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Preface

This book aims to give its readers an opportunity to build a strong foundation in the subject of MIMO
wireless communications. It is an ideal book for students pursuing senior undergraduate and junior
postgraduate courses in MIMO wireless communications. The necessary background details of
wireless communications have been put in Appendix A-G.

Chapter 1 gives a brief introduction to multiple-input multiple-output (MIMO) (pronounced ‘My-
Moe) systems. The receiver diversity techniques in single-input multiple-output (SIMO) systems are
briefly discussed. Following that, MIMO transmit diversity scheme viz., Open Loop, Closed Loop
and Blind MIMO systems are also talked about. Rate and diversity gain is defined and a discussion
about the diversity multiplexing trade-offs is also provided.

Fading distributions, the precursors to MIMO channel models, are treated in chapter 2. Fading
distributions could be divided into two kinds: (a) classical fading distributions and (b) generalized
fading distributions. In classical fading distributions, the probability density function (pdf), the
cumulative distribution function (cdf) and the moment generating function (mgf) of Gaussian,
Rayleigh, Rice, Chi-squared and Nakagami-m fading distributions are provided. Among the many
generalized fading distributions, k-y, o-p and 7-u fading distributions are investigated and in
particular, classical fading distributions are also discussed.

Chapter 3 is devoted to the analytical MIMO channel models. Analytical MIMO channel models
can be divided into four types: (a) independent and identically distributed (uncorrelated) MIMO
channel model, (b) Kronecker (separately correlated) MIMO fading channel model, (c) fully correlated
MIMO channel model, and (d) keyhole (rank deficit) MIMO channel model. Parallel decomposition
of MIMO channel is discussed at the end of the chapter.

The capacity of a MIMO channel for uniform and adaptive power allocation scheme is treated
in chapter 4. Uniform power allocation is employed when the channel state information (CSI) is
available at the receiver but not at the transmitter (open loop MIMO system). Adaptive power allocation
based on Waterfilling algorithm can be used when CSI is available at the receiver as well as at the
transmitter (closed loop MIMO system). Near optimal power allocation for high and low SNR cases
is described in the last section of the chapter.

In chapter 5, the capacity of simplified MIMO channels viz., (a) SISO channels, (b) SIMO channels,
(c) MISO channels, (d) unity MIMO channel, and (e) identity MIMO channel, is investigated. The
ergodic capacity and outage probability for some of the above fading channels are also found out.

The ergodic capacity and outage probability for i.i.d. fading MIMO channels are described in
chapter 6. Then, the effect of antenna correlation on the MIMO channel capacity is observed. Finally,
it is shown that if we have keyhole propagation for a highly scattered environment, the capacity is
very low.
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XVi Preface

In chapter 7, a discussion on why we need space-time codes is presented at the very first. Then,
the three code design criteria, viz., rank, determinant and trace, is provided. A study on the first
and the most powerful space-time codes, also known as Alamouti space-time codes, is carried out.
The performance comparison of Alamouti space-time code with maximal ratio combining (MRC) is
described. The coding gain, diversity gain and code rate of Alamouti space-time code are presented.
A very important concept in performance analysis of wireless communication over fading channel is
that in order to find the average probability of error, we need to find the average conditional probability
of error (CEP) over the received SNR. A channel is in outage whenever we transmit a message at a
higher rate than the channel capacity. In the last section of the chapter, the outage probability and
average probability of error for single input single output (SISO) system over fading channels, and
an extension of this analysis for Alamouti space-time codes, are provided.

An extension of Alamouti space-time code for N, number of transmitting antennas, also known as
orthogonal space-time block codes (OSTBC), is introduced. But OSTBC does not provide any coding
gain. There is another type of space-time code, termed as space-time trellis code (STTC), which
provides both coding and diversity gains. An exploration of both of these space-time codes is carried
out in chapter 8. The symbol error rate (SER) of OSTBC over spatially correlated Rayleigh fading, as
well as the i.i.d. Rayleigh fading of MIMO channels is calculated. Pairwise error probability (PEP)
calculation of space-time codes over correlated as well as i.i.d. Rayleigh fading is also carried out. A
brief introduction to space-time Turbo codes is presented. Some sections are devoted to differential
OSTBC and algebraic space-time codes, which include Perfect space time codes and Golden codes.

In MIMO detection, one needs to detect signals jointly, since many signals are transmitted from
the transmitter to the receiver. Among the available detection techniques, maximum likelihood (ML)
detection is the most optimal technique, but its complexity grows exponentially with the number of
antennas. There are other sub-optimal techniques like Zero Forcing (ZF) and Minimum Mean Square
Error (MMSE) which are less complex. Chapter 9 is devoted to such techniques. A comparison of the
noise amplification in ZF and MMSE is presented and then, the performance of these techniques in
terms of probability of error and outage probability is evaluated. Sphere decoding is also discussed
in this chapter.

Chapter 10 contains Diagonal-Bell Laboratories Layered Space-Time (D-BLAST) and Vertical
BLAST (V-BLAST), which are spatial multiplexed MIMO systems which give high spectral
efficiencies. BLAST detection scheme is basically based on the following three steps: interference
nulling, ordering to select the sub-stream with the largest signal-to-noise ratio (SNR) or other criteria,
and successive interference cancellation.

MIMO systems increase the capacity and minimize the error rate as compared to SISO systems.
But, they have a higher fabrication cost and energy consumption due to multiple RF chains. Selection
of suitable antenna minimizes this by using lesser number of RF chains and switches. The best set
of antennas should be selected at the transmitter or the receiver end, so as to maximize the channel
capacity or the received SNR. Transmit antenna selection over 1—u fading channels is described
in chapter 11 where soft antenna selection for closely spaced antennas is also introduced. Spatial
Modulation (SM) is a multiple input multiple output (MIMO) wireless communication technique that
gives better spectral efficiency for a fixed bandwidth and same signal constellation size. Symbol error
rate (SER) performance of an SM system in generalized 1-u fading channels for several modulation
schemes is evaluated. It is also shown that spatial modulation with antenna selection has a huge
advantage in the outage probability over SM MIMO systems.
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Preface XVii

STBC-SM, MIMO based cooperative communication, Large scale MIMO systems and MIMO
cognitive radios are some of the latest developments in MIMO wireless communications. A discussion
on hybrid STBC and SM is provided also in this chapter. In chapter 12, it is shown that there can be
a significant improvement in the performance of cooperative communication if one employs MIMO
techniques. After this, Large scale MIMO systems are investigated. Three scenarios are discussed
viz., Single User, Multi-user and Multi-cell Large scale MIMO systems. Finally MIMO Cognitive
Radios are discussed in some detail.

Finally, there is a suggestion for all the students: hone your fundamentals! Technologies change
every now and then, however, the fundamentals which are the building blocks for these new
technologies remain the same.
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Introduction to
MIMO Systems

CHAPTER

1.1 Introduction

In this chapter, we will give introduction to MIMO (pronounced “My-Moe”, J. G. Andrews et al.,
2007) systems. First we will summarize some of the background in wireless communications which
are required for better understanding of MIMO systems.

We will start with three diversity, viz. frequency, time and space diversity to combat detrimental
effects of wireless fading channels.

Then we will discuss about the fading channel characteristics. We will define two important
terms, viz. coherence bandwidth and coherence time. Then we will define what are frequency-flat
and selective fading and slow and fast fading.

Then we will discuss about multi-antenna systems like Multiple-Input Multiple-Output (MIMO),
Multiple-Input Single-Output (MISO) and Single-Input Multiple-Output (SIMO) systems. In SIMO
systems, we will briefly discuss about the receiver diversity techniques like Equal-Gain Combining
(EGC), Selection Combining (SC) and Maximal Ratio Combining (MRC).

In MIMO transmit diversity schemes we will define Open Loop, Close Loop and Blind MIMO
systems.

MIMO systems have rate and diversity gain over Single-Input Single-Output (SISO) systems. We
will define rate and diversity gain and discuss concisely about the diversity multiplexing trade-offs.

Finally we will mention some of the applications of MIMO systems.

1.2 Diversity in wireless communications

Wireless communications, which allow movement while communicating, is a very attractive feature
for the mobile users. But it is a challenge to the wireless engineers because of channel fading due to
random signal attenuation and phase distortions from the Multipath Components (MPCs). There are
three diversity techniques (S. Haykin et al., 2005) to mitigate fading, viz.

(a) Frequency diversity: In frequency diversity techniques, we will send information bearing
signals by carriers whose frequency gap is greater than coherence bandwidth of the channel,;
for instance, frequency hopped spread spectrum system.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.002
https://www.cambridge.org/core

2 Fundamentals of MIMO Wireless Communications

(b) Time diversity: In time diversity techniques, we will send information bearing signals in different
time slots which is greater than coherence time of the channel: for example, channel coding
with interleaving and

(¢) Space diversity: In space diversity techniques, we employ multiple antennas, which are placed
amply far away, at the transmitter and receiver. Space diversity was left aside for many years
in the literature due to the problem of spatial interference. We will explore this diversity in this
book.

1.3 Wireless fading channel characteristics

The characteristics of wireless communication channels between the transmitter and receiver decide
the performance of the wireless systems. Let us try to understand some terminologies of fading
channel first. The time and frequency variations of the channel are quantified in terms of channel
coherence time (D. Tse et al., 2005) and coherence bandwidth.

The coherence bandwidth, (B, is the frequency range, (Af), over which the channel frequency
response, h(f), is flat and is inversely proportional to delay spread of the channel (R. Janaswamy,
2001 and A. K. Jagannatham, 2016). Assume a signal, x(), is sent over a channel with impulse
response, A(f), then the output of the wireless channel, y(f), can be obtained as the convolution of
x(#) and h(7) for a linear time invariant system. In the frequency domain, the convolution of x(f) and
h(?) is transformed to multiplication of X(f) and h(f). If the bandwidth, B, of the signal is less than
the coherence bandwidth, B, of the channel, then the output will be undistorted. On the contrary,
if the bandwidth, B, of the signal is greater than the coherence bandwidth, B, of the channel, then
the output will be distorted.

The motion of users in wireless communications gives rise to Doppler shift which in turn converts
the wireless channel coefficient into time-varying and introduces time-selectivity in wireless channels.
The coherence time, (T), is approximate duration of the time for which the wireless channel can be
assumed constant, and is inversely proportional to the maximum Doppler frequency shift or spread,
(B ). Let us summarize.

(a) When coherence bandwidth is greater than signal bandwidth, then all frequency components
of the signal will experience the similar kind of fading (frequency-flat fading).

(b) If coherence bandwidth is smaller than signal bandwidth, then all frequency components will
not experience same fading (frequency-selective fading).

(¢) When coherence time is greater than symbol time duration, it means channel variation is slower
than the signal variation (slow fading).

(d) If coherence time is smaller than symbol time duration, it means channel variation is faster than
the signal variation (fast fading).

Review question 1.1 J What is the coherence bandwidth of channel?

Review question 1.2 J What is coberence time of channel?
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Fig. 1.1 (a) 1x1 SISO (b) 1x2 SIMO (c) 2x1 MISO and (d) 2x2 MIMO systems

1.4 What are MIMO systems?

Space diversity employing multiple antennas at the transmitter and receiver, also popularly known as
Multiple-Input Multiple-Output (MIMO)/multi-antenna systems, are capacity boosters for wireless
channels without penalty in bandwidth and power. The capacity of the channel increases linearly with
the minimum of N, or N, for a N x N, MIMO system in a rich Rayleigh scattering environment.
N, and N, are number of transmitting and receiving antennas, respectively.

A particular case for N, = N, = 1 is referred to as Single-Input, Single-Output (SISO) system,
which is the single link communication as depicted in Fig. 1.1 (a). Low-Density Parity-Check Code
(LDPC) and Turbo codes with iterative decoding algorithms are the capacity booster for SISO systems.
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Another particular case is for N, = 1 and N = 2; such a system is referred to as Single-Input,
Multiple-Output (SIMO) system (receive diversity). A 1x2 SIMO system is shown in Fig. 1.1 (b).
Receiver diversity techniques like Equal Gain Combining (EGC), Selection Combining (SC) and
Maximal Ratio Combining (MRC) can be employed at the receiver to combat multipath fading
phenomenon. For SIMO systems, there are N, channel links. SC selects the signal branch with the
highest signal-to-noise ratio (SNR) among the N, channel links. Each channel link will have different
channel gain coefficients, path delays and phases. EGC co-phases signal on each branch and then
combine them with equal weight. MRC outputs the weighted sum of all the branches. Weights are
chosen as the complex conjugate of the channel gain coefficients. Branches with high SNR should
be weighted more than with branches with low SNR. MRC is optimal in terms of SNR but complex
to implement from the other two combining schemes (A. Molisch, 2005 and A. Goldsmith, 2005).
We will discuss MRC briefly when we study Alamouti space-time codes.

Another particular case is for N;.> 2 and N, = 1; such a system is referred to as Multiple-Input,
Single-Output (MISO) system (transmit diversity). A 2x1 MISO system is depicted in Fig. 1.2 (c).
Mobile station (MS) is generally small and receive diversity is not cost-impressive. Instead transmit
diversity at the base station (BS) is a better choice.

But in 5G wireless communications, both receive and transmit diversities are envisaged. A MIMO
system employing N, transmitting antennas and N, receiving antennas has both transmit and receive
diversities (J. G. Proakis et al., 2007). A 2x2 MIMO system is also shown in Fig. 1.1 (d).

Review question 1.3 J What is the main advantage of MIMO system?

Review question 1.4 J What is Equal gain combining?

Review question 1.5 J What is Maximum ratio combining?

Review question 1.6 J What is Selection combining?

1.5 Which are the three cases of MIMO transmit diversity
schemes?

Let us consider three types of transmit diversity (C. Yuen et al., 2007):

(@ Closed loop MIMO system: In closed loop MIMO system, feedback of channel gain and
phase from the receiver is given to the transmitter. Hence Channel State Information (CSI) is
available at both the transmitter and receiver. CSI could be of two types (T. Brown et al., 2012):
instantaneous channel and statistical average of the channel (distribution of the channel).

(b) Openloop MIMO system: In open loop MIMO system, the receiver estimates the channel using
the feed forward pilot signals but no feedback given to the transmitter. Hence CSI is available
at the receiver and not at the transmitter. It is usually difficult to obtain the instantaneous CSI
at the transmitter, but it is fairly possible to obtain CSI at the receiver by sending a training
sequence or separate pilot signals.
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(¢) Blind MIMO system: In blind MIMO system, no channel state information is available at both
the transmitter and receiver.

Pilot signals are sent orthogonal to the message signal either in frequency or time. For N transmit
antenna an optimal pilot signal set comprises N, mutually orthogonal signals with equal power, each
assigned for a transmitting antenna (H. Huang et al., 2012). For slow fading, channel stability enables
the receiver to acquire the CSI required for coherent detection of the transmitted code-word. In fast
fading case, the channel coefficients vary fast and reliable channel estimation may not possible. In
order to acquire CSI properly, we require more pilot signals resources than that of the slow varying
channel. Hence, CSI is not available, and the receiver should operate in a non-coherent mode.

Review question 1.7 J What are non-coberent and coberent systems?

1.6 Why MIMO systems?

In SISO system, data rate can be increased by either increasing the transmission bandwidth and
power (a direct implication of Shannon’s channel capacity formula, C = BW log, (1 + SNR), T. M.
Cover et al. 1999). But frequency spectrum is a valuable resource and sometimes restricted for use,
increasing transmission bandwidth is not acceptable solution for increasing data rate. Similarly,
increasing transmission power is also not a proper solution for increasing data rate since we need

highly expensive radio frequency (RF) amplifier. It will also reduce battery life time of mobile unit.
Besides, there is the problem of higher interference with higher power. It may be considered unlawful
by transmission regulations (H. Huang et al., 2012). MIMO increases the spectral efficiency without
increasing the transmission power and bandwidth. Note that if the bandwidth is fixed, data rate and
spectral efficiency could be used interchangeably. Basically two fundamental gains are achieved
from MIMO systems (E. Biglieri et al., 2004):

(@) Rate gain: For parallel MIMO channels, there is at the most minimum {N,, N} rate gain from
that of a SISO system. It is also known as multiplexing gain. In spatial multiplexing MIMO
systems different data are sent through the parallel channels with the help of a serial to parallel
converter as shown in Fig. 1.2 (a). It is a highly simplified model for easier understanding. It
gives higher transmission rate.

(b) Diversity gain: The maximum number of independent paths travelled by each signals can be
at the most N, x N.. It is highly possible that not all the paths are highly faded. In this case,
same data is sent through all the multiple antennas at the transmitter. If some of the paths are
completely down, some paths will still be working. The receiver tries to make an efficient use
of this to decode the data accurately. It gives higher link reliability.

For instance, the maximum data rate of a 3x3 MIMO system and diversity gains for a 2x2 MIMO
system depicted in Fig. 1.2 (b) and (c) are 3 and 4, respectively. For 3x3 MIMO system of Fig. 1.2
(a) and (b), we may be sending bits in three parallel streams. Hence the data rate will be tripled. For
2x2 MIMO system of Fig. 1.2 (c), we may be sending same data stream over the four independent
paths. So the data rate is the same with that of a SISO system. In this case, if any of the links/paths
is down, the other link may be working. The receiver can decode the data stream correctly (with
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less probability of error) using the working link/path. This is possible because of the diversity gain.
Assumption made is that the rank of the 3x3 MIMO channel is 3 and all the paths are independent
for the 2x2 MIMO system. Other gains may be array gain and interference reduction gain which
we will not discuss here.

e N
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P
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011
1 1 011 /\
Receiver
Antenna 3 u

% >1—
S/P PIS
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(©

Fig. 1.2 (a) Spatial MUX 3x3 MIMO system (simplified case) (b) Rate gain of a 3x3 MIMO system, and
(c) Diversity gain of a 2x2 MIMO system {S/P: Serial to parallel conversion; P/S: Parallel to
serial conversion}

- /

In fact there is trade-off, popularly known as diversity-multiplexing trade-off, between these two
fundamental gains (diversity and rate gains). It is called diversity-multiplexing trade-off because if
we increase diversity gain, rate gain automatically reduces and vice versa. MIMO system must be
designed considering this trade-off. A simple characterization of this trade-off is given for block
fading channel in the limit of asymptotically high SNR.
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The rate gain is associated with the data rate of transmission. What is the exact relationship
(mathematically)? Note that a transmission scheme is said to achieve multiplexing gain r if the data
rate (bps) per unit Hertz, R (SNR) which is a function of SNR satisfy

lim  R(SNR)

= — 11
' SNR — o log, (SNR) (b

Hence the multiplexing gain is given by slope of the data rate for fixed frame error rate plotted
as function of the SNR on a linear-log scale. The diversity gain is associated with the probability of
error in detection. What is the exact relationship (mathematically)? A transmission scheme is said to
achieve diversity gain, d, if the probability of error, P, (SNR), as functions of SNR satisfies

4o lim log, {P.(sSNR)} O

" SNR - e log, (SNR) (12)

Hence diversity gain is given by the negative of slope of frame error rate for a fixed transmission
rate plotted as a function of SNR on a log—log scale. For a given r, the optimal diversity gain, dopt
(), is the supreme diversity gain that can be accomplished by any MIMO system. It is shown (L.
Zheng et al., 2003) that if the fading block length, 7> N, + N, — 1, then, the optimal diversity gain

can be calculated as

d, = (Ny—r)(Ng —r),0<r<min(N;,Ng) (1.3)

opt

The maximum value of rate gain r is always the minimum of (N,, N) since we can have that
many parallel data streams only. Note that if one employ entire transmit and receive antennas
for enhancing diversity then one may achieve full diversity gain NN, (r = 0, it means we are not
using any antenna for rate gain). Instead one may also employ a few antennas to augment data rate
sacrificing the diversity gain.

For instance, we may consider the following case study for diversity-multiplexing trade-off.

Assume that the multiplexing gain, (r), and diversity gain, (d), satisfy the diversity-multiplexing
trade-off dopr = (N;— 1) (N — 1) for SNR—eo. Assume N,= N, =7 MIMO system with an SNR of
10 dB, one needs a spectral efficiency of R = 16 bps per Hertz. Find the supreme diversity gain such
MIMO system can achieve.

Solution

Note that Shannon’s channel capacity in bits/sec/Hz for a SISO link is log, (1 + SNR). For high SNR
case, it is approximately log, (SNR). Our spatial multiplexing MIMO system here is equivalent to r
parallel SISO channels ( parallel Gaussian channels) and its capacity is r log, (SNR). With SNR =
10 dB, to get R = 16 bps, we require r log, (SNR) = R which implies that r log, (10'9) = 16. Hence,
r = 4.8165. Therefore five antennas may be used for multiplexing and remaining (7-2) two antennas
may be used for diversity. The maximum diversity gain can be calculated as, do‘,7 =N =1 (Ng—1)
=(7-5) (7-5) =4. This means we are sending data over five parallel data streams only and we are
utilizing four paths/links for decreasing the probability of error in detection.
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Antenna 7 Antenna 7
Fig. 1.3 Tllustration of diversity-multiplexing trade-off of Example 1.1 )
Table 1.1
Diversity-multiplexing trade-offs for a 7x7 MIMO system
Serial No. Rate gain (r) Diversity gain (d)
1. 2 25
2. 3 16
3. 4
4, 5 4
5. 6 1

Similarly, there are other possible MIMO system designs as shown in Table 1.1.
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1.7 Applications of MIMO systems

MIMO has been accepted in numerous wireless standards such as IEEE 802.11n (K.-L. Du et al.,
2010 and N. Costa et al., 2010). Note that IEEE 802.11 standard is for wireless local area network
(WLAN) applications, IEEE 802.15 standard is for wireless personal area networks (WPAN)
and IEEE 802.16 standard is for wireless metropolitan area networks (WMAN). MIMO-OFDM
may be employed for next generation WLANs. OFDM stands for Orthogonal Frequency Division
Multiplexing. OFDM splits the information stream into N parallel sub-streams which are then
transmitted by modulating onto N distinct orthogonal sub-carriers. Basically, it converts a high
data stream into a number of low-rate sub-streams that are transmitted over parallel, narrowband
channels that can be easily equalized.

MIMO is also envisaged for use in Fifth generation (5G) cellular downlink and uplink. MIMO—
OFDM is used in wideband code division multiple access (WCDMA), CDMA 2000 (3 G mobile
technology standards), IEEE 802.11n, IEEE 802.16m and 4G Long-term evolution (LTE). Spectral
efficiency of 2-3 bits/sec/Hz is available in present cellular and WLAN systems. Bell Labs layered
space time (BLAST) coding can achieve spectral efficiency of 42 bits/sec/Hz (B. Vucetic et al.,
2003). MIMO-based Wi-Fi and Wireless Interoperability of Microwave Access (WiMAX) (IEEE
802.16 standard) systems are available in the market whereas MIMO-based High speed packet access
(HSPA+) and Long term evolution (LTE) are in offing (A. Sibille et al., 2010). Nowadays, single user
MIMO (base station to single subscriber and vice versa) is expanding into multiuser MIMO (base
station to multiple users), network MIMO (multi-base station to single user), large-scale MIMO
(with hundreds or thousands of transmitting and receiving antennas) and MIMO based cooperative
communication and cognitive radios.

Review question 1.8 J What are the two gains achieved from MIMO systems?

Review question 1.9 J What is diversity-multiplexing trade-off?

Review question 1.1 UJ List some applications of MIMO systems.

1.8 Summary

Figure 1.4 shows the chapter in a nutshell. In this chapter, we have discussed about wireless fading
channels and diversity techniques. In fading channels, we have defined frequency-flat, frequency-
selective, fast and slow fading channels. We have discussed briefly time, frequency and space diversity.
We have defined SISO, SIMO, MISO and MIMO systems. In receiver diversity, we have mentioned
about SC, EGC and MRC schemes. In transmit diversity, we have defined close loop, open loop and
blind MIMO systems. We have also studied about rate and diversity in MIMO systems and their
trade-off. Finally, we have mentioned some applications of MIMO systems.
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Fig. 1.4 Chapter 1 in a nutshell

Exercises

Exercise 1.1

Explain the two gains we can achieve from MIMO systems taking example for 4x4 MIMO system. Assume rich
Rayleigh scattering environment.

Exercise 1.2

Define diversity and rate gain of a MIMO system.

Exercise 1.3

What are close loop, open loop and blind MIMO systems?

Exercise 1.4

Which diversity was left aside for many years? Why?

Exercise 1.5

What are frequency-flat, frequency-selective, fast and slow fading channels?
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Classical and
Generalized Fading
Distributions

CHAPTER

2.1 Introduction

In the next chapter, we will discuss about MIMO channel models. We will first discuss about fading
distributions, a precursor to MIMO channel models. Fading distributions could be divided into two kinds:

(a) classical fading distributions
(b) generalized fading distributions

In classical fading distributions, we will find the probability density function (pdf), cumulative
distribution function (cdf) and moment generating function (mgf) of Gaussian, Rayleigh, Rice, Chi-
squared and Nakagami-m fading distributions. Among the many generalized fading distributions,
we will investigate k-u, o-p and 1-p fading distributions and the above classical fading distributions
are particular cases of these generalized fading distributions.

