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Abstract

A numerical evaluation of the crucial physical properties of a 3D unsteady MHD
flow along stretching sheet for a Carreau fluid in the presence of Hall current
and radiation has been carried out. Further, the effects of Weissenberg number
and power-law index have also been discussed. Meanwhile, by applying similar-
ity transformations the nonlinear PDEs are transformed into system of ODEs.
Furthermore the numerical solution of nonlinear ODEs, the shooting method has
been used. The obtained numerical results are computed with the help of MAT-
LAB. The tables and graphs describe the numerical results for different physical

parameters which affect the velocity and temperature profiles.



Contents

Author’s Declaration iv
Plagiarism Undertaking \%
Acknowledgements vi
Abstract vii
List of Figures X
List of Tables xi
Abbreviations xii
Symbols xiii
1 Introduction 1
1.1 Thesis Contributions . . . . . . . . . .. ... ... ... ... ... 3
1.2 Outline of Thesis . . . . . . . . . . . . . . . . ... 4
2 Basic Definitions and Governing Equations 5
2.1 Basic Definitions . . . . . . . . .. 5
2.2 Properties of Fluid . . . . . . . .. ... 7
23 Typesof Flow . . .. . . . . .. .. 8
2.4 Conservation Laws . . . . . . . . ... ... ... ... ... ... 10
2.5 Dimensionless Parameters . . . . . . . .. ... ... ... ... 12
3 An Unsteady 3D Magnetohydrodynamics Flow of Casson Fluid 14

3.1 Introduction . . . . . . . . ... . 14
3.2 Mathematical Modeling . . . . .. ... ... ... ... 15
3.3 Method of Solution . . . . .. ... ... ... ... ... ... ... 27
3.4 Representation of Graphs and Tables . . . . .. ... .. ... ... 29

An Unsteady 3D Magnetohydrodynamics Flow of Carreau Fluid 39
4.1 Introduction . . . . . . . . ... 39



1X

4.2 Mathematical Modeling . . . . . ..
4.3 Method of Solution . . . .. ... ..

4.4 Representation of Graphs and Tables

5 Conclusion

Bibliography

40
46
49

59

61



List of Figures

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.16

Schematic representation of physical model. . . . . . . . ... ... 15
Change in f'(n) for rising values of fand M . . . . ... ... ... 32
Change in g(n) for rising values of fand M . . . . ... ... ... 33
Change in 6(n) for rising values of fand M . . . . ... ... ... 34
Change in f'(n) for rising values of mand A . . . . .. ... ... 35
Change in g(n) for rising values of mand A . . . . ... ... ... 36
Change in 6(n) for rising values of mand A . . . . ... ... ... 37
Change in 6(n) for ascending values of N, . . . ... .. ... ... 37
Change in 6(n) for ascending values of P, . . . .. ... ... ... 38
Change in 0(n) for ascending values of tr . . . . . ... ... ... 38
Schematic representation of physical model. . . . . . . .. ... .. 40
Variation in f'(n) . . . . . ..o 51
Variation in g(n) . . . . .. ..o 52
Variation in temperature behavior (n) . . . . . ... ... ... .. 52
Variation in velocity behavior f'(n) . . . . ... ... ... ... .. 53
Variation in velocity behavior g(n) . . . .. .. .. ... ... 53
Variation in temperature behavior (n) . . . . . .. ... ... ... 54
Variation in velocity behavior f'(n) . . . . . ... ... ... ... 54
Variation in velocity behavior g(n) . . . . . .. ... ... ... 55
Variation in temperature behavior 6(n) . . . . . . .. .. ... ... 55
Variation in velocity behavior f'(n) . . . . ... ... ... .. ... 56
Variation in velocity behavior g(n) . . . .. ... ... ... ... 56
Variation in temperature behavior (n) . . . . . ... ... ... .. 57
Variation in temperature behavior 6(n) . . . . . . ... ... ... 57
Variation in temperature behavior (n) . . . . . .. ... ... ... 58
Variation in temperature behavior (n) . . . . . ... ... ... .. 58



List of Tables

3.1 Results of the —C' foe% and C’fZRe% for various parameters

3.2 Results of the N uxRe*% for various parameters.

4.1 Values of the —C'foe% and —C'sze% for different parameters . . .

4.2 Values of the NuyRe™ 2 for different parameters

X1

29



Abbreviations

MHD
ODEs
PDEs
SQLM

Magnetohydrodynamics
Ordinary Differential Equations
Partial Differential Equations

Spectral Quasi-linearization Method

xii



Symbols

U, V, W

R 2R S ™

=

Tw xT

T'LUZ

Velocity component in x, y and z directions
Temperature of the fluid

Rosseland mean absorption coefficient
Thermal diffusivity of the fluid

Casson fluid parameter

Dimensionless similarity variable

Constant

Kinematic viscosity of the fluid

Density of the fluid

Electrical conductivity of the fluid
Stefan-Boltzmann constant

Shear stress component in x direction
Shear stress component in z direction
Dimensionless fluid temperature

Constant

Unsteadiness parameter

Time-dependent magnetic field

Skin friction coefficient in x direction

Skin friction coefficient in z direction
Specific heat capacity at constant pressure
Dimensionless velocity in x and z direction
Thermal conductivity of the fluid

Hall current parameter

xiil



X1iv

Magnetic parameter

Radiation parameter

Local Nusselt number

Prandtl number

Wall heat transfer coefficient
Local Reynolds number

Time variable

Fluid temperature at infinity
Fluid temperature at the surface
Temperature ratio parameter
Weissenberg number

Power law-index

Time constant

Time dependent stretching velocity

Space variable



Chapter 1

Introduction

During the past few decades, the boundary layer problems related to a stretching
surface have attracted an extensive attention of researchers, because the number of
applications related to this area are found in engineering and industrial manufac-
turing process. Actually the boundary layer has a meaningful concept in physics
and fluid mechanics, which is introduced as the layer of the fluid in the region of
a bounded area where the effects of viscosity are powerful. Moreover it is also a
region in the flow field in which the fluid deforms with a relative velocity. Each pri-
mary fluid has some basic important properties which play an essential role in its
dynamics. The stretching and cooling rates both are significant in manufacturing
process for the effective results of the final product. A speedy change in stretching
demages the final product because of sudden solidification, so it is essential to
maintain the stretching rate. The 2D flow of an incompressible liquid within the
boundary layer along the stretching surface was first presented by Crane [1]. Vari-

ous researchers have studied the interesting fluid flow along a stretching sheet [2-5].

Magnetohydrodynamics (MHD) is a combination of three words, magneto means
magnetic filed, hydro means water and dynamics means movements. Meanwhile
the hydromagnetic flow is the analysis of magnetic properties of eletrically con-
ducting fluid. Plasmas, liquid metals, salt water, and electrolytes are considered

as magneto fluids. MHD flow has a wide range of applications in engineering

1



Introduction 2

devices such as the design of heat exchanges, blood pumping machines and the
MHD electric power generators. The main role of magnetic parameter in flow field
produces a resistive force which maintains the flow and detains the boundary layer
separation. A number of researchers, investigated the flow models which contains
the hydromagnetic effects. On top of that, Pavlov [6] exmained the MHD flow
of visous fluids along a stretching sheet. Alfven [7] established the existence of
electromagnetic-hydro-dynamic waves. Sarpakaya [8] studied the flow of specific

types of fluids in magnetic field.

The time-dependent flows are consider as unsteady flow. Wang [9] investigated
the time dependent flow problems. Furthermore various researchers considered
the impacts of induced magnetic field on the time dependent MHD flow within
the boundary layer region [10-12]. Ishak et al. [13] studied the heat tranfer of
a time dependent flow. The temperature variation between the surrounding and
the ambient fluid, produce the radiation. The impact of Hall current on the time
denpendent flow of heat was analyzed by Aziz [14]. Further, many other authors
have investigated the effects of radiative parameter [15-17]. Pal [18] analyzed the

impacts of Hall current and hydromagnetic on the unsteady flow.

