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Bird’s Comprehensive Engineering Mathematics

Why is knowledge of mathematics important in engineering?

A career in any engineering or scientific field will
require both basic and advanced mathematics. Without
mathematics to determine principles, calculate dimen-
sions and limits, explore variations, prove concepts, and
so on, there would be no mobile telephones, televisions,
stereo systems, video games, microwave ovens, comput-
ers, or virtually anything electronic. There would be no
bridges, tunnels, roads, skyscrapers, automobiles, ships,
planes, rockets or most things mechanical. There would
be no metals beyond the common ones, such as iron
and copper, no plastics, no synthetics. In fact, society
would most certainly be less advanced without the use
of mathematics throughout the centuries and into the
future.

Electrical engineers require mathematics to design,
develop, test or supervise the manufacturing and instal-
lation of electrical equipment, components, or systems
for commercial, industrial, military or scientific use.

Mechanical engineers require mathematics to perform
engineering duties in planning and designing tools,
engines, machines and other mechanically functioning
equipment; they oversee installation, operation, mainte-
nance and repair of such equipment as centralised heat,
gas, water and steam systems.

Aerospace engineers require mathematics to perform a
variety of engineering work in designing, constructing
and testing aircraft, missiles and spacecraft; they con-
duct basic and applied research to evaluate adaptability
of materials and equipment to aircraft design and
manufacture and recommend improvements in testing
equipment and techniques.

Nuclear engineers require mathematics to conduct
research on nuclear engineering problems or apply

principles and theory of nuclear science to problems
concerned with release, control and utilisation of nuclear
energy and nuclear waste disposal.

Petroleum engineers require mathematics to devise
methods to improve oil and gas well production and
determine the need for new or modified tool designs;
they oversee drilling and offer technical advice to
achieve economical and satisfactory progress.

Industrial engineers require mathematics to design,
develop, test and evaluate integrated systems for man-
aging industrial production processes, including human
work factors, quality control, inventory control, logis-
tics and material flow, cost analysis and production
coordination.

Environmental engineers require mathematics to
design, plan or perform engineering duties in the preven-
tion, control and remediation of environmental health
hazards, using various engineering disciplines; their
work may include waste treatment, site remediation or
pollution control technology.

Civil engineers require mathematics in all levels in
civil engineering — structural engineering, hydraulics
and geotechnical engineering are all fields that employ
mathematical tools such as differential equations, tensor
analysis, field theory, numerical methods and operations
research.

Knowledge of mathematics is therefore needed by each
of the engineering disciplines listed above.

It is intended that this text — Bird’s Comprehensive
Engineering Mathematics — will provide a step-by-step
approach to learning all the fundamental mathematics
needed for your engineering studies.
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Preface

Studying engineering, whether it is mechanical, electri-
cal, aeronautical, communications, civil, construction or
systems engineering, relies heavily on an understanding
of mathematics. In fact, it is not possible to study any
engineering discipline without a sound knowledge of
mathematics. What happens then when a studentrealises
he/she is very weak at mathematics — an increasingly
common scenario? The answer may hopefully be found
in this textbook Bird’s Comprehensive Engineering
Mathematics, which explains as simply as possible the
steps needed to become better at mathematics and hence
gain real confidence and understanding in their chosen
engineering subject.

Bird’s Comprehensive Engineering Mathematics is an
amalgam of three books — Basic Engineering Mathemat-
ics, Engineering Mathematics and Higher Engineering
Mathematics, all currently published by Routledge. The
point about Bird’s Comprehensive Engineering Math-
ematics is that it is all-encompassing. We do not have to
think ‘what course does this book apply to?’. The answer
is that it encompasses all courses that include some
engineering content in their syllabus, from beginning
courses up to degree level.

The primary aim of the material in this text is to provide
the fundamental analytical and underpinning knowl-
edge and techniques needed to successfully complete
scientific and engineering principles modules covering
a wide range of programmes. The material has been
designed to enable students to use techniques learned
for the analysis, modelling and solution of realistic engi-
neering problems. It also aims to provide some of the
more advanced knowledge required for those wishing to
pursue careers in a range of engineering disciplines. In
addition, the text will be suitable as a valuable reference
aid to practising engineers.

In Bird’s Comprehensive Engineering Mathematics,
theory is introduced in each chapter by a full out-
line of essential definitions, formulae, laws, procedures,
etc. The theory is explained simply, but is kept to a
minimum, for problem solving is extensively used to
establish and exemplify the theory. It is intended that
readers will gain real understanding through seeing

problems solved and then through solving similar prob-
lems themselves.

The material has been ordered into the following fif-
teen convenient categories: number and algebra, fur-
ther number and algebra, areas and volumes, graphs,
geometry and trigonometry, complex numbers, matrices
and determinants, vector geometry, differential calcu-
lus, integral calculus, differential equations, statistics
and probability, Laplace transforms, Fourier series and
Z-transforms. Each topic considered in the text is pre-
sented in a way that assumes in the reader very little
previous knowledge.

With a plethora of engineering courses worldwide it is
not possible to have a definitive ordering of material; it
is assumed that both students and instructors/lecturers
alike will ‘dip in’ to the text according to the needs of
their particular course structure.

The text contains some 1600 worked problems, 3600
further problems (with answers), arranged within 384
Practice Exercises, 255 multiple choice questions
arranged into 9 tests, 35 Revision Tests, 768 line
diagrams and 15 lists of formulae/revision hints.

Worked solutions to all 3600 further problems have
been prepared and can be accessed free from the
website www.routledge.com/cw/bird (see page xviii).

At intervals throughout the text are some 35 Revi-
sion Tests to check understanding. For example,
Revision Test 1 covers the material in Chapters 1 and 2,
Revision Test 2 covers the material in Chapters 3 to
5, Revision Test 3 covers the material in Chapters 6 to
8, and so on. Full solutions to all 400 questions in the
Revision Tests are available for lecturers/instructors on
the website.

On the front cover of the paperback version of this
text is HMS Queen Elizabeth aircraft carrier sailing
for the first time into its home base of Portsmouth on 16
August 2017 following its construction at Rosyth Naval
Base in Scotland. The 65,000 tonne carrier is 280 m
long and 70 m wide, and has a top speed of 25 knots.
When operational, it will carry 36 F-35B fighter jets, 4
Merlin helicopters, with up to 1600 crew.


www.routledge.com/cw/bird

Xviii  Preface

The Queen Elizabeth was constructed at six UK sites and
then fitted together with great precision at Rosyth; the
planning, design, construction and operation required a
considerable understanding of modern engineering and
technology.

It is difficult to grasp engineering concepts without
a great deal of knowledge of mathematics — and this
text will aid potential engineers with much of the
essential mathematical principles needed.
‘Learning by example’ is at the heart of Bird’s
Comprehensive Engineering Mathematics.

JOHN BIRD

Royal Naval Defence College of Marine and Air
Engineering, HMS Sultan, formerly

University of Portsmouth and Highbury
College, Portsmouth

John Bird is the former Head of Applied Electron-
ics in the Faculty of Technology at Highbury College,
Portsmouth, UK. More recently, he has combined free-
lance lecturing at the University of Portsmouth with
Examiner responsibilities for Advanced Mathematics
with City and Guilds, and examining for International
Baccalaureate. He has some 45 years’ experience of suc-
cessfully teaching, lecturing, instructing, educating and
planning study programmes for trainee engineers. He
is the author of over 130 textbooks on engineering and
mathematical subjects with worldwide sales of over one
million copies. He is a chartered engineer, a chartered
mathematician, a chartered scientist and a Fellow of
three professional institutions, and is currently lecturing
at the Defence College of Marine and Air Engineering
in the Defence College of Technical Training at HMS
Sultan, Gosport, Hampshire, UK.

Free Web downloads at
www.routledge.com/cw/bird
For students

1.

Full solutions to the 3600 questions contained
in the 384 Practice Exercises

Download Multiple choice questions
Lists of Essential Formulae

Famous Engineers/Scientists — From time
to time in the text, 42 famous mathemati-
cians/engineers are referred to with their
image and emphasised with an asterisk*.
Background information on each of these is
available via the website. Mathematicians/
Engineers involved are: Argand, Bessel,
Boole, Boyle, Cauchy, Celsius, Charles,
Cramer, de Moivre, de Morgan, Descartes,
Euler, Faraday, Fourier, Frobenius, Gauss,
Henry, Hertz, Hooke, Karnaugh, Kirch-
hoff, Kutta, Laplace, Legendre, Leibniz,
I’Hopital, Maclaurin, Morland, Napier,
Newton, Ohm, Pappus, Pascal, Poisson,
Pythagoras, Raphson, Rodrigues, Runge,
Simpson, Taylor, Wallis and Young.

For instructors/lecturers

1.

o v s

Full solutions to the 3600 questions contained
in the 384 Practice Exercises

Full solutions and marking scheme to each of
the 35 Revision Tests

Revision Tests — available to run off to be
given to students

Download Multiple choice questions

Lists of Essential Formulae

Illustrations — all 768 available on Power-
Point

Famous Engineers/Scientists — 42 are men-
tioned in the text, as listed above
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Chapter 1

Basic arithmetic

Why it is important to understand: Basic arithmetic

Being numerate, i.e. having an ability to add, subtract, multiply and divide whole numbers with some
confidence, goes a long way towards helping you become competent at mathematics. Of course electronic
calculators are a marvellous aid to the quite complicated calculations often required in engineering;
however, having a feel for numbers ‘in our head’ can be invaluable when estimating. Do not spend too
much time on this chapter because we deal with the calculator later; however, try to have some idea
how to do quick calculations in the absence of a calculator. You will feel more confident in dealing with
numbers and calculations if you can do this.

At the end of this chapter, you should be able to:

e understand positive and negative integers

e add and subtract whole numbers

e multiply and divide two integers

e multiply numbers up to 12 x 12 by rote

e determine the highest common factor from a set of numbers

e determine the lowest common multiple from a set of numbers

e appreciate the order of precedence when evaluating expressions

e understand the use of brackets in expressions

e evaluate expressions containing +, —, X, — and brackets

. Examples of integers include ... —5, -4, -3, -2, —1,

1.1 Introduction 0,1,2,3.4,5,...
Whole Numbers Arithmetic operators
Whole Numbers are simply the numbers 0, 1, 2, 3, 4, The four basic arithmetic operators are add (4), subtract
5,... (—), multiply (x) and divide (=).

It is assumed that adding, subtracting, multiplying and
dividing reasonably small numbers can be achieved
without a calculator. However, if revision of this area
is needed then some worked problems are included in

Counting Numbers
Counting Numbers are whole numbers, but without the
zero,ie.1,2,3,4,5,...

Natural Numbers the following sections.

Natural Numbers can mean either counting numbers or When unlike signs occur together in a calculation, the
whole numbers. overall sign is negative. For example,

Integers 54(-2)=5+-2=5-2=3

Integers are like whole numbers, but they also include

negative numbers. 3+(H=3+-4=3-4=-1

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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and
(+5) x (=2) =-10

Like signs together give an overall positive sign. For
example,

3—(—4)=3——4=34+4=7
and
(—6) x (—4) =+24

Prime Numbers

A prime number can be divided, without a remainder,
only by itself and by 1. For example, 17 can be divided
only by 17 and by 1. Other examples of prime numbers
are 2,3,5,7,11,13,19 and 23.

1.2 Revision of addition and

subtraction

You can probably already add two or more numbers
together and subtract one number from another. How-
ever, if you need a revision then the following worked
problems should be helpful.

Problem 1. Determine 735 + 167

HTU
735
+167

902

11

(i) 547 =12.Place 2 in units (U) column. Carry 1
in the tens (T) column.

(ii)) 346+ 1 (carried) = 10. Place the O in the tens
column. Carry the 1 in the hundreds (H) column.

(iii)) 741+ 1 (carried) =9. Place the 9 in the hun-
dreds column.

Hence, 7354167 = 902

Problem 2. Determine 632 — 369

HTU
632
-369

263

(i) 2—9 is not possible; therefore change one ten
into ten units (leaving 2 in the tens column). In
the units column, this givesus 12 -9 =3

(i1) Place 3 in the units column.

(iii) 2 — 6 is not possible; therefore change one hun-
dred into ten tens (leaving 5 in the hundreds
column). In the tens column, this gives us
12—-6=06

(iv) Place the 6 in the tens column.

v) 5-3=2

(vi) Place the 2 in the hundreds column.
Hence, 632 — 369 = 263

Problem 3. Add27,—74,81 and —19

This problem is written as 27 — 74481 — 19

Adding the positive integers: 27
81
Sum of positive integers is 108
Adding the negative integers: 74
19
Sum of negative integers is 93

108 + —93 = 108 — 93 and taking the sum
of the negative integers from the sum of
the positive integers gives 108

-93
15

Thus, 27 —-74+81—-19=15

Problem 4. Subtract —74 from 377

This problem is written as 377 — —74. Like signs
together give an overall positive sign, hence

377
+ 74

451

377 —=74=377+74

Thus, 377 — =74 = 451
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Problem 5. Subtract 243 from 126

The problem is 126 — 243. When the second number is
larger than the first, take the smaller number from the
larger and make the result negative. Thus,

126 — 243 = — (243 — 126) 243
—126

117

Thus, 126 — 243 = —117

Problem 6. Subtract 318 from —269

The problem is —269 — 318. The sum of the negative
integers is

269
+318

587

Thus, —269 — 318 = —587

Now try the following Practice Exercise

Practice Exercise 1  Further problems on
addition and subtraction (answers on
page 1148)

In Problems 1 to 15, determine the values of the
expressions given, without using a calculator.

1. 67kg—82kg+34kg

73m—57m

851 mm — 372 mm

124 — 273 4481 — 398

£927 — £114 4+ £182 — £183 — £247
647 — 872

2417 — 487 42424 — 1778 — 4712
—38419 — 2177 4 2440 — 799 + 2834

£2715 — £18250+ £11471 — £1509 4
£113274

47 + (—74) — (—23)

2 2 F e ;o N

._
o

11. 813 —(—674)

12. 3151 — (—2763)
13. 4872g—4683¢g
14. —23148 — 47724
15. $53774— $38441

110

A4
T
@
A

Ve

60

A
v
A

y

50 38

A
A4

120
Figure 1.1
16. Figure 1.1 shows the dimensions of a tem-

plate in millimetres. Calculate the diameter
d and dimensions A and B for the template.

Revision of multiplication and

division

You can probably already multiply two numbers
together and divide one number by another. However, if
you need a revision then the following worked problems
should be helpful.

Problem 7. Determine 86 x 7

HTU
86

(i) 7 x 6=42. Place the 2 in the units (U) column
and ‘carry’ the 4 into the tens (T) column.

<<
[ e
S
e
O
v
v
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(i1) 7 x8=56;56+ 4 (carried) = 60. Place the O in
the tens column and the 6 in the hundreds (H)
column.

Hence, 86 x 7 = 602

A good grasp of multiplication tables is needed when
multiplying such numbers; a reminder of the multipli-
cation table up to 12 x 12 is shown below. Confidence
with handling numbers will be greatly improved if this
table is memorised.

Problem 8. Determine 764 x 38

764
x 38

6112
22920

29032

(i) 8 x4 =32. Place the 2 in the units column and
carry 3 into the tens column.

(i1) 8 x 6 =48;48 + 3 (carried) = 51.Place the 1 in
the tens column and carry the 5 into the hundreds
column.

(ii1) 8 x 7 =156;56+ 5 (carried) = 61. Place 1in the
hundreds column and 6 in the thousands column.

(iv) Place O in the units column under the 2. This is
done because we are multiplying by tens.

(v) 3 x4 =12. Place the 2 in the tens column and
carry 1 into the hundreds column.

(vi) 3 x6=18;18+ 1 (carried) = 19. Place the 9 in
the hundreds column and carry the 1 into the
thousands column.

(vil) 3 x7=21;21+41 (carried) = 22. Place 2 in the
thousands column and 2 in the ten thousands
column.

(viii) 6112422920 =29032

Hence, 764 x 38 = 29032

Again, knowing multiplication tables is rather important
when multiplying such numbers.

It is appreciated, of course, that such a multiplication
can, and probably will, be performed using a calculator.
However, there are times when a calculator may not be
available and it is then useful to be able to calculate the
‘long way’.

Problem 9. Multiply 178 by —46

When the numbers have different signs, the result will
be negative. (With this in mind, the problem can now
be solved by multiplying 178 by 46.) Following the
procedure of Problem 8 gives
178
X 46

1068
7120

8188
Thus, 178 x 46 = 8188 and 178 x (—46) = —8188

Multiplication table

X 2 3 4 5 6 7 8 9 10 11 12

2 4 6 8§ 10 12
3 6 9 12 15 18
4 8§ 12 16 20 24
5 10 15 20 25 30
6 12 18 24 30 36
7 14 21 28 35 42
8 16 24 32 40 48
9 18 27 36 45 54
10 20 30 40 50 60
11 22 33 44 55 66
12 24 36 48 60 72

14
21
28
35
42
49
56
63
70
77
84

16 18 20 22 24
24 27 30 33 36
32 36 40 44 48
40 45 50 55 60
48 54 60 66 72
56 63 70 77 84
64 72 80 88 96
72 81 90 99 108
80 90 100 110 120
88 99 110 121 132
96 108 120 132 144
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Problem 10. Determine 1834 =7

262

7)1834

(i) 7into 18 goes 2, remainder 4. Place the 2 above
the 8 of 1834 and carry the 4 remainder to the
next digit on the right, making it 43

(i) 7 into 43 goes 6, remainder 1. Place the 6 above
the 3 of 1834 and carry the 1 remainder to the
next digit on the right, making it 14

(iii) 7 into 14 goes 2, remainder 0. Place 2 above the
4 0f 1834

1834
Hence, 1834 =7 = 1834/7 = = 262

The method shown is called short division.

Problem 11. Determine 5796 =12

483

12)5796
48
99
—96
36
—36
00

(i) 12 into 5 won’t go. 12 into 57 goes 4; place 4
above the 7 of 5796

(i) 4 x 12 =48; place the 48 below the 57 of 5796
(iii)) 57-48=9
(iv) Bring down the 9 of 5796 to give 99
(v) 12 1into 99 goes 8; place 8 above the 9 of 5796
(vi) 8 x 12 =96; place 96 below the 99
(vii) 99-96=3
(viii) Bring down the 6 of 5796 to give 36
(ix) 12 into 36 goes 3 exactly
(x) Place the 3 above the final 6
(xi) 3 x 12 = 36; Place the 36 below the 36
(xil) 36—-36=0

5796
Hence, 5796 + 12 =5796/12 = - = 483

The method shown is called long division.

Now try the following Practice Exercise

Practice Exercise2 Further problems on
multiplication and division (answers on
page 1148)

Determine the values of the expressions given in
Problems 1 to 9, without using a calculator.

1. (@78 x6 (b) 124 x 7

2. (a)£261 x 7 (b) £462 x 9

3. (a)783kg x 11 (b) 73kg x 8

4. (a)27mm x 13 (b) 77mm x 12

5. (a)448 x 23 (b) 143 x (=31)

6. (2)288m =6 (b)979m =11
1813 896

7@ — (b) =

8. (a) 21424 (b) 15900 = — 15

13
9. (a) 8817137 (b) 46858 = 14

10. A screw has a mass of 15 grams. Calculate,
in kilograms, the mass of 1200 such screws
(1kg=1000g).

11. Holes are drilled 35.7mm apart in a metal
plate. If a row of 26 holes is drilled, deter-
mine the distance, in centimetres, between
the centres of the first and last holes.

12. A builder needs to clear a site of bricks and
top soil. The total weight to be removed is 696
tonnes. Trucks can carry a maximum load of
24 tonnes. Determine the number of truck
loads needed to clear the site.

Highest common factors and

lowest common multiples

When two or more numbers are multiplied together,
the individual numbers are called factors. Thus, a fac-
tor is a number which divides into another number
exactly. The highest common factor (HCF) is the
largest number which divides into two or more numbers
exactly.

For example, consider the numbers 12 and 15

<<
[ =
S
e
O
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v
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The factors of 12 are 1, 2, 3, 4, 6 and 12 (i.e. all the
numbers that divide into 12)

The factors of 15 are 1, 3, 5 and 15 (i.e. all the numbers
that divide into 15)

1 and 3 are the only common factors; i.e. numbers
which are factors of both 12 and 15.

Hence, the HCF of 12 and 15 is 3 since 3 is the highest
number which divides into both 12 and 15.

A multiple is a number which contains another num-
ber an exact number of times. The smallest num-
ber which is exactly divisible by each of two or
more numbers is called the lowest common multiple
(LCM).

For example, the multiples of 12 are 12, 24, 36, 48,
60, 72, ... and the multiples of 15 are 15, 30, 45,
60, 75, ...

60 is a common multiple (i.e. a multiple of both 12 and
15) and there are no lower common multiples.

Hence, the LCM of 12 and 15 is 60 since 60 is the
lowest number that both 12 and 15 divide into.

Here are some further problems involving the determi-
nation of HCFs and LCMs.

Problem 12. Determine the HCF of the numbers
12,30 and 42

Probably the simplest way of determining an HCF is to
express each number in terms of its lowest factors. This
is achieved by repeatedly dividing by the prime numbers
2,3,5,7,11, 13, ... (where possible) in turn. Thus,

30=2  x3x5

4222 x3x7

The factors which are common to each of the numbers
are 2 in column 1 and 3 in column 3, shown by the broken
lines. Hence, the HCF is 2 x 3;i.e. 6. That is, 6 is the
largest number which will divide into 12, 30 and 42.

Problem 13. Determine the HCF of the numbers
30, 105,210 and 1155

Using the method shown in Problem 12:

30=2x 3 x5
105 = 3ixi5x7

210=2 x 3ixi5ix7

1155 = 3ix

o))
X
-
X
—_
—_

The factors which are common to each of the numbers
are 3 in column 2 and 5 in column 3. Hence, the HCF
is3x5=15

Problem 14. Determine the LCM of the numbers
12, 42 and 90

The LCM is obtained by finding the lowest factors of
each of the numbers, as shown in Problems 12 and 13
above, and then selecting the largest group of any of the
factors present. Thus,

90 =2

The largest groups of any of the factors present are
shown by the broken lines and are 2 x 2 in 12, 3 x 3
in 90, 51in 90 and 7 in 42

Hence, the LCM is 2 x2x3x3 x5 x7=1260 and
is the smallest number which 12, 42 and 90 will all
divide into exactly.

Problem 15. Determine the LCM of the numbers
150, 210, 735 and 1365

Using the method shown in Problem 14 above:

150 =121x13 x 55

210=2 x3 x5 x 7

735 = 3 x5
1365 = 3 x5
Hence, the LCM is 2 x3x5x5x7x7x13
= 95550

Now try the following Practice Exercise

Practice Exercise 3 Further problems on
highest common factors and lowest common
multiples (answers on page 1148)

Find (a) the HCF and (b) the LCM of the following
groups of numbers.

1. 8,12 2. 60,72
3. 50,70 4. 270,900
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5. 6,10, 14 6. 12,30,45
7. 10, 15,70, 105 8. 90, 105, 300
9. 196,210,462,910 10. 196,350,770

1.5 Order of operation and brackets

Order of operation

Sometimes addition, subtraction, multiplication, divi-
sion, powers and brackets may all be involved in a
calculation. For example,

5—3x4+24=+(3+5)—3>

This is an extreme example but will demonstrate the
order that is necessary when evaluating.

When we read, we read from left to right. However,
with mathematics there is a definite order of precedence
which we need to adhere to. The order is as follows:

Brackets

Order (or pOwer)
Division
Multiplication
Addition
Subtraction

Notice that the first letters of each word spell BOD-
MAS, a handy aide-memoire. Order means pOwer. For
example, 4°> =4 x 4 = 16.
5—3x4+4+24=3+5 —3% is
follows:

evaluated as

5—3x4+24=(3+5)—3>

=5-3x4+24-8—32 (Bracket is removed and

3 + 5 replaced with 8)
=5—-3%x4+4+24+-8-9 (Order means pOwer; in

this case, 32 =3 x3=09)

=5-3x4+43-9 (Division: 24 +~ 8 = 3)
=5—-1243-9 (Multiplication: —3 x4 =—12)
=8—-12-9 (Addition: 543 =38)
=-13 (Subtraction: 8 — 12 —9 = —13)

In practice, it does not matter if multiplication is per-
formed before division or if subtraction is performed
before addition. What is important is that the pro-
cess of multiplication and division must be completed
before addition and subtraction.

Brackets and operators

The basic laws governing the use of brackets and
operators are shown by the following examples.

(a) 2+3=3+42; i.e. the order of numbers when
adding does not matter.

(b) 2x3=3x2; ie. the order of numbers when
multiplying does not matter.

(c) 24+ @B+4)=(2+3)+4;1i.e. the use of brackets
when adding does not affect the result.

(d) 2x(3x4)=(2x3)x4;i.e. the use of brackets
when multiplying does not affect the result.

() 2xB+4)=23+4)=2x3+2x4; ie. a
number placed outside of a bracket indicates
that the whole contents of the bracket must be
multiplied by that number.

) 2+3)4+5=05)9)=5x9=45; ie. adja-
cent brackets indicate multiplication.

(g 2[34+(@x5]=2[3+20]=2x23=46; ie.
when an expression contains inner and outer

brackets, the inner brackets are removed
first.

Here are some further problems in which BODMAS
needs to be used.

Problem 16. Find the value of 6 +4 + (5 —3)

The order of precedence of operations is remembered
by the word BODMAS. Thus,

64+4+-(5-3)=6+4=2 (Brackets)
=6+2 (Division)
=8 (Addition)

Problem 17. Determine the value of
13—2x34+14+-(2+45)

13—2x3+14=Q2+5) =13-2x3+14=7 (B)

—13-2x3+2 (D)
=13-6+42 (M)
=15-6 (A)
=9 (S)

Problem 18. Evaluate
16 =(2+6) + 18[3 + (4 x 6) — 21]
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16 = (2+6) + 18[3 + (4 x 6) — 21]

=16+ 2+6)+18[3+24—21] (B: inner bracket
is determined first)

=16+8+18x6 (B)
=2+18x6 (D)
=24108 M)
=110 (A)

Note that a number outside of a bracket multiplies all
that is inside the brackets. In this case,

18[3+24 —21] = 18[6], which means 18 x 6 =108

Problem 19. Find the value of

(144 = 4)
23-4Qx )+
Boa@xn+ Y s 4141l
DTy T
:23—56+36—6 (M)
=23 5646 (D)
=29 56 (A)
=27 (s)

Problem 20. Evaluate

3+,/(52—32)+23

1+(@x6)=(Gx4)

15+-34+2x7—-1
3x/4+8-32+41

3+,/(52—32)+23
1+@x6)=-3x4)

15+34+2%x7—1
3x/4+8-32+1

_ 3+4+48  15+3+2x7—1
T 1424-12  3x2+8-9+1
34448 542x7—1

1+2 3x24+8-9+1

—15+ 5414—1
T3 648—-9+1
—5+18
- 6
=5+3=8

Now try the following Practice Exercise

Practice Exercise4 Further problems on
order of precedence and brackets (answers
on page 1148)

Evaluate the following expressions.
I. 1443x15
2. 17—-12+4
3. 86+4+24+(14-2)
4. 723 -18)+(12-5)
5. 63—8(14+2)+26

40
6. ?—42+6+(3x7)
50— 14
7. %+7(16—7)—7
8 (7-3)(1-6)
" 4(11-6)=(3—28)
o B4+9x6)=3—-2=x2
C 3x64+(@4—9)—32+5
(4x3%+24)+5+9x3
10.
2x32-15=3
2427+3412+2—32
5+(13-2x5)—4
0" 14++/254+3%x2—8=2

3x4—,/(324+4%)+1

(4x247x2) =11
Jo9+12+2-23

For fully worked solutions to each of the problems in Practice Exercises 1 to 4 in this chapter,
go to the website:
www.routledge.com/cw/bird


www.routledge.com/cw/bird

Chapter 2

Fractions

Why it is important to understand: Fractions

Engineers use fractions all the time. Examples including stress to strain ratios in mechanical engi-
neering, chemical concentration ratios and reaction rates, and ratios in electrical equations to solve
for current and voltage. Fractions are also used everywhere in science, from radioactive decay rates
to statistical analysis. Calculators are able to handle calculations with fractions. However, there
will be times when a quick calculation involving addition, subtraction, multiplication and division
of fractions is needed. Again, do not spend too much time on this chapter because we deal with
the calculator later; however, try to have some idea how to do quick calculations in the absence
of a calculator. You will feel more confident to deal with fractions and calculations if you can
do this.

At the end of this chapter, you should be able to:

understand the terminology numerator, denominator, proper and improper fractions and mixed numbers
add and subtract fractions

multiply and divide two fractions

appreciate the order of precedence when evaluating expressions involving fractions

A mixed number is a combination of a whole number

2.1 Intr ion 1
troductio and a fraction. 2— is an example of a mixed number. In

A mark of 9 out of 14 in an examination may be writ- fact 5 21
272

9 9 . .
ten as 14 or 9/14. 14 is an example of a fraction. The There are a number of everyday examples in which frac-

number above the line, i.e. 9, is called the numera- tions are readily referred to. For example, three people
tor. The number below the line, i.e. 14, is called the
denominator.

When the value of the numerator is less than the value
of the denominator, the fraction is called a proper

equally sharing a bar of chocolate would have — each.
1
A supermarket advertises — off a six-pack of beer; if the

3
. 9. . beer normally costs £2 then it will now cost £1.60. — of
fraction. 12 is an example of a proper fraction.

. h 1 f ;if th
When the value of the numerator is greater than the the employees of a company are women; if the company

value of the denominator, the fraction is called an

5
improper fraction. 3 is an example of an improper

fraction.

has 48 employees, then 36 are women.

Calculators are able to handle calculations with frac-
tions. However, to understand a little more about
fractions we will in this chapter show how to add,

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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subtract, multiply and divide with fractions without the
use of a calculator.

Problem 1. Change the following improper
fractions into mixed numbers:

9 13 28
(a) 5 (b) Z (c) ?

9 9
(a) 3 means 9 halves and 3 =9+2,and9+-2=4
and 1 half, i.e.

13 13
(b) T means 13 quarters and Vil 13+4, and
13 -4 =3 and 1 quarter, i.e.

13 1
=~ _3=
4 4

28 28
(c) 5 means 28 fifths and 5 =28 +5,and28 +-5=
5 and 3 fifths, i.e.

Problem 2. Change the following mixed numbers
into improper fractions:

3 7 3

3 3
(a) SZ means 5 + 7 5 contains 5 x 4 = 20 quarters.

3
Thus, SZ contains 20 4 3 = 23 quarters, i.e.

3
The quick way to change SZ into an improper

.. 4x5+3 23
fractionis —— = —
4 4
7 9x1+7 16
b) - =— = —
®) 9 9 9
3 T7x2+3 17
(©) 2_:i:_
7 7 7

Problem 3. In a school there are 180 students of
which 72 are girls. Express this as a fraction in its
simplest form

. L 12
The fraction of girls is —.
Dividing both the numerator and denominator by the
lowest prime number, i.e. 2, gives
72 36
180 90
Dividing both the numerator and denominator again by
2 gives
7236 18
180 90 45
2 will not divide into both 18 and 45, so dividing both the
numerator and denominator by the next prime number,
i.e. 3, gives
72 36 18 6
180 90 45 15
Dividing both the numerator and denominator again by
3 gives
7236 18 6

2
180 90 45 15 5

2
= — in its simplest form.

So —
180 5

2
Thus, 3 of the students are girls.

2.2 Adding and subtracting fractions

When the denominators of two (or more) fractions to
be added are the same, the fractions can be added ‘on
sight’.

7 3 1 4

5
F 1 — - = — d— —- = —
or example, 9+9 9an 8+8 3

In the latter example, dividing both the 4 and the 8 by

4 1
4 gives 3= 7 which is the simplified answer. This is

called cancelling.
Addition and subtraction of fractions is demonstrated in
the following worked examples.