2.2 Introduction to fading distributions

Let us suppose a MIMO system consisting of N, transmit antennas and N, receive antennas. The
received signal vector, y(I), at discrete time [ may be expressed in terms of the transmitted signal
vector, x(I), by

y() = H(1)*x(I) + n(l) .1

Here, * is the convolution operation, y(/) is an N X 1 vector and x(/) is an N x 1 vector. n(l) is an
N x 1 additive white Gaussian noise (AWGN) vector and H()) is the channel matrix, representing
the channel impulse response at any discrete time /. Note that for a N;. x N, MIMO system, H(/)
becomes an N, x N, dimensional matrix. For a frequency-flat fading channel, above equation may
be expressed as (see section 2.2 of N. Costa et al., 2010)

y=Hx+n 2.2)
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It is also popularly known as narrowband MIMO channel model. For narrowband MIMO channel,
the channel coefficient between each transmit antenna and each receive antenna is a complex RV. For a
frequency-flat channel (B. S. Paul et al., 2008), the components of the channel matrix are expressed as:

hy= oy exp(joy) 2.3)

where, hlj represents the channel gain for the signal path from the j'h transmit antenna to the it
receive antenna.

o and ¢, represent the channel gains and phase shifts for the signal link from j'" transmit antenna
to the i receive antenna, respectively. The phase is usually modelled as uniform random variable
which may not be always true. The distribution of o depends on the environment. We will consider
various fading distributions for o

Cumulative distribution function (cdf):
The cdf of a random variable (RV) X is defined as

Py (x) = P[X < x] = )fc Dy (u)du

oo

Note that Py, (x) and p,, (x) denotes cdf and pdf of RV X.

Moment generating functions (mgf):
The mgf of a RV X is defined as M (s) = E[exp (sX)] which can be expressed as

M, (s) = T exp(sx)pX (x)dx

It can be shown that the n'® derivative of mgf for x = 0 is equal to the n'" moment of the RV X.
Hence mgf generates moments of a RV.

M (x)

= E[X"];n > 1

Characteristic function (cf):
The cf of a RV X is defined as C,, (@) = E[exp (j @wX)], which can be expressed as

Cy (@)= [ exp(jox)py (x)dx
From mgf we can obtain cf by putting s = j@. Similarly from cf, we can obtain mgf by putting
j = s. From cf, we can also find the pdf by taking inverse transform (A. Papoulis et al., 2002)
as follows.

17

P = 5 ] exp(~jor)Cy (w)dx

Review question 2.1 J What is frequency~flat fading channel?
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Review question 2.2 J The channel gain coefficients are complex and defined as by = o; exp (j@,;). What is
the most commonly accepted distribution for the phase @2

Review question 2.3 J Define mgfand cf of a RV X. How are they related?

2.3 Classical fading distributions

In classical fading distributions, we will discuss the following fading distributions which are widely
used for various fading scenarios (G. L. Stuber et al., 2001, M. K. Simon et al., 2005 and J. G. Proakis
et al., 2007).

e N

Gaussian PDF

0.4

0.35]

0.3
0.25
Boz2
Q
0.15
0.1

0.5

Fig. 2.1 Gaussian (a) Probability density function (pdf) and (b) Cumulative distribution function (cdf)
\ J
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Review question 2.4 J What is the central limit theorem?

Central limit theorem (M. Capinski et al., 2001): Let {X } be a sequence of i.i.d. RVs with finite
expectation (= E(X,) and finite variance O 2> 0. For S, =X, +X,+ ...+ X, then

fi”ip[( afj - it

In other words,

converges in a distribution to a RV having the normal distribution with

af

mean O and variance 1.

2.3.1 Gaussian fading distribution

Gaussian pdf and cdf are depicted in Fig. 2.1 for various values of means and variances. MATLAB
commands are “normpdf” and “normcdf”, respectively. It is one of most widely used distributions in
wireless communications. According to the Central Limit theorem, the sum of numerous continuous
random variables as the number increases, tends toward Gaussian distribution. A random variable
X is said to have Gaussian distributed X ~ N (u, 0?) with mean u and variance o7 if it has pdf as

I C(x-w)’
pr(X)—\/zmzep[ > } (2.4)

Its cdf is given by py_ (x) = 1~ Q(%‘j (2.4b)

The cdf can be derived from pdf as follows.

P (%) = | Py, (u)du

—oo

I
_
|
=
| — 8
N
ﬁ_
3
o
>
o}
|
—
SIS
[ %)
<
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Normal distribution is a particular case of Gaussian distribution for which X, ~ N (u =0, o’=1)

and its pdf and cdfare py (x) =

1 : .
on exp(—%) and Py, (x) =1- Q(x) , respectively. Note that,

Qo) = 1.
The mgf of normal distribution is
17 <
M, (s)=E|e™ | = —=— [ ¢%e 2dx
W) =Bl =l
x2—2sx _(x_°)2 +ﬁ
= e 2 dx= e 2 2dx

Hence cfis Cy () = E[eijN] =e
Example 2.1/
Find the mgf and cf of Gaussian RV(XG ~ N(/,t, 02)) .
Solution

We can obtain a Gaussian RV (XG ~ N(,u, 02)) from the normal RV (XN ~ N(u =0,0° = 1)) as

X; = u+ oXy . Hence the mgf of Gaussian distribution can be obtained as

E|:esXG:| — E|:€S('M+GXN)] — eSﬂE[esGXNJ

My, (S)

w 2
"My (so) = et | €%e 2dx
N 27

T

_u_1 T 7 2
=e¢"— | e dx
N2T _{o
2s,u+(so‘) 1 . (x—so‘)z ZA‘/.H-(A‘G)
=e 2 — e % di=e 2
\/27157{0
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Therefore, mgf and cf of Gaussian distribution are

25,u+(50')2
My (s)=e 2 (2.4¢)
. 2jou(wo)’ PP
Cyp (@) = E[/ | = 2 = oJe 2 2.4d)

A note on Additive White Gaussian Noise (AWGN):

Thermal noise is caused by thermal motion of electrons in all dissipative components- resistors,
wires, and so on, which is completely random. Even though individual noise mechanisms might
have different distributions, the aggregate of many such noise mechanisms will tend toward
Gaussian distribution from Central limit theorem. It is additive means that the noise is added to
the received signal and there is no multiplicative term here.

Define X(t) to be Gaussian random process (S. G. Wilson, 1996 and B. Sklar et al., 2009) with

zero mean E(X(1))=0 and autocorrelation function (acf) E (X (1) X (¢ + ‘L’)) = % 5(7).

It is Gaussian means its pdf of n-samples is jointly n-order Gaussian.

Each RV (sample) has zero mean.

RVs (samples) at different time instants are uncorrelated since acf is a delta function.
Since these RVs are jointly Gaussian, they are independent (for jointly Gaussian pdf,
uncorrelated means independence).

Note that power spectral density (psd) which is given by Fourier transform of the acf is equal

N
to 70 which implies that this process has equal power over all frequency spectrum.

White light is composed of equal amount of all visible colours; here, spectrum is white
because it constitutes of equal amount of power for all frequencies.

Over the whole frequency spectrum noise power is infinite.

But we are interested in finding the noise power within the bandwidth (f, f+B) which gives
noise power as N B Watts = kTB Watts (k is the Boltzman’s constant which is equal to 1.38
x 10723 J/K and T is the temperature in Kelvin) by integrating over both the negative and
positive frequency regions.

The reason for V2 factor in the acf is conventional in communication engineering because it
gets cancelled when we integrate the psd (also called as two-sided psd) over both the negative
and positive frequency regions within the bandwidth.

Note that one may find Gaussian process with non-white spectrum and a stochastic process
with white spectrum but no Gaussian density functions.

One should not use white and Gaussian process inter changeably.

Review question 2.5 J Explain about AWGN.
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2.3.2 Chi-squared distribution

2n
It X X, areiid.zero mean and same variance o> Gaussian RVs, then X, = ¥ X 2 is a central
c

i=1

JERRED

Chi-squared RV with 2n degrees of freedom. Its pdf is given by

—xnile_;zn s x>0
Pxc, (x) = Z"F(n) 2 (2.5a)
0, otherwise

The mgf of central Chi-squared RV can be obtained as follows:

My (s) = [E(esxz)]zn

) (1—20%)
sx? 1 T sl a2 1 e P
where, E(eX)= [ e 27 dx = Je 20 dx
N27me = N27no®
Substituting 2SG2 = L' = L , we have,
V2’ /1 — 250
o
2 2
E(esxz): LT 51 Je‘— 1
270 = - 2so2 \/2ﬂ Ji- 2so2 -2
o
Therefore,
2n
1
My (s) = {—} (2.5b)
c V1 =250
If X,, ..., X,, are i.i.d. with different means u; and same variance o2 Gaussian RVs, then

2n
X =X Xl2 is a non-central Chi-squared RV with 2n degrees of freedom. Its pdf is given by

n .
i=1

2n-2 _m2+x
x )\t g [mgy
Py, (x) = i e ) L 2.5¢)
" 20
0, otherwise

where, m = [ ,LL,-2 .
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Find the mgf and cf of non-central Chi-squared RV.

Solution

The mgf of non-central Chi-squared RV can be obtained as follows:
)}Zn
, _(X,#f
E(esX ) fe ¢ 27
27[02 —e

(1—2302)x2+,u2 “2ux
20
f e dx

27[02 —oo

[N

My, ) = [ B(e

T

T

{\ll—Zsozx H }2+ :uz ( H ]2
Te NN N AP 26 \\/E\/l—zsoz I
\/271'0’2 —oo

s _{\/]—2302)6 u }2
=1 i T o L 22 2o
\2mo —oo

Substituting V1 — 256%x - —*— — yoax = —®  we have,
u s1u1ng S X m yid. m WeE nave

si? Vv
x> 1 1 2 1.2
E(ex)= el=250" [ ¢ 207 gy
J1- 250 \2nd -
s
— 1 ol-2s0
V1 =256
Therefore,
n sm*
1 25
M s) = | ——— | el=2s 2.5d)
xg, (¥) (1—2s02) (

From mgf, cf can be obtained as

n _jom
Cy, (o) = [éj ¢l -2i0c (2.5¢)
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2.3.3 Rayleigh fading distribution

For non-line-of-sight (NLOS) propagation between the transmitter and receiver, the transmitted
signal reaches the receiver after being reflected (smooth and large surface), diffracted (sharp
edges), refracted (from one medium to another) and scattered (rough surfaces) from diverse
obstacles (e.g., building, forests, hills, etc.) adjacent to the receiver. Hence numerous copies of the
transmitted signal arrived at the receiver from multitude directions, with varied delays and phase
shifts. Generally it has been assumed to be a complex Gaussian random process. The amplitude
distribution for this random process is modelled as Rayleigh distribution. The pdf of Rayleigh
fading distribution is given by

_d
Pay, (0) = %e 20 g2 0 (2.62)

The cdf of Rayleigh fading distribution is given by

o

PaRa (OC) = J. P g, (ﬁ)dﬁ

iy
“ B 5
= (2,234
[ ab
_
=ll-e20, >0 (2.6b)
0, otherwise

The Rayleigh distribution is the envelope of two i.i.d. Gaussian RVs (see Exercise 2.1).

a= X +X3:X, ~ N(0,6);X, ~ N(0,0°)

The mean and variance are given by

E(0) = O\/%;Var((x) = (2 _ %)02

The mgf of Rayleigh distribution is given by

20

1.1 Mo 2
My, (s) = R (LE’ES 02)+\/;s0'e 2

k

122 o (—%5202) p 2
2 —+\/: ;
Ak -k TN
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e h
In the above equation, | F(a, b; x) is the confluent hypergeometric function (G. B. Arfken et al.,
2005) which is defined in

e < T(a+k)T(b)x*
(a) infinite series form v (a,b;x) =y —-————b#0,-1,-2,-
k=0 T(a)T(b+k)k!

1
(b) definite integral form VB (a,b;x) = Je ! (1- z‘)bﬂkl dt

& J

Rayleigh pdf and cdf are depicted in Fig. 2.2 for various values of means and variances. MATLAB
commands are “raylpdf” and “raylcdf”, respectively.

Review question 2.6 J Write down the infinite series and definite integral form of confluent hypergeometric
Sfunction.

4 N

Rayleigh PDF
0.7 T T T

— E(a)=1.2533 Var(a)=0.4292
=== E(0t)=2.5066 Var(ct)=1.7168
------ E(0)=3.7599, Var(0)=3.8628

o,
.,
o,
"o,

au,,

@) 2 5 6
%0.5 + = E(0)=1.2533,Var(c,)=0.4292 | ]|
=== E(0)=2.5066,Var(c.)=1.7168

o4 S LS E(0)=3.7599,Var(0)=3.8628 | |

0.3 J

0.2 .

0.1 .

') 1 1
(b) % 1 2 3 4 5 6
o

Fig. 2.2 Rayleigh (a) pdf and (b) cdf
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2.3.4 Rice fading distribution

If a strong specular or line-of-sight (LOS) path is present in a highly scattered Rayleigh fading
environment, the fading behaves like Ricean fading. The pdf of Rice fading distribution is given by

21+ K)e X _(1+K)e?
Pay, (0) = %Ze Q 10(2\/Ea “TK);az 0 (7

It can be shown that the Rice distribution is the envelope /X7 + X3 of two independent and

identically distributed (i.i.d.) Gaussian random variables (RVs) X, ~ N(m,, 0?) and X, ~ N(m,, o?)
mt +m;

28
Gaussian distribution with mean, m 1 and variance, o2. Rice pdf and cdf are depicted in Fig. 2.3 for
various values of Ricean parameter K. K = 0 looks like that of Rayleigh distribution. MATLAB
commands are “ricepdf” and “ricecdf”, respectively.

where, K = Q= ml2 + m% + 202(see Exercise 2.1). The notation N(m,, o0?2) means

(" Rice PDF \
0.7 T T T T T
llllll K:O
— K=0.5
0.6+ ....n---._.. - K=2
0.5f k3 g
RANg—
04k : '.... D - ~.~\ -
3 l.' "‘ -..'. 's,\
D-O 3k .'./. ) ' \.\. 4
/ ", N,
K4 .'v‘ ‘.‘
0.2+ § s ~, N B
I.' \'\
7 N,
0.1 P s ~ 4
S o, \s.
(@) ..
2 1 1 1 - s annans —
00 1 2 3 4 5 6
o
...... K
- K=0.5
- K
b 1
(b) 3 -
i o — . — 0 A2 =
9 Fig. 2.3 Rice (a) pdf and (b) cdf (m, =0,1,2;m,=0; 6> =1) y
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Write a short MATLAB function to estimate Rice random variable (RV) pdf, cdf, mean, variance
and standard deviations.

Solution

Note that we could model Rice MIMO channel as

/ K |1
HRice = 1+ KHLOS + WHRayleigh (27b)

Some possible examples of LOS channel matrix for a 2x2 MIMO system are

1 1
H,p5 = 11
o ;
H, o5 = j 1}
(1 -1
H, o5 = 1

We will assume all LOS components give channel coefficients of 1.

Rice pdf, cdf, mean, variance and standard deviation:

900 %o Yo %0 Yo Fo To Yo Yo %o Jo Fo To T %o To Fo To o %o Yo Fo To To T %o Fo Fo Yo Yo T Yo Fo To Yo Yo %o Jo Fo To Fo Yo Yo Fo Fo Io T %o
clc;

close all;

clear all;

n=100000;%number of samples

x=randn(1,n);

y=randn(1,n);

rl=sqrt(x. 2+y.~2)/sqrt(2);

K_dB=10;

K = 10N(K_dB/10);

r = sqrt(K/(K+1)) + sqrt(1/(K+1))*rl;
N=floor(n/100);%number of bins

A=min(r); B=max(r);%range of sample values
Delta=(B-A)/N;% bin width

t=A-Delta/2+[1:N]*Delta;% horizontal axis of bin midpoints
f=hist(r,t)/(Delta*n);%Histogram (vertical axis of density estimates)
subplot(2,1,1);

bar (t,f);%Bar graph of estimated pdf

get(gca);%returns the handle of the current selected plot
set(gca, fontsize’,14);%sets the font size
set(get(gca,‘children’), linewidth’,2);%sets the line thickness
xlabel(‘{\alpha}’); ylabel(‘p({\alpha})’)
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title(‘Estimated Rice pdf”)
p=Delta*f;
CDF=cumsum(p);
subplot(2,1,2);
plot(t,CDF);
get(gca);%returns the handle of the current selected plot
set(gca, fontsize’,14);%sets the font size
set(get(gca, children’), linewidth’,2); %sets the line thickness
xlabel(‘{\alpha}’); ylabel(‘P({\alpha})’)
title(‘Estimated Rice CDF”)
disp(‘The mean of the Rice RV”);
mean(r)
disp(‘The variance of the Rice RV’);
var(r)
disp(‘The standard deviation of the Rice RV’);
std(r)
900 %o Yo %0 Yo Fo To Yo %o Yo Fo Fo To T %o T Fo To o %o Yo Fo To To T %o Fo Fo Yo Yo T Yo Fo To Yo Yo %o Fo Fo To Yo Yo Yo Fo Fo Io %o %o
The mean of the Rice RV
ans =
1.2203
The variance of the Rice RV
ans =
0.0194
The standard deviation of the Rice RV
ans =
0.1391
Yoo %0 %o %o %o To To o Yo Fo T Fo To Yo Yo Fo To To o %o Fo Fo Fo To o %o Fo Fo To o Yo T Fo To To Yo To T Fo To To Yo Fo Fo To To Yo %o

/

Estimated Rice PDF

1 12 1d4 1.6 1.8 2
Estimated Rice CDF

0.8 1 1.2 1.4 16 1.8 2

o

Fig. 2.4 Estimated Rice pdf and cdf
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The above example shows how to estimate pdf and cdf from randomly generated samples of data.
This may be of use in channel simulations where we generate random samples and check what we
are generating is appropriate for a particular fading distribution like k-p, 77-p and o-p by estimating
their pdf and cdf. We will discuss k-u, 77-u and o-p distributions in the next section.

2.3.5 Nakagami-m fading distribution

The Nakagami-m fading is a general model obtained from experimental data fitting. The advantage
of Nakagami-m fading is that it can model a wide range of fading statistics by adjusting its fading
parameter m. The probability density function (pdf) of Nakagami-m fading distribution is given by

m 2m—1 _m‘XZ
p (o) = %e Q. g>0m>1 2.8)
Q F(m) 2
where, Q = E(0?)
( 8 _ Nakagami PDF R
, . . . , o
—— m=0.6944
— m=1
—— m=5.7619
—— m=100
@) X .
25 3 35 4
g Nakagami CDF
0.9 R
0.8f 4
0.7 -
i ‘
=~ == m=0.6944
%0.5 — m=1 610 1
—— m=5.7
0.4 —— m=100 y
0.3 i
0.2 4
0.1 4
b 0 1 1 1 1 1
(b) 0 0.5 1 15 2 25 3 35 4
o
Fig. 2.5 Nakagami (a) pdf and (b) cdf for Q = 1
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Usually the channel gains are modelled to be Nakagami-m distributed, since it encompasses both
Rayleigh and Rician distributions by varying the m parameter. The smaller the m, the more severe is
the fading. m=1 corresponds to Rayleigh fading, large value of m looks like log—normal fading and
m — o is for non-fading cases. The fading parameter m varies from ¥z to e with m=%2 (Gaussian),
m=1 (Rayleigh) and m — o (non-faded AWGN).

From Fig. 2.5, it can be observed that the pdf and cdf for (a) m=1/2 looks like that of the Gaussian
distribution (b) m=1 is similar to that of Rayleigh distribution.

Review question 2.7 J What is the mgf for central and non-central Chi-squared distribution?

Review question 2.8 J When do we use Rice fading model?

Review question 2.9 J When do we use Rayleigh fading model?

Review question 2.1 OJ What are two parameters which describe Nakagami fading?

Recently three generalized fading distributions have come up which are superset of the existing
classical fading distributions. In other words, existing classical distributions are subset or particular
or special cases of these three generalized fading distributions. In these fading distributions, fading
is generally considered as composed of many clusters of multipaths or rays. Usually classical fading
distributions consider only one cluster of multipaths or rays. Note that multipath waves within any
one cluster the phases of scattered waves are random and have similar delay times with delay-time
spreads of different clusters being relatively large.

2.4 Generalized fading distributions

These are three recent generalized fading distributions (M. D. Yacoub, 2007) viz.,

1. k-,
2. o-pand
3. n-u fading distributions.

They include the classical fading distributions as special cases.

All three generalized distributions will consider clusters of multipath waves. Within any one
cluster, the phases of the scattered waves are random and have similar delay times with delay-time
spreads of different clusters being relatively large. Depending on which environment in which it is
propagating, they may be divided into two groups. Two kinds of environments will be considered:

(i) homogeneous environment (k-p)
(i) non-homogenous environment (o-y and 77-pt)

2.41 k-p fading distributions

The clusters of multipath waves are assumed to have the scattered waves with identical powers but
within each cluster a dominant component is found that presents an arbitrary power. Hence, it is
better suited for line-of-sight (LOS) signal propagation.
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The pdf of k-p distributed random variable (RV) is given by

u(1+k)

w S
2u(l+k)2 ofe ™ k(1+k)
P, (04) = e —— Y 2.9)
k 2 elele

In the above equation,
(@ Q= E(alz), k> 0 and p > 0 are the main parameters of the distribution,
(b) I () represents the v™ order modified Bessel function of the first kind,
(c) kis the ratio of the total power due to dominant components to the total power due to scattered
waves and
(d) prepresents the number of clusters.

This fading distribution includes following classical fading distribution as special cases:
(1) Rice (u=1and k = K),

7(1+K)

20+ K)e Kae ¥ K(1+K
b () = 2 )Ql, ,0(2 ( )%J

which is the pdf of Rice distribution (Eq. 2.7a)
u = I means the number of clusters is one.

(il) Nakagami-m (k — 0 and p =m),
For small arguments,

H(1+K) o

st "5 i, )
n(l+ oG e *
Hence, I’ak_#(al) = u-l é [,u\/ Ql 051]
k2 €Hk912 I“(,u)
m(1+k)a12

) (a) ) Lim 2m™ (1+k)m alzm—167 Q
pak->0ﬂ=m T kS0 eka;nr(m)

_m 2
B mealzm—le Q1
Q'T (m)

which is the pdf of Nakagami-m distribution (equation 2.8).
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(iii) Rayleigh (u=1and k — 0)
For m = u = 1, in the above pdf we have the Rayleigh distribution.
% i

ZOcle_Qﬁ (xle_g
Poy g mm (al) = Q = P Q= 20

(iv) one sided Gaussian distribution (u = 0.5 and k — 0).

T
(o) = 70,° =

where, Q; = o

The mgf is usually found out for the instantaneous signal-to-noise ratio (SNR) y = o> (M. K.
Simon et al., 2005). For the k-u distribution, the pdf of instantaneous SNR is

Py, (%) = wirb)? s te ’u—l(zﬂ @]?7=E(Y)

The mgf of instantaneous SNR for k -u fading distribution (N. Ermolova, 2008) is given by
—sy
M Ven (s) E (e )

oo

(I) e p,_ (Vdy

2k(1+k)
_ /,L(l + k) ! eu!(Ll+k)+.s77”k
pu(l+k)+sy

We can also deduce the mgf of classical fading distributions from the above mgf.

2.4.2 o-ufading distributions

For this distribution,

(1) the clusters of multipath waves are assumed to have the scattered waves with identical powers.
(i1) the resulting envelope is obtained as a nonlinear function of the modulus of the sum of the
multipath components.

The assumption made is that at a certain given point, the received signal comprises of an arbitrary
n number of multipath components (MPCs), and the propagation scenario is such that the envelope of
received signal is perceived as a nonlinear function of the modulus of the sum of these MPCs. Suppose
that such a non-linearity is expressed by a power parameter > 0 thereby the emerging envelope R is
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R*= 3 (X2 +7?)

i=1
where, X, and Y, are mutually independent Gaussian processes, [E{X;} = E{Y,} =0; E(X 12 )=E (Yiz)
A0

#

] and o~root mean value, 7 = 9JE (R ) .

" 2n
Applying the accepted method of transformation of variables in probability theory, the pdf f,(r)

of R is obtained as
on’ ! _"%x
fR(r) = e ’
f‘ml"(n)

The probability density function of the o~u signal (replacing n = u) is obtained as follows.

o op—1 _'uﬂ
% r # 2.10)

fr) = ———e
(e
One special case of o~ distribution is
(a) Weibull distribution for 4 = I (one cluster).
or®’! _% o1~ 1
fR(”) =T —e¢ P (Xﬁr e ;ﬁ: — (2.11)
7

Weibull fading statistics is best fit for mobile radio systems operating in 800/900 MHz.

~

Note that in this case,
(i) Weibull distribution with & = 2 is like Rayleigh distribution.

