A) li =

f(x) = 2(1 - X)

y = f(x)

(B) ^ = 1

f(x) = 6x(l - X)

V = f(x)

)x

(C) /? = 2

/(x) = 12x^(1 -x)

y = f(x)

*
) X

IX 1

(D) /3 = 3

/(x) = 20x^(1 - x)

Figure 8

Example 25

Income Tax

Solutions

The annual percentage of correct income tax forms filed with the Internal

Revenue Service is a beta random variable with fi
= 8.

(A) What is the probability that at least half the returns filed are correct?

(B) What is the expected percentage of correct returns?

SubstitutingyS = 8 in the definition of the beta probability density function,

we have

(A) P(X

90x«(l - x) ^ x ^ 1
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Problem 25

(B) ^ = E{X] J+1 _ 8 + 1 _9_

11
.818

P+3 8+3

Thus, we expect approximately 82% of the returns to be correct.

In Example 25, what is the probability that at least 90% of the returns are

correct?

Example 26

Learning

Solution

Problem 26

A psychologist is studying the learning abilities of children in a certain age

group. She has determined that on the average 75% of the children can

learn to perform a particular task in 5 minutes. She believes that the

percentage of children that can learn the task in 5 minutes is a continuous

beta random variable. What is an appropriate value of ^?

Since the average percentage of children that learned the task is 75% and

the mean for any beta distribution is (yS+ l)/(^+ 3), the value ofy? must

satisfy

;?+ 1

0+3 .75 Convert 75% to the decimal fraction ,75.

Solving this equation, we obtain ;ff= 5.

In Example 26, what is the probability that at least 75% of the children will

learn the task in 5 minutes?

Exponential Distribution

A continuous random variable has an exponential distribution and is

referred to as an exponential random variable if its probability density

function is the exponential probability density function

e-x/i X 3=

otherwise

where A is a positive constant. Exponential random variables are used in a

variety of applications, including studies of the length of telephone conver-

sations, the time customers spend waiting in line at a bank, and the life

expectancy of a machine part.

Since f(x) ^ and

'
f(x) dx = r \ e-"/^ dx = lim " t e"'"''' dx = 1

J-== Jo ^ fl-» Jo ^ n

= lim(-e-''/'' + l) = l

im
(

-"/M

f satisfies the conditions for a probability density function. If F is the

cumulative distribution function, we see that F(x) = for x < 0. For x ^ 0,

we have

F(x)=J_;/(t)dt=|;i e-'/>-dt = -e-'/'- 1 - e~'/^
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Median

F(x„) = P(X«x„) = -

-Xm/A :

In

3-x„/A

— /lln^ = Aln2 Note: ln- = -ln2

Integration by parts can be used to show that /i = A and cr = A. The calcula-

tions are not included here. The above results are summarized below.

Exponential Probability Density Function

(l/zlje-"/'' X s
otherwise

F(x] = 1^
- e-'^'- x ^

otherwise

Mean:

Median:

Standard deviation:

x^ = A In 2

y = F(x)

Example 27 The number of units of a certain item sold each week in a chain of

Inventory department stores is an exponential random variable. The average number

of items sold each week is 10,000. What is the probability that 15,000 or

more units will be sold in one week?

Solution If we let x represent the number of units sold (in thousands), then the

appropriate probability density function is

fix] = {'

.p-x/10 x^O
otherwise
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Thus,

I
P(X^15)= J5e-''/"'dx = lim(-e-'"'" = lim (-e""/"' + 6-1^/1°)

R-.QD

Problem 27

Answers to

Matched Problems

In Example 27, what is the probability that at most 5,000 units will be sold?

24. i 25. .264 26. .555 27. l-e-°^ = .393

Exercise 17-5

A Problems 3 -4 refer to a continuous random variable X that is uniformly

distributed on the interval [0, 2].

1. Find the probability density function for X.

2. Find the associated cumulative probability distribution function for

X,

3. Find the mean, median, and standard deviation.

4. Find the probability that the random variable is within 1 standard

deviation of the mean (between u — a and /i + a).

Problems 5-8 refer (o a beta random variable X ivith fi
= 3.

5. Find the probability density function for X.

6. Find the cumulative probability distribution function for X.

7. Find the mean and standard deviation.

8. Find the probability that the random variable is within 1 standard

deviation of the mean (between ^ — a and fi + a).

Problems 9-32 refer to an exponential random variable X with A = ^.

9. Find the probability density function for X.

10. Find the cumulative probability distribution function for X.

11- Find the mean, median, and standard deviation.

12. Find the probability that the random variable is within 1 standard

deviation of the mean (between ^t — a and // + a).

B Problems 33-26 refer to a beta random variable with P= j.

13. Find the probability density function for X.

14. Find the cumulative probability distribution function for X.

15. Find the mean and standard deviation.

16. Find the probability that the random variable is within 1 standard

deviation of the mean (between ^ — a and /i + a].
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Problems 17-20 refer to a beta random variable X with mean /2 = A.

17. Find;?.

18. Find the probability density function.

19. Find the cumulative probability distribution function.

20. Find the standard deviation.

Problems 21-24 refer to an exponential random variable X with median

21. Find A.

22. Find the probability density function.

23. Find the cumulative probability distribution function.

24. Find the mean and standard deviation.

25. Compute the following probabilities for an exponential random vari-

able with mean A:

(A) P(0«X«A) (B) P(0«X«2A) (C) P(0 « X « 3A)

26. The point where a probability density function assumes its maximum
value is sometimes referred to as the mode. Find the mode of the

probability density function

(x) = f^+^'t^;^fM^i^^ ^'^^ .
2)x''(l-x) O^x^l

' otherwise

27. If the random variable X is the time at which a device malfunctions,

then the failure rate is given by

fix]

1 - F(x)

where f(x) is the probability density function and F(x) is the cumula-

tive probability distribution function for X. Find the failure rate for:

(A) A uniform random variable

(B) An exponential random variable

28. A continuous random variable X is said to have a Pareto distribution if

its probability density function is given by

fp/xP- x^l
[ otherwise

where p is a constant, p > 0.

(A) Find the mean. What restrictions must you place on p?

(B) Find the variance and standard deviation. What restrictions

must you place on p?

(C) Find the median.
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Applications

Business & Economics 29. Waiting time. The time (in minutes) applicants must wait for an

officer to give them a driver's examination is uniformly distributed on

the interval [0, 40]. What is the probability that an applicant must

wail more than 25 minutes?

30. Business failures. The percentage of computer hobby stores that fail

during the first year of operation is a beta random variable with fi= 4.

(A) What is the expected percentage of failures?

(B) What is the probability that over 50% of the stores fail during the

first year?

31. Absenteeism. The percentage of assembly line workers that are absent

one Monday each month is a beta random variable. The mean per-

centage is 50%.

(A) What is the appropriate value of y??

(B) What is the probability that no more than 75% of the workers

will be absent on one Monday each month?

32. Waiting time. The waiting time (in minutes) for customers at a drive-

in bank is an exponential random variable. The average (mean) time a

customer waits is 4 minutes. What is the probability that a customer

waits more than 5 minutes?

33. Communication. The length of time for telephone conversations (in

minutes) is exponentially distributed. The average (mean) length of a

conversation is 3 minutes. What is the probability that a conversation

lasts less than 2 minutes?

34. Component failure. The life expectancy (in years) of a component in a

microcomputer is an exponential random variable. Half the compo-

nents fail in the first 3 years. The company that manufactures the

component offers a 1 year warranty. What is the probability that a

component will fail during the warranty period?

Life Sciences 35. Nutrition. The percentage of the daily requirement of vitamin D
present in an 8 ounce serving of milk is a beta random variable with

yS=.2.

(A) What is the expected percentage of vitamin D per serving?

(B) What is the probability that a serving contains at least 50% of the

daily requirement?

36. Medicine. A scientist is measuring the percentage of a drug present in

the bloodstream 10 minutes after an injection. The results indicate

that the percentage of the drug present is a beta random variable with

mean fi = .75.

(A) What is the value of yS?

(B) What is the probability that no more than 25% of the drug is

preseilt 10 minutes after an injection?
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38.

Social Sciences 39.

37. Survival time. The time of death (in years) after patients have con-

tracted a certain disease is exponentially distributed. The probability

that a patient dies within 1 year is .3.

(A) What is the expected time of death?

(B) What is the probability that a patient survives longer than the

expected time of death?

Survival time. Repeat Problem 37 if the probability that a patient dies

virithin 1 year is .5.

Education. The percentage of entering freshmen that complete the

first year of college is a beta random variable with y? = 17.

(A) What is the expected percentage of students that complete the

first year?

(B) What is the probability that more than 95% of the students

complete the first year?

40. Psychology. The time (in seconds) it takes rats to find their way

through a maze is exponentially distributed. The average (mean) time

is 30 seconds. What is the probability that it takes a rat over 1 minute

to find a path through the maze?

17-6 Normal Distributions

Normal Probability Density Functions

The Standard Normal Curve

Areas under Arbitrary Normal Curves

Normal Distribution Approximation of a Binomial Distribution

We will now consider the most important of all probability density func-

tions, the normal probability density function. This function is at the heart

of a great deal of statistical theory, and it is also a useful tool in its own right

for solving problems. We will see that the normal probability density

function can also be used to provide a good approximation to the binomial

distribution.

Normal Probability Density Functions

A continuous random variable X has a normal distribution and is referred

to as a normal random variable if its probability density function is the

normal probability density function

/(x)

TV27r

-(x-/i)2/2cr!
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where /I is any constant and cris any positive constant. It can be shown, but

not easily, that

/:
fix] dx = 1

E(X) =/: x/(x) dx= fi

and

V(X)^ \y- Hfj(x] dx = a^

Thus, // is the mean of the normal probability density function and a is the

standard deviation. The graph of /(x) is always a bell-shaped curve called a

normal curve. Figure 9 illustrates three normal curves for different values

oifi and <t.

Figure 9 Normal probability distributions

The standard deviation measures the dispersion of the normal probabil-

ity density function about the mean— a small standard deviation indicates

a tight clustering about the mean and thus a tall, narrow curve; a large

standard deviation indicates a large deviation from the mean and thus a

broad, flat curve. Notice that each of the normal curves in Figure 9 is

symmetric about a vertical line through the mean. This is true for any

normal curve. Thus, the line x = // divides the region under a normal curve
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into two regions with equal area. Since the total area under a normal curve

is always 1, the area of each of these regions is .5. This implies that the

median of a normal random variable is always equal to the mean (see

Figure 10).

Figure 10 The mean and median of a normal random variable

The properties of the normal probability density function are summa-
rized in the box for ease of reference.

Normal Probability Density Function

1
/(x)

(JyfZn

Q-(x-nr/z<p (7>0

Mean: n

Median: ft

Standard deviation: a

The graph of /(x) is symmetric with respect to the line x = //.
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The cumulative distribution function for a normal random variable is

given formally by

F[x) =-^
\

g-(.-,.H/2,r^ dt

It is not possible to express F(x) as a finite combination of the functions we

are familiar with. Furthermore, we cannot use antidifferentiation to evalu-

ate probabilities such as

P(c « X s d)
a42n Jc

^-(x-ilf/2o^ dx

Instead, we will use a table to approximate probabilities of this type.

Fortunately, we can use the same table for all normal probability density

functions, irrespective of the values of// and a. It is a remarkable fact that

the area under a normal curve between the mean and a given number of

standard deviations to the right [or left) of// is the same regardless of the

values of// and a (see Figure 11).

fi + 1.5o

Figure 11

The Standard Normal Curve

It is convenient to relate the area under an arbitrary normal curve to the

area under a particular normal curve called the standard normal curve.

Standard Normal Curve

The normal random variable Z with mean // = and standard devia-

tion (T = 1 is called the standard normal random variable and its

graph is called the standard normal curve.

Table IV in the back of the book gives the area under the standard normal

curve from to z for values of z in the range ^ z « 3.89. The values in this
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table, together with the familiar properties of area under a curve, can be

used to compute probabilities involving the standard normal random vari-

able.

Example 28

Solutions

Use Table IV to compute the following probabilities for the standard

normal random variable Z:

(A) P(0^Z«.88) (B) P(Z«1.45) (C) P(.3«Z«2.73)

(A) From Table IV, the area under the standard normal curve from z =
to z = .88 is ,3106. Thus,

(B)

(C)

P(0«Z«.88) = .3106

1.45 z

P(Z ^ 1.45) is the area under the standard normal curve over the

interval (— <», 1.45]. Since Table IV only gives the area over intervals

of the form [0, Zq], we must divide this region into two parts. Let A, be

the area of the region over the interval (— <», 0] and let A^ be the area of

the region over the interval [0, 1.45] (see the figure). The median of

the standard normal random variable is 0; thus, A^ = .5. From Table

IV, A2 = .4265. Adding these, we have

P(Z « 1.45) = Aj + A2 = .5 + .4265 = .9265

This time we let A, be the area of the region from to 2.73 and let Aj

be the area of the region from to .3 (see the figures). Using the

appropriate values from Table IV, we have

P(.3 =S Z « 2.73) = Ai - A2 = .4968 .1179 = .3789

P(.3 < Z £ 2.73]

2.73 .3 2.73

Problem 28 Use Table IV to find the following probabilities for the standard normal

random variable Z:

(A) P(0^Z«2.15) (B) P(Z«.75) (C) P{.7«Z^ 3.2)
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Areas under Arbitrary Normal Curves

Now that we have seen how to use Table IV to determine probabilities

involving the standard normal random variable, we want to consider the

more general case. Theorem 6 relates areas under any normal curve to

corresponding areas under the standard normal curve. This will enable us

to use Table IV to find areas under any normal curve, regardless of the

values of/^ and a.

Theorem 6 IfXis a normal random variable with
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First we use equation (1) in Theorem 6 to find the corresponding z values:

_ Xi -/j _ 500 - 500

z, =

100

X2-// 670-500
= 1.7

a 100

Next we use equation (2) in Theorem 6 to write

P(500 « X ^ 670) = P(0 « Z « 1.7)

Finally, we use Table IV to find the area under the standard normal curve

from z = to z = 1.7. This area is .4554. Thus,

P(500 « X ^ 670) = P(0 ^ Z S 1.7)

= .4554

and we conclude that 45.54% of the students can be expected to score

between 500 and 670 on the SAT.

Problem 29 Refer to Example 29. What percentage of the students can be expected to

score between 500 and 750?

Example 30 Refer to Example 29. From all high school students taking the Scholastic

Aptitude Test, what is the probability that a student chosen at random

scores between 380 and 500 on the test?

Solution The corresponding z values are

Xi -// _ 380- 500

100
= -1.2

x,-u 500-500
Z2 = ——- = =
^ a 100

Thus,

P(380 « X « 500) = P(- 1.2 « Z « 0)

Table IV does not include negative values of z, but because normal curves

are symmetric with respect to a vertical line through the mean, we simply

use the absolute value of z in Table IV (see the figure at the top of page

1083).

The area under the standard normal curve from z = — 1.2 to z = is the

same as the area from z = to z = 1.2, which is .3849. Thus,

P(380 « X « 500) = P(- 1.2 « Z « 0)

= P(0«Z'S 1.2)

= .3849

Theorem 6

Symmetry property of the

normal curve

Table IV
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-1.2 1.2 z

Ai = A.

Area under the standard normal curve for negative z

Problem 30 Refer to Example 29. What is the probabihty that a student selected at

random scores between 400 and 500 on the test?

Normal Distribution Approximation of a Binomial

Distribution

If we take the histogram for a binomial distribution, say, the one we drew

for Example 12 in Section 17-2 (n = 8, p = .5), and join the midpoints of the

top of each rectangle with a smooth curve, we obtain the bell-shaped curve

in Figure 12. The mean of this binomial distribution is 4 and the standard

PM
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following rule-of-thumb states conditions under which it is reasonably safe

to use a normal curve to approximate a binomial distribution:

Rule-of-Thumb Test for Approximating a Binomial Distribution

A binomial distribution with n trials and probability of success p can

be approximated by the normal curve with

// = np (T= Vnpq

provided both np and nq are greater than 10.

Example 31 A company manufactures 50,000 ballpoint pens each day. The manufac-

Quality Control turing process produces 50 defective pens per 1,000 on the average. A
random sample of 400 pens is selected from each day's production and

tested. What is the probability that in the sample there are:

(A) At least 14 and no more than 25 defective pens?

(B) 33 or more defective pens?

Solutions First, we use the rule-of-thumb test to determine whether it is appropriate

to use a normal curve approximation for this binomial distribution. Using

n = 400, p = .05, and q = .95, we see that

np = 400(.05) = 20 and nq = 400(.95) = 380

Since both of these values are greater than 10, we can use the rule-of-

thumb test. We can approximate this binomial distribution with the nor-

mal curve with

// = np = 20

a = x/npq = v'(400)(.05)(.95) = 4.36

(A) To approximate the probability that the number of defective pens is at

least 14 and not more than 25, we want to determine

P(14 ^ X « 25)

where X is the random variable associated with the number of defec-

tive pens in a sample. Using /z = 20 and a = 4.36, the corresponding z

values are

Xj-u 14-20
z, =——- = = -1.38

4.36

X;-// _ 25-20 _
4.36

15
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-1.38

Using Theorem 6 and Table IV (see the figure) we have

P(14 =S X « 25) = P(-1.38 ^ Z « 1.15)

= P(- 1.38 « Z « 0) + P(0 « Z « 1.15)

= .4162 + .3749 = .7911

Therefore, the approximate probability that the number of defective

pens in the sample is at least 14 and not more than 25 is .7911.

(B) Let

x-u 33-20
z = = « 2.98

a 4.36

Then

P(33 ^ X) = P(2.98 « Z)

2.98

Since the total area under a normal curve from the mean on is .5, we

find the area A^ from Table IV and subtract it from .5 to obtain A-^ (see

the figure):

P(2.98 « Z) = A2 = .5 - A, = .5 - .4986 = .0014

Thus, the approximate probability of finding 33 or more defective

pens in the sample is .0014. If a random sample of 400 included more

than 33 defective pens, then the management would conclude that

either a rare event has happened and the manufacturing process is

still producing only 50 defective pens per 1,000 on the average, or

something is wrong with the manufacturing process and it is produc-

ing more than 50 defective pens per 1,000 on the average. The com-

pany might very well have a policy of checking the manufacturing

process whenever 33 or more defective pens are found in a sample

rather than believing a rare event has happened and that the manu-

facturing process is still all right.
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Problem 31 Suppose in Example 31 that the manufacturing process produces 40 defec-

tive pens per 1,000 on the average. What is the approximate probability

that in the sample of pens there are:

(A) At least 10 and no more than 20 defective pens?

(B) 27 or more defective pens?

Answers to

Matched Problems

28. (A) .4842 (B) .7734 (C) .2413 29. 49.38%

30. .3413 31. (A) .7831 (B) .0025

Exercise 17-6

Use Table A^ to jind the area under the standard normal curve from to the

indicated value of z.

1.

5.

2. 2

6. -1.7

3. -3
7. 2.47

4. -1
8. -1.96

Given a normal distribution with mean 50 and standard deviation \0. use

Theorem 6 and Table IV to fmd the area under this normal curve from the

mean to the indicated measurement.

9.
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Applications

Assume normal distributions are warranted in these problems.

Business & Economics

Deluxe 50

39.

40.

41.

42.

Life Sciences 43.

44.

45.

46.

Social Sciences 47.

48.

Sales. Salespeople for a business machine company have average

annual sales of $200,000, with a standard deviation of $20,000. What

percentage of the salespeople would be expected to make annual sales

of $240,000 or more?

Guarantees. The average lifetime for a car battery of a certain brand is

170 weeks, with a standard deviation of 10. If the company guarantees

the battery for 3 years, what is the probability that a battery will be

returned during the warranty period?

Quality control. A manufacturing process produces a critical part of

average length 100 millimeters, with a standard deviation of 2 milli-

meters. All parts deviating by more than 5 millimeters from the mean

must be rejected. What is the probability that a part will be rejected?

Labor relations. A union representative claims 60% of the union

membership will vote in favor of a particular settlement. A random

sample of 100 members is polled, and out of these 47 favor the

settlement. What is the approximate probability of 47 or less in a

sample of 100 favoring the settlement when 60% of all the member-

ship favor the settlement? Conclusion? [Hint; This problem involves

a binomial distribution with n = 100 and p = .6.]

Medicine. The average healing time of a certain type of incision is 240

hours, with standard deviation of 20 hours. What is the probability

that an incision of this type will heal in 8 days or less?

Agriculture. The average height of a hay crop is 38 inches, with a

standard deviation of 1 .5 inches. What percentage of the crop will be

40 inches or more?

Genetics. In a two-child family, the probability that both children are

girls is approximately .25. In a random sample of 1,000 two-child

families, what is the approximate probability that 220 or fewer will

have two girls? [Hint; This problem involves a binomial distribution

with n = 1,000 and p = .25.]

Genetics. In Problem 45, what is the approximate probability of the

number of families with two girls in the sample being at least 225 and

not more than 275?

Testing. Scholastic Aptitude Tests are scaled so that the mean score is

500 and the standard deviation is 100. What percentage of the stu-

dents taking this test should score 700 or more?

Politics. Candidate Harkins claims a private poll shows that she will

receive 52% of the vote for governor. Her opponent, Mankey, secures

the services of another pollster, who finds that 470 out of a random

sample of 1,000 registered voters favor Harkins. If Harkins' claim is
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correct, what is the probability that only 470 or fewer will favor her in

a random sample of 1,000? Conclusion? [Hint; This problem in-

volves a binomial distribution with n = 1,000 and p = .52.]

49. Grading on a curve. An instructor grades on a curve by assuming the

grades on a test are normally distributed. If the average grade is 70 and

the standard deviation is 8, find the test scores for each grade interval

if the instructor wishes to assign grades as follows: 10% A's, 20% B's,

40% C's, 20% D's, and 10% F's.

50. Psychology. A test devised to measure aggressive -passive personali-

ties was standardized on a large group of people. The scores were

normally distributed with a mean of 50 and a standard deviation of 10.

If we want to designate the highest 10% as aggressive, the next 20% as

moderately aggressive, the middle 40% as average, the next 20% as

moderately passive, and the lowest 10% as passive, what ranges of

scores will be covered by these five designations?

17-7 Chapter Review

Important Terms

and Symbols

17-1

17-2

17-3

17-4

17-5

17-6

in n trials) {0, 1, n), mean = fi = np, stan-

Random variable, probability distribution, and expectation, sample

space, simple event, random variable, probability function, proba-

bility distribution of a random variable, expected value, payoff table,

fair game, mean, variance, standard deviation, E(X), fi, V(X), a

Binomial distributions. Bernoulli trial, independent trials, binomial

theorem, binomial distribution, binomial experiment, P(x successes

dard deviation = ct = Vnpq

Continuous random variables, continuous random variable, discrete

random variable, probability density function, cumulative probabil-

ity distribution function, P(c « X s d), F(x) = P(X « x)

Expected value, standard deviation, and median of continuous ran-

dom variables, expected value, mean, variance, standard deviation,

alternate formula for variance, median, E(X), fi. V[X], a, x^

Uniform, beta, and exponential distributions, uniform probability

density function, beta probability density function, exponential

probability density function

Normal distributions, normal distribution, normal random variable,

normal probability density function, normal curve, standard normal

random variable, standard normal curve, table of areas under the

standard normal curve, approximating binomial distributions with

normal distributions
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Exercise 17-7 Chapter Review

Work through all the probiems in this chapter review and check your

answers in the back of the book. (Answers to all review problems are there.]

Where weaknesses show up, review appropriate sections in the text. When

you are satisfied that you know the material, take the practice test following

this review.

A spinner can land on any one of eight different sectors, and each sector is as

likely to turn up as any other. The sectors are numbered in the /igure. An
experiment consists of spinning the dial once and recording the number in

the sector that the spinner lands on. Problems 1 -4 refer to this experiment.

1. Find a sample space and probability distribution for this experiment.

2. What is the probability that the spinner stops on an even-numbered

sector?

3. Find the expected value, variance, and standard deviation for the

probability distribution found in Problem 1.

4. After paying $3 to play, you spin the dial and are paid back the

number of dollars corresponding to the number on the sector where

the spinner stopped. What is the expected value of this game?

5. (A) Draw a histogram for the binomial distribution

p(x) = Q j [.m-&?-''

(B) What are the mean and standard deviation?

Problems 6-9 refer to the continuous random variable X with probability

density function.

f(x)

B

l-|x 0«x«2
otherwise

6. Find P(0 « X « 1) and illustrate with a graph.

7. Find the mean, variance, and standard deviation.

8. Find and graph the associated cumulative probability distribution

function.

9. Find the median.

10. If Z is the standard normal random variable, find P(0 « Z « 2.5).

11. If X is a normal random variable with a mean of 100 and a standard

deviation of 10, find P(100 « X « 118).

12. (A) Construct a histogram for the binomial distribution

p(x) =
(^)

(.Sjn.Sj^-"

(B) What are the mean and standard deviation?
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ProbJems 13-16 refer to the continuous random variable X with probability

density function

(x)={^^;
' otherwise

13. Find P(l s X « 4) and illustrate with a graph.

14. Find the mean, variance, and standard deviation.

15. Find and graph the associated cumulative probability distribution

function.

16. Find the median.

Problems 17-20 refer to a beta random variable X with y? = 5.

17. Find and graph the probability density function.

18. Find P(i « X « |).

19. Find and graph the associated cumulative probability distribution

function.

20. Find the mean and standard deviation.

ProbJems 21-24 refer to an exponentially distributed random variable X.

21. If P(4 « X) = e"^, find the probability density function.

22. Find P(0 ^ X « 2).

23. Find the associated cumulative probability distribution function.

24. Find the mean, standard deviation, and median.

25. What are the mean and standard deviation for a binomial distribution

with p = .6 and n = 1,000?