1 1
Problem 4. Simplify 3 + 5

(i) Make the denominators the same for each frac-
tion. The lowest number that both denominators
divide into is called the lowest common multiple
or LCM (see Chapter 1, page 8). In this example,
the LCM of 3and 2 is 6
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(i) 3 divides into 6 twice. Multiplying both numera-

tor and denominator of — by 2 gives

R

(i) 2 dividesinto 6, 3 times. Multiplying both numer-

ator and denominator of — by 3 gives

(iv) Hence, %=%<> éi)
11186

7
Problem 5. Simplify Z ~ 1

[OSHIEE

(i) Make the denominators the same for each frac-
tion. The lowest common multiple (LCM) of 4
and 16 is 16.

(i) 4 divides into 16, 4 times. Multiplying both

numerator and denominator of 7 by 4 gives

312 B
4716 -

7
(iii) 16 already has a denominator of 16.

(iv) Hence,

37 12 7 5

4 16 16 16 16
e 1
Problem 6. Simplify 4§ = 16

2 1. 2 1 L
4— —1- is the same as {4— | — | 1= ) which is the
3 6 3 6

2 1
same as (4+ §> — (1 + 8) which is the same as

2 1 2 1
4—1—5—1—8whichisthesameas3+§—gWhich
is th 3+4 ! 3+3 3+1
is the same as ———= - = -

6 6 6 2
2 1 1
Thus,4-— —1-=3-
3 6 2

1 3
Problem 7. Evaluate 7 3 5 7

1 3 1 3 1 3
15-53=(1+5)-(5+3)=7+5-5-3
1 3 Tx1—-8x3
8 7 * 56
:2+ﬂ:2+__1’7:2_£
56 56 56
112 17 112 -17 95 139

5% 56 56 56 56

Problem 8. Determine the value of

45 31+12
8 4 5
45 3 +12 4-3+1+ > 1—1-2
8 4 5
S5x5—-10x1+8x%x2
=24
40
B +25—10—%—16
B 40
31 31
=24+ —=2—
+40 40

Now try the following Practice Exercise

Practice Exercise 5 Introduction to
fractions (answers on page 1148)

15
1. Change the improper fraction - into a

mixed number.

3
2. Change the improper fraction 5 into a

mixed number.

4
3. Change the mixed number 2§ into an

improper fraction.
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7 2
4. Change the mixed number 8§ into an For example, 3%

improper fraction.
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5. A box contains 165 paper clips. 60 clips
are removed from the box. Express this as
a fraction in its simplest form.

2
Problem 9. Simplify 7 x 3

6. Order the following fractions from the small- 7 % % — Z % % — 7x2 — E _ zi
est to the largest. 5 1 5 1Ix5 5 5
45313 314
9°8'7'2°5 Problem 10. Find the value of =X =

7. A training college has 375 students of which Dividing numerator and denominator by 3 gives

120 are girls. Express this as a fraction in its 4 1 14 1xl14

3
simplest form. 7 X Tk X 5T s
X

Evaluate, in fraction form, the expressions given in

Problems 8 to 20. Dividing numerator and denominator by 7 gives
1 2 5 4 Ix14 1x2 2
8' . + — 9. = = = 7 = = —
35 6 15 x5 I1x5 5§
10 1 2 7 1 This process of dividing both the numerator and denom-
) + 3 1L 16 4 inator of a fraction by the same factor(s) is called
cancelling.
2 3 2 1 2
12. -+ — 13. ——=-+4-
7 11 9 7 3 3 4
Problem 11. Simplify — x —
2 1 7 2 5 5 9
14. 3- -2 15, ——=+-
5 3 27 3 9
3 4 1 4 b ”
3 3 5 2 — X — = — X = by cancelling
16. 5— +3- 17. 4= —3- 509 53
13 4 8 5
4
3 2 1 4 5 15
18. 10- —8= 19. 3——4-+1-
7 3 4 5 + 6
3 2 1 3 1 3
20. 52 _12_3- Problem 12. Evaluate 1- x2- x 3=
S T4 s 2 > 27

Mixed numbers must be expressed as improper frac-
tions before multiplication can be performed. Thus,

Multiplication and division s 1 3 s 3 6 1 3
of fractions 1§x2§x37:(§+§)x(§+§)x(7+7)
8 7 24 8x1x8 o4
Multiplication =3 X3X T = 1" 5
To multiply two or more fractions together, the numer- 4
ators are first multiplied to give a single number = 12§

and this becomes the new numerator of the com-

bined fraction. The denominators are then multiplied 1 ) 3
together to give the new denominator of the combined Problem 13. Simplify 3§ X 1§ X 24_1
fraction.
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The mixed numbers need to be changed to improper Now try the following Practice Exercise -
fractions before multiplication can be performed. =
=)
31 % 1% % 2% _ 16 % 5 % 11 Pra.ctice Exerc.ise 6 Multiplying and g
5 3 4 5 3 4 dividing fractions (answers on page 1148) (92
4 1 11 . Evaluate the following.
= — X — X — by cancelling
13 1 2 4 4
1. = x= 2. 5% —
_Axdxll_44 2 57 9
T Ix3x1 3 3 3 8 3 5
3. —x— 4, — x —
4 11 459
ivisi 17 15 3 7 2
Division 5. 122 6 >x w1z
The simple rule for division is change the division H W J 9 7
sign into a multiplication sign and invert the second 13 7 4 1 3 5
fraction 7. —x4— x3— =X —X1—
: 17 11 39 4 11 39
2 3 2 4 8
For example, §+Z=§X§=§ 9. %_i 10 E_E
9 27 8 64
3 8
Problem 14. Simplify = = — 1, 3.3 12 3.4
7021 8" 32 45
3 8 3 21 3 3 ) 1 2 1 5
-+ — = - X — = — X - by cancelling 13. 2-x1= 14, 1-+2-
7 21 7 8 1 8 4 3 3 9
3x3 9 1 4 7 3 2
20 2o 15. 2=+ — 16. 2= +3=
I1x8 8 8 5 10 4 3
- 3.1 17. L2t 18, 31 122
Problem 15. Find the value of5§ 775 97373 - 23 %'5 73
., o1
The mixed numbers must be expressed as improper 19. A ship’s crew numbers 105, of which 7 are
fractions. Thus,

1
women. Of the men, — are officers. How

2 22 2 14 42
5§+7 = —8;_ = —8 X i =—x i =— many male officers are on board?

1
53573 5722 5711 55
20. If a storage tank is holding 450 litres when

Problem 16. Simplify 3% x 1§ +2§ it is three-quarters full, how much will it

3 4 4 contain when it is two-thirds full?
Mixed numbers must be expressed as improper fractions 21. Three people, P, Q and R, contribute to a
before multiplication and division can be performed: fund. P provides 3/5 of the total, O pro-
vides 2/3 of the remainder and R provides
3g X 1E +2§ = E X z+ E = E X z X i £8. Determine (a) the total of the fund and

3 4 4 34 4 341 (b) the contributions of P and Q.

1 x7x

i by cancelling 22. A tank contains 24 000 litres of oil. Initially,

T3xix1 7
Ixlx 0 of the contents are removed, then 3 of
_ z _ 21 the remainder is removed. How much oil is

3 3 left in the tank?
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2.4 Order of operation

with fractions

As stated in Chapter 1, sometimes addition, subtraction,
multiplication, division, powers and brackets can all be
involved in a calculation. A definite order of operation
must be adhered to. The order is:

Brackets
Order (or pOwer)
Division
Multiplication
Addition
Subtraction
It should be noted that cancelling cannot happen until

the final answer has been calculated.
This is demonstrated in the following worked problems.

Problem 17. Simplif / 3><4
- P 55 T8 5
7 3 4 7 3xl1 b i ™)
— - X == — — — cancellin
20 85720 2x5 7 &
7 3
_ 2 M
20 10 (M)
71 6
20 20
_ 1 (S)
20
1 1 5 9
Problem 18. Simplify = — 2= x = + —
roblem 1mp1y4 5X8+10
1 1 5 9 1 11 5 9
X = — — x4
4 578 10 4 578 10
1 11 1 9
:Z—Tx§+ﬁbycancelhng
1o N 9 o)
T4 8 10
_1x10 11x5+9x4
T 4x10 8x5 10x4
(since the LCM of 4, 8 and 10 is 40)
10 55 36
:—__+_
40 40 40
10—55436
_ 070450 (A/S)
40
9
40

Problem 19. Simplify

21 2+
2 5

-

2

X_

3
X5 5 2
| =-x=
x5 8 3

(-2

1

21__<% §)€_(§
2 574 8
5 [(2x4 3
:E_(5x4+4
5 (8 15\
=5‘<ﬁ+ﬁ>*
5 23 (5
2720 &~
5 235
T2 02 12
5 23 12
2275
5 23 3 ,
=53 X gby cancelling
5 69
2 25
5x25 69x2
T2x25 25x2
125 138
~50 50
13
750

Problem 20. Evaluate

3 27 °1) 7757572
3 4 1
= —of 12432 a =
ol 52
1 7 16 4 1
= — X — —_——_—— =
37275 75 2

—) by cancelling

(B)

(B)

(B)

(B)

D)

M)

S)

(S)

(B)

©O)

(Note that the ‘of * is replaced with a
multiplication sign)

16
5
4 1

7 5
XZ—}— XZ—

7
3t

1
2

1
X - — 3 by cancelling

D)
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7 4

= + ! ™M) 5
1201 2 '
7 48 6
0 A/S 6.
12 + 12 12 (A/S)
_® 7.
12
1
12 8.
Now try the following Practice Exercise 9
Practice Exercise7  Order of precedence 10.
with fractions (answers on page 1148)
Evaluate the following.
11.
1 2 1 1
1. 2——§x—0 2. ——§X—6
2 5 27 3 4 27
1 3 9 1 1 2 5 1
F =do—== 4, —42-+——-— 12.
* 5 15 3 5 + 3 9 4

N = W Wk~

I
e
W

I

| = .
S~

-
N
AN | W

X

N W
N~

6-x1-——
3 5 3
3 1
61—
4 2
1 2
l=%2=<=
3 5 5
1 2 1 2+4
4 5 5 3 15
2+31 21+1
— _X — —
3 5 2 3
1 1
8- +3-
3 3

For fully worked solutions to each of the problems in Practice Exercises 5 to 7 in this chapter,

go to the website:

www.routledge.com/cw/bird
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Revision Test 1 Basic arithmetic and fractions

This assignment covers the material contained in Chapters 1 and 2. The marks available are shown in brackets at the
end of each question.

Evaluate
1009cm — 356¢cm — 742 cm + 94 cm.

Determine £284 x 9

Evaluate
(a) —11239 — (—4732) + 9639

(b) —164 x —12
(c¢) 367 x—19 (6)

Calculate (a) $153 -9 (b) 1397g+ 11 4)

A small component has a mass of 27 grams.
Calculate the mass, in kilograms, of 750 such
components. 3)

Find (a) the highest common factor and (b) the
lowest common multiple of the following num-
bers: 15, 40, 75, 120 (7

Evaluate the expressions in questions 7 to 12.

7.
8.

9.

10.

7420+ (9—75) 3)
147 —21(24=3) + 31 3)
40+ (1+4)+7[8+ (3 x8) —27] 5)

(7-3)2-5)
39-5)+(12-6)

3)

(T+4x5)=3+6+2
2x4+(5-8)—22+3

(&)

(42x5—-8)=3+9x8
4%x32-20+5

13.

Simplify

()3 7
) - — —
4 15

5 1 .5
(b) 13 —22+3% 8)

A training college has 480 students of which 150
are girls. Express this as a fraction in its simplest
form. )

7
A tank contains 18 000 litres of oil. Initially, 0 of

the contents are removed, then 3 of the remainder
are removed. How much oil is left in the tank? (4)

Evaluate

()17 3 33
a) - x-=x3-
9 8 5
2 1
b) 6- 1=
(b) 3713
()11 21 2
c) 1z x2-+-—
3 55

Calculate

For lecturers/instructors/teachers, fully worked solutions to each of the problems in Revision Test 1,
together with a full marking scheme, are available at the website:
www.routledge.com/cw/bird
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Chapter 3

Decimals

Why it is important to understand: Decimals

Engineers and scientists use decimal numbers all the time in calculations. Calculators are able to handle
calculations with decimals; however, there will be times when a quick calculation involving addition,
subtraction, multiplication and division of decimals is needed. Again, do not spend too much time on
this chapter because we deal with the calculator later; however, try to have some idea how to do quick
calculations involving decimal numbers in the absence of a calculator. You will feel more confident to deal
with decimal numbers in calculations if you can do this.

At the end of this chapter, you should be able to:

add and subtract decimal numbers

[ ]
o
°
e multiply and divide decimal numbers

3.1 Introduction

The decimal system of numbers is based on the digits
0to9.

There are a number of everyday occurrences in which we
use decimal numbers. For example, a radio is, say, tuned
to 107.5MHz FM; 107.5 is an example of a decimal
number.

In a shop, a pair of trainers cost, say, £57.95; 57.95 is
another example of a decimal number. 57.95 is a decimal
fraction, where a decimal point separates the integer, i.e.
57, from the fractional part, i.e. 0.95

57.95 actually means (5 x 10) + (7 x 1)

+{9 ! +{5 !
X — X ——
10 100

convert a decimal number to a fraction and vice versa
understand and use significant figures and decimal places in calculations

3.2 Converting decimals to fractions

and vice versa

Converting decimals to fractions and vice versa is
demonstrated below with worked examples.

Problem 1. Convert 0.375 to a proper fraction in
its simplest form

@) 0375 b » 0.375 x 1000 .
i . m ritten — ie.
ay be written as 1000 e
375
0375 =——
1000
(i) Dividing both numerator and denominator by 5
. 375 75
gives =—
1000 200
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(iii) Dividing both numerator and denominator by 5

T s s
again g1iveS —— = —
SAUMEVES 500 = 20

(iv) Dividing both numerator and denominator by 5

again gives 15—3
BAMEIVES 40 8

Since both 3 and 8 are only divisible by 1, we cannot

3
‘cancel’” any further, so 3 is the ‘simplest form’ of the
fraction. 3
Hence, the decimal fraction 0.375 = 3 as a proper

fraction.
Problem 2. Convert 3.4375 to a mixed number

Initially, the whole number, 3, is ignored.

0.4375 x 10000

(i) 0.4375 may be written as
10000

4
0.4375 = ﬂ
10000

(ii)) Dividing both numerator and denominator by 25
4375 175

® 10000 — 400

(iii) Dividing both numerator and denominator by 5
175 35

®200 ~ 80

(iv) Dividing both numerator and denominator by 5

T35 7
again gives — = —
SAUNEVES 20 = 16

Since both 5 and 16 are only divisible by 1, we

give

give

7.
cannot ‘cancel’ any further, so Te is the ‘lowest
form’ of the fraction.

7
H ,0.4375 = —
(V) ence 16

7
Thus, the decimal fraction 3.4375=3R as a mixed

number.
7 . .
Problem 3. Express 3 as a decimal fraction

To convert a proper fraction to a decimal fraction, the
numerator is divided by the denominator.

0.875

8)7.000

(i) 8 into 7 will not go. Place the 0 above the 7

(i) Place the decimal point above the decimal point
of 7.000

(iii) 8 into 70 goes 8, remainder 6. Place the 8 above
the first zero after the decimal point and carry the
6 remainder to the next digit on the right, making
it 60

(iv) 8 into 60 goes 7, remainder 4. Place the 7 above

the next zero and carry the 4 remainder to the next
digit on the right, making it 40

(v) 8 into 40 goes 5, remainder 0. Place 5 above the
next zero.

7
Hence, the proper fraction 3= 0.875 as a decimal
fraction.

13
Problem 4. Express 5 Ie as a decimal fraction

For mixed numbers it is only necessary to convert the
proper fraction part of the mixed number to a decimal
fraction.

08125

16)13.0000

(i) 16 into 13 will not go. Place the 0 above the 3

(i) Place the decimal point above the decimal point
of 13.0000

(i) 16into 130 goes 8, remainder 2. Place the 8 above
the first zero after the decimal point and carry the
2 remainder to the next digit on the right, making
it 20

(iv) 16into 20 goes 1, remainder 4. Place the 1 above
the next zero and carry the 4 remainder to the next
digit on the right, making it 40

(v) 161into 40 goes 2, remainder 8. Place the 2 above
the next zero and carry the 8 remainder to the next
digit on the right, making it 80

(vi) 161into 80 goes 5, remainder 0. Place the 5 above
the next zero.

13
(vii) Hence, 6= 0.8125

13
Thus, the mixed number SR = 5.8125 as a decimal

fraction.
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Now try the following Practice Exercise

Practice Exercise 8 Converting decimals to
fractions and vice versa (answers on
page 1149)

Convert 0.65 to a proper fraction.
Convert 0.036 to a proper fraction.
Convert 0.175 to a proper fraction.

Convert 0.048 to a proper fraction.

@ B

Convert the following to proper fractions.
(a) 0.66 (b) 0.84 (¢) 0.0125
(d 0.282 (e) 0.024

Convert 4.525 to a mixed number.
Convert 23.44 to a mixed number.

Convert 10.015 to a mixed number.

2 g = &

Convert 6.4375 to a mixed number.

10. Convert the following to mixed numbers.

(a) 1.82 (b) 4.275 (c) 14.125
(d) 1535 (e) 16.2125

5
11. Express 3 as a decimal fraction.
11 . )
12. Express 6E as a decimal fraction.
7 . .
13. Express %) as a decimal fraction.
3 . .
14. Express UR as a decimal fraction.

9
15. Express %) as a decimal fraction.

3.3 Significant figures and decimal

places

A number which can be expressed exactly as a decimal
fraction is called a terminating decimal. For example,

3 6= 3.1825 is a terminating decimal.

A number which cannot be expressed exactly as a deci-
mal fraction is called a non-terminating decimal. For
example,

15 = 1.7142857... is a non-terminating decimal.

The answer to a non-terminating decimal may be
expressed in two ways, depending on the accuracy
required:

(a) correct to a number of significant figures, or

(b) correct to a number of decimal places, i.e. the
number of figures after the decimal point.

The last digit in the answer is unaltered if the next digit
on the right is in the group of numbers 0, 1, 2, 3 or 4
For example,

1.714285... =1.714 correct to 4 significant figures
= 1.714 correct to 3 decimal places

since the next digit on the right in this example is 2.
The last digit in the answer is increased by 1 if the next
digit on the right is in the group of numbers 5, 6, 7, 8 or
9. For example,

1.7142857...=1.7143 correct to 5 significant figures

= 1.7143 correct to 4 decimal places

since the next digit on the right in this example is 8

Problem 5. Express 15.36815 correct to
(a) 2 decimal places, (b) 3 significant figures,
(c) 3 decimal places, (d) 6 significant figures

(a) 15.36815 = 15.37 correct to 2 decimal places.
(b) 15.36815 =15.4 correct to 3 significant figures.
(c) 15.36815=15.368 correct to 3 decimal places.

(d) 15.36815=15.3682 correct to 6 significant
figures.

Problem 6. Express 0.004369 correct to
(a) 4 decimal places, (b) 3 significant figures

(a) 0.004369 = 0.0044 correct to 4 decimal places.

(b) 0.004369 = 0.00437 correct to 3 significant
figures.

Note that the zeros to the right of the decimal point do
not count as significant figures.
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Now try the following Practice Exercise

Practice Exercise 9  Significant figures and
decimal places (answers on page 1149)

1. Express 14.1794 correct to 2 decimal places.
2. Express2.7846 correct to 4 significant figures.
3. Express 65.3792 correct to 2 decimal places.

4. Express 43.2746 correct to 4 significant
figures.

5. Express 1.2973 correct to 3 decimal places.

6. Express 0.0005279 correct to 3 significant
figures.

3.4 Adding and subtracting decimal

numbers

When adding or subtracting decimal numbers, care
needs to be taken to ensure that the decimal points
are beneath each other. This is demonstrated in the
following worked examples.

Problem 7. Evaluate 46.8 +3.06 + 2.4+ 0.09
and give the answer correct to 3 significant figures

The decimal points are placed under each other as
shown. Each column is added, starting from the
right.

46.8
3.06
2.4

+0.09

52.35
111

(i) 649 =15.Place the 5 in the hundredths column.
Carry the 1 in the tenths column.

(i) 84+0+4+0+41 (carried) = 13. Place the 3 in
the tenths column. Carry the 1 into the units
column.

(i) 643424041 (carried) = 12. Place the 2 in
the units column. Carry the 1 into the tens column.

(iv) 441 (carried) = 5. Place the 5 in the hundreds
column.

Hence,

46.84+3.06+2.440.09 = 52.35

=524, correctto 3
significant figures

Problem 8. Evaluate 64.46 — 28.77 and give the
answer correct to 1 decimal place

As with addition, the decimal points are placed under
each other as shown.

64.46
—28.77
35.69

(i) 6—7 is not possible; therefore ‘borrow’ 1 from
the tenths column. This gives 16 —7 =9. Place
the 9 in the hundredths column.

(i) 3 —7 is not possible; therefore ‘borrow’ 1 from
the units column. This gives 13 — 7 = 6. Place the
6 in the tenths column.

(iii) 3 — 8 is not possible; therefore ‘borrow’ 1 from
the hundreds column. This gives 13 —8 =35.
Place the 5 in the units column.

(iv) 5 —2 = 3. Place the 3 in the hundreds column.

Hence,

64.46 — 28.77 = 35.69

= 35.7 correct to 1 decimal place

Problem 9. Evaluate 312.64 — 59.826 — 79.66 +
38.5 and give the answer correct to 4 significant
figures

The sum of the positive decimal fractions =
312.64+38.5=351.14

The sum of the negative decimal fractions
=59.826479.66 = 139.486

Taking the sum of the negative decimal fractions from
the sum of the positive decimal fractions gives

351.140
—139.486
211.654

Hence, 351.140 — 139.486 =211.654 = 211.7, cor-
rect to 4 significant figures.
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Now try the following Practice Exercise

Practice Exercise 10 Adding and
subtracting decimal numbers (answers on
page 1149)

Determine the following without using a calcula-
tor.

1. Evaluate 37.69 +42.6, correct to 3 signifi-
cant figures.

2. Evaluate 378.1 — 48.85, correct to 1 decimal
place.

3. Evaluate 68.92 + 34.84 — 31.223, correct to
4 significant figures.

4. Evaluate 67.841 — 249.55 + 56.883, correct
to 2 decimal places.

5. Evaluate 483.24 —120.44 — 67.49, correct
to 4 significant figures.

6. Evaluate 738.22 — 349.38 — 427.336 +
56.779, correct to 1 decimal place.

7. Determine the dimension marked x in the
length of the shaft shown in Figure 3.1. The
dimensions are in millimetres.

L 82.92

< »

27.41

L 0O
w
AN

X 34.67

< »

Figure 3.1

3.5 Multiplying and dividing decimal

numbers

When multiplying decimal fractions:

(a) thenumbers are multiplied as if they were integers,
and

(b) the position of the decimal point in the answer is
such that there are as many digits to the right of
it as the sum of the digits to the right of the dec-
imal points of the two numbers being multiplied
together.

This is demonstrated in the following worked examples.

Problem 10. Evaluate 37.6 x 5.4

376
x54
1504

18800
20304

(1) 376 x 54 =20304

(i) As there are 14 1 =2 digits to the right of
the decimal points of the two numbers being
multiplied together, 37.6 x 5.4, then

37.6 x5.4=203.04

Problem 11. Evaluate 44.25 = 1.2, correct to
(a) 3 significant figures, (b) 2 decimal places

44.25
4425 +-12= ——
1.2
The denominator is multiplied by 10 to change it into an
integer. The numerator is also multiplied by 10 to keep
the fraction the same. Thus,

4425  4425x 10 4425
1.2~ 12x10 ~ 12

The long division is similar to the long division of
integers, and the steps are as shown.

36.875

12442.500

36
82
7
105
96
90
84
60
60
0

(i) 12into 44 goes 3; place the 3 above the second
4 of 442.500

(i) 3 x 12=36; place the 36 below the 44 of
442.500

(iii) 44—36=38
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- (iv) Bring down the 2 to give 82 Now try the following Practice Exercise
5 (v) 12 into 82 goes 6; place the 6 above the 2 of
i~ 442.500 Practice Exercise 11  Multiplying and
. dividing decimal numbers (answers on
(vi) 6 x 12 ="72; place the 72 below the 82 page 1149)
(vii) 82-72=10 In Problems 1 to 8, evaluate without using a
calculator.

(viii) Bring down the 5 to give 105
Evaluate 3.57 x 1.4

Evaluate 67.92 x 0.7
Evaluate 167.4 x 2.3
Evaluate 342.6 x 1.7
Evaluate 548.28 =~ 1.2

Evaluate 478.3 — 1.1, correct to 5 significant
figures.

(ix) 12 into 105 goes 8; place the 8 above the 5 of
442.500

(x) 8 x 12 =96; place the 96 below the 105
(xi) 105-96=9

O R o

(xii) Bring down the 0 to give 90

(xiii) 12 into 90 goes 7; place the 7 above the first
zero of 442.500 7. Evaluate 563.48 = 0.9, correct to 4 signifi-

cant figures.

(xiv) 7 x 12 = 84; place the 84 below the 90 8 Evaluate 2387 4= 1.5

(xv) 90—84=6 In Problems 9 to 14, express as decimal fractions

(xvi) Bring down the 0 to give 60 to the accuracy stated.
4
(xvii) 12 into 60 gives 5 exactly; place the 5 above 9. —, correct to 3 significant figures.
the second zero of 442.500 e
442.5 10. —, correct to 5 decimal places.
(xviii) Hence, 44.25 1.2 = I = 36.875 27
9
So, 11. 1 T correct to 4 significant figures.
- — 1 1 5
(a) 44.25+1.2=36.9, correct to 3 significant 12. 53>, correct to 3 decimal places.
figures. 11
31 .
(b) 44.25-+1.2 =36.88, correct to 2 decimal places. 13. 13 37 correct to 2 decimal places.
9
5 14. SE’ correct to 3 significant figures.
Problem 12. Express 7§ as a decimal fraction, 15. Evaluate 421.8 = 17, (a) correct to 4 signif-
correct to 4 significant figures icant figures and (b) correct to 3 decimal
places.
s .2 0.0147 i
Dividing 2 by 3 gives 3= 0.6666066. .. 16. Evaluate , (a) correct to 5 decimal

2 places and (bj correct to 2 significant figures.
and 75 = 7.6666660...

12.6 .
2 17. Evaluate (a) —— (b)5.2 x 12
Hence, 7 3= 7.667, correct to 4 significant figures. 1.5
18. A tank contains 1800 litres of oil. How many

Note that 7.6666... i lled 7.6 i di
o 15 catle reclirring and 1s tins containing 0.75 litres can be filled from

written as 7.6

this tank?
o A For fully worked solutions to each of the problems in Practice Exercises 8 to 11 in this chapter,
a z go to the website:
&

i www.routledge.com/cw/bird


www.routledge.com/cw/bird
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Using a calculator

Why it is important to understand: Using a calculator

The availability of electronic pocket calculators, at prices which all can afford, has had a considerable
impact on engineering education. Engineers and student engineers now use calculators all the time since
calculators are able to handle a very wide range of calculations. You will feel more confident to deal with
all aspects of engineering studies if you are able to correctly use a calculator accurately.

At the end of this chapter, you should be able to:

evaluate formulae, given values

4.1 Introduction

In engineering, calculations often need to be performed.
For simple numbers it is useful to be able to use men-
tal arithmetic. However, when numbers are larger an
electronic calculator needs to be used.

There are several calculators on the market, many of
which will be satisfactory for our needs. It is essential
to have a scientific notation calculator which will have
all the necessary functions needed and more.

This chapter assumes you have a CASIO fx-991ES
PLUS calculator, or similar, as shown in Figure 4.1,
on page 26.

Besides straightforward addition, subtraction, multipli-
cation and division, which you will already be able to do,
we will check that you can use squares, cubes, powers,

use a calculator to add, subtract, multiply and divide decimal numbers

use a calculator to evaluate square, cube, reciprocal, power, root and x 10* functions
use a calculator to evaluate expressions containing fractions and trigonometric functions
use a calculator to evaluate expressions containing = and e* functions

appreciate errors and approximations in calculations

reciprocals, roots, fractions and trigonometric functions
(the latter in preparation for Chapter 38). There are sev-
eral other functions on the calculator which we do not
need to concern ourselves with at this level.

4.2 Adding, subtracting, multiplying

and dividing

Initially, after switching on, press Mode.

Of the three possibilities, use Comp, which is achieved
by pressing 1.

Next, press Shift followed by Setup and, of the eight
possibilities, use Mth 10, which is achieved by press-
ing 1.

By all means experiment with the other menu options —
refer to your ‘User’s guide’.

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.



Section A

26

Bird’s Comprehensive Engineering Mathematics

Figure 4.1 A CASIO fx-991ES PLUS Calculator

All calculators have 4+, —, x and = functions and
these functions will, no doubt, already have been used
in calculations.

Problem 1. Evaluate 364.7 — 57.5 correct to 3
decimal places

(i) Typein 364.7

(i) Press +.

(iii) Typein 57.5

364
(iv) Press = and the fraction 575 appears.

(v) Pressthe S < D function and the decimal answer
6.34260869. .. appears.

Alternatively, after step (iii) press Shift and = and the
decimal will appear.

Hence, 364.7 = 57.5 =6.343, correct to 3 decimal
places.

12.47 x 31.59

—————— correct to 4
70.45 x 0.052

Problem 2. Evaluate

significant figures

(i) Typein 12.47
(i) Press x.
(i) Typein 31.59
(iv) Press =.
(v) The denominator must have brackets; i.e. press (.

(vi) Typein 70.45 x 0.052 and complete the bracket;
i.e. press )

(vii) Press = and the answer 107.530518... appears.

12.47 x 31.59

Hence, ————
70.45 x 0.052
cant figures.

=107.5, correct to 4 signifi-

Now try the following Practice Exercise

Practice Exercise 12 Addition, subtraction,
multiplication and division using a calculator
(answers on page 1149)

1. Evaluate 378.37 —298.651 4 45.64 — 94.562

2. Evaluate 25.63 x 465.34 correct to 5 signif-
icant figures.

3. Evaluate 562.6 — 41.3 correct to 2 decimal

places.
17.35 x 34.27 .
4. Evaluate ———— correct to 3 decimal
41.53 +3.76
places.

5. Evaluate 27.48 +13.72x 4.15 correct to
4 significant figures.
(4.527+3.63)

(452.51 = 34.75)
to 5 significant figures.

6. Evaluate +0.468 correct
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(912.5 - 41.46)

7. Evaluate52.34 — —
(24.6 — 13.652)

correct to
3 decimal places.

52.14 % 0.347 x 11.23

8. Evaluate correct to
19.73 -3.54
4 significant figures.
451.2 363.8

9. Evaluate correct to 4 signifi-

24.57  46.79
cant figures.

45.6 —7.35 x 3.61

4.672 —3.125
decimal places.

4.3 Further calculator functions

Square and cube functions

10. Evaluate correct to 3

Locate the x% and x> functions on your calculator and
then check the following worked examples.

Problem 3. Evaluate 2.42

(i) Typein2.4

(i) Press x2 and 2.4 appears on the screen.
144
(iii) Press = and the answer 25 appears.

(iv) Press the S < D function and the fraction
changes to a decimal: 5.76

Alternatively, after step (ii) press Shift and =.
Thus, 2.4% =5.76

Problem 4. Evaluate 0.172 in engineering form

(i) Typein0.17
(i) Press x2 and 0.172 appears on the screen.
(iii)  Press Shift and = and the answer 0.0289 appears.

(iv) Press the ENG function and the answer changes
to 28.9 x 1073, which is engineering form.

Hence, 0.172 = 28.9x 1073 in engineering form. The
ENG function is extremely important in engineering
calculations.

Problem 5. Change 348620 into engineering
form

(i) Type in 348620
(ii)) Press = then ENG.
Hence, 348620 = 348.62 x10° in engineering form.

Problem 6. Change 0.0000538 into engineering
form

(1) Type in 0.0000538
(ii)) Press = then ENG.
Hence, 0.0000538 = 53.8 x 10~° in engineering form.

Problem 7. Evaluate 1.43

(i) Typein 1.4
(ii) Press x> and 1.43 appears on the screen.
3
(iii) Press = and the answer 5 appears.