2
Y ~2
f_Lﬁﬂfz%

=2, P
Tz ¢ "

(i1) Weibull distribution with &= 1 behaves like negative exponential distribution.

_r 1

= xexp(=)ix =3

e

7
f

fr) =
(b) Another special case of o-p distribution is Nakagami-m distribution for o = 2.
21—y 2u-1 _,r
fun = AR A e g
T () QT ()
(1) Note that in this case, Nakagami-m distribution with u = 1 is like Rayleigh distribution.

2 r P
_2r 2 _
Sr() = f_ze ro=
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(i1) Nakagami-m distribution with u =1/2 behaves like one-sided Gaussian distribution.

rZ
fR(r)= A %e 27
r

2.4.3 n-p fading distributions

The probability density function (pdf) of n-u distributed RV is given by

2 uh

1 _

INCTTRE A s

B oo il Y @.12)
r(uH" 20" 2\

Poyy (al)

The parameter p denotes the number of clusters, h and H is dependent on the parameter 7. The
parameter 7] is characterized for two cases:

In Case 1, it is assumed that the in-phase and quadrature phase components of the MPCs within
each cluster are independent of each other and have disparate average powers. The parameter 7
€ (0, =) is the ratio of these above mentioned two powers, and

2
po LEn) o 1-07 H_1-7
4n 4n "h  1+n’
For 0 < < 1, we have H > 0 whereas for 0 < 177! < 1, we have H < 0. Since I(-2)= DY 1 .(2),
the distribution is symmetric around 1 = 1; therefore, power distribution may be considered only
within one of the regions.

In Case 2, assumption made is that the in-phase and quadrature phase components of MPCs
within each cluster are correlated and have same powers. The parameter 17 € (-1, 1) is the correlation
coefficient between these components and

1 n H
h=—— , H=——;,"==1].
1-17 [

Similar to format 1, for 0 < n < 1, we have H = 0 whereas for -1 < <0, we have H < 0. Since
I,(2) = (-1)" 1 (2), the distribution is symmetric around 77 = 0; therefore, power distribution may be
considered only within one of the regions.

The pdf of the instantaneous SNR y= 0{12 of the n-p distribution is

prl ol e
(x)_2\/;,u 2ptx 2¢ 7 / (2‘uHx)
= 1

H= Y

;7= E(7)

Tn-p

_1 1
1"( ,Lt) H,u 27’1 2
The mgf of instantaneous SNR for 77-u fading distribution (N. Ermolova, 2008) is given by

M},THL (s) = E(ef”')
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ep,  (Vdy

o —3

u
4/,t2h

- [(2(/1 —H)p+s7)(2(h+ H) p+ 7)

We can also deduce the mgf of classical fading distributions from the above mgf as follows.

1. Rayleigh fading (n=1,u = 0.5)

1
M%Fl.u:oﬁ (s) T 1+ N4

2. Nakagami-m (n =Lu= %)

For format 1, n — 1, implies

For format 2,
n — 0 implies

— m "
Myn:l,u:% (S) - (I’}’l + ST/)

3. Nakagami-q (1‘] = qz, u= %)

h

My os (s) = (((h -H)+ ST/)((h +H)+ ST’)J

For format 1,

> (1+4) _ _ g 2
(1+n) _( ‘1);H_1 rf:1 ¢ g4 1, g L+t

h = —_ —_ b
4n 44> 4n 44* 2 2¢*
Therefore,
5 0.5
(1+4)
_ 4q°
Yn,u:o.s( ) -

2 2
g +1  _||1+g¢ _
[ . y)[ * Hy]
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(1 . q2 )2 0.5

(1 + q2 + 257)(1 + q2 + 2q2s'7)

l-i-q2

. -
e (1+¢2) (1+257) + 4q25272}

It is more suitable for NLOS signal propagation. Hoyt fading (or Nakagami-q) is best fit for
satellite links subject to strong atmospheric scintillation.

0.5

e N

Power Power

Delay Delay

L ]
(a)

Y Fig. 2.6 Power fading profile

T
(b)

Review question 2.1 1J What do you mean by generalized fading distributions?

Review question 2.12 | Which generalized fading model is appropriate for the fading profile depicted in Fig.
2.6 (a) and (b) approximately?

2.4.4 Simulating generalized fading distributions

Finding an explicit formula for F-!(y) for the cdf of a RV Y (Inverse cdf method) is not always possible.
Besides, there may be more efficient method for generating the RV. The acceptance/rejection method
is an accurate method for simulation of generalized fading RVs.

Example 2.4

Explain the basic idea of acceptance/rejection method with the help of an example.

Solution

Using the following procedure, we may generate a uniformly distributed random numbers Y between
Y4 and 1.
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Step 1:  Generate a random number W.
Step 2a: If W2 %4, accept Y=W, go to step 3.
Step 2b: If W< V4, reject W, return to step 1.

Step 3: If another uniform random variate in [1/4,1] is required, go to step 1.

Similar kind of things we also do in acceptance/rejection method for generating an arbitrary RV
Y whose known pdf is f{p). The basic idea is to find an alternate RV W with pdf i(p) for which we
already have an efficient algorithm to generate the RV and A(p) is close to f{(p). What do you mean

by close? It means that the ratio of f( p) is bounded by a constant C>0, i.e., sup, {M} <C.
h(p) h(p)

In practice, we want C to be close to 1 as possible. What is acceptance/rejection method? Suppose
we wish to obtain samples of RV Y whose pdf is f(p). We can do so by the following method:

Step 1: Sample another RV W with pdf /4(p) which can be generated easily and whose pdf is near to
pdf of RV Y. Also sample a uniform RV U(0,1).

Step 2: Accept Y = W if U < % otherwise return to step 1. The constant C satisfies
P
;:éllj)) < C,Vp. The probability of acceptance is 1/C.

Acceptance/Rejection method algorithm (S. Ross, 2002, A. Papoulis, 2002 and J. E. Gentle,
2005):

Suppose that we have a known method for simulating a RV W with pdf, 2(0). One may use this
as a basis for simulating another RV 'Y with pdf (). Suppose it is true that for a constant C,

/(p)

< C,Vp, then one may use the two step procedures given below for generation of RV'Y

h(p)
with pdf f(D).
e Simulate W having pdf /(p) and simulate a random number U.
o IfU < f( p) , then set Y=W, otherwise go back to the previous step.

Ch(p)

Review question 2.13J What is acceptance/rejection method?

Explain the acceptance/rejection method for generating oy, 17-p and k-pu RVs.
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Solution
Tahle 2.1
Values of a, b and p for oy, k-p and 1-p fading channels
Fading distributions  k-u o n-u
a u(x+1) 9 [u-1 u(n+1)
2 M3 n
dp 3u-1 dp
,DO Xk—y(p) _ 3 H Xn—y(P) _
Solve —do - 0 3u Solve 4o - 0
3u-1
b Px (o) 34t (3 p-1) 3 Pxo (o)
2r= e 3
F(w\ 3u

To generate RV X-Y (o — u, k— u, n1— ), acceptance/rejection method makes use of another RV
W having pdf h(p) similar to the pdf of X-Y, f;(p). To generate a deviate from a distribution with
pdf /5 (p), aRV Wis chosen so that we can easily generate realizations of it and so that its pdf A(p)
can be scaled to majorize f;(p) using some constant C; that is, so that

gp)=Ch(p) 2 f;7" (p)Vp

This process is also known as majorizing the density. The pdf i(p) is called the majorizing density,
and g(p) = Ch(p) is called the majorizing or hat function. The majorizing hat function g(p) for or— 1,
K— 1, n—pis given as (R. Cogliatti et al., 2012 and Q. M. Zhu et al., 2011)

g(p)= Ch(p) = be P 2 7 (p)

where, a, b and p, are tabulated in Table 2.1 and f; (p) is the desired pdf for x—y = o— u, k-, - p.
1/C is the probability of acceptance and C could be obtained as

c= g\g(l +erf(\/5po))

where, erf is the error function.

2.5 Summary

Figure 2.7 shows the chapter in a nutshell. In this chapter, we have discussed about two types of fading
distributions, viz. classical and generalized fading. In classical fading, we have considered Rayleigh,
Rician, Weibull, Hoyt and Nakagami-m. In generalized fading, we have studied k-u, o~u and 1-u.
Classical fading are usually a particular case of generalized fading. In order to characterize such
fading distributions, we need to know their pdf, cdf, mgf and cf. In order to calculate the performance
analysis of wireless communications over such fading channels, we are more interested in the pdf
and mgf of the instantaneous SNR, which will be clearer from the ensuing chapters. Since classical
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fading are usually particular cases of generalized fading, one may evaluate the performance analysis
of wireless communications over a generalized fading and deduce the performance over classical
fading as particular cases. It unifies the performance analysis of wireless communications over

fading channels significantly.

/ < Fading distributions > \
4 .
e ~
/// ~
Vs
//// ~
// ~
'—‘.—\
~_ Classical < Generalized >
Y [ \ \
) - / | \\ ‘e‘ \ \\
_ / | \ / \
i / | v \
A - // / \ \\\\ < au =\ \\\
| \ N\
< Rayleigh > / | \ N\ . \
/ \ \\ Ful)= aurt - e \ N\
o Vi | \ \ I e () < Y
pal@)=2e a0 ) \. o>\
o N \ \ R \\
< Weibull > | \ \. 2u1+K) 5 afe ™ INECRARN
. \ Py ,,(”")’ =] an Ly ”V o N
W 2 Lk
I'(HZJ B —[;thfM | \ < Nakagami-m > k2 etay? \!
Pola)=c a L\ gl a=0 \ < n-1 -
\ .
1 _ma
Rice > \ pa(a)=72”{"a2m ¢ O azame) il g
\ Q"(m) 2 o () aau e > [Z;AH aZ]
k. (1K) \ Pa,, :77, T b
pale)= 72(]”()6 ¢ @ l[zfav“’(} 20 g R B N
< Hozt >
1+
plr )= qz 4q 2 1{£—£}12q20
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Fig. 2.7 Chapter 2 in a nutshell )

Exercises

Exercise 2.1

Show that the root-sum-square value (a = X7+ X22) of two independent Gaussian RVs (X,, X,) with

_o
=%,20, g> 0. (Also

mean p=0and variance o2 is Rayleigh distributed whose pdf is given by Pog, (a)

note that if we allow X; to have mean py = 0 then we get the Rician distribution whose pdf is given by

gl
(%)e 27 . g>0)

pocRi (Ot) = %IO

Exercise 2.2
Find the values of (a) Q(0) (b) Q(e) and (c) Q(—x)
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Exercise 2.3
What are the assumptions in Format | and Il of n-p fading distributions?
Following are MATLAB based exercises.

Exercise 2.4

Note that complementary error functionis defined as erfe (x)=—2= | e~ dz . Showthat O (x)=- erfc (i)
e 27 \\2

In MATLAB, one can plot Q function using ‘erfc’ command. Also plot the two bounds of Q function: (a) Chenoff’s

2 2 2
2

+%e 3:x>05

bound Q(x) < %e 2 and (b) Chiani’s bound (M. Chiani etal., 2003) Q (x) < %e_

and see how tight they are for different values of x.

Exercise 2.5

Write a short MATLAB function to estimate Rayleigh RV pdf, cdf, mean, variance and standard deviations.

Exercise 2.6

Write a short MATLAB program to generate o-p RV.

Exercise 2.7

Write a short MATLAB program to generate k-p RV.

Exercise 2.8

Write a short MATLAB program to generate n-p RV.

Exercise 2.9

What is majorizing hat function g(p) for o=y, k=, n—u?

Exercise 2.10

What is the probability of acceptance in acceptance/rejection method?
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Analytical MIMO
Channel Models

CHAPTER

3.1 Introduction

In this chapter, we will discuss about analytical MIMO channel models. Analytical MIMO channel
models can be divided into four types.

(a) independent and identically distributed (uncorrelated) MIMO channel model
(b) fully correlated MIMO channel model

(c) Kronecker (separately correlated) MIMO channel model

(d) keyhole (rank deficit) MIMO channel model

We will investigate independent and identically distributed (i.i.d.) MIMO channel model. In order
to understand i.i.d. MIMO channel model we need to review some topics in complex random variable,
complex random vector and complex random matrix. Here we will find the pdf of random matrix
with i.i.d. elements. We will investigate joint distribution of eigenvalues of complex central Wishart
random matrix and marginal distribution of an eigenvalue of complex central Wishart random matrix.

Practical MIMO channels are never uncorrelated. One needs to analyze MIMO system performance
for correlated MIMO channel models. In fully correlated MIMO fading model, we need to consider all
the co- and cross-correlations between all the channel coefficients for various channel paths between
the transmitting antennas and receiving antennas. This covariance matrix (fourth order tensor) size
and consequently the number of elements of the covariance matrix (N RNT)Z) becomes prohibitively
large as the number of transmitting and receiving antennas increase.

We will discuss about Kronecker MIMO channel model which have separated the antenna
correlation at the transmitter and receiver sides. The underlying assumption is that the correlation
matrix of the MIMO channel matrix is equal to the Kronecker product of the antenna correlation at
the transmitter and receiver sides. This assumption has reduced the number of correlation elements
calculation for the covariance matrix construction to just N R2 + NT2 (N. Costa et al., 2010). We will
mention about three correlation types, viz. constant, exponential and circular. We will also find the
mgf of quadratic form of a Hermitian matrix A in complex Gaussian variates, V.

We will study about the rank reduced keyhole MIMO channel model and find its pdf.

Finally we will discuss about the parallel decomposition of MIMO channel. We can convert the
MIMO channel into R, parallel Gaussian channels where R, is the rank of the channel matrix H.
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3.2 Independent and identically distributed (uncorrelated)
MIMO fading model

Uncorrelated MIMO fading model is very popular with the theoreticians because it gives an easier
path of analysis of the MIMO system analysis. But in practical scenario, we need to consider correlated
MIMO channel models. Let us start our discussion of MIMO channels with uncorrelated MIMO
channel models first and discuss correlated MIMO channel models next. We have discussed about
various RVs and its fading distributions in the previous chapter. In MIMO analysis, the channel is a
complex random matrix and hence we need to find the pdf, cdf and mgf of complex random matrix.
We will study complex RV (elements of a complex random vector), complex random vector (rows
or columns of a complex random matrix are complex random vectors) and complex random matrix.
After all, a random matrix could be converted into a random vector by stacking all the columns of
the random matrix in a vector.

3.2.1 Complex random variable

A complex RV, Z = X+jY, can be considered as a pair of real RVs, X and Y. The pdf of a complex
RV is defined to be the joint pdf of its real and complex parts. If X and Y are Gaussian, the pdf of
Z is bivariate Gaussian distributed.

2 2
1 1 ( X) (y Y) ( X)(y Y)
y) =+ _yx=m My) 5\ 3.1
px’y(x y) 1exp 5 Xz + yz P o, 3.1

where, p is the correlation coefficient between RVs, X and Y, My, My, GXZ, O'Y2 are the mean and

variance of the RVs, X and Y, respectively, and k; = 270, 0,1 — p2 ky = 2(1 - p2) .

Find the pdf of a complex normal RV.

Solution

A complex normal RV, (Z=X+jY), is a complex RV, whose real (X) and imaginary (Y) parts are i.i.d.

Gaussian with zero mean and variance % . For independent X and Y (p = 0), zero mean (m,, = m,, =

0) and % variance ( oi = 05 = %), we have,

Pz (Z) = Pxy (x,y) = +exp
,/27:%,[271%
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3.2.2 Gomplex random vector

A complex random vector is defined as
Z=X+jy 3.3)
where, x and y are real-valued random vectors of size n.

Real-valued covariance and cross-covariance matrices of random vectors x and y:
One may define the following real-valued matrices (covariance and cross-covariance matrices)
for a complex random vector, z.

€, = E| (x~E[x])(x~E[x])" |

C,=E|(v-E[y])(y - E[y])’

C,, = E| (x - E[x])(y - E[y])’

C,.= E[(y—E[y])(x ~E[x]))" |

Matrices C, and C| are the vector covariance matrices of real random vectors, x and y, respectively,
and hence they are symmetric and non-negative definite. Also note that the vector cross-covariance
matrices are related as

_ T
ny = ny

Vector correlation matrices are defined as
R = E(xx")

Hence for a real random vector x with correlation matrix R, covariance matrix C_ and vector
expected mean value u, C_ =R_—u_ ;th.

X,
Find the correlation and covariance matrices for real random vector, x = | X, |.
X3
Solution
The correlation and covariance matrices are
E[x}] E[XX] E[XX,] var[ X7 | cov[X,, X,] cov[X, X, ]

R, =|E[X,X] E[X] E[X,X]:C, =|cov[X,.,x,] var[X}] cov[X,.X,]].

X

E[x.X,] E[x:X,] E[X]] cov[ X3, X,] cov[X;,X,]  var[ X7 |
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It can be proved that a Gaussian random vector x (R. D. Yates et al., 2005) has independent
components iff C_is a diagonal matrix. An n-dimensional standard normal random vector X is the
n-dimensional Gaussian random vector with u_= 0, C_=I. For a Gaussian random vector, x ~ N
(n,, C), if A is an nxn matrix with the property AA” = C_. The random vector Al (x - u) is a
standard normal random vector.

If we define a 2n-dimensional real vector Z , whose pdf will be the same with that of the complex

random vector z, it is clear that the covariance matrix of this real vector can be expressed as

Shecle @
Z= ;C, =
y ny Cy

Complex-valued covariance and pseudo-covariance matrices of random vectors z:

We can also define the following two complex-valued matrices

C, = E[(z —E[z])(z - E[z])“];éz - E[(z —E[z])(z - E[z])T} (34)

where, C, and C, are called the covariance and the pseudo-covariance of the complex random vector

Z.
It could be verified that for any z, the covariance matrix is Hermitian and positive definite and
pseudo-covariance is skew-Hermitian. From these definitions, it can be verified that

C,=C,+C, +j(Cy -Cy);iC, =C, - C, +(C, +Cy)
Vector correlation matrices are defined as
R, = E(zz")

Hence for zero mean case, Cz =R,

Multivariate joint cdf:
The joint cdf of RVs X0 X, is defined as PXl,--an (xl,---,xn) = P[X1 < xn-nX, < xn].

Multivariate joint pdf:
The joint pdf of continuous RVs X e X, is defined as

_ aan1,~~,xn (xl""’xn)

axl’...’xn

Px,x, (005,

A Gaussian random vector (H. Wymeersch, 2007) is completely characterized by its mean (m =
E(z)) and covariance matrix, (® = E[(z — m) (z— m)?]). When x is real we write x ~ N J4 (m, (IJ) and

its pdf (G. A. F. Seber, 2003) is given by

1
(27)" det (@)

pXx) = exp(—l(x -m) &' (x - m) (3.52)

2
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For a complex n-multivariate Gaussian distribution with mean m € C" and covariance matrix
® e C"™"isdenoted by z ~ N{ (m,®). Itis basically a complex z with independent imaginary and

real parts with same covariance matrix, %(D . Note that the subscript ¢ denotes that it is a complex

distribution and superscript n means that it is an n-multivariate distribution and N means it is normal
or Gaussian distribution. Its pdf (A. van den Bos, 1995) is given by

1
(7)" det (@)

In multivariate statistical analysis, we are often interested in a random real n-vector x that is
distributed with mean vector m and covariance matrix ® where,

p@) = exp(—(z -m)’ @ (z- m)) (3.5b)

m= E(x),® = E[ (x— m)(x - m)' |

We may sometimes assume that x is also Gaussian distributed. Typically m and @ are unknown;
they can be estimated as

2

b =

' M=

1 N1
N ](x,. —1)(x;, - ) =N X%

I M=
|

Check the notation used: x and y for real random vector and z for complex random vector.

Describe the following terms:
(a) Proper random vector
(b) Circularly symmetric random vector
© N.0,Ny)

Solution

(a) Proper random vectors
A complex random vector is called proper if its pseudo-covariance is zero C, = 0 which implies

that, C, = C,:Cyy = —Cy .

For the special case, when random vector size n = 1 (complex random variable Z = X+jY say), the
conditions for being proper become VAR[X]=VAR[Y]; COV[X,Y]=—COV[Y,X] which means
that Z is proper if X and Y have equal variances and are uncorrelated. In this case, VAR[Z]
= 2VAR[X]. For jointly Gaussian random variable, uncorrelated is equivalent to independent.
We can conclude that a complex Gaussian random variable Z is proper iff its real and complex
parts are independent with equal variance.

(b) For circular symmetric complex random vector z, ¢/#z has the same distribution as z for any ¢

Elz) = E[¢/2] = ¢/?E[2] = 0
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E[zz"] = E[ej‘pz[ej‘pz]T} = ezj‘pE[zzT] =0

Since the mean and pseudo-covariance matrices are zero, the covariance matrix fully specifies
first- and second-order statistics of a circular symmetric random vector.

() So a circular symmetric Gaussian random vector with covariance matrix CZ is denoted as
N, (0, C). Here N means normal or Gaussian distributed and subscript ¢ means it is complex.
For additive white Gaussian noise, we shall write N, (O, Ny. A complex normal random vector
z whose real and imaginary parts are independent and identically distributed (i.i.d.) satisfies
a circular symmetry property: ¢/%z has the same distribution as z for any ¢. We call such a
random vector circular symmetric complex Gaussian, denoted by, N_ (0, 0?), where, o2 is the
variance of each complex vector components.

3.2.3 Complex random matrix

A random matrix is a matrix whose elements are random variables. If the elements of random matrix
are complex random variables, then it is a complex random matrix. A random matrix like random
vectors can have joint pdf of its elements (T. W. Anderson, 2003).

A random matrix H € CV**M i said to have a matrix-variate Gaussian distribution with mean
M e CV®*NT and covariance matrix ® ® ¥ (where ® € CVF*Vr > 0and ¥ e CVTNT > () are

Hermitian) if vect (HH) ~ NéVR’NT |:vect (MH),(D ® ‘P] . Wedenote H ~ NgR’NT [M,CD ® ‘I’] and

its pdf is given by

pe(H) = 7756V det (@) det (W)™ exp|:—trace{¢rl (H-M)¥ (H- M)HH
which could be expressed as

pu (H) = 7 det (@) det (%)% err{-@7" (1 - M) ¥~ (1 - m)" } (3.6)

In the above, “etr” is the abbreviation for “exponential trace”. For instance, a N, x N, complex
random matrix H with i.id. N, (0, 1) entries is denoted as H ~ NO*™7[0,1, ®1T, . Its pdf is
R T

given by
py (H) = 77V ey {—HH”} (3.7)

It is easy to prove the equation (3.7).

Example 3.4

Prove equation (3.7).
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Solution

A complex normal matrix H is a random matrix whose elements are complex normal RV whose pdf
from equation (3.2) is given by

hyy ~ Lexpd |, [
ij ~ g OXP ij
For i.i.d. complex normal matrix, the joint pdf of elements of H is equal to the product pdf of
each complex normal RV. Hence,

NgNr g 2 1 Ng.Np 2
py) =TI ECXP{_|}1,‘,,‘| }: Ny exp[— 2 |hi,j| j

ij=1 i,j=1

Note that trace for a square matrix is equal to the sum total of its diagonal elements and hence

trace(HHH)
| by hyoe thT by hyo hNR] i
by hy e h’ZNT hy  hy o hNRZ
= trace . . . . . . . .
_hNRI hNRZ hNRNT thT hQNT hNRNT
_ X _
Iy [F +[pof +-- ““thT
2
= trace |h?1|2 +|h22|2 toeet ‘hQNT‘
. 2 2 2
I ‘hNRl‘ +‘hNR2‘ +...+‘hNRNT
Ng.Nr 2
= 3 |
i,j=1
Hence, py(H) = ﬁexp (—Trace(HHH ))

This joint distribution of entries of H matrix will be used in the calculation of pairwise error
probability of space-time codes in the later part of the book.

Review question 3.1 J What is the pdf of a complex normal matrix H?

Note that for each and every wireless communication, the spectral efficiency is vulnerable on
the channel propagation conditions, which is reliant on the channel environment. The elements of
the channel matrix H are usually modelled to be i.i.d. (uncorrelated). This is the most elementary
model of all the analytical MIMO channel models. The covariance matrix of i.i.d. MIMO channel
H is given as

R, = o1 (3.8)
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Hence for an uncorrelated channel, the covariance matrix is a diagonal matrix, with each diagonal
term identical to O'h2 (usually taken as 1). The non-diagonal terms of the covariance matrix give the
cross covariance between the independent channel components and consequently zero. This is the
case of highly scattered environment. O'h2 is the variance of the elements for MIMO channel matrix
H. For an i.i.d. MIMO channel H, its elements hl.j are i.i.d. complex RV with zero mean and unit
variance. For i.i.d. Rayleigh fading MIMO channel, 7, ~ N (0,1). In other words, h,; = hlj’f“’ +h i]’i’”“g
and h”’ eal p i]'i'"“é' ~ N(0,1/2). Initial analysis for capacity calculation for MIMO systems employed
i.i.d. channels.

Review question 3.2 J What is the covariance matrix of an i.i.d. MIMO channel H?