26. If the probability of success in a single trial of a binomial experiment

with 1,000 trials is .6, what is the probability of obtaining between 550

and 650 successes in 1,000 trials?

27. Given a normal distribution with mean 50 and standard deviation 6,

find the area under the normal curve:

(A) Between 41 and 62 (B) From 59 on

C 28. IfXisabetarandom variable with mean/i = .8, what is the value of;??

29. Find the mean and the median of the continuous random variable

with probability density function

/(x) =
50/(x + 5)' X ^

otherwise

30. If /(x) is a continuous probability density function with mean /x and

standard deviation a and a, b, and c are constants, evaluate the

integral given below. Express the result in terms of//, a, a. b. and c.

/:
(ax' + bx + c)f{x] dx
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Applications

Business & Economics 31. Quality control. A manufacturing process produces, on the average,

six defective items out of 100. To control quality, each day a sample of

ten completed items is selected at random and is inspected. If the

sample produces more than two defective items, then the whole day's

output is inspected and the manufacturing process is reviewed. What

is the probability of this happening, assuming that the process is still

producing 6% defective items?

32. Demand. The manager of a movie theater has determined that the

weekly demand for popcorn (in pounds) is a continuous random

variable with probability density function

Life Sciences

33.

34.

35.

36.

/(x) =
^(l-.Olx) 0«x«100

otherwise

(A) If the manager has 50 pounds of popcorn on hand at the begin-

ning of the week, what is the probability that this will be enough

to meet the weekly demand?

(B) If the manager wants the probability that the supply on hand

exceeds the weekly demand to be .96, how much popcorn must

be on hand at the beginning of the week?

Credil appJications. The percentage of applications for a national

credit card that are processed on the same day they are received is a

beta random variable with fi= 1-

(A) What is the probability that at least 20% of the applications

received are processed the same day they arrive?

(B) What is the expected percentage of applications processed the

same day they arrive?

Computer failure. A computer manufacturer has determined that the

time between failures for its computers is an exponentially distrib-

uted random variable with a mean failure time of 4,000 hours. Sup-

pose a particular computer has just been repaired.

(A) What is the probability that the computer operates for the next

4,000 hours without a failure?

(B) What is the probability that the computer fails in the next 1,000

hours?

Radial tire failure. The life expectancy (in miles) of a certain brand of

radial tire is a normal random variable with a mean of 35,000 and a

standard deviation of 5,000. What is the probability that a tire fails

during the first 25,000 miles of use?

Medicine. The shelf-life (in months) of a certain drug is a continuous

random variable with probability density function
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/(x)

Social Sciences

[ otherwise

(A) What is the probability that the drug is still usable after 5

months?

(B) What is the median shelf-life?

37. Life expectancy. The life expectancy (in months) after dogs have

contracted a certain disease is an exponentially distributed random

variable. The probability of surviving more than 1 month is e"^. After

contracting this disease:

(A) What is the probability of surviving more than 2 months?

(B) What is the mean life expectancy?

38. Harmful side effects of drugs. A drug causes harmful side effects in

25% of the patients treated with the drug. If the drug is administered

to 100 patients, what is the probability that 30 or more of these

patients will suffer from the side effects?

39. Testing. The percentage of correct answers on a college entrance

examination is a beta random variable. The mean score is 75%. What

is the probability that a student answers over 50% of the questions

correctly?

40. Testing. The IQ scores for 6-year-old children in a certain area are

normally distributed with a mean of 108 and a standard deviation of

12. What percentage of the children can be expected to have IQ scores

of 135 or more?

Practice Test: Chapter 17

1. Find the mean, variance, and standard deviation for the discrete

random variable X with probability distribution

X,
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3. IfX is a continuous random variable with probability density function

fi i =
[l0/(9x^) 1 ^x'S 10

I otherwise

find P(l ^ X ^ 5) and illustrate this with a graph.

4. Find the associated cumulative probability distribution function F(x)

and the median for the random variable in Problem 3. Graph F(x) and
locate the median on your graph.

5. For a binomial distribution with p = 0.3 and n = 200, compute:

(A) The mean (B) The standard deviation

6. In Problem 5, what is the probability of obtaining between 50 and 70

successes in 200 trials?

7. Given a normal distribution with mean 100 and standard deviation

10, find the area under the normal curve:

(A) Between 92 and 108 (B) From 115 on

8. The life expectancy of a certain brand of light bulbs (in hundreds of

hours) is an exponential random variable with a mean life expectancy
of 500 hours. What is the probability that a bulb lasts over 500 hours?

9. The percentage of completed Social Security application forms that

contain errors is a beta random variable with mean// = .4. What is the

appropriate value of;??

10. The daily demand for doughnuts in a chain of bakeries (in hundreds
of dozens) is a continuous random variable with probability density

function

i(6 - x) 2 « x « 6

otherwise

What is the expected demand and the median demand?
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A-l Arithmetic Progressions

A-2 Geometric Progressions

A-3 The Binomial Formula

A-l Arithmetic Progressions

Arithmetic Progressions

-

Special Formulas

Application

-Definitions

Arithmetic Progressions -Definitions

Consider the sequence of numbers

1,4, 7, 10, 13, . . .

Assuming the pattern continues, can you guess what the next two numbers

are? If you guessed 16 and 19, you have observed that each number after

the first can be obtained from the preceding one by adding 3 to it. This is an

example of an arithmetic progression. In general,

Arithmetic Progression
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Example 1

Solution

Problem 1

Which sequence of numbers is an arithmetic progression and what is its

common difference?

(A) 2,4,8,10, (B) 3,8,13,18,

Sequence A does not have a common difference, since 4 — 2 = 2 and

8 — 4 = 4; hence, it is not an arithmetic progression. Sequence B is an

arithmetic progression, since the difference between any two successive

terms is 5, the common difference, and each number after the first one can

be obtained by adding 5 to the preceding number.

Which sequence of numbers is an arithmetic progression, and what is its

common difference?

(A) 15,13,11,9, (B) 3,9,27,81..

Special Formulas

Arithmetic progressions have a number of convenient properties. For

example, it is easy to derive formulas for the nth term in terms of n and the

sum of any number of consecutive terms. To obtain a formula for the nth

term of an arithmetic progression, we note that if a , is the first term and d is

the common difference, then

Qj = Qi + d

Qj = 02 + d = (a, + d) + d = a, + 2d

04 = Qj + d = (a, + 2d) + d = a, + 3d

This suggests that

an = ai + (n-l)d for all n > 1 (2)

Example 2 Find the twenty-first term in the arithmetic progression 3, 8, 13, 18,

Solution Find the common difference d and use formula (2):

d = 5, n = 21, a, = 3

Thus

Qj, = 3 + (21 - 1)5

= 103

Problem 2 Find the fifty-first term in the arithmetic progression 15, 13, 11, 9, . . .

We now derive two simple and very useful formulas for the sum of n
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consecutive terms of an arithmetic progression. Let

S„ = a, + a,+ • • • +a„_, + a„

be the sum of n terms of an arithmetic progression with common difference

d. Then,

S, = a, + (a, + d) + • • • + [a, + (n - 2)d] + [a, + (n - l)d]

Reversing the order of the sum, we obtain

S„ = [a, + (n - l)d] + [a, + (n - 2)d] + • • • + (a, + d) + a,

Something interesting happens if we combine these last two equations by

addition (adding corresponding terms on the right sides):

2S„ = [2a, + (n - l)d] + [2a, + (n - l)d] + • •
•

+ [2a, + (n - l)d] + [2a, + (n - l)d]

All the terms on the right side are the same, and there are n of them. Thus,

2S„ = n[2a, + (n - l)d]

and

S„ = -[2a, + (n-l)d] (3)

Replacing

[a, + {n-l)d] in | [a, + a, + (n - l)d]

by a„ from equation (2), we can obtain a second useful formula for the

sum:

Sn = -(a, + aJ (4)

Example 3 Find the sum of the first 30 terms in the arithmetic progression

3, 8, 13, 18, . . .

Solution Use (3) with n = 30, a, = 3. and d = 5:

S3„ = y[2-3 + (30-l)5]

2,265
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Problem 3 Find the sum of the first 40 terms in the arithmetic progression

15, 13, 11, 9, . . .

Example 4 Find the sum of all the even numbers between 31 and 87.

Solution First, find n using (2):

a„ = a, + (n-l)d

86 = 32 + (n-l)2

n = 28

Now find S28 using (4):

28
S28 =Y (32 + 86)

= 1,652

Find the sum of all the odd numbers between 24 and 208.Problem 4

Example 5

Solution

$3,600

Application

A person borrows $3,600 and agrees to repay the loan in monthly install-

ments over a 3 year period. The agreement is to pay 1% of the unpaid

balance each month for using the money and $100 each month to reduce

the loan. What is the total cost of the loan over the 3 year period?

Let us look at the problem relative to a time line:

$3,500 $3,400 • • • $200 $100
4- -MSH-

0.01(3,600)

= 36

0.01(3,500)

= 35

3 34

0.01(3,400)

= 34

4-^ Unpaid balance

35 36 ' Months

0.01(200) 0.01(100) 1% of unpaid
= 2 =1 balance

The total cost of the loan is

1 + 2 +••• +34 + 35 + 36

The terms form an arithmetic progression with n = 36, a, = 1. and

Qjg = 36, so we can use (4):

S„ = -(ai + a„)

S36 =Y (1 + 36) = $666

And we conclude that the total cost of the loan over the 3 year period is

$666.
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Problem 5 Repeat Example 5 with a loan of $6,000 over a 5 year period.

Answers to i. Sequence A; d = -2 2. -85 3. -960
Matched Problems 4. 10,672 5. $1,830

Exercise A-1

B

Determine which of the following are arithmetic progressions. Find

the common difference d and the next two terms for those progres-

sions.

(A) 5, 8, 11, . . .



A6 Special Topics

16.

17.

18.

In Problem 15, what would be your annual salary in each firm for the

tenth year?

Loan repayment. If you borrow $4,800 and repay the loan by paying

$200 per month to reduce the loan and 1% of the unpaid balance each

month for the use of the money, what is the total cost of the loan over

24 months?

Loan repayment. Repeat Problem 17 replacing 1% with 1.5%.

A-2 Geometric Progressions

Geometric Progressions

Special Formulas

Infinite Geometric Progressions

Geometric Progressions

Consider the sequence of numbers

2, 6, 18, 54, . . .

Assuming the pattern continues, can you guess what the next two numbers

are? If you guessed 162 and 486, you have observed that each number after

the first can be obtained from the preceding one by multiplying it by 3. This

is an example of a geometric progression. In general,

Geometric Progression



A-2 Geometric Progressions A7

Solution Sequence A does not have a common ratio, since 3 ^ 5 # 1 -^ 3; hence, it is

not a geometric progression. Sequence B is a geometric progression, since

the ratio of any two successive terms (the second divided by the first) is the

constant 2, the common ratio, and each number after the first can be

obtained by multiplying the preceding number by 2.

Problem 6 Which sequence of numbers is a geometric progression and what is its

common ratio?

(A) 4,-2,1,- (B) 2, 4, 6, 8,

Special Formulas

Like arithmetic progressions, geometric progressions have several useful

properties. It is easy to derive formulas for the nth term in terms of n and for

the sum of any number of consecutive terms. To obtain a formula for the

nth term of a geometric progression, we note that if Qj is the first term and r

is the common ratio, then

a, = ra, = r ra. ^ r'a, a,r^

4 = roj = r(r^aj) = r^Qj = a,r^

This suggests that

a„ = a.r""' for all n > 1 (2)

Example 7 Find the eighth term in the geometric progression ^, i, J, .

Solution Find the common ratio r and use formula (2):

r =
i

Thus,

Problem 7 Find the seventh term in the geometric progression 5^, — j^, i,

Example 8 If the first and tenth terms of a geometric progression are 2 and 4, respec-

tively, find the common ratio r.
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Solution

4 = 2- r'°-'

2 = r'

r = 2'''^ = 1.08 Use a calculator or logarithms

Problem 8 If the first and eighth terms of a geometric progression are 1,000 and 2,000,

respectively, find the common ratio r.

We now derive two very useful formulas for the sum of n consecutive

terms of a geometric progression. Let

Qi.air, Qif^ a^r"~^, a^T"'"'

be n terms of a geometric progression. Their sum is

S„ = a, + a,r + q^t' + • • • + a.r"-'' + a.r"-'

If we multiply both sides by r, we obtain

rS„ = a,r + air2 + a,r^+ • • • +air"-' + a,r"

Now combine these last two equations by subtraction to obtain

rS„ - S„ = (Qir + a,r' + a,r^ + • • • + a.r"-' + a,r")

- (Qj + a,r + a,r2 + • • + a^r"-^ + a^r""']

(r-l)S„ = a,r"-a,

Notice how many terms drop out on the right side. Hence,

s„ =
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Solution Use formula (3) with a, = 1, r = 1.05, and n = 10:

s;.

^10
~

r- 1

1(1.05'° -1)
1.05-1

0.6289

0.05
= 12.58

Problem 9 Find the sum of the first eight terms of the geometric progression

100, 100(1.08), 100(1.08]^ . . .

Infinite Geometric Progressions

Given a geometric progression, what happens to the sum S„ of the first n

terms as n increases without stopping? To answer this question, let us write

formula (3) in the form

S =-

It is possible to show that if |r| < 1 (that is, —1 < r < 1), then r" will tend to

zero as n increases. (See what happens, for example, if you let r = | and

then increase n.) Thus, the first term above will tend to zero and S^ can be

made as close as we please to the second term, —a-^/[r — 1) [which can be

written as a, /(I — r)], by taking n sufficiently large. Thus, if the common
ratio r is between —1 and 1, we define the sum of an infinite geometric

progression to be

Ifr^— lorr^^l, then an infinite geometric progression has no sum.

Example 10 The government has decided on a tax rebate program to stimulate the

economy. Suppose you receive $600 and that you spend 80% of this, and

that each of the people who receive what you spend also spend 80% of what

they receive, and this process continues without end. According to the

multiplier doctrine in economics, the effect of your $600 tax rebate on the

economy is multiplied many times. What is the total amount spent if the

process continues as indicated?
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Solution We need to find the sum of an infinite geometric progression with the first

amount spent being Qj = (.08)($600) = $480 and r = 0.8. Using formula (5),

we obtain

a,

' 1-r

_ $480
~

1 - 0.8

= $2,400

Thus, assuming the process continues as indicated, we would expect the

$600 tax rebate to result in about $2,400 of spending.

Problem 10 Repeat Example 10 with a tax rebate of $1,000.

Answers to

Matched Problems

6. Sequence A; r = —^
9. 1,063.66

7. 2 8. Approximately 1.104

10. $4,000

Exercise A-2

B

Determine which of the following are geometric progressions. Find

the common ratio r and the next two terms for those that are:

(A) 1,-2,4, . .

(D) 2,-4, 6, . . ,

2. Repeat Problem 1 for:

(B) 7, 6, 5, . (C)

(A)

(D)

4,-1,-6, (B) (C) ^1.

Let Q], 02, Qj a„ , . . . be a geometric progression and S^ be the sum

of the first n terms. In Problems 3-12 find the indicated quantifies. Use

logarithms or a calculator as needed.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

ai = 3,

a, = 32,

a, = l,

a, = 3,

a, = 100,

ai = 240,

ai = 100,

Oi = 100,

Oi = 500,

a, = 8,000,

a = ? a = 7

a.

r = -2,

r = -i, 02 =

0^ = 729, r = -3, 87 = ?

07 = 2,187, r=3, S7 = ?

r = 1.08,

r = 1.06,

Og = 200,

a 10

0,2

r =

= ?

= 7

= ?

0,0=300, r = ?

r = 0.6, S,o = ?.

r = 0.4, S,o = ?,

S» = ?

S. = ?
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13. Find the sum of each infinite geometric progression (if it exists).

(A) 2,4, 8.. . . (B) 2,-i,i,. . .

14. Repeat Problem 13 for:

(A) 16,4, 1, . . . (B) 1, -3, 9, . . .

C 15. Find /(I) + /(2) + • + /(lO) a fix) = (\r.

16. Find g(l) + g(2) + • • • + g(10) if g(x) = 2\

Applications

Business & Economics 17. Economy stimulation. The government, through a subsidy program,

distributes $5,000,000. If we assume each individual or agency spends

70% of what is received, and 70% of this is spent, and so on, how much
total increase in spending results from this government action? (Let

a, = $3,500,000.]

18. Economy stimulation. Repeat Problem 17 using $10,000,000 as the

amount distributed and 80%.

19. Cost-of-living adjustment. If the cost-of-living index increased 5% for

each of the past 10 years and you had a salary agreement that in-

creased your salary by the same percentage each year, what would

your present salary be if you had a $20,000 per year salary 10 years

ago? What would be your total earnings in the past 10 years?

[Hint; r = 1.05.]

20. Depreciation. In straight-line depreciation, an asset less its salvage

value at the end of its useful life is depreciated (for tax purposes) in

equal annual amounts over its useful life. Thus, a $100,000 company
airplane with a salvage value of $20,000 at the end of 10 years would

be depreciated at $8,000 per year for each of the 10 years.

Since certain assets, such as airplanes, cars, and so on, depreciate

more rapidly during the early years of their useful life, several

methods of depreciation that take this into consideration are available

to the taxpayer. One such method is called the method of declining

balance. The rate used cannot exceed double that used for straight-

line depreciation (ignoring salvage value) and is applied to the re-

maining value of an asset after the previous year's depreciation has

been deducted. In our airplane example, the annual rate of straight-

line depreciation over the 10 year period is 10%. Let us assume we can

double this rate for the method of declining balance. At some point

before the salvage value is reached (taxpayer's choice), we must

switch over to the straight-line method to depreciate the final amount

of the asset.

The table on the next page illustrates the two methods of deprecia-

tion for the company airplane.
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Factorial

For n a natural number, n factorial— denoted by n!— is the product of the

first n natural numbers. Zero factorial is defined to be one. Symbolically,

It is also useful to note that

n! = n • (n - 1)!

Example 11 Evaluate each.

8! 8 • 7!
(A) 5! = 5 • 4 • 3 • 2 • 1 = 120 (B) — = = 8

7! 71

,^, 10! 10 • 9 • 8 • 7!

^^^ 7r==—^F
— =''°

7! 8!
Problem 11 Evaluate each: (A) 4! (B) — (C) -

A special formula involving factorials is

Example 12 (A) I )

9! 9! 9 • 8 • 7!

2!(9-2)! 2!7! 2-7!

5! _ 5! _ 5! _
5!(5-5)! 5!0! 5! ^

= 36

Problem 12 Find: (A) Kj (B) (^j



A14 Special Topics

Binomial Theorem— Development

Let us expand (a + b)" for several values of n to see if we can observe a

pattern that leads to a general formula for the expansion for any natural

number n:

(a + b)' = a + b

(a + b)^ = a2 + 2ab + b2

(a + b)^ = a^ + 3a^b + Sab^ + b^

(a + b)^ = a" + 4a^b + 6a^b^ + 4ah^ + b"

[a + b)= = a^ + 5a''b + lOa^b^ + lOa^b^ + Sab" + b^

Observations

1. The expansion of (a + b)" has (n + 1) terms.

2. The power of a decreases by 1 for each term as we move from left

to right.

3. The power of b increases by 1 for each term as we move from left

to right.

4. In each term the sum of the powers of a and b always equals n.

5. Starting with a given term, we can get the coefficient of the next

term by multiplying the coefficient of the given term by the

exponent of a and dividing by the number that represents the

position of the term in the series of terms. For example, in the

expansion of (a + b)'', above, the coefficient of the third term is

found from the second term by multiplying 4 and 3, and then

dividing by 2 [that is, the coefficient of the third term =

(4 • 3)/2 = 6].

We now postulate these same properties for the general case:

(a + b)" = a" + il Q-b + il*^!-^ a-^-^b^ +
"^"~^""~''

a^-^b^ + • + b"^ '

1 1-2 1 • 2 • 3

n!
•a" + -

n!

0!(n-0)! l!(n-l)!
a"-'b +

2!(n -2)1
a''-'b^ +

n

'{:)"A"y-M"y'''<i)
"-''*

-A:)'-

3!(n-3)!

+ • • • +

Qn-3(,3 + . . .-!_
n!

n!(n-n)!
b"

And we are led to the formula in the binomial theorem (a formal proof
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requires mathematical induction, which is beyond the scope of this book):

Binomial Theorem
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A24 Table III Natural Logarithms (In N = log,. N)

In 10 = 2.3026

2 In 10 = 4.6052

3 In 10 = 6.9078

4 In 10 = 9.2103

5 In 10 = 11.5130

6 In 10 = 13.8155

7 In 10 = 16.1181

8 In 10 = 18.4207

9 In 10

10 In 10

20.7233

23.0259

N
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Note: In 35. 200 = In (3.52 X IQ-*) = In 3.52 + 4 In 10

In 0.00864 = In (8.64 X 10-') = In 8.64 - 3 In 10

N



A26 Table IV Areas under the Standard Normal Curve

A represents the area between z = and z =
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z
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i = 0.0175 (1%%)
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i = 0.0225 (2%%)



Table V (Continued)



A39

i = 0.03 (3%)
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i = 0.04 (4%)
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i = 0.045 (4%%;
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A46 Answers

Exercise 1-4

1. -20 3. -7 5. 9 7. -7 9. -5 11. 20 13. -10 15. -21 17. -4 19. 63 21. -4 23. 25. Undefined

27. 48 29. -22 31. 33. 35. 37. -4 39. -15 41. sometimes 43. sometimes 45. -4 47. -31 49. -12

51. 3 53. 77 55. -53 57. 59. -48 61. 63. -40 65. 3 67. 8 69. $28 71. 2,555 73. 187

Exercise 1-5

b= 2
1. 7 3. 5 5. 18 7. 3 9. 8 11. 6 13. — 15. 4 17. 4 19. 3 21. 9 23. 1 25. 28v^ 27. 2^^ 29. 31. uV^

c^ 5m^

d'' a'^ 3v^ m^ 1
33. -^ 35. m" 37. 70x« 39. xV^ 41. Qx" 43. -t-t 45. -^ 47. 27u^vV3 49. IBa^b" 51. 4x'V 53. —r 55. —

q'^ b^ 2x^ n* y*

2t^u^
57. -1 59. 36x'yV 61. -108u"v'* 63. ——

Exercise 1-6 Chapter Review

1. (A) F (B) T (C) F (D) T 2. (A) T (B) F (C) T 3. Commutative 4. Associative 5. Associative

6. Commutative 7. 20y 8. 42w 9. y+18 10. 2x + ll 11. (A) 16 (B) -9 12. (A) | (B) -^g 13. xS3
14. -13 < -5 15. 20 is greater than 7 16. x is less than or equal to -2 17. > 18. < 19.3 20.-5 21.-11

22. -7 23. 24. Undefined 25. -3 26. 24 27. 5 28. 4 29. 11 30. 10 31. 42m' 32. 8xV 33. ^ 34. —
b'' 4

3 Sx"
35. — 36. —

-J
37. (A) {1, 2, 3. 4} (B) {2. 3) 38. Associative 39. Commutative 40. Commutative

41. Associative 42. 6x + lOy 43. 20a + 5b 44. hm + km 45. pq + pr 46. 9(r + s) 47. 5(3x + 1) 48. 8(3a + 2b)

49. k(m + n) 50. (-°o, -8);< ^^ "^

51- [2.°°); ^ ^ " 52. [-5.5);— *^ ° >
"

53.(8.15); B ^^ 54.x«5;< ^
^ ''

55. X > -3; "^^^-^ ^ 56.-4«x«3;^ * >"

57. 5<x«15; ? ,•=
^^ 58. x<8 59. -6<x«6 60. -72 61. 3 62. 26 63. -3 64. 10 65. 5 66. 5015

2X2 ^,12

67. 85 68. 10 69. 20 70. 55 71. 6xV 72. —- 73. -8xVz= 74. —^ 75. (A) 90 (B) 45

76. (A) 28 (B) 5 (C) 4 (D) 10 77. (A) f (B) —- 78. -5<x<3; ^^"^ ^

"

79. -l«x=si;^ t ^^ 80. < ?5 'i~^ " 81. ^a ? ^ " 82.-4 83.1 84.^ 85. -72m'2n>=

Practice Test: Chapter 1

1. (A) {2, 4, 5, 6) (B) {5} (C) (8) (D) {2, 4} 2. (A) F (B) T (C) T (D) T
3. (A) Commutative (B) Associative (C) Commutative JD) Associative 4. (A) 9(4m + 3n) (B) 6(3x + 1)

5. (A) 60xyz (B) a + b + c + 14 6. (A) -33 (B) (C) -2 7. (A) 60 (B) -1

< •r^" fRl f-.l SI-
•- 9 >"

8. (A) (-=0,-5];^ "T~^ (B)[-3.5)
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">" in fAi <—^ O-^x
(H, « )><

9. (A)x>3; 3 '' (B)-2<x«4; _1 4 10. (A) ^ ^ ^ '^ (B)

11. (A) -^ (B) — 12. (A) 850 (B) 350
5X'' v"^

Chapter 2

Exercise 2-1

1. 1 3. 1 5. llu-v 7. -2m -5n 9. -30a= 11. 15mW 13. 10x3-6x2 + 4x 15. -13a + 19b 17. 12a - 5

19. 13x2-7x + 7 21. 5x + l 23. 3t2-3t-10 25.-42^ + 22-9 27. 4x + y 29. -5x + 6y 31. -x-10
33. -18m + 20n 35. a^ - 7ab + 2b2 37. ISu^v - lOuV^ + 20u2v3 39. x' - y^ 41. 12x^ + 5xV - Hxy^ - 6y^

43. 6x« + 2x'-5x^ + 4x- 1 45. 3x* + 8x^ - 2x2 - 5x + 1 47. 6x' + Sx^ + 3x - 13 49. y^ + 2y - 35