(iv) Press the S <« D function and the fraction
changes to a decimal: 2.744

Thus, 1.43 =2.744

Now try the following Practice Exercise

Practice Exercise 13 Square and cube
functions (answers on page 1149)

1. Evaluate 3.5%

2. Evaluate 0.19°

3. Evaluate 6.85% correct to 3 decimal places.
4. Evaluate (0.036)? in engineering form.
5

Evaluate 1.563 correct to 5 significant
figures.

Evaluate 1.33

22

7. Evaluate 3.14° correct to 4 significant
figures.

8. Evaluate (0.38)3 correct to 4 decimal places.
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9. Evaluate (6.03)3 correct to 2 decimal places.

10. Evaluate (0.018)3 in engineering form.

Reciprocal and power functions
1 1
The reciprocal of 2 is o the reciprocal of 9 is 5 and the

. ! . . .
reciprocal of x is —, which from indices may be written
X

as x~ L. Locate the reciprocal, i.e. x~ 1, on the calculator.
Also, locate the power function, i.e. xD, on your
calculator and then check the following worked
examples.

1
Problem 8. Evaluate 33

(i) Typein3.2
(ii) Press x~!and 3.27" appears on the screen.
5
(iii)) Press = and the answer 6 appears.

(iv) Press the S < D function and the fraction
changes to a decimal: 0.3125

1
Thus, — = 0.3125
32

Problem 9. Evaluate 1.5 correct to 4 significant
figures

(i) Typein 1.5
(i) Press x5 and 1.55 appears on the screen.
(iii) Press 5 and 1.5° appears on the screen.

(iv) Press Shift and = and the answer 7.59375
appears.

Thus, 1.5% = 7.594, correct to 4 significant figures.
Problem 10. Evaluate 2.4% — 1.9% correct to 3
decimal places

(i) Typein2.4

(i) Press x5 and 2.45 appears on the screen.

(iii) Press 6 and 2.4% appears on the screen.

(iv) The cursor now needs to be moved; this is
achieved by using the cursor key (the large
blue circular function in the top centre of the
calculator). Press —

(v) Press —
(vi) Typein 1.9, press xH, then press 4

(vii) Press = and the answer 178.07087... appears.

Thus, 2.4% —1.9% =178.071, correct to 3 decimal
places.

Now try the following Practice Exercise

Practice Exercise 14 Reciprocal and power
functions (answers on page 1149)

1
1. Evaluate 175 correct to 3 decimal places.

2. Evaluate
0.0250

1
3. Evaluate 3 correct to 5 significant figures.

4. Evaluate correct to 1 decimal place.

0.00725
1

0.065 2.341
cant figures.

5. Evaluate

correct to 4 signifi-

6. Evaluate 2.1*

7. Evaluate (0.22)° correct to 5 significant
figures in engineering form.

8. Evaluate (1.012)7 correct to 4 decimal
places.

9. Evaluate (0.05)° in engineering form.

10. Evaluate 1.13 4 2.9* — 4.4% correct to 4 sig-
nificant figures.

Root and x 10* functions

Locate the square root function /O and the %
function (which is a Shift function located above
the xU function) on your calculator. Also, locate the
x 10" function and then check the following worked
examples.
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Problem 11. Evaluate /361

(i) Press the /O function.
(i) Type in 361 and +/361 appears on the screen.

(iii) Press = and the answer 19 appears.

Thus, +/361 =19

Problem 12. Evaluate /81

(i) Pressthe 5/ function.
(i) Type in 4 and /O appears on the screen.

(iii) Press — to move the cursor and then type in 81
and /81 appears on the screen.

(iv) Press = and the answer 3 appears.
Thus, +/81 =3

Problem 13. Evaluate 6 x 105 x 2 x 1077

(i) Typein6

(i) Press the x 10" function (note, you do not have
to use x).

(i) Typein5
(iv) Press x
(v) Typein2
(vi) Press the x10* function.

(vii) Typein —7
3
(viii) Press = and the answer 7 appears.

(ix) Press the S < D function and the fraction
changes to a decimal: 0.12

Thus, 6 x 105 x 2 x 10~7 = 0.12

Now try the following Practice Exercise

Practice Exercise 15 Root and x10*
functions (answers on page 1149)

1. Evaluate +/4.76 correct to 3 decimal places.

2. Evaluate +/123.7 correct to 5 significant
figures.

3. Evaluate /34528 correct to 2 decimal places.

4. Evaluate +/0.69 correct to 4 significant
figures.

5. Evaluate +/0.025 correct to 4 decimal places.
6. Evaluate /17 correct to 3 decimal places.

7. Evaluate ~/773 correct to 4 significant
figures.

8. Evaluate ~/3.12 correct to 4 decimal places.

9. Evaluate +/0.028 correct to 5 significant
figures.

10. Evaluate /2451 — /46 correct to 3 decimal
places.

Express the answers to Problems 11 to 15 in
engineering form.

11. Evaluate 5 x 1073 x 7 x 108

3x 1074
12. Evaluate —
8 x 1079
6x10% x 14 x 1074
13. Evaluate
2 x 100
56.43 x 1073 x 3 x 10*
14. Evaluate correct to
8.349 x 103

3 decimal places.

99 x 10° x 6.7 x 1073

o 36.2 x 10~
significant figures.

15. Evaluate correct to 4

Fractions

Locate the % and DE functions on your calculator
(the latter function is a Shift function found above
the % function) and then check the following worked
examples.

1 2
Problem 14. Evaluate 7 + 3

O
(i) Press the 3 function.
(i) Typein 1

(iii) Press | on the cursor key and type in 4
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@iv) % appears on the screen.
(v) Press — on the cursor key and type in +
(vi) Press the g function.

(vii) Typein?2

(viii) Press | on the cursor key and type in 3

(ix) Press — on the cursor key.

11
(x) Press = and the answer I appears.

(xi) Press the S < D function and the fraction
changes to a decimal: 0.9166666. ..

1 2 11
Thus, — 3 = I =0.9167 as a decimal, correct to
4 decimal places.

It is also possible to deal with mixed numbers on the

O O
calculator. Press Shift then the 5 function and DE
appears.

1 3
Problem 15. Evaluate 5 5~ 3 1

O O
(i) Press Shift then the 5 function and DE appears

on the screen.
(i) Typein 5 then — on the cursor key.
(iii)) Typein 1 and | on the cursor key.
(iv) Typein5 and 5% appears on the screen.
(v) Press — on the cursor key.
(vi) Typein — and then press Shift then the % function
and 5l — DS appears on the screen.

5
(vii) Type in 3 then — on the cursor key.

(viii) Typein 3 and | on the cursor key.

1 3
(ix) Typein4and5 3~ 3 7 appears on the screen.

29
(x) Press = and the answer 20 appears.

(xi) Press S < D function and the fraction changes to
a decimal: 1.45
3 29

1 9
Th —=3-=—=1—=14 imal.
us,S5 34 20 20 5 as a decima

Now try the following Practice Exercise

Practice Exercise 16 Fractions (answers on
page 1149)

4 1 .
1. Evaluate — — — as a decimal, correct to

4 decimal places.

2 1 3 .
2. Evaluate — — — + — as a fraction.
3 6 7

5 5
3. Evaluate 28 + lg as a decimal, correct to

4 significant figures.

6 1
4. Evaluate 5- —3— as a decimal, correct to
4 significant figures.

1 3 8 .
5. Evaluate — — — x — as a fraction.
3 4 21

3 5 1
6. Evaluate — + — — 2 as a decimal, correct to
4 decimal places.

3 2 4 .
7. Evaluate — x — — — — — as a fraction.
4 9
8 2 .
8. Evaluate 8§ - 2§ as a mixed number.

1
9. Evaluate 3— x 1= — 1— as a decimal, cor-

rect to 3 decimal places.

1 2
45 — 15
———~ — —asadecimal, cor-
3 1 5 3 9
— X —
4 5
rect to 3 significant figures.

10. Evaluate

Trigonometric functions

Trigonometric ratios will be covered in Chapter 38.
However, very briefly, there are three functions on your
calculator that are involved with trigonometry. They are:

sin which is an abbreviation of sine

cos which is an abbreviation of cosine, and

tan which is an abbreviation of tangent
Exactly what these mean will be explained in
Chapter 38.
There are two main ways that angles are measured, i.e.
in degrees or in radians. Pressing Shift, Setup and 3
shows degrees, and Shift, Setup and 4 shows radians.
Press 3 and your calculator will be in degrees mode,
indicated by a small D appearing at the top of the screen.
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Press 4 and your calculator will be in radian mode,

T
indicated by a small R appearing at the top of the 8. Evaluate cos(1.42 rad) =
(=]
sereen. ) ) 9. Evaluate tan(5.673 rad) i
Locate the sin, cos and tan functions on your calculator ) . ., o
and then check the following worked examples. 10. Evaluate (sin42.6°)(tan 83.2°) N

cos13.8°

Problem 16. Evaluate sin 38° .
7 and e* functions

(i) Make sure your calculator is in degrees mode. Press Shift and then press the x 10* function key and 7

(ii) Press sin function and sin( appears on the appears on the screen. Either press Shift and = (or =
screen. and S < D) and the value of 7 appears in decimal form

as 3.14159265...

Press Shift and then press the In function key and eH

appears on the screen. Enter 1 and then press = and

(iv) Press = and the answer 0.615661475. .. appears. el =e=271828182...

Now check the following worked examples involving &

and e¢* functions.

(iii)) Type in 38 and close the bracket with ) and sin
(38) appears on the screen.

Thus, sin38° = 0.6157, correct to 4 decimal places.

Problem 17. Evaluate 5.3 tan (2.23 rad) Problem 18. Evaluate 3.577

(i) Make sure your calculator is in radian mode by (i) Enter 3.57
pressing Shift then Setup then 4 (a small R appears (i) Press Shift and the x 10* key and 3.57w appears
at the top of the screen). y . pPp

on the screen.
(i) Type in 5.3 then press tan function and 5.3 tan(

appears on the screen. (iii)) Either press Shift and = (or = and S < D) and

the value of 3.57x appears in decimal form as
(iii) Type in 2.23 and close the bracket with ) and 11.2154857...

5.3 tan (2.23) appears on the screen. L.
Hence, 3.57 7 =11.22, correct to 4 significant

(iv) Press = and the answer —6.84021262... appears. figures.

Thus, 5.3tan (2.23rad) = —6.8402, correct to 4 dec-
imal places. Problem 19. Evaluate 62'37

(i) Press Shift and then press the In function key and

Now try the following Practice Exercise 0O
e— appears on the screen.

. . . . (i) Enter 2.37 and ¢*37 appears on the screen.

Practice Exercise 17 Trigonometric

functions (answers on page 1 149) (111) Press Shift and = (OI‘ =and S & D) and the value

of €237 appears in decimal form as 10.6973922. ..
Evaluate the following, each correct to 4 decimal

237
places. Hence, e

= 10.70, correct to 4 significant figures.

1. Evaluate sin67°
Now try the following Practice Exercise

Evaluate the following, each correct to 4 significant
Evaluate tan 39.55° — sin 52.53° figures.

Evaluate sin(0.437 rad) 1. 1.597 2. 20(@-1)

2. Evaluate cos43°
3. Evaluate tan71° . . .
) Practice Exercise 18 7 and ¢* functions
4. Evaluate sin 15.78° (answers on page 1149)
5. Evaluate cos63.74°
6.
7.
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3, 772(«/13—1> 4. 3e"
5. 8.5¢723 6. 3¢29—-1.6
7. 3eQn-D)

9 [ 5.52m i|
2¢—2 x +/26.73

4.4 Errors and approximations

In all problems in which the measurement of distance,
time, mass or other quantities occurs, an exact answer
cannot be given; only an answer that is correct to a stated
degree of accuracy can be given. To take account of this
an error due to measurement is said to exist.
To take account of measurement errors it is usual to
limit answers so that the result given is not more than
one significant figure greater than the least accurate
number given in the data.
Rounding-off errors can exist with decimal fractions.
For example, to state that w = 3.142 is not strictly cor-
rect, but ‘m = 3.142 correct to 4 significant figures’ is a
true statement. (Actually, 7 = 3.141592653589...)
It is possible, through an incorrect procedure, to obtain
the wrong answer to a calculation. This type of error is
simply known as a blunder.
An order of magnitude error is said to exist if incor-
rect positioning of the decimal point occurs after a
calculation has been completed.
Blunders and order of magnitude errors can be reduced
by determining approximate values of calculations.
Answers which do not seem feasible should be checked
and the calculation repeated as necessary.
Obviously, an electronic calculator is an invaluable
aid to an engineer. However, an engineer will often
need to make a quick mental approximation for a
calculation when a calculator is not available. For
49.1 x 18.4x 122.1

61.2 x 38.1

example, may be approximated to

50 x 20 x 120 50 x 20 x 120
60 x 40 60 x 40
= 50. An accurate answer somewhere between 45 and
55 could therefore be expected. Certainly an answer
around 500 or 5 would not be expected. Actually, by
49.1 x 18.4x 122.1

61.2 x 38.1
significant figures.

and then, by cancelling,

calculator

= 47.31, correct to 4

Problem 20. The area A of a triangle is given by
1
A= 3 X b x h. The base b when measured is found

to be 3.26 cm, and the perpendicular height 4 is
7.5 cm. Determine the area of the triangle.

1 1
Area of triangle = 3 xXbxh= EX 326 x 7.5 =
12.225 cm? (by calculator).

1
The approximate value is = x 3 x 8 = 12 cm?, so there

are no obvious blunder or magnitude errors. However,
it is not usual in a measurement-type problem to state
the answer to accuracy greater than 1 significant figure
more than the least accurate number in the data; this
is 7.5 cm, so the result should not have more than 3
significant figures.

Thus, area of triangle = 12.2 cm?

Problem 21. State which type of error has been
made in the following statements:

(a) 72 x 31.429 = 2262.9
(b) 16 x 0.08 x 7 = 89.6

(©) 11.714 x 0.0088 = 0.3247, correct to 4
decimal places
29.74 % 0.0512

@ XU 612, correct 1o 2

. 11.89
significant figures

(@) 72 x 31.429 = 2262.888 (by calculator), hence
a rounding-off error has occurred. The answer
should have stated: 72 x 31.429 = 2262.9, cor-
rect to 5 significant figures or 2262.9, correct to 1

decimal place.

8 32x7 224
(b) 16 x0.08x7=16x—xT7= =—=
100 25 25

24
8§— =28.96
25
Hence an order of magnitude error has occurred.
(c) 11.714 x 0.0088 is approximately equal to
or 0.108

1
2 x L, i.e. about
1000 1000

Thus a blunder has been made.
29.74x0.0512 30 x5/100 150/100 B

(d) = =
11.89 12 12
1.5 15 1
— = —— = — or 0.125, hence no order of mag-
12 120 8

nitude error has occurred. However, by calculator,
29.74 x 0.0512

= 0.128, correct to 3 significant
11.89
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figures, which equals 0.13 correct to 2 signif-
icant figures. Hence a rounding-off error has
occurred.

Problem 22. Without using a calculator,
determine an approximate value of:

11.7 x 19.1 2.19 x 203.6 x 17.91
(@) ———— (b)
9.3x5.7 12.1 x 8.76
@) 11.7 x 19.1 . i atel 1t 10 x 20
a 93 %57 is approximately equal to 10%5
i.e. about 4

11.7 x 19.1

T 9.3x5.7
significant figures.)

2.19x203.6 x 17.91 2 x 200 x 20
12.1 x 8.76 T 10 10
=2x 2 x 20 after cancelling,

. 2.19x203.6 x17.91
ie. ~ 80
12.1 x 8.76
2.19 x 203.6 x 17.91
12.1 x 8.76
rect to 3 significant figures.)

(By calculator, = 4.22, correct to 3

(b)

(By calculator, =175.3, cor-

Now try the following Practice Exercise

Practice Exercise 19  Errors and
approximations (answers on page 1149)

In Problems 1 to 5, state which type of error, or
errors, have been made:

1. 25x0.06 x 1.4=0.21

2. 137 x6.842=937.4

24 % 0.
3. 2430008 _ 640
12.6

4. For a gas pV = c. When pressure p and vol-
ume V are measured as p = 103400 Pa and
V =0.54 m? then ¢ = 55836 Pa m?

4.6 x 0.07
5. ————=0.225
52.3 x0.274

In Problems 6 to 8, evaluate the expressions
approximately, without using a calculator.

6. 47 x63

2.87 x 4.07
7 6.12 x 0.96

72.1 x 1.96 x 48.6
8. 139.3x5.2

4.5 Rational and irrational numbers

Rational numbers

A number that can be expressed as a fraction (or ratio) is

3
called a rational number. For example, 1 is a rational
7 3
number; so also is 7 (i.e. T)’ 0.3 (i.e. E) and /9

3
(since it can be simplified to 3, i.e. T)

Irrational numbers

An irrational number is one that cannot be expressed
as a fraction (or ratio) and has a decimal form con-
sisting of an infinite string of numerals that does not
give arepeating pattern. Examples of irrational numbers
include 77 (= 3.14159265...), /2 (= 1414213 ...) and
e (=2.7182818...)

Now try the following Practice Exercise

Practice Exercise 20 Rational and irrational
numbers (answers on page 1149)

State whether the following numbers are rational
(R) or irrational (I):

5
.15 2.3 3'§ 4.0.002 572 6.11
6 2
7.5 8416 9.011 10.(&)

4.6 Evaluation of formulae

The statement y = mx + ¢ is called a formula for y in
terms of m, x and c.

y, m, x and ¢ are called symbols or variables.

When given values of m, x and ¢ we can evaluate y.
There are a large number of formulae used in engineer-
ing and in this section we will insert numbers in place
of symbols to evaluate engineering quantities.

Just four examples of important formulae are:

1. A straight line graph is of the form y = mx + ¢ (see
Chapter 31)

2. Ohm’s law states that V =1 x R
3. Velocity is expressed as v = u + at

4. Forceisexpressedas F =m x a
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Here are some practical examples. Check with your
calculator that you agree with the working and answers.

Problem 23. In an electrical circuit the voltage V
is given by Ohm’s law, i.e. V = IR. Find, correct to
4 significant figures, the voltage when / = 5.36 A
and R = 14.76 Q2

V =1IR = (5.36)(14.76)

Hence, voltage V =79.11V, correct to 4 significant
figures.

Problem 24. The surface area A of a hollow cone
is given by A = mrrl. Determine, correct to 1
decimal place, the surface area when r = 3.0cm
and/ =8.5cm

A=nrl=m(3.0)(8.5) cm?
Hence, surface area A = 80.1 cmz, correct to 1 deci-

mal place.

Problem 25. Velocity v is given by v = u + at. If
u=9.54m/s,a =3.67m/s> and r = 7.82s, find v,
correct to 3 significant figures

v=u-+at=9.54+3.67x7.82
=9.54 +28.6994 = 38.2394
Hence, velocity v = 38.2m/s, correct to 3 significant

figures.

Problem 26. The area A of a circle is given by
A = 7r?. Determine the area correct to 2 decimal
places, given radius r = 5.23m

A=mr?=mn(523)* =7(27.3529)

Hence, area A =85.93m2, correct to 2 decimal
places.

, mass
Problem 27. Density =

. Find the density
volume

when the mass is 6.45kg and the volume is
300 x 107%m?

mass 6.45kg

Density = =
Y= Jolume 300 x 10-6m

_ 3
5 =21500kg/m

Problem 28. The power, P watts, dissipated in an
2

electrical circuit is given by the formula P = —.

Evaluate the power, correct to 4 significant figures,
given that V. =230V and R = 35.63 Q2

2 (2302 52
p= Vo _B07 52900 e 70390
R~ 3563  35.63

Press ENG and 1.48470390...x 10° appears on the
screen.

Hence, power P = 1485W or 1.485kW correct to 4
significant figures.

Now try the following Practice Exercise

Practice Exercise 21 Evaluation of
formulae (answers on page 1150)

1. The area A of a rectangle is given by the
formula A =[b. Evaluate the area when
[=124cmand b =5.37cm.

2. The circumference C of a circle is given by
the formula C = 27rr. Determine the circum-
ference given r = 8.40 mm.

3. A formula used in connection with gases

. PV
is R = ——. Evaluate R when P = 1500,
V =5and T =200

4. The velocity of abody is givenby v = u + at.
The initial velocity u is measured when time
t is 15 seconds and found to be 12m/s. If
the acceleration a is 9.81 m/ s2, calculate the
final velocity v.

5. Calculate the current / in an electrical circuit,
where I = V /R amperes when the voltage V
is measured and found to be 7.2V and the
resistance R is 17.7 2.

1
6. Find the distance s, given that s = Egt2

when time ¢t = 0.032seconds and accelera-
tion due to gravity g = 9.81m/s”. Give the
answer in millimetres.

7. The energy stored in a capacitor is given
1
by E = EC V2 joules. Determine the energy

when capacitance C =5 x 10~®farads and
voltage V =240V.
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1
8. Findthe area A of atriangle, given A = 3 bh,

when the base length b is 23.42m and the
height 4 is 53.7m.

9. Resistance Ry is given by Ry = R1(1 + at).
Find R;, correct to 4 significant figures, when
R1 =220, =0.00027 and t = 75.6

. mass
10. Density =

. Find the density when
volume

the mass is 2.462kg and the volume is
173 cm?. Give the answer in units of kg/m>
given lem’ = 107%m’.

11. Velocity = frequency x wavelength.  Find
the velocity when the frequency is 1825Hz
and the wavelength is 0.154 m.

12.  Evaluate resistance Rr, given
1 1 1 1
— =— 4+ —+—whenR; =552,
Ry R1+R2+R3wen 1

Ry =7.42Q and R3 = 12.6 2.

Here are some further practical examples. Again, check
with your calculator that you agree with the working
and answers.

Problem 29. The volume V cm? of a right
1
circular cone is given by V = gnrzh. Given that

radius r = 2.45cm and height & = 18.7 cm, find the
volume, correct to 4 significant figures

1 1
V= §mzh = §71(2.45)2(18.7)

1 2
:§ X 1w x2.45x 18.7
=117.544521...

Hence, volume V =117.5 cm3, correct to 4 significant
figures.

Problem 30. Force F newtons is given by the
Gmimy
d?
masses, d their distance apart and G is a constant.
Find the value of the force given that
G =6.67 x 1071, m; =7.36,mp = 15.5 and

formula F = , where m and m, are

d = 22.6. Express the answer in standard form,
correct to 3 significant figures

P Gmimy  (6.67 x 10711)(7.36)(15.5)
d? (22.6)2

(6.67)(7.36)(15.5)  1.490

T (1011)(510.76) 1011

Hence, force F =1.49x10~!! newtons, correct to
3 significant figures.

Problem 31. The time of swing, ¢ seconds, of a
[

simple pendulum is given by t = 271\/j
8

Determine the time, correct to 3 decimal places,
given that/ = 12.9 and g = 9.81

l 12.9
t=2r |—=Q2nr),| — =17.20510343...
g 9.81

Hence, time ¢ = 7.205seconds, correct to 3 decimal
places.

Problem 32. Resistance, R €2, varies with
temperature according to the formula

R = Ry(1 + ar). Evaluate R, correct to 3 significant
figures, given Ry = 14.59, « = 0.0043 and ¢ = 80

R = Ro(1 +at) = 14.59[1 + (0.0043)(80)]
= 14.59(1 + 0.344)
= 14.59(1.344)

Hence, resistance R = 19.6 2, correct to 3 significant
figures.

Problem 33. The current, / amperes, in an a.c.

circuit is given by ] = ————. Evaluate the
(R>+ X?)
current, correct to 2 decimal places, when

V =250V,R=25.02and X = 18.02.

Vv 250

I= = —8.11534341 ...
VIR XY (2502 +18.07)

Hence, current I =8.12A, correct to 2 decimal
places.
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Now try the following Practice Exercise

Practice Exercise 22 Evaluation of
formulae (answers on page 1150)

1.

Find the total cost of 37 calculators cost-
ing £12.65 each and 19 drawing sets costing
£6.38 each.

force x distance

Power = . Find the power

time
when a force of 3760N raises an object a
distance of 4.73m in 35s.

The potential difference, V' volts, available
at battery terminals is givenby V = E — Ir.
Evaluate V when E =5.62, I =0.70 and
R =4.30

1
Given force F = Em(v2 —u?), find F when
m=183,v=12.7and u = 8.24

The current, I amperes, flowing in a number

. Evaluate the

n
f cells is given by I =

of cells is given by Rt
current when n =36, E =2.20, R =2.80

and r =0.50

The time, ¢ seconds, of oscillation for a
simple pendulum is given by ¢ =2m [—.
Determine the time when [/ =54.32 and
g=9.8l1

Energy, E joules, is given by the formula
E= lLI 2. Evaluate the energy when
L=55and /=12

The current, / amperes, in an a.c. circuit

is given by / = ———. Evaluate the
(R?+X2)

current when V =250, R=11.0and X=16.2

10.

11.

12.

Distance, s metres, is given by the for-
1

mula s = ut + Eatz. If u=9.50, t =4.60

and a = —2.50, evaluate the distance.

The area A of any triangle is given

by A=./[s(s—a)(s—>b)(s—c)] where
a+b+c

§=—

2
a=3.60cm, b =4.00cm and ¢ = 5.20cm.

. Evaluate the area, given

Given that a = 0.290, b = 14.86, ¢ = 0.042,
d =31.8and e = 0.650, evaluate v given that

(ab d)
v= [ ———
c e

Deduce the following information from the
train timetable shown in Table 4.1.

(a) At what time should a man catch a train
at Fratton to enable him to be in London
Waterloo by 14.23h?

(b) Agirlleaves Cosham at 12.39h and trav-
els to Woking. How long does the jour-
ney take? And, if the distance between
Cosham and Woking is 55 miles, calcu-
late the average speed of the train.

(c) A man living at Havant has a meet-
ing in London at 15.30h. It takes
around 25 minutes on the underground
to reach his destination from London
Waterloo. What train should he catch
from Havant to comfortably make the
meeting?

(d) Nine trains leave Portsmouth harbour
between 12.18h and 13.15h. Which
train should be taken for the shortest
journey time?

For fully worked solutions to each of the problems in Practice Exercises 12 to 22 in this chapter,

go to the website:

www.routledge.com/cw/bird


www.routledge.com/cw/bird
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Table 4.1 Train timetable from Portsmouth Harbour to London Waterloo

Portsmouth Harbour — London Waterloo

Saturdays

OUTWARD
Train Alterations

Portsmouth Harbour
Portsmouth & Southsea
Portsmouth & Southsea
Fratton

Fratton

Hilsea

Hilsea

Cosham

Cosham
Bedhampton
Bedhampton
Havant

Havant

Rowlands Castle
Rowlands Castle
Chichester
Chichester
Barnham
Barnham
Horsham
Horsham

Crawley

Crawley

Three Bridges
Three Bridges
Gatwick Airport
Gatwick Airport
Horley

Horley

Redhill

Redhill

East Croydon
East Croydon
Petersfield
Petersfield

Liss

Liss

Liphook

Liphook
Haslemere
Haslemere
Guildford
Guildford
Portchester
Portchester
Fareham
Fareham
Southampton Central
Southampton Central
Botley

Botley

Hedge End
Hedge End
Eastleigh
Eastleigh
Southampton Airport Parkway
Southampton Airport Parkway
Winchester
Winchester
Micheldever
Micheldever
Basingstoke
Basingstoke
Farnborough
Farnborough
Woking

Woking

Clapham Junction
Clapham Junction
Vauxhall

Vauxhall

London Waterloo

dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep
arr
dep

Time
S04
12:18%"
12:21
12:24
12:27
12:28
12:32
12:32

12:37
12:37
12:39
12:40
12:46
12:46

12:56
12:57
13:02
13:02
13:09
13:09
13:14C
13:20%
13:55C
14:025W

14:11
14:12
14:31
14:32

14:40

Time
S03
12:226W
12:25
12:27
12:30
12:31

12:38
12:39

12:46
12:47

13:00C
13:095%

13:17
13:18

13:34
13:36
14:12

14:13

14:24

Time
S08
12:226W
12:25
12:27
12:30
12:31

12:38
12:39

12:46
12:47
13:08C
13:305%

13:37
13:38
13:47
13:48

14:19
14:21

14:49

Time
S02
12:455W
12:48
12:50
12:53
12:54

13:03
13:04

13:17
13:18

13:31
13:32
13:45
13:47

13:57
13:59

14:23

Time

S03
12:455W
12:48
12:50
12:53
12:54

13:03
13:04

13:17
13:18

13:31
13:32
13:45
13:47

13:57
13:59

14:27

Time
S04
12:455%
12:48
12:50
12:53
12:54

13:02
13:04

13:17
13:18

13:30C
13:365
14:11C
14475

14:25
14:26

14:51

Time

S04
12:545W
12:57
12:59
13:02
13:03
13:07
13:07
13:12
13:12

13:17
13:17
13:22
13:23

13:30
13:30
13:34
13:35
13:41
13:42

13:53
13:54
14:02
14:02
14:15
14:147
14:30
14:31
14:40
14:41
15:01

15:13

Time
So1

13:12%%

13:15
13:16
13:19
13:20

13:29
13:30

13:40
13:41
13:48
13:49
14:16
14:20
14:28
14:29
14:32
14:33
14:37
14:38
14:41
14:41
14:47
14:48
15:00
15:00

15:11C
15:215%
15:26
15:26
15:31

Time
S02
13:15%W
13:18
13:20
13:23
13:24

13:33
13:34

13:47
13:48

14:01
14:02
14:15
14:17

14:25
14:26

14:51
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Chapter 5

Percentages

Why it is important to understand: Percentages

seem quite so difficult.

Engineers and scientists use percentages all the time in calculations; calculators are able to handle cal-
culations with percentages. For example, percentage change is commonly used in engineering, statistics,
physics, finance, chemistry and economics. When you feel able to do calculations with basic arithmetic,
fractions, decimals and percentages, all with the aid of a calculator, then suddenly mathematics doesn’t

At the end of this chapter, you should be able to:

understand the term ‘percentage’
convert decimals to percentages and vice versa
calculate the percentage of a quantity

5.1 Introduction

Percentages are used to give a common standard. The
use of percentages is very common in many aspects
of commercial life, as well as in engineering. Interest
rates, sale reductions, pay rises, exams and VAT are all
examples of situations in which percentages are used.
For this chapter you will need to know about decimals
and fractions and be able to use a calculator.

We are familiar with the symbol for percentage, i.e. %.
Here are some examples.

e Interest rates indicate the cost at which we can
borrow money. If you borrow £8000 at a 6.5%
interest rate for a year, it will cost you 6.5% of the
amount borrowed to do so, which will need to be
repaid along with the original money you borrowed.
If you repay the loan in 1 year, how much interest
will you have paid?

express one quantity as a percentage of another quantity
calculate percentage error and percentage change

e A pair of trainers in a shop cost £60. They are
advertised in a sale as 20% off. How much will
you pay?

e If you earn £20000 p.a. and you receive a 2.5%
pay rise, how much extra will you have to spend
the following year?

e A book costing £18 can be purchased on the internet
for 30% less. What will be its cost?

When we have completed this chapter on percentages
you will be able to understand how to perform the above
calculations.

Percentages are fractions having 100 as their de-

. 40 . .
nominator. For example, the fraction — is written

as 40% and is read as ‘forty per cent’.
The easiest way to understand percentages is to go
through some worked examples.
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5.2 Percentage calculations

To convert a decimal to a percentage

A decimal number is converted to a percentage by
multiplying by 100.

Problem 1. Express 0.015 as a percentage

To express a decimal number as a percentage, merely
multiply by 100, i.e.

0.015=0.015 x 100%
=1.5%

Multiplying a decimal number by 100 means moving
the decimal point 2 places to the right.

Problem 2. Express 0.275 as a percentage

0.275=0.275 x 100%
=27.5%

To convert a percentage to a decimal

A percentage is converted to a decimal number by
dividing by 100.

Problem 3. Express 6.5% as a decimal number

6.5% = 63 =0.065
100

Dividing by 100 means moving the decimal point 2
places to the left.

Problem 4. Express 17.5% as a decimal number

17.5
17.5% = ——
100

=0.175

To convert a fraction to a percentage

A fraction is converted to a percentage by multiplying
by 100.