The covariance and correlation (R. D. Yates et al., 2005) of two RVs X and Y is defined as
Cov(X,Y)=E[X-pu) (Y-puyland Cor(X, Y) = E[XY] respectively. Hence, Cov (X, Y) = Cor (X,
Y) — ppt,. For zero mean RVs X and Y, Cov(X, Y) = Cor (X, Y).

The two RVs X and Y are
(@ orthogonal if Cor(X,Y) =0 and
(b) uncorrelated if Cov(X, Y)=0

Note that uncorrelated means covariance is zero.

If X and Y are independent, then Cor (X, Y) = 1, which implies that Cov (X, Y) = Cor(X, Y)
= Hylty = 0.
If X =Y, then Cov(X, Y) = Var(X) = Var(Y).

Further, a Gaussian random vector X has independent components iff covariance matrix is diagonal
matrix. A normal Gaussian random vector X has independent components iff covariance matrix
is an identity matrix.

Independent and non-identically distributed (i.i.n.d.):
RVs X|, ..., X are i.i.n.d. if for all Xps oo Xy DX, Xy (Xpyy Xy) = Px, (xl)pxz (xz)"'PXN (xy)-
Independent and identically distributed (i.i.d.):

RVs X, ..., Xyare iid. if forall x,, ..., xy, py . x, (xl,---,xN) = Dy (x1)l’x (xz)---px (xN).

Explain the uncorrelated (i.i.d.) fading MIMO channel model for a 2x2 MIMO system. Show that
the covariance matrix is I,.

Solution

Let us consider a 2x2 MIMO system (for illustration purpose) whose channel matrix is
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hy h
H= { 11 12}
by hy

Here hl.j means the channel gain coefficients for signal transmitted from transmitting antenna j
to receiving antenna i.

Assuming that E{h[j} =0;1i,j=1,2 we can find the covariance matrix Ry as

hll
Efvect (H){vect (H)}'] = E ZZ [y oy By By

h22

_E[|h11|2} E[niy ] E[mhy] E[mn, ]|

| E[rai ] E[bal | E[ms] E[ i ]

R AR IR

E[ oty | E[ sty | E[ oy, | E[|h22|2}

Note thath . ., and h, are all mutually independent and identically distributed (uncorrelated)

RVs with zero mean. Hence,

e[ ] o 0 "
2
Elvect (H) {vect (H)}"] = Z E[V(L)Zl'] E[IZ |2] Z
12
_ 0 0 0 E|:|h22|2:|_

If we choose

Bl | = E[Jnaf | = [l | = [l | =1

then
1 0 00
Blveer () {vecr ()} = | 0 00
00 01

This analysis can be easily done for any arbitrary N, x N, MIMO system.

Uncorrelated (i.i.d.) channels are usually taken as Rayleigh for most of the MIMO analysis. It may
be possible to extend this MIMO channel model to any one of the following classical or generalized
fading distributions.
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(a) Nakagami-m
(b) Rice
© 1
@ kp
) o

Review question 3.3 J What do you mean by i.i.d. and i.n.i.d.?

An important matrix we will frequently use in MIMO capacity analysis is the random complex
Wishart matrix which is defined as

0= HH”, N, <N,
H'H, N >N,

where, H is the random MIMO channel matrix.

Review question 3.4 J What is complex Wishart matrix?

3.2.4 Complex non-central Wishart matrix

Let us define m = min(N,, N;) and n = max{Ng, N }. If H ~ N»"[M, I, ® Z] (where E(H) = M;
cov (H) =1 ® Z; m < n) then Q is complex non-central Wishart distributed and is denoted by, Q ~
Wi (n, Z,© = Z-'MHM). The joint pdf of Q is given by
1 —n n—m —1 -1
@ = F—(n)det(z) det(Q) etr{—Z Q} x o F, (n;ez Q)
m
where, qu is hypergeometric function defined in section 11.2.4. The matrix © is called the non-

central parameter matrix. When © = 0, the non-central Wishart distribution reduces to the central
Wishart distribution.

3.2.5 Complex central Wishart matrix

IfH~N2"M=0,1I ®Z] (where, E(H) =M= 0; cov (H) =1 ®X; m <n) then Q is central complex
Wishart distributed and is denoted by Q ~ Wli(n, 2). Then, Q is a m x m positive semi-definite matrix

2
(XH Qx = HHH x“ >0Vx e C" ) A random Hermitian positive-definite matrix Q e C"™™ is said

to have a complex Wishart distribution with parameters m, n and Z e C"*" > ( denoted by Q ~ W/ (n,
2), m < nif its pdf is given by

Pe@Q) = #(n)det():)_n det(Q)" " err{-27'Q} (3.9)
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In the above equation, [, (a) is the complex multivariate gamma function.

m(m-1),,_
[,(o)=n 2 H]F(a—i),Re((x) >m-1,Q>0
i=0

where, I" is the gamma function.

If the covariance matrix Z is an identity matrix usually in case of MIMO analysis, the above
equation can be simplified as

P@ =% m( )det( Q)" " etr{-Q} (3.10)

Review question 3.5 J What is complex central and non-central Wishart matrix?

From spectral theorem, there exists an m x m unitary matrix U and diagonal eigenmatrix A =
(A Ay ooy A,); A,;> 0V such that Q = U A U”. Since Q (complex Wishart matrix) is random, A
(eigenvalue and correspondingly eigenvalue matrix) is also random. We are interested in finding the
joint distribution of eigenvalues of the central complex Wishart matrix Q and its marginal distributions.

Review question 3.6 J What is spectral theorem?

3.2.6 Joint distribution of eigenvalues of complex Wishart matrix

IfQ~ Wi 1)ie., Z =1 then the pdf of the ordered eigenvalues of Q (A. Edelman, 1989) A
=4 Ay A ) 0S4 <A, <. <A s given by

P (M Do Ay,) = WCXP( §2f)ﬁ’1f T (A-4) e

m—1
where, T", (a) =11 F(a — i)
i=1
The joint pdf of the unordered eigenvalues can be obtained by dividing by m! in the above
expression.

P Gty = b e -£ 4 e fi (- 4) e

j=i+l

Review question 3.7 | How to obtain the joint pdf of the unordered eigenvalues from the pdf of the ordered
eigenvalues of Q2
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3.2.7 Marginal distribution of an eigenvalue of complex Wishart matrix

In order to find the marginal pdf of A,, we need to integrate the unordered joint pdf above with respect
to A,, ..., A4, and hence we get (E. Biglieri, 2005)

S E () ARG (4)

i=

p(4) =

L
m;

—_

1S o (3 et

In the above equation, L}~ are the associated Laguerre polynomials of order i (Eq. (8.970.1) of
L. S. Gradshteyn et al., 2000) given by

L (&) = .le"x’”""d—if(e_x(ll)n_mﬁ)

i! dx
- éo(_l)l (i +l.n__l m)(/}—,)]

From the identity given in Eq. (8.976.3) of I. S. Gradshteyn et al., 2000, we have

F(n-—m+i+1) g (2§ B 31)@1)

22}y = OJ'F(n—m+J+1) (2/11)

(L (2)) =

Hence the marginal pdf of 4, > 0 could be expressed as

po g Jer

( nm,
0221 j= oj‘r(n—m+j+1) (2’11)11

P =13

15
m

Substituting the associated Laguerre polynomials Lé(j"_m) (2 }1) into a finite sum given above, we
have,

[21 2]](2].)'
1(,‘)! i i—j T2 2j+2n—-2m (211)1 nem_—A
03 B (R

ZitiZoj!iT(n—m+ j+1) 2j -1
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which can be further simplified as

2 (=1) (2j)! [Zi - 2j)[2j +2n - 2’"](,11 Jr ek 313)

1t
m =0 j=01=0 2% j1it(n —m+ j)I\ i—j 2j -1

m—

p(il) =

The above pdf is required for capacity calculation of MIMO systems. But in real life applications,
the components of the channel matrix are correlated for closely spaced antennas. The less separated
are the antennas in space, the higher is the correlation coefficient. Werner Weichselberger et al. (2006)
presented a novel stochastic model for MIMO radio channels that is based on the joint correlation
properties of both link ends. There are two types of correlation: temporal and spatial. Temporal
correlation is used for modelling channels for moving terminals. Spatial correlation is used due to
employment of multiple antennas. For MISO, the spatial correlation is for multiple transmit antennas
and for SIMO, the spatial correlation is for multiple antennas at the receiver. For MIMO, spatial
correlation exists for both at transmitter and receiver since both links are equipped with multiple
antennas (A. Sibille et al., 2011).

3.3 Fully correlated MIMO channel model

In finding E [hl.jh ,:;], we need to take the expectation over the joint distributions of RVs, hl.j and hkl,
where hl.j and h,, are the channel coefficients. It will be more appropriate to represent the elements of
the covariance matrix as a tensor (A. B. Gershman et al., 2005) since four indices (i and j combine
to form row indices of covariance matrix Ry whereas k and I combine to form column indices of
covariance matrix Ryy) are used. Therefore,

R = E[hyhy |

In fully correlated MIMO channel model, we need to consider all the co- and cross-correlations
between all the channel coefficients for various channel paths between the transmitting antennas
and receiving antennas. This covariance matrix size and consequently the number of elements of the
covariance matrix becomes prohibitively large as the number of transmitting and receiving antennas
increases. For a given H matrix, the correlation matrix (N. Costa et al., 2012) can be defined as

R, = E{ec()[vee(n)]"

h%l
B
= E hl:z [hl*l hz*le Tz h;vkz ;RNTj'
g2
hNI;NT
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* * * ES £
hy by hlthRI hllhlz hlthRZ hlthRNT
* ES ES * *
hNthll hNthNRl hNth12 Np1"ng2 hNRl NgNp
- F sy hthNRI hlzhl2 hlthR2 hlthRNT
* * * * *
hNRZhl] hNRZhNRl hNth,2 hNth,\,R2 hNthNRNT
Iy no by By ol o B hy ol hy ol
| “NrNr 1L NNy "Ngl NNy NRN7Ng2 NrNrTnpap |

where, E is the expectation operator and vec is the vectorization operation. Obviously the above

correlation matrix will have (N, N T)z components. Note that the above matrix is a fourth-order tensor
and each element of the correlation matrix requires four indices (quadruplet) as shown below.

R = E[hyhy ke {l, 2, Nehjlefl, 2 - N}

It is highly complex model for analysis. Hence we can assume that the antenna correlation at the
transmitter and receiver side is separable as in the next section.

Review question 3.8 J How many components will be there for correlation matrix for fully correlated MIMO
channel?

3.4 Separately correlated (Kronecker) MIMO channel model

The Separately correlated (Kronecker) MIMO channel model, on the other hand, was based on the
key hypothesis that the transmitter and the receiver correlations are detachable. This model implies
that the correlation matrix at the receiver is independent of the transmission and vice versa. In other
words, the multipath components arriving at the receiver is independent of which antennas have
been used for transmission at the transmitter side (A. Sibille et al., 2011). It could also be represented
by two ring model (N. Costa et al., 2012), in which one ring of scatterers surrounds the transmitter
and another ring of scatterers surrounds the receiver. There is no coupling between these two rings
of scatterers at the receiver and transmitter side. This model though has taken the correlation into
consideration turns out to be less accurate than Weischselberger model (W. Weischselberger, 2003)
which has considered the coupling between the transmitter and receiver correlation.

In this case, assumption is that we can write the fully correlated covariance matrix of the previous
section as a Kronecker product of the correlation matrix at the receiver (RTX) and correlation matrix
at the transmitter (Rg,). It is reasonable with some accuracy that since the transmitter and receiver is
usually at a very far distance than the distance between the antennas at the transmitter (or receiver)
itself. It has been experimentally verified that two antennas at the BS (MS) should be at least ten (three)
wavelengths apart to have sufficient decorrelation (B. Vucetic et al., 2003). A simple stochastic MIMO
channel model has been developed by J. P. Kermoal et al. (2002). The Kronecker model introduces
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some structure to the correlation matrix and assumes that the channel correlation (J. P. Kermoal et
al., 2002, E. G. Larsson et al., 2003 and T. Brown et al., 2012) can be expressed as the Kronecker
product of correlation matrix at the transmitter (RTX) and correlation matrix at the receiver (RRX)

Ry = R?X ® Rp, (3.14)

where, ® denotes the Kronecker product.
It will be shown shortly that the channel matrix H for Kronecker channel model can be written as

H= Rg H, Ry’ 3.15)

where, H  is the channel matrix for uncorrelated or i.i.d. (spatially white that’s why the subscript w
in H) MIMO fading channel and ()/> denotes the Hermitian square root of matrix. This equation
is extensively utilized for theoretical calculations and MIMO channel simulations. It is the adopted
MIMO channel model (K.-L. Du et al., 2010) for IEEE 802.11n and IEEE 802.20 (Mobile Broadband
Wireless Access).

From the identity on vectorization of multiplication of three matrices, we have,

vect(ABC) = (CT ® A)vect(B)
vect(H) = (RY> ® Ry )vect (H,,)

Hence, h= N, (0, R} ® RRX) (3.16)

where, h = vect(H).
Note that the correlation matrix R, for any random channel matrix is defined as

R, = E[hh" |;h = vect (H)

The correlation matrices at the transmitter and the receiver are calculated as
— Hyy)! . _ H
Ry, = E{(H H) } Ry, = E(HH")

How to obtain the correlated channel matrix H for a given i.i.d. or spatially white channel matrix
H ? How to introduce correlation in an otherwise i.i.d. or spatially white channel matrix? This is
what we are going to do exactly in the next discussion. Assume that the correlation matrix R, is
known to us.

Another way of looking at the Kronecker MIMO channel model is

H = unvec (\/Ehw) = unvec (\/Evect (HW ))

Note that “unvec” is the reverse process of vectorization. “vect” (vectorization) stacks all the
columns of a matrix into a column vector. “Unvec” converts back a vectorized matrix into its
corresponding matrix. We will show that when we introduce the correlation matrix R, into spatially
white channel matrix H , the correlation matrix of the correlated channel matrix H is indeed R/,
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Therefore,
R, = E[hh" | = E[vect(H){vect(H)}H] = Ry R, = RPREZ =R,

That’s why the name Hermitian square root for the square root of the matrix R, due to the last
operation in the above equation.
For Kronecker model, we have assumed that

R, = E[hh" | =R} ® R,

For this particular case of correlation matrix R, as given above, let us find the expression for
correlated channel matrix H in terms of receiver correlation, transmitter correlation and spatially
white channel matrix.

Since, (A ® B)vect(C) = vect(BCAT)

Then, we have,

H= unvec(JRHhW) = unvec(JR?x @ Rp, hw)
= H = unvec (Ri’2 ® R%jvect (HW))
= unvec{vect(R%fHWRlTiz)} = R}elszleT/Xz

An alternate component-wise expression for transmitter correlation (correlation between the
columns of H, independent of the receive antennas) is

R

mn,mq

ME

RTX,nq =
m=1

Ng
For example, Ry |, = 2]R 1 = Ry + Ry + -+ Ry 1 18 the correlation between
m=

ml,m

the first column with first column of H.
Component-wise expression for receiver correlation (correlation between the rows of H, independent
of the transmit antennas) is

Ny
RRX,mp = Zl Rmn,pn

n=

Nr
Forexample, Ry , = X Ry, 5, = Ry15 + Ryppp +-o-+ Ry 5y, is the correlation of second

n=1
row with second row of H.
Let us consider a 2x2 MIMO system for illustration purpose whose channel matrix is

H=|:hll h12:|
oy
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The transmitter correlation matrix is given by

Ry, = E[H"H]"
} T
_F [hn h21:| {hu hl2:|
hy hy | [y hy
E|:|hll|2 +|h21|ZJ E|:hl*lh]2 + h’jlh22:|
_E[hfzhn + h;kzhzl] E[|h12|2 + [Py |2} |
E|:|hll|2 +|h21|ZJ E|:hl*2hll + h’>2:<21121:|

_E[hflhu + h;hﬂ] E[|h12|2 ! |h22|2} .

The receiver correlation matrix is given by

Ry, = E[HH"]
= E |:hll h]2:||:h]1 h21:|*
Moy Moy || Py By
E|:|h11|2 + |h12|2} E|:h11h;1 + hnhzzJ

E[thh;k] + hzzhl*z] E[|h21|2 + |h22|2J

Now the diagonal and off-diagonal terms are all non-zero. Note that R, will have N, 2 elements
and Ry, will have NT2 elements. In total in order to find Ry = RTTX ® Rp, we require to find
N R2 +N Tz) elements only. This is a significant reduction in comparison to fully correlated MIMO
channel matrix of previous case, where we need to find (N RNT)2 elements of the correlation matrix
R,, = E{hh’'}.

For instance, consider a 2x2 MIMO system with receiver correlation and transmitter correlation

as follows.
1 1
RRX:|: pR}RTx ={ pT}
pr 1 pr 1

Then for Kronecker channel model, the correlation matrix becomes

R, =R} ®R,

Ri,  PrRg,
prRg,  Rp,

H
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1 Pr Pr  PrPr
Pr 1 PrPr  Pr
Pr  PrPr 1 Pr

PrPr  Pr Pr 1

where, p, and p, are the receiver correlation coefficient and transmitter correlation coefficient,
respectively.

Based on the antenna array geometry, correlation could be of various types. We will consider
three commonly used correlation types in the following (K. S. Ahn et al., 2007, M. K. Simon et al.,
2005 and V. A. Aalo, 1995):

(a) Constant
(b) Circular and
(c) Exponential.

Constant correlation model is the worst case scenario. It is suitable for antenna array of three
antennas placed on an equilateral triangle or for closely spaced antennas other than linear arrays.
The correlation matrix R for this case is given by

1 x X
x 1 X

constant — : . (317)
X X 1

This can be expressed simply as

Lif j=k
Rconstant|jyk = {X lf ] s k

This model assumes that the power correlation coefficient is the same between all the channel
coefficients/paths/links pairs.

Circular correlation model is appropriate for antennas lying on a circle, or four antennas placed
on a square. The correlation matrix R for this case is given by

1 _xl e xn_l
S
circular — . (318)
X, x, e 1
This can be expressed simply as
1 if j=k
Rcircular |j,k = xk—j lf ] <k

(x*)n_(j_k) if j>k
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Exponential correlation model is suitable model for equally spaced linear antenna array. The

correlation matrix R for this case is given by

1 X e x
x* 1 e xn_2
exponential = : : : : (319)
(x* )n—l (x* )n—2 1
é Joint mgf: h
ForanynRVsX,,...,X , the joint mgf (S. Ross, 2002) is defined for all real values of s, .. - by
MXI""aXn (sl""’sn) — E|:es1X1+52X2+...+s,an i|
IfRVs X, ..., X, are i.i.n.d. then
My, .x, (S10s8,) = My, (3) My, (s,)- My (s,)
If RVs are i.i.d. then
MX1,~~-,X,, (s) = [MX (S):In
N J

This can be expressed simply as
L j=k
S <k

(x*)j_k if j>k

R

exponential .k -

This model assumes exponential power correlation coefficient between any pair of channel
coefficients/paths/links. It is suitable for equi-spaced linear antenna arrays whose correlation decreases

with antenna spacing.

Review question 3.9 J Why can we separate the correlation at the transmitter and receiver?

Let us find the mgf of quadratic form of matrix A in complex Gaussian variates v (R. Janaswamy

et al., 2001). The derivations are given in appendix B.

exp (suf (1- sRVA)_l Auv)
T - sR,A|

My(s) =
A particular case, when u, =0, we have,

M) = [I-sR,A["

We require this mgf for performance analysis of space-time codes over correlated channels.
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3.5 Uncorrelated (keyhole) MIMO channel model

In few situations, keyhole effect can be seen. In such situations, scattering exists both at the transmitter
and the receiver edges. But the entire rays from the transmitter tunnel pass through a tiny opening,

in order to arrive at the receiver.

4 N

Screen

TkKeyhole

v

Receiver

Fig. 3.1 A keyhole 3 x 3 MIMO channel )

The scenario is similar to MISO system cascaded with a SIMO system. Hence it minimizes the
degrees of freedom and consequently a scanty rank channel matrix emerges (rank of the channel
matrix equals 1). Therefore, even if there are many scatterers and widely spaced antenna elements
at the transmitter and receiver, the spectral efficiency of a pinhole channel gets diminished because
of the rank deficit channel matrix. Such model is appropriate for indoor wireless communication
through corridor or underpass or subway. Cooperative communication employing the amplify-and-
forward protocol may be considered as pinhole channels.

Example 3.6

Show that the rank of Keyhole channel for a 3 x 3 MIMO system is 1.

Solution

Let us consider a 3 x 3 MIMO system with three transmit and receive antennas in highly scattered
environment similar to what has been shown in Fig. 3.1. This MIMO system would under normal
propagation conditions produce a rank 3 channel matrix and multiplexing gain of 3. Note that the
rank of the channel matrix equals the rate/multiplexing gain which we will discuss in the next section.
However if these three sets of antennas (transmit and receive antennas) are separated by a screen
with a small hole, we get a keyhole propagation in which the rank of the channel matrix equals 1
and hence there are no rate or multiplexing gain. Let us assume that the transmitted signal vector is


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.004
https://www.cambridge.org/core

58 Fundamentals of MIMO Wireless Communications

where, x,, x, and x, are the signals transmitted from the first, second and third antennas, respectively.
The signal incident at the keyhole is given by

X
y=hyx= [hl h, hs] X
X3

where, hp h2 and h3 are the channel coefficients in the left hand side of the keyhole for the transmitted
signals x,, x, and X
The signal at the other side of the keyhole is given by

y =0y

where, o is the keyhole attenuation.
The signal vector at the receive antennas on the right side of the keyhole is given by

hy X by by byl || X,
r=h,,,y =oh,h,x=qahs [hl h, hs] Xy | = of hshy  hsh, hshy || x, | = Hx
he X3 hehy hhy — hhs || x;
where, h; oht is the channel matrix describing the propagation on the right hand side of the keyhole

and h,, hs and h are the channel coefficients corresponding to the first, second and third receive
antennas, respectively.
The equivalent channel matrix can be represented as

byl hyhy g

H= of hshy hsh, hshy

hshy  hhy  hhy
The rank of this channel matrix is one which implies that there is no multiplexing gain. Note that
rank of a matrix is the number of linearly independent rows or columns of the matrix. In the above

matrix, we can obtain the second and third rows from the first row by multiplying a constant factor.
Hence we have rank of the above matrix as 1.

Review question 3.1 UJ Give an example of a keyhole MIIMO channel.

In keyhole MIMO channel there will be diversity gain but no multiplexing gain. The channel
matrix H for keyhole MIMO channels is given by

o By opf ooy B

B np oy B

H = Bo/ = (3.20a)

By, Py, - oy, By,
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where, o is for the equivalent MISO channel, which is distributed as o ~ N]CV r (O, Iy, ) and B is for
the equivalent SIMO channel which is distributed as B ~ Név R (O, Iy, ) . Now we can calculate the Z

as

z=HH" = |of’ |B* (3.20D)

The pdf of Z is required for calculation of capacity of MIMO systems for a keyhole MIMO channel.

Example 3.7

Find the pdf of Z given in Eq. (3.22).
Solution

Note that U = ||0L||2 and V = ||B||2 are the sums of N, and N, independent exponential RVs,

respectively, and hence they are central Chi-square distributed with 2N ,.and 2N, degrees of freedom.
We are considering 2N, and 2N, degrees of freedom because we are considering o= L,...,N,
and fB;i=1, ..., N, as complex RVs and it has real and imaginary parts which are real RVs.

Note that pdf of Chi-square RV (sum of squares of i.i.d. zero mean Gaussian RVs with common
variance 0) with 2N degrees of freedom is given by

X
Px(%) = (Nll)!)f]_le 27 x>0

Hence, for our case 62=1/2 , N =N, for RV U and N=N R for RV V (A. Paulraj et al., 2003), we have,

1 WVl

PU(“)= (NT—l)' u>0

Np—-1 —
R™lo7Y

pv(v)=( % ;v>0

D S
N —1)!

We can utilize the following theorem on transformations for functions of two RVs (NPTEL course
by V. V. Rao as well as P. K. Bora).

Given two continuous RVs X and ¥, define two new RVs which are defined using the transformation
Z=g(X,Y) and W=h(X,Y).