51. 10x2 + 3x-l 53. 20r2 - 23r + 6 55. 2x2-7x + 3 57. 90^ - 4b2 59. 4x2+12x + 9 61. 25x2 - 40xy + IBy^

63. -llx-19y 65. 67X-38 67. -x + 27 69. -7x2-x-16 71. 4x=' - 14x2 + 8x - 6 73. x^ + 3x2y + 3xy2 + y^

75. x" - 4x^y + 6x2y2 - 4xy3 + y"

Exercise 2-2

1. 2a(3a-4) 3. 7u2v2(u - 2v) 5. (x + 2)(x + 5) 7. (a - 5)(3a - 2) 9. (4y - 3)(5y - 1) 11. 3x(2x2 - 3x + 5)

13. 2uv(4u2 + 3u - 7) 15. 3x-3 17. x - 4 19. (x - l)(5x + 3) 21. (x - 4)(2x - 1) 23. (x - l)(5x + 3)

25. (x-4)(2x- 1) 27. (2x-y)(2x-3y) 29. (2u - 3v)(u - 2v) 31. (x + 2y)(x + 3y) 33. (u - 3)(u - 4]

35. Does not factor 37. (u - 2v)(u + 5v) 39. Does not factor 41. (x - 3)(x + 3) 43. (a + 2b)2 45. (x - 5y){x + 4y)

47. (2x - 3)(x - 2) 49. (2x - 3y)(3x - 2y) 51. Does not factor 53. (5u + 3)(5u - 2) 55. (2u + 3v)(2u - v)

57. Does not factor 59. (5^ - 2)(5w + 2) 61. (5u - 3v)2 63. x(x - 3)(x + 3) 65. lOwlw - 5)2 67. 6x(x - 3)(x + 4)

69. 5uv(u - 2v)(u + 3v) 71. 3m2n(ni - n)(m + 3n) 73. (x - 2Kx2 + 2x + 4) 75. (x + 3)(x2 - 3x + 9)

Exercise 2-3

3x x + 3 5 2U-1 2 , , , u u2 25x2 5x x 15a2
1. —r 3. — 5. — -—

^ 7. 9. 35xV 11. 3x2v' 13. - 15. 17. 19. — 21. 23. n"4y^ x2 6u' X — 3
' '

v vw 3y 3z wy 8b2

2x + l 1 x + 5y x-3 3(x - 1)
25. 27. —;— 29. V 31. 33. ;- 35. -^^ 37. 3x x - 3) or 3x2 _ g^

2x x + 3 x-5y 3x2 2x

b 2z2 3fx -~ 41 4x x — 4 1 V + 2
39. (x + 2v)2 or x2 + 4xv + 4v2 41. 9xz(x - 2) 43. - 45. 47. -^^

—

t—^ 49. 51. 53. - 55.'• '3 3 y2 x-5 4 ay + 4

1 2x - y 10a 2 2m2fm - 4n) x - y x + v (x - v)^
57. — 59. -—H- 61. rr 63. ^- 65. r

—

: r 67. r- 69. 71
'

6z(z - 1) 3x + y 3b^c x^y ' 3n(m + 5n) ' 2x + y ' x - y ' y2(x + y)

Exercise 2-4

m X + 2 1 , , 3u — 2h' 7v — 2
1. -— 3. 5. 2 7. —;— 9. 12cd 11. 18x2 13^ (^ - l)(x + 1) 15. 3v(v' + 2) 17. 19. -^

2pq 4y z + 5
> « ; , u

j g^ ^
„^ 8ad-3bc 20 + 48y - 27y2 8z - 6 17u + 15
21. —7—] 23. -f- — 25. -—;— 27. —; 29. 24m2n^ 31. 3(n - l)(n - 2

12dc 36y2 z + 3 z-2 5u u - 5
^ " '



A48 Answers

geu^v^ - 20u' + 27v' 15s2 + 2r + 24s -3x + 16
33. X + 3)(x - 3)2 35. 4ni2 m - 2f 37. t— 39. — 41. —

^ " ' ' '

36u^v^ 12rV 5(x - 2)(x - 3)

8x + 4 5m2 + 16m-20 3x2 + 6x-6 16 -x + 3
43. •: _.„ . _. 45. —-^r —— 47. — 49. 51.

(x-2)^(x + 2) im^[m-2f x + 3 (x - 4)(x + 4) (2x-l)(2x + l)

3x" + v' 3x2-2x-14 3
53. -z-^.—- 55. --—

-t: TT 57
X - yfix + yf (x - 3)(x + 4)(x - 2) (x - 2)(x - 3)(x + 2)

Exercise 2-5 Chapter Review

1. 7x2-x-4 2.-3x^-11 3. 3r + 4s 4. -4u + 11 5. -15xV 6.21^-41=^ + 61 7. 7uv(2u' - v)

3fj5 3v — 2 c^
8. 6x2(2x2 - 4x + 1) 9. 7u2v(u2 - 3uv + Sv^) 10. (3x - 5)(2x + 3) 11. (2a + 3)(5a - 1) 12. — 13. — 14. —

10u2 15z2-14z + 27 17X + 9 , , , ,, , ,,,
15. 16. ; 17. 18. 8a2 + 9ab + 12b2 19. 12r''s - 9rV + 21rV

9w 18z2 4x(x - 3)

20. 6x^-13x2 + 8x- 3 21. 2y" - 9y2 + lly - 3 22. 2x* - 5x^ + 5x2 + llx - 10 23.211-24 24. 28a - 16b

25. 24U-10V 26. 5x2-16x + 3 27. 8u2 + 14uv + 3v2 28. 3r2 + 4rs - 15s^ 29. 49x2 - 9y2

30. 9m2 + 24mn + 16n2 31. 4a2 - 4ab + b^ 32. 5x' + 6x2 - 9x - 10 33. -2x^ + 7x2 + 4x - 13 34. (z - 2)(5z + 2)

35. (3w + 2)(2w - 3) 36. (2u - v)(3u - v) 37. (a - 2b)(2a + b) 38. (x - 3)(x + 4) 39. Does not factor

40. (a-4b)(a + 6b) 41. (2x - 3)(2x - 5) 42. (5a - b)(a + 7b) 43. (5x - y)2 44. w2(w - 9)(w + 9) 45. u2(u - 5)2

z x + 4 4a -b 4(y + 2) a 2
46. 5yy-3 v + 4 47. 7mnm-2n m+4n 48. 49. 50. —- 51. -^ 52. - 53. —

z + 4 4x 4a + b 3y 4 x^

x + 3 u-4 -3v + 5 4z-6 2u-4v 6x2 - 15x + 3
54 55 56 57 58 59

7 ' 5 '(y+l)(y-3) ' 5(z + 2)(z - 4) ' (u - v)(u + v)2 ' 2x - 3

xfx ~H 4vl X ^ 2
60. -x2 + 17x-ll 61. -5X + 15 62. 3m2n(m - n)(m + 3n) 63. (2x - 3y)2(2x + 3v)2 64.^ -^ 65. —;

—

2(x -5y) x + 3

a-2b u-5 x2 + 2x + 5 5x + 12
66. r 67. —— 68. -————;— 69.

4b u + 4 (x + 2)(x + l)(x - 3) (x - 2)(x - 3)(x + 3)

Practice Test: Chapter 2

1. 4x^ + 5x2 + 4x - : 2. x2-4xy-y2 3. 6u^ - 13u2v + 8uv2 - 3v3 4. (4x - 3y)(x + 4y) 5. 5ni2(2m + l)(m - 3)

x 2u + 3v 2 9x2 2x2-5xv-6v2
6. (3a - b)(2a - 3) 7. 8. 9. lOx + 8y 10. -7- 11. -—— 12.

13.

x-3 2u-3v 3b x + 4 x + 2y

10m - 10

4m2(m - 2)(m + 5)

Chapter 3

Exercise 3-1

1

1. 1 3. i 5. 27 7. ^ 9. — 11. z^ 13. 10= 15. w" 17. 1 19. 10' 21.

v« „ ,„ n" Seu" 3x2 4^5
31. -— 33. 1 35. 1022 37 ^le 39 4J 43 45

u'2 25m'' v2 7y 5m'

. —^ 23. ^ 25. x" 27.
iv" 108
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1 +x^
55. r— 57.

3 1 y"z'2 9y» aV— 59. — 61. — 63. ^-^r- 65. -^ 67. , ^ .

.

- s^ 10 xy x" x^ a^ + b^

10* 10,000
69. or 71. 4

11 11x^ r' — s' 10 xy

73. $384,000; $1,944,000; $6,561,000 75. 5,120; 8,000; 15,625 77. 250,000; 160,000; 102,400

Exercise 3-2

1.7.6X10' 3.8.6X10* 5. 9.4 X lO'^ 7.2.9X10"' 9.5.29X10"' 11.6.84X10"" 13.3.700 15.80
17. 0.000 8 19. 0.082 21. 2,800,000,000 23. 0.000 000 000 000 64 25. 9.29 X 10' 27. 7 X 10'° 29. 8.49 X 10"'°

31. 3,670.000,000 33. $2,630,000,000,000 35. 0.000 000 000 000 000 000 000 000 000 91 37. 2.94 X 10'

39. 3X10^ 41. 8X10"' 43. 2.79 X 10"^ 45. 1.68 X 10^; 168 47. 2 X 10"'; 0.000 000 002 49. 6 X lO*; 60,000

1 R? X 1 fl'^

51, 6 X 10"^ 0.000 06 53. = 8.24 X 10^ or $824 per person 55. 9 X lO* or 90.000 barrels
Z.Zi. X lU

57. 1.5 X 10'° or 15.000,000.000 59. (1.5 X 10')(4. 2 X 10') = $6.3 X 10'° or $63,000,000,000

Exercise 3-3

1. 10,-10 3, 10,-10 5. None 7, 7 9. Not real 11. -9 13. 3 15. -4 17. 27 19. 4 21. x 23. u^^= 25. a*

u' 64b v" 2u^
27. rs' 29. — 31. x^v^ 33. U 35. | 37. ^ 39. i 41. 30.\'^'' 43. 45. 0'^'° 47. m'^^ 49. ^— 51.

i-* a" x'° v^

v' 2 4b 11
53. —- 55. —- 57. 59. 15x-20x"''= 61. m-n 63. u + 2u'^V/" + v 65. a'/^b'''^

-

2u^ x^^' 3a' Qi/2(5i/2 ^
y

1

69. a + 2 + - 71. $512,000; $800,000; $1,562,500 73. 20; 640; 10,240 75. 1,920,000; 4,320,000; 14,580,000
a

Exercise 3-4

1. VT5 3. Vx' 5. 8Vm^ 7. V(5yj* 9. V[GaVY H- Vx - y 13. x'^' 15. 2""= 17. (3xV'F' 19. (a^ + b^)'-'^ 21. 7z

23. 12u2v' 25. 3^3 27. 5xv^ 29. 4uV^ 31. —- 33. —— 35. Sb^Vsob 37. Vx^ 39. Vi? 41.

43.

V(3

1 11
45. Vx + Vx 47. — +— 49. -3(3x^v)^'

,2c3l3 V^ 4b

a 3y Vy*

* 51. (u^ - v^)''"" 53. 5y"^''= 55. xy"'/^ _ y^-u2 ^y 2uV^

3r.
Vx^ - v^2a V9v

59. 2m2n'V3m 61. 2x^y^z%/2yV 63. 4ab*>/a^ 65. 67. —'-
69. 3xV5xV 71. 2 Va^ + b^ 73.

3b 3x x + y
75. V{a - h]' 77. (A) 7x (B) x 79. (A) -x (B) 9x

Exercise 3-5

1. -5>/x 3. -4>/7 + 3V3 5. Ts 7. 5\/2 9. 5-3\/5 11. u + 3V^ 13. 7n/x-x 15. lOv'3-3^ 17. -4

^ ^ 4-\/6 3V2-2\/3 z + 5v'z ,

—

^ ,

—

19. 27 + 10V2 21. H'-4 23. V5 + 2 25. 27. 29. 31. 372x 33. 9^2 35. 10xy2x
2 2 z-25

,r- W\f3 9V5 loVemn _ ^ ^ ^
37. 2zV3 39. 41. 43. 45. x + 2Vx-15 47. 14 + 5 V3 49. 6a - Va - 15 51. -6 + 11 V6

3 5 3

, 3r^-^ 31
-7 + 3V5 r- X + 4VX + 4 4-V6 2V6

53. m-n 55. m + Vm^n^ - Vmn - n 57. 59. 61. 5 - 2V6 63. 65. 67.
2 x-4 5 3

69.
13xyV2xy

12
71. x-3Vx'y' + 2Vx2y2-6y 73.

20u-27Vuv + 9v

16u - 9v
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Exercise 3-6 Chapter Review

1.

15.

18.

25.

34.

46.

53.

56.

64.

71.

80.

1 1

nl/7
13. — 14. uV1 2. f 3. 125 4. -J 5. Not real 6. 81 7. 1 8. — 9. r» 10. — 11. — 12.

m^ u^ y a'" y
(A) 5.3 X 10>» (B) 4.9 X 10"" 16. (A) 38,000,000 (B) 0.000 057 17. (A) \/(7zp (B) iVv?

,

—

,

—

Vl4xv VlSuv ,

(A) (2xVF5 (B) {m'-n^y/^ 19. 10xy= 20. 6x2V2x 21. ix^y*42\ 22.
'

23. — 24. 40^^706
7y 5v

x/x^ 26. v^ 27. - 3 Vs - 2 73 28. Vs 29. >/35 - 3 V? 30. 3 ^2 - n/B 31. 9 + 4 i/s 32. 3 7TT + 9 33.
372-2v/3

1 1 « 27u« 1 5y= m'^ 1 v
- 35. 2 36. — 37. —— 38. 39. 40. ^- 41. 42. 43. -
8 16 49b^ v'2 10« 7x^ 8n' 125v' v

3m2 1 2 u*
47. t>/'2 48. —r- 49. —r 50. 51. 15x - 6 52. 3x - lOx'^^v'^' + 3y

- 1 1 256v5
44. — 45.

'^ ab u^

„l/30 v2/9

(A) 5.24X10' (B) 5.83X10-" (C) 8.32X10' (D) 5.29X10"^ 54. 2X10"^; 0.002 55. (A) -sVp (B) Va
Ta

5u* V4X
(A) -6x(2xy2)3/'' (B) iw'^'^ 57. 5xV 58. 2xv'V4x2 59. 2xvV2v 60. 61. 62. 3m'V25mn^ 63. 11 Vs

,— 9V14 3^2^
7xV3x 65. 66.

3v' 2x

67. 7zV2z 68. 6 - TTo 69. lOx + 13>/xy - 3y 70. x - VxV + Vxy - y
14 2

13-5n/7 6x + 2Vxy 6 - Vo
72. 73.

3 9x-y 6

,- 37^35 Oa-Sx/ob-eb
4mnV3mn" 81. 82. :

83. (A) 2x (B) -8x

uv 2 , v'4x^ - 1

74. 75. 76. 3w-5 77. 6 78. 2V4p + l 79.
u + V w 2x — 1

35 9a -4b

Practice Test; Chapter 3

25y' 3a' (p + q)^ 3 ,, mVl5n ,,—

—

1. —— 2. 3. ——^ 4. 3X10-^ 5. (A) -5y(3x^y)'/' (B) —^z^ 6. 5xy"z5V2x^z 7. 8. 5bV5a^
36x" b^ pq >/(x - yf 5n

9. llaVso^ 10. -2V2 11. 12. 4X-11
2 X

Chapter 4

Exercise 4-1

1. 3 3. 5. 2 7. No solution 9. f 11. All real numbers 13. -6 15. 24 17. 76 19. 70 21. 30 23. 4 25. 3

27. -f 29. -1 31. f 33. No solution 35. All real numbers 37. -J 39. -3 41. 25.000 43. 120 45. 5

47. No solution 49. -5 51.3 53.-2 55.-2 57. f 59. $6,500 at 11%; $3,500 at 18%
61. First painting $6,000; second painting $9,000 63. $7,200 at 10%; $4,800 at 15%
65. (A) 800 pounds (B) 1,400 pounds 67. 24,000 gallons 69. 5.000 trout 71. 12.6 years
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Exercise 4-2

1. xs=3 3. xS=-2 5. x<-20 7. x « 21 9. x«-5 ll,3«xSll 13. -4«x<7 15. 6«x<15

17. -4<x<3 19. -15<x=S12 21. -5«x<6 23. x « 6; *

-^x
27. - 3 < X « 4; ^3 5

' " 29. - 2 « X « 3

35. X«150;^ iscT^^ 37. -2<x«4;

41. 50«C«95; Z Z ^'^ 43. X

49. $7,500 or more 51. (A) More than 225 (B) At least 275 53. At least 3 pounds 55. 9 « MA s 18

Exercise 4-3

1. ±6 3. Nosolution 5. ±2^2 7. ±f 9. 0.7 11. -2.4 13. Cannot be factored using integers 15. 0, f

r- 3±VT5 ^ 5±V73 -IE n/Ts
17. |, -1 19. -3±2V3 21. 23. -5±V33 25. 27.-3,-4 29. ±— 31. ± 33.-1.11

2 6 2 4

1±V7 -l±>/5 5±>/37
35. f, I 37. l.-i 39. |, -1 41. 43. 45. Nosolution 47. ±4 49. 51. 5,-7

3 2 2

-5±V57 -6±yfl5 -h±ylb'-4ac
,

53. 55. -i 5 57. Nosolution 59. 61. 2a. 3a 63. 65. -m ± Vm^ - n
4 7 2a

67.3,000 69. 50 or 150 71. P = -4x^ + 800x - 30.000; 60 or 140 73. $55 75.40
77. 2 hours after the drug is taken 79. $100

Exercise 4-4

1. -3<x<4; (-3.4)"—5
5 ^^ 3. x«-3orx^4; (-oc, -3] U [4. oc) ^^

J
>x

5. -5<x<2; (-5,2) 7^""? ^^ 7. x < 3 or X > 7; (-oc, 3) U (7, °=)
1

2 ^^

9. 0«x«8; [0, 8] I I
>" 11, -5«x«0; [-5,0] T^ 5 ^'^

13, x<-2 orx> 2; (-00, -2)U(2, 00) -^ ^ h

15. True for all real numbers. The graph is the whole real number line.

17. -1 «x« 1 orxS5; [-1. 1] U [5, =c)
-7-J-^

^—>•"

19. x<-5or3<x<5;(-oc, -5)U(3, 5]"~:| 5~"§ >" 21, -4<x«2;(-4, 2] 1^
\

^'^

23, -5«x«0orx>3; [-5, 0] U (3, «=) T^ 1

—
fi'' 25. x s -4 or x ^ 1; {-°°, -4] U (1. ==)

"J \
> '^

27. x<0orx>i; (-00, 0) U(i =0) g
o \x

^^ x < -3 or x ^ 3; (-00, -3) U [3, =^1 "^
1
—>''

31, -4<x«|;(-4, i] 1^ 1
)-^ 33. -1< X < 2 or x 3= 5: (-1, 2) U [5, x) ^-^——

| p)" 35. Nosolution

37. x>4;(4, X) ° >x 39. -2 s X s -^ or ^ « X « 2; [-2. -j] U [j, 2] .3 _1 1 \

—>"

41, (A) Profit: $4 < p < $7 (B) Loss: $0 « p < $4 or p > $7 (C) Break-even: p = $4 or p = $7

43, 25 « p « 35 45, t < 1 or (> 9
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Exercise 4-5

d C C V b 3V b P-2w v-b
1. r = - 3. r =— 5. d = — 7. b =— 9. x = 11. A =— 13. a=— 15. i= 17. x = ^

t 2n n ac a b m 2 m
3x + 15 -Ax - C CL , 2A , be d - b kT

19. y 21. y = z 23. W = 25. h=

—

-^ 27. d=— 29. x= 31. P

33. F = |C + 32 35. R^

B

R, + R2
37. P, =

100 a + b

39. d=^il^i^ 41. r
n - 1

a a — c V
A /a y + 3

43. i = -1/ 1 45. X =
71 V P 2y-4

-m± Vm^-4n P , /? \
47. x = : 49. M = -

r- 51. d = 33l ll
1-dt

Exercise 4-6 Chapter Review

1.

9.

13.

22.

25.

-i 2. All real numbers 3. No solution 4. 14 5. 800 6. 42 7. 12 8. x<-4;'

2 Sx« 12;
-o ) X

10. -2 <x«3; -• >x
11. -5«xS10;

12
— ---—. _2 3

No real solution 14. 0,-9 15. -5,7 16. 5 17. 0. -^^ 18. i, -^ 19. 2 ±2^3 20.

3±2V6

-5 10

2±>/22

« >x j2. ± J

21. 2± V2

23. -3<x<2; ° °
> -^ 24. X < - 3 or X > 4;

< °; °
>

'

-3 2 -3 4

x«-3orx3^0;<" ">" 26. -2«x«7; ;^ T"
-^x k W

27. p = - 28. fl = — 29. -3 30. 5
V P

31. 15,000 32. All real numbers 33. No solution 34. 8 35. m < 3

37. -2 <x<3;"

36. -3«x<4; -o ) x

°l
° ^ " 38. - 3 « X « 3;

'

r-r^" 39. x>4;^ -)-^
40. z < 4;

41.

47.

52.

X =6 2,000; < 2 000
'" 42. -30«CS30;"

.^ -l±\/7 -5±V29
"''^ 43. 44. i, -3 45. ± 3 46.

7±x/65 -2±v'T9 / .
-2.4 48. 49. No real solution 50. 51. x « -7 or x ^ 7; ^ • ->x

2 5

i<x<5; ^—^ >" 53. -2<x<5;-^=^ ^ > " 54. -3 < x < or x > 3; ^7"^ ^ ^
5 ""' --•--. _2 5

„^. „,„„„.,. „, -30 3

5X + 30 2s -7 ±715 /2s
55. y 56. a 57. 4 58. -45«C«65 59. 60. 1< x < 3 61. t = J— 62. -3a, 4a

•^

3 t^ 3 V a

63. $10,000 at 15%; $50,000 at 9% 64. $40,000 or more 65. 40 < x < 100 66. (A) 50 or 90 (B) 60 « x « 80

67. 18 « r « 23 68. 1 and 3 days 69. 12 s MA « 16

Practice Test: Chapter 4

1. 1,500 2. -3 3. x>-12; -^^
—>'<

4. -2«X<1 -o >x

8. x«— 4 orx s^5;
-• )

9. -3 <x « 5;
-4 5

11. $18,000 at 10%; $12,000 at 15% 12. 60 « x « 90

"^^ 10. B

5. i 2 6.

Ap

1 ±x/T3 5± VTs
7.

1+q
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Chapter 5

Exercise 5-1

i^->x

13.

5

3.

15.

5. Slope = 2; y intercept = — 3

7. Slope = — |; y intercept = 2

9. y = -2x + 4

11. y = -fx + 3

17.
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47. Domain = (0, 1, 2, 3); range = {0. 2. 4. 6}; function 49. Domain = {0, 1, 4); range = {—2, -1, 0. 1. 2); not a function

51. 13 53. -3 55. 5 57. x/2 59. e^ - e 61. -/u 63. (2 + hf - (2 + h) = h^ + 3h + 2 65. 2(a + h) + 1 = 2a + 2h + 1

67.
[2[2 + h)+ 1] - [2(2) + 1] _

2 69.
[(2 + h]' - (2 + h)] - [2^ - 2]

3 + h 71. All nonnegative real numbers
h h

73. All real numbers x except x = — 3. 5 75. All real numbers x such that x ^ 1

77. All real numbers X except x = -2, 3 79. (A) 1 (B) (C) 2 (D) 6 81. C(x) = 4x

83. (A) V(x) = x(8-2x)(12-2x) (B) Domain --= < x < 4 = (0. 4) 85. C(F) = |(F - 32) 87. IQ = 100(MA/12)

(C) X
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25. 33. H(x)

I
-5

^ -)-x
5

Neither even

nor odd

._^,

37. 39. A(x)
-1



A56 Answers

Exercise 5-4 Chapter Review

Slope = i

; y intercept = —2

I I i, if1 i

) X

2. y = Jx + 1 3.

Min fix):

fW = -2

F(x) 7. X + 2y = 4; slope = -^ 8.

Vertex: (0, 4)

Max: F(0) = 4

Axis:x =

—)x

10. x = 4 11. (A) A function 12. (A) 4 (B) f 13. (A) All real numbers, except 3

(B) Not a function (B) All real numbers greater than or equal to 1

14. 2 15. f(xl 16. g(i) 17.

19.

Vertex; (3.5. -2.25)

Min:f(3.5) = -2.25

Axis: X = 3.5

Vertex: (1.5, 6.25)

Max:g(1.5) = 6.25

Axi.s: I = 1.5

t^"

22. (A) R = |C (B) $168

-~22

P(x) = |(x - 2) X - 5| X + 6

24.

P(x) = |(x-2)x- - 8|x - 1

A maximum area of

: A(x) = (600 - 2x] X 45,000 square feet

results for a yard

150feet by aOOfeet,

10 20 30 ' * "3

Thousands of advertising dollars g

J J-)x
100 200 300'

Width of yard
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Practice Test: Chapter 5

T- Slope: —\

X intercept; 6

y intercept: 3

2. y = ~ix + 2 3. X - 2y = 8 4.