The complicated behavior of stress-strain can be found in a type of fluids which
is called non-Newtonian fluids. Moreover the non-Newtonian fluids have earned a
considerable attention because a number of applications of these fluids are found
in engineering and industry. The Casson fluid is one of the most important non-
Newtonian fluids, which is used in metallurgy, food processing etc. Casson [19]
introduced Casson fluid model for the pigment-oil suspensions. Casson fluid ex-
hibits the properties of yield stresses. Whenever the shear stress is greater than
the yield stress, the fluid acts like a liquid. Likewise, if shear stress is less than
the yield stress the fluid acts like a solid. In the category of Casson fluids, Jelly,
shampoo, toothpast, ketchup, tomato sauce, honey, soup and juices are founded.
Actually, yield stress analysis is important for all complex structured fluids. Dash

et al. [20] examined the Casson fluid inside a pipe containing a porous medium
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homogeneously. Later on Eldabe et al. [21] investigated hydromagnetic flow of
a Casson fluid bounded between two cylinders in rotating position. In addition,
the magnetohydrodynamics flow of 3D Casson fluid with stretching sheet were
presented and elaborated in the literature [22-24]. Recently, several authors in-
vestigated the Casson fluid with different parameters which have been discussed
in the upcoming discussion. Ashraf et al. [25] studied the impacts of Hall current
on the Casson fluid. A 3D unsteady flow of the Casson fluid along a stretching
surface was studied by Butt et al. [26]. Homogeneous-heterogeneous reactions
of Casson fluid was examined by Khan et al. [27]. Later on, several researchers
worked on free convective electromagnetic flow of Casson fluid in virous conditions
[28-31]. Maleque [32] investigated the MHD flow of Casson liquid along a rotating
disk. Kataria and Patel [33] considered the ramped wall temperature with heat
and mass transfer in hydromagnetic flow of Casson liquid through porous medium.
The MHD Casson fluid with the effects of Hall, Dufour and thermal radiation was
analyzed by Vijayaragavan and Karthikeyan [34]. The impacts of Hall and radia-
tion on the unsteady Casson fluid flow was analyzed by Prashu and Nandkeolyar
[35]. Additionally the combination of Newtonian fluid and power law model pro-
duces a non-Newtonian Carreau fluid. Actually the Carreau fluid is a special form
of Newtonian fluids in which the viscosity effects depends upon the high and low
shear rate. Due to diverse applications of Carreau model in industry and engineer-
ing, many researchers have worked on properties of such types of model. Hayat
et al.[36] illustrated the flow properties of Carreau fluid along a stretching sheet.
Moreover, various researchers have been investigating the Carreau fluid model for

different flow problems [37-39]

1.1 Thesis Contributions

The present survey is focused on the numerical analysis of time dependent 3D
magnetohydrodynamics flow of the Carreau fluid with the impacts of Hall and
radiation. The proposed nonlinear PDEs are converted into system of ODEs by

applying similarity transformations. Further, for finding the numerical results
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of highly nonlinear ODEs, shooting method is utilized. The obtained numerical
results are computed with the help of MATLAB. The impact of significant pa-
rameters on velocity profile along x and z direction and temperature profile, skin

friction and Nusselt number have been discussed in graphs and tables.

1.2 Outline of Thesis

This research work is further classified into four main chapters.

Chapter 2 consist of some basic definitions, useful concepts and governing equa-
tions of the fluid which are needed for the upcoming chapters.

Chapter 3 contains the review work of Prashu and Nandkeolyar [35].

Chapter 4 concentrates on the analysis of an extension of [35].

Chapter 5 contains the summary of the entire study.



Chapter 2

Basic Definitions and Governing

Equations

2.1 Basic Definitions

This chapter contains some basic definitions, basic laws and terminologies of the

fluids, which would be used in the upcoming chapters.

Definition 2.1.1. (Fluid) [40]

“Fluids are substances whose molecular structure offers no resistance to external
shear forces: even the smallest force causes deformation of fluid particles. Although
a significant distinction exists between liquids and gases, both types of fluids obey
the same laws of motion. In most cases of interest, a fluid can be regarded as

continuum, i.e a continuous substance.”

Definition 2.1.2. (Fluid Mechanics) [41]
“Fluid mechanics is defined as the science that deals with the behavior of fluids
at rest (fluid statics) or in motion (fluid dynamics), and the interaction of fluids

with solids or other fluids at the boundaries.”

Definition 2.1.3. (Fluid Dynamics) [42]

“It is the study of the motion of liquids, gases and plasma from one place to

5



Basic Definitions and Governing Equations 6

another. Fluid dynamics has a wide range of applications like calculating force
and moments on aircraft, mass flow rate of petroleum passing through pipelines,

prediction of weather, etc.”

Definition 2.1.4. (Viscosity) [43]

“Viscosity is a quantitative measure of a fluid’s resistance to flow. More specifi-
cally, it determines the fluid strain rate that is generated by a given applied shear
stress. We can easily move through air, which has very low viscosity. Movement is
more difficult in water, which has 50 times higher viscosity. Still more resistance
is found in SAE 30 oil, which is 300 times more viscous than water. Try to slide
your hand through glycerin, which is five times more viscous than SAE 30 oil, or
blackstrap molasses. Fluids may have a vast range of viscosities. Mathematically

it can be written as

-
1= P
Ay
S : . Ju
where g is viscosity coefficient, 7 is shear stress and 8_3/ represents the veloc-
ity gradient or rate of shear strain. Therefore p has dimensions of stress-time:

[ZF] or [5)7

Definition 2.1.5. (Kinematic Viscosity) [44]
“It is defined as the ratio between the dynamic viscosity and density of fluid. It
is denoted by the Greek symbol v, thus mathematically,

Y

_wviscosity i
density — p

L2
where the unit of kinematic viscosity is ?.’

Y

Definition 2.1.6. (Ideal Fluid) [44]
“A fluid which is incompressible and is having no viscosity, is known as an ideal
fluid. An ideal fluid is only an imaginary fluid as all the fluids, which exist have

some viscosity.”



Basic Definitions and Governing Equations 7

Definition 2.1.7. (Real Fluid) [44]
“A fluid which possesses viscosity, is known as real fluid. All the fluids, in actual

practice, are real fluids.”

Definition 2.1.8. (Newtonian Fluid) [44]
“A real fluid, in which shear stress is directly, proportional to the rate of shear

strain (or velocity gradient), is known as a Newtonian fluid.”

Definition 2.1.9. (Non-Newtonian Fluid) [44]
“A real fluid, in which the shear stress is not proportional to the rate of shear

strain (or velocity gradient), is known as a Non-Newtonian fluid.”

Definition 2.1.10. (Ideal Plastic Fluid) [44]
“A real fluid, in which shear stress is more than the yield value and shear stress
is proportional to the rate of shear strain (or velocity gradient), is known as an

ideal plastic fluid.”

Definition 2.1.11. (Megnetohydrodynamics) [45]
“Magnetohydrodynamics (MHD) is concerned with the flow of electrically conduct-
ing fluids in the presence of magnetic fields, either externally applied or generated

within the fluid by inductive action.”

2.2 Properties of Fluid

Definition 2.2.1. (Heat Transfer) [46]
“Due to temperature difference, energy transfer is called heat transfer. Heat trans-

fer occurs through different mechanisms.”

Definition 2.2.2. (Conduction) [46]
“Due to collision of molecules in the contact form, heat is transferred from one
object to another object this phenomenon is called conduction. Such types of heat

transfer occurs in the solids.”

Definition 2.2.3. (Radiation) [46]

“In the radiation process, heat is transferred through electromagnetic rays and
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waves. It takes place in liquids and gasses. An example of radiation would be

atmosphere, the atmosphere is heated by the radiation of the sun.”

Definition 2.2.4. (Thermal Conductivity) [46]
“It is the property of a substance which measures the ability to transfer heat.
Fourier’s law of conduction which relates the flow rate of heat by conduction to
the temperature gradient is

dQ ar

dt dx’

where A, k, % and % are the area, the thermal conductivity, the temperature

and the rate of heat transfer, respectively. The SI unit of thermal conductivity is

kgm

*% and and the dimension of thermal conductivity is 3] .7

TS

Definition 2.2.5. (Thermal Diffusivity) [46]

“ The ratio of the unsteady heat conduction , of a substance to the product of
specific heat capacity C), and density p is called thermal diffusivity. It quantify

the ability of a substance to transfer heat rather to store it. Mathematically, it

can be written as

The unit and dimension of thermal Diffusivity in SI system are m?s~land[LT~1]

respectively.”

2.3 Types of Flow

Definition 2.3.1. (Compressible and Incompressilble) [41]
“A flow is classified as being compressible or incompressible, depending on the level
of variation of density during flow. Incompressibility is an approximation, and a

flow is said to be incompressible if the density remains nearly constant throughout.
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Therefore, the volume of every portion of fluid remains unchanged over the course
of its motion when the flow (or the fluid) is incompressible. The densities of liquids
are essentially constant, and thus the flow of liquids is typically incompressible.
Therefore, liquids are usually referred to as incompressible substances. A pressure
of 210 atm, for example, causes the density of liquid water at 1 atm to change
by just 1 percent. Gases, on the other hand, are highly compressible. A pressure
change of just 0.01 atm, for example, causes a change of 1 percent in the density

of atmospheric air.”