5
Problem S. Express 3 as a percentage

§=§x100%=@%
8§ 8 8

=62.5%

5
Problem 6. Express o as a percentage, correct
to 2 decimal places

Rl = Rl x 100%
19 19
500
=—%
19

=26.3157889...by calculator

=26.32%, correct to 2 decimal places

Problem 7. In two successive tests a student
gains marks of 57/79 and 49/67. Is the second
mark better or worse than the first?

57 57 5700

57/79 = — = — x 100% = %
79 79 9
=72.15%, correct to 2 decimal places
49 49 4900
49/67= — = — x 100% = %
67 67 7

=73.13%, correct to 2 decimal places

Hence, the second test is marginally better than the
first test. This question demonstrates how much easier
it is to compare two fractions when they are expressed
as percentages.

To convert a percentage to a fraction

A percentage is converted to a fraction by dividing by
100 and then, by cancelling, reducing it to its simplest
form.

Problem 8. Express 75% as a fraction

75% = A
100
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75
The fraction 100 is reduced to its simplest form by can-

celling, i.e. dividing both numerator and denominator
by 25

Problem 9. Express 37.5% as a fraction

37.5% = 375
100

_ 375 by multiplying both numerator and

~ 1000 denominator by 10
_ E by dividing both numerator and
40 denominator by 25
_ é by dividing both numerator and
8 denominator by 5

Now try the following Practice Exercise

Practice Exercise 23 Percentages (answers
on page 1150)

In Problems 1 to 5, express the given numbers as
percentages.

1. 0.0032 2. 1.734

3. 0.057 4. 0.374

5. 1.285

6. Express 20% as a decimal number.
7

Express 1.25% as a decimal number.

11
8. Express 1¢ 2 percentage.

5
9. Express - as a percentage, correct to 3
decimal places.

10. Express as percentages, correct to 3 significant
figures,
7 19 11
~ () = 1—
@ 33 ® 3 © I3
11. Place the following in order of size, the small-
est first, expressing each as a percentage
correct to 1 decimal place.
9 5 6

12b d
(a)ﬁ()ﬁ(c)§()ﬁ

12. Express 65% as a fraction in its simplest form.

13. Express 31.25% as a fraction in its simplest
form.

14. Express 56.25% as a fraction in its simplest
form.

15. Evaluate A to J in the following table.

Decimal number Fraction Percentage

0.5 A B
1

C - D
4

E F 30
3

G - H
5

1 J 85

16. A resistor has a value of 820 2 & 5%. Deter-
mine the range of resistance values expected.

5.3 Further percentage calculations

Finding a percentage of a quantity

To find a percentage of a quantity, convert the percentage
to a fraction (by dividing by 100) and remember that ‘of”
means multiply.

Problem 10. Find 27% of £65

27
27% of £65 = — x 65
100

= £17.55 by calculator

Problem 11. In a machine shop, it takes 32
minutes to machine a certain part. Using a new tool,
the time can be reduced by 12.5%. Calculate the
new time taken

. 12.5
12.5% of 32 minutes = —— x 32
100

= 4 minutes

Hence, new time taken = 32 — 4 = 28 minutes.
Alternatively, if the time is reduced by 12.5%, it now
takes 100% — 12.5% = 87.5% of the original time, i.e.

87.5
87.5% of 32 minutes = —— x 32
100

= 28 minutes
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Problem 12. A 160 GB iPod is advertised as
costing £190 excluding VAT. If VAT is added at
17.5%, what will be the total cost of the iPod?

17.
VAT = 17.5% of £190 = %3 x 190 =£33.25

Total cost of iPod = £190 + £33.25 = £223.25

A quicker method to determine the total cost is:
1.175 x £190 = £223.25

Expressing one quantity as a percentage
of another quantity

To express one quantity as a percentage of another quan-
tity, divide the first quantity by the second then multiply
by 100

Problem 13. Express 23 cm as a percentage of
72 cm, correct to the nearest 1%

23
23 cm as a percentage of 72cm = 7 x 100%

=31.94444... %

= 32% correct to
the nearest 1%

Problem 14. Express 47 minutes as a percentage
of 2 hours, correct to 1 decimal place

Note that it is essential that the two quantities are in the
same units.

Working in minute units, 2 hours = 2 x 60

= 120 minutes
47 minutes as a percentage
of 120 min = 20 x 100%

=39.2%, correct to
1 decimal place

Percentage change

Percentage change is given by

lue — original val
new value — original value  100%

original value

Problem 15. A box of resistors increases in price
from £45 to £52. Calculate the percentage change
in cost, correct to 3 significant figures

% overspeed=

lue — original val
new value — original value  100%

9% change = —
original value

_52-45
45
= 15.6% = percentage change in cost

x 100% = 7 x 100
45

Problem 16. A drilling speed should be set to
400rev/min. The nearest speed available on the
machine is 412 rev/min. Calculate the percentage
overspeed

available speed — correct speed
x 100%

correct speed
_412-400

12
x100% = ——x100%
400 400

=3%

Now try the following Practice Exercise

Practice Exercise 24 Further percentages
(answers on page 1150)

1. Calculate 43.6% of 50kg.
2. Determine 36% of 27 m.

3. Calculate, correct to 4 significant figures,
(a) 18% of 2758 tonnes

(b) 47% of 18.42 grams
(¢) 147% of 14.1 seconds.

4. When 1600 bolts are manufactured, 36 are
unsatisfactory. Determine the percentage that
is unsatisfactory.

5. Express
(a) 140kg as a percentage of 1t (given
1t=1000kg)

(b) 47s as apercentage of Smin
(¢) 13.4cmas a percentage of 2.5m

6. A block of Monel alloy consists of 70%
nickel and 30% copper. If it contains 88.2 g
of nickel, determine the mass of copper in the
block.

7. An athlete runs 5000m in 15 minutes 20
seconds. With intense training, he is able to
reduce this time by 2.5%. Calculate his new
time.
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<é 8. A copper alloy comprises 89% copper, 1.5% % error = % x 100%
.,% iron and the remainder aluminium. Find the gzrgei g; ue
0 amount of aluminium, in grams, in a 0.8 kg =" x100%
N mass of the alloy. e 63 -
9. A computer is advertised on the internet at = = 100% = a%
£520, exclusive of VAT. If VAT is payable at —2.38%

20%, what is the total cost of the computer?
The percentage measurement error is 2.38 % too high,

10.  Express 325mm as a percentage of 867 mm, which is sometimes written as + 2.38% error.

correct to 2 decimal places.

11. A child sleeps on average 9 hours 25 minutes
per day. Express this as a percentage of the
whole day, correct to 1 decimal place.

Problem 18. The voltage across a component in
an electrical circuit is calculated as 50V using
Ohm’s law. When measured, the actual voltage is
9, 9 AR a5 5 persenne et 2, 50.4 V. CalculateZ correct to 2 d.e01mal places, the
percentage error in the calculation

13.  When signing a new contract, a Premiership

footballer’s pay increases from £15500 to error
£21500 per week. Calculate the percentage % error = correct value 100%
pay increase, correct to 3 significant figures. 50.4 — 50
= x 100%
14. A metal rod 1.80m long is heated and its 504
length expands by 48.6 mm. Calculate the _ ﬁ % 100% = ﬂ%
percentage increase in length. 50.4 50.4
5, 1250 ot a lenginet wom & Tl §iet i =0.79%
the full length? The percentage error in the calculation is 0.79% too

16. A metal rod 1.20m long is heated and its low, which is sometimes written as —0.79 % error.

length expands by 42 mm. Calculate the per-
centage increase in length.

Original value
17. For each of the following resistors, determine

the (i) minimum value, (ii) maximum value:
(a) 820 2 £20%

(b) 47 kQ & 5%

1
Original value = _ dewvaue x 100%
100 £ % change

Problem 19. A man pays £149.50 in a sale for a
DVD player which is labelled ‘35% off’. What was
the original price of the DVD player?

In this case, it is a 35% reduction in price, so we
5.4 More percentage calculations new value ) , o
use —— x 100, i.e. a minus sign in the

100 — % change

18. An engine speed is 2400 rev/min. The speed
is increased by 8%. Calculate the new speed.

Percentage error denominator.
new value

Original price = ———— x 100

Percentage error = oo 100% gmatp 100 — % change

correct value 1495
=——"— x100
) 100 — 35

Problem 17. The length of a component is 149.5 14950
measured incorrectly as 64.5 mm. The actual length =5 * 100 = 5

is 63 mm. What is the percentage error in the
measurement?

= £230
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1004 3.25
Problem 20. A couple buy a flat and make an Value after 1 year = 100 x £3600
18% profit by selling it 3 years later for £153400. 103.25
Calculate the original cost of the flat = 10'0 x £3600
In this case, it is an 18% increase in price, SO we = 1.0325 x £3600
1 —
use __ewvawe o 100, i.e. a plus sign in the =£3717
100 4 % change
denominator. Problem 23. The price of a fully installed
Original _ new value 100 combination condensing boiler is increased by 6.5%.
riginal cost = 100 + % change x It originally cost £2400. What is the new price?
153400 . 100+ 6.5
= 100118 X Newpnce:Wx;‘L%OO
106.5
_ 153400 ., _ 15340000 = x £2400 = 1.065 x £2400
118 118 0
= £2556
= £130000

Problem 21. An electrical store makes 40% profit
on each widescreen television it sells. If the selling
price of a 32 inch HD television is £630, what was
the cost to the dealer?

In this case, it is a 40% mark-up in price, so we

new value . . .
use ———— x 100, i.e. a plus sign in the
100 4 % change
denominator.
new value
Dealer cost= ——— x 100
100 4 % change
630
=—— x 100
100+ 40
630 63000
=—x100= ——
140 140
= £450

The dealer buys from the manufacturer for £450 and
sells to his customers for £630.

Percentage increase/decrease and interest

100 4 % increase
100

New value = x original value

Problem 22. £3600 is placed in an ISA account
which pays 3.25% interest per annum. How much is
the investment worth after 1 year?

Now try the following Practice Exercise

Practice Exercise 25 Further percentages
(answers on page 1150)

1. A machine part has a length of 36 mm. The
length is incorrectly measured as 36.9 mm.
Determine the percentage error in the mea-
surement.

2. When a resistor is removed from an electri-
cal circuit the current flowing increases from
450 nA to 531 pA. Determine the percentage
increase in the current.

3. In a shoe shop sale, everything is advertised
as ‘40% off’. If a lady pays £186 for a pair of
Jimmy Choo shoes, what was their original
price?

4. Over a four year period a family home
increases in value by 22.5% to £214375.
What was the value of the house four years
ago?

5. An electrical retailer makes a 35% profit on
all its products. What price does the retailer
pay for a dishwasher which is sold for £351?

6. The cost of a sports car is £23 500 inclusive
of VAT at 17.5%. What is the cost of the car
without the VAT added?

7. £8000 is invested in bonds at a building soci-
ety which is offering a rate of 2.75% per
annum. Calculate the value of the investment
after 2 years.
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10.

11.

12.

An electrical contractor earning £36 000 per
annum receives a pay rise of 2.5%. He pays
22% of his income as tax and 11% on Natio-
nal Insurance contributions. Calculate the
increase he will actually receive per month.

Five mates enjoy a meal out. With drinks, the
total bill comes to £176. They add a 12.5%
tip and divide the amount equally between
them. How much does each pay?

In December a shop raises the cost of a 40
inch LCD TV costing £920 by 5%. It does
not sell and in its January sale it reduces the
TV by 5%. What is the sale price of the TV?

A man buys a business and makes a 20%
profit when he sells it three years later for
£222000. What did he pay originally for the
business?

A drilling machine should be set to
250rev/min. The nearest speed available on
the machine is 268 rev/min. Calculate the
percentage overspeed.

13.

14.

15.

16.

17.

Two kilograms of a compound contain 30%
of element A, 45% of element B and 25% of
element C. Determine the masses of the three
elements present.

A concrete mixture contains seven parts
by volume of ballast, four parts by vol-
ume of sand and two parts by volume of
cement. Determine the percentage of each
of these three constituents correct to the
nearest 1% and the mass of cement in a
two tonne dry mix, correct to 1 significant
figure.

In a sample of iron ore, 18% is iron. How
much ore is needed to produce 3600kg of
iron?

A screw’s length is 12.5 & 8% mm. Calculate
the maximum and minimum possible length
of the screw.

The output power of an engine is 450kW. If
the efficiency of the engine is 75%, determine
the power input.

For fully worked solutions to each of the problems in Practice Exercises 23 to 25 in this chapter,

go to the website:

www.routledge.com/cw/bird
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Revision Test2 Decimals, calculations and percentages

Convert 0.048 to a proper fraction. 2)

Convert 6.4375 to a mixed number. 3)

9
Express e as a decimal fraction. 2)

Express 0.0784 correct to 2 decimal places. (2)

Express 0.0572953 correct to 4 significant
figures. )

Evaluate
(a) 46.7+2.085+6.4+0.07
(b) 68.51 —136.34 4)

Determine 2.37 x 1.2 3)

Evaluate 250.46 +-1.1 correct to 1 decimal
place. (3)

Evaluate 5.2 x 12 2)

Evaluate the following, correct to 4 significant
figures: 3.32 —2.73 4+ 1.8% (3)

Evaluate +/6.72 — \3/2.54, correct to 3 decimal
places. (3)

Evaluate 00071~ 0.065" correct to 4 significant
figures. 2)

The potential difference, V volts, available at bat-
tery terminals is given by V = E — Ir. Evaluate
V when E =7.23,1 =1.37 and r = 3.60 3)

4 1
Evaluate 5 + 373 as a decimal, correct to 3
significant figures. 3)

16x107°x5x10° | o
Evaluate %107 In engineering

form. (2)

1 1 1 1
Evaluate resistance R given — = — + — + —
5 R R + R> + R3
when R1=3.6kQ2, Ro=7.2kQ and R3=13.6 k2.
(3)

This assignment covers the material contained in Chapters 3 to 5. The marks available are shown in brackets at the
end of each question.

2 5
Evaluate 6= —4— as a mixed number and as a
decimal, correct to 3 decimal places. 3)

Evaluate, correct to 3 decimal places:
[2e1-7 X 3.673]
4.61 x /37

If a =0.270,b = 15.85,¢=0.038,d = 28.7 and
e =0.680, evaluate v correct to 3 significant

b d
figures, given that v = (a_ — —) 4)

3)

c e

Evaluate the following, each correct to 2 decimal
places.

36.22 % 0.561\°
@ |\ ==
278 x 12.83

J17.42 x 37.98

If 1.6km = Imile, determine the speed of
45 miles/hour in kilometres per hour. 2)

The area A of a circle is given by A = 772, Find
the area of a circle of radius » = 3.73 cm, correct
to 2 decimal places. 3)

Evaluate B, correct to 3 significant figures, when
W =7.20,v=10.0 and g=9.81, given that
g 3

=2 3
Express 56.25% as a fraction in its simplest
form. 3)

12.5% of a length of wood is 70cm. What is the
full length? 3)

A metal rod 1.20m long is heated and its length
expands by 42 mm. Calculate the percentage inc-
rease in length. 2)

A man buys a house and makes a 20% profit when
he sells it three years later for £312000. What did
he pay for it originally? (3)

For lecturers/instructors/teachers, fully worked solutions to each of the problems in Revision Test 2,
together with a full marking scheme, are available at the website:
www.routledge.com/cw/bird

Section A
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Chapter 6

Ratio and proportion

Why it is important to understand: Ratio and proportion

Real-life applications of ratio and proportion are numerous. When you prepare recipes, paint your house
or repair gears in a large machine or in a car transmission, you use ratios and proportions.

Builders use ratios all the time; a simple tool may be referred to as a 5/8 or 3/16 wrench. Trusses must have
the correct ratio of pitch to support the weight of roof and snow, cement must be the correct mixture to be
sturdy, and doctors are always calculating ratios as they determine medications. Almost every job uses
ratios in one way or another; ratios are used in building and construction, model making, art and crafts,
land surveying, die and tool making, food and cooking, chemical mixing, in automobile manufacturing
and in aeroplane and parts making. Engineers use ratios to test structural and mechanical systems for
capacity and safety issues. Millwrights use ratio to solve pulley rotation and gear problems. Operating
engineers apply ratios to ensure the correct equipment is used to safely move heavy materials such as
steel on worksites. It is therefore important that we have some working understanding of ratio and
proportion.

At the end of this chapter, you should be able to:

define ratio

perform calculations with ratios

define direct proportion

perform calculations with direct proportion, including Hooke’s law, Charles’s law and Ohm’s law
define inverse proportion

perform calculations with inverse proportion, including Boyle’s law

several practical engineering laws which rely on direct
proportion. Also, calculating currency exchange rates
and converting imperial to metric units rely on direct
proportion.

Sometimes, as one quantity increases at a particu-
lar rate, another quantity decreases at the same rate;
this is called inverse proportion. For example, the
time taken to do a job is inversely proportional to the
number of people in a team: double the people, half
the time.

6.1 Introduction

Ratio is a way of comparing amounts of something; it
shows how much bigger one thing is than the other.
Some practical examples include mixing paint, sand and
cement, or screen wash. Gears, map scales, food reci-
pes, scale drawings and metal alloy constituents all use
ratios.

Two quantities are in direct proportion when they
increase or decrease in the same ratio. There are

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.



Ratio and proportion 47

When we have completed this chapter on ratio and pro-
portion you will be able to understand, and confidently
perform, calculations on the above topics.

For this chapter you will need to know about decimals
and fractions and to be able to use a calculator.

6.2 Ratios

Ratios are generally shown as numbers separated by a

colon (:), so the ratio of 2 and 7 is written as 2:7 and

we read it as a ratio of ‘two to seven.’

Some practical examples which are familiar include:

e Mixing 1 measure of screen wash to 6 measures of
water; i.e. the ratio of screen wash to wateris 1:6

e Mixing 1 shovel of cement to 4 shovels of sand; i.e.
the ratio of cement to sand is 1:4

e Mixing 3 parts of red paint to 1 part white, i.e. the
ratio of red to white paintis 3: 1

Ratio is the number of parts to a mix. The paint mix is
4 parts total, with 3 parts red and 1 part white. 3 parts
red paint to 1 part white paint means there is

3 1
— red paint to — white paint
4P 4 P

Here are some worked examples to help us understand
more about ratios.

Problem 1. In a class, the ratio of female to male
students is 6:27. Reduce the ratio to its simplest
form

(i) Both 6 and 27 can be divided by 3

(i1)) Thus, 6:27 is the same as 2:9

6:27 and 2:9 are called equivalent ratios.

It is normal to express ratios in their lowest, or simplest,
form. In this example, the simplest form is 2:9 which
means for every 2 females in the class there are 9 male
students.

Problem 2. A gear wheel having 128 teeth is in
mesh with a 48-tooth gear. What is the gear ratio?

Gear ratio = 128:48

A ratio can be simplified by finding common factors.

(i) 128 and 48 can both be divided by 2, i.e. 128:48
is the same as 64:24

(i) 64 and 24 can both be divided by 8, i.e. 64:24 is
the same as 8:3

(iii)) There is no number that divides completely into
both 8 and 3 so 8:3 is the simplest ratio, i.e. the
gear ratio is 8:3

Thus, 128:48 is equivalent to 64 : 24 which is equivalent
to 8:3 and 8:3 is the simplest form.

Problem 3. A wooden pole is 2.08 m long. Divide
it in the ratio of 7 to 19

(i) Since the ratio is 7: 19, the total number of parts
is 74 19 = 26 parts.

(i) 26 parts corresponds to 2.08 m = 208 cm, hence

208
1 part corresponds to 26 = 8

(iii)) Thus, 7 parts corresponds to 7 x 8 = 56 cm and
19 parts corresponds to 19 x 8§ =152 cm.

Hence, 2.08 m divides in the ratio of 7:19 as 56cm
to 152 cm.

(Check: 56 + 152 must add up to 208, otherwise an error
has been made.)

Problem 4. In a competition, prize money of
£828 is to be shared among the first three winners
in the ratio 5:3:1

(i) Since the ratio is 5:3:1 the total number of parts
is 54341 =09 parts.

(i1) 9 parts corresponds to £828

828
(iii) 1 part corresponds to 5 = £92, 3 parts cor-

responds to 3 x £92 = £276 and 5 parts corre-
sponds to 5 x £92 = £460

Hence, £828 divides in the ratio of 5:3:1 as £460 to
£276 to £92. (Check: 460+ 276 492 must add up to
828, otherwise an error has been made.)

Problem 5. A map scale is 1:30000. On the map
the distance between two schools is 6 cm.
Determine the actual distance between the schools,
giving the answer in kilometres
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Actual distance between schools
=6 x30000cm = 180000cm

180000

m = 1800m
100
1
= &m =1.80km
1000

apart.)

(1 mile ~ 1.6km, hence the schools are just over 1 mile

Now try the following Practice Exercise

Practice Exercise 26 Ratios (answers on
page 1150)

1. 1In a box of 333 paper clips, 9 are defective.
Express the number of non-defective paper
clips as aratio of the number of defective paper
clips, in its simplest form.

2. A gear wheel having 84 teeth is in mesh with
a 24-tooth gear. Determine the gear ratio in its
simplest form.

3. In a box of 2000 nails, 120 are defective.
Express the number of non-defective nails as
a ratio of the number of defective ones, in its
simplest form.

4. A metal pipe 3.36 m long is to be cut into two
in the ratio 6 to 15. Calculate the length of each
piece.

5. The instructions for cooking a turkey say that
it needs to be cooked 45 minutes for every
kilogram. How long will it take to cook a 7kg
turkey?

6. In a will, £6440 is to be divided among three
beneficiaries in the ratio 4:2: 1. Calculate the
amount each receives.

7. A local map has a scale of 1:22500. The dis-
tance between two motorways is 2.7 km. How
far are they apart on the map?

8. Prize money in a lottery totals £3801 and is
shared among three winners in the ratio4:2: 1.
How much does the first prize winner receive?

Here are some further worked examples on ratios.

Problem 6. Express 45p as a ratio of £7.65 in its
simplest form

(i) Changing both quantities to the same units, i.e. to
pence, gives a ratio of 45:765

(i) Dividing both quantities by 5 gives
45:765=9:153

(iii) Dividing both quantities by 3 gives
9:153=3:51

(iv) Dividing both quantities by 3 again gives
3:51=1:17

Thus, 45p as a ratio of £7.65is 1:17
45:765,9:153,3:51 and 1:17 are equivalent ratios
and 1:17 is the simplest ratio.

Problem 7. A glass contains 30 ml of whisky
which is 40% alcohol. If 45 ml of water is added and
the mixture stirred, what is now the alcohol content?

(1) The 30ml of whisky contains 40%
4
alcohol = —0 x 30 =12ml.
100

(ii) After 45ml of water is added we have 30+ 45
= 75ml of fluid, of which alcohol is 12 ml.

12
(iii)) Fraction of alcohol present = 75

12
(iv) Percentage of alcohol present = 75 x 100%
=16%

Problem 8. 20 tonnes of a mixture of sand and
gravel is 30% sand. How many tonnes of sand must
be added to produce a mixture which is 40% gravel?

(i) Amount of sand in 20 tonnes = 30% of 20 t

30
= — x20=06t.
100

(i) If the mixture has 6t of sand then amount of
gravel =20 — 6 = 14t

(iii) We want this 14t of gravel to be 40% of the
14
new mixture. 1% would be m t and 100% of the

14
mixture would be 10 x 100t =35t.

(iv) If there is 14t of gravel then amount of sand
=35-14=2It



Ratio and proportion 49

(v) We already have 6t of sand, so amount of sand (a) Hooke’s law™ states that, within the elastic limit

T
to be added to produce a mixture with 40% of a material, the strain & produced is directly pro- =
gravel =21 — 6 =15t. portional to the stress o producing it, i.e. € X o 8

(Note 1 tonne = 1000kg.) (note than ‘o’ means ‘is proportional to”). o
= ) ()

(b) Charles’s law™* states that, for a given mass of
gas at constant pressure, the volume V is directly
proportional to its thermodynamic temperature 7',
re. VoT.

Now try the following Practice Exercise

Practice Exercise 27 Further ratios
(answers on page 1150)

1. Express 130g as a ratio of 1.95kg.

2. Inalaboratory, acid and water are mixed in the
ratio 2:5. How much acid is needed to make
266 ml of the mixture?

3. A glass contains 30ml of gin which is 40%
alcohol. If 18 ml of water is added and the
mixture stirred, determine the new percentage
alcoholic content.

4. A woodenbeam 4 m long weighs 84 kg. Deter-
mine the mass of a similar beam that is 60 cm
long.

5. An alloy is made up of metals P and Q in the
ratio 3.25:1 by mass. How much of P has to
be added to 4.4 kg of QO to make the alloy?

6. 15000kg of a mixture of sand and gravel is
20% sand. Determine the amount of sand that
must be added to produce a mixture with 30%
gravel. * Who was Hooke? Robert Hooke FRS (28 July 1635-3

March 1703) was an English natural philosopher, architect and
6.3 Direct proportion

polymath who, amongst other things, discovered the law of
elasticity. To find out more go to www.routledge.com/cw/bird
Two quantities are in direct proportion when they
increase or decrease in the same ratio. For example,
if 12 cans of lager have a mass of 4kg, then 24 cans
of lager will have a mass of 8kg; i.e. if the quantity
of cans doubles then so does the mass. This is direct
proportion.
In the previous section we had an example of mixing
1 shovel of cement to 4 shovels of sand; i.e. the ratio
of cement to sand was 1:4. So, if we have a mix of 10
shovels of cement and 40 shovels of sand and we wanted
to double the amount of the mix then we would need
to double both the cement and sand, i.e. 20 shovels of

cement and 80 shovels of sand. This is another example * Who was Charles? Jacques Alexandre César Charles
of direct proportion. (12 November 1746-7 April 1823) was a French inventor,
scientist, mathematician and balloonist. Charles’s law des-
cribes how gases expand when heated. To find out more go
to www.routledge.com/cw/bird

Here are three laws in engineering which involve direct
proportion:
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(¢) Ohm’s law* states that the current / flowing
through a fixed resistance is directly proportional
to the applied voltage V,i.e. I «c V.

Here are some worked examples to help us understand
more about direct proportion.

Problem 9. 3 energy-saving light bulbs cost
£7.80. Determine the cost of 7 such light bulbs

(i) 3 light bulbs cost £7.80

7.80
(ii) Therefore, 1 light bulb costs = = £2.60

Hence, 7 light bulbs cost 7 x £2.60 = £18.20

Problem 10. If 56litres of petrol costs £59.92,
calculate the cost of 32 litres

(i) 56litres of petrol costs £59.92

* Who was Ohm? Georg Simon Ohm (16 March 1789—
6 July 1854) was a Bavarian physicist and mathematician
who discovered what came to be known as Ohm’s law — the
direct proportionality between voltage and the resultant electric
current. To find out more go to www.routledge.com/cw/bird

2
(ii)) Therefore, 1 litre of petrol costs =£1.07

Hence, 32 litres cost 32 x 1.07 = £34.24

Problem 11. Hooke’s law states that stress, o, is
directly proportional to strain, ¢, within the elastic
limit of a material. When, for mild steel, the stress
is 63 MPa, the strain is 0.0003. Determine (a) the
value of strain when the stress is 42 MPa, (b) the
value of stress when the strain is 0.00072

(a) Stress is directly proportional to strain.
(i) When the stress is 63MPa, the strain is
0.0003

(i) Hence, a stress of 1 MPa corresponds to a

. 0.0003
strain of

(iii) Thus, the value of strain when the stress is

42MPa = % x 42 =0.0002

(b) Strain is proportional to stress.

(i) When the strain is 0.0003, the stress is
63 MPa.

(i) Hence, a strain of 0.0001 corresponds to

63
— MPa.
3

(iii) Thus, the value of stress when the strain is

0.00072 = 63—3 x 7.2 =151.2MPa.

Problem 12. Charles’s law states that for a given
mass of gas at constant pressure, the volume is
directly proportional to its thermodynamic
temperature. A gas occupies a volume of 2.4 litres
at 600 K. Determine (a) the temperature when the
volume is 3.2 litres, (b) the volume at 540 K

(a) Volume is directly proportional to temperature.
(i) When the volume is 2.4 litres, the tempera-
ture is 600 K.

(i) Hence, a volume of 1 litre corresponds to a

600
temperature of — K.
2.4

(iii) Thus, the temperature when the volume is
600
3.2 litres = 74 x 3.2 =800K.
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(b) Temperature is proportional to volume.

(1) When the temperature is 600K, the volume
is 2.4 litres.

(ii) Hence, a temperature of 1 K corresponds to

2.4 .
a volume of ——litres.
600

(iii) Thus, the volume at a temperature of

540K = ﬁ x 540 = 2.16 litres.
600

Now try the following Practice Exercise

Practice Exercise 28 Direct proportion
(answers on page 1150)

1. 3engine parts cost £208.50. Calculate the cost
of 8 such parts.

2. If 9litres of gloss white paint costs £24.75,
calculate the cost of 24 litres of the same paint.

3. The total mass of 120 household bricks is
57.6kg. Determine the mass of 550 such
bricks.

4. A simple machine has an effort:load ratio of
3:37. Determine the effort, in newtons, to lift
aload of 5.55kN.

5. [If 16 cans of lager weighs 8.32kg, what will
28 cans weigh?

6. Hooke’s law states that stress is directly pro-
portional to strain within the elastic limit of
a material. When, for copper, the stress is
60MPa, the strain is 0.000625. Determine
(a) the strain when the stress is 24 MPa and
(b) the stress when the strain is 0.0005

7. Charles’s law states that volume is directly
proportional to thermodynamic temperature
for a given mass of gas at constant pressure.
A gas occupies a volume of 4.8 litres at 330 K.
Determine (a) the temperature when the vol-
ume is 6.4 litres and (b) the volume when the
temperature is 396 K.

8. A machine produces 320 bolts in a day. Cal-
culate the number of bolts produced by 4
machines in 7 days.

Here are some further worked examples on direct
proportion.

Problem 13. Some guttering on a house has to
decline by 3 mm for every 70 cm to allow rainwater
to drain. The gutter spans 8.4 m. How much lower
should the low end be?

(1) The guttering has to decline in the ratio 3:700 or
3

700
(i) Ifd isthe vertical drop in 8.4 m or 8400 mm, then

d
the decline must be in the ratio d : 8400 or 3

400
d 3
(iii)) Now —— = —
8400 700
(iv) Cross-multiplying gives 700 x d =8400 x 3 from
. 8400 x 3
which, d=——
700

i.e.d = 36 mm, which is how much lower the low end
should be to allow rainwater to drain.

Problem 14. Ohm’s law states that the current
flowing in a fixed resistance is directly proportional
to the applied voltage. When 90 mV is applied
across a resistor the current flowing is 3 A.
Determine (a) the current when the voltage is
60mV and (b) the voltage when the current is 4.2 A

(a) Current is directly proportional to the voltage.
(i) When voltage is 90 mV, the current is 3 A
(i) Hence, a voltage of 1 mV corresponds to a

tof —A
current o 90

(iii)) Thus, when the voltage is 60mV, the

current = 60 x — = 2A.
90

(b) Voltage is directly proportional to the current.
(1) When current is 3 A, the voltage is 90 mV.

(i) Hence, a current of 1 A corresponds to a

90
voltage of 5 mV =30mV.