-)'<

\ = -3

7. (A) A function (B) Not a function 8. g(x) 9. /(x)

oiuuc —
5

5.-9 6. Domain of/: R
Domain of g: all fl,

except X = 2

10.

t^"

(3. -4)

Vertex

Min/(xl = /(3) = -4

11. fix) = [(x - 3)x - l]x + 3 12. (A) V = -1.8001 + 20.000 (B) $9,200

^^x

13. Maximum revenue is $18,000 at a price of $3. H(p) Vertex 14. (A) A(x) = x(20 - 2x) (B) [0.10]

(C) X
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Exercise 6-2

1. A = $112.68 3. A = $3,433.50 5. A = $2,980.68 7. $2,419.99 9. P

15. (A) $126.25; $26.25 (B) $126.90; $26.90 (C) $127.05; $27.05

19. (A) $2,208.04 (B) $4,875.44 21. (A) $6,755.64

25. $6,729.71 27, (A) 10.38% (B) 12.68% 29. (A)

31. (A) $8,243.05 (B) $13,589.57

33. (A) $3,516.83 (B) $3,908.37 (C) $4,133.40

39. (A) 8.67 years (B) 6.93 years (C) 5.78 years

= $7,351.04 11. n = 11.9 13. n = 55.5

17. (A) $7,147.51 (B) $10,217.39

(B) $4,563.87 23. (A) $3,197.05 (B) $2,044.22

7 years (B) 6 years

(D) $4,296.10 (E) $4,378.72 35. 10.52% 37. 8.45%

Exercise 6-3

1. $ = $13,435.19 3. S = $60,401.98 5. R = $123.47 7. R = $310.62 9. n = 17

11. Value: $30,200.99; interest: $10,200.99 13, $20,931.01 15. $331.46 17. $625.28

19. First year: $50.76; second year: $168.09; third year: $296.42 21. Value: $30,383.01; interest: $18,383.01

23. $59,987.37 25. 20 years

Exercise 6-4

1. P = $3,458.41 3. P = $4,606.09 5, fi = $199.29 7. R = $586.01 9.

13. $14,064.67; $16,800.00 15. (A) $36.59 per month; $58.62 interest

17, $273.69 per month; $7,705.68 interest

19. Amortization Schedule 21.

23.

25.

27.

p

N
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28. Amortization Schedule 29. (A)

Payment
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39. (A) For x = 120 units, C = $216,000 = R
(B) C R

$400,000 -

$300,000 -

$200,000 -

$100,000 -

41. 50 one-person boats, 200 two-person boats, 100 four-person boats 43. Mix A: 80 grams; mix B: 60 grams
45. (A) pa (B) d = 141 centimeters (approximately) (C) Vacillate

200

.Avoidance

Approach

100 200

Distance in centimeters
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Exercise 7-3

1. Yes 3. No 5. No 7. Yes 9. x, =

15. Xi = 2s + 3t - 5

Xj = s

X3 = -3( + 2

X4 = t

s and t anv real numbers

17.

X, =
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35. Concert 1: 6,000 $4 tickets and 4,000 $8 tickets; Concert 2: 5,000 $4 tickets and 5.000 $8 tickets; Concert 3: 3,000 $4
tickets and 7,000 $8 tickets

37. Diet 1: 60 ounces mix A and 80 ounces mix B; Diet 2: 20 ounces mix A and 60 ounces mix B; Diet 3: ounces mix A
and 100 ounces mix B

Exercise 7-7

1. 40it from A, 201 from E 3. 0.6 -0.2

-0.2 0.9
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13. 15.

17. 19.
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7.

Bounded

X + 2v = 12

11.

Unbounded

2x + y = 16 'i + y+ y = 12 X + 2y = 14

13.

Bounded

3x + y = 30 4x + 5y = 51
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15. 17.

X - y=

19. 21.

Bounded

X + 3y = 1

;^^-

1,000

(0. 800) V

Bounded

0.6x + 1.2v = 960

0.03X + 0.04V = 36

-^^
500 (900, 0)\1.000

0.3x + 0.2y = 270

5x - y = 9
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25. lOx + 20y «800

20x + 10y«640

yS'O

y
y\
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A(0. IB
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- © 1

1 2
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Exercise 8-6

1. (A) Maximize P=13y, + 12y2 3. (A) Maximize P = 15y, + 83/2

Subject to 4yi + Syj « 9 Subject to 2y, + ya =s 7

y, + y2«2 3y, + 2y2«12

yi . Yz ^ yi . 72 ^

(B) MinC = 26at Xi = 0andx2= 13 (B) Min C = 54 at x, = 6 and Xj = 1

5. (A) Maximize P = 8y^ + iy^ 7. (A) Maximize P = 6y, + 4y2

Subject to 2y, -2y2«ll Subject to -3yi+ y^^l

y, + 3y2 « 4 y, - 2y2 « 9

yi . Yz ^0 y, , y2 ^

(B) Min C = 32 at Xi = and X2 = 8 (B) No optimal solution exists

9. Min C = 24 at x, = 8 and X2 = 11. Min C = 20 at x, = and Xj = 4 13. Min C = 140 at x, = 14 and x^ =
15. Min C = 44 at x, = 6 and X2 = 2 17. Min C = 43 at Xj = 0, Xj = 1, and X3 = 3 19. No optimal solution exists

21. Min C = 44 at X, = 0, X2 = 3, and .X3 = 5 23. Min C = 166 at x, = 0, Xj = 12. x, = 20, and X4 = 3

25. Let X, = Number of hours the Cedarburg plant is operated Minimize C = 70Xi + 75x2 + 90^3

X2 = Number of hours the Grafton plant is operated Subject to 20Xi + IOX2 + 2OX3 ^ 300

X3 = Number of hours the West Bend plant is operated lOXi + 20x2 + 20x3 » 200

Cedarburg plant 10 hours per day. West Bend plant 5 hours per day, Grafton plant not used; $1,150

27. Let X, = Number of single-sided drives ordered from Associated Electronics

X2 = Number of double-sided drives ordered from Associated Electronics

Xj = Number of single-sided drives ordered from Digital Drives

-Xj = Number of double-sided drives ordered from Digital Drives

Minimize C = 250x, + 350.X2 + 290X3 + 320x4

Subject to x, -fX2 « 1,000

X3 + X4 « 2,000

X, +X3 3^1,200

X2+ X4S 1,600

1 ' 2 ' 3 4
""^

1.000 single-sided drives from Associated Electronics, 200 single-sided and 1,600 double-sided drives from Digital

Drives; $820,000

29. Let X, = Number of ounces of food L Minimize C = 20x, -I- 24X2 + 18X3

X2 = Number of ounces of food M Subject to 20Xj -I- lOXj -I- IOX3 S' 300

Xj = Number of ounces of food N lOx, -1-10x2-1- IOX3 ^ 200

lOx, -I- 20X2 + 10x3 ^ 240

Xj , Xj , Xj ^

10 ounces of L. 4 ounces of M. 6 ounces of N; 404 units
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31. Let Xj = Number of students bused from North Division to Central

Xj = Number of students bused from North Division to Washington

X3 = Number of students bused from South Division to Central

X4 = Number of students bused from South Division to Washington

Minimize C = 5x, + 2X2 + 3X3 + 4X4

Subject to Xi + X2 '» 300

X3 + X4 ^ 500

Xj + X3 « 400

Xj + X4 « 500

1 ' 2 ' 3 ' 4
""^

300 students bused from North Division to Washington, 400 from South Division to Central High, and 100 from

South Division to Washington: $2,200

Exercise 8-7

1. (A) Maximize P = 5x, + 2X2 — Ma,

Subject to X, + 2X2 + Si =12

X, + X2

(B) X,
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27. Let Xi = Number of ads placed in the Sentinel Minimize C = 200Xi + 20OX2 + lOOXj

X2 = Number of ads placed in the /ournaJ Subject to x, + X2 + Xj « 10

X3 = Number of ads placed in the Tribune 2,000x, + 5OOX2 + 1,500X3 ^ 16,000

1 ' 2 ' 3
"^^

2 ads in the Sentinel, ads in the journal. 8 ads in the Tribune: $1,200

29. Let X, = Number of bottles of brand A Minimize C = O.Bx, + 0.4X2 + O.Qx,

X2 = Number of bottles of brand B Subject to lOx, + lOxj + 20x3 s^ 100

X3 = Number of bottles of brand C 2x, + 8X2+ 4X3 « 24

Xj , X2 , X3 s^

bottles of A, 4 bottles of B, 3 bottles of C; $4.30

31. Let X, = Number of cubic yards of mix A Maximize P= 12x, + ISXj + 8X3

X2 = Number of cubic yards of mix B Subject to 12xj + 8X2 + 16X3 =s 700

X3 = Number of cubic yards of mix C 16x, + 8X2 + 16x3 ^ 800

X, . Xj . X3 s

25 cubic yards of A, 50 cubic yards of B, cubic yards of C; 1,100 pounds

33. Let X, = Number of car frames produced at the Milwaukee plant

X2 = Number of truck frames produced at the Milwaukee plant

X3 = Number of car frames produced at the Racine plant

X4 = Number of truck frames produced at the Racine plant

Maximize P = 50Xi + 70X2 + 50X3 + 7OX4

Subject to Xi + X3 « 250

X2 + x, s 350

Xj + X2 « 300

X3 + x, « 200

150X1 + 200X2 S 50,000

135x3 + I8OX4 « 35,000

1 ' 2 ' 3 ' 4
'^^

in regular gasoline

in premium gasoline

n regular gasoline

n premium gasoline

35. Let X] = Number of barrels of A used

X2 = Number of barrels of A used

X3 = Number of barrels of B used

X4 = Number of barrels of B used

X5 = Number of barrels of C used in regular gasoline

Xg = Number of barrels of C used in premium gasoline

Maximize P = lOx, + 18X2 + 8X3 + 16X4 + 4X5 + 12Xg

Subject to Xj +

-5x,

X2
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37. Let Xj = Number of ounces of food L Minimize C = 0.4x, + O.GXj +

Xj = Number of ounces of food M Subject to 30X] + lOXj + 30X3

;

X3 = Number of ounces of food N lOx, + 10x2 + IOX3 =

lOXi + 30X2 + 20X3;

8x, + 4X2 + 6X3 =

60Xi + 40X2 + 50X3

'

^1 1 X2 , X3 :

39. Let Xi = Number of students from town A enrolled in school I

X2 = Number of students from town A enrolled in school II

X3 = Number of students from town B enrolled in school I

X, = Number of students from town B enrolled in school II

X5 = Number of students from town C enrolled in school I

Xg = Number of students from town C enrolled in school II

Minimize C = 4x, + 8X2 + 6X3 + 4X4 + 3X5 + OXg

Subject to X, + X2 = 500

X3 + X4 =1,200

X5 + X6= 1,800

X, + X3 + X5 « 2,000

X2 +X4 +X6« 2,000

Xi +X3 +X5 3=1,400

0.8X3

S400

5 200

S300

S150

E900

SO

+ X4

1X3, X4 , X;

+ Xf,^ 1,400

«300

«300

«720

« 720

« 1,080

X6« 1,080

x„»0

Exercise 8-8 Chapter Review

1. 2. Max P = 24 at X, = 4 and X2 =

3. 2x, + Xj + s, =8

X1+2X2 +S2 =10

-6X1-2X2 +P =

r"^ 3X, + X; =

X,
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X, X2
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21. Let X, = Number of grams of mix A

X2 = Number of grams of mix B

Minimize C = 0.02x, + 0.04x2

Subject to 3x, + 4X2 ^ 300

2x, + 5X2 3= 200

6x, + 10x2 ^ 900

Xi , X2 ^

Practice Test: Chapter 8

2x, + X2 + s, =8 3. Max P = 44 at x, = 3 and Xj = 2

2x, + 3X2 + S2 =12

-8x, -10X2 +P =

1 ' 2 ' 1 ' 2
—

'

- 2x, + 3x, = 12

Xl
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Chapter 9

Exercise 9-2

1. Four ways; 3. Twelve combined outcomes: 5.2-2 = 4 7.2-6 = 12

COIN 1

OUTCOME

Start

COIN 2
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25. (A) Twelve classifications: (B) 2-2-3 = 12 27. (A) Twenty-four classifications: (B) 4-2-3 = 24

-H

-N

-L

Start

Start

Exercise 9-3

1. 24 3. 9 5. 990 7. 10 9. 35 11. 1 13. 60 15. 6.497,400 17. 10 19. 270,725 21. 56 23. 7,920

25. P,o.3 = 720 27. C,o.2 = 45 29.61 = 720 31. C,3,5 = 1,287 33.
( ^ ^ ^ )

= 210 35. Ce.3C,o.4C, 2
= 246,960

\3, 2, 2/

37. C,3.5C,3.2 = 100,386 39. (A) C5„3 = 6,35 X 10" (B)
[^^ ^^\^ ^^)

' 5.36X 10"" 41. Pe3 = 120
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43. (A) Ce.3C5.2 = 200 (B) C,,,C,,, = 75 (C) Ce.s = 6 (D) C,,,^ = 462 (E) Q.A,, + C„ = 81

45. (A) P„ = 4! = 24 (B) P64 = 360 (C) 0^,^ = 1 )
" ^^ (D| (

* 1 = 27,720 47.336 49. ?„ = 12

Exercise 9-4

1. S = {1. 2. 3. 4, 5. 6, 7, 8) 3. i 5. E = {2, 4, 6. 8); P(E) = | = i 7. ^ 9. Occurrence of E is certain

11. ((H. H. H). (H, H, T), (H. T. H). (H. T. T). (T, H, H), (T. H. T). (T, T. H). (T, T, T))

13. E = ((H, H. T). (H. T, H). (T. H, H). (H. H. H)}; i

15. (A) No probability can be negative (B) P(R) + P(G) + P(V1 + P(B) # 1 17. P(fl) + P(y) = .56

19. 1/P5,5= l/5! = .008 33 21. 3^ 23. ^ 25. i 27. J 29. 31. 1 33. (2-5-5-l)/(2-5-5-5) = .2

35. Ci6,5/C52.5 = .001 68 37. 48/C52.5 = .000 018 5 39. 4/C52.5 = .000 001 5 41. 04,204.3/052.5 = .000 009

43. 1/P,2.4 = .0a0 084 2

45. (A) Ce.3C5.2/C„.5 = .433 (B) Ce,4C5.,/C„.5 = .162 (C) Q.5/C„.5 = .013 (D) [C^Cs,, + Ce.5]/C„.5 = .175

47. y^y^ = .0571 49. 1/Pe.3 = 3i!=003 51. (A) Ce.2/C„.2 = .273 (B) [C5.2C5., + Cj.jJ/C,,., = .424

3, 2, 2>

Exercise 9-5

1. .1 3. .45 5. P(Point down) = .389, P(Point up) = .611; no

7. (A) P(2 girls) = .2351, P(l girl) = .5435, P(0 girls) = .2214 (B) P(2 girls) = .25, P(l girl) = .50. P(0 girls) = .25

9. (A) P(3 heads) = .132. P(2 heads) » .368, P(l head) = .38. P(0 heads) = .12

(B) P(3 heads) = .125, P(2 heads) = .375, P(l head) = .375. P(0 heads) = .125

(C) 3 heads, 125; 2 heads. 375; 1 head, 375; heads, 125

11. 4 heads, 5; 3 heads, 20; 2 heads, 30; 1 head, 20; heads, 5 13. (A) .015 (B) .222 (C) .169 (D) .958

15. (A) P(Red) = .3, P(Pink) = .44. P(White) = .26 (B) 250 red. 500 pink. 250 white

Exercise 9-6

1. .997 3. (1). I 5. (2).^ 7. .4 9. .25 11. .05 13. .2 15. .6 17. .65 19. J 21. ^ 23. .48 25. .48 27. [1]. ^

29. (2), ^ 31. (2). t^ 33. (1) and (3). ^ 35. -^ 37. -^ 39. 1 to 1 41. 7 to 1 43. 2 to 1 45. 1 to 2 47. ^ 49. |

12!
51. P(E) = 1--- ——

- 55. (A) P(CUS) = P(C) + P(S)-P(CnS) = .45 + .75-.35 = .85 (B) P(C'nS') = .15
(12 — n)!12

57. (A) P(^f, U A) = P(M,) + P(A) - P(Mi n A) = .2 + .3 - .05 = .45

(B) P[(M2 n A') + (M3 n A')] = PlMj n A') + PfM, n A') = .2 + .35 = .55

59. P{K' n D') = .9 61. P(A n S) = 50/1,000 = .05 63. 1 - C^^JC^o.i = .6
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Exercise 9-7 Chapter Review

1. Eight combined outcomes:

1

Start

/ 12 \
17. =27,

\5, 3.4/

2. 8 3. 15, 30 4. {R, G, B); P(H or G) = .8 5. .05 6. (A) .7

10.
f

« ) =
\2, 2, 2, 2/

(B)

2,520

.6 7. 2= 32; 6

11. (A) A (B) ^ (C) if

12. A = {(1. 3), (2, 2), (3, 1), (2, 6). (3, 5), (4, 4), (5, 3), (6, 2), (6, 6));

B = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1), (6, 6)); P[A] = i , P(B) = i, P(A n B) = ^

,

P{A U B) = ^
13. l/Pio,3 * .0014; l/C,o.3 = 0083

14. (A) P(2 heads) = .21, P(l head) = .48, P(0 heads) = .31

(B) P(2 heads) = .25, P(l head) = .50, P(0 heads) = .25

(C) 2 heads, 250; 1 head, 500; heads. 250

15. (A) P(M U E) = .8 (B) P[(M U E)'] = .2 (C) P[(M D E') U (M' n E)] = .5

16. (A) P,„,3 = 720 (B) P6.3/P,„.3 = i (C)

(U) [Gg 3 ~r G6,2' ^4.lJ/Gl0.3 3

720 18. 336; 512; 392 19. Gi33C,32 = 22,308 20. G^.s/Csj; = .0005

21. (1) Probability of an event cannot be negative; (2) sum of probabilities of simple events must be 1; (3) probability of

an event cannot be greater than 1

22. C8,2/C,o,4 = ts 23. 1 - 10!/(5!10*) = .70

Practice Test: Chapter 9

1. (A) Twelve combined

outcomes:

(B) 6-2 = 12 2. (A) Pe,3 = 120 (B) Cj^ = 10

3. Probability of an event cannot be negative; probability of an event

cannot be greater than 1; sum of probabilities of all simple events must

bel
4. 1/P,„ = .0048 5. (A) C,3 5/C52.5 (B) C,,yC,,,,/C^,,,

6. .350; I = .375 7. (A) i (B) f 8. 1 - C,,3/C,o,3 = iJ

9. (A) P(H U A) = P(H) + P(A) - P{H n A) = .7 + .6 - .4 = .9

(B) P(HnA') = .3

10. (A) .04 (B) .16 (C) .54
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Chapter 10

Exercise 10-2

1. (A) 1 (B) 1 (C) 1 3. (A) 2 (B) 1 (C) Does not exist 5. (A) 1 (B) 1 (C) 1 7. (A) 1 (B) 1 (C) Yes 9. (A) Does not exist (B) 1

(C) No 11. (A) 1 (B) 3 (C) No 13. 47 15. -4 17. 5/3 19. 243 21. -3 23. None 25. x = 5 27. x 2,3

29. (A) 1 (B) 2 (C) Does not exist 31. (A) 1 (B) 1 (C) 1 33. (A) Does not exist (B) 2 (C) No; yes 35. Vi 37. 39.-5
41. 5/6 43. 1/2 45. 2/3 47. 1/4 49.

fix]

0.9 0.99 0.999 -* 1 •<- 1.001 1.01 1.1 (A) -1 (B) 1 (C) Does not exist

-1 -1 -1 1 1

51.

f(x)

0.9 0.99 0.999 — I — 1.001 1.01 1.1 (A) 3 (B) 3 (C) 3 53. All x 55. x 2= 5 57.3 59.5 61.0

2.71 2.97 2.997 -•?«- 3.003

63. -1/4 65. 1/(2^2) or >/2/4 67. 12

3.03 3.31

69. 1/12 71. 1 73. (A) P(x)

$.88 -

.71 -

.54 -

.37-

.20

(B) $.37; $.54; does not exist

(C) Does not exist; $.71

(D) No; yes

^ ^x

75. (A) F(x|

1.150 -

1,100 -

1.000

(B) 3, 6, 9, 12 (C) Yes; no (see Example 6)

f.M.
O] 3

J_ _a_ ^x
6 9 12

77. (A) (2, I3, t,, te, t, (B) 7, 7 (C) Does not exist; 4

Exercise 10-3

1, Ax = 3: Ay = 45: Ay/Ax = 15 3.12 5.12 7.12 9.15 11. (A) 12 + 3Ax (B) 12 13. (A) 24 + 3Ax (B) 24

15. (A) 5 meters per second (B) 3 + Ax meters per second (C) 3 meters per second 17. (A) 5 (B) 3 + Ax (C) 3

(D]y = 3x-1 19. 3 meters per second 21. (A) $200 per year (B) $450 per year 23. (A) -110 square millimeters

per day (B) —15 square millimeters per day 25. (A) 0.6 birth per year (B) 8 births per year

^1 Exercise 10-4

1. /'(x) = 2;/'{l)=/'(2)=/'(3) = 2 3. /'(x) = 6 - 2x; /'(I) = 4, /'(2) = 2, /'(3) = 5. /'(x) = -l/(x + 1)^ /'(I) = -1/4.

/'(2) = -1/9, /'(3) = -1/16 7. /'(x) = 1/(2 V^); /'(I) = 1/2, /'(2) = 1/(2 V2), /'(3) = 1/(2 -fs) 9. /'(x) = -2/x^
/'(I) = - 2. /'(2) = -1/4. f '(3) = -2/27 11. v = f '(x) = 8x - 2; /'(l) = 6 feet per second; /'(3) = 22 feet per second:
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f'[5) = 38 feet per second 13. (A) m = f'{x) = 2x (B) m, = f'{-2] = -4; m^ = f '(0) = 0; m, = /'(2) = 4 (C) y = -4x - 4;

y = 0; y = 4x - 4 (D) ^ 15. (A) /'(x) = 3x^ + 2 (B) /'(I) = 5; /'(3) = 29

y = — 4x

17. (A) C'(x) = 10 — 2x (B) C'(l) = $8 hundred per unit increase; C'(3) = $4 hundred per unit increase;

C'(4) = $2 hundred per unit increase 19. (A) N'(f) = 2t - 8 (B) N'(l) = -6 thousand per hour; N'(2) = -4 thousand

per hour; N'(3) = — 2 thousand per hour [Note: A negative rate indicates the population is decreasing.]

Exercise 10-5

1. 3. 5. 12x" 7. 1 9. 8x' 11. 2x" 13. -lOx"" 15. -x"^''^ 17. ISx'' - Bx^ 19. -I2x^^ - ix'^ 21. -Gx'^

23. 2x-»''' - (5/3)x-2^' 25. -(9/5)x-»''= + 3x-^/2 27. -(1 /Six""''' 29. -6x-=/^ + Bx"' + 1 31. (A) m = 6 - 2x (B) 2; -2

(C) X = 3 33. (A) m = x^ - 6x (B) -8; -8 (C) x = 0, 6 35. (A) v = 176 - 32x (B) 176 feet per second; 80 feet per second;

—16 feet per second (C) x = 5.5 seconds 37. (A) v = 40 — lOx (B) 40 feet per second; 10 feet per second; —20 feet

per second (C) x = 4 seconds 39. 2x - 3 - lOx"^ 41. -x'"- + Ox"*''^ 43. (A) N'(x) = 60 - 2x (B) N'(IO) = 40 (at the

$10,000 level of advertising, there would be an approximate increase of 40 units of sales per $1,000 increase in

advertising); N'(20) = 20 (at the $20,000 level of advertising, there would be an approximate increase of only 20 units of

sales per $1,000 increase in advertising); the effect of advertising levels off as the amount spent increases.

45. (A) -1.37 beats per minute (B) -0.58 beat per minute 47. (A) 25 items per hour (B) 8.33 items per hour

Exercise 10-6

1. 2x'(2x) + (x^ - 2)(6x2) = lOx'' - 12x^ 3. (x - 3)(2) + (2x - 1)(1) = 4x - 7 5.
(x-3)(l)-x(l)

(X - 3)^ (X - 3)2

(x - 2)(2) - (2x + 3)(1) _ -7

(x - 2f (x - 2f
(2x - 3)(2x) - (x^ + 1)(2) _ 2x2 - 6x - 2

(2x - 3)2 (2x - 3)

15. (2x - x2)(5) + (5x + 2)(2 - 2x) = -ISx^ + 16x + 4 17,

x2 - l)(2x - 3) - (x2 - 3x + l)(2x) _ 3x2 - 4x + 3

9. (x2 + 1)(2) + (2x - 3)(2x) = 6x2 - 6x + 2

13. (2x + l)(2x - 3) + (x2 - 3x)(2) = 6x2 _ ;jox - 3

(x2 + 2x)(5) - (5x - 3)(2x + 2) _ - 5x2 + 6x + 6

(x2 + 2x)2

19.

23.

(X2-1)2 (X2-1)-

(4x2 + 5x - i)(6x - 2) - (3x2 - 2x + 3)(8x + 5)

(x2 + 2x)2

21. (2X'' - 3x3 + x)(2x - 1) + (x2 - X + 5)(8x3 - 9x2 + j)

(x2 - 3)(2x-2^3) _ 6x'^3(2x)

(4x2 + 5x- 1)

29. ,x-2/3(3x2-4x) + (x3-2x2)[(-2/3)x-=/=] 31.