Definition 2.3.2. (Steady versus Unsteady) [41]

“The terms steady and uniform are used frequently in engineering, and thus it
is important to have a clear understanding of their meanings. The term steady
implies no change at a point with time. The opposite of steady is unsteady. The
term uniform implies no change with location over a specified region. These mean-
ings are consistent with their everyday use (steady friend, uniform distribution,
etc.). The terms unsteady and transient are often used interchangeably, but these
terms are not synonyms. In fluid mechanics, unsteady is the most general term
that applies to any flow that is not steady, but transient is typically used for de-
veloping flows. When a rocket engine is fired up, for example, there are transient
effects (the pressure builds up inside the rocket engine, the flow accelerates, etc.)
until the engine settles down and operates steadily. The term periodic refers to

the kind of unsteady flow in which the flow oscillates about a steady mean.”

Definition 2.3.3. ((Viscous and Inviscid Flow) [41]

“When two fluid layers move relative to each other, a friction force develops be-
tween them and the slower layer tries to slow down the faster layer. This internal
resistance to flow is quantified by the fluid property viscosity, which is a measure
of internal stickiness of the fluid. Viscosity is caused by cohesive forces between
the molecules in liquids and by molecular collisions in gases. There is no fluid with
zero viscosity, and thus all fluid flows involve viscous effects to some degree. Flows
in which the frictional effects are significant are called viscous flows. However, in
many flows of practical interest, there are regions (typically regions not close to

solid surfaces) where viscous forces are negligibly small compared to inertial or
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pressure forces. Neglecting the viscous terms in such inviscid flow regions greatly

simplifies the analysis without much loss in accuracy.”

2.4 Conservation Laws

Definition 2.4.1. (Equation of Mass ) [47]

“For any fluid, conservation of mass is expressed by the scalar equation

on+ V(o]

dp
— . =0. 2.1
= oy + V.(pu) =0 (2.1)

Hence, a velocity profile represents an admissible (real) flow, if and only if it sat-

isfies the continuity equation. For incompressible fluids, Equation (2.1) reduces to
Vau=0, (2.2)

where u is a velocity vector.”

Definition 2.4.2. (Equation of Momentum) [47]

“For any fluid the momentum equation is

0
a(pu) + V.[(pu)u] — V.T — pg = 0. (2.3)
Since T = —plI + 7, the momentum equation take the form
Ju
dWn +uVu | =V.(T=—pl+7)+pg. (2.4)

Equation (2.3) is a vector equation and can be decomposed further into three scalar
components by taking the scalar product with the basis vectors of an appropriate
orthogonal coordinate system. By setting g = gV z, where z is the distance from

an arbitrary reference elevation in the direction of gravity, Equation (2.3) can also
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be expressed as

Du ou
p—=p| = +uVu )| =V.(T =—pl+ 1)+ p(gV=z), (2.5)
Dt ot
D . . L. .
where i t is the substantial derivative. The momentum equation then states
that the acceleration of a particle following the motion is the result of a net force,

expressed by the gradient of pressure, viscous and gravity forces.”

Definition 2.4.3. (Law of Conservation of Energy) [47]

“Conservation of thermal energy is expressed by

p[%—g + u.VU} = [r:Vu+pV.u] + V(kVT) + H,, (2.6)

where U is the internal energy per unit mass, and H, is the heat of reaction.
By invoking the definition of the internal energy, dU = C,dT, Equation (2.6)

becomes,

or .
pC, (E +u.VT> =7:Vu+pVau+V(kVT) £ H,. (2.7)

For heat conduction in solids, i.e., when u = 0, Vu = 0, and C,, = C, the resulting
equation is
oT

= = T)+ H,..”
pCat V(kVT) + H,

Definition 2.4.4. (Newton’s Law of Viscosity) [43]
“It states that the shear stress (7) on a fluid element layer is proportional to the

rate of shear strain. The constant of proportionally is called coefficient of viscosity.

Mathematically it is expressed as

du
T = ,ud—y

Fluids which obey the above relation are known as Newtonian fluids and the

fluids which do not obey the above relation are called Non-Newtonian fluids.”
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2.5 Dimensionless Parameters

Definition 2.5.1. (Reynolds Number (Re)) [46]
“It is the ratio of the inertial forces to the viscous forces. Based on their behavior,
the fluid flows are identified as laminar or turbulent flow. Mathematically, it is

expressed as

U? L* LU
e:p__ $Re:_7
L pU v

where U denotes the free stream velocity, L is the characteristics length and v

stands for kinematic viscosity.”

Definition 2.5.2. (Nusselt Number (Nu)) [46]

“It is the relationship between the convective to the conductive heat transfer
through the boundary of the surface. It is a dimensionless number which was
first introduced by the German mathematician Nusselt. Mathematically, it is de-

fined as:

where h stands for convective heat transfer, L stands for characteristics length

and stands for thermal conductivity.”

Definition 2.5.3. (Prandtl Number (P,)) [47]
“The ratio of kinematic diffusivity to heat the diffusivity is said to be Prandtl

number. It is denoted by Pr Mathematically, it can be written as

where 1 and o denote the momentum diffusivity or kinetic diffusivity and thermal
diffusivity respectively. Here ¢, denotes the specific heat and  stands for thermal

conductivity.”

Definition 2.5.4. (Weissenberg Number (V,)) [48]
“The Weissenberg number is typically defined as
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where u and L are a characteristic velocity and length scale for the flow. The
Weissenberg number indicates the relative importance of fluid elasticity for a given

flow problem.”

Definition 2.5.5. (Skin Friction Coefficient (Cy)) [48]
“The (skin friction coefficient is typically defined as
27y,
Cp = —

PWoo?’

where 7, is the local wall shear stress, p is the fluid density and w., is the free
stream velocity (usually taken outside the boundary layer or at the inlet). It ex-

presses the dynamic friction resistance originating in viscous fluid flow around a

fixed wall.”



Chapter 3

An Unsteady 3D
Magnetohydrodynamics Flow of
Casson Fluid

3.1 Introduction

The numerical analysis on a 3D incompressible, MHD radiation flow of time-
dependent Casson fluid with the radiation and Hall current has been taken into
account. Meanwhile The governing coupled nonlinear PDEs are converted into a
system of first order ODEs by utilizing the similarity transformations. Further-
more by using shooting technique, the solution of ordinary differential equations
are obtained. At the end of this chapter the numerical solution of various param-
eters have been discussed which impact on the skin friction coefficients, Nusselt
number, velocity and temperature. Investigation of obtained numerical results
are given through in tables and graphs. The detailed review work of Parshu and

Nankeolyar [35] is explain in this chapter.

14
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3.2 Mathematical Modeling

A 3D time-dependent, magnetohydrodynamic flow of an incompressible Casson
fluid along a linearly stretchable surface has been examined. Meanwhile, the
surface is along the plane, which means that y = 0 and the fluid confined along
the positive direction of y axis has been considered. Furthermore the sheet is
considered to be stretched along x- axis. The time dependent magnetic field has
been assumed to act along y-axis which is normal to the surface of sheet. The
physical model of flow is given below in Figure 3.1. Here u,, is the stretching sheet
velocity along the x-direction, the surface temperature is T, and the disposition
temperature is T,. The system of equations describing the flow has been given

below, which contains the PDEs of continuity equation, momentum, and energy

transfer.
u—>0,w—>0,7T>7T asy—>x
< y —axis —_—
X — axis —>
<« —>
¢ Iz — axis
Y O o Y
u=u,v=0,w=0,T=T asy=0
FIGURE 3.1: Schematic representation of physical model.
ou Ov Ow
%—Fa—y—i-%—o, (3.1)

5 (u 4+ mw), (3.2)

ou  Ou  Ou ou , (1 1> 0%u o B2(t)

ot Yar Ty TV T 07 p(l+m?)

ow + u@_w + va—w + w@_w =v(1l+ 1 0w o5 (1) (mu — w) (3.3)
ot | ox Oy 9z B) oy p(l+m?2) ’ '
or 9T AT T 8T 1 dq,

—_— v— _

E+uﬁx+ oy +w8z _amé?_yQ_p_cpﬁy
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The associated boundary conditions can be written as:

y=0:u=uy,v=0w=0,T="T,,
(3.5)
y—oo:u—0w—0T—T,.

The Casson liquid parameter is denoted by 3, the electrical conductivity by o,
density by p, the kinematic viscosity by v, Hall current by m, the temperature by
T, the thermal diffusivity by a,, = %. Furthermore the wall stretching velocity

ax
1—~t

with time dependent by u,,(x,t) = and the magnetic field with time dependent

by B(t) = By(1—~t)"2, where a and ~ are constants and B, the magnetic strength.

The radiative heat flux ¢, can be written as

40" OT' 160" 0T
3a* Oy 3ax Oy’

where the Stefan-Boltzmann constant is ¢* and the coefficient of Rosseland mean
absorption is *. From (3.6), putting ¢, into (3.4) and after a little simplification,

we get

or or — or or o ( ( 160*T3>8T)
U— +v—+ 8_y .