@iii) Thus, when the current is 4.2A, the
voltage =30 x 4.2 =126 mV.
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<< Problem 15. Some approximate imperial to Problem 16. Currency exchange rates for five
5 metric conversions are shown in Table 6.1. Use the countries are shown in Table 6.2. Calculate

g table to determine (a) how many euros £55 will buy

A (a) the number of millimetres in 12.5inches

. o (b) the number of Japanese yen which can be
(b) aspeed of 50miles per hour in kilometres bought for £23

per hour
(c) the number of pounds sterling which can be

th ber of miles in 300k
(¢) - the number of miles in m exchanged for 6405 kronor

(d) the number of kilograms in 20 pounds weight

© th . F— ) (d) the number of American dollars which can be
e) the number of pounds and ounces in urchased for £92.50

56 kilograms (correct to the nearest ounce) s
. . (e) the number of pounds sterling which can be
th ber of lit 24 gall
® © nUmbEL Ot Ares i 24 gatlons exchanged for 2926 Swiss francs

(g) the number of gallons in 60 litres

Table 6.2
Table 6.1
abie France £1 = 1.25 euros
length linch = 2.54cm
Japan £1 =150 yen
1 mile = 1.6km
Norway £1 = 10.50kronor
weight 22lb=1kg )
Switzerland £1 = 1.40francs
(11b=1602)
USA £1 = 1.30dollars
capacity 1.76 pints = 1 litre
(8 pints = 1 gallon) (a) £1 =1.25 euros, hence £55 = 55 x 1.25 euros
= 68.75 euros
(a) 12.5inches =12.5 x2.54cm =31.75cm (b) £1 =150 yen, hence £23 =23 x 150 yen
31.73cm = 31.75 x 10mm = 317.5mm = 3450 yen
_ _ 6405
(b) 50 m.p.h. =50 x 1.6km/h = 80 km/h (¢) £1=10.50kronor, hence 6405 kronor = £ ==
300 ’
(¢) 300km= e miles = 187.5 miles =£610
20 (d) £1=1.30dollars, hence
(d) 20b= 73 kg =9.09kg £92.50 = 92.50 x 1.30dollars = $120.25
(e) 56kg=56x221b=123.21b (e) £1 = 1.40 Swiss francs, hence
0.21b=0.2x 160z=3.20z=30z, correct to 2926 Swiss francs = £% = £2090

the nearest ounce.

Thus, 56kg = 1231b 30z, correct to the nearest

Now try the following Practice Exercise
ounce.

() 24 gallons =24 8 pints = 192 pints Practice Exercise 29 Further direct

192 pints =~ litres = 109.1litres proportion (answers on page 1150)
176

1. Ohm’s law states that current is proportional
to p.d. in an electrical circuit. When a p.d. of
60 mV is applied across a circuit a current of
24 uA flows. Determine (a) the current flowing

(g) 60litres = 60 x 1.76 pints = 105.6 pints

105.6
105.6 pints = 5 gallons = 13.2 gallons
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when the p.d. is 5V and (b) the p.d. when the
current is 10 mA.

2. The tourist rate for the Swiss franc is quoted in
anewspaper as £1 = 1.40 fr. How many francs
can be purchased for £310?

3. If linch=2.54cm, find the number of mil-
limetres in 27 inches.

4. If2.21b = 1kgand 11b = 16 0z, determine the
number of pounds and ounces in 38 kg (correct
to the nearest ounce).

5. If 1llitre = 1.76 pints and 8 pints = 1 gallon,
determine (a) the number of litres in 35 gallons
and (b) the number of gallons in 75 litres.

6. Hooke’s law states that stress is directly pro-
portional to strain within the elastic limit of a
material. When, for brass, the stress is 21 MPa,
the strain is 0.00025. Determine the stress
when the strain is 0.00035

7. If 12inches = 30.48 cm, find the number of
millimetres in 23 inches.

8. The tourist rate for the Canadian dollar is
quoted in a newspaper as £1 = $1.62. How
many Canadian dollars can be purchased for
£550?

6.4 Inverse proportion

Two variables, x and y, are in inverse proportion to one
e . L.
another if y is proportionalto —,i.e. y x —ory = — or
X X X

k = xy where k is a constant, called the coefficient of
proportionality.

Inverse proportion means that as the value of one vari-
able increases the value of another decreases, and that
their product is always the same.

For example, the time for a journey is inversely propor-
tional to the speed of travel. So, if at 30 m.p.h. a journey
is completed in 20 minutes, then at 60 m.p.h. the journey
would be completed in 10 minutes. Double the speed,
half the journey time. (Note that 30 x 20 = 60 x 10)
In another example, the time needed to dig a hole is
inversely proportional to the number of people digging.
So, if 4 men take 3 hours to dig a hole, then 2 men

(working at the same rate) would take 6 hours. Half the
men, twice the time. (Note that 4 x 3 =2 x 6)
Here are some worked examples on inverse proportion.

Problem 17. It is estimated that a team of four
designers would take a year to develop an
engineering process. How long would three
designers take?

If 4 designers take 1 year, then 1 designer would take
4 years to develop the process. Hence, 3 designers would

take 3 years, i.e. 1 year 4 months.

Problem 18. A team of five people can deliver
leaflets to every house in a particular area in four
hours. How long will it take a team of three people?

If 5 people take 4 hours to deliver the leaflets, then
1 person would take 5 x 4 =20 hours. Hence, 3 peo-

20 2
ple would take — hours, i.e. 65 hours, i.e. 6 hours 40

minutes.

Problem 19. The electrical resistance R of a
piece of wire is inversely proportional to the
cross-sectional area A. When A = 5 mm?,

R = 7.2 ohms. Determine (a) the coefficient of
proportionality and (b) the cross-sectional area
when the resistance is 4 ohms

1 k
(a) RO(Z, ie. R=Z or k= RA. Hence, when

R =7.2and A =5, the

coefficient of proportionality, k = (7.2)(5) = 36

k
(b) Sincek = RA then A = ® Hence, when R =4,

36
the cross-sectional area, A = 7= 9mm?

Problem 20. Boyle’s law* states that, at constant
temperature, the volume V of a fixed mass of gas is
inversely proportional to its absolute pressure p. If
a gas occupies a volume of 0.08 m> at a pressure of
1.5 x 10° pascals, determine (a) the coefficient of
proportionality and (b) the volume if the pressure is
changed to 4 x 10° pascals
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1 k
(@ V x—ie. V=—ork=pV.Hence,the
p p

coefficient of proportionality, k

= (1.5 x 10)(0.08) = 0.12 x 10°

k 0.12x10° 3
(b) Volume,V = — = =0.03m
p

4x106

* Who was Boyle? Robert Boyle (25 January 1627-31
December 1691) was a natural philosopher, chemist, physi-
cist and inventor. Regarded today as the first modern chemist,
he is best known for Boyle’s law, which describes the
inversely proportional relationship between the absolute pres-
sure and volume of a gas, providing the temperature is kept
constant within a closed system. To find out more go to
www.routledge.com/cw/bird

Now try the following Practice Exercise

Practice Exercise 30 Further inverse
proportion (answers on page 1150)

1.

A 10kg bag of potatoes lasts for a week with a
family of 7 people. Assuming all eat the same
amount, how long will the potatoes last if there
are only two in the family?

If 8 men take 5 days to build a wall, how long
would it take 2 men?

If y is inversely proportional to x and y = 15.3
when x = 0.6, determine (a) the coefficient of
proportionality, (b) the value of y when x is
1.5 and (c) the value of x when y is 27.2

A car travelling at 50 km/h makes a journey in
70 minutes. How long will the journey take at
70km/h?

Boyle’s law states that, for a gas at constant
temperature, the volume of a fixed mass of
gas is inversely proportional to its absolute
pressure. If a gas occupies a volume of 1.5m?>
at a pressure of 200 x 10° pascals, determine
(a) the constant of proportionality, (b) the
volume when the pressure is 800 x 103 pas-
cals and (c) the pressure when the volume is
1.25m3.

The energy received by a surface from a
source of heat is inversely proportional to the
square of the distance between the heat source
and the surface. A surface 1 m from the heat
source receives 200J of energy. Calculate
(a) the energy received when the distance is
changed to 2.5 m, (b) the distance required if
the surface is to receive 800 J of energy.

For fully worked solutions to each of the problems in Practice Exercises 26 to 30 in this chapter,
go to the website:
www.routledge.com/cw/bird
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Chapter 7

Powers, roots and laws
of indices

Why it is important to understand: Powers, roots and laws of indices

Powers and roots are used extensively in mathematics and engineering, so it is important to get
a good grasp of what they are and how, and why, they are used. Being able to multiply powers
together by adding their indices is particularly useful for disciplines like engineering and elec-
tronics, where quantities are often expressed as a value multiplied by some power of ten. In the
field of electrical engineering, for example, the relationship between electric current, voltage and
resistance in an electrical system is critically important, and yet the typical unit values for these
properties can differ by several orders of magnitude. Studying, or working, in an engineering dis-
cipline, you very quickly become familiar with powers and roots and laws of indices. This chap-
ter provides an important lead into Chapter 8, which deals with units, prefixes and engineering
notation.

At the end of this chapter, you should be able to:

understand the terms base, index and power
understand square roots

perform calculations with powers and roots
state the laws of indices

perform calculations using the laws of indices

7.1 Introduction

7.2 Powers and roots

The manipulation of powers and roots is a crucial under-
lying skill needed in algebra. In this chapter, powers and
roots of numbers are explained, together with the laws
of indices.

Many worked examples are included to help under-
standing.

Indices

The number 16isthesameas2 x 2 x 2 x 2,and 2 x 2 x
2 x 2 can be abbreviated to 2*. When written as 2%, 2 is
called the base and the 4 is called the index or power.
2% is read as ‘two to the power of four’.

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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Similarly, 3° is read as ‘three to the power of 5°.
When the indices are 2 and 3 they are given special
names; i.e. 2 is called ‘squared’ and 3 is called ‘cubed’.
Thus,

42 is called ‘four squared’ rather than ‘4 to the power
of 2> and 53 is called ‘five cubed’ rather than ‘5 to the
power of 3°.

When no index is shown, the power is 1. For example,
2 means 2!

Problem 1. Evaluate (a) 2° (b) 3*

(a) 2°means2x2x2x2x2x2(e.2 multiplied
by itself 6 times), and 2 x 2 x 2 x 2 x 2 x 2 = 64

ie. 20 — 64

(b) 3*means3 x3x3x3(e. 3 multiplied by itself
4 times),and 3 x 3 x3 x3 =81

ie. 34 =81

Problem 2. Change the following to index form:
(a) 32 (b) 625

(a) (i) Toexpress32inits lowest factors, 32 is initially
divided by the lowest prime number, i.e. 2
(i) 32+2=16,hence32=2x16

(iii) 16 is also divisible by 2, i.e. 16 =2 x 8. Thus,
32=2x2x8

(iv) 8 1is also divisible by 2, i.e. 8 =2 x 4. Thus,
32=2x2x2x4

(v) 4 1is also divisible by 2, i.e. 4 =2 x 2. Thus,
32=2x2x2x%x2x2

(vi) Thus, 32 =2°

(b) i) 625 is not divisible by the lowest prime num-
ber, i.e. 2. The next prime number is 3 and 625
is not divisible by 3 either. The next prime
number is 5

(i) 625=5=125,ie. 625=5x 125

(i) 125 is also divisible by 5, i.e. 125 =15 x 25.
Thus, 625 =5 x5 x 25

(iv) 25 is also divisible by 5, i.e. 25 =5 x 5. Thus,
625=5x5x%x5x%x5

(v) Thus, 625 =54

Problem 3. Evaluate 33 x 22

3¥x22=3x3x3x2x2
=27 x4
=108

Square roots

When a number is multiplied by itself the product is
called a square.

For example, the square of 3is 3 x 3 =3%2=9

A square root is the reverse process; i.e. the value of the
base which when multiplied by itself gives the number;
i.e. the square root of 9 is 3

The symbol +/ is used to denote a square root. Thus,
V9 =3. Similarly, V4 =2 and v/25 =5

Because —3 x —3=9,4/9 also equals —3. Thus,
/9 = +3 or —3 which is usually written as V9 = 43,
Similarly, +/16 = 4 and /36 = £6

The square root of, say, 9 may also be written in index

form as 9% |
97 =4/9=43

32 x 23 x /36
16 x 4

Problem 4. Evaluate taking only

positive square roots

32x27x /36 3x3x2x2x2x6

Vi6x4 4x4
_9Ix8x6 9Ix1Ix6
I )
= Ix1x3 by cancelling
1
=27
10* x /100
Problem 5. Evaluate i S taking the

. 103
positive square root only

10* x /100 10 x 10 x 10 x 10 x 10
103 - 10 x 10 x 10

_Ix1x1x10x10 by cancelling
Ix1x1

100
T
=100
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Now try the following Practice Exercise

Practice Exercise 31 Powers and roots
(answers on page 1150)

Evaluate the following without the aid of a calcu-
lator.

1. 33 2. 27

3. 10° 4, 2%x32x2-3

5. Change 16 to 6. 252

index form.

10°

7. 642 g X
103

. 102 x 103 0 25 % 647 x 32

103 ' V144 x 3

taking positive

square roots only.

7.3 Laws of indices

There are six laws of indices.

(1) From earlier, 22 x 23 = (2 x2) x 2 x2 x 2)

=32

=25
Hence, 22 %23 =23
or 22 % 23 = 02+3

This is the first law of indices, which demonstrates
that when multiplying two or more numbers
having the same base, the indices are added.

25_2x2x2x2x2_1x1x1x2x2

2y — =
@) 23 2x2x2 Ix1x1
2x?2 )
1
5 25
Hence, — =22 or — =273
23 23

This is the second law of indices, which demon-
strates that when dividing two numbers having
the same base, the index in the denominator is
subtracted from the index in the numerator.

(3) (35)2 — 35><2 — 310 and (22)3 — 22><3 — 26

This is the third law of indices, which demon-
strates that when a number which is raised to
a power is raised to a further power, the indices
are multiplied.

4 39=1 and 17°=1

This is the fourth law of indices, which states that
when a number has an index of 0, its value is 1.
41 1

(5) 3 = 3—4 and 2T3 =
This is the fifth law of indices, which demonstrates
that a number raised to a negative power is the
reciprocal of that number raised to a positive
power.

6) 83 =+v8=02)>2=4 and
257 = Y251 = /251 = 45
(Note that v/ =)
This is the sixth law of indices, which demon-
strates that when a number is raised to a frac-
tional power the denominator of the fraction is
the root of the number and the numerator is the
power.

Here are some worked examples using the laws of
indices.

23

Problem 6. Evaluate in index form 53 x 5 x 52

53 x5%x52=5 x5! x5? (NotethatSmeansSl)

= 53+1+2 from law (1)
— 56
35
Problem 7. Evaluate ge!
35
= 334 from law (2)
_ Al
=3
24
Problem 8. Evaluate —
24
24
= 244 from law (2)
=20
24 2x2x2x2 16
But —=————=—=1
24 2x2x2x2 16
Hence, 20=1 from law (4)

Any number raised to the power of zero equals 1. For
example, 6° = 1,128% = 1,13742° = 1 and so on.
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2
Problem 9. Evaluate

34
3x32 3x32 342 33 .
from laws (1) and (2)
But 33 3x3x3 Ix1x1
ut = =
34 3x3x3x3 1x1x1x3
(by cancelling)
1
3
3x3? 1
Hence, :—4 =31= 3 from law (5)
Similarly, 2-'=L2-5= L 1 _ 54,4
imilarly, =5 =55 = and so on.
3 % 102
Problem 10. Evaluate
108
2 342 5
10° 13810 1?08 = % from law (1)
=10"%=10"  fromlaw (2)
— _1 — _1 from law (5)
103 1000
103 x 10? 1
Hence, ———— =103 = =0.001
enee 108 1000

Understanding powers of ten is important, especially
when dealing with prefixes in Chapter 8. For example,

10% = 100, 10 = 1000, 10* = 10000,

10° = 100000, 10° = 1000000

a1 —»_ 1 _ 1 _
107! = — =0.1,1072 =001
10 =102 T 100

and so on.

Problem 11. Evaluate (a) 52 x 53 = 5%
(b) 3 x3%) = (32 x 3%

From laws (1) and (2):

52 x 53 5(2+3)

54 T 54
55

@@ $*x5+5%=

—5—4=5<5—4>=5‘=5

3 % 35 3(1+5)
32 %33 3243
36
=—_=305=31=3
3

(b)) 3x3)+=B2x3%)=

Problem 12. Simplify (a) (23)* (b) (3%)°,
expressing the answers in index form

From law (3):
(a) (23)4 23><4 212
(b) (32)5 32><5 310
(10%)°
Problem 13. Evaluate: ————
104 x 102
From laws (1) to (4):
(102)3 10(2><3) 106

_106—6 _ 100 _
10 % 102 ~ 10G4+D — 106 17 =10"=1
24
Problem 14. Find the value of (a) <55
(3%)*
b
®) 3x39
From the laws of indices:
23 % 24 2(3+4) 27
(a) —=—=—=27_12
27 % 25 2(7+5) 212
_ 2—5 _ i _ l
ST 25 3
32 3 32><3 36
(b) ( ) — 36 10
3 x 39 31+9 31()
_ 34 1 B 1
I TR 7'

Problem 15. Evaluate (a) 41/2 (b) 163/* (¢) 27%/3
(d) 9— 1/2

(a) 4'2=4=22

(b) 16¥4=V163=(2)°=8
(Note that it does not matter whether the 4th root
of 16 is found first or whether 16 cubed is found
first — the same answer will result.)

() 2723 =V2712=(3)2=9
1 1 1 1

d 12 _ - — 4
@ 97 912 ~ J§ +3 3
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Now try the following Practice Exercise

Practice Exercise 32 Laws of indices
(answers on page 1150)

Evaluate the following without the aid of a
calculator.

1. 22x2x24 2. 3¥x33x3
in index form
27 33
3 % 4, 3
3 6
5. 70 6 2° x2x2
27
10 x 10°
7. IXT 8. 10°=10
103 x 10*
9, % 10. 56 x 5257

11. (7%)3 in index form 12. (332

37 34 9 32 3
3. 222 in g, O30
35 (3 x27)2
index form index form
16 x 4)2 2
15. (6#) 16. 5_
(2 x 8)3 5—4
2 —4 2 -3
17, X3 18, X7
33 7 x 74
- 23 x 274 x 23 20 577 x 52
T 2x272x26 58 x53

Here are some further worked examples using the laws
of indices.

3 % 57
Problem 16. Evaluate —
53 x 34

The laws of indices only apply to terms having the
same base. Grouping terms having the same base and
then applying the laws of indices to each of the groups
independently gives

3 xST 3 ST Seeay 50-9
53x34 34753

23 35 72 2
Problem 17. Find the value of X—X()
74 % 24 x 33

3 242
PP XTN_ aed 3573 qreas

74 x 24 x 33
=271 x32x7"
1 9 1
=-x3¥x1=2=4=
27 2
415 y g1/3

Problem 18. Evaluate m

415 =2 =3 =23 =3,

813 =J8=2,
22 =4,
32—2/5:L:L:i:l
3225 332 22 4
415 %813 gx2 16
Hence, = =—=16
22 % 3272/5 1 1
4 X Z
Alternatively,
41.5 % 81/3 [(2)2]3/2 % (23)1/3

22 % 32-2/5 7 22 (25)—2/5

23 %2t
_ _93+1-2—(=2) _H4 _
=5 55=2 =2"=16

32 x5 433%x53
Problem 19. Evaluate ¥
34 x 54

Dividing each term by the HCF (highest common factor)
of the three terms, i.e. 32 x 5, gives

32 x5 33x53
32 x5433%x53 B 32x53+32x53
34 54 - 34 5 54
32x53
3(2—2) X 5(5—3) + 3(3—2) X 5()
3(4-2) » 5(4-3)

30 x 52430 x50
32 x 51
_1x25+3x1_28
B 9x5 T 45
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32 x 57

Problem 20. Find the valueof —————
34 x 54433 x53

To simplify the arithmetic, each term is divided by the
HCEF of all the terms, i.e. 32 x 53. Thus,

32 x5
32 x5 B 32 % 53
345443353 T 35t 33453
32 x 53 + 32 x 53
3(2-2) 5 5(5-3)
T 3(-2)  5(4-3) 1 33-2) x 56-3)

 30x5?

T 32 x50 431 x50

_ Ixs52 25 25
T 32x543x1 4543 48

Problem 21. Simplify — 2"
roblem 21. Simplify ————

Py 32 75 < 52
expressing the answer in index form with positive
indices
. 511 ) 1 5

Since 77° = —, —= =3 and —= = 5-, then
737372 5-2
73 %3t 3% 32x5?
3 2x75x52  Bx7P
3(4+2) % 52 36 % 52
IR TE e B T
16% x 972

Problem 22. Simplif
roblem 1mp1y4x33_2_3x82

expressing the answer in index form with positive
indices

Expressing the numbers in terms of their lowest prime
numbers gives

162972 2H2x3H)7?
4x33-2"3x82  22x33-2-3x(23)?2
B 28 374
T 22x33-23x26
28 x 374

T 223323

Dividing each term by the HCF (i.e. 22) gives

20%x374 26
33-2  3H33-2)

4\* 3\ 7?2

— X —_

_(5) ()
Problem 23. Simplify T
(3)

the answer with positive indices

28 % 374

22 %3323

giving

Raising a fraction to a power means that both the numer-

ator and the denominator of the fraction are raised to that
. s

power, i.e. 3) =%

A fraction raised to a negative power has the same value

as the inverse of the fraction raised to a positive power.

3\ 72 1 1 52 52
() =
2\ 5\ 53
Similarly, [ = =(Z) =
imilarly (5) (2) >
()G &3
X
3 2
Thus, 3 2 =3 3
2\~ 53
5) 23
B 43 52 23 B (22)3 X 23
T35 73275 T 361D x 560
29
T3 x5

Now try the following Practice Exercise

Practice Exercise 33  Further problems on
indices (answers on page 1151)

In Problems 1 to 4, simplify the expressions given,
expressing the answers in index form and with
positive indices.

| 33 x 52 ) 772 %372
To54 % 34 T35 x74x 73
3 4% x 93 A 82 x52x374
©83x 34 T252x24%x 92
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In Problems 5 to 15, evaluate the expressions given. 33 w72 52«73 22 —372x 44 <é

11, ———— 12, ————+—— =)

1\! 32x5x%x7? 23 x 162 =

5. (= 6. 8192 =

i 6-G6 @ -

1 o 52 ), )

7.16 4 8. (—) 3 2
9 2 9

(32)3/2 % (81/3)2

92 x 74 33 x 52
: (3)2 X (43)1/2 X (9)—1/2

9, —— — 100 ——+——+——
3 x 74433 x 72 23%x32-82x9

For fully worked solutions to each of the problems in Practice Exercises 31 to 33 in this chapter, q':"v ﬂ"""{;;
go to the website: = £
":"E R ;'."*:'

www.routledge.com/cw/bird
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Chapter 8

Units, prefixes and
engineering notation

Why it is important to understand: Units, prefixes and engineering notation

In engineering there are many different quantities to get used to, and hence many units to become familiar
with. For example, force is measured in newtons, electric current is measured in amperes and pressure is
measured in pascals. Sometimes the units of these quantities are either very large or very small and hence
prefixes are used. For example, 1000 pascals may be written as 103 Pa, which is written as 1 kPa in prefix
form, the k being accepted as a symbol to represent 1000 or 10°. Studying, or working, in an engineering
discipline, you very quickly become familiar with the standard units of measurement, the prefixes used
and engineering notation. An electronic calculator is extremely helpful with engineering notation.

At the end of this chapter, you should be able to:

state the seven SI units

understand derived units

recognise common engineering units

understand common prefixes used in engineering
express decimal numbers in standard form

8.1 Introduction

Of considerable importance in engineering is a knowl-
edge of units of engineering quantities, the prefixes used
with units, and engineering notation.
We need to know, for example, that

80kV = 80 x 103V, which means 80000 volts

and 25mA =25 x 1073 A, which means 0.025
amperes
and 50nF =50 x 10~° F, which means 0.000000050

farads
This is explained in this chapter.

use engineering notation and prefix form with engineering units
understand and use metric conversions for length, area and volume
understand and use metric to US/Imperial conversions

The system of units used in engineering and science
is the Systéme Internationale d’Unités (International
System of Units), usually abbreviated to ST units, and is
based on the metric system. This was introduced in 1960
and has now been adopted by the majority of countries
as the official system of measurement.

The basic seven units used in the SI system are listed in
Table 8.1 with their symbols.

There are, of course, many units other than these seven.
These other units are called derived units and are
defined in terms of the standard units listed in the table.

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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Table 8.1 Basic SI units Some derived units are given special names. For exam-

; ; ple, force = mass x acceleration has units of kilogram <é
Qmailily Wi Smlesl metre per second squared, which uses three of the base S
Length metre m (Im=100cm units, i.e. kilograms, metres and seconds. The unit of 50

= 1000 mm) kg m/s? is given the special name of a newton™. N
Table 8.2 on page 64 contains a list of some quantities
Mass kilogram kg (1kg=1000g) and their units that are common in engineering.
Time second s
Electric current ~ ampere A
Thermodynamic  kelvin K (K=°C+273) SI l.mits may be mafie %arg'er or sm'al'le.r by using pr<.3fixes
temperature which denote multiplication or division by a particular
amount.
Luminous candela cd The most common multiples are listed in Table 8.3 on
intensity page 65. A knowledge of indices is needed since all
of the prefixes are powers of 10 with indices that are a
Amount of mole mol .
multiple of 3.
SBLIHTED Here are some examples of prefixes used with engineer-
ing units.
For example, speed is measured in metres per second A frequency of 15 GHz means 15 x 10°Hz, which is
’ ’ 15000000000 hertz*,

therefore using two of the standard units, i.e. length and

time i.e. 15 gigahertz is written as 15 GHz and is equal to 15

thousand million hertz.

* Who was Newton? Sir Isaac Newton PRS MP (25 Decem-
ber 1642-20 March 1727) was an English polymath. Newton
showed that the motions of objects are governed by the same
set of natural laws, by demonstrating the consistency between
Kepler’s laws of planetary motion and his theory of gravitation.
To find out more go to www.routledge.com/cw/bird

* Who was Hertz? Heinrich Rudolf Hertz (22 February
1857-1January 1894) was the first person to conclusively prove
the existence of electromagnetic waves. The scientific unit of
frequency — cycles per second — was named the ‘hertz’ in his
honour. To find out more go to www.routledge.com/cw/bird
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Table 8.2 Some quantities and their units that are common in engineering

Quantity

Length

Area

Volume

Mass

Time

Electric current
Speed, velocity
Acceleration
Density
Temperature
Angle

Angular velocity
Frequency

Force

Pressure

Energy, work
Power

Charge, quantity of electricity
Electric potential
Capacitance
Electrical resistance
Inductance

Moment of force

Unit

metre

square metre
cubic metre
kilogram

second

ampere

metre per second
metre per second squared
kilogram per cubic metre
kelvin or Celsius
radian or degree
radian per second
hertz

newton

pascal

joule

watt

coulomb

volt

farad

ohm

henry

newton metre

Symbol

kg/m?
Kor°C
rad or ©
rad/s
Hz
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Table 8.3 Common SI multiples

Prefix ~ Name Meaning

G giga multiply by 10°
M mega multiply by 10°

k kilo multiply by 103
m milli multiply by 1073
v micro multiply by 1076
n nano multiply by 10~
p pico multiply by 10712

(Instead of writing 15000000000 hertz, it is much
neater, takes up less space and prevents errors caused
by having so many zeros, to write the frequency as
15GHz.)

A voltage of 40MV means 40 x 10V, which is
40000000 volts,

i.e. 40 megavolts is written as 40 MV and is equal to 40
million volts.

An inductance of 12mH means 12 x 1073H or
£ H or i H, which is 0.012H,

103 1000

i.e. 12 millihenrys is written as 12mH and is equal to
12 thousandths of a henry*.

A time of 150 ns means 150 x 10~%s or % s, which
is 0.000000 150s,

i.e. 150 nanoseconds is written as 150 ns and is equal to
150 thousand millionths of a second.

A force of 20kN means 20 x 10° N, which is 20000
newtons,

i.e. 20 kilonewtons is written as 20kN and is equal to
20 thousand newtons.

30
A charge of 30 . C means 30 x 10~°Cor 106 C, which

is 0.000030C,
i.e. 30 microcoulombs is written as 30 wC and is equal
to 30 millionths of a coulomb.

45
A capacitance of 45 pF means 45 x 107'2F or o0 F,
which is 0.000 000000 045F,

i.e. x 1000000000
i.e. x 1000000

i.e. x 1000
| |
ie.x — = ——=0.001
10° ~ 1000
L L 0.000001
1 X —=———=0U.
© 106 ~ 1000000
i ! ! 0.000000001
1l X —/=——7—=0U.
10° ~ 1000000000
. 1 1
1.€. X = =
102 = 1000000000000
0.000000000001

* Who was Henry? Joseph Henry (17 December 1797-13
May 1878) was an American scientist who discovered the
electromagnetic phenomenon of self-inductance. He also dis-
covered mutual inductance independently of Michael Faraday,
though Faraday was the first to publish his results. Henry was
the inventor of a precursor to the electric doorbell and electric
relay. The SI unit of inductance, the henry, is named in his
honour. To find out more go to www.routledge.com/cw/bird
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i.e. 45 picofarads is written as 45pF and is equal to
45 million millionths of a farad (named after Michael
Faraday®).

In engineering it is important to understand what such
quantities as 15GHz, 40MV, 12mH, 150ns, 20kN,
30w C and 45 pF mean.

Now try the following Practice Exercise

Practice Exercise 34 Sl units and common
prefixes (answers on page 1151)

1. State the SI unit of volume.
State the ST unit of capacitance.

State the SI unit of area.

2

3

4. State the ST unit of velocity.
5. State the SI unit of density.
6

State the ST unit of energy.

* Who was Faraday? Michael Faraday, FRS (22 September
1791-25 August 1867) was an English scientist who con-
tributed to the fields of electromagnetism and electrochemistry.
His main discoveries include those of electromagnetic induc-
tion, diamagnetism and electrolysis. To find out more go to
www.routledge.com/cw/bird

7. State the SI unit of charge.

8. State the SI unit of power.

9. State the SI unit of angle.
10. State the SI unit of electric potential.
11. State which quantity has the unit kg.
12. State which quantity has the unit symbol €2.
13. State which quantity has the unit Hz.
14. State which quantity has the unit m/s>.
15. State which quantity has the unit symbol A.
16. State which quantity has the unit symbol H.
17. State which quantity has the unit symbol m.
18. State which quantity has the unit symbol K.
19. State which quantity has the unit Pa.
20. State which quantity has the unit rad/s.
21. What does the prefix G mean?

22.  Whatis the symbol and meaning of the prefix
milli?

23. What does the prefix p mean?

24. Whatis the symbol and meaning of the prefix
mega?

8.4 Standard form

A number written with one digit to the left of the decimal
point and multiplied by 10 raised to some power is said
to be written in standard form.

For example, 43645 =4.3645 x 10* in standard form
and 0.0534 = 5.34 x 1072 in standard form

Problem 1. Express in standard form (a) 38.71
(b) 3746 (c) 0.0124

For anumber to be in standard form, it is expressed with
only one digit to the left of the decimal point. Thus,

(a) 38.71 must be divided by 10 to achieve one digit
to the left of the decimal point and it must also be
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multiplied by 10 to maintain the equality, i.e.

38.71
38.71= x10=3.871 x10 in standard form

3746
1000

x 1000 = 3.746 x 10° in standard

(b) 3746 =
form.
100 1.24 s
(¢) 0.0124=0.0124x —=——=1.24x10
) 100 100
in standard form.

Problem 2. Express the following numbers,
which are in standard form, as decimal numbers:

(@) 1.725 x 1072 (b) 5.491 x 10* (c) 9.84 x 10°

1.725
(@ 1.725x1072= ST 0.01725 (i.e. move the

decimal point 2 places to the left).

(b) 5.491 x 10* = 5.491 x 10000 = 54910 (i.e. move
the decimal point 4 places to the right).

() 9.84x10°=19.84 x 1 =9.84 (since 100 = 1).

Problem 3. Express in standard form, correct to 3

3 2 9
ignificant fi ,(@) = (b) 19= (c) 741 —
significant figures, (a) 3 (b) 93 (©) 6

3
(a) 3= 0.375, and expressing it in standard form
gives
0.375=3.75x 107"

2 .
(b) 195 =19.6=1.97 x 10 in standard form, cor-

rect to 3 significant figures.

9
(c) 741 6 =741.5625="7.42 x 10? in standard form,

correct to 3 significant figures.

Problem 4. Express the following numbers, given
in standard form, as fractions or mixed numbers,
(@) 2.5 x 107! (b) 6.25 x 1072 (c) 1.354 x 10?