50,000(2x + 10) _ -100,000

25. 9x'''3(3x2) + (x^ + 5)(3x-2/3) 27.
(x2 - 3)2

,, (x2 + l)[(2x2 - l)(2x) + (x2 + 3)(4x)] - (2x2 _ ^^^^z + 3)(2.x)

(X2 + 1)2

33. (A) d'(x) = '—— (B) d'(5) = —100 radios per $1 increase in price; d'(lO) = —30 radios per Si
X + 5r

increase in price 35. (A) N'[x]

(x2 + lOx + 25)2 (x + 5):

(x + 32)(100)-(100x + 200) 3,000

(x + 32)2

Exercise 10-7

(x + 32)'
(B) N'(4) = 2.31; N'(68) = 0.30

I. y = u^ u = 2x + 5 3. y = u^, u = x' - x2 5. y = u'''^ u = x^ + 3x 7. 6(2x + 5)2 9. 8(x' - x2)'(3x2 - 2x)

II. (x^ + 3x)-2''3(x2 + 1) 13. 24x(x2 - 2)' 15. -6(x2 + 3x)-'(2x + 3) 17. x(x2 + 8)-'/2 19. (3x + 4)-2^3



Answers A83

21. (l/2)(x2 - 4x + 2r/2(2x - 4) = (X - 2)/{x^ - 4x + 2)'^' 23. (-lK2x + 4)-2(2) = -2/(2x + 4f
-2(2x- 3)

25. (-I)(4x2 - 4x + ir'(8x - 4) = - 4/(2x - 1)^ 27. - 2(x^ - 3x)-='/2(2x - 3) = _ '^

29. -(3 - x> t{- ^ X--) =
3^3_;,3).,.3 31. -(xV^ - Sj-V^x-/^ = [,va -7)3/-x'/^

2xM[x3 - 7]33x' - (x^ - 7)^6x^ _ 3{x' - 7f{3x' + 7)

4x^ 2x^

37. (2x - 3)2[3(2x^ + l)^(4x)] + (2x^ + l)'[2(2x - 3)(2)] = 4(2x2 + j)2(2x - 3)(8x2 - 9x + 1)

, r-. (x-3r/2(2)-2x[(l/2)(x-3r'^'] x-6
39. 4x2[(l/2)(x2 - l]-'^H2x)] + (x^ - lY^'(8x) = [\2x^ - 8x)/ Vx^ - 1 41. ^^ ^ ,3 {x- Zf'^

43. (2x - 1)'' 2(x2 + 3)(llx2 - 4x + 9) 45. y = -x + 3 47. (A) C'(x) = 2(2x - 8)2 = 8x - 32 (B) C'(2) = -16; C'(4) = 0;

C'(6) = 16. An increase in production at the 2.000 level will reduce costs; at the 4,000 level, no increase or decrease will

(4 X W<-]x
occur; and at the 6,000 level, an increase in production will increase the costs. 49. _ 3^3

3n — 4
51. (A) /'(n) = n(n - 2)"''^ + 2(n - 2Y'^ = _ (B) /'(ll) = 29/3 (rate of learning is 29/3 units per minute at the

33. 18x2(x2 + \f + 3(x2 + \f = 3(x2 + 1)2(7x2 + 1) 35.

n = 11 level); /'(27) = 77/5 (rate of learning is 77/5 units per minute at the n = 27 level)

Exercise 10-8 Chapter Review

1. 12x3-4x 2. x-''2-3 = (l/x'^2]_3 3 4,0 5. (2x - 1)(3) + (3x + 2)(2) = 12x + 1

6. (x2-l)(3x2] + (x3-3)(2x) = 5x^-3x2-6x y . ^^^^^^^^^ = ^^^^ 8. (-l)(3x + 2)-3 = -3/(3x + 2)^

9. 3(2x - 3)22 = 6(2x - 3)2 10. -2(x2 + 2)-32x = -4x/(x2 + 2)^ 11, 12x' + ex"*

(x - 1)22 - (2x - 3)2(x - 1) 4-2x
12. (2x2 _ 3x + 2)(2x + 2) + (x2 + 2x - l)(4x - 3] = 8x' + 3x2 _ i2x + 7 13. -^^

, _ ^,,
=

, _ ^.3

14. x-"^ - 2X-3/2 =^ _ J_ 15. (x2 - l)[2(2x + 1)2] + (2x + l)2(2x) = 2(2x + l)(4x2 + x - 2)

Vx vx^
x2 — 2x

16. (,/3)(x3-5)-2/33x2= 3^=== 17. -(V3)(3x2-2)--6x=y==

(2x - 3)4(x2 + 2)32x - (x2 + 2)^2 ^ 2(x2 + 2)3(7x2 - 12x - 2) „. ,a) ^ =^1) = 2 (B) y = 2x + 3
(2x - 3)2 (2x - 3)2

20. (A) m = /'(x) = 10 - 2x (B) X = 5 21. (A) v = f '(x) = 32x - 4 (B) /'(3) = 92 feet per second

22. (A) V = /'(x) = 96 - 32x (B) x = 3 seconds 23. (A) 4 (B) 6 (C) Does not exist (D) 6 (E) No 24. (A) 3 (B) 3 (C) 3 P) 3

(EjYes 25. None 26. x = -5 27. x = -2, 3 28. None 29. [2(3) - 3]/(3 + 5) = 3/8 30. 2(3^) - 3 + 1 = 16 31.-1

32. 4 33. 1/6 34. Does not exist 35. 1/(2 x/7) 36. 42 37. 2x - 1 38, 1/(2 Vx) 39. (A) 5/8 (B) Does not exist

(C) No 40. (A) 1/2 (B) 1/2 (C) Yes 41. x =^2/3, 2 42. (A) 2_(B) 3 (C) Does not exist

43. (14x3 + 3gx2 _ 2)/[(3x + 6)3^3] 44. (ys^j c'(x) = 2x - 10 (B) C'(3) = -4 (average cost per unit is decreasing at

approximately $400 per unit as production increases at an output level ofj units); C'(5) = (average cost per unit does

not change for a small change in production at an output level of 5 units); C'(7) = 4 (average cost per unit is increasing

at approximately $400 per unit as production increases at an output level of 7 units) 45. C'(9) = -1 part per million

per meter; C'(99) = —0.001 part per million per meter 46. (A) 10 items per hour (B) 5 items per hour

Practice Test: Chapter 10

(x2 + l)(6x) - (3x2 - 5)(2x) -lex

1. 6x-x-'/2 = 6x-(l/x>/2) 2. (x2 + 2)(2) + {2x - 3)(2x) = 6x2 - 6x + 4 3. i

^^, ^ ^^,

^
(x^ + \f

4. 3(2x3 _ 3x + 1)2(6x2 - 3) 5. -x-^/3 + 2x-2 + 1 6. (x2 - 1)3(2) + (2x + l)[3(x2 - l)22x] = 2(x2 - 1)2(7x2 + 3x - 1)

4, (x2 + 5)*(1 /2)(2x - l)->^22 _ (2x - l)"'24(x2 + 5)32x -15x2 + sx + 5

7. -(l/4)(2x2 - 3)-3/Mx = -x/ V(2F^3p 8.
'- '-^^^ '-^^, =

(2x - i)./^(x2 + 5)^
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9. (A) m = /'(x) = 8 - 2x (B) 4 (C) y = 4x + 4 (D) X = 4 10. (A) v = f '(x) = 80 - 20x (B) 20 feet per second

(C) X = 4 seconds 11. (A) f '(x) = lim
n'' + ^x)-/(x)

^^^ ^ _ ^^ ^^^ ^^^ ^ ^^^ _^ ^^^ ^^^^^ ^^^ ^^.^^ ^^^^ _^ ^^^ ^^^
4x— Ax

13. (A) 2 (B) 2 (C) 2 (D) 2 (E) Yes 14. (A) 1/8 (B) Not defined (C) No 15. (A) 1/9 (B) 1/9 (C) Yes

16. (A) C'(x) = 15 + ^2j'+%/2 - (^) "^'f^^l = $19

Chapter 11

Exercise 11-1

I. y' = 6x;6 3. y' = 3x/y; 3 5. y' = l/(2y + 1); 1/3 7. y' = -y/x; -3/2 9. y' = -2y/(2x + 1); 4

II. y' = (6 - 2y)/x; -1 13. x' = (2(x - 3t2)/(2x - t']: 8 15. y = -x + 5 17. y = (2/5)x - 12/5; y = (3/5)x + 12/5

19. y' = 1/[3(1 + y)2 + 1]; 1/13 21. y' = 3(x - 2y)V[6(x - 2y)2 + 4y]; 3/10 23. y' = 3xV + V^Y^^/y. 16

25. p' = l/(2p - 2) 27. p' = -VlO,000-pVp 29. dL/dV = -(L + m)/(V + n)

Exercise 11-2

I. 240 3. 9/4 5. 1/2 7. Decreasing at 9 units per second 9. Approximately — 3.03 feet per second

II. dA/d( = 126 square feet per second 13. 3,768 cubic centimeters per minute 15. 6 pounds per square inch

per hour 17. -9/4 feet per second 19. 20/3 feet per second 21. (A) dC/dt = $15,000 per week (B) dR/dt = -$50,000

per week (C) dP/dt = —$65,000 per week 23. Approximately 100 cubic feet per minute

Exercise 11-3

1. 6x-4 3. 5. 40x^ 7. 9. -6x-' 11. 6x 13. ex"^ + 12x-'' 15. -15(2x - l)-'''^ 17. 24(1 - 2x)

19. 24x^(x^ - 1) + 6(x2 - 1)2 = 6(x2 - IKSx^ - 1) 21. 15(3 - 2xr'^'

23. 16x^(3x2- l)-2/3 + 8(3x^-1)'^^ = (40x2- 8)/(3x2-l)2/'3 25. -12/y' 27. -(6y' + 8x2)/(9y=) 29. -24(2x-ir
31. -12x/y=

Exercise 11-4

(x^\ 295 150
2x 1 dx 5. dy = -^;^dx 7. dy = ^;^ dx 9. dy = 1.4, Ay = 1.44

jj3/2
•

X'

11. dy = 3, Av = 2.73 13.2.03 15.3.04 17. 120 cubic inches 19. dy ;

—

z^ ;—TTTT dx
3(3x2 - 2x + 1)2/3

21. dy = 3.9, Ay = 3.83 23. 40 unit increase; 20 unit increase 25. -$6, $4 27, -1.37 per minute; -0.58 per minute

29. 1.26 square millimeters 31. 3 words per minute 33. (A) 2.100 increase (B) 4,800 increase (C) 2.100 increase



Answers A85

Exercise 11-5

1. (A) C'(x) = 60 (B) R(x) = xp(x) = 200x - (xV30) (C) R'(x) = 200 - (x/15) (D) R'(l,500) = 100 (revenue is increasing at

$100 per unit increase in production at the 1,500 output level); R'(4,500) = -100 (revenue is decreasing $100 per unit

increase at the 4,500 output level) (E) r c . (F) P(x) = R(x) - C(x) = -(xV30) + 140x - 72,000

12 3 4 5 6

Thousand units

(G) P'(x) = -(x/15) + 140 (H) P(l,500) = 40 (profit is increasing at approximately $40 per unit increase in production at

the 1,500 output level); P'[3,000) = — 60 (profit is decreasing at approximately $60 per unit increase in production at the

3.000 ojJtput level) _ _ _ _
3. (A) C(x) = (72,000/x)J- 60; R(x) = xpjx = 200 - (x/30); P(x) = R(x) - C(x) = 140 - (x/30) - (72.000/x)

(B) C'(x) = -72,000/x^; R'(x) = -1/30; P'(x) = -1/30 + 72,000/x^

(C) P'(1,000) = $0,039 (profit is increasing at a rate of approximately 3.9<t per unit at an output level of 1,000 units per

week); P'(6,000) = —$0,031 (profit is decreasing at a rate of approximately 3.1C; per unit at an output level of 6,000 units

per vifeek)

Exercise 11-6 Chapter Review

dv dh'
1. y' = 9xV(4y);9/8 2. -5^ = 216 3. -r-fj

= 6x + (l/4)x-'^2 4. dy = 18x(3x^ - 7)^ dx 5. y' = y/(4y^ 1/13
dt dx^

6. x' = 4tx/(3x2-2t2);-4 7, y" = -2(2x2 - y^j/y^ = -e/y^
8. 21x2(2x^-3)-'''* + 7(2x2 -3)'/" = (35x2- 21)/(2x2- 3)'^" 9, 120(5 - 4x)-'^2 10. dy = 7.3. Ay = 7.45 11.4.13

dR . , ,,,„, _ _ d'y -18x
12. 7 units per second 13.

dt
1/n = 0.318 inch per minute 14. y' = — 4x(5 l/21»/2/y;-16 15. -7^ =

dx^ >'=

16. dy = -0.0031_, Ay = -0.0031 17. (A) C'(x) = 2; C(x) = 2 + SOx"'; C'(x) = -56x-2 (B) R(x) = xp = 20x

R'(x) = 20 - 2x; R(x) = 20 - x; R'(x) = -1 (C) P(x) = R(x) - C(x) = 18x 56; P'(x) = 18 - 2x; P(x) = 18 - x - 56x-';

P'(x) = -1 + 56x-2 (D) Solving R(x) = C(x). we find break-even points at x = 4, 14. (E) P'(7) = 4 (increasing production

increases profit); P'(9) = (stable); P'(ll) = —4 (increasing production decreases profit) (F) P(.x| fi(,\)

100'-

18. p' = - (5.000 -2p=')>^2/3p2 19. -- = $iiOperdav 20. -p =
dt d(

= 0.477 millimeters per day
271

21.
dT

dt

^

27
= —0.037 minute per operation per hour
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Practice Test: Chapter 11

1. y' = (3y- 2x)/(8y-3x);8/19 2. -(y^ + x^)/y^ = -Sl/y' 3. -3(1 -Zx)-^^^

54y2 — 45 (jy
4. 27x^(5 - 3x2)-i/2 - 9(5 - 3x2)V2 = —— 5. Ay = 0.41, dy = 0.4 6.3-1/27 = 2.96 7. -f = -2 units

(5 - Sx^Y^^ dt

per second 8. 0.27 foot per second 9. (A) R(x) = xp =J4x - x^; P(x) = R(x) - C(x) = -x^ + 12x - 20

(B) P'(x) = -2x + 12; P(x) = P(x)/x = -x + 12 - 20x-'; P'(x) = -1 + 20x-^ (C) P'(4) = 4 (increasing production increases

profit); P'(6) = (stable); P'(8) = — 4 (increasing production decreases profit) (D) x = 2, 10 (E) R(.x) C[x]
'^

R = H(.\) C = C(x|

Chapter 12
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25. X = -1. X = 1 27. Horizontal asymptote at y = 2; vertical asymptote at x = 4; lim,-.,, /(x) = =0;

lim,_,-/(x) = -=c
f|.,|

10 -

29. Horizontal asymptote at y = 0; vertical asymptotes at x = - 2 and x = 2;

lim,^_2,/(x) = °°; lim,-_2- f(.\) = -=^; lim,-.2*/(x) = =°; lim^^2-/(x) = -^

31. (A)

/(•x)

10 100 1,000

.995 .99995 .9999995 f(x]

-10 -100 -1,000 (B) lim^^. /(x) = 1. lim, , /(x) = -1

-.995 -.99995 -.9999995

33. 35. 1/2 37. (A) C(x) = 3,000/x + 2.75 (B) 2.75 (C) «=

39. (A) C'(x) = 12 - lOO/x^ (B) 12 41. (A) C(0) = 200 (B) 50 43. 6

Exercise 12-2

1. (a, b); (d, e); (e. /); (g, h) 3. c. d. / 5. b. / 7. (A) Local minimum (B) Neither 9. (A) Local maximum (B) Neither

(C) Neither 11. 13. 15. Increasing on (— °°, —1), (0, 1)

decreasing on (—1, 0), (1. <»);

/(—I) = 1 is a local maximum;

f (0) = is a local minimum:

f (1) = 1 is a local maximum

H--
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17. Increasing on (— o<=, — 2), (4, o"); decreasing on (— 2, 4); /(— 2) = 35 is a local maximum; /(4) = — 73 is a local

minimum 19. Increasing on (— <», 3), (5, <»); decreasing on (3, 5); /(3) = 3(2^^') == 4.8 is a local maximum; /(5) = is a

local minimum 21. Increasing on (— «=, — 2). (2, <»); decreasing on (— 2, 0), (0, 2); /(— 2) = — 4 is a local maximum;

f{2) = 4 is a local minimum 23. Increasing on (—2, 0); decreasing on (— =», —2), (0, =»); /(— 2) = 3/4 is a local minimum
25. Increasing on (0. 2), (10, 0°); decreasing on (2. 10); /(2) = 64 V2 = 90.5 is a local maximum; /(lO) = is a local

minimum 27. Increasing on (— <», 0), (4, =°); decreasing on (0, 2), (2, 4); f[0] = is a local maximum; /(4) = 8 is a local

minimum 29. Rising on (—<», 4); falling on (4. °<=); horizontal tangent at x = 4 f(x)

31. Rising on {—^. —1), (1. =<=); falling on (—1. 1); horizontal tangents at x = —1, 1 f(x)

5

33. Falling on (-00, 2); rising on (2, <»); f'{2) does not exist /(")

3

35. Rising on (0, 1); falling on (1, 00); horizontal tangent at x = 1; /'(O) does not exist f{x

1
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37. Rising on (-o^, -i) and (0, 1); falling on (-1. 0) and (1, «=); horizontal /(x)

tangents at x = 1. —1; /'(O) does not exist —f^- 3

39. Falling on {—^. 3) and (3, =»); horizontal asymptote

y = 1; vertical asymptote x = 3

f(x)

41. Rising on (-oo, —1) and (1, °<=); falling on (-1. 0) and (0, 1]

horizontal tangents at x = —1, 1; vertical asymptote x =

43. Rising on [—^. 2); falling on (2, «=); horizontal asymptote y = 1; vertical asymptote x = 2 f{x]
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45. (A) Decreasing on (0. 100); increasing on (100, oo) (B)

50 100 150

47. (A) 10 < X < 40 (B) 10 < X < 25 49. 5 hours 51. (A) (12, oo) (B) (16, o°

t: )"

Exercise 12-3

1. (q, c), (c, d), (e, g) 3. d, e, g 5. (A) Local minimum (B) Neither (C) Test fails 7.

11. /(2) = — 2 is a local minimum 13. /(—I) = 2 is a local maximum; /(2) = —25 is

a local minimum

15. No local extrema 17. /(— 2) = — 6 is a local minimum; /(O) = 10 is a local maximum; f (2) = — 6 is a local minimum
19. /(O) = 2 is a local minimum 21. /(— 4) = — 8 is a local maximum; /(4) = 8 is a local minimum 23. Local maximum
at X = 0; local minimum at x = 4; inflection point at x = 2 f[x
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25. Inflection point at x =

^-^x

27. Local minima at x = — 1/3 and x = \/3;

local maximum at x = 0; inflection points at x = —1 and x = 1

29. Local minimum at x = 0; _ .f(x|

inflection points at x = 1 and x = 3

31. Inflection point at x = 1 f[x.

33. Local minimum at x = —1; local maximum
at x = 1; inflection point at x =
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35. Vertical asymptote at x =

37. Local maximum at x = 0; inflection points at x = — n/3/3 and v3/3

horizontal asymptote at y =

-1 1

„.>.,,(- A),
4ac — b^/ b \ 4ac — b^

39. (A) If a < 0, f
= is a local maximum (B) _,,, ^ ,'

-^

V 2a/ 4a \ 2a/ 4a

41. (A) Local minimum at x = 50 (B) Concave upward on (0. <»)

43. (A) Increasing on (0, 10); decreasing on (10, 20) (B) Inflection point at t = 10 (C)
J

(D) N'(IO) = 300 5.000

3,000 -

1,000

is a local minimum

y = N(t)
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45. (A) Increasing on (5, «>): decreasing on (0, 5) (B) Inflection point at n = 5

(C) T'(5) =

Exercise 12-4

1. (b, d), (d, 0), (g, 00) 3. x = 5. [a, d), (e, h) 7. x = a, x = h 9. x = d, x = e 11. y = M
13. /(x) 15. fix) 17.

2

19. Decreasing on (—0°. 3); increasing on (3. °o); local minimum at x = 3; concave upward on {—^, »): /(I) = 0: /(5) = 0;

/(O) = 5 m

21. Increasing on (-00, -73/3) and (V3/3, =0); decreasing on (->/3/3, V3/3): local

maximum at x = — >/3/3; local minimum at x = V3/3; concave downward on
(— «>, 0): concave upward on (0, ^]; inflection point at x = 0; f (0) = 0: /(I) = 0;

.f(-l) = 0;/(-x) = -/(x)
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23. Decreasing on (— =o. —2) and (0, 2); increasing on (—2. 0) and (2, °o); local

minima at x = —2, 2; local maximum at x = 0; concave upward on {— =», — 2\/3/3)

and (2>/3/3, '^]: concave downward on (— 2n/3/3, 2^/3/3); inflection points at

X = -2 V3/3, 2 V3/3; /(- 2) = 0; /(2) = 0; /(O) = 16; /(-x) = /(x)

-3-2-10 12 3

25. Decreasing on {—'^, 0) and (0. 1.25); increasing on (1.25, ^f); local minimum at

X = 1.25; concave upward on (— <», 0) and (1. =»]; concave downward on (0, 1);

inflection points at x = 0, 1; f(0] = 0; /(1. 5) =

27. Decreasing on (0, 4); increasing on (4. 00); local minimum at x -

upward on (0. <»); /(O) = 0; /(16) =
4; concave

29. Increasing on (—00, —1) and (1, »=); decreasing on (—1, 0) and (0. 1); local

maximum at x = —1; local minimum at x = 1; concave downward on (— °°. 0);

concave upward on (0, ^); inflection point at x = 0; /(— 3 Vs) = 0; /(3 \/3) = 0;

/(0) = 0;/(-x) = -/(x)

31. Decreasing on (— <^, 2) and (2. oc); concave downward on (— =», 2); concave

upward on (2, '^]: /(O) = 0; horizontal asymptote at y = 1; vertical asymptote at

x = 2
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33. Decreasing on [—^. 0) and (2, «=); increasing on (0, 2); local maximum at

X = 2; concave downward on (— °°, 0) and (0. 3); concave upward on (3, °c);

inflection point at x = 3; /(I) = 0; horizontal asymptote at y = 0; vertical

asymptote at x =

35. Decreasing on (— =», 0); increasing on (0, <»); local minimum at

X = 0: concave downward on (— =». —1) and (1, <»); concave upward on

(-1. 1); inflection points at x = 1, -1; /(-I) = 0; /(I) = 0; /(O) = -1/3;

f (—x) = /(x); horizontal asymptote at y = 1

fM
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13. Elastic on (25. 25 >/2); inelastic on (0, 25) 15. R(p) 17.

Elastic

R(P)

Inelastici

20.000

Elastic

19. fi(p) 21. -10/7 23. -5/9 25. -3/2 27. -1/2

4 9

29. (A) E(2.2) = —.8 (B) Demand decreases by approximately 8% to 25,760 (C) Revenue increases

31. (A) E(90) = — 3/7 (B) Demand increases by approximately 4% to 2.184 (C) Revenue decreases

Exercise 12-7 Chapter Review

1. (a, c,). (C3.C5). (C5. Ce) 2. (c,. Cj), (Ce.b) 3. (a. c^), (c,. C5), (c,, b) 4. C3 5. Cg 6. Ci.Cj.Cj 7. c^ 8. c^. c^. C5. c^

9. |(x| 10.3 11.2/3 12.0 13. Does not exist 14.-4,2

3-

15. Increasing on [-'^. —4) and (2, 00); decreasing on (—4, 2) 16. Local maximum at x = -4; local minimum at x = 2

17. Concave upward on (—1, =0); concave downward on (-32, —1) 19. /I''l

18. Inflection point at x = —

1

H"

20. Horizontal asymptote at y = 3 21. Vertical asymptote at x = -2 22. Increasing on (— °o, —2] and (—2. i»)

23. Concave upward on (—00, -2); concave downward on (—2, <») 24. /|.x) 25.-1,0,1

^'
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26. Increasing on (-1. 0) and (0, 1): decreasing on [—^. —1) and (1, oo) 30.

27. Local maximum at x = 1; local minimum at x = —

1

28. Concave upward on l—^, 0): concave downward on (0. =c)

29. Inflection point at x =

31. Min fix] = /(2) = -4; max f{x) = f[5)
= 77 32. Min /(x) = /(2) = 8 33. Vertical asymptote at x = 2;

lim,^2*/(x) = =«:; lim,^j-/(x) = -=<: 34. Vertical asymptote at x = 1; lim^^i^/(x) = -==; lim,^,-/(x) = =o

40
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Practice Test: Chapter 12

1. Increasing on (— "», 0) and (3, »); decreasing on (0, 3); local maximum at x = 0; local minimum at x = 3 2. Concave

upward on (3/2, oo); concave downward on (— <», 3/2); inflection point at x = 3/2 3. fl")

w\-

4. Horizontal asymptote at y = 2; vertical asymptote at x = 5. Increasing on [—'^, 0) and (0, oo) 6. Concave upward

on (—00, 0); concave downward on (0, <») 7. /w 8. Local maximum at x = 0; local minimum at x = 1
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19. ((")

1,000

750

500

250

21.

-»*i

I

->n

'—>!