Gm 3a*pey

For the conversion of the mathematical model(3.1)-(3.4) into the dimensionless

form, the following similarity transformation has been introduced,

axr av axr

f/(n)’ v=—= 1—’}/tf(77)’ wzl—'yt

T-T a
o) = LA @
(n) T — T N\ va -

The detailed procedure for the conversion of (3.1)-(3.4) into the dimensionless form

9(n),
(3.8)

has been described in the upcoming discussion.

ou 0 ar
d %:%<1_7tf(77)>

(1) gt
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- e g

a

=1 th’(n)- (3.9)

=1 Wt 77) (3.10)
o dw _ 9 ( ax ()
0z 0z \1 —Vtg g
ar O
= =g =0 (3.11)

The (3.1) is very easily satisfied by using the (3.9)-(3.11), as follows

@_}_@_}_8_10_ a f’()_
oxr Oy 0z 1—nt g

a

/o =0.

Now we include the below procedure for the conversion of equation (3.2) into the

dimensionless form.

o I _Oof [__a
o ot \"\ v — 1)

~0/2(-30-01) (=

g(ljvt)
=)
_ afL’L jvtf”(n)g(l jvt) (1 _vw) f’(n)}
. u 1wa’(n)<1 - tf’<77>>
- (P .



An Unsteady 3D Magnetohydrodynamics Flow of Casson Fluid...... 18

— - ixﬁm‘f”(n)-
. UZ_Z S et Qb N oy

_ _Uf—ityf(n)f”(n)- (3.14)
. w% 3 (3.15)

Using (3.12)-(3.15) the left side of (3.2) becomes

azry me N axy / a’x Ry a"x "
=0 (f (77)5) p el (n) + - 775)2(f (n)*) — mf(n)f (n)
= # (vgf”(n) +f'(n) +a(f'(n)* = af(n)f”(n)) : (3.16)

To convert the right side of equation (3.2) into the dimensionless form, we proceed

as follows.
1\ 0%u 1\ o /[ ax ,, a
o )w ) (e )
]' a2x "
- (1 . B) T ). (3.17)
oB2(t) _ 0Bj 1 ar ar
p(1 +m2)(u+mw) 1 —;tp(l + m2) (1 —'ytf () T 7t9(n))

axo B2 1

T (A=) p(1+m?) (f’(n) N mgm)) ' .

Using (3.17)-(3.18), the right side of (3.2) becomes
1Y\ 0%u oB2(t)
14+ = _ 0
V( +5)0y2 p(1+m2)(u+mw)

1 a*vr ., . aroBj 1 , o
- (1 i 5) G T A ) (f o g(n))' (319)

Using (3.16) and (3.19), the dimensionless form of (3.2) can be seen as:
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axr

e (AW s )+ W)~ o))

= (14 ) g O s (0 matn)

1 " YN e Y o 1\2 " UB(% 1
=>(1+E)f _E§f _Ef_(f) + 1= o o1+ m?)

(f'+mg) = 0.

(3.20)

Now, we include below the procedure for the conversion of equation (3.2) into the

dimensionless form

ow 0 ( ax ()
ot ot 1—71&9”

= Toap2? @ o) 20
ow ar ax
Cult = g (1)
ar ax on a
0 (T g )
= ﬁf’(n)g(n)- < g—z = 0> (3.22)
ow ax
oS [ ()
~ oV —vtﬂ )(1 —vtg,m) (1 —vt)>
= —ﬁf (mg'(n). (3.23)
v = 1t (e ) = (3.24)

Using equations (3.21)-(3.24) in left side of (3.3),

axy 1n axy atr
T (1- 7t 1227 (n) + (1 7t)zg(n) Tac %)Qf (mg(n) —

( n) +vg(n) + af (n)g(n) — af<n>g'<n>). (3.25)
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To convert the right side of (3.3) into the dimensionless form, the following pro-

cedure has been shown.

m 1\ 0%w
[ ) —_ _— =
1% 5 ay2 1%

|
<
7 N\
—_
+
s
N——
<
—~
[a—
IS
| o
o8
~
~—
no
S

= (1 - l) (Cﬂ—ng”(n)- (3.26)

oB2(t) 1) — oB2 1 mar ., . a4z
L m?) ) S ey (T ) ((1 ol W as wt)f’("’)
azx oB?

_ S(mrm-am). e

(1=t)% p(1 —m?

Using (3.26)-(3.27) in the right side of (3.3), we get
1 D*w oB2(t) —
V<1+B> o T p+m?) )
(14 3) T 0+ e () - a)). 629

B)(1—~t 1 —~t)? p(1 — m?

Comparing (3.25) and (3.28), the dimensionless form of equation (3.3) can be

written as

L)Q <’ygg/(n) +y9(n) +af'(n)gn) — af (n)g’(n))

_ (1 + l) (aQ_ng”(n) + 7B (mf’(n) - g(n))-

1 —t) (1 =~8)* p(1 = m?)

1 N, o B2
= 1 j— " _ —_— r_ — — / / - I :O
( + 5)9 99— 9ot fo+ ap(1+m2)(mf 9)

(3.29)

The following derivatives will help to convert the left side of (3.7) into the dimen-

sionless form

T —-Ty
° 0(n) = T —71_°
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= T =(T,—Tx)0(n) + Tw.

o = (@ Tem)
= (T — Tx) 1— 1) 0/(77)
oT 0
N = E(Tw T, )9(2) + 1T
= (T~ T)0 ()]
= (To - Tu)g jvt)ge’(n). (3.30)
ol = (- s ) =0 (331
G = o\ T T = Ty [ s )
= = (T = T f) (). (3:32)
. w‘;—f = - ixwgm)% ((Tw - Tm)e(n)> =0. (3.33)
Using (3.30)-(3.33) in left side of (3.7) we get
= (T = To) 55000 = T (Ta = T @O (). - (334)

The dimensionless form of the right side of (3.7) can be obtained as follows
0 | 160" T\ o7
dy 3a*pc, ) Oy
5 | 1607
= -_— Oém
dy 3a*pey,
16 *T3
= (T —To), | —L U 0" (n
v(1 —~t) 3a pcp 1/(1 7t)

160*
74 3T(T, ), /

— (T — Tm)ﬁ ((am + ;ﬁ;cp )9”(77)

+ ((Tw 1) T2) (9'(77))2). (3.35)

a*pe,
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With the help of (3.34) and (3.35), the dimensionless form of (3.7), is obtained

through the following steps:

(R fw (””9'07) - af(n)e’w))

(T, >16" <e'<n 7).

a*pc,

777/ 160 3 /i
nmy T3 )6
= P20 - 100 ) = (%2 + o))
160*

T, — T (6 .
+( >a*pcpy (6 (n))’

= (1 e )00 = 3200 + o )
’ (4U*pcp)

T () =0,

(a*pcpk)

4o*pc,

+ (Ty — Tx)

= (1 + @ <Too + (T — Too)9(77)>3) 0"(n) — 22 g ()

2a o,
40*T3

L f ) + (T~ To)

m

4o*T3
3
= 1+L 1+ &—1 0 9”—Q1L+Lf9’

5 otk Teo 2a0, o
40*T3

Tw 4 Tw ? 1\ 2

I IR A
40*T3

Now for converting the associated boundary conditions into the dimensionless

form, the following steps have been taken:

o u(z,y,z) =u, at y =0.
ax ax

= "(n) = tn=0.
1_7tf(77) T

= f'ln)=1atn=0.

%0 W (Too + (T — Too)9(77)>2(9’(?7))2 =0.
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e v(z,y,z)=0aty=0.

av

:> J—
1—nt

f(n)=0atn=0.

= f(n)=0 atn=0.

o w(r,y,z)=0aty=0.
., _a
11—t

g(n) =0at n=0.

= g(n)=0atn=0.

o T(x,y,2)=T,aty=0.

= (Tw—Tx)0(n)+ T =T, at n = 0.
= (T —Tx)0(n) =T, — T at n = 0.
= 0(n)=1latn=0.

o u(z,y,z) = 0asy— oo

ar ax
= —
1_wf(n) ——

as 1 — oo.

= f'(n) = 0asn— oo.

o w(x,y,z) > 0asy— 0.

= 1_Pytg(n)—>0as77—>oo.

= ¢g(n) — 0 as n — oc.

o T(r,y,z) > Tw as y — oc.

= (T —Tx)0(n) + T — T as n — 0.
= (T —Tx)0(n) =T — T as n — o0.

= 0(n) — 0 as n — oc.