Theorem: Solve the system of equations, g(X,Y)=z ; and (XY )=w,. Then,
dz  dz

Pz,w(Z,W) _ Px,y(xl’)ﬁ);](xz,w jz ox dy| dzow _ dzow
Gk

ow odw| Oxdy dyox
X0V, dx dy
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For instance, let us consider the transformation of functions of two RVs X and Y as Z=XY and
W=Y, then Jacobian for this transformation is

oz 9z| [2bw) 9(w)

J(Z’W]=ax dy|_| ox dy | _|y .
XY dw adwl (d(y) a(y)| [0 1

dx dy o dy
Therefore,

Pxy (é,w)

pz,w(z,w) = T
For the marginal density with respect to z, we have,
p= ][ —Pxy ( < w)dw (3.21)

For our case, the variables are X = U, Y = V, u = w and z = z. Hence, the pdf of Z when U and V
are independent RVs is given (H. Shin et al. 2003) by

o

PZ(Z) = 7J. ﬁpu (”)pv (i)du

= mi— NT—l —u;(é)NR—l _f
1 T 1 Np-1 —u—,
F(NT)F(NR)guNR_NTH () e ‘“du

If we assume that t = u,x = 2\/2 , we have,

2
X )2(NR ~-Np+Np)-2 _,_x°

p,2) = (v, ) v )Z( 5 NT+1(2

Ng—Ny+2Np—2 Ng-Ng o o
= P, = m(%) %(%) ({We =y
Hence,
NNy
PAD) = W’%—NT (2Vz):z 20 (322)

The n™ order modified Hankel function is expressed as

Kn(x) = %(%)nzﬂ%exp(—t - Z—jjdt;|argx| < %,Re(xz) >0
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D. Gesbert et al. (2002) introduced a double-scattering MIMO channel model that includes both fading
correlation and rank deficiency. It encompasses both Kronecker and Keyhole MIMO channel models.

3.6 MIMO channel parallel decomposition

3.6.1 What is MIMO channel parallel decomposition?

When both transmitter and receiver have multiple antennas, multiplexing gain improves (A. Goldsmith,
2005). The multiplexing gain of a MIMO system stems from the fact that a MIMO channel can be
decomposed into a number of R, parallel, independent channels. This process of decomposing the
MIMO channel into R, parallel, independent Gaussian channels is also referred to as MIMO channel
parallel decomposition.

3.6.2 What is multiplexing (MUX) gain?

By sending independent data onto these separate channels, one can obtain an R, -times gain in the
data rate with respect to a system with a single antenna at the transmitter and receiver (SISO). This
augmented data rate is called multiplexing (MUX) gain. Because R, (the rank of matrix H) cannot
exceed the number of columns or rows of H, it follows that R,, < min (N R,NT) . If H is full rank

for rich scattering environment like that of uncorrelated Rayleigh MIMO channel, then
Ry = min (N Ny ) . Other environments may lead to a low rank H: a channel with high correlation

among the channel gain coefficients in H is rank deficit or a keyhole channel will have rank 1.

3.6.3 How do we parallel decompose a MIMO channel?

By precoding the channel input x and shaping the output y, we can decompose the MIMO channel
in parallel. These precoding and combining matrices are obtained from the eigen-decomposition
of Q and hence the resulting parallel sub-channels are referred to as eigenmodes. In precoding, the
input x to the antennas is linearly transformed into the input vector

x= VX
In receiver shaping, we multiply the channel output y by U as shown in Fig. 3.2.
y = U’y = U” (Hx + n)

The combined effect of transmit precoding and receiver shaping converts the MIMO channel into
R, parallel SISO channels with input X and output § .

3.6.4 How do we obtain the U and V matrices?

The columns of U are the eigenvectors of HH and the columns of V are the eigenvectors of HYH. U
and V are orthonormal or unitary matrices. That means U”U =1 and V¥V =1. In order to obtain the


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.004
https://www.cambridge.org/core

62 Fundamentals of MIMO Wireless Communications

U and V matrices, we need the channel matrix, H. Hence in order to do transmit precoding we need
channel state information at the transmitter (CSIT); and for receiver shaping we need the channel
state information at the receiver (CSIR). This means channel state information (CSI) is required
both at the transmitter and receiver, and therefore, such MIMO system is referred to as closed loop
MIMO system.

3.6.5 How to obtain the SVD of channel matrix?

From Singular Value Decomposition (SVD) of the channel matrix, H, we have,
H=U ¥ V#
where, ¥, = diag(O',.) is a diagonal matrix of singular values of H (7).

The singular values (o) can be calculated as o; = \/Z where 4, is the ith largest eigenvalue of

the R, non-zero eigenvalues of HH”.

Example 3.8

Find the SVD of a MIMO channel given as
1+2i 2+3i
H-=
3+4i 4+5i
Solution

Let us calculate the singular values by the above described method i.e., let us find the eigenvalues of
HH" and take the square root of the eigenvalues. Note that the H matrix is complex. Hence it may
have complex eigenvalues. MATLAB command “[V D] = eig(H)” will give the diagonal matrix D
with eigenvalues and V matrix whose columns are the eigenvectors.

For our case,

_ 0.8070 0.4642 + 0.0482i
" | —0.5899 — 0.0283i 0.8844

_ [-0.3567 - 0.2631i 0

- 0 5.3567 + 7.2631i

We can see that the eigenvalues and eigenvectors of a complex H matrix may be also complex.
For our case, eigenvalues of HH* can be obtained as

-0.4615 0.8871

D 0.1909 0
| 0  83.8091

{0.8811 +0.10371 0.4583 + 0.05391}
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Taking the square root and keeping in descending order of eigenvalues, we get,

5 9.1547 0
0 04369

We can also find the SVD decomposition H=U X V# directly which will be shown in the
next example. The SVD of H for our example is

| -0.2271 - 0.40171  0.6889 + 0.55891 || 9.1547 0 -0.5971 -0.8012 + 0.0401i
|-0.5238 - 0.7160i -0.3899 - 0.2469i 0 0.4369 || -0.8022  0.5963 - 0.0298i

U and V are unitary matrices.

e - N
X X - Yy - y
. , \\‘ . H ) - ;’, \\ . ’ . -
n  X= VX ) - MIMO m | y:HX+nﬂ n  [ESEUSY -
= U ) / n / channel \- /'" : '\ P J/ = .
P di
recoding Shaping

Y Fig. 3.2 Parallel decomposition of a MIMO channel using precoding and shaping )

Hence, the combined effect of precoding at the transmit and shaping at the receiver is

U”(U T V”x+n)

SI:
= y=U"(U Z V”Vi+n)
= §=3%+i (3.23)

It may be noted that the product of a unitary matrix with the noise vector does not modify the noise
distribution. It may be good to write the above matrices component-wise in order to interpret clearly.

] Jeg 0 0 0o ool u | [ @ ]
¥ 0 oob 0 0 0 Of % iy
: 0 0 . 0 0 of °:
Sy |=]0 0 0O Op, 0 0 Ry | +| vy
IRy +1 0 0 0 0 0 0%k, g, +1
| Vv | L0000 0 0J &y, | | 7y, |
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which can be further simplified as

Vi = 0% + 17

¥ = 0%, +17,

Y, = O, Xz, *7g,

YRy +1 = MRy 41

INg = g

Hence, the received signal for MIMO systems employing transmit precoding and receiver shaping
will consist of transmitted signal multiplied by the channel gain with additive noise for R, parallel,
independent channels (R, is the rank of the channel matrix H). The remaining N, — R, parallel
independent channels will receive only noise and eventually will be disposed of. Therefore, the
precoding at the transmitter and shaping at the receiver converts the MIMO channel into R, parallel,
independent channels where i channel has input %, output J,, noise 7; and channel gain o.. For
these non-interfering separate channels, the maximum likelihood (ML) decoding may be employed
at the receiver. Besides, by sending independent data for each of the R, parallel channels, the MIMO
channel can support R, times the data rate of a SISO system. However, the performance for each
channel will be determined by its gain ;. Note that the channel H matrix is complex usually. We
have considered real H matrix for easier illustration purpose in the following example.

Example 3.9

Find the parallel decomposition for the given MIMO channel.

0.1 02 03
H=(04 05 0.6
0.7 0.8 09

Solution

Let us find the parallel decomposition for the given MIMO channel.

0.1 02 03
H=(04 05 06]|.
0.7 0.8 09

The SVDof H=U X V¥ isgiven by

-0.2148 0.8872  0.4082 || 1.6848 0 01 -0.4797 -0.5724 -0.6651
H =|-0.5206 0.2496 -0.8165 0 0.1068 0| -0.7767 -0.0757 0.6253
-0.8263 -0.3879 0.4082 0 0 0]]-0.4082 0.8165 -0.4082
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Note that the MATLAB command “[U S V] = svd(H)” could be used for obtaining the above
three matrices. The diagonal entries of X are the square roots of the positive eigenvalues of HH.
Since there are two non-zero singular values and so R, = 2, hence two parallel channels are there.
The channel gains for the two channels are o, = 1.6848 and o, = 0.1068. We can notice that the
second channel has a diminutive gain. Hence, this particular channel will give large detection error
and inferior performance in terms of spectral efficiency.

Note that there are two types of eigenvalues and eigenvectors (left and right) of the matrix H
denoted by 4,, A,and y, , y,. respectively. They satisfy the following relations

(YL )HH =4 (YL)H

Hyp = Ay

Example 3.10
Show that the HH is a positive definite matrix if H is non-singular.

Solution

A non-zero vector y € C" is an eigenvector (left) of matrix H € C"™" with eigenvalue A, if

y'H = Ly"
Hence, (yHH)H = ()LLyH)H
= H'y = () y

Multiplying the above two equations, we have,
y'HHy = 4,y" (2,) y = |4, |2 vy =4 |2 Iy[” >0

Hence HH” is always positive definite matrix.

Note that for complex H matrices, Z remains real. Even for the negative eigenvalues of H matrix,
the eigenvalues of HH" become positive and hence Z will have all positive singular values. Also note
that every real symmetric (H = H7) or complex Hermitian matrix (H = H¥) has real eigenvalues. Its
eigenvectors can be chosen to be orthonormal. In MIMO analysis, since HH" is always Hermitian, its
eigenvalues are positive and their square roots give the singular values. You may refer to G. Strang,
2006 for further information on SVD.

For a detailed analysis of MIMO systems using MATLAB, readers may refer to L. Bai et al.,
2012 and Y. S. Cho et al., 2010.

Review question 3.1 1J How do we select the antenna with best channels?
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MIMO channel models
iid. fading / | \ T
|
) — Konedker >~ Keyhole (rank ) MIMO channel
//R,, =E[hh"]=o71 | paralle} :
/ H-RIZH RI? | S decomposition
X T B T | pale)= T, )I_(N")K“ N (zJ?)zzt)
Complex wishart matrix I FoTEew
;" Fully correlated
_[HHY, Ny <Ny
Q‘{H”H, Ne =N, |

R, =E[hh" ]

Marginal distribution of an eigenvalue

zzz (1Y (2)) [z, 2j ][2/+2n72m](ll}/+”,mg,}h‘

| 2% I'/’(n m+ j) 2j-1
A 4

Joint distribution of eigenvalues

pmondered (3. 1 .. A)=

mew[ffﬁ]ﬂl Hl =y JiT(a)= Hm,

i=1 i=l

Y Fig. 3.3 Chapter 3 in a nutshell

3.7 Summary

Figure 3.3 shows the chapter in a nutshell. In MIMO channel models, we have studied i.i.d. fading,
Kronecker, Keyhole and fully correlated channels. A sound understanding of these channel models

is required for performance analysis of MIMO wireless communications. We have also studied about
the parallel decomposition of MIMO channels.

Exercises
Exercise 3.1

Show that Kronecker model of MIMO channel could be expressed as h = N, (O R ®Rg ) where, h is the
vectorization of the channel matrix H.

Exercise 3.2

Explain parallel decomposition of the deterministic MIMO channel (spatial multiplexed MIMO system) with
representative equations and block diagram.

Exercise 3.3

Show that for i.i.d. Rayleigh fading MIMO channel, the correlation matrix is a diagonal matrix
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Exercise 3.4
Give an example of correlation matrix for (a) constant (b) circular and (c) exponential correlation models.

Following are MATLAB based exercises.

Exercise 3.5

0.1 02 03 04 05
02 03 04 05 0.1
Given that the channel H matrix fora 5x5 MIMO systemas | 0.3 0.4 0.5 0.1 0.2 |, findthe multiplexing
04 05 0.1 02 03
0.5 0.1 02 03 04

gain.

Exercise 3.6

Write short MATLAB program for calculating received signal for a 2x2 MIMO system employing QSPK over
i.i.d. Rayleigh MIMO channel. Assume that noise is AWGN.

Exercise 3.7

Write short MATLAB program for calculating received signal for a 4x4 MIMO system employing 4-QAM over
i.i.d. Rice MIMO channel. Assume that noise is AWGN.

Exercise 3.8

Assume that the MIMO channel is i.i.d. Rayleigh fading. Write short MATLAB program for calculating received
signal for a 3x3 MIMO system employing 16-QAM.

Exercise 3.9

Assume that the MIMO channel is i.i.d. k-p fading. Write short MATLAB program for calculating received signal
for a 2x2 MIMO system employing 4-QAM.

Exercise 3.10

Assume that the MIMO channelisi.i.d. n-p fading. Write short MATLAB program for calculating received signal
for a 2x2 MIMO system employing 4-QAM.

References

1. Aalo, V. A. Aug. 1995. ‘Performance of maximal-ratio diversity systems in a correlated Nakagami-fading
environment’. [EEE Trans. Commun. COM-43. 2360-23609.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.004
https://www.cambridge.org/core

68

Nk

*®

10.

11.
12.

13.
14.

15.

16.
17.

18.

19.

20.

21.
22.

23.
24.
25.
26.
27.
28.
29.

30.

Fundamentals of MIMO Wireless Communications

. Ahn, K. S. and H. K. Baik. Sep. 2007. ‘Asymptotic performance and exact symbol error probability

analysis of orthogonal STBC in spatially correlated Rayleigh MIMO channel’. I[EICE Trans. Fundamentals.
E-90A(9).

Anderson, T. W. 2003. An Introduction to Multivariate Statistical Analysis. 3rd edition. New Delhi: John
Wiley & Sons.

Bai, L. and J. Choi. 2012. Low Complexity MIMO Detection. London: Springer.

Biglieri, E. 2005. Coding for Wireless Channels. New York: Springer.

Bora, P. K. Probability and Random Processes, NPTEL (http:/nptel.iitm.ac.in/).

Brown, T., E. D. Carvalho, and P. Kyritsi. 2012. Practical Guide to the MIMO Radio Channel. Chichester:
John Wiley & Sons.

Capinski, M. and T. Zastawniak. 2001. Probability through Problems. New York: Springer Verlag.
Cho, Y. S, J. Kim, W. Y. Yang, and C.-G. Kang. 2010. MIMO—-OFDM Wireless Communications using
MATLAB. Singapore: Wiley.

Costa, N. and S. Haykin. 2010. Multiple-input Multiple-output Channel Models. New Jersey: John Wiley
& Sons.

Du, K.-L. and M. N. S. Swamy. 2010. Wireless Communications. New Delhi: Cambridge University Press.
Duman, T. M. and A. Ghrayeb. 2007. Coding for MIMO Communication Systems. Chichester: John Wiley
& Sons.

Edelman, E. 1989. Eigenvalues and Condition Numbers of Random Matrices. PhD Thesis, MIT.
Gershman, A. B. and N. D. Sidiropoulos. 2005. Space-time Processing for MIMO Communications.
Chichester: John Wiley & Sons.

Gesbert, D., H. Bolcskei, D. A. Gore, and A. J. Paulraj. Dec. 2002. ‘Outdoor MIMO wireless channels:
models and performance prediction’. I[EEE Trans. Commun. 50. 1926—1934.

Goldsmith, A. 2005. Wireless Communications. New Delhi: Cambridge University Press.

Gradshteyn, 1. S. and I. M. Rhyzik. 2000. Table of Integrals, Series and Products. Oxford: Academic
Press.

Janaswamy, R. 2001. Radiowave Propagation and Smart Antennas for Wireless Communications. New
York: Kluwer Academic Publishers.

Kermoal, J. P,, L. Schumacher, K. I. Pederson, P. E. Mogensen, and F. Frederiksen. Aug. 2002. ‘A
Stochastic MIMO Radio Channel Model With Experimental Validation’. IEEE Journal on Selected Areas
in Communications. 20(6). 1211-1226.

Larsson, E. G. and P. Stoica. 2003. Space-time Block Coding for Wireless Communications. Cambridge:
Cambridge University Press.

Ostges, C. and B. Clerckx. 2013. MIMO Wireless Networks. Oxford: Elsevier Academic Press.
Papoulis, A. and S. U. Pillai. 2002. Probability, Random Variables and Stochastic Processes. New Delhi:
Tata McGraw Hill.

Paul, B. S. and R. Bhattacharjee. Nov.—Dec. 2008. ‘MIMO Channel Modelling: A Review’. IETE Technical
Review. 25(6). 315-319.

Paulraj, A., R. Nabar, and D. Gore. 2003. Introduction to Space-time Wireless Communications.
Cambridge: Cambridge University Press.

Proakis, J. G. and M. Salehi. 2007. Digital Communications. New York: McGraw Hill.

Rao, V. V. Principles of Communications. NPTEL (http:/nptel.iitm.ac.in/).

Ross, S. 2002. A First Course in Probability. New Delhi: Pearson.

Seber, G. A. F. and A. J. Lee. 2003. Linear Regression Analysis. New Jersey: John Wiley & Sons.

Shin, H. and J. H. Lee. Jan. 2003. ‘Effect of keyholes on the symbol error rate of space-time block codes’.
IEEE Comm. Lett. 7. 27-29.

Sibille, A., C. Oestges, and A. Zanella. 2011. MIMO from Theory to Implementation. Oxford: Elsevier
Academic Press.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.004
https://www.cambridge.org/core

Analytical MIMO Channel Models 69

31.
32.
33.
34.

35.
36.

37.

38.
30.

40.

Simon, M. K. and M.-S. Alouini. 2005. Digital Communications over Fading Channels. New Jersey:
Wiley.

Strang, G. 2006. Linear Algebra and its Applications. New Delhi: Cengage Learning India.

Stuber, G. L. 2001. Principles of Mobile Communication. Dordrecht: Kluwer Academic Publishers.
van den Bos, A. Mar. 1995. ‘The Multivariate Complex Normal Distribution- A Generalization’. [EEE
Trans. Inform. Theory. 41(2). 537-539.

Vucetic, B. and J. Yuan. 2003. Space-time Coding. Chichester: John Wiley & Sons.

Weichselberger, W. 2003. Spatial Structure of Multiple Antenna Radio Channels. Institut fur
Nachrichtentechnik und Hochfrequenztechnik, Technische Universitat Wien, PhD thesis.
Weichselberger, W., M. Herdin, H. Ozcelik, and E. Bonek. Jan. 2006. ‘A stochastic MIMO channel model
with joint correlation of both link ends.” IEEE Trans. Wireless Comm. 5(1). 90—100.

Wymeersch, H. 2007. Iterative Receiver Design. Cambridge: Cambridge University Press.

Yacoub, M. D. Feb. 2007. ‘The k-p distribution and the 77-p distribution’. I[EEE Antennas Propagat. Mag.
49(1). 68-81.

Yates, R. D. and D. J. Goodman. 2005. Probability and Stochastic Processes. New Delhi: John Wiley &
Sons.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.004
https://www.cambridge.org/core

Power Allocation in
MIMO Systems

CHAPTER

41 Introduction

Since using SVD, we can decompose a MIMO channel into R, parallel Gaussian channels, where
R, is the rank of the MIMO channel matrix, we will use the knowledge on the capacity of the
parallel Gaussian channel (see Appendix C) to find the capacity of a MIMO channel for uniform
and adaptive power allocation scheme. Uniform power allocation is employed when the channel state
information (CSI) is available at the receiver but not at the transmitter (open loop MIMO system).
We can use adaptive power allocation based on Water-filling algorithm when CSI is available at the
receiver as well as the transmitter (closed loop MIMO system). We will also discuss near optimal
power allocation for high and low SNR cases.

Note that power allocation plays a significant role in deciding MIMO capacity. Power allocation
was not an important issue in SISO since only single antenna was employed at the transmitter and
receiver. Usually we allocate all the power to the single transmit antenna. But for MIMO it is one
of the most important factors for increasing capacity. We have numerous antennas at the transmitter
and receiver for MIMO case. The fundamental question is how much power we allocate to each
transmit antennas. Hence if we allot power equally to all transmit antennas or unequally to each
transmit antenna, capacity of the MIMO channel will be definitely different. If this is the case, then
how we optimally allocate power to MIMO channels can be considered as an optimization problem
to maximize capacity. To allocate power adaptively we need the CSI at the transmitter, also since
power allocation is done at the transmitter. Intuitively we will allocate more power to better channels
than the bad channels. We may not allocate any power at all to some of the worst channels. We will
discuss these in detail in the following sections. In practical scenarios, we can allocate power near
optimally for MIMO channels for two cases: high and low SNR regimes.

4.2 Uniform power allocation

The capacity indicates the best viable transmission data rate over the channel for miniscule probability
of error. Shanon provided the expression of the achievable communication rate of a channel with
noise (C. E. Shanon, 1948). If the transmission rate is greater than the capacity, the system is in outage
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and the receiver makes decoding errors with a non-negligible probability. In this section, let us derive
the capacity of MIMO channels for uniform power allocation. Usually the channel state information
is available at the receiver (CSIR) but not available at the transmitter (no CSIT). Such a MIMO system
X
X
is referred to as Open loop MIMO system. Assume that input signal vectorx = :2 SX Xy e X

b
Xy,
...and xy are mutually independent (uncorrelated). Assume that the overall power of the transmitted

signal is P and equal power is given to individual transmit antenna.

4 N

Antenna 1 Antenna 1

Antenna 2

m Receiver

Antenna Nt

Antenna Nr

Fig. 41 N, x N.MIMO channel

Now consider the covariance matrix of X

I Var(|xl|2) Cov(xl,x;) Cov(xl,x;r) NL; 0o - 0

R, - Cov():cz,xf) Var(:|x2|2) Cov(x:z,x;va) _ 0 NL; 0 :NL;INT @D
Cov(xNT,xf) Cov(xNT,x;) Var(‘xNT‘zj 0O 0 - NL
L - L T

Hence the total power is given by

P =trace (R )
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Trace equals the sum of diagonal elements of a matrix.
Let us assume that the channel gain hl.j are available at the receiver (CSIR) but not accessible at
the transmitter (no CSIT). Besides let us presume that the channel gain is normalized which means

Nryop2
> |hu| = N, for deterministic channel
j=1

Ny 2
> E (|hi/-| ) = N for random channel
=1 N
Then we can write the received signal for frequency flat channel (T. Brown et al., 2012),
y=Hx+n “.2)

where covariance of the noise vector is R, = o*1 N -

Now the average SNR at each receive antenna is

Nr 2 p
S |h| Wil
_ = U Ny
=T
where, o2 is the noise variance.
Note that hl.j may be deterministic or random. For random case, hl.j and A is a RV. For instance,

for Rayleigh fading case, hl.j is complex Gaussian and ¥, is central Chi-square random variable with
2N degrees of freedom.

4.3)

Review question 4.1 J What is the average SNR at each receive antenna?

We can write the Ny x N MIMO channel matrix using SVD (A. Goldsmith, 2005) as follows:
H=UZXZVH

where, X is N, x N, positive diagonal matrix, U is a N, X N, unitary matrix and V is a N, x N,
unitary matrix.

The diagonal elements of X are the positive square roots of eigenvalues of matrix HH,

Using section 3.6 on parallel decomposition of MIMO channels, we have,

% = OF + i = 1.2, Ry

Using the Shannon capacity formula for R, parallel Gaussian channels, the channel capacity for
equal power allocation is

A
o NTG2 i=1 NT02

where, W is the bandwidth of the channel.

Ry P, Ry P Ry AP
C=W3Xlog,|1+— |=W3log,|1+ =Wlog, [I|1+ 4.4a)
i=1 i=1
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Review question 4.2 J What is the capacity of R, parallel Gaussian channels?

Q is the Wishart matrix defined as

Q= HH”, N, <N,
H'H, N, >N,

If 4 = Gl»z;i =12,---,R, are eigenvalues of Q, then

wl, Ph ) PQ
11;[1[1+NT02J = det(IRH +NT02]

73

The above relation is proved in example 4.1. Therefore the capacity formula (B. Vucetic et al.,

2003) becomes

C= Wlog, {det(IRH N ﬂ]} (4.4b)

N; &

Note that the above capacity formula is a function of Q which is dependent on H. Hence, we

need CSIR to calculate capacity for equal power allocation. The non-zero eigenvalues of HH and

HPH are the identical. Hence the spectral efficiencies of the channels with the matrices H and HY

are equal (reciprocity). Since the channel elements are RVs, this formula represents instantaneous
capacities or mutual information. The mean channel capacity can be obtained by averaging over all

realizations of the channel coefficients.

Review question 4.3 J What is the SVD of a MIMO channel matrix H?

Review question 4.4 J What is instantaneous capacity of a MIMO channel for equal power allocation?

Example 4.1

(|, PA PQ
Prove that, I 1+ =det|I, +—=
i=1[ NTO'ZJ ( ki " N, o

Solution
Since },i are eigenvalues of Q matrix,

we have, Qx,= Ax;3i =1,2,---,Ry

where, x; are the eigenvectors for ll. and Q has R, non-zero eigenvalues (rank of Q matrix is R ).

Therefore,

P P i oo
R M-
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Since the identity matrix has all its eigenvalues equal as 1. Note that for a diagonal matrix, the
diagonal elements equal the eigenvalues.