25 25 1
25x107 =2 = = ==
@ x 10 100 4

625 625 1
b) 625x102= """ = " — _
®) x 100 ~ 10000 _ 16

4 2
() 1.354x10%>=1354=135— =1352
10 5

Problem 5. Evaluate (a) (3.75 x 103)(6 x 10%)
3.5 x 10°
(b)

7 %102 °
form

expressing the answers in standard

(@) (3.75 x 103)(6 x 10" = (3.75 x 6)(103+%)

=22.50 x 107
=225x108
35%x100 3.5
by 22 22 1052=0.5x 10° =5 x 10
7 x 102 7

Now try the following Practice Exercise

Practice Exercise 35 Standard form
(answers on page 1151)

In Problems 1 to 5, express in standard form.
1. (@ 739 (b) 284 (c) 197.62
2. (a) 2748 (b) 33170 (c) 274218
3. (a) 0.2401 (b) 0.0174 (c) 0.00923
4

(a) 1702.3 (b) 10.04 (c) 0.0109
1 7

5. (a) 7 (b) 11§

© 1303 @ =
¢ 5 32

In Problems 6 and 7, express the numbers given as
integers or decimal fractions.

6. (a) 1.01x10> (b) 9.327 x 102
(c) 5.41x10* (@ 7x10°
7. (@) 3.89x1072 (b) 6.741 x 107!
(c) 8x1073
In Problems 8 and 9, evaluate the given expres-
sions, stating the answers in standard form.
8. (a) (4.5x1073)3 x10%
(b) 2x(5.5x% 10%
6x 1073
3% 1073

(2.4 x 103 x 1072)
(4.8 x 10%)

9. (a)

(b)

10. Write the following statements in standard
form.
(a) The density of aluminium is
2710kgm 3.
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(b) Poisson’s ratio for gold is 0.44

(c) The impedance of free space is
376.73 Q.

(d) The electron rest energy is 0.511 MeV.

(e) Proton charge—mass ratio is 95789 700
Ckg~!.

(f) The normal volume of a perfect gas is
0.02241 m*mol~!.

8.5 Engineering notation

In engineering, standard form is not as important as
engineering notation. Engineering notation is similar
to standard form except that the power of 10 is always
a multiple of 3.

For example, 43645 = 43.645 x 10°
in engineering notation
and 0.0534 =53.4x 1073

in engineering notation

From the list of engineering prefixes on page 65 it is
apparent that all prefixes involve powers of 10 that are
multiples of 3.

For example, a force of 43645N can be rewritten as
43.645 x 103N and from the list of prefixes can then be
expressed as 43.645kN.

Thus, 43645N = 43.645kN

To help further, on your calculator is an ‘ENG’ button.
Enter the number 43 645 into your calculator and then
press =. Now press the ENG button and the answer is
43.645 x 103. We then have to appreciate that 103 is the
prefix ‘kilo’, giving 43645 N = 43.645 kN.

In another example, let a current be 0.0745 A. Enter
0.0745 into your calculator. Press =. Now press
ENG and the answer is 74.5 x 1073, We then have
to appreciate that 1073 is the prefix ‘milli’, giving
0.0745A = 74.5mA.

Problem 6. Express the following in engineering
notation and in prefix form: (a) 300000 W
(b) 0.000068 H

(a) Enter 300000 into the calculator. Press =
Now press ENG and the answer is 300 x 103

From the table of prefixes on page 65, 10° corre-

sponds to kilo.
Hence, 300000 W = 300 x 10° W in engineering
notation
= 300 kW in prefix form.

(b) Enter 0.000068 into the calculator. Press =
Now press ENG and the answer is 68 x 1076

From the table of prefixes on page 65, 107°
corresponds to micro.

Hence, 0.000068 H = 68 x 10~% H in engineering
notation

= 68 wH in prefix form.

Problem 7. Express the following in engineering
notation and in prefix form:

(@42 x10°Q  (b)47 x 107'°F

(a) Enter 42 x 107 into the calculator. Press =
Now press ENG and the answer is 4.2 x 10°

From the table of prefixes on page 65, 10° corre-
sponds to mega.

Hence, 42 x 10° Q = 4.2 x 10° Q in engineering
notation

= 4.2 M€ in prefix form.

47
(b) Enter 47 x 10710 =

=———— into the cal-
10000000000

culator. Press =
Now press ENG and the answer is 4.7 x 1077

From the table of prefixes on page 65, 1077
corresponds to nano.

Hence, 47 +10'°F = 4.7 x 10~°F in engineer-
ing notation

= 4.7nF in prefix form.

Problem 8. Rewrite (a) 0.056 mA in pA
(b) 16 700kHz as MHz

(a) Enter 0.056 — 1000 into the calculator (since milli
means —1000). Press =

Now press ENG and the answer is 56 x 1076

From the table of prefixes on page 65, 1076
corresponds to micro.
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(b)

0.056 6
Hence, 0.056mA = ——A =56 x 107" A
1000

=56 A
Enter 16 700 x 1000 into the calculator (since kilo
means x 1000). Press =
Now press ENG and the answer is 16.7 x 10°

From the table of prefixes on page 65, 10° corre-
sponds to mega.

Hence, 16700kHz= 16700 x 1000Hz

=16.7 x 10°Hz
—16.7MHz

Problem 9. Rewrite (a) 63 x 104V inkV
(b) 3100 pF in nF

(a)

(b)

Enter 63 x 10* into the calculator. Press =
Now press ENG and the answer is 630 x 103

From the table of prefixes on page 65, 103 corre-
sponds to kilo.

Hence, 63 x 10*V =630 x 10° V = 630kV
Enter 3100 x 10~!2 into the calculator. Press =
Now press ENG and the answer is 3.1 x 1077

From the table of prefixes on page 65, 1077
corresponds to nano.

Hence, 3100pF=3100 x 10712F=3.1 x 10~°F
=3.1nF

Problem 10. Rewrite (a) 14700 mm in metres
(b) 276 cm in metres (c) 3.375kg in grams

(a)

(b)

(©)

1 m = 1000 mm, hence

1 1 3
Ilmm= —=— = m.
1000 103
Hence, 14700mm = 14700 x 10~3m = 14.7m
1 1
Im=100cm, hence lcm=—=—=10"2m
100 102

Hence, 276cm = 276 x 1072m = 2.76 m
1kg=1000g=103g
Hence, 3.375kg =3.375 x 10° g =3375¢g

Now try the following Practice Exercise

Practice Exercise 36 Engineering notation
(answers on page 1151)

In Problems 1 to 12, express in engineering nota-
tion in prefix form.

1. 60000 Pa

2. 0.00015W

3. 5x10’V

4. 55x1078F

5. 100000 W

6. 0.00054 A

7. 15x10°Q

8. 225x107*V

9. 35000000000Hz
10. 1.5x107''F
11. 0.000017 A
12. 462002
13. Rewrite 0.003 mA in pA
14. Rewrite 2025 kHz as MHz
15. Rewrite 5 x 10*N in kN
16. Rewrite 300 pF in nF
17. Rewrite 6250 cm in metres

18. Rewrite 34.6 g in kg

In Problems 19 and 20, use a calculator to evaluate
in engineering notation.

19. 45x1077 x3 x 10*

(1.6 x 1075) (25 x 10%)
(100 x 10-°)

20.

21. The distance from Earth to the moon is
around 3.8 x 108m. State the distance in
kilometres.

22. The radius of a hydrogen atom is 0.53 x
10~ '%m. State the radius in nanometres.

23. The tensile stress acting on a rod is 5 600 000
Pa. Write this value in engineering notation.

24. The expansion of a rod is 0.0043 m. Write
this in engineering notation.
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8.6 Metric conversions

Length in metric units

1m =100 cm = 1000 mm

1 1
lem=—m=-—m=10"2m
100 10?
1 1 3
Imm=——m=—m=10""m
1000 103

Problem 11. Rewrite 14700 mm in metres
1 1

1000 103
Hence, 14700 mm = 14,700 x 10~3m = 14.7 m

1 m=1000mm hence, ]l mm = Sm

Problem 12. Rewrite 276 cm in metres

1 1
—=—=10
100 10?2
Hence, 276 cm = 276 x 10™2m = 2.76 m

-2

1 m=100cm hence, ] cm = m

Now try the following Practice Exercise

Practice Exercise 37 Length in metric units
(answers on page 1151)

1. State 2.45 m in millimetres

2. State 1.675 m in centimetres

3. State the number of millimetres in 65.8 cm

4. Rewrite 25400 mm in metres

5. Rewrite 5632 cm in metres

6. State the number of millimetres in 4.356 m

7. How many centimetres are there in 0.875 m?

8. State a length of 465 cm in (a) mm (b) m

9. State a length of 5040 mm in (a) cm (b) m
10. A machine partis measured as 15.0 cm + 1%.

Between what two values would the measure-
ment be? Give the answer in millimetres.

Areas in metric units

Area is a measure of the size or extent of a plane surface.

Area is measured in square units such as mm?2, cm?

and m2.

1m=100cm

1m=100cm

The area of the above square is 1 m?

1 m2 =100 cm x 100 cm = 10000 cm? = 10*cm?

i.e. to change from square metres to square centimetres,
multiply by 10*

Hence, 2.5 m?2 = 2.5 x 10* cm?

and  0.75m? = 0.75 x 10* cm?

Since 1 m? =10% em? then 1lem? = 2=10"*m?

—m
104
i.e. to change from square centimetres to square metres,
multiply by 10™4

Hence, 52 em? = 52 x 1074 m?

and 643 cm? = 643 x 1074 m?

1 m=1000 mm

1 m=1000 mm

The area of the above square is 1m?

1m? =1000 mm x 1000 mm = 1000000 mm? = 10°mm?

i.e. to change from square metres to square millimetres,
multiply by 10°

Hence, 7.5m2 =7.5 x 10°mm?

and  0.63m? = 0.63 x 10°mm?

Since  1m? = 10°mm?

then 1mm?= %mz =10"%m?

i.e. to change from square millimetres to square metres,
multiply by 1076

Hence, 235mm? = 235 x 10~%m?

and  47mm? =47 x 10~°m?

1cm=10mm

1cm =10 mm

The area of the above square is 1 cm?
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1 cm? = 10mm x 10mm = 100 mm? = 10*mm? (a) Areaofrectangular table top=1x b =800 x 500 -
— 2
i.e. to change from square centimetres to square mil- = 400,000 mm S
limetres, multiply by 100 or 102 (b) Since 1 cm = 10 mm then 1 cm?=1cm x 1 cm = g
Hence, 3.5em? = 3.5 x 10’mm? = 350 mm? 10 mm x 10 mm = 100 mm? )
and 0.75cm? = 0.75 x 10°’mm? = 75 mm?> ) )
Since lcmZ = 102mm2 or 1 mm~ = 1—00 =0.01 cm
then 1mm? = Lcmz =10"2cm?
=102™ < Hence, 400,000 mm? = 400,000 x 0.01 cm?

i.e. to change from square millimetres to square cen- = 4000 cm?

timetres, multiply by 1072 (© lem?=10~4m>

Hence, 250 mm? = 250 x 10~ 2em? = 2.5 cm? hence, 4000 cm? = 4000 x 10~*m? = 0.4 m?
and  85mm? =85 x 10~ 2cm? = 0.85cm?

Now try the following Practice Exercise

Problem 13. Rewrite 12m? in square centimetres . . . . .
Practice Exercise 38 Areas in metric units

answers on page 1151
1m? = 10*cm? hence, 12m? = 12 x 10*cm? ( pag )

1. Rewrite 8m? in square centimetres

Problem 14. Rewrite 50cm? in square metres Rewrite 240 cm? in square metres

Rewrite 3.6 m? i illimet
lem? = 10~*m? hence, 50 em? =50 x 10~4m? ewntte 1 square mfimetres

Problem 15. Rewrite 2.4m? in square millimetres Rewrite 50cm? in square millimetres

2.
3
4. Rewrite 350 mm? in square metres
5
1m? = 105mm? hence, 2.4m? = 2.4 x 106mm> 6. Rewrite 250 mm? in square centimetres
7. A rectangular piece of metal is 720 mm long

Problem 16. Rewrite 147mm? in square metres and 400 mm wide. Determine its area in

(@) mm? (b) cm? (c) m?
1 mm? = 10~°m? hence, 147 mm? = 147 x 10~%m?

Problem 17. Rewrite 34.5cm? in square Volumes in metric units
millimetres L
The volume of any solid is a measure of the space
2 22 occupied by the solid.
1 cm” = 10°mm p . Y . . . 3 3
hence. 34.5cm? = 34.5 x 102mm?2 = 3450 mm2 Volume is measured in cubic units such as mm?, cm
T ) and m3.

Problem 18. Rewrite 400 mm? in square

centimetres
1 mm? = 10~ 2cm?
hence, 400 mm? = 400 x 10~2cm? = 4 cm? 1m =100 cm

1m=100cm
Problem 19. The top of a small rectangular table
is 800 mm long and 500 mm wide. Determine its 1m=100cm

area in (a) mm? (b) cm? (c) m?

The volume of the cube shown is 1 m3
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1m3 =100cm x 100cm x 100cm
= 1000000 cm? = 10°cm?>
1 litre = 1000 cm®

i.e. to change from cubic metres to cubic centimetres,
multiply by 10°

Hence, 3.2m? = 3.2 x 10cm?

and  0.43m> = 0.43 x 10°cm?

Since 1m® = 10%cm? then 1em?® = Wm:‘ =10"%m?
i.e. to change from cubic centimetres to cubic metres,
multiply by 10~°

Hence, 140 em?® = 140 x 10~ %m?

and  2500cm’ = 2500 x 10~%m?

1 m=1000 mm
1 m=1000 mm

1 m=1000 mm
The volume of the cube shown is 1 m3

1m’= 1000 mm x 1000 mm x 1000 mm
= 1000000000 mm> = 10°mm?>

i.e. to change from cubic metres to cubic millimetres,
multiply by 10°
Hence, 4.5m3 = 4.5 x 10°mm?
and  0.25m> =0.25 x 10°mm>
Since  1m® = 10°mm?
then 1mm?3= Lm"’ =10""m3
10°
i.e. to change from cubic millimetres to cubic metres,
multiply by 10~°
Hence, 500 mm3 = 500 x 10~ ?m3
and 4675mm?® = 4675 x 10~°m? or 4.675 x 10~°m*

1cm=10mm

1ecm=10 mm

1cm=10mm

The volume of the cube shown is 1 cm?

1em? = 10mm x 10mm x 10mm

=1000mm° = 10°mm?>

i.e. to change from cubic centimetres to cubic millime-
tres, multiply by 1000 or 10
Hence, Sem3 = 5 x 103mm? = 5000 mm3

and 0.35cm? = 0.35 x 103mm? = 350 mm3
Since 1em? =103mm3

1
then 1mm?3 = Wcm3 =10"3cm?

i.e. to change from cubic millimetres to cubic centime-
tres, multiply by 1073

Hence, 650 mm3 = 650 x 10~ 3em3 = 0.65cm3

and  75mm® =75 x 10~ 3em® = 0.075cm®

Problem 20. Rewrite 1.5m? in cubic centimetres

1m3 = 10°cm? hence, 1.5m3 = 1.5 x 10%cm3

Problem 21. Rewrite 300cm? in cubic metres

1ecm? = 107°m3 hence, 300 em3 = 300 x 10~%m?3

Problem 22. Rewrite 0.56m? in cubic
millimetres

Im? = 10°mm3
hence, 0.56m3 = 0.56 x 10°mm? or 560 x 10°mm?

Problem 23. Rewrite 1250 mm? in cubic metres

Imm? =10"m3
hence, 1250 mm? = 1250 x 10~?m3 or 1.25 x 10~ %m3

Problem 24. Rewrite 8cm? in cubic millimetres

1 cm? = 103mm?3
hence, 8em? = 8 x 10°mm3 = 8000 mm?>

Problem 25. Rewrite 600 mm? in cubic
centimetres

1 mm? = 103cm3
hence, 600 mm? = 600 x 10~3cm? = 0.6 cm?

Problem 26. A water tank is in the shape of a
rectangular prism having length 1.2 m, breadth
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50 cm and height 250 mm. Determine the capacity
of the tank in (a) m> (b) cm? (c) litres

Capacity means volume. When dealing with liquids, the
word capacity is usually used.

(a) Capacity of watertank=1x b x h
wherel = 1.2 m, b=50 cm and h = 250 mm.
To use this formula, all dimensions must be in the
same units.
Thus,1=1.2m, b=0.50 m and h = 0.25 m (since
1 m =100 cm = 1000 mm)
Hence, capacity of tank = 1.2 x 0.50 x 0.25

=0.15m3

(b) 1m3 = 10cm?
Hence, capacity = 0.15 m> = 0.15 x 10°cm?
=150000 cm?
(¢) 1 litre = 1000 cm?
_ 150,000

Hence, 150000 cm? = =150 litres
1000

Now try the following Practice Exercise

Practice Exercise 39 Volumes in metric
units (answers on page 1151)

Rewrite 2.5m? in cubic centimetres
Rewrite 400 cm? in cubic metres

Rewrite 0.87m? in cubic millimetres

> W=

Change a volume of 2400000 cm? to cubic
metres.

Rewrite 1500 mm? in cubic metres
Rewrite 400 mm? in cubic centimetres

Rewrite 6.4cm? in cubic millimetres

2 =N o W

Change a volume of 7500 mm?® to cubic
centimetres.

9. An oil tank is in the shape of a rectangular
prism having length 1.5 m, breadth 60 cm and
height 200 mm. Determine the capacity of the
tank in (a) m> (b) cm? (¢) litres

8.7 Metric - US/Imperial conversions

The Imperial System (which uses yards, feet, inches,
etc. to measure length) was developed over hundreds of

years in the UK, then the French developed the Metric
System (metres) in 1670, which soon spread through
Europe, even to the UK itself in 1960. But the USA and
a few other countries still prefer feet and inches.

When converting from metric to imperial units, or vice
versa, one of the following tables (8.4 to 8.11) should
help.

Table 8.4 Metric to imperial length

Metric US or Imperial

1 millimetre, mm 0.03937 inch
1 centimetre, cm = 10 mm 0.3937 inch

1 metre, m = 100 cm 1.0936 yard
1 kilometre, km = 1000 m 0.6214 mile

Problem 27. Calculate the number of inches in
350 mm, correct to 2 decimal places

350 mm = 350 x 0.03937 inches = 13.78 inches from
Table 8.4

Problem 28. Calculate the number of inches in
52 cm, correct to 4 significant figures

52 cm = 52 x 0.3937 inches = 20.47 inches from
Table 8.4

Problem 29. Calculate the number of yards in
74 m, correct to 2 decimal places

74 m =74 x 1.0936 yards = 80.93 yds from Table 8.4

Problem 30. Calculate the number of miles in
12.5 km, correct to 3 significant figures

12.5 km = 12.5 x 0.6214 miles = 7.77 miles from
Table 8.4

Table 8.5 Imperial to metric length

1 inch, in 2.54 cm

1 foot, ft =12 in 0.3048 m
1 yard, yd = 3 ft 0.9144 m
1 mile = 1760 yd 1.6093 km

1 nautical mile = 2025.4 yd 1.853 km
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Problem 31. Calculate the number of centimetres
in 35 inches, correct to 1 decimal place

35 inches = 35 x 2.54 cm = 88.9 ¢cm from Table 8.5

Problem 32. Calculate the number of metres in
66 inches, correct to 2 decimal places

66 inches = % feet = % x 0.3048 m = 1.68 m from
Table 8.5

Problem 33. Calculate the number of metres in
50 yards, correct to 2 decimal places

50 yards = 50 x 0.9144 m = 45.72 m from Table 8.5

Problem 34. Calculate the number of kilometres
in 7.2 miles, correct to 2 decimal places

7.2 miles = 7.2 x 1.6093 km = 11.59 km from Table
8.5

Problem 35. Calculate the number of (a) yards
(b) kilometres in 5.2 nautical miles

(a) 5.2 nautical miles = 5.2 x 2025.4 yards
= 10532 yards from Table 8.5

(b) 5.2 nautical miles = 5.2 x 1.853 km
=9.636 km from Table 8.5

Table 8.6 Metric to imperial area

Metric US or Imperial

1 cm? = 100 mm? 0.1550 in?
1 m2 = 10000 cm? 1.1960 yd?
1 hectare, ha = 10000m? 2.4711 acres

1 km? = 100 ha 0.3861 mile?

Problem 36. Calculate the number of square
inches in 47 cm?, correct to 4 significant figures

47 cm? =47 x 0.1550 in? = 7.285 in? from Table 8.6

Problem 37. Calculate the number of square
yards in 20 m?, correct to 2 decimal places

20 m?=20 x 1.1960 yd?* = 23.92 yd? from Table 8.6

Problem 38. Calculate the number of acres in 23
hectares of land, correct to 2 decimal places

23 hectares = 23 x 2.4711 acres = 56.84 acres from
Table 8.6

Problem 39. Calculate the number of square

miles in a field of 15 km? area, correct to 2 decimal
places

15km2=15 x 0.3861 mile? = 5.79 mile? from Table 8.6

Table 8.7 Imperial to metric area

US or Imperial Metric

1 in? 6.4516 cm?
1 ft2 = 144 in? 0.0929 m?
1 yd*> =9 ft? 0.8361 m>

1 acre =4840 yd®>  4046.9 m?

1 mile? = 640 acres 2.59 km?

Problem 40. Calculate the number of square
centimetres in 17.5 in2, correct to the nearest square
centimetre

17.5in%2 = 17.5 x 6.4516 cm? = 113 cm? from Table 8.7

Problem 41. Calculate the number of square
metres in 205 ftz, correct to 2 decimal places

205 ft2 = 205 x 0.0929 m? = 19.04 m? from Table 8.7

Problem 42. Calculate the number of square
metres in 11.2 acres, correct to the nearest square
metre
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11.2 acres = 11.2 x 4046.9 m? = 45325 m2 from
Table 8.7

Problem 43. Calculate the number of square
kilometres in 12.6 mile2, correct to 2 decimal places

12.6 mile? = 12.6 x 2.59 km? = 32.63 km? from
Table 8.7

Table 8.8 Metric to imperial volume/capacity

Metric US or Imperial

1 cm? 0.0610 in3
1 dm3 = 1000 cm? 0.0353 ft3
1 m? = 1000dm> 1.3080 yd?

1 litre = 1 dm? = 1000 cm® 2.113 fluid pt = 1.7598 pt

Problem 44. Calculate the number of cubic
inches in 123.5 cm?3, correct to 2 decimal places

123.5cm? = 123.5 x 0.0610 in® = 7.53 in3 from Table
8.8

Problem 45. Calculate the number of cubic feet
in 144 dm?3, correct to 3 decimal places

144 dm3 = 144 x 0.0353 ft3 = 5.083 ft> from Table 8.8

Problem 46. Calculate the number of cubic yards
in 5.75 m3, correct to 4 significant figures

5.75m? = 5.75 x 1.3080 yd® = 7.521 yd? from Table
8.8

Problem 47. Calculate the number of US fluid
pints in 6.34 litres of oil, correct to 1 decimal place

6.34 litre = 6.34 x 2.113 US fluid pints = 13.4 US fluid
pints from Table 8.8

Problem 48. Calculate the number of cubic
centimetres in 3.75 in3, correct to 2 decimal places

3.751in = 3.75 x 16.387 cm? = 61.45 em? from Table
8.9

Table 8.9 Imperial to metric volume/capacity

US or Imperial Metric

1in? 16.387 cm?
1 £} 0.02832 m?
1 US fl oz =1.0408 UK fl oz 0.0296 litres
1 US pint (16 fl 0z) = 0.8327 UK pt 0.4732 litres

1 US gal (231in3) = 0.8327 UK gal 3.7854 litres

Problem 49. Calculate the number of cubic
metres in 210 ft3, correct to 3 significant figures

210 £ = 210 x 0.02832 m3 = 5.95 m3 from Table 8.9

Problem 50. Calculate the number of litres in
4.32 US pints, correct to 3 decimal places

4.32 US pints =4.32 x 0.4732 litres = 2.044 litres from
Table 8.9

Problem 51. Calculate the number of litres in
8.62 US gallons, correct to 2 decimal places

8.62 US gallons = 8.62 x 3.7854 litres = 32.63 litres
from Table 8.9

Table 8.10 Metric to imperial mass

Metric US or Imperial

1 g =1000 mg 0.0353 oz
1 kg =1000 g 2.2046 1b
1 tonne, t = 1000 kg 1.1023 short ton

1 tonne, t= 1000 kg 0.9842 long ton

The British ton is the long ton, which is 2240 pounds,
and the US ton is the short ton which is 2000 pounds.

Problem 52. Calculate the number of ounces in a
mass of 1346 g, correct to 2 decimal places

1346 g = 1346 x 0.0353 0z = 47.51 oz from Table 8.10
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Problem 53. Calculate the mass, in pounds, in a
210.4 kg mass, correct to 4 significant figures

210.4 kg = 210.4 x 2.2046 Ib = 463.8 Ib from Table
8.10

Problem 54. Calculate the number of short tons
in 5000 kg, correct to 2 decimal places

5000kg =5t=5 x 1.1023 short tons = 5.51 short tons
from Table 8.10

Table 8.11 Imperial to metric mass

US or Imperial Metric

1 0z =437.5 grain 2835¢g

1lb=160z 0.4536 kg

1 stone = 14 Ib 6.3503 kg

1 hundredweight, cwt = 112 1b  50.802 kg

1 short ton 0.9072 tonne

1 long ton 1.0160 tonne

Problem 55. Calculate the number of grams in
5.63 oz, correct to 4 significant figures

5.63 0z =15.63 x 28.35 g =159.6 g from Table 8.11

Problem 56. Calculate the number of kilograms
in 75 oz, correct to 3 decimal places

75 75
750z = Elb =16 x 0.4536 kg = 2.126 kg from Table
8.11

Problem 57. Convert 3.25 cwt into (a) pounds
(b) kilograms
(a) 3.25cwt=3.25 x 1121b =364 1b from Table 8.11

(b) 3.25cwt=3.25 x 50.802kg=165.1kgfrom Table
8.11

Temperature

To convert from Celsius to Fahrenheit, first multiply by
9/5, then add 32.

To convert from Fahrenheit to Celsius, first subtract 32,
then multiply by 5/9

Problem 58. Convert 35°C to degrees Fahrenheit

9 9
F= §C+ 32 hence, 35°C = 5(35) +32=63+32
=95°F

Problem 59. Convert 113°F to degrees Celsius

5 5 5
C= §(F—32) hence, 113°F = 5(113 —-32)= 5(81)
=45°C

Now try the following Practice Exercise

Practice Exercise 40 Metric/Imperial
conversions (answers on page 1151)

In the following Problems, use the metric/imperial
conversions in Tables 8.4 to 8.11

1. Calculate the number of inches in 476 mm,
correct to 2 decimal places.

2. Calculate the number of inches in 209 cm,
correct to 4 significant figures.

3. Calculate the number of yards in 34.7 m,
correct to 2 decimal places.

4. Calculate the number of miles in 29.55 km,
correct to 2 decimal places.

5. Calculate the number of centimetres in 16.4
inches, correct to 2 decimal places.

6. Calculate the number of metres in 78 inches,
correct to 2 decimal places.

7. Calculate the number of metres in 15.7 yards,
correct to 2 decimal places.

8. Calculate the number of kilometres in 3.67
miles, correct to 2 decimal places.

9. Calculate the number of (a) yards (b) kilome-
tres in 11.23 nautical miles.

10. Calculate the number of square inches in
62.5 cm?, correct to 4 significant figures.

11. Calculate the number of square yards in
15.2 m?, correct to 2 decimal places.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Calculate the number of acres in 12.5 hectares, 22. Calculate the number of cubic centimetres in <é
correct to 2 decimal places. 2.15 in3, correct to 2 decimal places. S
O
Calculate the number of square miles in 23. Calculate the number of cubic metres in 175 .
56.7 km?, correct to 2 decimal places. ft3, correct to 4 significant figures.
Calculate the number of square centimetres 24. Calculate the number of litres in 7.75 US pints,
in 6.37 in%, correct to the nearest square correct to 3 decimal places.
SRR, 25. Calculate the number of litres in 12.5 US
Calculate the number of square metres in gallons, correct to 2 decimal places.
2 .
308.6 ft”, correct to 2 decimal places. 26. Calculate the number of ounces in 980 g,
Calculate the number of square metres in 2.5 correct to 2 decimal places.
acres, correct to the nearest square metre. 27. Calculate the mass, in pounds, in 55 kg, correct
Calculate the number of square kilometres in fo 4 significant figures.
21.3 mile?, correct to 2 decimal places. 28. Calculate the number of short tons in 4000 kg,
o ) correct to 3 decimal places.
Calculate the number of cubic inches in
200.7 cm?, correct to 2 decimal places. 29. Calculate the number of grams in 7.78 oz,
correct to 4 significant figures.
Calculate the number of cubic feet in i )
214.5 dm?, correct to 3 decimal places. 30. Calculate the number of kilograms in 57.5 oz,
| correct to 3 decimal places.
Calculate the number of cubic yards in ) )
13.45 m3, correct to 4 significant figures. 31. Convert2.5 cwt into (a) pounds (b) kilograms.
Calculate the number of US fluid pints in 15 32. Convert 55°C to degrees Fahrenheit.
litres, correct to 1 decimal place. 33. Convert 167°F to degrees Celsius.
For fully worked solutions to each of the problems in Practice Exercises 34 to 40 in this chapter, q;:"" ﬂ"""f.:;
go to the website: = ‘
www.routledge.com/cw/bird TS
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Revision Test 3 Ratio, proportion, powers, roots, indices and units

This assignment covers the material contained in Chapters 6 to 8. The marks available are shown in brackets at the
end of each question.

1.

In a box of 1500 nails, 125 are defective. Express
the non-defective nails as a ratio of the defective
ones, in its simplest form. 3)

Prize money in a lottery totals £4500 and is shared
among three winners in the ratio 5:3:1. How much
does the first prize winner receive? 3)

A simple machine has an effort:load ratio of 3:41.
Determine the effort, in newtons, to lift a load of
6.15kN. 3)

If 15 cans of lager weigh 7.8 kg, what will 24 cans
weigh? (3)

Hooke’s law states that stress is directly propor-
tional to strain within the elastic limit of a material.
When, for brass, the stress is 21 MPa, the strain is
250 x 107°. Determine the stress when the strain
is 350 x 107°. (3)

If 12inches = 30.48 cm, find the number of mil-
limetres in 17 inches. 3)

If x is inversely proportional to yand x = 12 when
y = 0.4, determine

(a) the value of x when y =3

(b) the value of y when x =2 3)

Evaluate
(a) 3x23x22

(b) 49 @)

32 x /36 x 22
1

3x812
roots only. 3)

Evaluate taking positive square

Evaluate 6% x 6 x 62 in index form. 3)

Evaluate
27 ®) 10* x 10 x 10°
22 106 x 102

12.

Evaluate
23 x2x2?
24
(23 X 16)2
8 x2)3

1\ !
(©) (E)

Evaluate

(a)

(b)

(a) 27)71/3 -~ = )

State the SI unit of (a) capacitance (b) electrical
potential (c) work 3)

State the quantity that has an SI unit of
(a) kilograms (b) henrys (c) hertz (d) m? (@)

Express the following in engineering notation in
prefix form.

(a) 2500007
()2 x 108W

() 0.05H
(d)750 x 1078F 4)

Rewrite (a) 0.0067 mA in pA (b) 40 x 10*kV as
MV. 2)

Rewrite 32 cm? in square millimetres. (D

A rectangular tabletop is 1500 mm long and
800 mm wide. Determine its area in
(@ mm? (b)cm? (c) m? 3)

Rewrite 0.065 m? in cubic millimetres. (D)
Rewrite 20000 mm? in cubic metres. (D)
Rewrite 8.3 cm? in cubic millimetres. @))

A petrol tank is in the shape of a rectangular prism
having length 1.0 m, breadth 75 cm and height 120
mm. Determine the capacity of the tank in

(@m’ (b)em® (c) litres 3)

For lecturers/instructors/teachers, fully worked solutions to each of the problems in Revision Test 3,
together with a full marking scheme, are available at the website:
www.routledge.com/cw/bird
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Chapter 9

Basic algebra

Why it is important to understand: Basic algebra

Algebra is one of the most fundamental tools for engineers because it allows them to determine the
value of something (length, material constant, temperature, mass, and so on) given values that they do
know (possibly other length, material properties, mass). Although the types of problems that mechanical,
chemical, civil, environmental and electrical engineers deal with vary, all engineers use algebra to solve
problems. An example where algebra is frequently used is in simple electrical circuits, where the resistance
is proportional to voltage. Using Ohm’s law, or V = IR, an engineer simply multiplies the current in a
circuit by the resistance to determine the voltage across the circuit. Engineers and scientists use algebra
in many ways, and so frequently that they don’t even stop to think about it. Depending on what type of
engineer you choose to be, you will use varying degrees of algebra, but in all instances algebra lays the
foundation for the mathematics you will need to become an engineer.