The final dimensionless form of the governing model, is

1 n 1/ / ! /’7 1! ! .
(1+5>f +f f—(f)z—A(f +§f)—1+m2(f +mg) =0. (3.37)
(1+%)g”—f’ngfg’—A(nggg’)+

T2 (mf' —g)=0. (3.38)
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4 A 1 /
<1+3Nr (1+(tr—1)9) )0 —PTAEH + P, f6

+ <Ni(tr — 1)1+ (tr — 1)9)2> @) = 0. (3.39)

The associated BCs (3.5) shown as

n=0: f'(n)=1, f(n)=0, g(n)=0, =1 (3.40)
n—oo: f'(n)—0, g(n)—0, 6(n) —0. (3.41)

Different parameters used in (3.37)-(3.39) are defined as follow:

B? ko T,
ATy 0By ey v T
a pa 40*T3 O, Tw
The skin friction coefficient along x direction, is defined as:
Oy = 2 (3.42)

puz,
To achieve the dimensionless form of Cf,, the following steps will be found helpful.

ou azx a "
* Oy  1—n~t V(l—vt)fm)'

ou ax a )
= (a_y>y:0 T 1—yt\ v — ’yt)f (0).

o))
wr — M ﬁ 8y o

ax a

]‘ 1
:u(1+3> — V(l—vt)f (0). (3.43)

Using (3.43) in (3.42), we get the following form:

1 ax a 9
M<1+ 3) T\ o O

2
puz,

Cip =

o (1+5) 55 e (o)

ar \° :1—7t
P 1—nt
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o(1+5) om0 .

(%)

B ( > 1—7t f”

—u(1+3) 7).
(+3)

The skin friction coefficient along z direction, is defined as:

O, = 4=, (3.44)

2
pu,

To achieve the dimensionless form of C'y, the following steps will be found helpful.

ow ar [ a ,

d 8_?;:1—775 y —vt)g(n)
a
= —

1
é(%)yzo 1ix7t v( w)gl(o)
o e(5) (5
_M(1+%>1ix7t V(livt)g’(()). (3.45)

Using (3.45) in (3.44), we get the following form:

. A

puz,

u( )1—% v(1 ’yt
p( Mvt)
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;&‘/R_excfz_( >< 1)% \/ 1—’yt
PAT =+

= u(l + %)g’(@).

The local Nusselt number is defined as

LGuw

Nu, = —k(Tw — Too)‘

(3.46)

To achieve the dimensionless form of Nu,, the following steps will be found helpful.

. qum=:—0(%§)—%)yo

_ —(k(Tw - T o0
160’ a /
Ry (Tu ~ Teo) v(1— ’Vf)e (0))
a , 160*, 5
= (T, —Ti) me (0) (K t5. T ) (3.47)

Using (3.47) in (3.46), we get

16
jal g ( ')
Nu, )

k(T, — Tw

160"
O 5%
_a 160"
Nu, \/ ( 3ok )
VRes \/7
(vl — ~t)

(14 gy 0+ = D80 ) 0)

where 7, and 7, denotes the shear stress components, ¢, by the heat transfer

Ty
rate, and Re, represents the local Reynolds number defined as Re, = —.
v
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3.3 Method of Solution

For the solution of ODEs (3.37)-(3.39), the shooting method has been used. The
dimensionless equations (3.37) and (3.38) are coupled in f and g. These two
equations will be solved separately by the shooting method. Later on the solution
of (3.37) and (3.38) will be used in (3.39) as a known input. The missing ICs
f"(0) and ¢’(0) are denoted by & and &. For further improvement of the missing
conditions, Newton’s method will be used. Furthermore, the following notations

have been incorporating.

f=u, f/:ym f//:y37 g = Ya, 9/:y5,

of of . off . 9 _ 04 _
aél = Vs, 851 Y, aél Us, afl Yo, 851 Y10, >
of af af" dg g’

8—52:911, 8_5'2:%2’ 3_52:?/13’ 8_52:%4’ 6_622915-}

The above mathematical model (3.37)-(3.38), can now be listed in the form of the

following first order coupled ODEs.

yl =15, yl(o) =0,
y2 =13, '92(0) =1,
- —i Al o+ Ly ) = yays + 12 + ——(vo + mua) |, y3(0) = &
378+ 2 T 14+m ’
y =Ys, ?/4(0) - 07
M
Ys _—5 b (A <y4 + g%) + YaY2 — Y1Ys — 1+ m2 (mys — y4)>, ys(0) = &,
y =Y7, 96(0) - 07
Yy =Ys; y7(0) = 0,
Ys :—B Al yr+ Zys ) = y1ys — ysve + 2007 + (y7 + myo)
B+ 2 14+ m?
CUS(O) — 17

?Jé =10, 99(0) =0,
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v =iAy+ﬂy + Yay7 + YaYo — Y1Y10 — YsYs — M (myr — yo)
10 ﬁ‘i‘ 1 9 2 10 4497 299 1910 5Y6 1 +m2 7 9 3
Y10(0) = 0,
Y1 =V12, y11(0) = 0,
in =Y13, 912(0) - Oa
Y3 __F Al yi2 + ﬁyl?) — Y1%13 — Y3y11 + 2y2y12 + (y12 + my14) |,
B+1 2 14+ m?
y14(0) = 0,
y14 =Y15, 914(0) =Y,
v :iz‘ly + Lys ) + yavno + vavna — vavss — sy
15 ,8+ 1 14 2 15 4412 2914 1Y15 5Y11
M
T 1 me (myr2 — y14)), y15(0) = 1.

The above IVP will be solved numerically by the RK-4 method. To get the ap-
proximate solution, the domain of the problem has been taken as [0, 7] instead
of [0,00), where 7, is an appropriate finite positive real number. In the above

system of equations, the missing conditions &; and &5, are to be chosen such that

?/2(77007 517 52) = 07 y4(77007 517 62) =0. (348>

For the improvement of the missing condition, Newton’s method has been imple-

mented which is conducted by the following iterative scheme:

1

k+1) k) - k
f; _ é B Y7 Yo Z/é ) ( 3 49)
fékﬂ) gék) Y11 Y14 ?/(k) '
VORI

The following steps are involved for the accomplishment of the shooting method.
(i) Choice of the guesses & = & and & = &,

(ii) Choice of a positive small number e.

If max{|y2(ne — 0)|, |ya(nso — 0)|} < €, stop the process otherwise go to (iii).

(iii) Compute £¥™ and &™)k =0,1,2,3.... by using (3.49).

(iv) Repeat (i) and (ii). In a similar manner, the ODE (3.39) along with the

associated BCs can be solved by considering f as a known function.
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3.4 Representation of Graphs and Tables

The physical impacts of significant parameters on the skin friction coefficients
and Nusselt number have been explained through graphs and tables. Prashu
and Nankeolyar [35] used the spectral quasilinearization method (SQLM) for the
numerical solution of the discussed model. In the present survey, the shooting
method has been opted for reproducing the solution of [35]. The results discussed
in Table 3.1, illustrates the impacts of significant parameters on the skin friction
coefficients —C foe% and C’sze%. The results are compared with those of Prashu
and Nankeolyar [35] showing an excellent agreement. For the rising values of the
M the skin friction coefficients increases in both x and z direction. The skin
friction coefficient decreases in both x and z direction due to ascending values of
the # Casson parameter. Furthermore, the accelerating values of m Hall current
decrease the —Cmee% and increase C sze%. Likewise, by increasing the values of

unsteadiness A, there is a marginal increment in the skin friction coefficient along

the x axis and a decrement along the z axis.

—CfoB% CfZRG%

M m A p [35] Present [35] Present
6 01 0.1 0.3 551874456 5.51874456 0.23905696 0.23905696
2 3.63997437 3.63998522 0.12517671 0.12516928
8 6.24973648 6.24973649 0.27988605 0.27988605
0.5 5.15310039 5.15310038 1.03810463 1.03810463
1 447154368 4.47154408 1.50968576 1.50968577
0.13 5.52749427 5.52749426 0.23866458 0.23866458
0.15 5.53332180 5.53332180 0.23840377 0.23840377
0.5 4.59187303 4.59187303 0.19890741 0.19890741
0.6 4.32925941 4.32925941 0.18753170 0.18753170

TABLE 3.1: Results of the —Cfoe% and CfZRe% for various parameters

In Table 3.2, the effects of the significant parameters on Nusselt number N umRe_%
have been discussed. The growing pattern is found in the N uzRe™2 due to the
accelerating values of m, Prandtl number P, and temperature ratio tr , while the
magnetic parameter M, unsteadiness parameter A and Casson parameter 3 cause

a decrement in the Nusselt number.
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NuJ;Re*%
M m A Nr tr [ Pr [35] Present
6 01 01 2 1 03 10 268073953 2.68423226
2 2.85395341 2.85786933
8 2.61197510 2.61530722
0.5 2.70970177  2.71326368
1 2.76677553  2.77047595
0.13 2.64303470 2.64651534
0.15 2.61732067 2.62079326
4 2.44614512  2.44976778
6 2.35862695 2.36229690
2 3.86324873  3.86589037
3 5.08255834  5.08427069
0.5 2.57918784 2.57918784
0.6 2.54083532  2.54083532
15 3.39809230 3.40367190
20 4.00188854 4.00960381

TABLE 3.2: Results of the N uxRe_% for various parameters.