Exercise 13-2

1. 27 = 3^ 3. 10°=! 5. 8 = 4^'2 7. 108,49 = 2 9. log, 8 = 3/2 11. logb A = u 13. 3 15. -3 17. 3

19. logbP-logbQ 21. 5logbL 23. logb p - logb q - logb r - logb s 25. x = 9 27. y = 2 29. b = 10 31. x = 2

33. y = -2 35. b = 100 37. 5 log,, x - 3 logt y 39. (l/3)logb N 41. 2 logt x + (l/3)log(, y 43. log,, 50

45. iogb P + I logb(l + r) 47. log^ 100 - O.Olt 49. x = 2 51. x = 8 53. x = 7 55. No solution

57. y 59. (A) 3.547 43 (B) -2.160 32 (C) 5.626 29 (D) -3.197 04

0.2t logb 2

61. (A) 1,344 (B) 0.008 919 (C) 6,479 (D) 0.002 773 63. log,, 1 = 0, b > 0, b # 1 65. y = clO"

69. n = T 73. Approximately 538 years
ln(l +1

67. 12 years

Exercise 13-3

1. $1,221.40; $1,648.72; $2,225.54 3.11.55 5.10.99 7.0.14 9. n
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Exercise 13-4

1. l/( 3. l/(x-3) 5. 3/(x-l) 7. 2z + (3/z) 9. 3/[V^^] - l/t = [3-ft - l)/t 11. 7/x 13. l/(2x)

15. l/(2xVInx) + l/(2x) 17. 4/(x + l) 19. (2( + 3)/(t^ + 3t) 21. 6x^ + 2x/(x2 + 1) 23. (1 - 2 In x)/x^ 25. In x

27. (2x 4- 1) + (2x + l)ln(x2 + x) = (2x + 1)[1 + \n[x'- + x)] 29. 31. (log,o e)/x 33. (6x)(log2 e]/(3x^ - 1)

35. x/(x2 + l) 37. (6x - 2)(log,o e)/(3x^ - 2x) 39. 2/(x - 1) - 3/(x + 1) 41. 2/(x - 1) + l/(2x)

43. 6x[ln(x2 - l)]V(x2 - 1) 45. -2x/{(l + x^][\i\(\ + x^)]^) 47. -2x/{3(l - x2)[ln(l - x^)]^/^} 49. Case 1 (x > 0):

D« In |x| = D, In X = 1/x; case 2 (x < 0): D, In |x| = D, In(-x) = D,(-x)/(-x) = (-l)/(-x) = 1/x; conclusion:

D^ In |x| = 1/x. X # 51. dn/di = (-In 2)/{(l + i)[ln(l + i)]^) 53. dN/dl = (10 log,o e)/I

Exercise 13-5

1. e' 3. ae" 5. Be^" 7. -8e-" 9. 1/x + 26" 11. 4e" - 3e'' 13. (6x - 2)e^'"-2'' 15. (e'' + e-'')/2 17. 2e"-6x
19. xe' + e" 21.-36^°^" 23. 4(6^" - If (262") = 8e2''(e2'' - 1)' 25. 7" In 7 27. 46"" + 4x^e''''

29. 2e^''(x2 - X + l)/[(x2 + \f] 31. (x^ + IK-e"") + e-''(2x) = e-''(2x 1) 33. (e-Vx)-e-Mnx

35. e''^''*VV(3x + lf 37. e-' + xeMnx + eMnx 39. (2x + IKlO^-^-Kln 10) 41. R'(x) = (100 - Sxle"""^'

43. —$27,145 per year; -$18,196 per year; -$11,036 per year 45. A'(t] = 10,000 • 2^' In 2; A'(5) = 7.10 X 10^ bacteria

per hour; A'(ia) = 7.27 X 10" bacteria per hour 47. N'(() = 6.46"°°'"; N'(l) = 5.9 words per minute per week; N'(5) = 4.3

words per minute per week; N'(20) = 1.3 words per minute per week

Exercise 13-6 Chapter Review

1. y=10'' 2. logb w + logt x - logb y 3. 2/x + 3e' 4. 2e"-3 5. (Ox^ - 3)/(2x' - 3x) 6. (A) b = 3 (B) x ^

7. - logb X - logb u - 3 logi, V 8. logj, 100 + t logb 1.06 9. 10. x = - 11. x = 5
6

12. (A) -2.040 55(8)9.194 55 13. (A) 0.000 156 5 (B) 367,400 14. ( = 9.15 15. 1/Vx + 3xV(x^ + 1)

16. e-='Vx-2e-^''ln5x 17.(4x^ + 2)6"' 18. 2(2x - l)/(x2 - x) - 3xV(x' + 1) 19. l/(2z>/El) - l/(2z)

20. y = ce-°^'' 21. 2x5'''-Mn 5 22. (2x - l)(log5 e)/(x2 - x) 23. (2x + l)/[2(x2 + x) Vln(x2 + x)] 24. (A) 14.2 years

(B) 13.9 years 25. A'(t) = 10e°"; A'(l) = $11.05 per year; A'(IO) = $27.18 per year 26. R'(x) = (1.000 - 20x)e-'"'2''

Practice Test: Chapter 13

I. x = l/4 2. x = 7 3. x = 8.66 4. y = ce"""" 5. -36-" - l/(x + 1) 6. [(2x - 1)^ + 2]e'"-'' = (4x2

-

7. 3/(3x - 5) - 6x/(x2 - 1) B. l/(4x>/hWx) 9. (2x)(10''=-')(ln 10) 10. (2x - l)(log,o e)/(x2 - x)

II. (A) R(x) = .\p(x) = lO.OOOxe-"""- (B) R'(x) = (10,000 - ISOxje-""''" 12. (A) 7.86 years (B) 7.32 years

4x + 3)6"
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Chapter 14

Exercise 14-1

1. 7x + C 3. (xV7) + C 5. 2f + C 7. u^ + u + C 9. x= + x^ - 5x + C 11. (sV5) - - s« + C 13. - e" + C
3 3

1
15. 2ln|z|+C 17. y = 40x^ + 19. P = 24x - 3x" + C 21. y = - u^ - u^ - u + C 23. y = -e"" + 3x + C

25. x = 5 ln|t| + t + C 27. 4x^''2 + C 29. -4x-2 + C 31. 2Vu + C 33. -(x-V8) + C 35. -(u-V8) + C

37. 2x^^2 - 2x'^2 + C 39. Bx^^^ - 6x^^^ - 2x + C 41. 2x^^^ + 4x''^ + C 43. - x=^^ + 2x-^ + C 45.
e " + e

'

5 6

47. -z-2 - z-> + In |z| + C 49. y = x^ - 3x + 5 51. C(x) = 2x^ - 2x^ + 3.000 53. x = 40 >/t

55. y = -2x-' + 3 lnlx|-x + 3 57. x = -26-^' + 3e-' - 2t 59. y = 2x=^ - 3x + 1 61. x^ + x"' + C

63. - x^ + x"^ + C 65. i e^' - 2 In |x| + C 67. M = ( - 2 Vi + 5 69. y = 3x=^' + Sx^/^ - 6
2 2

^

71. p(x) = 2,0006-°"^'' + 1,000 73. P(x) = 50x - 0.02x^ P(IOO) = $4,800 75. p(x) = 5,0006-°°^' + 3,000

77. W(h) = O.OOOSh'; W(70) = 171.5 pounds 79. 19,400

Exercise 14-2

I. A = l,000e'"'»' 3. A = 8,0006°°^' 5. p(x) = lOOe"""^" 7. N = L(l - e-°°=") 9. I = loe-"™*'^''; x = 74 feet

II. Q = 3e"'""'; Q(10) = 2.01 milliliters 13. 24,200 years (approximately) 15. 104 times; 67 times 17. (A) 7 people;

353 people (B) 400

Exercise 14-3

,.(£!::i)! + C 3.^(2x-l)- + C 5^^^^^^ + C 7.t^^it^ + c 9.(5^^1±^+c ii.(^^il±^ + c
6 3 24 16 9 4

13. - (x^ - 2x - S)'/^ + C 15. —-(3t'+1]-^ + C 17. --{4-x^Y/' + C 19. ^ (e" - 2x)^ + C
3 18 3 4

21. ^ (1 + In .x)V2 + C 23.
i2[x'' + 2x^ + ir

"^^ 25. x =^ (t^ + 5)'/^ + C 27. y = 3(t^ - 4)>''^ + C

10,000
29. p = -(e" - e"-)-' + C 31. fi(x) = Vx^ + 9 - 3; fl(4) = $2,000 33. E(t) = 12,000 - : E(15) = 9,500 students

Vt + l

Exercise 14-4

7 1

1. 5 3. 5 5. 2 7. 48 9. - - 11. 2 13. -(e'-l) 15. 2 In 3.5 17. -2 19. 14 21. 5^=15,625 23. 12
3 2 ^

'

25. -[(e^-2)=l-l 27. -3 -In 2 29. ^ (IS^/^ - S'-'^) 31. - (22/' - 3^^^) 33.—;^ = ^^
,6^ ' 6 4 ' e->-e 1-e"

35. (A) C(4) - C(2) =1 1 dx = $2 thousand per day (B) R(4) - R(2) =1 (10 - 2x)dx = $8 thousand per day

(C) P(4) - P(2) = I [R'(x) - C'(x)]dx = $6 thousand per day
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fS ("10 fw
37. I 500(t- 12)dt = -$23,750; I 500(( - 12)dt = -$11,250 39. -295x"^''^dx ~ -10.5 beats per minute

Jo Js J49

r™ f" 25
41. (12 + 0.006(")dt = 134 billion cubic feet 43. — dt = 100 items

Jio Ji Vt

Exercise 14-5

7 5 23
1. 16 3. 7 5. - 7. 9 9. e'-e"' 11. -In 0.5 13. 15 15. 32 17. 36 19. 9 21. - 23. 2e + ln2-2e°= 25. —

3 2 3

4 4
27.- 29. Consumers' surplus = 1; producers' surplus = - 31. 5 years; $25,000 33. (A) Solve lOOe"'"'^'' = lOe""^*

r2303

(B) (1006-°°=" -31.62)dx = 639.47

Exercise 14-6

1. (Al 120 (B) 124 3. (A) 123 (B) 124 5. (A) -4 (B) -5.33 7. (A) -5 (B) -5.33 9. (A) 1.63 (B) Not possible at this

time 11. (A) 1, 59(B) Not possible at this time 13.250 15.2 17.45/28 = 1.61 19. 2(1 - e'^) == 1.73 21. 26;t

1 f'
23. 64;r 25. 32;r/3 27.0.791 29.6.54 31. (A) I

= -200t + 600 (B) - (-2001 + 600)dl = 300 33. $16,000
3 Jo

35. $7.18 37. 10°C

Exercise 14-7 Chapter Review

1. ('-(2 + C 2. 12 3. -3t-'-3t + C 4. 15/2 5. -2e-<'-^'' + C 6. 2 In 5 7. y = /(x) = x^ - 2x + 4 8. 12

9. 2(5 + 17) = 44 10. i (6x - 5)"/^ + C 11.2 12. -2x-> - - x^/^ + C 13. (20=/^ - 8)/3 14. - - e"^" + In |x| + C
8 5 ^

13
15. -500(6-°^ -1) = 90.63 16. y = ,f (x) = 2x^/2 + X-' + 2 17. y = 3x2 + x-4 18.-2 ^9. —

20.
f2 \ ft 3 1

[x^-4)dx + (x^ - 4)dx = 64/3 21. - (15)''''' 22. 2x1^^ + x-=^ + C 23. - - e"^" - In x + C
J-2 \ Jz 8 2

24. y = - (x» + 4)^''^ + - 25. N = 800e°''«' 26.— 27. - [/(0.5) + /(1.5) + /(2.5) + /(3.5)] = 0.394 28. ;r/2

29. P(x] = lOOx-O.Olx'^; P(10) =$999 30. j (60 - 4t)d( = 450 thousand barrels 31. I I 150 -
-^ j

dx = $4,425

feo

32. 109 items 33. 40(e^ - 3) = $175.56 34. 1 square centimeter 35. 0.0015h^dh = 45.5 pounds
J 50

36. N(t) = 10,O00e"'^';N(10) = 10,000e2 = 73,890 37.5,200 38. I (12( - 3t")d( = 32 thousand

Practice Test: Chapter 14

1.3/8 2. (2/9)(x3 + 9)'''^ + C 3. -2x-2 + (xV2) + C 4.26/3 5. 20(6^ - 3) = 87.8 6. In |x| + lOe"'"'' + C

1 f'
7. /(x) = 1 + Ox-x^ 8.- 9.2 10. 46; 48 11.27 12. (40 - 4t)df = 72 thousand ounces;

I

3

(40 - 4()dt = 56 thousand ounces 13. Q = lO.OOOe'"^'
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Chapter 15

Exercise 15-111 45 1 1 1

l.-(x^ + 9]* + C 3. -ln(4 + 2x + x^) + C 5. e'"^-*' + C 7.— 9. - In 9 11. - (1+ e^")^ + C 13. - (In x)^ + C
8 2 8 4 8 4

15. i (X - 5)^ + (X - 5)5 + C 17. - (4 + x)'/' - - (4 + x)^^^ + C 19. ^ (x + 3]'^' - 6{x + 3)'/^ + C
6 5 3 3

21. x-2 + 2ln|x-2| + c = x + 2ln|x-2| + C 23. -^ (x - 2)^ + 4(x - 2) + 4 ln|x - 2| + C 25. 4 In 5 27.9

29. 16n/2/15 31. - (x - l)^''^ + 2(x - 1)'^^ + C 33. | (x - 1)=^^ + ^ (x - Ip^ + 2(x - D'^^ + C

35. (7^-l)^ -2ln|Vx-l| + C 37. 2ln|l + yx| + C 39. e-"^' + C 43. p(x) = 150,000/(5,000 + x^) + 20 45. Useful

life = VlnSS = 2 years; total profit = $2,272 47. N(t) = 5,000 - 1,000 ln(l + t^); N(10) = 385 49. 200

Exercise 15-2

1. ixe3''--e^'' + C 3. — Inx- — + C 5. -xe"" - e"" + C 7.-e'" + C 9. (xe'-4e''
3 9 3 9 2

= -3e + 4 = -4.1548

11. (xln 2x-x) = (3 In 6 - 3) - (In 2 - 1) = 2.6821 13. In(x2 + 1) + C 15.
(In x)'

oQX aOX

(-¥-r)
2 4 xe"* e

17. - x="^ In X - - x^''^ + C 19. (x^ - 2x + 2)6" + C 21. - + C 23
3 9 a a-

25. x(ln x)2 - 2x In X + 2x + C 27. x(ln x)' - 3x(ln xp + 6x In x - 6x + C 29. 2 x/x e''' - 2e^ + C

31. - (1 + x2)ln(l + x^) - i (1 + x^) + c = - (1 + x2)ln(l +x')-jx' + C

33. 2(1 + ^fx)\n[l + Vx) - 2(1 + Vx) + c = 2(1 + Vx)ln(l + Vx) - 2 Vx + C 35. P(t) = t^ + te"' + e"' - 1

37. (10 - 2 In 6)/3 = 2.1388 parts per million 39. 20.980

+ 1 = 0.2642

Exercise 15-3

1. -ln|(x + l)/x| + C 3. l/(x + 3) + 2 ln|(2x + 5)/(x + 3)| + C 5. - ln|x/(2 + Vx^ + 4)| + C

7. Vl - x^ - ln|(l + Vl - x^J/xl + C 9. -In 2.4 ==0.4377 11. In 3 = 1.0986

13. -x/4x2 + l/x + 2ln|2x + N/4x^+ 1| + C 15. - Inlx^ + Vx< - 16|+ C 17. -[x^ylx^ + 4 + 4 ln|x^ + Vx« + 4|) + C
2 6

19. 2Vx + 16-4 ln|v'x + 16 + 41 + 4 ln|Vx + 16 - 4| + C = 2 Vx + 16 - 8 ln|(4 + Vx + 16)/>/x| + c

21. V4-xV(8x2) + C 23. -ln|(Vx + l + l)/(Vx + 1 - 1)| - Vx + 1/x + C 25.— 27. - + - In - = 0.0531

1 2 1
29. -ln|x2 + 2x| + C 31. -ln|x + 3| + -ln|x| + C 33. 360 In (1.8) - 32 = 179.6 35. 100 In 3 = 110 feet

37. 60 In 5 = 97
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Exercise 15-4

1. 1/3 3. 2 5. Diverges 7. 1 9. Diverges 11. Diverges 13. 1 15. I ( - - + 2 1 dx = .94

1 f" 1

17. - I e''^* dt == .78 19. 1 21. Diverges 23. - 25. Diverges 27. 6.25 million cubic feet

4 Ji 2

g-05x
(jx ^ 86 31. 500 gallons 33. .2 e'^^' dt « .63 35. —

—

3 Jo Ja [^ '

Exercise 15-5 Chapter Review

I. - (1 + x^)'/^ + C 2. - xf2x2 + 1) Vx^ + 1 - - ln|x + Vx^ + 1| + C 3. - In 10 4.- 5. -e^' + C 6. Diverges
3 8 8 2 22

7. -2e-' + l =0.2642 8. — In x - — + C 9. -ln(e-« + 3) + C 10. -(e- + 2)-' + C

II. - (x + 9)'^^ - 18(x + 9)'^2 + c 12. x-9ln|x + 9|+C 13. --In^^-^ + C 14. - 15. 1

3

16. iln|3x + V9x^ + 4|+C 17.1 18. ^^^^ + C 19.2 20. ^ x^lln x)^ - ^ xMn x + ^ x^ + C 21. 4 - 8 In 1.4

22. -ln|x^ + Vx«- 16|+ C 23. 24. Consumers' surplus = 320 - 80 >/T5 = 10.2; producers'

surplus = 1.040/3 -80^15 = 36.8 25. 70 26. 3,374 thousand barrels; 10.000 thousand barrels

27. .02 j e-"^' (11== .02 28. 2.5 milliliters; 10 milliliters 29. I /(t)d( = I /(t)dl = 1/3 30. 45 thousand;

50 thousand 31. .5 e-^'dl = .37. .5
I

e-^'dt = .3

Practice Test: Chapter 15

1. -l/6(x2 + 3)' + C 2. -e-' + C 3.-6""* 4. (x + 2)6" + C 5. (In x)V8 + C 6. -^ xMn x - —- x" + C 7. —
8. ln[(x - l)/x] + C 9. x(ln x)^ - 2x In x + 2x + C 10. 7.5 + 8 In 2 = 13.05 11. 2,642 barrels; 10,000 barrels

Chapter 16

Exercise 16-1

1. 10 3. 1 5. 7. 1 9. 6 11. 150 13. 16n 15. 791 17. 0.192 19. 118 21. lOOe"' = 222.55 23. 2x + Ax
25. 2y- 27. E(0, 0, 3); F(2, 0, 3) 29, $4,400; $6,000; $7,100 31. $142 thousand; $150 thousand; $8 thousand loss

33. R(p, q) = -5p2 + 6pq - iq^ + 200p + 300q; fi(2, 3) = $1,280; R{3, 2) = $1,175 35. T(70, 47) = 29 minutes;

T(60, 27) = 33 minutes 37. C(6. 8) = 75; C(8.1. 9) = 90 39. Q(12, 10) = 120; Q(10, 12) = 83
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Exercise 16-2

1. 3 3. 2 5. -4xy 7. -6 9. lOxy^ 11. 60 13. 2x - 2y + 6 15. 6 17. -2 19. 2 21. 26""+^'' 23. Ge^'-*-^"

25. 6e^ 27. 46= 29. /,(x, v) = Bxfx^ - y')^; /^(x, y) = -9y2(x^ - y^f 31. /,(x, y) = 24xy(3x^v - 1)';

/,(x, V) = 12x^(3xV - 1)' 33. /Jx, y) = 2x/(x^ + y']: /,(x, y) = 2y/(x^ + y') 35. /,(x, y) = y^e^^^

/y(x, y) = 2xy'e'"" + 2ye'"" 37. /,(x, y) = 4xyV(x^ + yT: f,{x. V) = -4xV(x' + yT 39. /,Jx, y) = 2y^ + 6x;

/,,{x, y) = 4xy = /,„(x, y); ^x, y) = 2x^ 41. /,,(x, y) = -2y/x^; /,,(x, y) = -1/y^ + \/x' = /„(x, y); /,^(x. y) = 2x/y'

43. /«,(x, y) = (2y + xy^Je'"'; /^^(x, y) = (2x + x'y]e''y = /^Jx, y); /yy(x, y) = x^e''>' 45. x = 2 and y = 4

47. /,x(x, y) + fyy[x, y) = {2y^ - 2y}]/[x} + y'^f + (2x2 _ 2y2)/(x2 + y^)^ = 49. (A) 2x (B) 4y 51. C,(x, y) = 70:

Increasing x by one unit and holding y fixed will increase costs by $70 at any production level; Cy(x, y) = 100: Increasing

y by one unit and holding x fixed will increase costs by $100 at any production level 53. P^(l, 2) = 4: Profit will

increase approximately $4 thousand per 1.000 increase in production of type A calculator at the (1. 2) output level;

P,.(l, 2) = — 2: Profit will decrease approximately $2 thousand per 1,000 increase in production of type B calculator at

the (1, 2) output level 55. dx/dp = — 5: A $1 increase in the price of brand A will decrease the demand for brand A by

5 pounds at any price level (p. q); dy/Sp = 2: A $1 increase in the price of brand A will increase the demand for brand

B by 2 pounds at any price level (p, q) 57. Tv(70, 47) = 0.41 minute per unit increase in volume of air when V = 70

cubic feet and x = 47 feet; T^(70, 47) = —0.36 minute per unit increase in depth when V = 70 cubic feet and x = 47

feet 59. CvX<b. 8) = 12.5: Index increases approximately 12.5 units for 1 inch increase in width of the head (length held

fixed) when W = 6 and L = 8; Cl(6, 8) = -9.38: Index decreases approximately 9.38 units for 1 inch increase in length

(width held fixed) when W = 6 and L = 8 61. Qm(12, 10) = 10: IQ increases approximately 10 points for 1 year increase

of mental age (chronological age held fixed) when M = 12 and C = 10; Qc(12. 10) = —12: IQ decreases 12 points for 1

year increase in chronological age (mental age held fixed) when M = 12 and C = 10

Exercise 16-3

1. 2x dx + 2y dy 3. 4x^v' dx + 3xVy2 dy 5. ^x-'/^ dx - \y-^''' Ay 7. 3x=^ dx + Sy^ dy + Sz^ dz

9. (y + 2z) dx + (X + 3z) dy + (2x + 3y) dz 11. dz = -0.4, Az = -0.39 13. dz = 15. Az = 13.636 364

15. dw = 1.7, Aw = 1.73 17. dw = -0.5, Aw = -0.490 196 19. 4.98 inches 21. 15;r * 47.12 cubic inches

23. 30 cubic centimeters 25. dz = e'"+>"[(y + 2x^y) dx + (x + 2xy^) dy]

27. div = (1 + xyz)e''>'"(yz dx + xz dy + xy dz) 29. $10,460 31. $5.40 33.1.1k 35.14.896

Exercise 16-4

1. /(— 2, 0) = 10 is a local maximum 3. /(—I, 3) = 4 is a local minimum 5. /has a saddle point at (3, —2)

7. /(3, 2) = 33 is a local maximum 9. /(2, 2) = 8 is a local minimum 11. /has a saddle point at (0, 0) 13. /has a

saddle point at (0, 0); /(I, 1) = — 1 is a local minimum 15. /has a saddle point at (0, 0); /(3, 18) = —162 and

/(- 3, -18) = -162 are local minima 17. The test fails at (0. 0); /has saddle points at (2, 2) and (2, -2) 19. 2.000

type A and 4,000 type B; Max P = P(2, 4) = $15 million 21. $3 million on research and development and $2 million on

advertising; Max P = P(3, 2) = $30 million 23. 8 inches by 4 inches by 2 inches 25. 20 inches by 20 inches by 40 inches

Exercise 16-5

1. Max/(x, y)=/(3, 3) = 18 3. Min /(x, y) = /(3, 4) = 25 5. Max /(x, y) =/(3, 3) =/(-3, -3) = 18;

min/(x, y) =/(3, —3) =/(— 3, 3) = —18 7. Maximum product is 25 when each number is 5

9. Min/(x, y. z)=/(-4, 2. -6] = 56 11. Max/(x, y, z) = /(2, 2, 2) = 6; min/(x, y, z) = /(-2, -2, -2) = -6 13. 60 of

model A and 30 of model B will yield a minimum cost of $32,400 per week 15. A maximum volume of 16,000 cubic

inches occurs for a box 40 inches by 20 inches by 20 inches. 17. 8 inches by 8 inches by 8/3 inches 19. x = 50 feet

and y = 200 feet; maximum area is 10,000 square feet
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Exercise 16-6

1. y
y = 0.7x + 1

11 ..I -^x

5. V

5
y = X + 2

-)x

7. y = 2.12X + 10.8; y = 63.8 when x = 25 9. y = - 1.2x + 12.6; y = 10.2 when x = 2

11. y = - 1.53X + 26.67; y = 14.4 when x = 8

13. y = 0.75x2 - 3.45X + 4.75 y 15. (A) y = 0.382x + 1.265 (B) $10,815

u.
-^x

17. (A) y = 0.7x + 112 (B) Demand, 140,000 units; revenue, $56,000

19. (A) y = 11.9X + 69.2 (B) 69.2 parts per million 21. (A) y = lO.lx + 10.7 (B) 9 weeks

Exercise 16-7

1. (A) 3x^y* + C[x] (B) 3x^ 3. (A) 2x^ + 6xy + 5x + E(y) (B) 35 + 30y 5. (A) Vy + x^ + E(y) (B) Vy + 4 - V^ 7. 9

9. 330 11. (56-20V5)/3 13. 16 15. 49 17. W I (x + y)^ dy dx = f

19.^1 I (x/y) dy dx = i In J = 0.626 4 21. j 23. f 25. I j xe"*' dy dx = | + ^e^ - e

f' f' 2v + 3xy2 1 f°' f' V
27. ^=—;—;^dvdx = ln2 29. -^!— dy dx = 30 In 2 = $20.8 billion

Jo J-, 1 + x^ - 0.4 Joe Js 1 - X
r2o r2

31. ji, xo^y"" dy dx = ,15(2'" - 1)(20' " - 10' ") = 8.375 or 8,375 items

33.^1 I [10 - tL(x2 + y2)] dj, dx = ^ insects per square foot 35. M I [100 - ISfx^ + y^)] dy dx = 75 parts

per million 37. .^oms
\

0.0000133xy2 dy dx = 100.86 feet 39. ^^ I 100 - dy dx = 600 In 1.2 = 109.4
J2.000 J50 Je Jio y

Exercise 16-8

1. fl = ((x, y)|0 =s y ^ 4 - x', « x « 2) 3. R = {(x, y)|x^ « y « 12 - 2x, « x « 2)

= {(x, y)|0 « X « V4-y, « y « 4} y

R is both a

regular x-region

and a regular

y = 12 - 2x „ .