At the end of this chapter, you should be able to:

understand basic operations in algebra

add, subtract, multiply and divide using letters instead of numbers
state the laws of indices in letters instead of numbers

simplify algebraic expressions using the laws of indices

The total resistance, Ry, of resistors Rj, Ry and R3

9.1 Introduction

We are already familiar with evaluating formulae using
a calculator from Chapter 4.
For example, if the length of a football pitch is L
and its width is b, then the formula for the area A is
given by

A=Lxb
This is an algebraic equation.
If L =120m and b = 60m, then the area
A =120 x 60 = 7200m?

connected in series is given by
Rr=Ri+Ry+ Rj3

This is an algebraic equation.
If Ry =6.3kQ2, Ry =2.4kQ and R3 = 8.5k<2, then

Rr =63424+85=172kQ

The temperature in Fahrenheit, F, is given by

F:§C+32

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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where C is the temperature in Celsius®. This is an
algebraic equation.

9
If C =100°C, then F = 5 x 100+ 32

= 180432 =212°F.
If you can cope with evaluating formulae then you will
be able to cope with algebra.

9.2 Basic operations

Algebra merely uses letters to represent numbers.
If, say, a, b, c and d represent any four numbers, then in
algebra:

(a) a4+ a+ a+ a=4a.For example, if a = 2, then

(b) 5b means 5 xb. For example, if b =4, then
5b=5x4=20.

(c) 2a+3b+a—-2b=2a+a+3b—2b=3a+b

Only similar terms can be combined in algebra.
The 2a and the +a can be combined to give 3a

* Who was Celsius? Anders Celsius (27 November 1701-25
April 1744) was the Swedish astronomer, who in 1742, pro-
posed the temperature scale which takes his name. To find out
more go to www.routledge.com/cw/bird

and the 3b and —2b can be combined to give 1b,
which is written as b.

In addition, with terms separated by + and — signs,
the order in which they are written does not matter.
In this example, 2a + 3b + a — 2b is the same as
2a +a + 3b — 2b, which is the same as 3b +a +
2a — 2b, and so on. (Note that the first term, i.e.
2a, means +2a)

(d) dabcd =4 xaxbxcxd
For example,ifa =3,b=—-2,c=1andd = -5,
then 4abcd =4 x3 x —2x 1 x =5 =120.
(Note that — x — =+)

(e) (a)(c)(d)meansa xc xd

Brackets are often used instead of multipli-
cation signs. For example, (2)(5)(3) means

2x5%x3= 130

() ab=ba
If a =2 and b =3 then 2 x 3 is exactly the same
as3x2,i.e. 6

(2) b*=bxb For example, if b =3, then
32=3x3=9

(h) a®=axaxa For example, if a =2, then
23=2x2x2=8

Here are some worked examples to help get a feel for
basic operations in this introduction to algebra.

Addition and subtraction

Problem 1. Find the sum of 4x,3x, —2x and —x

dx +3x+ —2x+—x=4x+3x —2x —x

(Note that + x — = —)

=4x

Problem 2. Find the sum of 5x, 3y, z, —3x, —4y
and 6z

Sx+3y+z+—-3x+—-4y+62
=5x+4+3y+z—-3x—4y+62
=5x—-3x+3y—4y+z+62
=2x—-y+7z
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Note that the order can be changed when terms are sep-
arated by + and — signs. Only similar terms can be
combined.

Problem 3. Simplify 4x> —x — 2y +5x + 3y

4x2—x—2y+5x+3y=4x2+5x—x+3y—2y
:4x2+4x+y

Problem 4. Simplify 3xy — 7x +4xy + 2x

3xy —Tx +4xy+2x =3xy+4xy+2x —Tx
=Txy — 5x

Now try the following Practice Exercise

Practice Exercise 41 Addition and
subtraction in algebra (answers on page
1152)

1. Find the sum of 4a, —2a, 3a and —8a

Find the sum of 2a, 5b, —3c¢, —a, —3band 7¢
Simplify 2x — 3x2 — 7y + x +4y — 2y?
Simplify Sab —4a +ab+a

Simplify 2x —3y 4+ 5z —x — 2y +3z+5x
Simplify 3 +x +5x —2 —4x

Addx —2y+3to3x+4y—1

Subtract a — 2b from 4a + 3b

2 L R e ;o> N

From a + b — 2c¢ take 3a + 2b — 4c¢

From x2 + xy — y? take xy — 2x>

_.
e

Multiplication and division

Problem 5. Simplify bc x abc

becxabc=axbxbxcxc

—ax b?xc?

—ab*?

Problem 6. Simplify —2p x —3p
— x —=+hence, -2p x =3p = 6p2
Problem 7. Simplify ab x b%c x a

abxb*cxa=axaxbxbxbxc
—a’xbxc
2b3

=a c

Problem 8. Evaluate 3ab + 4bc — abc when
a=3,b=2andc=5

3ab+4bc—abc=3xaxb+4xbxc—axbxc
=3x3x24+4x2x5-3x2x5
=18+40-30
=28

Problem 9. Determine the value of 5pg?r3, given
2 1
that p = 2, = — dr=2—-
at p q 5 and r 3

5pc]2r3=5><p><q2><r3

2\? 1\°?
:5x2x(—) X(2—)
5 2

2\?  [5)\° , 1 5
=5x2x =) x|= since 2— = —
5 2 2 2
5 2 2 2 5 5 5
=X -X=-X=-X=X=X =
1 1 5 5 2 2 2
1 1 1 1 1 5 5 .
=—-X—-X—-X=-X=X=X= bycancelling
1 1 1 1 1 1 1
=5x5
=25

Problem 10. Multiply 2a +3b by a + b

Each term in the first expression is multiplied by a, then
each term in the first expression is multiplied by b and
the two results are added. The usual layout is shown
below.
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2a +3b
a+b
Multiplying by a gives  2a> + 3ab
Multiplying by b gives 2ab + 3b?
2 2
Addlng giVeS 2a + Sab + 3b

Thus, (2a + 3b)(a + b) = 24> + Sab + 3b>

Problem 11. Multiply 3x — 2y + 4xy by
2x — Sy

3x —2y?  +4xy
2x —5y

Multiplying
by 2x — 6x% —4xy? +8x2y
Multiplying
by -5y — —20xy? —15xy +10y3

Adding gives  6x2 —24xy?+8x%y — 15xy + 10y3

Thus, (3x — 2y2 + 4xy) 2x — 5y)
= 6x2 — 24xy? + 8x2y — 15xy + 10y°

Problem 12. Simplify 2x + 8xy

2x
2x =+ 8xy means —
8xy

2x 2Xx

%=8xxxy
1x1
=4x1xy
1
Ty

by cancelling

9a2bc

ac

Problem 13. Simplify

9a2bc_9xaxaxbxc

3ac 3xaxc

=3xaxb

= 3ab

Problem 14. Divide 2x2+x —3byx — 1

(i) 2x%4 x — 3 is called the dividend and x — 1 the
divisor. The usual layout is shown below with the

dividend and divisor both arranged in descending
powers of the symbols.

2x 43
x—1)2x24+x-3
2x2 —2x
3x -3
3x —3

(i) Dividing the first term of the dividend by the
2

.. . X . .
first term of the divisor, i.e. — gives 2x, which

X
is put above the first term of the dividend as
shown.

(iii) The divisor is then multiplied by 2x, i.e.

2x(x — 1) = 2x% — 2x, which is placed under the
dividend as shown. Subtracting gives 3x — 3

(iv) The process is then repeated, i.e. the first term

of the divisor, x, is divided into 3x, giving +3,
which is placed above the dividend as shown.

(v) Then 3(x — 1) = 3x — 3, which is placed under
the 3x — 3. The remainder, on subtraction, is zero,
which completes the process.

Thus, 2x2+x —3) + (x = 1)=2x +3)

(A check can be made on this answer by
multiplying (2x +3) by (x — 1), which equals
2x24+x— 3)

x3-i-y3

Problem 15. Simplify
x+y

(@ (iv) (vii)

x? — XYy —+—y2
x+y)x3+0 +0 +y3

x3+x2y

_x2y +y3

_x2y _xyZ

xy2+y3
xy2+ y3
(i) x into x> goes x2. Put x? above x°.

(i1) xz(x +y) = x3 +x2y
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(iii)  Subtract.

(iv) x into —x2y goes —xy. Put —xy above the
dividend.

(V) —xy(x+y)=—xy—xy?

(vi) Subtract.
(vii) x into xy? goes y2. Put y? above the dividend.
(vii) y2(x+y) =xy?+y?

(ix) Subtract.
3 3

2 2
=x“—-xy+
x+y yTy

The zeros shown in the dividend are not normally shown,
but are included to clarify the subtraction process and
to keep similar terms in their respective columns.

Problem 16. Divide 4a® — 6a%b + 5b by 2a — b

24> — 2ab —b?
2a — b)4a’ — 6a%b +5b3
4a®—2a%b
—4a%b +5b°
—4a%b + 2ab?
—2ab® +5b°
—2ab*+ b
4p3
Thus, M =2a?% —2ab — b2, remain-

2a—b
der 4b°
Alternatively, the answer may be expressed as

4a3—6a’0+50°> _ , ,  4b3
=2a%—2ab—b
2a—b @ - t2a—b

Now try the following Practice Exercise

Practice Exercise 42  Basic operations in
algebra (answers on page 1152)

1. Simplify pg x pg®r
2. Simplify —4a x —2a
3. Simplify 3 x —2g x —¢q

4. Evaluate 3pg —5qr — pqr when p =3,
g=—2andr =4

5. Determine the value of 3x2 yz3, given that

1 2
x=2,y=15andz=

3
23(x —
6. If x =5 and y = 6, evaluate M
y+xy+2x
7. If a=4,b=3,c=5 and d =6, evaluate
3a+2b
3¢c—2d
8. Simplify 2x = 14xy
25x%y 2’
9. Simplify 2%

Sxyz
10. Multiply 3a —bbya+b
11. Multiply 2a —5h+c by 3a+b
12.  Simplify 3a = 9ab
13.  Simplify 4a%b = 2a
14. Divide 6x2y by 2xy
15. Divide 2x> +xy—y?byx +y
16. Divide 3p*> — pg —2¢>by p—gq
17.  Simplify (a +b)> + (a — b)?

9.3 Laws of indices

The laws of indices with numbers were covered in
Chapter 7; the laws of indices in algebraic terms are
as follows:

(1) amxan=am+n

Forexample,a® x a*=a’t*=d’
5
a™ c
—=a"" or example, — =c¢’ " “=c¢
2 m-n R pl 5 5-2 3
a” c

(3) (@™)" =a™ For example, (dz)3 =23 =46

m 4
(4) an = @™ Forexample, x3 = /x*
1 1
(5) a™=—  Forexample,37?2= — = —
a" 329
(6) a’=1 For example, 179=1

Here are some worked examples to demonstrate these
laws of indices.
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Problem 17. Simplify a?b3c x ab®cd

a’b3cxab*’P =a*> xb> xcxaxb*xc

1 5

—a?xbxclxa xbrxc

Grouping together like terms gives

a’?xa' xb3xb*xcl x
Using law (1) of indices gives
a2+1 % b3+2 % Cl+5 — a3 % bS % C6

i.e. a*b3c x ab®c® = a3 b5 b
13 11
Problem 18. Simplify a3 b2 ¢~ 2 x a6 b2 c

Using law (1) of indices,

1 3 11 3,1
a3b2c 2 xabbZc=a3"6 xp2T2 x 2!

xy%z

Problem 19. Simplify ——
xX°yz

¥y ¥ xyrxz

298 2xyxd

5 1-3

=X _zxyz_ X Z

—_

by law (2) of indices

=xS><y1 Xz

_ x
=x3yz7% or —-

312 .4

Problem 20. Simplify and evaluate when

: abc=2
a=3,b=Zandc=2

Using law (2) of indices,
3 b2
a— =a3_1 = az, —_— =b2_1 =b and
a b
4
£ _4-—2_ 6
= c c

3b2 4
Thus, £25
be—

5 =a2bc®
abc

1
Whena=3,b=Z and c =2,

a’bc® = (3)? G) 2)°=(9) (%) (64) = 144

Problem 21. Simplify (173)2((]2)4

Using law (3) of indices gives

(p3)2(q2)4 — p3><2 X q2><4

— g8

o (mn?)?
Problem 22. Slmphfy m
The brackets indicate that each letter in the bracket must
be raised to the power outside. Using law (3) of indices
gives
(mn2)3 m1%3,2x3 m3n6
(m12n1 /)4 T a2 xd, (/A xE — 2,0

Using law (2) of indices gives

Problem 23. Simplify (a3b)(a=*b~?), expressing
the answer with positive indices only

Using law (1) of indices gives a’+t~#p1t72 =g~ 1p~!

1 1
Using law (5) of indices gives a ~'b~! = sy
2,2 £1/2

(d3/zef5/2)2
the answer with positive indices only

Problem 24. Simplify expressing

Using law (3) of indices gives

d2e2 112 d2e2 f112
(@32 £570)2 ~ "Bl f5
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Using law (2) of indices gives
1 9
d2—382—2f7—5 — d_leof_7

2
=d 'f72 since e” =1 from law

(6) of indices

= W from law (5) of indices

Now try the following Practice Exercise

Practice Exercise 43 Laws of indices
(answers on page 1152)

In Problems 1 to 18, simplify the following, giving
each answer as a power.

1. z2xz° 2. axa*xad
3. ndxn?d 4. b*xb’
5. b*=bd 6. ASxc3+ct
7 m> x m°® g (xz)(x)
Com* xm?3 ’ x0
4 -3
9. (%) 10. (y?)
1. (e x %)’ 12. ()7
a? 3 1\*
s (9) (1)
b2\ 1
15. — 16.
<b7> (s3 ’
3.2
17.  p3qr? x p>q¢°r x pqr* 18. xsy 2
x>yz

19.  Simplify (x?y3z)(x3yz?) and evaluate when
1

= _,y=2andz=3
X =2y and z

Sbc3
20. Simplify —-—=— and evaluate when
a*b’c
3 1 2
a=—-,b=—-andc= -
2 2 3

Here are some further worked examples on the laws of
indices.

1/2,2,2/3
pl/Ag1/2,1/6
when p = 16,¢ =9 and r = 4, taking positive roots
only

Problem 25. Simplify and evaluate

11
Using law (2) of indices gives p2~ 4g¢

Wl

1 1
272,376

r

~
=

When p=16,g =9 and r =4,

1

3 1
p4q2r

13
— 16492

1
42

D=

= (\A/E)(«/9—3)(«/Z) from law (4) of indices

=(2)(3*)(2) =108

x2y3 —|—)cy2
Xy

Problem 26. Simplify

b
Algebraic expressions of the form at

can be split

. a b
into — + —. Thus,
c c

2—1

x2y3 +xy2 B x2y3 N ﬁ
xy xy o oxy

=213l Ity

=xy*+y
(since x0 = 1, from law (6) of indices)

x2 y
Problem 27. Simplify ——
Xy

_xy

The highest common factor (HCF) of each of the three
terms comprising the numerator and denominatoris xy.
Dividing each term by xy gives

X7y
x2y _ Xy _ X
xy2—xy xy? xy y-1
Xy Xy
a’b

Problem 28. Simplify ab? — a2}

The HCF of each of the three terms is a!/?b. Dividing
each term by a'/?b gives

a’b
a’b _ al’2b _a
ab>—al?2b3 g2 G203 ql/2p—p?
al2b  al2p

3/2
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Problem 29. Simplify (a3v/bv¢3) (Jav/b2c?)

and evaluate when a = 7 b=64andc=1

Using law (4) of indices, the expression can be written as
2

(a3x/5\/c_5)(\/c_l\3/b_2c3) = (aSb% c%> (a% b§c3)

Using law (1) of indices gives
1 5 1 2
(aSbi c§> <a§ b3 c3> =

It is usual to express the answer in the same form as the
question. Hence,

NSIEN]
—_

7 1 6
b6c2 =vValVbVell

1
Whena:z,b=64andc=1,

i - (4 () (i)

n
=(§> 2)'(M=1

2y (Jx ¥

(x3y3)i2

a

Problem 30. Simplify

Using laws (3) and (4) of indices gives

(x2y!72) (\/;\3/?) (x2y172) (x1/2y2/3)

(x3y3)1/2 = x3/2y3/2

Using laws (1) and (2) of indices gives

L 5 1.2 3 _1 _1 1 1
xT272y2137 7 =40y T3 =y 3 or 7z or —
y Iy

from laws (5) and (6) of indices.

Now try the following Practice Exercise

Practice Exercise 44 Laws of indices
(answers on page 1152)

1. Simplify (a3/2bc_3) (al/zb_l/zc) and eval-
uate whena =3, b=4andc =2

In Problems 2 to 8, simplify the given expressions.
a’b+a’b

a’b?

3. (@)\2p?)3 (C1/2)3

4 (abc)?

. (azb—lc—3)3
s Pq?

"~ pg®—pq

6. (VXYY (EVYV73)

7. (@2 f3)e 39, expressing the answer with
positive indices only.

(aSbl/ZC—l/Z)(ab)l/3
(Va3\/b¢)

For fully worked solutions to each of the problems in Practice Exercises 41 to 44 in this chapter,
go to the website:
www.routledge.com/cw/bird
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Chapter 10

Further algebra

Why it is important to understand: Further algebra

Algebra is a form of mathematics that allows you to work with unknowns. If you do not know what
a number is, arithmetic does not allow you to use it in calculations. Algebra has variables. Variables
are labels for numbers and measurements you do not yet know. Algebra lets you use these variables in
equations and formulae. A basic form of mathematics, algebra is nevertheless among the most commonly
used forms of mathematics in the workforce. Although relatively simple, algebra possesses a powerful
problem-solving tool used in many fields of engineering. For example, in designing a rocket to go to the
moon, an engineer must use algebra to solve for flight trajectory, how long to burn each thruster and
at what intensity, and at what angle to lift off. An engineer uses mathematics all the time — and in par-
ticular, algebra. Becoming familiar with algebra will make all engineering mathematics studies so much

easier.

At the end of this chapter, you should be able to:

use brackets with basic operations in algebra
understand factorisation
factorise simple algebraic expressions

10.1 Introduction

In this chapter the use of brackets and factorisation
with algebra is explained, together with further prac-
tise with the laws of precedence. Understanding of these
topics is often necessary when solving and transposing
equations.

10.2 Brackets

With algebra
(@) 2(a+b)=2a+2b

use the laws of precedence to simplify algebraic expressions

(b) (@+b)c+d) = alc+d)+b(c+d)
= ac+ad+bc+bd

Here are some worked examples to help understanding
of brackets with algebra.

Problem 1. Determine 2b(a — 5b)

2b(a — 5b) = 2b x a+2b x —5b
= 2ba — 10b>

= 2ab—10b>  (note that 2ba is the

same as 2ab)

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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Problem 2. Determine (3x +4y)(x — y)

BGx+4y)(x—y) =3x(x—y) +4y(x —y)

3x2 —3xy +4yx —4y?

= 3x2 —3xy+4xy —4y?

(note that 4yx is the same as 4xy)
= 3x% 4 xy —dy?

Problem 3. Simplify 3(2x —3y) — (3x —y)

32x—3y) —Bx—y)=3x2x—-3x3y—3x——y
(Note that — (3x —y) = —1(3x — y) and the
— 1 multiplies both terms in the bracket)
=6x—9y—-3x+y
(Note: — x— =+4)
=6x—3x+y—9y
=3x—38y

Problem 4. Remove the brackets and simplify the
expression (@ —2b) +5(b —c¢) —3(c+2d)

(a—2b)+50b—c)—3(c+2d)
=a—2b+5xb+5x—c—3xc—3x2d
=a—2b+5b—5¢c—3c—6d
=a+3b—8c—6d

Problem 5. Simplify (p +¢q)(p — q)

p+a)p—q) =pp—q)+q(p—q)
= p*—pg+qp—q°
= p?—¢?

Problem 6. Simplify (2x — 3y)?

(2x =3y)* = (2x —3y)(2x = 3y)
= 2x(2x —3y) —3y(2x — 3y)
= 2x Xx2x+4+2x x =3y —3y x 2x
—3y x =3y
= 4x% — 6xy — 6xy +9y?2
(Note: + x—=—and — x—=+4)
= 4x® — 12xy + 9y

Problem 7. Remove the brackets from the
expression and simplify 2[x? — 3x(y 4 x) + 4xy]

2[x2 = 3x(y+x) +4xy] = 2[x2 — 3xy — 3x2 + 4xy]
(Whenever more than one type of bracket is involved,
always start with the inner brackets)

=2[—2x2+ xy]
= —4x% +2xy
=2xy — dx?

Problem 8. Remove the brackets and simplify the
expression 2a — [3{2(4a — b) — 5(a + 2b)} + 4a]

(i) Removing the innermost brackets gives
2a —[3{8a — 2b — 5a — 10b} + 4a]
(i) Collecting together similar terms gives
2a — [3{3a — 12b} + 4a]
(iii) Removing the ‘curly’ brackets gives
2a — [9a — 36b + 4a]
(iv) Collecting together similar terms gives
2a —[13a — 36b]
(v) Removing the outer brackets gives
2a —13a+36b
(vi) ie.—1la+36b or 36b—1la

Now try the following Practice Exercise

Practice Exercise 45 Brackets (answers on
page 1152)

Expand the brackets in Problems 1 to 28.

I. x4+2)(x+3) 2. x+4HC2x+1)

3. (2x+3)? 4. 2j-H0(+3)

5. Qx+6)2x+5 6. (pg+r)(r+pg)
7. (a+b)(a+b) 8. (x+6)?

9. (a—c)? 10. (5x+3)?

11. (2x —6)? 12. 2x —3)2x +3)
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14. (rs+1)?
16. 2x(x —y)

13. (8x +4)?

15. 3a(b—2a)

17. (2a —5b)(a+b)

18. 3Bp—29)— (g —4p)
19. Bx—4y)+3(y—2) — (z—4x)
20. (2a+ 5b)(2a — 5b)

21. (x —2y)?

23. 2x+[y—Q2x+y)]

24. 3a+2[a— (3a—2)]
25. 4[a® —3a(2b+a) + Tab)
26. 3[x? —2x(y+3x) +3xy(1 +x)]

27. 2—5[a(a—2b) — (a—b)?]

28. 24p—[2{35p—q) —2(p+29)} +3q]

10.3 Factorisation

The factors of 8 are 1, 2, 4 and 8 because 8 divides by
1,2,4and 8

The factorsof 24 are 1,2, 3, 4, 6, 8, 12 and 24 because 24
divides by 1, 2, 3,4, 6, 8, 12 and 24

The common factors of 8 and 24 are 1, 2, 4 and 8 since
1, 2, 4 and 8 are factors of both 8 and 24

The highest common factor (HCF) is the largest
number that divides into two or more terms.

Hence, the HCF of 8 and 24 is 8, as explained in
Chapter 1.

When two or more terms in an algebraic expression con-
tain a common factor, then this factor can be shown
outside of a bracket. For example,

df +dg=d(f +g)
which is just the reverse of

d(f+g) =df +dg

22. (3a — b)?

This process is called factorisation.
Here are some worked examples to help understanding
of factorising in algebra.

Problem 9. Factorise ab — Sac
a is common to both terms ab and —5ac. a is there-

fore taken outside of the bracket. What goes inside the
bracket?

(i) What multiplies a to make ab? Answer: b
(i) What multiplies a to make —5ac? Answer: —5¢

Hence, b — 5c¢ appears in the bracket. Thus,

ab —5ac =a(b —5c)

Problem 10. Factorise 2x% + 14xy>

For the numbers 2 and 14, the highest common factor
(HCF) is 2 (i.e. 2 is the largest number that divides into
both 2 and 14).

For the x terms, x2 and x, the HCF is x

Thus, the HCF of 2x2 and 14xy? is 2x

2x is therefore taken outside of the bracket. What goes
inside the bracket?

(i) What multiplies 2x to make 2x2? Answer: x
(i) What multiplies 2x to make 14xy3? Answer: 7y>

Hence, x 4 7y> appears inside the bracket. Thus,

2x% + 14xy® = 2x(x +7y%)

Problem 11. Factorise 3x3y — 12xy2 + 15xy

For the numbers 3, 12 and 15, the highest common factor
is 3 (i.e. 3 is the largest number that divides into 3, 12
and 15)

For the x terms, x3, x and x, the HCF is x

For the y terms, y, y? and y, the HCF is y

Thus, the HCF of 3x3y and 12xy? and 15xy is 3xy
3xy is therefore taken outside of the bracket. What goes
inside the bracket?

(i) What multiplies 3xy to make 3x>y? Answer: x>

(ii) What multiplies 3xy to make —12xy%? Answer:
—dy
(iii)) What multiplies 3xy to make 15xy? Answer: 5

Hence, x> — 4y + 5 appears inside the bracket. Thus,
3%y —12xy” +15xy = 3xy (x> — 4y 4 5)

Problem 12. Factorise 25a2b° — 5a3b?

For the numbers 25 and 5, the highest common factor
is 5 (i.e. 5 is the largest number that divides into 25
and 5)

For the a terms, a® and a°, the HCF is a?

For the b terms, b° and b2, the HCF is b2

Thus, the HCF of 25a2b° and 5a3b? is 5ab*?
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5a2b? is therefore taken outside of the bracket. What
goes inside the bracket?

(1) What multiplies 5a2b? to make 25a2b°? Answer:
5b°

(i) What multiplies 5a%b* to make —5a3b%? Answer:
—a

Hence, 5b°— a appears in the bracket. Thus,

254%b° —5a°b* = 54*b*(5b° —a)
Problem 13. Factorise ax —ay + bx — by

The first two terms have a common factor of a and the
last two terms a common factor of b. Thus,

ax —ay+bx—by=a(x—y)+b(x—y)

The two newly formed terms have a common factor of
(x —y). Thus,

ax—=y)+b(x—y)=(x—y)a+b)
Problem 14. Factorise 2ax — 3ay + 2bx — 3by

a is a common factor of the first two terms and b a
common factor of the last two terms. Thus,

2ax —3ay+2bx —3by =a(2x —3y) +b(2x —3y)
(2x — 3y) is now a common factor. Thus,
ax—=3y)+b2x—3y)=2x—-3y)(a+b)

Alternatively, 2x is a common factor of the original
first and third terms and —3y is a common factor of
the second and fourth terms. Thus,

2ax —3ay +2bx —3by =2x(a+b) —3y(a+b)
(a + b) is now a common factor. Thus,
2x(a+b) —3y(a+b) = (a+b)(2x — 3y)

as before.

Problem 15. Factorise x> +3x2 — x — 3

x2 is a common factor of the first two terms. Thus,

x3+3x2—x—3=x2(x+3)—x—3
—1 is a common factor of the last two terms. Thus,

243 —x—3=x>(x+3)— 1(x+3)

(x + 3) is now a common factor. Thus,

43 -1 +3)=@x+HE2-1)

Now try the following Practice Exercise

Practice Exercise 46  Factorisation
(answers on page 1152)

Factorise and simplify the following.

1. 2x+4 2. 2xy—8xz
3. pb+2pc 4. 2x+4xy

5. 4d® —12df> 6. 4x + 8x>

7. 2¢%+8qn 8. rs+rp+rt
9. x+3x245x3 10. abc+b3c

11. 3x2y*— 15xy2+ 18xy

12. 4p3¢%—10pq3 13. 21a%b* —28ab
14. 2xy?+46x%y +8x3y

15. 2x2%y —4xy3 4+ 8x3y*

16. 28y +7y>+ l4xy

17 3x% 4 6x — 3xy 18 abc+2ab abc
C o oxy+2y—)2 " 2c+4 2c
19. 5rs + 1573t +20r r

6r22 + 8t +2ts 2t
20. ay+by+a+b 21. px+gqx+py+qy
22. ax —ay+bx —by
23. 2ax + 3ay —4bx — 6by
A3 A2 A

p’¢>  pg®  pg

10.4 Laws of precedence

Sometimes addition, subtraction, multiplication, divi-
sion, powers and brackets can all be involved in an
algebraic expression. With mathematics there is a defi-
nite order of precedence (first met in Chapter 1) which
we need to adhere to.

With the laws of precedence the order is

24.

Brackets
Order (or pOwer)

Division
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Multiplication
Addition
Subtraction

The first letter of each word spells BODMAS.
Here are some examples to help understanding of
BODMAS with algebra.

Problem 16. Simplify 2x 4 3x x 4x —x

2x+3x x4x —x = 2x 4+ 12x2 —x M)
= 2x —x+12x2
= x+12¢2 (S)
or x(1+12x) by factorising

Problem 17. Simplify (y +4y) x 3y — S5y

(y+4y) x3y—5y =5y x3y—>5y B)
= 15% -5y (M)
or Sy3y—1) by factorising

Problem 18. Simplify p+2p x (4p —7p)

p+2px@p—Tp) =p+2px=3p B)
=p—6p M)
or p(1—6p) by factorising

Problem 19. Simplify ¢ - 2¢ + 3¢ — 5¢

t
t+2t+3t—5t:2—t+3t—5t (D)
1
=3 +3t -5t by cancelling
1 (S)
2

Problem 20. Simplify x — (4x + x) — 3x

xX=+=M@lx+x)—3x = x+5x—3x (B)
by
=5~ 3x (D)
1 .
= -—-3x by cancelling

Problem 21. Simplify 2y + (6y 4+ 3y —5y)

2y = (6y+3y—35y) =2y=+4y (B)
2
= 4—y D)
y
1

=3 by cancelling

Problem 22. Simplify
Sa+3ax2a+a-+2a—"Ta

Sa+3ax2a+a-+-2a—"Ta
=5a+3ax2a—|—i—7a (D)
2a

1
=5a+3a x2a+ 3~ Ta by cancelling

1
:5a+6a2+§—7a (M)
1
= —2a+6az+5 (S)
1
=6a*—2a+ =
a+2

Problem 23. Simplify
(4y+3y)2y+y-+4y—06y

(4y+3y)2y+y+4y—6y
=Tyx2y+y-+4y—06y (B)
=7y><2y+l—6y (D)

4y
1
=T7yx2y+ i 6y by cancelling
5 1
= 14y“ + i 6y M)
Problem 24. Simplify
5b+2bx3b+b-+ (4b—17b)

5b+2b x3b+ b+ (4b—"Tb)

=5b+2bx3b+b-+--3b (B)

b
=5b+2bx3b+ —— D
+2bx3b+ —35 (D)

1
=5b+2bx3b+ Y by cancelling
1
=5b+2b x3b— 3

1
= 5b+ 6b* — 3 M)

Problem 25. Simplify
(Sp+p)2p+3p)=+@p—>5p)

OGp+p)2p+3p)+@p—5p)

=(6p)(Sp) +(=p) (B)
=6pxSp+—p
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5p
= =6px— (D) 4b +3b x (b — 6b)
= 5
IS =6p X - by cancelling 8a +2a+6a —3a
< .
i =6p x —5 6x + (3x + x) — 4x
=-30p 4t — (5t — 3t +2t)

Now try the following Practice Exercise 3y+2y x5y +2y+8y—6y

(x +2x)3x 4+ 2x + 6x —4x

2 e = e o~ B

Practice Exercise 47 Laws of precedence
(answers on page 1153)

S5a+2a x3a+a-= (2a—9a)

10. (Bt 4+21)(5t +1t) = (t = 3¢)
Simplify the following.

1 3x 4 2% x by — x 11. x=+=5x—x+ 2x —3x)x

2. (2y+y) x4y —3y 12. 3a+2a x 5a+4a-+2a —6a

Qﬂ""’ ﬂ“"{; For fully worked solutions to each of the problems in Practice Exercises 45 to 47 in this chapter,
: go to the website:
Epat www.routledge.com/cw/bird
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Multiple choice questions Test 1

Number and algebra
This test covers the material in Chapters 1 to 10

All questions have only one correct answer (answers on page 1200).