Hence,
P P .
I, +——Q|x;=|1+ X;;i =1,2,---,R
(R” N, & J ( N, & }*J "

We also know that determinant of a matrix equals the multiplication of its eigenvalues. Therefore,

el Ph ) PQ
11:[1[1+ NTOZJ = det(IRH +NT02J

This is a very crude way of proving but it serves our purpose well.

4.3 Adaptive power allocation

Let us presume that CSI is available at the transmitter. Usually the channel state information is
available at the receiver (CSIR). If the receiver sends the CSI to the transmitter through a feedback
channel, then, the channel state information is also available at the transmitter (CSIT). Such a MIMO
system is referred to as Closed loop MIMO system. Now we may distribute power adaptively to
individual transmit antenna to boost the spectral efficiency. Hence, the channel capacity may be
expressed as

o

where, P, is the transmit power at the it transmit antenna.

Example 4.2

Use Water-filling algorithm to maximize the channel capacity for adaptive power allocation.

C= WI% log, [1 + M) 4.5a)
i=1

Solution

We need to maximize C by choosing P, properly. Water-filling algorithm can be utilized in obtaining
the capacity under the ensuing power constraint

where, P, is the power allotted to the ith transmit antenna and P is the overall power which shall be
kept fixed.
Hence the capacity can be written as

PAP,

Ry Ry Y.P P
C=W3Xlog,|1+—=-|=W3Xlog,| 1+ |y = 4.5b
Z gz( PGZJ 2 gz( P)Y (4.5b)
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Using the method of Lagrange multipliers (G. B. Arfken et al., 2005), let us introduce the cost
or objective function as

Ry Y:P, Ry
F= Y log, 1+% +{P-XP 4.5¢)
i=1 i=l1

where, {'is the Lagrange multiplier.
The unknown transmit power P, are determined by setting the partial derivative of the cost or
objective function F to zero.

dar _
ar. ~ 0
P,
d{logz (1 + 1 j - gp,}
= aP =0
1 1 Vi
= —_— L_ =0
@), 1k Pt
P
= P -¢In(2) =0
Yi
1 P
= P = - =
i ¢In(2)
B 1 1
= £ = -
P {I(2) ¥
P.
= L_ 1 _ 1
P Yo 7
Since power allocated should be greater than or equal to zero (P, > 0), we have,
P +
- L F B L}
P Yo %
. + k, k>0
where the notation [k] =
0, £<0

So the power constraint is

The MIMO channel capacity may be rewritten as follows.
Ry Y.P Ry 1 1 + Ry Y +
C= W} log, 1+# =WXlog,|1+7%|——-— =W XY log, 7’ (4.5d)
i=1 i=1

Yo Vi Y27 0
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Example 4.3

1+2i 2+3i
Find the spectral efficiency and optimal power distribution for the MIMO channel H = [ },

3+4i 4+5i
assuming y = § = 5dB and BW=I Hz.

Solution

The SVD of H = U Z V7is given by

| -0.2271-0.40171  0.6889 + 0.5589i || 9.1547 0 -0.5971 -0.8012 + 0.0401i
[-0.5238-0.7160i -0.3899 - 0.2469i 0 0.4369 || -0.8022  0.5963 - 0.0298i
The singular values of the channel are \/Z = 9.1547 and\/z = 0.4369.

Note that ¥, = yA = §Z.i = 3.1623 A . Hence, ¥, = 265.0276 and y, = 0.6037 .

Considering that power is distributed to the two parallel channels, the power constraint becomes

21 1
G
i=\Y 7

2 L1 _
= = =1+ 3 — =2.6602
Yo i=1 Vi
P,
Note that y, < 7, = 0.751. It means that 72 = L/i - VL} is a negative number and hence
0 2

P, = 0. Therefore, the second channel is not allocated any power. Then the power constraint yields

11

S SR
Yo T
- Loy L — 0038
Yo 4

For this case, ¥, > 7, = 0.99624 . The capacity is given by

= 0w [ 1) = 1o, (265.0276) .
C= logz( 0) logz( 099624 ) 8.0554 bits/sec/Hz

Interpretation on log, (1+SNR) curve

Let us try to analyze the log, (1 + SNR) curve for low and high SNR regions (D. Tse et al., 2005). log,
(1 + SNR) is a concave function. It implies that augmenting the SNR experience decree of diminishing
marginal returns. In other words, the greater the SNR, the lesser is the effect on spectral efficiency.
To be precise, let us study the approximations for high and low SNR regions:
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log, (1 + SNR) = SNRlog, ¢ when SNR = 0 (4.6a)

and log, (1 + SNR) = log, SNR when SNR >> 1 (4.6b)

When the power is low, the capacity increases linearly with the received power P (equation 4.6a).
When the SNR is high, the capacity increases logarithmically with the received power P (equation
4.6b).

Review question 4.5 J What is the MIMO channel capacity for adaptive power allocation?

Review question 4.6 J How does log, (1 + SNR) increase with SNR for high and low SNR regions?

4.4 Near optimal power allocation

We can find near optimal power allocation for the high and low SNR regions. Let us find it for the
high SNR region first. Assume R, is the rank of the channel matrix H.

4.41 High SNR

For large SNR, the water level is deep, it is advantageous to distribute equal power to all sub-channel
with the non-zero eigenvalues. Hence, at high SNR,

Ry P. Ry P
<" WEI o2 (1 " %) - WE1 log (%j

c=w¥ L R (P) WY (zfj @.72)
= = 0g, | — | = 0g, | — |+ 0g, | = Ta
S O'ZRH N o\ Ry

Hence for large SNR the spectral efficiency of the MIMO channel is amply greater than the
spectral efficiency of the SISO channel. The capacity increases linearly with the rank of the MIMO
channel matrix (R,). The rank gives a first order insight of the channel capacity. For a detailed
investigation, we need to see how large non-zero singular values are. Note that among the channels
with the same total power gain, the one that has the highest capacity is the one with all the singular
values equal. More generally, the less spread out the singular values, the larger the capacity in the

max (\/Z)
min (\/%

defined as condition number of the matrix. The matrix is accustomed as well-conditioned if the

high SNR regime. In numerical analysis, K(H) = where A, are the eigenvalues of Q is

condition number is adjacent to 1. Hence, one may conclude that a well-conditioned channel matrix
expedites communication for large SNR region.
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4.4.2 Low SNR

For low SNR, it is advantageous to supply power to the strongest eigenmode exclusively. We need
to fill water of the deepest vessel. This means the sender opportunistically transmits exclusively to
the finest channel. The resulting capacity is given below.

C= W210g2(1+%) Rg’zzz]ogz( )

= C = wlmal > log, (e) 4.7b)

The MIMO channel provides a power gain of max {4} in comparison to that of the SISO case.
For such channel, the rank or condition number of the channel matrix gives no sense. The best power
distribution scheme for low SNR is to supply the entire power to the finest sub-channel (the one with
the largest eigenvalue) which is also known as opportunistic communication.

Review question 4.7 J How to allocate power to MIMO channels for low and high SNR regions?

4.5 Summary

Figure 4.2 shows the chapter in a nutshell. In this chapter, we have found out the MIMO channel
capacity for uniform and adaptive power allocation. In adaptive power allocation, Water-filling
algorithm has been employed. CSIR is required for uniform power allocation whereas both CSIR and
CSIT are required for adaptive power allocation. Near optimal power allocation of MIMO channels
for high and low SNR cases are also discussed.

| :
/,/ g
e e ™
7 ™~
,/ \\\
//’/ \\\
A v A
Uniform power allocation Adaptive power allocation Near optimal power allocation
Ry, - 7
Cc=w ]ogz{dcl[lk” + P02 ]} C=w Z]ogz[ﬁj //
Nyo 727, Yo Vs
//
/
High SNR (allocate equal powers to all channels) Low SNR(allocate power when the channel is strongest)
AP
C~WRy logz( ]+W210g2( ] CxI o, (e)
Fig. 4.2 Chapter 4 in a nutshell
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Exercise 4.1
01 0 0
Find the spectral efficiency and best power allocation for the MIMO channel whose H=| 0 05 0 |,
0 0 09
assuming y = % = 1008 and BW = 1 Hz.
Exercise 4.2

What are the key performance-deciding parameters of MIMO channel capacity for high and low SNR cases?
Following are MATLAB based exercises.

Exercise 4.3
01 02 03

Find the spectral efficiency and best power allocation for the MIMO channel H={0.4 0.5 0.6 |, assuming
0.7 08 0.9

P
= - = 3dB and BW=1 Hz.
14 p
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Channel Capacity
of Simplified MIMO
Channels

CHAPTER

5.1 Introduction

Capacity of a MIMO channel equals the maximum data rate that can be transmitted over the channel
with arbitrarily small probability of error and it is the subject of focus for this chapter. We will first
find the capacity of some cases of MIMO channels with fixed coefficients. We will take up some
simplified cases: (a) SISO channels (b) SIMO channels (c) MISO channels (d) unity MIMO channel and
(e) identity MIMO channel. Real life or practical MIMO channels are not deterministic but random.
We will find the ergodic capacity and outage probability for some of the above fading channels.
Parallel Gaussian channels are discussed in Appendix C. Appendix C also reviews information
theory which may be of use to readers who are not familiar with the information theory. For further
studies on this subject, one may also refer to T. M. Cover et al., 2006.

5.2 Capacity for deterministic MIMO channel

Itis good to start with a discussion on MIMO capacity for simple and deterministic MIMO channels.
In this section, let us find the maximum transmission rate for MIMO channel with fixed or constant
channel coefficients. Generally channel state information (CSI) is available at the receiver and not
at the transmitter.

5.21 SISO channel

Let us consider a SISO channel with N,.= N, = 1 and & = 1. The Shannon formula for AWGN channel
capacity is

C= Wlog, (1 + 5) G.1)

where, P is the signal power and o7 is the variance of the noise.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.006
https://www.cambridge.org/core

Channel Capacity of Simplified MIMO Channels 81

5.2.2 SIMO channel

R P
For MIMO we have, C= W 2[,1 log, [1 + sz = ] . Since SIMO channel is a vector (R, = 1), its SVD
i=1 T

will have a single singular value equals to the Frobenius norm of the vector. There is only one

transmitting antenna and therefore SNR is £ .Hence,

o
C = Wlog, (1 + £||h||2) (5.2a)
J)
2
If the channel coefficients are equal and normalized |h1 |2 = |hq|2 == ‘hNR‘ =1, the capacity
becomes
N p NgP
C=Wlog, |1+ X |h| 5 | = Wlog, | 1 + —£~ (5.2b)
= &

If we now compare this capacity with the capacity of a single antenna channel, we see that SIMO
increases the effective SNR and provides a power gain but no MUX gain.

How does one achieve this capacity practically?

Consider SVD of the channel vector

1 1
h=|l]= Ll-\/ﬁ-lzu s vA
: Np|:
1 1

Hence all power P goes to the single antenna, no transmitter precoding.
After receiver shaping, the total received signal voltage is

\/%[1 1 - 1]?/5: NP

Hence the signal power is N ,P.

5.2.3 MISO channel

In this system, there are N, transmit antennas and only one receive antenna (N, = 1). The channel
is represented by the vector: h = [hl hy - hy, ] . We have, for MIMO channel,

C = Wlog, {det[IRH + N};(éz j}
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HH?, N, <N,

where Q =
H'H, N, >N,

N 2
Since N, < N., we have for MISO channel, Q = hh'’ = i h;| andalsoIy, =1.Hence, we get
R P J H
j=1

the capacity for MISO channel for equal power allocation as

H Np 2
C=W10gz[1+Phh ]:W10g2[1+ Z|h]-| P J
JEN

N, & Nyo
If the channel coefficients are equal and normalized |h1 |2 = |h2|2 =..= ‘hNT ‘2 = 1, the capacity
becomes
Coqua = Wlog, (1 + %) (5.30)

The capacity doesn’t increase with the number of transmit antennas. This is the case when we
allot the power equally for all transmitting antennas. If we assume CSl is available at the transmitter,
we can apply water-filling algorithm. Since the rank of the vector channel matrix is one, there is only

N 2
one nonzero eigenvalue of hh! and is given by A = ET, |h j| . So we get the capacity for equal and
j=1

normalized channel coefficients as
_ AP _ Neppp )l N,P
Cwaterfilling - W10g2 (1 + ?j - W10g2 (1 + j§1|hj| ?) = W10g2 (1 + 7 (5.3b)

Here we see that there is a power gain for MISO channel when the power is allotted using the
water-filling algorithm but no MUX gain.

How does one achieve this capacity practically?

Consider SVD of the channel vector

h=[1 1 - 1]:1-@.\/1\71[1 1 1]=U x V"

Hence after transmitter precoding, each antenna sends equal signal power and voltage.

1

111
=N_fo

1

No receiver shaping, the total received signal voltage is N, ’NL
T

Hence the signal power is N.P.
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5.2.4 MIMO channel with unity channel matrix

Consider H with all-1 matrix, a special case of spatial interference. Its SVD is

—_ =
—_ =
—_ =

welU 1 el R D - ]

Since there is only one singular value, R, =1, \/Z = /NgxN; , and hence /'Ll = NN, We can

allot all the power P to single channel with non-zero eigenvalue yielding the channel capacity

C= Wlog, (1 + NNy %) (5.4)
In this case, we see that there is diversity gain from proper combination of the received signals

but no rate or MUX gain.
How does one achieve this capacity practically?
After transmitter precoding, each antenna sends equal signal power and voltage.

1
co [L|!
X = NTEX

1

After receiver shaping, the total received signal voltage is

U
11 | VA JN, P
P
11 - 11| ==
Ni[l L) o ||V | = NL[I 1 1] ZYTP = [N, NP
R P oo . R :
11 3 et NP
Ny

Hence the signal power is NN .P.

5.2.5 MIMO channel with identity channel matrix

For identity matrix, SVD of H gives U and V matrix as identity matrices only. Hence this MIMO
system needs no transmit precoding and receiver shaping. Assume that H matrix size is R, X R,,.
Due to the structure of H, there is no spatial interference here and transmission occurs over R,
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parallel AWGN channels, each with SNR [ :I for equal power allocation and hence with capacity
H

Wlog, |:1 + L} bit/dimension pair for each channel. Since singular values and eigenvalues of

R, 0
identity matrix equals 1. Channel gains for each path also equal 1. Thus for parallel R, Gaussian
channels,

C= R,Wlog, [1 + L} (.5)
R, 0
We see here that we have a rate gain, since the capacity is proportional to the number of transmit
antennas. We can observe that as R;, — o, the capacity tends to the limiting value (asymptotic
Ryo
P p |7

capacity) C = —Wlog, e . Note that Lim lo 1+ —— = log, e.
pacity o 22 RHGZHOO gz( RHO'2 22
P

Review question 5.1 J Can we have MUX gain for SIMO/MISO channels?

Review question 5.2 J What are the capacities of MIMO channel with unit and identity channel matrices?

5.3 Capacity of random MIMO channel

MIMO channel are usually random. Hence we need to find the capacity of random MIMO channel
rather than the deterministic MIMO channels. For fading channels, the channel is random and hence
capacity which is a function of channel is also random. There are two types of capacity for fading
channels:

(a) Ergodic capacity
(b) Outage capacity

For a frequency non-selective MIMO channels, there are two classifications which will be widely
investigated for calculation of MIMO channel capacity. They are

(a) Ergodic channels
For frequency non-selective channels

y() = H(Ox() + n()

with H(/), —e < [ < oo as an i.i.d. random process. This fading model is ergodic. During
transmission, a long enough code word experiences all states of the channel.
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(b) Non-ergodic channels
Each code word however long experiences only one state of the channel.
The average capacity is denoted by (C). For ergodic channel, the channel coefficients vary
with time and it is possible to experience all states of the channel over the entire frame of data.
Hence we can average or take expectation of the random channel capacity over the PDF of the
channel. The channel capacity which is a function of random channel is also random and it will
have CDF and PDF.

Another capacity of importance is the outage capacity which is the appropriate capacity to describe
for non-ergodic channels. For non-ergodic channel, it is possible to experience only limited realizations
of the channels for entire frame of data. The outage probability denoted as P,_ is the probability
that the channel capacity C drops below a certain threshold information rate R. For any given data
rate R, there is a finite probability that for any coding scheme will not be supported reliably over the
channel. In other words, reliable transmission rate R for the channel is possible with the probability
1-P . P, is calculated from the CDF of the channel.

Review question 5.3 J What do you mean by ergodic and non-ergodic channels?

Review question 5.4 J Define average capacity and outage probability.

5.3.1 SISO fading channel

For a SISO channel, the I-O relationship can be expressed as

y=hx+n

where, y is the received signal, x is the transmitted signal and n is the AWGN.
We will consider two performance parameters for random channel. They are ergodic capacity
and outage probability.

(a) Ergodic capacity

Ergodic capacity is the average of the instantaneous capacity of the random channel. It is found out
by taking the expectation of the instantaneous capacity over the probability density function (PDF)
of o= |h |2 where, & is the random channel gain coefficient as given below.

(€)= E{Wlog, (1 + oSNR)} = TW1og2 (1+ oSNR) p(oydos oo =i’ (5.6a)
0

where W is the bandwidth.
The above expression for average channel capacity could be obtained analytically or numerically.
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(b) Outage probability

In the case of random channels, it is better to characterize the system performance by computing
the outage probability i.e., the probability that the rate R is greater than the channel capacity C(h).
In such a case, the outage probability

P, = Prob(C(h) < R) = Prob(Wlog, (1+ oSNR) < R); c = |Af° (5.6b)

out

where, W is the bandwidth.

The g(0 < g < 1) outage capacity is defined as the information rate (R) that guarantees no outage
for (1 — g) of the channel realizations. For instance, information rate R for which ¢ = 0.1 or ¢ = 0.2
outage capacities may be calculated.

Show that if we have the PDF of |h| as Py (|h|) , we can obtain the PDF of effective SNR o = |h|2 %

with o, = Q% by making a change of variable for the fading PDF as follows:

Solution

This can be proved easily using the following procedure and theorem of probability.

Assume X is a continuous random variable (RV) with PDF f,(x). Let Y be a new RV obtained
from X by the transformation Y=g(X). If we wish to determine the PDF of Y=g(X) (f,(y)) in
terms of x. We can employ the following theorem on transformations for functions of one RV
(A. Papoulis et al., 2002).

Theorem: To find f,(y) for a specific y, we solve the equation y=g(x). Denoting its real roots
by x, = g !(y,), we can show that

£ (y) = o+ +... (5.7b)

where, g’(x) is the derivative of g(x).

i
o

|h| = ,f% o= /% o . This is equivalent to x = g7!(y). Since y = g(x) for this case is « = |h|2 5 .

For equation (5.7a), y = o and x = |h| From o= |h|2§ and ¢, = Q , we have,
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Hence, g ( )— 2|h| 02 ,/— =2 / a= 2,/—05 Now we have the final equation (5.7a)

by substituting above values of x = g‘l(y) and g’(x) in the equation (5.7b).

The outage probability P is the probability that the channel capacity C drops below a certain
rate R. This is the cumulative distribution function (CDF) of the random variable C and threshold is
R. The outage probability for data rate R can be obtained as
(R) = Prob(C < R)

Ollt

Prob(Wlog, (1+ aSNR) < R)

R
_ 2W -1
= Prob| o < SNR
_R_
ernZ -1
= out(R) = Prob| a < W (5.8)

The CDF of a random variable (RV) « is defined as

_R
Win2
e -1

In outage setting, threshold x should be chosen as x = SR

Classical fading distributions

Rayleigh fading
Let us consider the widely used Rayleigh fading model, where £ is a zero mean, circularly symmetric
complex Gaussian (ZMCSCG) RV. Since h is ZMCSCGRY, o = |h|2 is exponential i.e., it has PDF

Pu ( a) = %exp (—ﬂju(a) where, ¢, is the mean value of & and u(0) is the unit step function.

The ergodic capacity is given by
1 o
Wlog, (1 + aSNR exp(——)doc (5.9a)
21+ ofSNR)) L-exp -2

(c) =

The outage probability can be obtained from

o—3

(R) = Prob(Wlog, (1+ oSNR) < R)

oul
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R
_ 2% —1
= Prob| o< SNR
R
Win2 _
= Prob| < eTRl

Also we know that, CDF of exponential RV is given by

N _x

P,(x)= | P (a)da=1-¢ @

Hence, P

Show that there cannot be any reliable transmission at any rate guaranteeing a zero outage probability
regardless of the value of the bandwidth (BW) and transmit power for a Rayleigh fading channel.

Solution

We can express the rate R in terms of outage probability from the previous equation as follows.

1 - SNRoy In(1 - P, (R)) = Wl“z
= (WIn2)In(1- SNRoyIn(1 - P, (R))) =R
- % = log, (1 - SNRep In(1 - P,,, (R))) (5.9b)

From the above equation it turns out that if we want to have a zero outage probability (P_, = 0),
we obtain R = 0 (S. Barbarossa, 2003). Hence there cannot be any reliable transmission at any rate
guaranteeing a zero outage probability regardless of the value of the bandwidth (BW) and transmit
power.

For SNR = 5dB, ¢, = 0.7 and 0.2 outage capacity can be calculated as 0.5791 bits/sec/Hz. Below

we will try to find the outage capacity for various classical fading distributions.

Rice fading

If |h| is Rice distributed, o = |h|2 is non-central Chi square distributed with two degrees of freedom

and non-centrality parameter, 7. The CDF of non-central Chi square distributed with two degrees
of freedom and non-centrality parameter 17 is given by
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Py =1-0(uvx)

where, O, is the Marcum Q-function.
Hence,

R
eWin2 _ 1

SNR

P (R=1-0/u (5.10)

Marcum Q-function:

oo 7u2+x2 I k 2
In the above equation, Q, (a,b) = [xe 2 Ij(ax)dx;ly(x) = X (f—j
b k=0\2"k!

Note that a and b are nonnegative real numbers and /; is the zeroth order modified Bessel
function of the first kind. Another alternate expression for Q,(a,b) is

Ql(a,b) =e 2 Y

7a2 +b2 o (
k=0

%)k 1, (ab)

o 1 ¥ 25+ U
where Iu(x) = E(J—S!(S " #)'(E) )

MATLAB command to calculate Marcum Q-function is Q = marcumq(a,b).

Since Q,(v,0) = 1, we have again for zero outage probability for R=0.
Nakagami-m fading
If |h| is Nakagami-m distributed, o = |h|2 is gamma distributed.

The CDF of gamma distribution is given by

foi

Hence the outage probability is given by

R
ﬂernZ -1
"M o SNR

Poul(R) =

) (.11)
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In the above equation, gamma function is given by
()= [t""edt,Re(x) > 0
0
It is also frequently called as Euler definite integral.

The MATLAB command to calculate gamma function is y=gamma(x) where x must be real.
For positive integer m, it reduces to

I'(m)=(m-1)!

The incomplete gamma function is the generalization of the gamma function by the variable
limit integrals as follows

Y(x, a) = jtx_le_tdt,Re(x) >0
0

For positive integer m, it may be expressed as

s=0

yom, @)= (m - 1)!(1 - e“‘mz_l‘sl—i).

Generalized fading distributions
Let us try to find the outage capacity of various generalized fading distributions. For CDF of
generalized fading distributions, one may refer to M. D. Yacoub (2007).

n-u fading

The CDF of o can be obtained from the given formula.

P (x) = 1—1@(%,\/%)

Yacoub’s integral could be obtained as

) \/52%’”(1 -2)

Y, (x.y) i Jeu _L(tzx)dt
C(p)x" 2 7
where - 1 <x<1,y>0
a+2k
X
. (3]

I,(x)= ¥ ——=~———x 20 is the modified Bessel function of first kind and order ¢.
im0 k!T(a+k+1)

The MATLAB command to calculate this is I = besseli(nu,Z,1) where nu is equal to the variable
o and it must be real. The argument Z can be complex.
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Hence the outage probability is given by

(5.12)

out

P R=1-7Y, %

k-u fading

From the CDF of «, we can obtain the outage probability as

_ R
eW1n2 -1

2(1+k)u SR 513

%

P (R)=1-0,| J2kp,

The generalized Marcum Q function is calculated as

24 _d+b?

Q# (a,b) = Zx(ﬁ)ﬂ_le = 1y (ax)dx =0, (a,b) te ° il(é)klk (ab).

k=1\a

The MATLAB command to calculate generalized Marcum Q function is Q = marcumgq(a,b,m)
where m is the u variable in the above expression for Marcum Q-function.

We can also explore for o-u fading cases. It is left as an exercise for the readers.

5.3.2 SIMO fading channel

Consider a SIMO system with one transmit antenna and N, receive antennas. Noise corrupts the
transmitted signal at the receive antennas and it is distributed as N, g R (O, o I) . The transmit signal

power constraint is P. The channel for the 1 x N, MIMO system is assumed to be frequency flati.i.d.
Rayleigh fading and CSIR is available. Let us compute the ergodic capacity and outage probability
of the channel.

For a time slot m, the received signal (D. Tse et al., 2005) can be written as

y(m) = h(m)x(m) + n(m)

where, h(m)~ N_* (0,1) and x(m)~N 0, P).