,

lo|B»v H IS a regular

x-region

A* ''
"' y-region

^
' '

I

) X
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5. R = ((x, y)|iy'«xSy + 4, -2SyS4} l.\ 9. |§ 11. f 13. -| 15. ie*-|

"=1^
^^x = y

R is a regular

^ 4 y-region

10
^x

17. R = {(x. y)|0 «ysx + l, « x « 1} 19. R = {(x, y)|0 « y « 4x - x^ s x « 4}

("l ("x + l ("4 r4x-x!

VTTTTydy dx = (68 -24V2)/15 Vy + x^ Ay dx =
Jo Jo Jo Jo

y

y = X + 1
y = 4x — x'

-)x

21. R = ((x, y)|l ->/x«y« I + n/x, ^ x « 4) 23

f4 fl + Vi.

Jo Jl-^

IT'''
+ 2y) dx dy = f

y-l)'dy dx = ^
y = 3 - X

or

= 3 -y

y = 1 + \/x

-!-^x

kx = 3 -y

^>' i I

)

Ol 5^i-L—) X
5

y = 1 - \/x

25. x^dxdy =
fj 27. I x dx dy = {

Jo Jo Jo J4y2

y y = 1 - x'

or

)x 12 3 4

29. (4-x-y) dydx = f 31. 4 dy dx =
j

Jo Jo Jo Jo

y = 4 - X

ol 5
-^ X

1=1- x'

^x
1

33. ^dxdy = lnl7 35. 4ye''' dy dx = e - 1

Jo Jo 1 + y' Jo Jo "
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Exercise 16-9 Chapter Review

I. /(5, 10) = 2,900; /,(x, y) = 40; fy{x, y] = 70 2. d^z/dx' = 6xy^ d^z/dx dy = 6x'y 3. dz = 2 dx + 3 dy

4. dz = 4xV^ dx + 3x''y2 dy 5. 2xy' + 2y^ + C(x) 6. 3x"y^ + 4xy + E(y) 7. 1 8. i

9. /(2. 3) = 7:/y(x, y) = -2x + 2y + 3;/y(2, 3) = 5 10. (-8)(-6) - 4^ = 32

II. Az = /(l.l, 2.2) -/(I. 2) - 7.8897; dz = 4(1)^(0.1) + 4(2)^(0.2) = 6.8

12. y = -1.5x + 15.5; y= 0.5 whenx = 10 13.18 44. /TJo Jo
[x + yf dx dy = 408

15. /,(x, y) = 2xe'"+^>'; fy[x. y) = 2e'"=+2y. ^^^(x, y) = 4xe'"+2y

16. /,(x, y) = 10x(x2 + y')*:f^y{x. y) = 80xy(x2 + y^)^ 17. 25.076 inches

18. /(2, 3) = -25 is a local minimum; /has a saddle point at (-2, 3) 19. y = iJfx + -™ 20. f

-IT'' + v) dv dx = f 22,

Jo Jo
y dx dy = ^ 23. (A) P,(l. 3) = 8; profit will increase $8,000 for 100 units

increase in product A if production of product B is held fixed at an output level of (1 . 3) (B) For 200 units of A and 300

units of B. P(2. 3) = $100 thousand is a local maximum 24. 8 inches by 6 inches by 2 inches 25. y = 0.63x + 1.33;

profit in sixth year is $5.11 million 26.^1 I x°V^ dy dx = 7.764 or 7,764 units 27. T,(70, 17) 0.924
Jio Ji

minute per foot increase in depth when V = 70 cubic feet and x = 17 feet 28. 65.6k 29. 50,000 30. y = Jx + 48;

y = 68 when x = 40

Practice Test: Chapter 16

1. (A) 7 (B) 8 2. /Jx, y) = 4[x^y^ - 2x)^(2xy' - 2); fy[x. y) = 12x'y^[x'y^ - 2x)= 3. dz = 3x^y'' dx + 4x'y' dy

4. Az = 0.85; dz = 0,8 5. -4x 6. 2x='ye'">' + 2x6'"'' 7.72 8. R,(30. 20) = $1,100; Ry(20, 30) = -$600

9. /(O, 2)
= —4 is a local minimum 10. I I (1 — x — y) dy dx =

11. y = 1.08x + 18.3; cost of producing 40 units is $61,500

Chapter 17
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19. (A) p(-(:)'OSn.QSf 21. .035 23. (A) p(X) = g)(.6)> (.4)"

(B) X p(x) (C) p(x) (B) X p(x) (C) p(x)
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10
x<0

1 x>2

y = f(x)

i

—

>"

10 x< 1

xlnx-x + 1 l^xse
1 x> e

F(2) - F(l) = 2 In 2 - 1 = .3863

25. F(x
1— xe" — e' x^'O

otherwise

1 -F(l) = 2e-' = .7358

-{:27. /(.

31. F(x =

35. (A)

0«x« 1

otherwise

ri2x- 24x^ + 12x3 0=Sx«l
29. fix) = i ,, ." ' [ otherwisf

x<0
ix' 0«x<l

2x-^x^-l l«x«2
1 x> 2

33. F(x)

X < -

1

-^x^ -l«x<0
0«x ^

x> 1

.0952(B) ^e-"'"'dx = e-='/= = .6703
I

'

^e-"^'" dx = 1 - e-'/"' = .0952 (B) I

/"lo (841^^^ r°
37. (A) 0.003xVl00-x2dx = -i-^— = .7699 (B) 0.003xVl00 - x^ dx = .784 (C) VlOO - (100)=/' = 8.858 pounds

'

J, 1,000 Jo

39. (A) r''3<fe5(10x=-x^)dx = .47178 (B)

J
^^.(lOx' - x^) dx = tfe

= .1875

41. (A) 1 - F(30) = 2.5e-' ^ = .5578 (B) 1 - F(80) = Se"" = .0916

Exercise 17-4

1. ix=dx = t
= 1.333 3.^2/3 = .4714 5. /(x) dx = 4 V2/9 = .6285 7. V2 = 1.414

Jo J(4-Vii/3

r» fH + 2j2)/3 / 3 N"
9. (4/x^)dx = f

= 1.333 11. >/2/3 = .4714 13. /(x) dx = 1 - p =.9627 15.2'/" =

J, Jn-2-f2)/3 \4 + 2v2/

17. fi=
I

%x dx = I = 3.5; V(X) = I ^x^ dx - (i)^
= | = .75; a = V3/2 = .866

19. // = f ' / dx = I
== 1.333; V(X) = (

' -^L= dx - (4)= =f -7556; ff = V3 = .8692

Jo 2V1+X Jo 2Vl + x

21. e'/2 = 1.649 23.1 25. a;j + b 27.0 29. .x, = 1; Xj = >/2; X3 = Vs

31. (A) E(X) = i r (10x-x=)dx = f = $7,333 thousand (B)x„ = 10- 2>/2 = $7,172 thousand

33. E(X] = [x/(l + x^y/^] dx = 1 million gallons 35. /;
= 5i»(10x" - x=) dx = -f = 6.7 minutes

37. E(X) = I (1 x' - ^x") dx = f = 1.8 hours

1.189
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Exercise 17-5

1. fix)
= 1 0«x«2

otherwise

7. ^ = f;CT = iVf = .1782 9. /(x) =

3. /Z = l; x„ = l;(T=l/V3 = .5774 5. /(x) =
20x^(1 - x) s X « 1

26"^" XS'O

otherwise

otherwise

11. /i = i; x„ = i In 2 = .3466; a = J

13. fix]
= ' ^

xj u X
15. „ = i=.4286; ff = fVf = .2333 17. i

otherwise

x<0
.J
_ g-(x/2)(ln2] X S

otherwise
19. F(x)=

j
ix*/3-ix'/^ 0«xsi 21. T—- = 2.885 23. F(x)

[ 1 x> 1

25. (A) F(A) - F(0) = 1 - e-i = .6321 (B) F(2/l) - F(0) = 1 - e"^ = .8647 (C) F(3A) - F(0) = 1 - e"^ = .9502

27. (A) l/(b-x) (B) 1/A 29. F(40) - F(25) = | = .375 31. (A) /? = 1 (B) F(.75) - F(0) = f = .8438

33. F(2) - F(0) = 1 - e-^.'' = .4866 35. (A) E(X) =/i = f = 37.5% (B) F(l) - F(.5) = 1 - (2.2)(.5r'2 + (1.2)(.5)" = .3036

37. (A) E(X)=// = -l/(ln.7) = 2.8years (B) 1 - F[u) = e"' = .3679

39. (A) E(X) =/i = .9 = 90% (B) 1 - F(.95) = 1 - 19(.95)"' + 18(.95)" = .2453

Exercise 17-6

1. .3413 3. .4987 5. .3159 7. .4932 9. .4332 11. .4995 13. .1915 15. .2881 17. .6812 19. .3142 21. .2266

23. .97 25. .7888 27. .5328 29. .0122 31. .1056 33. .8262 35. .5 37. .0116 39. 2.27% 41. .0124 43. .0082

45. .0143 47. 2.27%

49. A's. 80.2 or higher; B's, 74.2-80.2; C's. 65.8-74.2; D's, 59.8-65.8; F's, 59.8 or lower (The instructor decides

borderhne cases using additional criteria.)

Exercise 17-7 Chapter Review

1. S = {1.2. 3, 4) 2. i
= .5 3. E(X)=Jf = 2.75; V(X) = i|=.9375;(7=>/T5/4 = .9682 4. -$0.25

Xj 12 3 4

5. (A) p(x) (B) /^ = 1.2, (T=.85 6.
I

(1 -ix) dx = J = .75 fM

Ul 1 2
4x

7. /i = y ix- ix^) dx = f « .6667; V(X1 = T (x^ - jx^) dx - (f)^
= f = .2222; a = ^2/3 = .4714

(0
x<0

x-ix" 0«x«2 9. 2 - >/2 = .5858 10. .4938 11. .4641

1 x>2
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8889

x«l
4. F(x]= \f[l-{l/x)] l«x«10

I 1 x>10

T 5 10

x„ = TT ~ 1-8182

5. (A) // = 60 (B) (T=6.48 6. .8764 7. (A) .5762 (B) .0668 8. ie""^' dx = e"' = .3679 9. ^

10. E(X)-f
f

(6x - x^) dx = ^, expected demand is 333 dozen; x„ = 6 - 2\/2, median demand is approx. 317 dozen

Appendix A

Exercise A-1

1. (A) d = 3;14, 17 (B) Not an arithmetic progression (C) Not an arithmetic progression

(D) d = -10; -22, -32
3.02 = 11,03 = 15 5.021 = 82,531 = 1,922 7. S20 = 930 9.2,400 11.1,120

13. Use Qi
= 1 and d = 2 in S„ = (n/2)[2a, + (n - l)d] 15. Firm A: $280,500; firm B: $278,500

17. $48 + $46 + • • • + $4 + $2 = $600

Exercise A-2

1. (A) r = — 2; a, = — 8, Q; = 16 (B) Not a geometric progression (C) r = |, a, = {, 05 = ^

(D) Not a geometric progression

3. 02 = -6, 03 = 12, a, = -24 5. S^ = 547 7. Qio = 199.90 9. r = 1.09 11. S,o = 1,242, S„ = 1,250

13. (B) S. = 1=1.6 15.0.999 17. About $11,670,000 19. $31,027; $251,600

Exercise A-3

1. 720 3. 10 5. 1,320 7. 10 9. 6 11. 1,140 13. 10 15. 6 17. 1 19. 816

21. r) a* + r\ a^b + ( "*

j
a^b^ + P

j
ab^ + Tj b' = a' + 4a^b + 6aV + 4ab' + b^

23. x« - 6x= + 15x* - 20x^ + ISx^ - 6x + 1 25. 32a= - 80a''b + 80a=b= - 40a2b^ + lOab" - b= 27. 3,060x"'

29. 5,005p^q« 31. 264x^y»<' 33. (
"

)
= -^ = 1; (

"
|
= -!^ = 1 35.1 5 10 10 5 1; 1 6 15 20 15 6 1

'^ ^ '
Vo/ 0!n! \n/ n!0!



Abscissa. 200

Absolute maximum and minimum,
733-738

Absolute value, 28-29, 131

ac test (for factoring). 72-75

Addition

fractions, 91-93

polynomials, 60-61

radicals, 135-136

real numbers, 30

Advertising, 244, 431, 466, 467, 605,

656, 685, 703, 715, 721, 837. 940,

948-949, 957

Agriculture, 181, 396, 426-428, 696,

968-970, 976, 1087

Algebraic expressions, 36-39

constants, 36

evaluation of, 37-39

factors, 36

symbols of grouping

braces, 37

brackets. 37

parentheses. 37

terms. 36

variables, 36

Amortization, 276-280

Annuity

future value. 267-269

ordinary, 267

present value. 273-275

Anthropology. 28, 159, 184, 941, 950

Antiderivative. 816

Archaeology. 790. 833. 838

Area. 854-864

Arithmetic progression, A1-A4
common difference, Al
definition of. Al

nth term formula. A2
sum of n terms, A3

Artificial variables. 450

Associative properties (real num-
bers), 16

Asymptotes, 668-681

horizontal, 670

vertical, 677

Atmospheric pressure. 778. 811

Augmented matrix. 309

Average cost. 656, 680-681. 684.

698. 703, 720, 748, 767

Average value of a function, 873,

995-996

Bacteria growth, 125, 182, 594, 622.

704, 721, 750, 768, 777. 811, 882

Beta probability density function.

1068-1071

Big M method (linear programming),

448-460,

Binomial, 56

Binomial distribution. 1033-1040

Bernoulli trials. 1033-1034

mean, 1038

standard deviation. 1038

Binomial theorem, 1035, A15
Biophysics, 637

Birthday problem, 532-533

Blood flow, 950, 958, 1017

Blood pressure, 837

Blood types, 11

Braces, 37

Brackets, 37

Break-even analysis, 155, 159, 177,

181, 189, 190, 234-236, 306

Carbon-14 dating, 790-791.

833-834. 838

Cardano. Girolamo. 478

Cartesian coordinate system

abscissa. 200

coordinate axes. 200

coordinates of a point, 200

ordinate. 200

quadrants. 200

three dimensions. 936-938

Cash reserves (average). 878, 899

Cephalic index, 28, 159. 941

Chain rule, 615

Chemistry, 117

City planning, 160

Cobb -Douglas production function,

1001, 1017

Coefficient, 57

Combination, 488-491

Common denominators, 88-89

Common stock. 40

Communication. 125. 1018. 1075

Commutative property. 15

Complement of sets. 7

Completing the square. 173

Composite function. 614-615

Compound interest, 194, 257-266,

562-563, 569, 622, 777, 785-790

amount, 259

annual rate, 259

doubling time, 263

future value. 259

periods, 259

present value, 259

principal, 259

rate per period, 259

Concavity, 705-709

Constant, 36

Construction, 743-745, 749, 750

Consumer testing, 330, 432. 495. 514,

534

Consumers' surplus, 862-866. 899,

915. 927

Consumption. 924, 1054, 1064

Continuity, 559-562

definition of, 561

on the left, 561

on the right. 561

properties of. 561-562

Continuous compound interest.

792-797, 813, 830-831, 836

Corner point. 383

Cost analysis. 156, 208, 211. 225. 235.

239. 240. 335. 338, 341, 344, 370,

371. 388. 396. 405-406,

433-444, 446, 447, 457-459,

466-467, 469, 470, 473, 475, 640,

643-644, 739, 823, 933, 939. 940.

948, 957, 987, 1019

II
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Cost-of-living index. All

Cube root, 119

Decision analysis, 165, 167, A5
Decision variables, 390

Definite integral

area, 854-864

as a limit of a sum, 866-876

average value of a function, 873

definition of, 847, 870

fundamental theorem of calculus, 871

limits of integration, 847

properties of, 849

rectangle rule. 869

substitution, 893-896

volume of a solid of revolution,

874-876

Degree, 57

Demand, 212, 235, 239, 240, 580, 637,

656, 665, 752-764, 824, 836, 878,

899, 949, 987, 1032, 1054, 1064,

1091

Dependent variable, 21^

Depreciation, 212. 244

Derivative

aid to graphing, 722-729

definition of, 583

higher-order, 645-648

implicit differentiation, 630-636

instantaneous rate of change, 577.

589-592

marginal average cost, 605, 621,

625, 664-665

marginal average profit, 661-662,

664-665

marginal average revenue,

661-662. 664-665

marginal cost, 590-592, 594,

602-603, 627, 658-662,

664-665, 685, 698, 703

marginal profit, 658-662, 664-665

marginal revenue, 658-662,

664-665

maxima and minima, 691-692,

733-738

absolute, 733-738

first derivative test, 693

local maxima and minima,

691-692, 959-966

notation. 595

partial, 942-946

related rates, 637-641

second derivative test, 714, 738,

961

Derivative (continued)

rules

chain rule, 615

composite functions, 614

constant, 595

constant times a function, 599

power rule, 607

product rule, 607

quotient rule, 609

sum and difference rules, 599

slope, 584

tangent line. 584

velocity, 574-576

Diets, 41. 295-296, 307, 329, 345,

361, 388, 404, 405, 431, 447, 448,

467, 469, 473, 475, 977

Differential(s)

functions with one independent

variable, 649-655

approximations, 652-654

rules, 654

functions with two or more

independent variables, 951-

952

approximations, 952-955

Differential equations, 829-835

Discount, simple. 194

Disjoint sets, 7

Distributive property, 17

Dividend, 34

Division

dividend, 34

divisor, 34

fractions, algebraic, 84-85

of real numbers, 34-35

quotient, 34

Divisor, 34

Domain, 215

Double inequality, 23

Double integral

average value, 995-997

definition of, 993

iterated. 994

over more general regions,

1003-1012

over rectangular regions, 993-998

region of integration, 993

regular x-region. 1003-1007

regular y-region. 1003-1007

reversing the order of integration,

1010-1011

volume, 997-998, 1011-1012

Doubling time, 263, 785-790, 794,

797. 803

Drugs

dosage and concentration, 182,

190, 383. 395-396, 751, 837,

958. 1075

effect of 485. 1043, 1075

rate of assimilation, 907, 924,

927-928

sensitivity, 657, 704, 721, 853, 899

shelf-life, 1048, 1065, 1091

Dual problem (simplex method), 434

e, 774, 791

Ecology, 159, 194. 212, 226, 606, 778,

811,837

Economy stimulation. All

Education, 117, 448, 470, 981-983,

989, 1018, 1043, 1076, 1087,

1088, 1092

Effective rate, 261

Elasticity of demand, 752-764

Endangered species, 110, 125

Epidemics, 837, 915, 988. 1042-1043

Equality

addition property, 149

division property, 149

multiplication property, 149

not equal to, 14

substitution property, 14

subtraction property, 149

symbol for, 14

symmetry property, 14

transitive property, 14

Equations

first-degree in one variable (see

Linear equations, one variable)

linear (see Linear equations, one

variable, or Linear equations,

two variables)

literal, 190-192

quadratic (see Quadratic equations)

second-degree (see Quadratic

equations)

Equilibrium point, 863

Equivalent systems of equations,

293-294, 298

Expected frequency, 521

Expected value (see Random variable)

Exponent(s)

base, 42

negative integer, 104-106

positive integer, 41 -46, 102-103

power, 42

properties of, 43-46

rational, 120-122
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Exponent(s) (continued)

scientific notation. 111-115

zero, 103

Exponential growth law. 831

Exponential probability density

function. 1071-1073

Factor(s), 36

Factorial. 485. A13

Factoring

QC test, 72-75

by grouping, 68-69

combined, 76-77

common factors. 67-68

difference of two squares. 75

perfect squares. 75

second-degree trinomials. 69-77

Finite sets. 5

Family planning, 484. 509

Feasible region. 384

Fermat. Pierre de. 478

Fractions, algebraic

addition. 91-93

common denominator. 88-89

division. 84-85

fundamental principle of. 80

least common denominator, 89

multiplying. 82-84

raising to higher terms, 82

rational expression. 79

reducing to lower terms. 81

subtraction. 91-93

Functions. 213-223

algebraic. 772

average value, 873

composite, 614-615

continuous. 561

critical value. 692

decreasing. 687

definition of, 215

dependent variable, 217

domain, 215

even. 231

exponential, 772-776

base, 772

basee, 774-776

derivative of, 804-807

graph, 808-809

indefinite integral of. 821

factorial. 485, Al3
growth, 774

increasing, 687

independent variable, 217

input, 217. 220

Functions (continued)

linear. 226-227. 397

local maximum, 691

local minimum, 692

logarithmic, 778-787

definition of, 779

derivative of, 798-801

domain. 780

graph, 801-802

integrals involving, 821

properties of, 781 - 783

range, 780

notation. 218-222

odd. 231

output. 217, 220

probability. 502

quadratic. 227-229

axis of symmetry. 229

graph. 227-229

maximum value. 229

minimum value. 229

vertex, 229

range. 215

several variables, 932-933

specified by

equations, 216

graphs, 216

tables, 216

vertical line test, 217

Fundamental principle of counting,

479-482

Fundamental principle of fractions,

80

Fundamental theorem of calculus,

871

Gauss-)ordan elimination, 315,

317-326

basic variables, 319

nonbasic variables, 319

reduced matrix, 317

submatrix, 321, 322

Genetics, 336, 523, 1032, 1087

Geometric progression, A6-A11
common ratio, A6
definition of. A6
infinite. A9
multiplier doctrine. A9
nth term formula, A7
sum of n terms, A8

Gross national product (GNP), 117

Group structures, 11-12, 778, 838

Growth functions, 774, 835, 912

Half-planes

lower, 374

upper, 374

Heredity, 336

Horizontal asymptotes. 670

Horizontal lines, 207

Identities, 152

Implicit differentiation, 630-636

Improper integral. 916-922

Income. 181. 580, 748-749, 767-768

Inconsistent systems of equations, 295

Increments, 569-571

Indefinite integral

definition of. 817

formulas, 821, 888

general power rule, 841

integration by parts, 900

properties of. 818

substitution, 890

Independent variable, 217

Index (radicals), 126

Inequalities

addition property, 161

division properties, 161

double, 23. 163

interval notation, 23-24

line graphs. 22-23

linear, in one variable. 161

multiplication properties, 161

polynomial. 182-186

rational. 186-187

real number line, 21

solution, 162

solution set, 162

subtraction property, 161

symbols for, 21

Infinite limits, 675

Infinite set, 5

Infinity, 23

Inflection point. 709

Input-output analysis, 361-365

final demand matrix, 363

output matrix, 363

technology matrix. 362

Insurance. 518. 540. 1031. 1032

Integers. 13

Integral

definite (see Definite integral)

double (see Double integral)

improper (see Improper integral)

indefinite (see Indefinite integral)

iterated. 994

table. 908-913
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Integrand, 817. 993

Integration by parts, 900-905

Integration by substitution, 886-897

Intelligence quotient (IQ), 160, 168,

197, 226, 942, 950, 958, 1003, 1092

Intercepts, 201

Interest

compound, 194. 257-261,

562-563, 569. 622. 777.

785-790

amount, 259

annual rate. 259

doubling time, 263

future value, 259

periods, 259

present value, 259

principal, 259

rate per period, 259

continuous compound. 792-797.

813, 830-831, 836

rate

annual rate, 261

effective rate, 261

nominal rate, 261

per period, 261

simple. 190. 211. 250-252

amount, 251

future value. 251

notes, 252

present value, 251

principal, 251

rate, 251

simple discount (see Simple

discount)

Intersection of sets. 7

Interval notation

inequality notation, 21

line graphs, 22-23

Inventory

average, 745, 877-878, 881, 927

control, 745-746, 750, 768

value, 40, 345

Investment(s], 256-257, 264-266

Investment allocation. 156-157. 158-

159, 167, 197. 198. 356-358, 371,

404, 431, 468

Investment strategies, 404, 431

Irrational numbers, 12, 13

Iterated integral. 994

Labor versus automation. 966-967

Lagrange multipliers, 968-974

Law of large numbers, 520

Learning, 389. 405. 569, 581-582,

594, 613, 622, 626, 644. 657, 665.

685, 704, 721, 752, 778, 811, 829,

834. 853. 900. 915, 925, 928, 989,

1055. 1065

Least common denominator, 89

Least squares, 977-985

linear regression line, 978

parabolas, 986-987

residual, 978

Leontief input-output model,

361-365

Like terms. 58

Limit. 551-559

at infinity, 670

at points of continuity, 561

at points of discontinuity, 561

definition of. 553

infinite, 675

one-sided

from the left, 554

from the right, 554

properties of, 556

Linear equations

one variable, 148-153

equivalent, 148

root of, 148

solution of, 148

two variables, 201-208

graph of, 201-208

horizontal lines, 207

intercepts. 201

parallel lines. 208

point-slope form. 205-207

slope, 202-204

slope -intercept form. 204-207

solution, 201

solution set, 201

standard form. 201

vertical lines. 207

Linear function. 397

Linear inequalities

one variable

interval notation. 23-24

line graphs, 22-23

properties of. 161

solution, 162

solution set, 162

two variables

graphing, 374-378

systems, 379-383

solution region, 380

bounded, 383

Linear inequalities (continued)

corner point. 383

unbounded. 383

Linear programming

decision variables, 390

description of. 398

feasible solution, 392

fundamental theorem, 398

graphical solution, 391-401

nonnegative constraints, 391

objective function, 390

optimal solution, 393

problem constraints, 391

simplex method, 406-427

artificial variables, 450

basic feasible solution, 409

basic infeasible solution, 409

basic solution, 409

bigM method, 448-460

dual, 434

geometric introduction, 406-410

modified problem, 450

obvious basic feasible solution.