1.

11 12 22 1. 1t
— == e
3 3 3~ 3 s equalto

@ 2 ©2r @12
Y78 u Y 7

-3
The value of e 1 is equal to:

1 1
@)= Wz @l G

Four engineers can complete a task in 5 hours.
Assuming the rate of work remains constant, six
engineers will complete the task in:

(a) 126 h (b) 4 h 48 min
(c) 3 h 20 min (d) 7 h 30 min
4

1
In an engineering equation 5o The value of
ris:

@—-6 B2 (6 (d) -2

1
When p =3, g = —5 and r = —2, the engineer-
ing expression 2p? ¢> r# is equal to:

(a) 1296  (b) =36 (c)36 (d) 18

3 3.
— — 1-is equal to:
4 4

3 9 5 1
@z Ol @l @2
(2e —3f)(e+ f) is equal to:

(a)2e® —3f%  (b)2e*—5ef —3f>

(©)2e*+3f2  (d)2e*—ef —3f2

3
16~ 4 is equal to:

1 1
(@8 (b -5 ©4 (@ 3
57.06 x 0.0711
Ifx = ><—cm, which of the following
4/0.0635

statements is correct?
(a) x =16 cm, correct to 2 significant figures

(b) x =16.09cm, correctto 4 significant figures

10.

11.

12.

13.

14.

15.

16.

17.

(c) x=1.61x 10" c¢m, correct to 3 decimal
places

(d) x =16.099 cm, correct to 3 decimal places

(5.5 x 10%)(2 x 10%) cm in standard form is equal
to:

(@) 11 x 10°cm
(c) 11 x 10°cm

(b) 1.1 x 10°cm
(d) 1.1 x 10°cm

(16 x 4)?

W is equal to:
X

The engineering expression
4 1
(@4 (b2 (c) 7 (d)1
_1 _2
(16 4 —27 3) is equal to:

7 8 1
@-=7 ®) 3= (0)15 e ==

2 1 1 5 1
The valueof —of ([4— —3— )| +5+— — —is:
5 2 4 16 4

()177
a) 17—
20

1 1
b) 80— 16— d) 88
(b) 3 () 1 (d
2x — y)2 is equal to:

(b) 2x2 — 2xy + y?
(d) 4x2 — 4xy + y?

(a) 4x2 + y?
(c) 4x% — y?

(vx) (v*/?) (x2y) is equal to:

(@) v (xy)?

(c) xy*/?

(b) x¥2y%/2
(@) xy/y?
1 _3
p X (Tz) is equivalent to:
p

1
@— Op° ©p

(d) !
p2 P

45+30=+ (21 —6) —2 x 5+ 1 is equal to:
(@—4 ()35 (¢)—7 (d)38
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18. Factorising 2xy> 4 6x3y — 8x3y? gives:
(@) 2x(y?+3x2—4x%y)
(b) 2xy(y+3x2y —4x2y?)
(c) 96)c7y5
(d) 2xy(y+3x%—4x2y)

19 62.91+ ( 6.367
" 012 2¢73 x 4/73.81

(a) 529.08 correct to S significant figures

) is equal to:

(b) 529.082 correct to 3 decimal places
(c) 5.29 x 102
(d) 529.0 correct to 1 decimal place

20. Expanding (m —n)? gives:

(b) m? —2mn — n?

(d) m? — n?

(a) m? +n?

(c) m?% —2mn + n?
21. 2x%2— (x —xy) — x(2y — x) simplifies to:

(@)xGBx—1-y)

©x(xy—y=1

(b) x% —3xy — xy
(d) 3x2—x+ Xy

22.

23.

24.

25.

11 mm expressed as a percentage of 41 mm is:
(a) 2.68, correct to 3 significant figures

(b) 2.6, correct to 2 significant figures

(c) 26.83, correct to 2 decimal places

(d) 0.2682, correct to 4 decimal places

The current in a component in an electrical circuit
is calculated as 25 mA using Ohm’s law. When
measured, the actual current is 25.2 mA. Correct
to 2 decimal places, the percentage error in the
calculation is:

(2) 0.80% (b) 1.25% (c)0.79% (d) 1.26%

a’ -
( E ) is equivalent to:
a=®xa

@a™ b —p ©— @a

14
Resistance R is given by the formula R = p_'

When resistivity p=0.017 pQm, length
¢ =35 km and cross-sectional area A =25 mm?,
the resistance is:

(@)3.4mQ (1) 0.034Q (c)34kQ (d)3.4Q

For a copy of this multiple choice test, go to:
www.routledge.com/cw/bird
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Chapter 11

Solving simple equations

Why it is important to understand: Solving simple equations

In mathematics, engineering and science, formulae are used to relate physical quantities to each other.
They provide rules so that if we know the values of certain quantities, we can calculate the values of
others. Equations occur in all branches of engineering. Simple equations always involve one unknown
quantity which we try to find when we solve the equation. In reality, we all solve simple equations in our
heads all the time without even noticing it. If, for example, you have bought two CDs for the same price,
and a DVD, and know that you spent £25 in total and that the DVD was £11, then you actually solve the
linear equation 2x + 11 = 25 to find out that the price of each CD was £7. It is probably true to say that
there is no branch of engineering, physics, economics, chemistry and computer science which does not
require the solution of simple equations. The ability to solve simple equations is another stepping stone
on the way to having confidence to handle engineering mathematics.

At the end of this chapter, you should be able to:

evaluate formulae by substitution of data

11.1 Introduction

3x — 4 is an example of an algebraic expression.
3x — 4 = 2 is an example of an algebraic equation (i.e.
it contains an ‘=’ sign).
An equation is simply a statement that two expressions
are equal.
Hence, A = mr? (where A is the area of a circle

of radius r)

9
F = —C + 32 (which relates Fahrenheit and

Celsius temperatures)
and y = 3x + 2 (which is the equation of a
straight line graph)
are all examples of equations.

distinguish between an algebraic expression and an algebraic equation

maintain the equality of a given equation whilst applying arithmetic operations

solve linear equations with one unknown including those involving brackets and fractions
form and solve linear equations involved with practical situations

11.2 Solving equations

To ‘solve an equation’ means ‘to find the value of the
unknown’. For example, solving 3x — 4 = 2 means that
the value of x is required.

In this example, x =2. How did we arrive at x =27
This is the purpose of this chapter — to show how to
solve such equations.

Many equations occur in engineering and it is essential
that we can solve them when needed.

Here are some examples to demonstrate how simple
equations are solved.

Problem 1. Solve the equation 4x = 20

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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Dividing each side of the equation by 4 gives

4x 20
4~ 4

i.e. x =5 by cancelling, which is the solution to the
equation 4x = 20.

The same operation must be applied to both sides of an
equation so that the equality is maintained.

We can do anything we like to an equation, as long
as we do the same to both sides. This is, in fact, the
only rule to remember when solving simple equations
(and also when transposing formulae, which we do in
Chapter 12).

2
Problem 2. Solve the equation ?x =6

2x
Multiplying both sides by 5 gives 5 <?> =5(6)

Cancelling and removing brackets gives 2x = 30

Dividing both sides of the equation by 2 gives

2x 30
22
Cancelling gives x=15

2
which is the solution of the equation ?x =6
Problem 3. Solve the equationa —5 =38

Adding 5 to both sides of the equation gives

a—5+5=8+5
ie. a=8+5
ie. a=13
which is the solution of the equationa —5 =8
Note that adding 5 to both sides of the above equation
results in the —5 moving from the LHS to the RHS, but
the sign is changed to +.

Problem 4. Solve the equation x +3 =7

Subtracting 3 from both sides gives x +3—-3=7-3
i.e. x=7-3
i.e. x=4
which is the solution of the equation x +3 =7

Note that subtracting 3 from both sides of the above
equation results in the +3 moving from the LHS to the
RHS, but the sign is changed to —. So, we can move
straight fromx +3=7tox =7—-3

Thus, a term can be moved from one side of an equa-
tion to the other as long as a change in sign is made.

Problem 5. Solve the equation 6x +1=2x+9

In such equations the terms containing x are grouped
on one side of the equation and the remaining terms
grouped on the other side of the equation. As in Prob-
lems 3 and 4, changing from one side of an equation to
the other must be accompanied by a change of sign.

Since 6x+1=2x+9
then 6x —2x=9-1
ie. 4x =8
Dividing both sides by 4 gives %C = ;
Cancelling gives x=2

which is the solution of the equation 6x + 1 = 2x + 9.
In the above examples, the solutions can be checked.
Thus, in Problem 5, where 6x +1=2x+9, if x =2,
then

LHS of equation=6(2)+1=13

RHS of equation=2(2) +9 =13
Since the left-hand side (LHS) equals the right-hand
side (RHS) then x = 2 must be the correct solution of
the equation.
When solving simple equations, always check your

answers by substituting your solution back into the
original equation.

Problem 6. Solve the equation4 —3p =2p — 11

In order to keep the p term positive the terms in p are
moved to the RHS and the constant terms to the LHS.
Similar to Problem 5,if4 —3p =2p — 11

then 4+11=2p+3p

ie. 15=5p

- . . 15 5p
Dividing both sides by 5 gives =%

Cancelling gives 3=p or p=3

which is the solution of the equation4 —3p =2p — 11
By substituting p =3 into the original equation, the
solution may be checked.

LHS=4-33)=4—-9=-5
RHS =2(3)—11=6—11=—5

Since LHS = RHS, the solution p = 3 must be correct.
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If, in this example, the unknown quantities had been
grouped initially on the LHS instead of the RHS, then
—3p—2p=—-11—-4

ie. —5p=-—15
-5 —15

from which, it = —
-5 -5

and p=3

as before.

It is often easier, however, to work with positive values
where possible.

Problem 7. Solve the equation 3(x —2) =9

Removing the bracket gives 3x —6=9
Rearranging gives 3x=9+6

ie. 3x=15
Dividing both sides by 3 gives x=5

which is the solution of the equation 3(x —2) =9

The equation may be checked by substituting x = 5 back
into the original equation.

Problem 8. Solve the equation
42r —3)—2(r—4)=3(r—-3)—1

Removing brackets gives
8r—12—-2r+8=3r—-9-1
Rearranging gives 8r —2r —3r=—-9—-1+12-8

i.e. 3r=-6

—6
Dividing both sides by 3 gives r = 5 = -2

which is the solution of the equation
42r—=3)=2(r—4)=3(0r-3)—1.

The solution may be checked by substituting r = —2
back into the original equation.

LHS = 4(—4—3)—2(—2—4) = —28+12=—16
RHS=3(-2-3)—1=-15—1=—-16

Since LHS = RHS then r = —2 is the correct solution.

Now try the following Practice Exercise

Practice Exercise 48 Solving simple
equations (answers on page 1153)

Solve the following equations.

1. 2x4+5=7
2. 8—3tr=2
2
3. —¢c—1=3
3
4, 2x—1=5x+11
5. 7T—4p=2p-5
6. 26x—13=09x+04
7. 2a+6—5a=0
8. 3x—2—-5x=2x—4
9. 20d —3+3d=11d+5—-8

10. 2(x—1)=4

11. 16=4(+2)

12. 5(f—-2)-3Qf+5+15=0

13. 2x =4(x—3)

14. 6(2—3y)—42=-2(y—1)

15. 2(3g—5)—-5=0

16. 4CBx+1)=7(x+4)—2(x+5)

17. 114+3(r—7)=16—(r+2)

18. 8+4(x—1)—5(x—3)=2(5—-2x)

Here are some further worked examples on solving
simple equations.

4
Problem 9. Solve the equation — = 5
X

The lowest common multiple (LCM) of the denomina-
tors, i.e. the lowest algebraic expression that both x and
5 will divide into, is 5x.

Multiplying both sides by 5x gives
4 2
(2)-2(3)
X 5
54)=x(2)

Cancelling gives

ie. 20="2x (1)
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s . . 20 2x
Dividing both sides by 2 gives 7 =3
Cancelling gives 10=xorx=10

4 2
which is the solution of the equation — = 3
X

When there is just one fraction on each side of the equa-
tion as in this example, there is a quick way to arrive
at equation (1) without needing to find the LCM of the
denominators.

2
Wecanmovefrom—=§to4x5=2xxbywhatis
X

called ‘cross-multiplication’.
In general, if g = < then ad = bc

We can use cross-multiplication when there is one
fraction only on each side of the equation.

3 4
Problem 10. Solve the equation —— =
t—2 3t+4

Cross-multiplication gives 3(3fr +4) =4(t —2)
Removing brackets gives 9t 412 =4r -8

Rearranging gives Ot —4t =-8—-12

ie. 5t=-20
- . . —20
Dividing both sides by 5 gives t= = = —4
Lo . . 4
which is the solution of the equation =
-2 3t+4

Problem 11. Solve the equation

2y 3 1 3y
25
5+4+ 20 2

The lowest common multiple (LCM) of the denomina-
tors is 20; i.e. the lowest number that 4, 5, 20 and 2 will
divide into.

Multiplying each term by 20 gives

20( 2 ) +20(3) 4205 =20 (L) =202

5 4 B 20 2
Cancelling gives 4(2y) +5(3)+100=1—-103y)
ie. 8y +15+100=1—30y

Rearranging gives 8y+30y=1-15-100

. . . 38y -—114
Dividing both sides by 38 gives L=
38 38
Cancelling gives y=-3

which is the solution of the equation

2y 3 1 3y
Ay G
5+4+ 20 2

Problem 12. Solve the equation /x =2

Whenever square root signs are involved in an equation,
both sides of the equation must be squared.

Squaring both sides gives (\/E)2 =(2)°
ie. x=4

which is the solution of the equation /x =2
Problem 13. Solve the equation 2v/d = 8

Whenever square roots are involved in an equation, the
square root term needs to be isolated on its own before
squaring both sides.

Cross-multiplying gives Jd =

[\ o]

Cancelling gives Vd=4
Squaring both sides gives (ﬁ)z = 4)?
ie. d=16

which is the solution of the equation 2+/d = 8

b+3
Problem 14. Solve the equation Vbt =)
Vb

Cross-multiplying gives Vb+3=2vVb
Rearranging gives 3=2vb—+/b

ie. 3=vb
Squaring both sides gives 9=>b

b+3
which is the solution of the equation Vbt =2
NG
Problem 15. Solve the equation x* = 25

Whenever a square term is involved, the square root of
both sides of the equation must be taken.
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Taking the square root of both sides gives /2 — /25
ie. x==%£5

which is the solution of the equation x* = 25

15
Problem 16. Solve the equation — = —
42 3

We need to rearrange the equation to get the 72 term on
its own.

Cross-multiplying gives 15Q3) = 2(4t2)

ie. 45 = 8¢°
Dividing both sides by 8 gives E . g

8 8
By cancelling 5.625 =12
or 1> =5.625

Taking the square root of both sides gives

Vi2 = V/5.625
ie. t ==+2.372
correct to 4 significant figures, which is the solution of
15 2
th tion — = —
e equation 23

Now try the following Practice Exercise

Practice Exercise 49 Solving simple
equations (answers on page 1153)

Solve the following equations.
1
. —d+3=4
5 T
5

2 24+ dy=142y+
CETP T IS

3 1(2 1)—|—3—1
o T =3

1 1 2
4 ZQf =3 +-(f -4 +—=0
5(f )+6(f )+15
5. Lam—6)—Lem+a+iam—9)=—3
6. T_X_»
375
y y oy
7. 1-2=342_72
5-°t37 %

10.

3t 6—t 2t 3
11. —=—+———
20 12 15 2

12, Sdk=

13. =

14.

5, ==

5
16. 3/7=9
17. 2,/y=5

3
18. 4= <—>+3
a

19.

20. 10=5 /(%-1)
2

21. 16=

2 1
29 /<i>=_
y—2 2

23.

24. =5+—

11.3 Practical problems involving

simple equations

There are many practical situations in engineering in
which solving equations is needed. Here are some
worked examples to demonstrate typical practical
situations.
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Problem 17. Applying the principle of moments
to a beam results in the equation

Fx3=(15—F)x2

where F is the force in newtons. Determine the
value of F

Removing brackets gives 3F=15-2F
Rearranging gives 3F+2F =15
ie. SF=15

- . . SF 15
Dividing both sides by 5 gives <=3

from which force F = 3N

Problem 18. A copper wire has a length L of
1.5km, a resistance R of 52 and a resistivity of

17.2 x 10~ @ mm. Find the cross-sectional area a

L
of the wire, given that R = ol
a

. L
Since R = - then
a

(172 x 107°Qmm) (1500 x 10° mm)
a

5Q

From the units given, a is measured in mm?.

Thus, Sa = 17.2 x 107° x 1500 x 103
17.2 x 1070 x 1500 x 10°
5

17.2x 1500 x 103 17.2x 15
106 x5 T 10x5

and a=

=5.16

Hence, the cross-sectional area of the wire is 5.16 mm?

Problem 19. PV =mRT is the characteristic gas
equation. Find the value of gas constant R when
pressure P =3 x 10° Pa, volume V = 0.90m?,
mass m = 2.81 kg and temperature 7' = 231 K

Dividing both sides of PV =mRT by mT gives

PV mRT
mT ~— mT
. . PV
Cancelling gives —=R
mT

(3 x 10°) (0.90)

Substituting values gives R=
(2.81)(231)

Using a calculator, gas constant R = 4160J/(kg K),
correct to 4 significant figures.

Problem 20. A rectangular box with square ends
has its length 15 cm greater than its breadth and the
total length of its edges is 2.04 m. Find the width of
the box and its volume

Let x cm = width = height of box. Then the length of
the box is (x 4+ 15) cm, as shown in Figure 11.1.

S

x\6
¢
Figure 11.1

The length of the edges of the box is 2(4x) + 4(x + 15)
cm, which equals 2.04 m or 204 cm.

Hence, 204 =2(4x) +4(x + 15)
204 =8x +4x +60
204 — 60 = 12x
ie. 144 = 12x
and x=12cm

Hence, the width of the box is 12 cm.

Volume of box = length x width x height
=@ +15x)(x)=12+15)(12)(12)
=(27)(12)(12)
— 3888 cm’

Problem 21. The temperature coefficient of
resistance o may be calculated from the formula
R; = Ro(1 4+ «at). Find «, given R; = 0.928,
Ro=0.80 and r = 40
Since R; = Ry (1 + «t), then
0.928 = 0.80[1 + «(40)]
0.928 = 0.80 + (0.8) () (40)
0.928 — 0.80 = 32«
0.128 =32«
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0.128 i i i
Hence. o == 0.004 Now try the following Practice Exercise

2 he di led Practice Exercise 50 Practical problems
Fralt 2, e disEnes § e il involving simple equations (answers on

in time ¢ seconds is given by the formula page 1153)
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1
_ _ 2 . o e . .
s=urt 2at » whete 1 15 the 1;11t1a1 velocity in m/s 1. A formula used for calculating resistance of a
and a is the acceleration in m/s~. Find the . pL ..
acceleration of the body if it travels 168 m in 6, BT IS <= (Gl (K 128, 1 S 230

a
with an initial velocity of 10 m/s and a =2 x 1074, find the value of p.

2. Force F newtons is given by F = ma, where
m is the mass in kilograms and a is the accel-

L
S=ut+ Far ands =168,u=10and? =6 eration in metres per second squared. Find the

1 acceleration when a force of 4 kN is applied to
H 168 = (10)(6) + =a(6)?
enee, 10)©®)+ Za( ) a mass of 500kg.
168 =60+ 18a 3. PV =mRT is the characteristic gas equation.
168 — 60 = 184 Find the value of m when
P =100 x 10°, V =3.00, R = 288 and
108 = 18a T =300
= @ =6 4.  When three resistors Ry, Ry and R3 are con-
18 nected in parallel, the total resistance R7 is
1 1 1 1
i i 2 determined from — = — + — + —
Hence, the acceleration of the body is 6 m/s Rr R + R + R
. . . (a) Find the total resistance when
P'rob.lem 23. When.three resistors in an el.ectrlcal R =3Q.R,=6Qand Ry = 18Q.
circuit are connected in parallel the total resistance

. 1 1 1 r (b) Find the value of R3 given that
R7 is given by R_T = R_1+ R—2 + R Find the Ry =3Q, R =5Qand R, = 10Q.
total resistance when R1 =50, R, =102 and
Ry =309 5. Six digital camera batteries and 3 camcorder
batteries cost £96. If a camcorder battery costs
£5 more than a digital camera battery, find the

1 1 1 1 _6+3+1_10 1 cost of each.

Rr 510 30 30 30 3 .

Ohm’s law may be represented by I = V/R,
Taking the reciprocal of both sides gives Rt =32 whe¥e i curren.t 10 amperes, v 1s'the volt-
age in volts and R is the resistance in ohms.

: 1 11 1 .
Alternatively, if — = — 4+ — + —, the LCM of the A soldering iron takes a current of 0.30 A
Rr 5 1030 from a 240V supply. Find the resistance of

denominators is 30R7 the element

Hence, 30Ry (L) —30Ry (l) 7. The distance s travelled in timflz t seconds is
Rt 5 given by the formula s = ut + Ea 1> where u
1 1 is the initial velocity in m/s and a is the accel-
+30R7 (E) +30R7 (%> eration in m/s2. Calculate the acceleration of
) ] the body if it travels 165 min 3 s, with an initial
Cancelling gives 30=6R7 +3R7 + RT velocity of 10m/s.
ie. 30=10Ry 8. The stress, o pascals, acting on the reinforc-
30 ing rod in a concrete column is given in the
and Rr = — =3, as above. following equation:
10 500 x 1050 +2.67 x 105 = 3.55 x 10°

Find the value of the stress in MPa.
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Here are some further worked examples on solving
simple equations in practical situations.

Problem 24. The extension x m of an aluminium
tie bar of length / m and cross-sectional area A m”
when carrying a load of F' newtons is given by the
modulus of elasticity E = FI/Ax. Find the
extension of the tie bar (in mm) if

E =70 x 10°N/m?, F = 20 x 10°N, A = 0.1m?
and/ =1.4m

E=FI/Ax, hence
N  (20x10°N)(1.4
70x 100N _ 20X 107N 4m)
m? (0.1m2)(x)
(the unit of x is thus metres)
70x 10° x 0.1 x x =20 x 10° x 1.4

20 x 100 x 1.4

X=————
70 x 10° x 0.1
2x14
= m
7 x 100
. 2x1.4
" 7% 100
=4mm

Cancelling gives X

x 1000 mm

Hence, the extension of the tie bar, x = 4mm.

Problem 25. Power in a d.c. circuit is given by
2

%
P = 53 where V is the supply voltage and R is the

circuit resistance. Find the supply voltage if the
circuit resistance is 1.25 €2 and the power measured
is 320 W

. V2 V2
Since P = —, then 320=—
R 1.25

(320)(1.25) = V2
ie. V2 =400

Supply voltage, V =4/400 = £20V

Problem 26. A painter is paid £6.30 per hour for a
basic 36 hour week and overtime is paid at one and
a third times this rate. Determine how many hours
the painter has to work in a week to earn £319.20

Basic rate per hour = £6.30 and overtime rate per hour
1
= 1§ x £6.30 = £8.40

Let the number of overtime hours worked = x
Then,

(36)(6.30) + (x)(8.40) = 319.20
226.80 4 8.40x = 319.20
8.40x = 319.20 — 226.80 = 92.40

92.40
x=——=11
8.40

Thus, 11 hours overtime would have to be worked to
earn £319.20 per week. Hence, the total number of
hours worked is 36 + 11, i.e. 47 hours.

Problem 27. A formula relating initial and final
states of pressures, P; and P>, volumes, Vj and V>,

and absolute temperatures, 71 and 73, of an ideal

PV PV, | .

—— = ——— . Find the value of P, given
T 1

Py =100 x 103, V; = 1.0, V5 = 0.266, T; = 423

and 7, =293

gas is

. ISR AT 1)
Since =
T Ip)
(100 x 10%)(1.0)  P»(0.266)
then =
423 293

Cross-multiplying gives
(100 x 10%)(1.0)(293) = P»(0.266)(423)

(100 x 10%)(1.0)(293)
27 T (0.266)(423)
Hence, P> =260 x 103 or 2.6 x 10°

Problem 28. The stress f in a material of a thick

D
cylinder can be obtained from — = (m)

d f=r
Calculate the stress, given that D = 21.5,d = 10.75
and p = 1800

Since 2 _ (142 oy 215 _ [( £ +1800
d f—p 10.75 £ — 1800
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ie. ”_ f+ 1800
~\V \f—1800

1800
Squaring both sides gives 4 = S+ 1800
f —1800

Cross-multiplying gives
4(f —1800) = f + 1800
4f —7200= f 41800
41— f=1800+ 7200

3£ = 9000

9000

Hence, stress, f = 3000

Problem 29. 12 workmen employed on a
building site earn between them a total of £4035 per
week. Labourers are paid £275 per week and
craftsmen are paid £380 per week. How many
craftsmen and how many labourers are employed?

Let the number of craftsmen be ¢. The number of
labourers is therefore (12 — ¢).
The wage bill equation is

380c+275(12 — ¢) = 4035
380c¢ + 3300 — 275¢ = 4035
380c —275¢ = 4035 — 3300

105¢ =735
735

c=——=7
105

Hence, there are 7 craftsmen and (12-—7), ie. 5
labourers on the site.

Now try the following Practice Exercise

Practice Exercise 51

Practical problems

involving simple equations (answers on
page 1153)

1.

A rectangle has a length of 20 cm and a width
bcm. When its width is reduced by 4 cm its
area becomes 160 cm?. Find the original width
and area of the rectangle.

Given Ry = R (1 4+ at), find « given
R1=5.0,R; =6.03andt =51.5

If v2 = u? + 2as, find u given v = 24,
a=—40and s =4.05

The relationship between the temperature on
a Fahrenheit scale and that on a Celsius scale

is given by F = §C + 32. Express 113°F in
degrees Celsius.

Ift=2n Sﬂ’ find the value of S given
8

w=1219,g=9.8landr =0.3132

Two joiners and five mates earn £1824
between them for a particular job. If a joiner
earns £72 more than a mate, calculate the
earnings for a joiner and for a mate.

An alloy contains 60% by weight of copper,
the remainder being zinc. How much copper
must be mixed with 50kg of this alloy to give
an alloy containing 75% copper?

A rectangular laboratory has a length equal to
one and a half times its width and a perimeter
of 40 m. Find its length and width.

Applying the principle of moments to a beam
results in the following equation:

Fx3=05-F)x7

where F is the force in newtons. Determine
the value of F.

For fully worked solutions to each of the problems in Practice Exercises 48 to 51 in this chapter,

go to the website:

www.routledge.com/cw/bird

<<
[ e
S
e
O
v
v



www.routledge.com/cw/bird

ﬁ“w 2

E

<<
[ =
S
e
O
v
v

=]

o
RS -

Revision Test 4 Algebra and simple equations

This assignment covers the material contained in Chapters 9 to 11. The marks available are shown in brackets at the
end of each question.

1.

Evaluate 3pgr? —2pqr+ pqr when p = >

g=-2andr =1

In Problems 2 to 7, simplify the expressions.

2.

9p2qr3

3pq?r

2(3x —2y) — (4y — 3x)
(x—=2y)2x+y)

pq 7 r* x pg’r-

(3a — 2b)?
4b2

3

a*b-c
ab3c?
Factorise
(a) 2xzy3 — ley2
(b) 2lab*c® —Ta’bc* +28a°bc*
Factorise and simplify
2x2y + 6xy? B x3y?
x+3y xZy

Remove the brackets and simplify
10a — [3(2a — b) —4(b —a) + 5b]

Simplify x +5x —x + (2x — 3x)x
Simplify 3a 4+ 2a x 5a +4a +2a — 6a
Solve the equations

(a) 3a =39
(b) 2x—4=9

1

3)

14.  Solve the equations

(a) : 8
a -y =
9y

(b) 6x—1=4x+5
Solve the equation
5t—2)—3(@4—1)=2(t+3)—40

Solve the equations:

@) 3 1

Y oxt1 T ax-3

(b) 2x2 =162 (7)

Kinetic energy is given by the formula

E, = —mvzjoules, where m is the mass in kilo-

grams and v is the velocity in metres per second.
Evaluate the velocity when Ej =576 x 10737
and the mass is Skg. 4)

An approximate relationship between the num-
ber of teeth 7 on a milling cutter, the diameter
of the cutter D and the depth of cut d is given

12.5D
by T = . Evaluate d when T =10 and
D +4d

D =32 )

The modulus of elasticity E is given by the for-

FL
mula £ = A where F is force in newtons, L
X

is the length in metres, x is the extension in
metres and A the cross-sectional area in square
metres. Evaluate A, in square centimetres, when
E =80x10°N/m?, x=2mm, F=100x10°N
and L =2.0m. 5)

For lecturers/instructors/teachers, fully worked solutions to each of the problems in Revision Test 4,
together with a full marking scheme, are available at the website:
www.routledge.com/cw/bird
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Chapter 12

Transposing formulae

Why it is important to understand: Transposing formulae

As was mentioned in the last chapter, formulae are used frequently in almost all aspects of engineering in
order to relate a physical quantity to one or more others. Many well known physical laws are described
using formulae — for example, Ohm’s law, V =1 x R, or Newton’s second law of motion, F = m x a. In
an everyday situation, imagine you buy 5 identical items for £20. How much did each item cost? If you
divide £20 by 5 to get an answer of £4, you are actually applying transposition of a formula. Transposing
formulae is a basic skill required in all aspects of engineering. The ability to transpose formulae is yet
another stepping stone on the way to having confidence to handle engineering mathematics.

At the end of this chapter, you should be able to:

define ‘subject of the formula’

transpose equations whose terms are connected by plus and/or minus signs
transpose equations that involve fractions

transpose equations that contain a root or power

transpose equations in which the subject appears in more than one term

How did we arrive at these transpositions? This is the
purpose of this chapter — to show how to transpose
Vv formulae. A great many equations occur in engineer-
In the formula / = e I is called the subject of the ing and it is essential that we can transpose them when
formula. needed.

Similarly, in the formula y = mx + ¢, y is the subject of

the formula.
When a symbol other than the subject is required to 12.2 Transposing formulae

be the subject, the formula needs to be rearranged to

12.1 Introduction

make a new subject. This rearranging process is called There are no new rules for transposing formulae.
transposing the formula or transposition. The same rules as were used for simple equations in
For example, in the above formulae, Chapter 11 are used; i.e. the balance of an equation

must be maintained: whatever is done to one side of
an equation must be done to the other.
—c It is best that you cover simple equations before trying
this chapter.

\%
if | = —thenV = IR
R

and if y =mx 4 c then x = Y
m

Bird’s Comprehensive Engineering Mathematics. 978-0-8153-7815-0, © 2018 John Bird. Published by Taylor & Francis. All rights reserved.
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Here are some worked examples to help understanding
of transposing formulae.

Problem 1. Transpose p = ¢q +r + s to make r
the subject

The object is to obtain r on its own on the LHS of the
equation. Changing the equation around so that r is on
the LHS gives

gtr+s=p ()

From Chapter 11 on simple equations, a term can be
moved from one side of an equation to the other side as
long as the sign is changed.

Rearranging givesr =p—q —s

Mathematically, we have subtracted g +s from both
sides of equation (1).

Problem 2. Ifa+b=w —x+ y, express x as
the subject

As stated in Problem 1, a term can be moved from one
side of an equation to the other side but with a change
of sign.

Hence, rearranging givesx =w+y—a—b>b

Problem 3. Transpose v = fA to make A the
subject

v = fA relates velocity v, frequency f and wave-
length A

Rearranging gives fA=v
L . . 2
Dividing both sides by f gives 7 =

Cancelling gives A=

Problem 4. When a body falls freely through a
height &, the velocity v is given by v> = 2gh.
Express this formula with / as the subject

Rearranging gives 2gh =v?

o . . 2gh
Dividing both sides by 2g gives He =
8

Cancelling gives h=

crls)lemol;)|cw

Vv
Problem 5. If I = g rearrange to make V the
subject

Vv
I = — is Ohm’s law, where [ is the current, V is the

voltage and R is the resistance.

Rearranging gives Vg
R
o . . V
Multiplying both sides by R gives R (E) =R(I)
Cancell