Let us compute the capacity of the SIMO channel. Dropping the time index m, we can rewrite
the I-O relation of SIMO system as

y = hx+n
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N n hy
where, y = y:2 n = n:z ;h = h.2
Yng | g h
Assume that E _|x|2} = P . Letus assume that at time slot m, the channel is fixed for finding the

instantaneous capacity at time slot m. The covariance of the received signal vector can be calculated
as

Ryy = E[yy"] = E[(hx + n) (hx + n)] = Phh” + O'ZINR
Note that we have assumed that x and n are independent. Then, mutual information

1(x;y) = h(y) = h(y|x) = h(y) — h(n)

h(y|x) = h((hx + n)/x) = h(n/x) = h(n) due to translation invariance of the entropy (%) and
independence. Note that a brief discussion on Shannon information content (SIC) of an outcome,
entropy and mutual information is given in Appendix C. Since jointly proper Gaussian random
vectors maximize the differential entropy (refer to Appendix C).

For a given covariance matrix R, the complex multivariate Gaussian distribution maximize
entropy on (—oo, o)V,

Find the entropy of complex multivariate Gaussian distribution.

Solution

The entropy of complex multivariate Gaussian distribution could be obtained from its pdf as follows.
A zero mean multivariate complex Gaussian distribution has the following pdf.

o(x) = n_N1|R|exp(—xHR_]x) = |7rR|71 exp(—xHR_lx)

We can find the entropy as follows.

hf(x) = E,; (—log2 ((p(x))) = —(log2 e)Ef (—1n|7'cR| — XHR_IX)

- (log, e)(ln|7l'R| +E, (xHR’lx)) = (log, e){1n|7TR| +E; (%xl‘ (Ril )ij % H

= (log, e){ln|ﬂR| +E, (z] X% (R‘I)UH = (log, e){ln|7rR| + (z] E, (x;%)(R7 ), H
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= (log, e)[1n|nR| + (Z(R)ﬂ. (R‘I)U ﬂ = (log, e){lnlﬂRl + (Z(RR‘I) ﬂ

i.j i.j g

= (log, e)[1n|nR| + (Z(I)ﬁﬂ = (log, e)[ (In|#R]) + N | = (log, ¢)[ (In| zeR]) ]

ij

= [(log2 |7reR|)]

Hence, h(y) = log, |7reRyy|;h(n) = log, |7reRnn| = log, ‘neoleR‘ = log, (neGZ)NR .

‘We next use the upper bound on the mutual information by rewriting the capacity of the channel as

I(xy) = h(y) - h(n) < log, (det(n’eRyy)) — log, [( ,,eaz)NR }

det(Phh" + 0’1, )
()"

= log, = log, det(INR + ﬁhh“’)

o

For any two matrices MxN matrix A and NxM matrix B, we have,
det(I,, + AB) = det (I + BA)

Hence, for SIMO system, using the above identity, we have,

I(x,y) < log, det(l + §|h|2j
Therefore,

C= Wlog, (1 + £|h|2) (5.14)

Rayleigh fading channels

Ergodic capacity:
The ergodic capacity of this channel is given by

(c) = E(logz (1 . §||h||2j)

Ng
The RV ||h||2 =hh=73% |hi |2 is a sum of the square of 2N, independent Gaussian RVs and hence
i=1

it is Chi-square distributed with 2N, degrees of freedom. Therefore, the PDF of this RV is
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Foo(x) = —— L M1
[ 2V (Ng = 1)1

Therefore, the ergodic capacity of this channel is given by

1 T P\ Ng-1 5
C)= —————[|1+5x M 2ax 5.15
© 2NR(NR—1)!£(+GZXJX ‘ G4

The close form expression for ergodic capacity of SIMO Rayleigh fading channel is given in
example 6.1. We can compare this channel capacity with that of SISO case. We will find here the
ergodic capacity for high SNR case. We can rewrite the ergodic capacity as follows:

€)= E{log2 [1 + ]]\:,::2 ||h||2 ﬂ

For high SNR case,
o dpu( 250
= E[logz (NR ?D + E| log, [%J
= (©) = log, (%) + Ellog, {%J 516

Note that in high SNR region, the ergodic capacity of the i.i.d. Rayleigh channel is equal to that of

NLP
AWGN having an effective SNR of —&— with an additional term which reduces capacity. The second

o

tends to zero as N, — o since the PDF of N approaches a Dirac delta function centred at 1.

[n
R

Outage capacity:

For a threshold or target rate of R (bits/s/Hz), outage probability is given by

|
P

o

Prob(R) = Prob{logz (1 + §||h||2j < R} = Prob{log, | || <

R
Hence the corresponding threshold on ||h||2 is ﬁ

2N, independent Gaussian RVs and hence it is Chi-square distributed with 2N, degrees of freedom.
Therefore, the PDF of this RV is

. The RV ||h||2 is a sum of the square of
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1 Np-1 ~>
xR

S S :
o ) = 5% (Ne-1r°

Example 5.4

Compute the outage probability and diversity gain of Rayleigh SIMO channel.

Solution

Let us compute the outage probability as follows.

2Ry
P
o _x
1 Ng-1
P (R) = —Xx"R7e 24x
out( ) g 2NR (NR _ 1)‘
Substituting y = %, we have,
128
P
02
1 Np—1 -y
P (R) = R™e™Vd
out( ) £ (NR_I)'y Y
: P\ 2k 1 2k 1 :
For a high SNR | = |, since y < and tends to zero for high SNR, we have,
o P P/
o
e = 1. Hence,
12R .
2,P 1281 N
"o 1 N1 1 v PE 1 (2R_1) '
P, (R)= | My = SR = (.17)
o (Ng-1) (Ng)!

0 2N (;jNR (Ng)!

One can see that outage probability for high SNR case is proportional to —1__ where (i)

is SNR. Hence there is diversity gain of N, with respect to (w.r.t.) SISO case.
Let us try to find the exact outage capacity of a SIMO system with i.i.d. Rayleigh fading.

Find the P (R,P) for an i.i.d. Rayleigh fading channel with N;.= 1 (number of transmit antennas)
and N, receive antennas, where y is the SNR and R is rate in bits/sec/Hz.
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Solution

Consider N, = 1 (only one antenna). In this case, it is clear that the outage probability is

Y whH
INR + N_Thh

Prob(logz < R) - Prob(log2 [1+ 7h"'h| < R)

Since h'h is a Chi-square random variable with 2N, degrees of freedom (N, is the number of
receive antennas) and mean N, we can compute the outage probability as

Prob(logz‘l + 7hh| < R) Prob(‘l + 7hh| < 2R)

Prob(yh"'h < 2% 1)

R
Prob[hﬂh < 2—7/‘1)

R_
Y(NR’Z Y lj
R=—— '/

out( In (NR )

where, y(x, a) is the incomplete gamma function.

n-u fading channels

Outage capacity:
Outage probability can be obtained from

Prob(R) = Prob{log2 (1 + §||h||2J < R}

It could be also obtained from the CDF from 1 — N u square variate distribution.

| _2Nguh

| Newsd  wgu Vet VR
P (y) = }zﬁ(NR”) g 20 @ 1 (ZNR#Hx)dx (5.182)
x 1 NrUu—~ Q '
0 F(NR/J) Ngu- 2QNRl1+ R
2k 1
where threshold y is P
Ea
Ergodic capacity:

The ergodic capacity of this channel is given by

©)- E[logz (1 . §||h||2jj
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The RV ||h||2 is a sum of the square of N independent 77— ¢ RVs (M. D. Yacoub, 2007) and hence
itis 77 — Nt square variate distributed. Therefore, the PDF of this RV (D. Dixit et al., 2012) is
2Npph

1 _1 _2Npph
B LY e S €Y7 SR W
NR,u—% Q ’

o (%)
HhH F(NR ,Lt) HNR,u—%QNR;H—%

Therefore, the ergodic capacity of this channel is given by

Noutd Nt _2NrHh
)ZJ;(NR“) RU ZhNR'ux R 2¢ Q (ZNR,LLH

7 P
C)=|log,|1+5x 1
(ey=1 gz( Neti—d Nk} Vet Q

> x)dx (5.18b)

[(Npu)H

k-pn fading channels

Outage capacity:
Outage probability can be obtained from

Prob(R) = Prob{log2 (1 + §||h||2) < R}
It could be also obtained from the CDF from k — Ny square variate distribution.

Ngu+l Npit  Ngp(1+k)

YNpu(l+k) 2 x 2 e @ k(1+k)x
PX (y) :-’- Ngp—1 Npu+l INR/l_l 2NR T dx (51921)
0 k2 oNrHkG 2
|
where threshold y is P
?

Ergodic capacity:
The ergodic capacity of this channel is given by

(c) = E(logz (1 . §||h||2])

The RV ||h||2 is a sum of the square of N, independent k — ¢ RVs and hence it is k — N u square

variate distributed. Therefore, the PDF of this RV is

( )M Nep_ Ngi(+k) 0
Npp(1+k) 2 x2e @ k(1+k)x

Npu-1 N+l INR/J—I 2Ng - ;E(X) =Q
T2 GNrHkG T2

S ()=

k

Therefore, the ergodic capacity of this channel is given by
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( )NRu+1 Ngi _Ngp(+k) ™

> p \Npu(l+k) 2 x2e 9 k(1+k)x

(C) = j10g2(1+?xj N N Iyt | 2Ngby| =g |dx (5.19b)
0 k 2 oNrekg 2

5.3.3 MISO fading channel

Consider now a MISO system with one receive antenna and N, transmit antennas. Noise corrupts

the transmitted signal at the receive antenna. The transmit signal power constraint is L The channel

o

for the N, x 1 MIMO system is assumed to be frequency flat i.i.d. Rayleigh fading and CSIR is
available. Let us compute the ergodic capacity and outage probability of the channel. For a time slot
m, the received signal can be written as

y(m) = h(m)x(m) + n(m)
where, k(m)~ NAT (0,1), x(m)~ NOT (O,NLIJ, N, (0,02) and E(|x(m)|2) <P.

Since channel is a vector (h = [hl hy - hy, ] ), its SVD will have a single singular value

equals to the Frobenius norm of the vector. If we assume that channel is not known at the transmitter,
we can have equal power allocation and therefore, each transmitting antenna will send signal with

power of L . Hence the effective SNR for each path is

P
Ny NTo2

uniform power allocation is given as

. The instantaneous capacity for

P 2
Cuniform = 10g2|:1 + NTGZ "h" :|

Rayleigh fading channels

Ergodic capacity:
The ergodic capacity of this channel is given by

(€)= Fytos 1+ L uf |

N 2
The RV ||h||2 = i |h j| is a sum of the square of 2N, independent Gaussian RVs and hence it is
j=1

Chi-square distributed with 2N, degrees of freedom. Therefore, the PDF of this RV is

- L N _%
T &) = 57 v -
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Therefore, the approximate ergodic capacity of this channel for high SNR case is given by

2
(C) = log, (%j + E{log, [%] (5.20a)

The derivation is quite similar to that of SIMO case and hence will not be discussed again. One
point to be noticed is that there is no power or array gain in the first term of the ergodic capacity of
equation (5.20a) w.r.t. SISO case. The close form expression for ergodic capacity of MISO Rayleigh
fading channel is also given in example 6.1.

Outage capacity:

Let’s now move to the outage setting. The outage probability is given by

Prob{logzlil + OZI?VT "h"z} < R}

P (R) =
N, (2% -1
= Prob ||h||2 < ¥
e
|
= P,y (R) = Probi[h[" < ==
N,
Hence, at high SNR (similar analysis with SIMO case above), we get,
e -y)”
Paut (R) = (520b)

N
2

One can see that outage probability for high SNR case is proportional to +Nr where [5)
P
o
is SNR. Hence there is diversity gain of N, w.r.t. SISO case.

n-u fading channels

Ergodic capacity:
The ergodic capacity of this channel is given by

(€)= Futos 1+ L |
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The RV ||h||2 is a sum of the square of N..independent 77— ¢ RVs (M. D. Yacoub, 2007) and hence
itis 77 — N square variate distributed. Therefore, the PDF of this RV (D. Dixit et al., 2012) is

1 _1 _2Npph
24 (Npsr) T2 iy 120 2N, uH

thH2 (x) = ol vl INTp—l 0 X ;E(x) =Q

F(NT‘U)H TH 20 THtS B

Therefore, the ergodic capacity of this channel is given by
1 1 _2Npih
Nru+= , N Nru-5 - X
< 2\ m (N TE 2 Ty 2 Q ) H
(C)=]log, |1+ P_, \F( r#) : - I 1(—NT“ x |dx (5.21a)

0 NTO_2 F(NT‘LL) HNT#*EQNT/»HE Nrp—

Outage capacity:

Outage probability can be obtained from

Prob(R) = Prob{Ing (1 + NTLGz"hnzj < R}

It could be also obtained from the CDF from 71— N, u square variate distribution.

1 1 2Npuh
) Nrl+= . N Npp—> ——&5—x
Y2\ (N T phTHy 2 O 2
P.(y)=] Va (Nrp) : 1 I 1(%)(]% (5.21b)

0 F(NT ‘u) HNT”_EQNT#+5 TH=S
|

where threshold y is P

oN;

k-p fading channels
Ergodic capacity:

The ergodic capacity of this channel is given by

(c) = E[logz [1 + Nf N ||h||2D

The RV ||h||2 is a sum of the square of N, independent k — & RVs and hence it is k — N i square

variate distributed. Therefore, the PDF of this RV is

( )M Npp _Nppd+k) ( )

Nop(l+k) 2 xZe @ K+ K)x

thH2 (x) = Npp-1 Ny u+l INT,u—l [2NT T],E(x) =Q
k 2 NrtHkQ 2
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Therefore, the ergodic capacity of this channel is given by
Nppt+l  Npp  Npud+k) o
" Npu(l+k) 2 x 2 @ k(1+k
(C) = [log, [1 +-L xj r#( ) i Iy et (ZNT u]dx
0

Npu—1 Npu+l Q
NTGZ k T2 eVTH T2

(5.22a)
Outage capacity:
Outage probability can be obtained from

Prob(R) = Prob{logg [1 + NTLol"hnzj < R}

It could be also obtained from the CDF from k — N square variate distribution.

Npu+l  Nru _NT,U(H'k)X
/ 1+k 2 Q k(1+k
P, (y) = ENT,U( + ) 2 x2%e o [2NT u]dx (5.22b)

Npp-1 Ny p+l Q
k 2 NrHkg 2

IR
where threshold y is

N,

Review question 5.5J For SISO channel,

(a) If |h| is Rayleigh distributed, then o = |h|2 B8t distributed.
(6) If |h| is Rice distributed, then o = |h|2 B8t distributed.
() If |h| is Nakagami-m distributed, then O = |h|2 IS i distributed.

Review question 5.6 J What is the close~form expression for Yacoub’s integral?

Review question 5.7 J What is the instantaneous capacity of (a) SIMO and () MISO i.i.d. Rayleigh fading
channel?

Review question 5.8 J What is the outage and ergodic capacity of (a) SIMO and (b) MISO i.i.d. Rayleigh
fading channel?

Review question 5.9J What is the diversity order of a (a) SIMO and (b) MISO i.i.d. Rayleigh fading

channel?

Review question 5.1 UJ What is the outage and ergodic capacity of (a) SIMO and () MISO fori.i.d. n-y and
k- fading channels?
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5.4 Summary

Figure 5.1 shows the chapter in a nutshell. We start with the determination of MIMO channel capacity
for fixed channels like SISO, SIMO, MISO, unity and identity channel matrices. Then move onto the
random channels. We found out the ergodic capacity and outage probability for SISO, i.i.d. SIMO and
MISO channels. About the fading distributions, we have considered both classical and generalized

fading distributions.

< MIMO channel capacity >
<« 777 )
Deterministic MIMO channel . Random MIMO channel
_—
/_L\ / / ( ( = _—— ///
= ==
WEEO: | / //,/// _— /
/ / = =
P = _—
C:Wlogz(H—Z] | { — . = —
o / | SIS < sasiio— <CHdMISO >
@ / // .
/ A
@ / /‘ (C):.!Wlog2(l+aSNR)pa(a)da;a:|h‘z ’/ //// / o
/ e
| e / — /
NP / | pul®)=Probfa <] | <" T o el
a f ot (R)= = 1+ x2e
c,log,[H?] / | ’ R [ - J)- IMT’M-'[”’“ k_(.;k;de
N = 0 2 Mg 2
— (€= o) o 2| v
~MiSO Rayleigh // e O
O A / o) 1 - Pou(R) =5 i ) e T I Nyt
o =W 108 | 1+ =5 (C)LN" =e’ logy e)z By 7 T ™ P * ’.[ Nk Np Ny 1( o fF
= Ny Ot 20
P
Cotrpne =W 108, | 1+ N — 2f-1 ~
e =W, (14,2 ) o
R)MI(R)=W \\
Unity MIMO . ~
channel matrix Nt Natt -%“”x RN
t p \Naul+k)"2 x 2 e ),
<C>:Ilogz IO s A S S N VA L1C.0.2 PV
C—Wlog [1+N N i) = N1 Npail bt a -
2 ’Nr 3 0 K2 oMk 2 \
.
N
Identity MIMO channel matrix \\\
c= Rleogz[l+R ‘:2] ot
" 2 W (N yies 2 Q Il
(€)= [ogsf1+) (e )
~‘]: ( ) l‘()\’,(;A)IIN"“J;QN”W; Ny *[ Q )d
Fig. 5.1 Chapter 5 in a nutshell

Exercises

The following exercises may not have close-form formulae, but may be explored.

Exercise 5.1

Find the ergodic and outage capacity for i.i.d. uncorrelated classical fading SIMO channel whose fading
distribution is

(@) Nakagami-m

(b) Hoyt

(c) Weibull
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Exercise 5.2

Find the ergodic and outage capacity for i.i.d. uncorrelated classical fading MISO channel whose fading
distribution is

(a) Nakagami-m

(b) Hoyt

(c) Weibull

Exercise 5.3

Find the ergodic and outage capacity for i.i.d. uncorrelated generalized fading SIMO channel whose fading
distribution is o~y distributed.

Exercise 5.4

Find the ergodic and outage capacity for i.i.d. uncorrelated generalized fading MISO channel whose fading
distribution is o-p distributed.

Exercise 5.5

How would one find the ergodic and outage capacity for separately correlated Rayleigh MISO/SIMO channel?
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CHAPTER

6.1 Introduction

Compared to conventional single antenna system, the channel capacity of a MIMO system with
N, transmit and N, receive antennas can be increased by a factor that is at the most the value of
min (N, Np), without additional transmit power or spectral bandwidth for an i.i.d. Rayleigh fading
channel. MIMO techniques can be broadly divided into two: (a) diversity techniques and (b) spatial
multiplexing (MUX). The diversity technique intends to receive the same information-bearing
signals in the multiple antennas or transmit them from the multiple antennas, and hence improves
the transmission reliability. When the spatial MUX techniques are used, the maximum transmission
rate can be same as that of the MIMO channel capacity. But when diversity techniques are used,
the achievable transmission speed or rate can much lower than the capacity of the channel. We will
find the capacity of random MIMO channel for three cases: (a) i.i.d. Rayleigh fading channels, (b)
Separately correlated Rayleigh fading MIMO channels, and (c) Keyhole Rayleigh fading MIMO
channels. We will find the ergodic capacity and outage probability for i.i.d. fading MIMO channels.
Then we will see the effect of antenna correlation on the MIMO channel capacity. How antenna
correlation reduces the capacity of the channel? Finally we will find the capacity for a keyhole MIMO
channel. We will show that for a highly scattered environment, the capacity is very low, if we have
keyhole propagation.

6.2 Capacity of i.i.d. Rayleigh fading MIMO channels

In capacity analysis for MIMO channels, we will find the ergodic capacity and outage capacity from
the instantaneous capacity. Similar analysis could be carried out for i.i.d. uncorrelated fading for any
of the classical fading distributions viz., Rice, Nakagami-m, Hoyt and Weibull.

6.2.1 Ergodic capacity

By using the SVD, the MIMO fading channel with the channel matrix H can be represented by an
equivalent channel consisting of R, (rank of H) decoupled parallel Gaussian sub-channels. Thus
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the capacities of sub-channels add up, giving for the overall instantaneous capacity for uniform or

R P
equal power allocation as C = W f log, (1 + N/L = ] For ergodic case, we need to average the
i=1 T

instantaneous capacity over the PDF of the channel matrix H and hence the average or ergodic
capacity for uniform power allocation is given by

Ry
€)= E{WEI log, [1 + N);I;z J}

where, /A are the singular values of the channel matrix.

Alternatively, we could also write the mean MIMO capacity for ergodic fading channels as

€)= E{Wlog2 det[INR + Nf;_?)zj}

: . o HH”, N, <N,
where, Q is the Wishart matrix defined as Q = .
H"H, N, >N,

The above expectation is taken over the statistics of the random matrix H. The exact computation
of ergodic capacity was carried out by E. Teletar (1999). The capacity of the channel with N transmit
antennas and N, receive antennas under power constraint P equals

— N P. ml k! n—m : n-m _—x
<C> = (f)logz (1 + N—j)kgomlil‘k ()C):I X e “dx (6121)

where, m = min{NT,NR}and n= max{NT,NR}.

L,™™ are the associated Laguerre polynomials of order k.

k
L};{—m (x) — %exxm—n ;i_k(e—xxn—m+k)

See example 6.2 as well for an alternate close-form expression. We will derive a close-form
expression (H. Shin et al., 2003) here as given below. Assume W=1 for brevity of the analysis.

€)= E{Wlog2 det[INR + N};—%J}

1(1 + N_};A"ﬂ = m(log, e)E{ln(l + N—VT/'L)}

It is equivalent to m times (m is the rank of the full rank matrix H) finding the expectation of an
arbitrary and unordered eigenvalue A. From section 3.2.7, we have the marginal PDF of an unordered
Ais given by

T Mz

(€) = (log, e)E{
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l lmfl
pA) = 2

i 2j
DN
j=01=02

it (n—m+ j)!
Hence,

(-1) (2/)! (2;' - 2j

2j+2n—-2m (A)IHH" oA
i—j 2j =1

(©) = m(log, e)Tln(l + l/l)p(;t)d;t
b N.

cpy e
= (1 -

(log; ) p ,Eogozz"’j!l!(n —m+j)!
In order to calculate

I= Tln(l +-L /1)(,1)””"” et
0 N

T

(= Tln(l + x)xq_le_“xdx =(q- 1)!6“§,

0

0

2~ 2\(2)j +2n—2m)= R
P A e am jln(1+l,1j(;t)’+ )
i—j 2j-1 N

T

I'(-q+kv)
k=1 i

The complementary incomplete gamma function is given by

v

F(—q + k, v) = fe_xx_“k_ldx; —-qg+k>0

T

N.
If we assume that x=Nlﬂ;q—1=l+n—m;v=—,wehave,

I= (v Zln(l +2)(x) " e ™ ax

(g =11 £ =

k=1

-1
= (¢~ 1)!6”42 v (—g + k + 1,0)

k=0

I'(-q +k,v)

(g =1)1e"S 52T (=g + k. )

The exponential integral function of order v could be expressed as

EW= [e Py dy;v>0,r=0,1,...
1

function.

F(l -, v) = Tefxxfrdx;l -r>0

v

The exponential integral function is a particular case of the complementary incomplete gamma
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Substituting x = yv, dx = dyv, we have,

r(1-rv) = c}Oe—vy(vy)_r vdy = v_’”Te_vyy_rdy
1 1

Therefore,

E=U"T(1-r

If we assume that r— 1 =g —k—1,then 1 —r=—-¢g + k + 1. Hence,

I=(q-1)1e"S E (v)
k

=0
NT

Putting back, r=g—-k;g—1=1l+n—-m; v= , we have,

Nryon

n—m N.

I=(l+n-m)le” ¥ Epmiis (—T]
k=0 Y

Note that k=0,/+n-m+1-k=l+n-m+1landk=I[l+n-m,l+n-m+1-k=1. Hence it
is similar to k going from 1 to / + n — m + 1. Hence, it can be further expressed as

&anm N
I=(l+n-m)le” ¥ E.|—*
k=0 Y

Therefore,

Mot i 2 (=) (24)1(L+n—m) (20 =27)(2j + 20— 2m Ynm N,
Cy= (1 v . : Epa|—L| 6.1b
(€)= (log; e)e E)Eoz%)z”"j!l!(n—mﬂ)!( i—J )( 2j -1 jk—o "“( J/) (6.1b)
4 N
3c T T T T T L] Ll L] L]

(=)

10
SNR[dB]

Fig. 6.1 Ergodic capacity vs SNR (dB) of open loop N, x N, MIMO system
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Example 6.1

The ergodic capacity for i.i.d. Rayleigh fading N, x N, MIMO channel (H. Shin et al., 2003) can
be calculated as

<C>NTJVR =

N m=l i ' - ! j - | — 27 j - n—m+
07 log, (¢) '21 ¥ g{(zzll)— (ZJ)‘(n m+‘l)![21. %J](% +2.n ZmJ} ¢ lEkH(N_yT)

i=0 j=01=0 Lt (n—m+ )t U i—j 2j—1 i=0

where, E, (x) = [e ™y "dy (exponential integral function of order k), m = min{N,, N} and n =
1

max{N,, N}, find the ergodic capacity of

(@ MIMO channel with N, = N,.= N antennas at the transmitter and receiver.
(b) MISO channel with N, antennas at the transmitter and 1 antenna at the receiver.
(¢) SIMO channel with one antenna at the transmitter and N, antennas at the receiver.