414

obvious basic solution. 414

pivot column, 419

pivot operations, 420

pivot row. 419

simplex tableau, 419

slack variables, 407

surplus variables, 449

standard form, 412

Linear regression line, 978

Literal equations, 190-192

Loans. 510. A4, A6
Local maxima and minima, 691-692

Logarithmic functions (see Func-

tions, logarithmic)

Management, 332-333, 484. 490.

491. 496. 1042

Manufacturing, 117, 324-325, 341,

344, 379, 385, 388, 389-393, 430,

431, 608

Marine biology, 941, 949-950, 1017

Marginal

average cost, 605, 621, 625, 656,

661-665

average profit, 661-665

average revenue, 661-665

cost, 590-592, 594, 602-603, 627.

658-665, 685, 698, 703. 852,

865. 899. 915. 948
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Marginal (continued)

revenue, 658-665, 810, 813, 852,

865, 899, 915,949

Market research, 8-11, 53, 234-236,

240, 522, 539, 543, 545

Marketing, 484, 495

Markup, 243

Matrix

addition. 331

associative properties, 340, 341

augmented. 309

row equivalent, 310

column. 330

commutative properties. 340-341

definition of. 308. 330

dimension. 330

distributive properties. 341

element, 309

equal, 330

equation. 353-355

identity, 347

inverse, 348, 351

main diagonal, 347

multiplication

by a number, 332

dot product, 337

matrix, 338-341

multiplicative inverse, 348

negative of. 331

reduced form. 317

row, 330

square, 330

subtraction, 332

sum, 331

technological. 362

transpose, 433

zero. 331

Maximizing profit. 404. 426-428.

430-431. 460-463, 468, 469, 475,

739-742, 748. 963. 966-967, 1016

Maximum and minimum
functions with one independent

variable, 691-692, 733-738

functions with two independent

variables. 959-966

Lagrange multipliers

functions with three indepen-

dent variables, 972-974

functions with two independent

variables, 968-972

Mean (see Random variable)

Median (see Random variable)

Medical diagnosis, 496, 515

Medical research, 484. 485, 496, 515,

540. 541. 1039, 1042-1043, 1055,

1064, 1065, 1075, 1076, 1087

Minimizing cost, 396, 433-444, 446.

447, 457-459, 466-467, 469,

470, 473, 475, 750-751, 966, 975,

976, 977

Monomial. 56

Multiplication

fractions, algebraic, 82-84

polynomials. 62-64

radicals. 136-137

real numbers, 33

Multiplicative inverse, 18

Multiplier principle, 1000-1001

Natural numbers, 13

Natural resources, 828, 853, 881

Negative, 18, 29

Nominal rate. 261

Normal probability density function,

1076-1083

standard normal curve, 1079

nth root, 119

Null set, 5

Numerical coefficient, 57

Nutrition, 168, 212. 307, 329, 345,

366, 388. 404. 405. 431, 432, 447,

448, 467. 469. 473. 475, 1075

Ocean pressure, 194

Odds (probability), 538

Opposite of, 18, 29

Ordinary annuity, 267

Ordinate of a point, 200

Packaging, 225, 240, 935, 940,

964-965, 967, 972, 976, 1017

Parallel lines, 208

Paraboloid, 457

Parameter, 295

Parentheses, 37

Partial derivatives, 942-946

first-order, 942-945

Lagrange multipliers. 968-974

maxima and minima. 959-966

second-order. 945-946

Partitioning (sets). 491-493

Pascal, Blaise. 478

Perception. 838

Permutation. 486-488

Personnel selection. 495. 514. 543

Pivot element, 419

Point elasticity of demand, 756

Point of diminishing returns, 715

Point -slope form (lines), 205-206

Politics, 41, 111, 226, 346, 455, 541,

657, 752, 768, 882, 907, 925, 928,

1032, 1087

Pollution, 117, 159, 197, 241, 404,

606, 622, 625-626. 644. 685. 752.

846. 899, 907, 915, 924, 988, 1002

Polynomials

addition, 60-61

binomial, 56

coefficient, 57

definition of, 57

degree, 57

factoring (see Factoring)

graphing. 229-231

like terms. 58

monomial, 56

multiplication, 62-64

numerical coefficient. 57

removing grouping symbols, 59-60

special products, 64

subtraction, 60-61

terms, 56

trinomial, 56

Population. 117. 159. 197. 241. 404.

606. 622, 625-626, 644, 685, 752,

846, 899, 907. 915. 924. 988. 1002

Population distribution. 1001-1002

Population growth, 110, 111, 685,

797, 824,831-833,878,882

Power, 42

Present value, 796

Price-demand, 580, 613. 637. 656,

665. 752-764, 824, 828. 836. 878,

899

Price-supply, 814, 825. 828. 836. 878

Principal nth root. 120

Probability

acceptable assignment. 503

birthday problem, 532-533

density function, 1044-1046

empirical, 517

equally likely assumption, 507

events, 500-502

compound, 500

definition of, 500

intersection. 525

simple, 500, 503

union, 524-527

expected frequency, 521

experiment, 497
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Probability (continued)

function, 502

odds. 538

of an event. 503-506

random experiment, 497

random variable (see Random
variable)

relative frequency, 517

sample space. 497-500

compound event, 498

definition of, 498

finite, 500

infinite, 500

sample point, 498

simple outcome, 498

statistics versus probability theory,

519

theoretical versus empirical,

515-519

Producers' surplus, 862-866, 927

Production, 301-303. 306-307,

324-326, 328-329, 341, 344.

361. 379. 385. 389, 393, 394, 396,

404, 426. 430, 431, 446, 447.

460-463, 475, 640, 643-644, 656,

704, 739-742, 748, 767, 828, 883.

906. 924. 927. 975. 984

Productivity, 949. 957

Profit analysis. 164. 167, 180, 181,

190, 197, 198, 235. 240, 389-393,

404, 460, 468, 469. 475. 933. 940.

944, 949, 963. 966-967. 988,

1017, 1064

Promotion, 514

Psychology, 28, 160, 168, 197, 213.

226, 307, 336, 389, 405, 485, 942.

950. 958. 988. 1003. 1076. 1088

Public safety, 168

Pulse rate, 605, 656. 853

Quadratic equations, solution by

completing the square. 172-174

factoring. 170-172

quadratic formula, 175-176, 236

square root, 169-170

Quadratic formula, 175-176, 236

Quality control, 1042, 1059, 1064,

1075. 1087, 1091

Quartile points (see Random variable)

Quotient, 34

Radicals

addition. 135-136

and absolute value, 131-133

Radicals (continued)

and rational exponents. 126

index. 126

multiplication, 136-137

notation, 126

properties of, 127

radicand. 126

rationalizing denominators. 130,

137-139

simplest radical form. 128

subtraction, 135-136

Radicand, 126

Random variable

continuous, 1044-1052

cumulative probability distribu-

tion. 1049-1052

definition of, 1044

expected value, 1056

median. 1060-1062

probability density function,

1044-1046

beta. 1068-1071

exponential. 1071-1073

normal, 1076-1083

uniform. 1065-1067

quartile points, 1063

standard deviation, 1056

variance, 1056, 1058

definition of, 1022

discrete, 1022-1043

expected value, 1025

mean. 1028

probability distribution, 1024

standard deviation, 1028

variance, 1028

probability function of. 1023

Range. 215

Rational expression, 79

Rational number(s), 12, 13

Rationalizing denominators. 130.

137, 139

Real number(s). 12-19

addition, 30

additive inverse, 18, 29

associative property. 16

commutative property. 15

description of, 12-13

distributive property, 17

division. 34-35

integers, 13

irrational numbers, 12, 13

multiplication, 33

multiplicative inverse, 18

natural numbers, 13

Real number(s) (continued)

negative of, 18, 29

rational numbers, 12, 13

real line, 13

reciprocal, 18

subsets, 13

subtraction, 31

Real number line, 13

Reciprocal. 18

Rectangular coordinate system (see

Cartesian coordinate system)

Reducing to lower terms. 81

Related rates, 637-641

Relation, 215

domain, 215

range. 215

Regression line. 978

Regular x-region. 1003-1007

Regular y-region. 1003-1007

Related rates. 637-641

Resale value, 811

Resource allocation, 338, 341, 344,

360, 369. 379, 385, 388, 404,

426-428, 430-431. 448. 460. 466,

468, 469, 470, 473, 475

Resource depletion, 811, 853

Revenue analysis. 124. 178. 180, 181,

190, 197, 235, 240, 245, 640.

643-644. 656. 739-742. 748.

758-764. 846. 933. 940, 949, 957,

1018

Root

cube, 119

nth. 119

principal nth, 120

square. 118

Rumor spread. 839

Saddle point. 938

Safety research. 942. 950, 958, 1002

Sales. 27. 110. 122. 125. 332, 605.

656. 685, 703, 721, 837, 940, 948,

957, 987, 1087

Sales commission, 332-333

Salvage value. 811, 852

Secant line. 552. 572

Sets

complement, 7

description of, 5

disjoint, 7

element of, 4

empty, 5

equal, 6

finite, 5
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Sets (continued)

infinite, 5

intersection. 7

member of, 4

null, 5

partition, 491-493

subset, 6

universal, 7

Venn diagram, 7

Simple discount, 194, 253-255

discount rate, 253

maturity value, 253

note, 253

proceeds, 253

Simple interest, 190, 211, 250-252

amount, 251

future value, 251

note, 252

present value, 251

principal, 250, 251

rate, 251

Simplest radical form, 128

Sinking funds, 270-271

Slack variables, 407

Slope

curve, 572

definition of, 202-204

line, 202-203

secant line, 572

slope function, 585

tangent line, 572

Slope-intercept form (lines),

204-207

Small group analysis, 11-12, 778,838

Sociology, 330, 405, 523, 541, 1018,

1043

Solution region (systems of inequali-

ties), 380

bounded, 383

corner point, 383

unbounded, 383

Sound intensity, 790, 804

Square root, 118

Standard deviation (see Random
variable)

Statistics, 519-520

law of averages, 520

law of large numbers, 520

population parameters, 519

random sample, 519

sample, 519

Substitution property (equality), 14

Subtraction

fractions, 91-93

polynomials, 60-61

radicals, 135-136

real numbers, 31

Supply and demand, 296-297,

305-306, 576-578, 862, 863

equilibrium point, 863

equilibrium price, 297

equilibrium quantity, 297

Surplus variables, 449

Surveys, 330, 432, 495, 496, 514, 518,

534, 536, 1043

Symmetry property (equality), 14

Systems of linear equations

Gauss-Jordan elimination, 315

three variables

equivalent systems, 298

solution, 298

solution by elimination, 299-301

solution set, 298

two variables

dependent, 295

equivalent systems, 293-294

inconsistent, 295

solution, 291

solution by

augmented matrices, 308-315

elimination, 293-295

graphing, 291-292

substitution, 292-293

solution set, 83

Systems of linear inequalities

bounded solution region, 383

corner point, 383

solution by graphing, 379-383

solution region, 380

unbounded solution region, 383

Table of integrals, 908-913

Tangent line, 573

Taxes, 117

Telephone rates, 567-568

Temperature, 872, 878

Temperature control, 28, 164, 168,

226

Terms, 36. 56

Time-sharing, 1054

Transitive property (equality), 14

Transportation, 440-444, 447, 473

Transpose (of a matrix), 433

Tree diagram, 479

Trinomial, 56

Two-industry input -output model

(see Input -output analysis)

Uniform probability density

function, 1065-1067

Union of sets, 6

Universal set, 7

Variables, 36

Variance (see Random variable)

Velocity, 574-576, 589-590, 602,

626, 851

Venn diagram, 7

Vertical asymptotes, 677

Vertical lines, 207

Volume
solid of revolution. 874-876

under a surface, 997-998,

1011-1012

Voting analysis. 111, 226, 907

Warranties, 540

Weber's law (sensory perception),

241, 838

Weight-height, 581, 652, 828, 882

Wildlife management, 110, 159

Wound healing, 665, 829, 881

X intercept, 201

y intercept, 201

Yield analysis, 742, 749



Applications Index

Business & Economics

Advertising, 244, 431, 466. 467, 605,

656, 685, 703, 715, 721, 837, 940,

948-949, 957

Agriculture, 181, 396, 426-428, 696,

968-970, 976, 1087

Amortization, 276-280

Annuity

future value, 267-269

ordinary, 267

present value, 273-275

Average cost, 656, 680-681, 684,

698, 703, 720, 748, 767

Break-even analysis, 155, 159, 177,

181, 189, 190, 234-236, 306

Cash reserves (average), 878, 899

City planning, 160

Cobb -Douglas production function,

1001, 1017

Common stock, 40

Communication, 125, 1018, 1075

Compound interest, 194, 257-266,

562-563, 569, 622, 777, 785-790

amount, 259

annual rate, 259

doubling time, 263

future value, 259

periods, 259

present value, 259

principal, 259

rate per period, 259

Construction, 743-745, 749, 750

Consumer testing, 330, 432, 495, 514,

534

Consumers' surplus, 862-866, 899,

915, 927

Consumption, 924, 1054, 1064

Continuous compound interest,

792-797, 813, 830-831, 836

Cost analysis, 156, 208, 211, 225, 235.

239, 240, 335, 338, 341, 344, 370,

371, 388, 396,405-406,

433-444, 446, 447, 457-459,

466-467, 469, 470, 473, 475, 640,

Cost analysis (continued)

643-644, 739, 823, 933, 939, 940,

948,957,987, 1019

Cost-of-living index. All
Decision analysis, 165, 167, A5
Decision variables, 390

Demand, 212, 235, 239, 240, 580, 637,

656, 665, 752-764, 824, 836, 878,

899, 949, 987, 1032, 1054, 1064,

1091

Depreciation, 212, 244

Discount, simple, 194

Doubling time, 263, 785-790, 794,

797, 803

Economy stimulation. All

Education, 117, 448, 470, 981-983,

989, 1018, 1043, 1076, 1087,

1088, 1092

Effective rate, 261

Elasticity of demand, 752-764

Gross national product (GNP), 117

Income, 181, 580, 748-749, 767-768

Input-output analysis, 361-365

final demand matrix, 363

output matrix, 363

technology matrix, 362

Insurance, 518, 540, 1031, 1032

Interest

compound, 194, 257-261,

562-563, 569, 622, 777,

785-790

amount, 259

annual rate, 259

doubling time, 263

future value, 259

periods, 259

present value, 259

principal, 259

rate per period, 259

continuous compound, 792-797,

813, 830-831, 836

rate

annual rate, 261

effective rate, 261

nominal rate, 261

Interest (continued)

per period, 261

simple, 190,211, 250-252

amount, 251

future value, 251

notes, 252

present value, 251

principal, 251

rate, 251

simple discount (see Simple

discount)

Inventory

average, 745, 877-878, 881, 927

control, 745-746, 750, 768

value, 40, 345

Investment(s), 256-257, 264-266

Investment allocation, 156-157, 158-

159, 167, 197, 198, 356-358, 371,

404,431, 468

Investment strategies, 404, 431

Labor versus automation, 966-967

Leontief input-output model, 361 -365

Loans, 510, A4, A6
Management, 332-333, 484, 490,

491,496, 1042

Manufacturing, 117, 324-325, 341,

344, 379, 385, 388, 389-393, 430,

431, 608

Marginal

average cost, 605, 621, 625, 656,

661-665

average profit, 661-665

average revenue, 661-665

cost, 590-592. 594, 602-603, 627,

658-665, 685, 698, 703, 852, 865,

899, 915,948

revenue, 658-665, 810, 813, 852,

865, 899, 915, 949

Market research, 8-11, 53, 234-236,

240, 522, 539, 543, 545

Marketing, 484, 495

Markup, 243

Maximizing profit, 404, 426-428,

430-431, 460-463, 468, 469, 475,

739-742, 748, 963, 966-967, 1016

18
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Minimizing cost, 396, 433-444. 446,

447, 457-459, 466-467, 469.

470, 473, 475, 750-751, 966. 975.

976, 977

Multiplier principle, 1000-1001

Ordinary annuity. 267

Packaging. 225, 240, 935, 940,

964-965. 967, 972, 976, 1017

Personnel selection. 495, 514, 543

Point elasticity of demand, 756

Point of diminishing returns, 715

Present value. 796

Price-demand. 580, 613, 637, 656,

665, 752-764, 824, 828, 836, 878.

899

Price-supply. 814. 825, 828, 836, 878

Producers' surplus, 862-866, 927

Production, 301-303, 306-307,

324-326. 328-329. 341. 344,

361. 379. 385. 389. 393. 394. 396.

404. 426. 430. 431. 446. 447.

460-463. 475. 640. 643-644. 656.

704. 739-742. 748. 767. 828. 883,

906. 924. 927, 975. 984

Productivity, 949, 957

Profit analysis. 164, 167, 180. 181.

190. 197. 198, 235, 240, 389-393,

404, 460, 468, 469, 475. 933. 940.

944, 949, 963, 966-967, 988,

1017, 1064

Promotion, 514

Quality control, 1042, 1059, 1064,

1075, 1087, 1091

Resale value, 811

Resource allocation, 338, 341, 344,

360, 369, 379, 385, 388. 404,

426-428. 430-431, 448, 460, 466,

468, 469, 470, 473,475

Resource depletion, 811, 853

Revenue analysis, 124, 178, 180, 181,

190, 197, 235, 240, 245, 640,

643-644, 656, 739-742, 748,

758-764, 846, 933, 940, 949, 957,

1018

Sales, 27, 110, 122, 125, 332. 605.

656, 685, 703, 721, 837, 940, 948,

957. 987. 1087

Sales commission. 332-333

Salvage value. 811. 852

Simple discount. 194. 253-255

discount rate. 253

maturity value, 253

note, 253

proceeds, 253

Simple interest, 190, 211, 250-252

amount. 251

future value. 251

note, 252

present value, 251

principal, 250. 251

rate. 251

Sinking funds. 270-271

Supply and demand. 296-297.

305-306. 576-578. 862. 863

equilibrium point. 863

equilibrium price. 297

equilibrium quantity. 297

Surplus variables, 449

Surveys, 330, 432, 495, 496, 514, 518.

534. 536, 1043

Taxes. 117

Telephone rates, 567-568

Time-sharing, 1054

Transportation, 440-444, 447, 473

Two-industry input -output model

(see Input-output analysis)

Warranties, 540

Yield analysis, 742, 749

Life Sciences

Anthropology, 28, 159. 184. 941. 950

Atmospheric pressure. 778. 811

Bacteria growth. 125. 182. 594. 622.

704. 721. 750. 768. 777, 811. 882

Biophysics, 637

Blood flow, 950, 958, 1017

Blood pressure, 837

Blood types, 11

Carbon-14 dating, 790-791,

833-834, 838

Cephalic index, 28, 159, 941

Chemistry, 117

Diets, 41, 295-296, 307, 329, 345.

361. 388. 404. 405. 431. 447. 448.

467. 469. 473. 475. 977

Drugs

dosage and concentration, 182,

190, 383, 395-396, 751, 837, 958,

1075

effect of, 485, 1043, 1075

rate of assimilation, 907, 924.

927-928

sensitivity, 657, 704. 721. 853, 899

shelf-life. 1048, 1065, 1091

Ecology, 159, 194, 212, 226, 606, 778,

811,837

Endangered species, 110, 125

Epidemics, 837, 915, 988, 1042-1043

Exponential growth law. 831

Family planning. 484. 509

Genetics. 336, 523, 1032, 1087

Growth functions, 774, 835, 912

Heredity, 336

Marine biology, 941, 949-950, 1017

Medical diagnosis. 496. 515

Medical research. 484. 485. 496. 515,

540, 541. 1039. 1042-1043. 1055.

1064. 1065, 1075, 1076, 1087

Nutrition. 168. 212. 307. 329. 345,

366, 388, 404. 405. 431. 432. 447,

448, 467, 469, 473. 475. 1075

Ocean pressure. 194

Pollution, 117, 159, 197, 241, 404,

606, 622, 625-626, 644, 685, 752,

846. 899. 907. 915. 924. 988. 1002

Population. 117. 159, 197, 241. 404.

606. 622. 625-626. 644. 685, 752,

846, 899. 907, 915, 924, 988. 1002

Population distribution. 1001-1002

Population growth. 110. 111. 685.

797. 824. 831-833. 878, 882

Pulse rate, 605, 656, 853

Sound intensity, 790, 804

Temperature, 872, 878

Temperature control. 28. 164. 168.

226

Weber's law (sensory perception).

241. 838

Weight- height, 581, 652, 828, 882

Wildlife management, 110, 159

Wound healing, 665, 829. 881

Social Sciences

Anthropology. 28. 159. 184. 941. 950

Archaeology. 790. 833, 838

Cephalic index. 28, 159, 941

City planning, 160

Communication, 125, 1018, 1075

Economy stimulation. All

Education. 117. 448. 470. 981-983,

989, 1018, 1043. 1076. 1087.

1088. 1092

Family planning. 484. 509

Group structures. 11-12. 778. 838

Growth functions. 774. 835. 912

Intelligence quotient (IQ). 160. 168.

197. 226. 942. 950. 958. 1003. 1092

Labor versus automation, 966-967
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Learning, 389, 405, 569, 581-582,

594, 613, 622, 626, 644, 657, 665,

685, 704, 721, 752, 778, 811, 829,

834, 853, 900, 915, 925, 928, 989,

1055, 1065

Leontief input-output model, 361 -365

Perception, 838

Politics, 41, 111, 226, 346, 455, 541,

657, 752, 768, 882, 907, 925, 928,

1032, 1087

Population, 117, 159, 197. 241, 404,

606, 622, 625-626, 644, 685, 752,

846, 899, 907, 915, 924, 988, 1002

Population distribution, 1001 - 1002

Population growth, 110, 111, 685,

797, 824, 831-833, 878, 882

Psychology, 28, 160, 168, 197, 213,

226, 307, 336, 389, 405, 485, 942,

950, 958, 988, 1003, 1076, 1088

Public safety, 168

Rumor spread, 839

Safety research, 942, 950. 958, 1002

Small group analysis, 11-12, 778,838

Sociology, 330, 405, 523, 541, 1018,

1043

Surveys, 330, 432, 495, 496, 514, 518,

534, 536, 1043

Voting analysis. 111, 226, 907

Weber's law (sensory perception),

241, 838



Basic Differentiation

Basic Integration

For C Q constant:

1. D^C =

2. D,u" = nu"-'D,u

3. D,(u ± V) = D,u ± D.v

4. D,(Cu) = CD,u

5. D,(uv) = uD,v + vD,u

vD.u — uD-i'
6. »©'

7. D, In u = — D,u
u

8. D,e" = e''D,u

9. D,b" = b" In b D,u

For k and C constants:



Table of Integrals

(Note: The conslant of integration C is omitted for each integral, but must be included in any particular application of a

formula.)

m Integrals Involving (au + b)(cu + d ); a ¥= 0, c ¥= 0,

and A = he — ad ¥=0

f 1
, ^±.

|

cu + d

J (au + b)(cu + d) " A "|au + b

2- It—ZTtr-TTn du = T ( - Inlau + b| - - Inlcu + d|

)

J (au + b)(cu+d) A \a c /

r u^ 11 /b^ d^ \

^•J (au + b)(cu + d)
^" = ^"-Ab>"l°"-^'-|-^'"l^"^'^lJ

J (au + b)2(cu + d) A au + b A^

cu + d

au + b

b 1 d , cu + d
au = : —: —In

aA au + b A^ au + bJ (au + bf(cu + d)

f 1 _ 2ac au + b _ J_ / a c \

J (au + bP(cu + d)= "~ A^ " cu + d A'^ \qu + b cu + d)

f u ^ od + bc cu + d l J_ / b d \

J (au + bHcu + d)2 " A' " au + b| A^ Vou + b cu + d/

Integrals Involving •ia^'-^u^, a >

8.
I

/* du = --ln
J u -Ja' — u^ a

f 1
_,

Va^ - u=^

9. du = —
J u^Va^— u^ a'u

10. -!:! — du = Va2-u2-aln

a + Va^ — u^

a + Va^ — u^



Integrals Involving Vu^ + a^, a >

11.
I
x/IlM^du = i(u>/uM^ + aMn|u + ^M^|)

12.
I
u'Vu* + a^ du = iu(2u= + a^) Vu^ + a^ - Jq" ln|u + Vu^ + a^

f Vu^ + a^ , rrn—

2

13. du = Vu^ + Q^-(
a + Vu^ + a^

14,

15

Vu^ + a^r v'u^ + a- ^ VuH— du =
J u^ u

. I ,

•* dii = ln|u + Vu^ + a^|

J Vu^ + a^

16. — du=-ln
J uVu^ + a' a

+ Inlu + Vu^ + a^l

a + /uM-o^

17.
I
—^^ du = - (u n/uM^ - aMn|u + n/uM^

J Vu^ + a^ 2

r 1 , Vu^ + a^
18. du =

J u^Vu^ + a^ Q"

a^'l)

Integrals Involving Vu^ — a^, a >

19. j Vu- - a^ du = i(u Vu^ - a^ - a^ ln|u + Vu^ - a^l)

I
u^Vu^-a^ du = Ju(2u^ - a^) -Ju' - a^ - ia" ln|u + Vu^-a-20

21 '"-"^d, = _iH!ll£! + in|u + ViI^^^|
r Vu- — Q'

J ^I^
22. I du = ln|u + Vu^-q'I

23. (
———- du = - (u n/u^ -a^ + a^ ln|u + Vu^ - a'

J '/iF'^^ 2

f 1 _,
V'u^ - a^

24. dii=
J u^Vu^ — Q^ a^u