Figures 3.2-3.4, shows the effects of different parameters on the velocity and tem-
perature respectively. Figure 3.2, shows the decreasing behavior of velocity along
the x direction, due to rising values of the 5 and the M. Actually, the S reveals
the properties of yield stress. Stabilization effects are also found by extending the
yield stress. The impacts of applied magnetic field give rise to a resistive force in
flow field called the Lorentz force. Figure 3.3 reflects that the increasing values
of the Casson parameter S and the magnetic field M, the velocity profile along
the z-axis increases near the boundary surface and then starts reducing away from
the boundary surface. The temperature profile accelerates due to rising values
of the f and M which is illustrated in Figure 3.4. Furthermore, the effects of
significant parameters, the Hall Current m and the unsteadiness A on the velocity
behaviors and the temperature profile are illustrated in Figures 3.5-3.7. When the
power of the magnetic field is strong then no one can neglect the effect of Hall
current because the utilization of the magnetic field with electrically conducting
fluid produces Hall current m. Figures 3.5(a) and (b) illustrate the effects of the
m and the A on the velocity profile along the x direction. By ascending values of

m, the velocity profile is also increased, while increasing values of the unsteadiness
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A, there is a marginal decay in the velocity profile. Figures 3.6 (a) and (b) show
the effects of the m and the A on the velocity profile along the z direction. The
increasing values of the m, there is a significant rise in the velocity profile, while
for the increasing values of the A, there is a marginal decrement in the velocity
profile within boundary layer region. Figures 3.7 (a) and (b) show the impact of
the m and the A on the temperature. Meanwhile the temperature is a reducing
function of the Hall current m and by increasing the values of the unsteadiness
A, there is a marginal enhancement in the temperature behavior. By ascending
values of the Hall current m, are found to enhance the thickness of the momentum
boundary layer. However by accelerating values of the unsteadiness A, the thermal
boundary layer becomes thick. The influence of the significant parameters on the
temperature behavior is shown in Figures 3.8-3.10 respectively. In Figure 3.8, the
rising values of radiative parameter N,, the temperature is reduced because the
temperature distribution is inversely proportion to the N,, In Figure 3.9 shows
that the greater values of Prandtl number P, has shrink the temperature profile.
However P, is the ratio of the viscous diffusion to the thermal diffusion. Fur-
ther, Figure 3.10 portrays that the increasing values of temperature ratio tr, the
temperature profile shows a growing behavior. Actually tr is a ratio between tem-

perature behavior at the surface to the temperature behavior beyond the surface.

l T T T T T T
0.9 N\ A=0.1, M=6, m=0.1, Nr=2, Pr=10, tr=1 |

AN B=0.3, 0.5, 0.6 ]

7

(a)
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A=0.1, 5=0.3, m=0.1, Nr=2, Pr=10, tr=1 .

0.4 M=2, M=6, M=10 1
03+ -
0.2+ -
0.1+ ~ -
\

0 .
0 1 2 3 4 5 6

7

(b)

FIGURE 3.2: Change in f/(n) for rising values of § and M

0.02 T T T T
0.018 - A=0.1, M=6, m=0.1, Nr=2, Pr=10, tr=1

e

=

=

=
T

&

=

-

[ ]
T

£=0.3, 3=0.5, 3=0.6
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0.02 : . : .
o018 | A=0.1, 3=0.3, m=0.1, Nr=2, Pr=10, tr=1
0.016
0.014
0.012

Zon

M=2, M=6, M=10

0.008

|

0.006

0.004 N

0.002 L
- —

0 e — S
0 2 4 6 8 10

(b)

FIGURE 3.3: Change in g(n) for rising values of 5 and M

1'. T T T T T

09f A=0.1, M=6, m=0.1, Nr=2, Pr=10, tr=1

3=0.3, 3=0.5, 3=0.6
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| A=0.1, 4=0.3, m=0.1, Nr=2, Pr=10, tr=1

- M=2, M=6, M=10 .
0 0.5 1 1.5 2 25 3
n

(b)
FIGURE 3.4: Change in 0(n) for rising values of § and M
A=0.1, 4=0.3, M=6, Nr=2, Pr=10, tr=1 |-
- m=0.1, m=0.5, m=1 .
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FIGURE 3.7: Change in 6(n) for rising values of m and A
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FIGURE 3.8: Change in 6(n) for ascending values of N,
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FIGURE 3.9: Change in 0(n) for ascending values of P,

A=0.1, 3=0.3, M=6, m=0.1, Nr=2, Pr=10

tr=1, tr=2, tr=3

FIGURE 3.10: Change in 6(n) for ascending values of tr




Chapter 4

An Unsteady 3D
Magnetohydrodynamics Flow of

Carreau Fluid

4.1 Introduction

This chapter contains the extension of [35], by using the Carreau fluid instead
of Casson fluid. The numerical investigation on a 3D magnetohydrodynamics
flow of an incompressible Carreau fluid along a stretchable sheet has been used.
Furthermore, by utilizing the similarity transformations, the nonlinear PDEs are
transformed into a set of ODEs. The numerical solution of ordinary differen-
tial equations ODEs is obtained by applying numerical technique, the shooting
method. The final results are discussed for significant parameters that have im-
pact on the velocity behavior and temperature profile which are presented through

in tables and graphs.

39
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4.2 Mathematical Modeling

An unsteady 3D, viscous and incompressible flow of a Carreau fluid along a linearly
stretching sheet has been consider. Meanwhile, it is assumed that the y = 0 which
means that surface is along the plane and the fluid confined the positive direction
of y axis. Furthermore the sheet is considered to be stretched along x axis. The
time dependent magnetic field has been assumed to act y axis which is normal
to the surface of sheet. The physical model of this flow is shown in Figure 4.1.
Here u,, is the time dependent wall stretching velocity, the surface temperature
is T, and the disposition temperature is T,,. The system of equations describing
the flow has been given below, which contains the PDEs of continuity equation,

momentum, and energy transfer.

u—>0,w—>0,7T>7 asy—>x

trrret

‘(_/ y —axis /—)
<« X — axis —>
<« _ —>
e Z — axis é
</t /o

u=u,v=0,w=0,T=T asy=0

FIGURE 4.1: Schematic representation of physical model.

ou Ov Jw
£+a—y+§—0, (4.1)
@4_ @4_ 8_u+ %—I/ 1_|_—3(n_1)1"2 @ ’ @
ot " "or U@y Yo: T 2 oy oy?

oB2(t)
ot ox oy 0z 2 oy Oy?

oB2(t)
o0 md) (mu — w), (4.3)

a—T+ua—T+va—T+wa—T—a OT 1 O,
ot oz Oy 0z "oyr  pc, Oy’

(4.4)
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The associated BCs can be written as:

y=0:u=uy,v=0w=0,T="T,,
(4.5)
y—oo:u—0,w—0,T—=T,.

In the above model, the power-law index is denoted by n, the time constant by I,
the electrical conductivity by o, density by p, the kinematic viscosity by v, Hall
current by m, the temperature by 7', the thermal diffusivity by a,, = % and the

PCp
stretching sheet velocity in z-direction by wu,,. Furthermore the wall stretching

ax

velocity has been taken as u,(x,t) = fp—

and the magnetic field with time depen-
dent as B(t) = By(1 — vt)~2, where a and ~ are constants and By the magnetic
strength.

For the conversion of the mathematical model (4.1) and (4.4) into the dimension-

less form, the following similarity transformation has been introduced.

av axr

ar _ _
1_th(77), v 1—7tf(77)’ A

9()_T—TOO B a
n_Tf—Too’ =y v(l—~t)

The detailed procedure for the conversion of continuity equation (4.1) has been

g(n),

discussed in Chapter 3.
Now, we include the below procedure for the conversion of equation (4.2) into the

dimensionless form. The left side of equation (4.2) can be written as:

- T (A W W) - a0 @D

To convert the right side of equation (4.2) into the dimensionless form, we proceed

as follows.
3(n—1) [ 0u\? O%u
: ”(“TF (a—y) a2

_ y(1 . 3(n2— D o (1 ixytf”(”) ﬁ)z) a% (%f”(n) i _aw)>

_ (1 n 3(n2— 1)F2 V(la_xfyt)g (f”(n))2> ﬁfﬂ,(n)‘ (4.8)
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oB3(t)
p(1+m?)
oB? 1 ax
1 —vtp(1+m2)(
axo B2 1

= (f’(n) + mg(n)) : (4.9)

(L= p(1 + m?)

(u 4+ mw)

F(n) +m—r g(n))

1—~t 11—t

Using (4.8)-(4.9), the right side of equation (4.2) becomes:

T L I e

B 3(n—1) a’z? " a’z "
- (1
axo B2 1

- (f’(n) + mg(n)). (4.10)

(L= p(1 + m?)

Using (4.7) and (4.10) the dimensionless form of equation (4.2) can be seen as:

axr

T (Vo) + W - af )

_ 3(n—1) a’z? Y ar
- (1 0
avo B2 1

. (f'<n> T mg<n>).

3(7”&—1) a’z? " " YN e Y oo / "

:>(1‘|' 5 FQu(l—ﬁyt)i’*(“f )2)f —55]( —Ef—(f)Q‘i‘ff
oB? 1

~a p(l+m?)

(f' +mg) = 0. (4.11)

Now, we include below the procedure for the conversion of equation (4.3) into the

dimensionless form. The left side of equation (4.3) can be written as:

ax i

a0 (759’(77) +7y9(n) + af'(n)g(n) —a f(n)g'(n)) (4.12)

To convert the right side of (4.3) into the dimensionless form, the following pro-

cedure has been shown.

3(n—1)_, 0w\ 8w
s () )
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N V(l - 3(n2_ 1)F2(1 ixvtg/(”) v(1 i vt))z) V(lajxvt)"’g”m)’

= (1 + 3(712— 1)1"2 ((161‘7;”3 (g/(n))2)> #g//(n). (413)
ﬂ(mu — w)
o0+ m)
oBj 1 mar . . ax
o m) (1= ) ((1 —! = vt)_g(n))
ax oB? ooy
T (T2 p(1 = m?) (mf () g(n))- (4.14)

Using (4.13)-(4.14) in the right side of (4.3), we get

(220 ()

_ (1 L3V ( : )3(9’(77))2)) (1“2—9529”(”)

2 1—~t —t)

(1 iui,ty p(laig(;nQ) (mf’(n) - 9(77)). (4.15)

+

Comparing (4.12) and (4.15), the dimensionless form of equation (4.3) can be
written as:
T (159 )+ v9(n) + af (m)g(n) — af(n)g'(n)
(1— 1) 72977 79\n) —ajn)g\n)—aj\n)gn
3(” — 1) 2 a’z’ / 2 a’x "
— (1 r et
(14200 () ) e

(7 = ato).

azx oB?

T =0 (1= )

n — a3x2
j(1+3( 1)F2(( )3(gl)z>>g,,_ﬂg,_gg_f,ﬁfg,

2 1—nt a2
oB2 ,
—_— —g)=0. 4.1
ap(l+m?) (mf'—g) =0 (4.16)

The detailed procedure for the conversion of equation (4.4) into dimensionless
form is similar to that discussed in chapter 3. The final dimensionless form of the

governing model, is
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(1 n 3(77/ - 1)W6(f//)2> f/// + f//f _ (f/)2 o A(f, + gf//>

2
7 erwmg (f' +mg) =0. (4.17)
(1 + 3(n2_ 2 We(g’)Q) 9" =g+ fg — A(g + gg’)
+ T Emf =9 =0. (4.18)

3
(1 + (tr — 1)0) )9” — PTAgH’ + P.f0'

(s

( (tr — 1)(1 + (tr — 1)0)2> (0 = 0. (4.19)
The converted form of the associated BCs (4.5) is:

n=0: f'=1, f=0,9g=0, =1. (4.20)

n—oo: ff—=0,9g—0 0—0. (4.21)

The skin friction coefficient in z-direction, is defined as:

-
Crp = —=. 4.22
o= 2 (4.22)

To achieve the dimensionless form of CY,, the following steps will be found helpful.

.o 1f%vfa?;;ﬂm>
( ) ﬁm
- (5 ) T

(e () (%)

n—1 T2, ,\ azx a "
(1 e O ) T [ )

Using (4.23) in (4.22), we get the following form:
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1 T2a322
p(1+= = ((0) 10

2 vl —nt)? 1-— 715 1—715

Cf:r: IOUZ
n—1 T?%
1 // //
M( * 2 v(l- ) U0 )1 v\ v 'yt f
- 2

—1
= (14 w2 ) 710,
The skin friction coefficient in z-direction, is defined as:

.
Cr, = —=. 4.24
== e (4.24)

To achieve the dimensionless form of Cf,, the following steps are found useful.

(9w_ axr a
oy 11—t vl —nt

~ (%)yzo 1 ixvt V(livt)g/m)
)

)g’(n)

2
(131‘2

=———=(4'(0)".

dy s v —=7t)?

o Ty = u(l +1? (n; k (%)2) (g_j)y:o
(

n—1 T’z / 2 azx a '
o 0P ) [0, )

Using (4.25) in (4.24), we get the following form:
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n—1 I?¢z* ,
M(l 2 v(l- 'yt)?’(g (0)) ) 1=tV v(l-— 'yt)g (0)
Cr= = pui
n—1 I?a2* )\ az a ,
B M(l 2 (1 'yt)?’(g (0)) ) 1—~t\ v(1 Wt)g (0)
p(l - 725)
n—1 TZ%a32? N N a ,
_ u(1 o) 1 [
p(l - %)
1 a
T ACI I reet R
= VEeCp = ( ax v(1 —~t)
P 1—t

_ (1 + nT—lWe(g’(O))Q) 9'(0).

The detailed procedure for the conversion of local Nusselt number in dimensionless

form is similar to that discussed in chapter 3.

4.3 Method of Solution

In order to solve the system of ODEs (4.17) and (4.18), the shooting method
has been used. The dimensionless equations (4.17) and (4.18) are coupled in f
and g. These two equations will be solved separately by the shooting method.
Later on, the solution of (4.17) and (4.18) will be used in (4.19) as a known
input. The missing initial conditions f”(0) and ¢'(0) are denoted by & and &.

For further improvement of the missing conditions, Newton’s method will be used.
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Furthermore, the following notations have been incorporating.

f=u, =y, "=y, 9=vs, ¢ = vs,

of _ of _ off 99 _ 99 _
e, Ye, €, Yr, o6, Ys, €, Yo, o6, Y10,
of of of" dg dg'

65’2 Y11, 8_52:‘%27 a_&:yl& a_&:y147 8—622915-

Ve

For simplification, the following notation have been defined.

3(n—1)

1+ We(y3)2 = ¢1

30 ) yo(y)? = 6 (4.26)

The system of equations (4.17)-(4.18), can now be written in the form of the
following first order coupled ODEs.

Y1 =Y, y1(0) =0,
Yo =Y3, ¥2(0) =1,
1 n
/ — A i o 2 o O —
Ys ¢1( (y2+ 23/3) Yi1ys + Yy + 1+m2(y2+my4)), y3(0) = &,
Y =Vs, y(0) = 0,
1 i M
/ — A o _ o _ 0 —
Ys ¢2( (y4 + 23/5) Y — Y5 — 7 (mys y4)>, y5(0) = &,
Yo =Y, ys(0) =0,
y/7 =Ys, y7(0) = Oa
Ys . 61 ( Ay + Lys ) — v1us — ysvs + 2uayr + (y7 + myo)
#1> 2 14+ m?2
(Al + Ly ) — s+ 3+ L(% +mys) )3(n — 1)Weysys
2 20 1+ m?2 ’
CUS(O) = 17
?Jé =10, 19(0) = 0,
1 n M
/
- A Jd _ _ _ _
Yo =y (cbz( (yg + 2y10) +yayr Y2t — Y110 — YsYs — T3 (myr — yo)
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M
+ <A (y4 + g%) + YalYo — Y1Ys — m(myz - y4))3(n - 1)Wey5y10>,
Y10(0) = 0,

ylll =Y12, yll(O) = Oa
Yio =Y13, y12(0) = 0,

1 n

e =—= A - — — 2
Y13 .2 (¢1( (ym + 2y13) Y1y13 — Y3y11 + 2Y2Y12 + 1+ m? (12 + my14)>
n 2 M
+ <A (yQ + 5?/3) —y1ys +y5 + m(?b + my4)) 3(n — 1)Wey3y13),
y14(0) = 07
Y14 =Y1s, y14(0) = 0,
, 1 U
Y15 :p (9252 (A (y14 + 5915) + YaY12 + YoY1a — Y1Y15 — Ysy11
2
M U
_ _ A i _
Tz 2 y14)) + ( (y4 + 21/5) + YaY2 — Y1Ys
M
- m(mw —ys) )3(n — 1)Weysyio ), Yy15(0) = 1.

The above IVP will be solved numerically by the RK-4 method. To get the ap-
proximate solution, the domain of the problem has been taken as [0, 7] instead
of [0,00), where 7, is an appropriate finite positive real number. In the above

system of equations, the missing conditions &; and &5, are to be chosen such that

92<7700a §1a€2) = 07 ?/4(7100751752) = 0. (427)

For the improvement of the missing condition, Newton’s method has been imple-

mented which is conducted by the following iterative scheme:

-1
k+1 k k
fékﬂ) fék) Y11 Y14 ?J(k) '
4 (GREESEN

The following steps are involved for the accomplishment of the shooting method.
(i) Choice of the guesses & = £ and & = &©.
(ii) Choice of a positive small number e.

If maz{|y2(Neo — 0)], |y4(nee — 0)|} < €, stop the process otherwise go to (iii).
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(iii) Compute £F™ and €™V, k = 0,1,2,3.... by using (4.28).
(iv) Repeat (i) and (ii).
In a similar manner, the ODE (4.19) along with the associated BCs can be solved

by considering f as a known function.

4.4 Representation of Graphs and Tables

A thorough discussion on the graphs and tables has been conducted which contains
the effects of non dimensional parameters on the skin friction coefficient, Nusselt
number, velocity behavior and the temperature profile. Table 4.1, explains the
impact of magnetic parameter M, Hall current m, unsteadiness A, Weissenberg
number W, and power law-index n on the skin friction coefficients —C'foe% and
szRe%. The value n = 3 is fixed throughout the discussion. Further, the rising
values of M, the skin friction coefficients rises in both directions. Due to rising
values of Hall current m, the —C’foe% is reduce while, szRe% is increases. By
ascending values of unsteadiness A, there is a marginal increase in skin friction
coefficient along the both directions z and z. Meanwhile, due to extending the
values of Wiessinberg number, the skin friction coefficient along x direction is in-

creased and a marginal increment along z direction is seen.

M m A W, —CpRer  Cji.Re:
05 0.1 0.1 0.05 127682813 0.02280321
1 1.47275246  0.03841592
1.13 1.52006638  0.04188206
0.5 1.24036080  0.09561976

1 117768745  0.12810130

0.2 1.30688119  0.02219995

0.3 1.33663405 0.02161821

0.1 1.29858276 0.02300580

0.15 1.31813375 0.02318507

TABLE 4.1: Values of the —C'foe% and —CfZRe% for different parameters

In Table 4.2, the effects of the significant parameters on Nusselt number N u,Re™2

have been discussed. The rising pattern is found in the N uzRe~2 due to extending
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values of Hall Current m, Prandtl number P, and temperature ratio tr, while the
Nusselt number decreases due to accelerating values of magnetic parameter M,

unsteadiness parameter A and radiation parameter NN,.

M m A Nr tr W, Pr NugcRe_%
0.5 01 01 2 1 0.05 10 2.71034759
1 2.64150549
1.13 2.62506716
0.5 2.72241537

1 2.74397741

0.2 2.70211916

0.3 2.69394188

4 2.47075201

6 2.38156287

2 3.92330151

3 5.21466741

0.1 2.72299927

0.15 2.73378326

15 3.92330151

20 4.03600482

TABLE 4.2: Values of the N uxRe_% for different parameters.

The impact of magnetic field parameter M, on the velocity behavior and tem-
perature profile has been discussed in Figures 4.2-4.4 respectively. The ascending
values of the M is kept constant, the velocity along the x axis it is decreases and
the velocity behavior along the z axis it is increases, while the temperature is also
increased gradually. Furthermore, the effects of m Hall current, on the velocity
and temperature are depicted in Figures 4.5-4.7. In these figures for the same
rising values of m, the velocity profile along the x direction it is increases and a
marginal increment found in velocity profile along the z direction and there is a
marginal decrease in temperature profile. The effects of Hall current is found when
the stability of the magnetic field is too much strong, and the magnetohydrody-
namics flow of electrically conducting fluids produce Hall current. Figures 4.8-4.10
show the effects of unsteadiness A on the velocity and temperature profiles. There
is a marginal increment in velocity along the z direction due to ascending values
of A which is shown in Figure 4.8. Meanwhile, the velocity behavior along z direc-

tion reduce, due to rising values of unsteadiness A which is illustrated in Figure
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4.9 and the temperature behavior is increase due to the ascending values of the
unsteadiness A which is presented in Figure 4.10. Figures 4.11-4.13 display the
impacts of Weissenberg number W, on velocity and the temperature. It is clear
from Figures 4.11-4.12 the increasing values of W,, a marginal decrement is found
in the velocity profiles. Furthermore a marginal increment is found in the temper-
ature profile which is given in Figure 4.13. Actually, the Weissenberg number is
rises due to presence of time constant I' and decreases due to presence of viscosity,

so higher values of Weissenberg number W, increase the thermal boundary layer.

Figures 4.14-4.16 show the impact of radiation parameter N,, Prandtl number P,
and temperature ratio tr on the temperature profile 6(n). The ascending values
of the radiation parameter N, and Prandtl number P, decrease the temperature
behavior within the boundary layer region which is shown in Figure 4.14-4.15.
Furthermore the temperature is inversely proportional to the radiation and the
Prandtl number is directly proportional to viscous diffusivity and inversely pro-
portion to the thermal diffusivity. The increasing values of temperature ratio tr,

the temperature profile shows a growing behavior which is given in Figure 4.16.

m=0.1, A=0.1, We=0.05, Nr=2, Pr=10, tr=1 | -

M=0.5, M=1, M=1.13 .

02t .

0.1F i
0 i

0 1 2 3 4 5 6 7

n

FIGURE 4.2: Variation in f’(n)
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g(n)

0.012

0.01

0.008

0.006

0.004

0.002

m=0.1, A=0.1, We=0.05, Nr=2, Pr=10, tr=1

M=0.5, M=1, M=1.13

FIGURE 4.3: Variation in g(n)

| m=0.1, A=0.1, We=0.05, Nr=2, Pr=10,tr=1 |-

- M=0.5, M=1, M=1.13 .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
n

FIGURE 4.4: Variation in temperature behavior 6(n)
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0.9 - M=0.5, A=0.1, We=0.05, Nr=2, Pr=10, tr=1

n

FIGURE 4.5: Variation in velocity behavior f/(n)

0.05 T T T T
M=0.5, A=0.1, We=0.05, Nr=2, Pr=10, tr=1

0.045 -

0.04

0.035

0.03 -

0.025

(1)

m=0.1, m=0.5, m=1
0.02
0.015
0.01

0.005

n

FIGURE 4.6: Variation in velocity behavior g(n)
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M=0.5, A=0.1, We=0.05, n=1, Nr=2, Pr=10, tr=1

m=0.1, m=0.5, m=1

1.8

02 04 06 08 1 12 14 16 2
n
FIGURE 4.7: Variation in temperature behavior 6(n)
M=0.5, m=0.1, We=0.05, Nr=2, Pr=10, tr=1 | _
A=0.1, A=0.2, A=0.3 1
1 2 3 4 5 6

FIGURE

4.8: Variation

n

in velocity behavior f/(n)
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g(n)

0.01

0.009

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

M=0.5, m=0.1, We=0.05, Nr=2, Pr=10, tr=1 | 7

A=0.1, A=0.2, A=0.3

n

FIGURE 4.9: Variation in velocity behavior g(7)

M=0.5, m=0.1, We=0.05, Nr=2, Pr=10, tr=1

A=0.1, A=0.2, A=0.3

FIGURE 4.10: Variation in temperature behavior 6(n)
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Chapter 5

Conclusion

Summary of this research work represents the unsteady 3D megnetohydrodynam-
ics flow of Casson and Carreau fluid along a elastically stretchable surface with the
Hall current and radiation impacts. Furthermore the impacts of the Weissenberg
number and the power-law index have also been discussed. The obtained math-
ematical model contains the nonlinear PDEs of continuity equation, momentum
and heat energy. Furthermore these PDEs are converted into a system of nonlinear
ODES by applying the similarity transformations. Meanwhile for the numerical
results of ODEs, shooting technique has been utilized. The dimensionless velocity
behavior, temperature distribution, skin friction coefficient and Nusselt number
have been analyzed for various physical parameters. The numerical results are ex-
plained through different figures and tables. Some interesting findings have been

listed below.

e Due to the rising values of the magnetic parameter M, the velocity behavior

decreases along x axis in both the Casson and Carreau fluids.

e Due to the ascending values of the M magnetic parameter, the velocity behavior

increases along z direction in the Carreau fluid.

e Due to the ascending values of the magnetic parameter M, the temperature

behavior also increases in both the Carreau and Casson fluids.
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e Due to the accelerating values of Hall current m, the velocity rise in 2z axis and
marginal increment found in z direction. While the marginal decrement found in

the temperature profile in both the Casson and Carreau fluids.

e A decrement is observed in the velocity behavior due to the rising values of the
unsteadiness A. However, no significant change is prominent in the velocity profile

along z direction in both the Casson and Carreau fluid.

e An increment is observed in the temperature behavior due to the rising values

of the unsteadiness A in both the Casson and Carreau fluids.

e In the presence of the magnetic parameter M, the —C'foe% and C’sze%, in-

creases in both the Casson and Carreau fluids.

e A decrement is noticed in the —C' foe% by increasing values of Hall current m,

in the Casson fluid.

e The effects of Weissenberg number W, on the velocity and temperature are not so
prominent. However a marginal decrement in the velocity and marginal increment

in temperature are observed.
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