Solution:
(@ Given that N, = N, = N and hence, n = max{N,, N} = N and m = min{N,, Ny} =N

= eNT log, (e )]ivgoléo[z_jo{(zzz) (,l,)(ﬁl)), ( l_jjJ(zjzizj}i E"”(NJ’ j
S e 31 = MRS

N N-1 i 2j _112- 22125\ 1
= Chyy=¢ " log, (e) z E‘Ol_jo{;l ) (_( ))( . jfj( ljjkgoEkH (N—;j}

Np N2 | (=1) (27 (20 - 2)(2) N
-, 7 A T
- Chyy= ¢’ logs (e) Eb _j§:01—0{22i_l ( J )( i—j )( [ j zoEkH( Y )

(b) Given that N, = 1 and hence, n = max{N,, 1} = N, and m = min{N,, 1} = 1.
Therefore, i =j =1= 0, we have,

I
(=]
~.

Il
(=]
—

Il
(=]

NT

Np—1 N
<C>er_ € Ing() Tz Ek+1( },)

(¢) Given that N, =1 and hence, n = max{N,, 1} = N, and m = min{N, 1} = 1.
Therefore, i =j =1=0, we have,


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.007
https://www.cambridge.org/core

MIMO Channel Capacity 109

L Ng-1 1
O ng= e’log,(e) ¥ Epyy (;)

Example 6.2
Show that a simple upper bound on the capacity of ergodic Rayleigh fading MIMO channel is given as

)< min{NR log, (1 + 7),Ny log, (1 + ]X]Ryj}.
T

Solution

The exact computation of capacity is rather tedious as we have seen. We can instead calculate a
simple upper bound of capacity. Note that the log—det function is concave over the set of nonnegative
matrices. Therefore, applying Jensen’s inequality (refer to Appendix C), we have

I, +-HH"

< = Nyloga 1+

I, + N—YTE(HHH)

C) = E{log2 } < log,

In the above we have used the relation E (HHH ) = Nrly, . Note that for i.i.d. MIMO channel,

£

hy, by - thT hy, by - hNRl
|
hNRl hNRZ o hNRNT thT hZNT o hNRNT
- ) -
E(|hn|2+|hlz|2+--~+|h1NT| ) 0 0
2
_ 0 B(puf +haf +-4}, ) - 0
2 2 2
0 0 E(|hNR1| - +...+|hNRNT|j

In retrospect, the matrices HH” and H”H have identical nonzero eigenvalues; therefore

} < log,

In the above we have used the relation E (HHH) = Ngly. . By combining the above two cases,

Y wH
——H"H
Ny

Y Hig) — Ny
I, +N—TE(H H)‘ =N, 10g2(1+ o j

)= E{log2 Iy, +

we can obtain the upper bound as

= min{NR log, (1+7), Ny log, (1 + _%Ryj}‘
T
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6.2.2 Qutage capacity

Outage probability is the probability that the transmission rate R beats the capacity of the channel
(E. Biglieri et al. 2004 and Y. W. Liang, 2005). The mutual information (instantaneous capacity) is

a RV given by
PQ
C= Wlog,<det| 1, +—=
2{ [NR NTO'Z j}

Outage probability can be obtained from

Prob (R) = Prob{Wlogz det(INR +-P HHH] < R}
N; &

We may adopt the asymptotic results which implies that as N, and N, tend to infinitude, the
instantaneous capacity C leads to a Gaussian RV. It has been observed by many researchers that this
result is appropriate for Gaussian RV even for a diminutive number of transmitting and receiving
antennas. Using the Replica method (A. M. Tulino et al., 2004) from statistical mechanics, we can
prove that C is asymptotically Gaussian RV. Hence by calculating the mean and variance, we can
describe its asymptotic behavior. Therefore the outage probability may be nearly approximated for
all combination of N and N, antennas as

Pout(R) = Q( be — RJ (61C)

O¢

where

Ue= =Ny {(1 + B)log(w) + gory loge + logry + Blog (q—gj}(bit/dimension pair)

22
O% = —log e-log[l - %J(bit/dimension pair)2
2
B-1-w? +\/(ﬂ—1—w2) +4w* B
9= 2w
2
1- B-w? +\/(1— ,B—wz) + 4w?
o= 2w
N
where, 8= N—R is the ratio of the number of receiving antennas and transmitting antennas and
T

w = ,f% is the square root of the ratio of noise variance and signal power.

Now we can calculate R as

R = e = 007 (Pyy(R)
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e N

CDF
S O ¢
o
~

]

10 12 14

8
Rate[bits/s/Hz]

L Fig. 6.2 CDF of open loop N,. x N, MIMO channel capacity for SNR = 5dB )

It can be read from the graph generated from Monte Carlo simulations in Fig. 6.2 that for a 5x5
MIMO channel, the 0.2 outage capacity is approximately 7.5 bits/sec/Hz for SNR of 5 dB; whereas,
for a7 x7 MIMO channel, the 0.2 outage capacity is approximately 10.5 bits/sec/Hz for SNR of 5 dB.

6.3 Capacity of separately correlated Rayleigh fading MIMO
channel

Let us calculate the instantaneous capacity of the MIMO channel when the gains between the
transmitted and received antennas are correlated (Kronecker model). The channel gain matrix for
the separately correlated fading case is

1/2 1/2
H= R;’H R}

Hence the capacity is given by

PQ PHH"
C=Wlo det| I, + = Wlo det| I, +———
gz{ ( Ng NTO'ZJ} gz{ { Ng NTGZ J}

C P
= W = log {det[INR + N, 7 R}{jHWRTxﬂgRR’?f]}

For N= N, = N, and assuming that the matrices R Ry and RTX are full rank, we have,

C P 172 HpH/2
= W= log, {det(NTG2 RRXHWRTXHWRRX ]}


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.007
https://www.cambridge.org/core

112 Fundamentals of MIMO Wireless Communications

= log, {det[Nf = H H" )} + log, {det(RRx )} + log, {det(RTx )} (6.22)

In the above equation, we have used, det(I + AB) = det(I + BA) and log,(1 + SNR) = log,(SNR)
when SNR >> 1. Hence the MIMO channel capacity has been reduced and the amount of reduction

in the capacity is given by log, {det (R Ry )} + log, {det (RTX )} . Note the above two terms are always

negative since the det(R RX) and det(RTX) have values which are less than or equal to 1.

Example 6.3

Show that log, {det (R Ry )} + log, {det (RTX )} is always negative.

Solution

Note that Ry, = E[H”H]" and R = E[HH"]. The diagonal elements are 1 and off-diagonal elements
hold a value between 0 and 1. Hence trace(RTX = N, (number of transmitting antennas) and trace

trace(Rg,) = N (number of receiving antennas). Note that product of all eigenvalues of a matrix is
equal to the determinant of the matrix. And the geometric mean is bounded by the arithmetic mean.

Ml <Ly, -1 R, )=1
112[12, _N—RZZI—N—trace( Rx)_

i=1 R

Therefore,

det(Ry, ) <t
i=1

In the similar way we can show that
Ny
det(Ry, ) = T4 <1

i=1

Hence, log, {det (R Ry )} + log, {det (RTX )} is always negative.

6.3.1 Ergodic capacity of equi-correlated Rayleigh fading MIMO
channels

We have considered equi-correlation at the transmitter and receiver

)

p
p
1
p

-0 T T

1
p
X 0p
p

T T

where correlation coefficient p = 0.3, 0.5, 0.7, 0.9.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.007
https://www.cambridge.org/core

MIMO Channel Capacity 113

It can be observed from Fig. 6.3 that the correlation reduces the capacity. Ergodic capacity is
highest for uncorrelated case when p = 0 and it keeps on decreasing for higher values of correlation
coefficient, p. The exact computation of average capacity for doubly correlated MIMO channel is
reported in H. Shin et al., 2006. It is a lengthy analysis. We will do a simplified analysis for the case
when the number of antennas tends to infinity also known as asymptotic analysis.

4 N

1 1 1 1 1

(=]

10 12 14 16 18 20
SNR[dB]

Fig. 6.3 Ergodic capacity of 4 x 4 open loop MIMO system for equi-correlated

Rayleigh fading MIMO channel
- %

Asymptotic analysis

If we take the expectation of Eq. (6.2a) for N r=Np=N case, we have,

(€)= Nlog, (%) + Elog, [0, HY|) + log, [R;, Ry |

= Nlog, (%j + E (10g2 ‘HWHg ‘) + log, ‘RTX RRX ‘

The strong law of large numbers (S. Ross, 2002):

Let X|, X,, ... be a sequence of i.i.d. RVs, each having a finite mean E(X) = u. Then, with

X, +X,+...+X
probability 1, —1 2n L5 11 asn —> oo,

Example 6.4

Show that £ B, H

)—>|NIN|=NN asn — oo,
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Solution
Note that
y by e thT hy, by e hNRl

T | I (R

hNR] hNR2 o hNRNT thT h2NT o hNRNT
_ ) _
o+ [ +--~+‘h1NT‘ 0 0
2
_ 0 ol + ool + -+ [P, 0
. 2 2 2
I 0 0 ‘hNRl‘ +‘hNR2‘ +---+‘hNRNT‘ |

Consider each element of the above matrix H H * for large N. The mean will be N from strong
law of large number for diagonal elements and zero for off-diagonal elements (note that all elements
of H , are independent and identically distributed). Hence, we have,

E(H,H[) - NI,
Therefore, E(‘HWHZD - |NIN| =NV

The asymptotic ergodic capacity (N — oo) for a correlated N x N MIMO Rayleigh fading channel
at high SNR is approximately given by

(comme) _ Nlog, (%) + Nlog, (N) +log, [Ry, Ry | = Nlog, (7) + log, [Ry, Ry | (6.2b)

Hence the capacity increases linearly with the number of antennas with a term which reduces the

capacity, i.e., log, ‘RTX Rp, ‘ which is always negative. Let us explore this second term in more detail

in example 6.5.

Review question 6.1 J What is strong law of large numbers?

Example 6.5

Assume a constant and separately correlated N x N MIMO channel model with receiver and transmitter
correlation matrices as given below. It is worst case analysis of correlation as mentioned in section 3.4.

L
pr 1 pg

pR pR 1 NxN
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L pr Pr
1
R, = Pr : Pr
pT pT 1 NxN

Find the approximate asymptotic ergodic capacity of such channel. Note that p,, p, € [0,1] and
the ergodic capacity for a correlated fading channel at high SNR is approximately given by (C#mpieticy

~Nlog, (7) + log, [Ry, Ry |-

Solution

A N x N correlation matrix is called N'"-order (positive definite) constant correlation matrix with
correlation coefficient p € [0,1], denoted by R(p), if it has the following structure:

L pr - pr
A
LA Pr 1
1 pr PT_
R
Lor Pro 1w

This correlation model may approximate closely spaced antennas and may be used for the worst
case analysis. Since eigenvalues of Ry, are 1 + (N — 1)p; and 1 — p; with N-1 multiplicities, its
determinant can be written as

‘RTX‘ = (1- PT)N_I(1 - pr +Npr)
Similarly, R | = (1= pe)" " (1= P+ Npg)

Since determinant of a matrix is equal to the product of all its eigenvalues, and eigenvalue A, with
multiplicity k would contribute (ll.)k to the product, hence,

(Crymeetiey = Nlog, (7) + log, ‘RTX RRX‘ = Nlog, (7) + log, ‘RTX ‘ +log, ‘RRX ‘
= Nlog, (7) + log, {(1 - PT)N_1 (1-pr +Np; )} +log, {(1 - PR)N_1 (1-pg + NPR)}

= Nlog, (7)+(N —1)log, (l—pT)+log2 (l—pT+NpT)+(N—l)log2 (1—pR)+10g2(1—pR+NpR)
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6.3.2 Qutage capacity of separately correlated Rayleigh fading MIMO
channels

Outage capacity of doubly correlated MIMO channel is provided in H. Shin et al., 2006. We have
generated outage capacity of equi-correlated Rayleigh fading MIMO channels using Monte Carlo
simulations. It can be read from the graphs in Fig. 6.4, for a 5 x 5 MIMO channel, the 0.2 outage
capacity is approximately 7.5 bits/sec/Hz for SNR of 5 dB when p = 0 (uncorrelated), whereas, the
0.2 outage capacity is approximately 6.5 bits/sec/Hz, 5.7 bits/sec/Hz, 4.5 bits/sec/Hz and 3 bits/sec/
Hz for p = 0.3, 0.5, 0.7, 0.9, respectively. Hence the 0.2 outage capacity decreases with increase in
the correlation coefficient, p.

e N

0: !p’ ; ? ; F - p :0.0
o:s ”; / f / f = ,:,:E:g
f / / / /‘ -+ =09

CDF
°
O
.
N
T~
T
W,
A~

e

/
03 it .
02 foiihoi bl L
WiV e

2 4 6 8 10 12 14
Rate[bits/s/Hz]

Fig. 6.4 CDF of open loop 5 x 5 MIMO channel capacity for SNR = 5dB

6.4 Capacity of keyhole Rayleigh fading MIMO channel

Let us consider the keyhole channel which was described in the previous chapters. The rank of the
keyhole channel matrix is one and thus there is no MUX gain whereas diversity gain is found in the
channel. The capacity of the channel is given by

P
C=Wlog, | 1+2£
ng( sz

where, \/71 is the singular value of the channel matrix H.

6.4.1 Ergodic capacity of keyhole Rayleigh fading MIMO channel

The ergodic capacity of keyhole MIMO is obtained by taking expectation of the instantaneous capacity
expression of the above equation over the pdf of keyhole Rayleigh channel model of section 3.5.
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Np+Np

_ 22 2 :
PO = i yng) e (Ve 20

One may refer to (H. Shin et al., 2003) for proof of the above equation.

<C> = o(f:log2 (1 + NLj)pZ (z)dz = :j:logz (NLj)pZ (z)dz + Zlogz (1 + %)pz (z)dz =1 +1,

11
where, I, = log2( 14 j+ logz(e){ ( )+‘P(NR)};12 = F(logz (e ﬁ[ J
Ng.Np.L0

)
Ny )T (Ng)
(C) = log, [O‘ZLNTJ +Tog, (¢) [ (N ) + W(N, )} + F(lifc;g)zf(zg\’le) G2 62er I | ©63)

G;&
14

Hence,

#() = () = T (o) - § [l L

F(Z) AETY: k)} is the Euler’s digamma

function. G;’,;]” (-) is the Meijer’s G-function. The expression of Meijer’s G function (I. S.

Gradshteyn et al., 2000) is given by

fr(p, -s)ﬁ (1-a; =)

Y 1 isi i o
G x| =—] x'ds;0<m<q0<n<p
pa b ..., b 2wt 4
)72 rfi-by ) firle
=m+ Jj=n+1
The poles of F(b]. — 5) must not coincide with the poles of I'(1 —a, + s) for any j and k (j = 1,
Smyk=1,...,n).

6.4.2 Outage capacity of keyhole Rayleigh fading MIMO channel

It can be observed from the graph in Fig. 6.5, for a 5 x5 MIMO channel, the 0.2 outage capacity is
approximately 3 bits/sec/Hz for SNR of 5 dB, whereas, for a 7 x7 MIMO channel, the 0.2 outage
capacity is approximately 3.5 bits/sec/Hz for SNR of 5 dB. There is significant reduction in the 0.2
outage capacity of Fig. 6.2 for the 5 x 5 and 7 x 7 MIMO channel due to the keyhole propagation.

Review question 6.2 J What is the outage and ergodic capacity of i.i.d. Rayleigh fading MIMO channel?

Review question 5.3J What is the simple bound on the ergodic capacity of i.i.d. Rayleigh fading MIMO
channel?

Review question 6.4 J What is the asymptotic ergodic capacity of separately correlated Rayleigh fading MIMO
channel for high SNR case?
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Review question 6.5 J What is the ergodic capacity of keyhole Rayleigh fading MIMO channel?

4 N
0; —~— N,=5,N_=5
X N.=7,N_=7
44 ——_
o i
06 {
405 '[

4

. /
H

)

NS
L

o g 4 € 8 10 12 14

Ratefbits/s/Hz)

Fig. 6.5 CDF of open loop N, x N, MIMO channel capacity for SNR = 5dB for keyhole propagation

6.5 Summary

Figure 6.6 shows the chapter in a nutshell. In this chapter, we have found out the ergodic and outage
capacity of random MIMO channels, viz. i.i.d. MIMO channel, Kronecker MIMO channel and
keyhole MIMO channel.

e )

MIMO channel capacity II

d

Separately correlated

£ _tog, {aet|1,, +
" N

(com) » Nlog, (1) + log, Ry, Ry, [; Ny =Ny =N

> RiH R, H/R}/ ’]}

R=pc 00" (B(R)

R D) 0 i TEE Gl v N B R e R e

)F(NR ZNT

Lo
Npo Npy 1, 0

Fig. 6.6 Chapter 6 in a nutshell
- %
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Exercises

The following exercises may not have close-form formulae, but may be explored.

Exercise 6.1

Find the ergodic and outage capacity for separately correlated MIMO channel whose fading distribution is
(@) Nakagami-m (b) Rice

(c) Hoyt (d) Weibull

Exercise 6.2

Find the ergodic and outage capacity for keyhole MIMO channel whose fading distribution is
(a) Nakagami-m (b) Rice
(c) Hoyt (d) Weibull

Exercise 6.3

Find the ergodic and outage capacity for i.i.d. (uncorrelated) MIMO channel whose fading distribution is
@ oy (b) k-p
() ny

Exercise 6.4

Find the ergodic and outage capacity for separately correlated MIMO channel whose fading distribution is
@) oy (b) k-p
(€ nu

Exercise 6.5

Find the ergodic and outage capacity for Keyhole MIMO channel whose fading distribution is
@) oy (b) k-p
(€ nu
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Introduction to
Space-Time Codes

CHAPTER

71 Introduction

In this chapter, we will first discuss why we need space-time codes. Then we will discuss about
the three code design criteria viz., rank, determinant and trace. We will study the first and most
powerful space-time codes also known as Alamouti space-time codes, named after the inventor S.
M. Alamouti. We will see the performance comparison of Alamouti space-time code with diversity
combining scheme viz. maximal ratio combining (MRC) and find equivalence in the two systems.
We will study the coding gain, diversity gain and code rate of the two antennas transmit diversity
technique (Alamouti space-time code). We will see that due to orthogonality of transmitted signals,
we can decouple the signals transmitted from antenna 1 and 2 at the receiver. This concept will be
extended for any number of antennas which is called orthogonal space-time block codes (OSTBC). It
will be discussed in the next chapter. A very important concept in performance analysis of wireless
communication over fading channel is to find the average probability of error we need to average the
conditional probability of error (CEP) over the received SNR. A channel is in outage whenever we
are transmitting message at a rate higher than the channel capacity. In the last section, we will find
the outage probability and average probability of error for single input single output (SISO) system
over fading channels and extend this analysis further for Alamouti space-time codes.

7.2 Why space-time codes?

There are basically two types of space-time codes:

(@) Space-time block codes which is an extension of block codes
(b) Space-time trellis codes which is an extension of convolutional codes

Space-time block codes give diversity gain but no coding gain. Whereas, space-time trellis codes
give both coding and diversity gain. We will discuss both these space-time codes in detail later. What
do we mean by the terms diversity and coding gain in the context of space-time coding?

In space-time coded systems (R. Bose, 2008), the approximate symbol error rate (SER) for the
system may be expressed as
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P ~— (7.1a)
(G
where, S represents the SNR, ¢ is some constant, G_ 2 1 is the coding gain and G, represents the

diversity order of the system.
If we take log to the base 2 of the equation (7.1a), we have,

log, (P,) = log, ¢ — G, log, G, — G,log, S (7.1b)

Recall the definition of diversity order/gain of Eq. (1.2). The diversity gain/order determines the
negative slope of an error rate curve plotted vs SNR on a log-log scale (refer to Fig. 7.1). In other
words, a space-time coded scheme with diversity order G, has an error probability at high SNR

behaving as P, = (S )_G" (E. Biglieri et al., 2007). If there is some coding gain, then average

probability of error will be of the form P, = ( 1 ) Gy If there were no array or power gain then the
G.S
probability of error expression will be of the form P, = (1 ) Gy Note that the diversity gain is
G.(S

maximal for i.i.d. channel and it usually decreases for the correlated MIMO channels (B. Clerckx
et al., 2013). The coding gain gives the horizontal shifting of the uncoded system error rate curve to
the space-time coded error rate curve plotted on a log-log scale obtained for the same diversity order
(refer to Fig. 7.1).

4 N

Uncoded system

P
¢ 108 L Diversity gain (slope increases)
Coded syste

107 L Coding gain at P.=10"°

Fig. 7.1 Typical probability of error vs SNR curve for coded and uncoded system showing coding and
diversity gain (BER curves are usually waterfall type but we have shown straight lines for
illustration purpose only)

- /

In yesteryears, spatially multiplexed MIMO systems (chapter 10) and space-time code designs
were done separately. Spatially multiplexed MIMO systems were designed to increase the rate gain
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whereas space-time codes were designed to increase the diversity gain. In the recent developments
of space-time codes, one tries to construct codes which follows the diversity multiplexing trade-offs.
In the light of these new progresses, the following two definitions (M. O. Sinnokrot et al., 2010) will
be also used for classifying space-time codes (chapter 8).

e A space-time code is fully diverse if the codeword difference matrix D(C/, ¢/) = C' — €/ has
rank N, for every two distinct code words C' and C'.

e A space-time code has the non-vanishing determinant (NVD) property if the coding gain for
a fully diverse code does not tends to zero as the constellation size gets bigger.

Review question 7.1 J Define diversity and coding gain.

Review question 7.2 J Which space-time code has both coding and diversity gain?

Review question 7.3 J What is fully diverse space-time code?

Review question 7.4 J What is non-vanishing determinant (NVD) property of space-time code?

7.3 Code design criteria

If we consider transmission over a binary symmetric channel using a linear block channel code, then
the bit error rate (BER) of the system depends on the Hamming distances of the codeword pairs (D.
G. Hoffman et al., 1991). If we denote the minimum Hamming distance between the group of every

possible codeword pairs by d_. , then such a code can correct every error patterns of less than or

min’
min

2

maximize the minimum Hamming distance among the codeword pairs.

1
equal to the largest integer less than or equal to . The design policy for such a code is to

Furthermore, for an AWGN channel, a good code design policy is to maximize the minimum
Euclidean distance among every possible codeword pairs. The fundamental question is: what are the
code design criteria for space-time codes?

7.3.1 What are the design criteria for space-time codes?

There are three criteria for designing space-time codes (H. Jafarkhani, 2005):

e Rank criterion
e Determinant criterion
e Trace criterion

The probability that the decoder decides in favour of codeword matrix C? instead of the codeword
matrix C' which was transmitted is given by Pairwise error probability. In other words, the rank of
the codeword difference matrix D(C', C?) multiplied by the number of receive antennas (N,) gives
the diversity order of the space-time code.
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Example 7.1

Show that the diversity gain of space-time codes is riN,,.

Solution
The diversity gain (Eq. 1.2) was defined as

G,= - tim 2ell) (r.)
SNR—e 10g, (7)

Hence diversity gain of space-time codes can be obtained from the Eq. (8.12b) as follows.

1 4N
log, 5 ; Ny
(8] 7
G,= lim- =
T e 10g2(7’)

r Ngr
1:[ 2,1) - log, (4’NR ) + rNy log, {y}

n=1

log, (2) + log, (
= lim
y=e log, (7)

rNylog, {7} _ N, a2
Y—roo log2 ( j/)

1 1
Similarly the coding gain (( A, ) = ‘A(C‘,Cz) " E. Biglieri et al., 2007), where, A(C!, C?)
n=1

= DA(C!, C?» o« D(C!, C?) = (C! — CHH o (C! — C?) relates to the multiplication of the non-zero
eigenvalues of the codeword distance matrix A(C', C?). A full diversity of N Ny is feasible if the
matrix A(C', C?) is full rank. In this case, the coding gain relates to the products of eigenvalues 1)
or the determinant of the matrix, A(C', C?). We can define coding gain distance (CGD) between two
codewords C' and C?: CGD(C', C?) = det(A(C!, C?) and coding gain is defined as

G, = [CGD (Cl,C2 )J% where, r is that rank of A(C!, C?).

Example 7.2

Find the CGD and coding gain of two codeword matrices C! and C? for space-time trellis code

given by
C - 11 c? - 1 -1
1 1) -1 1

Also find the rank and trace of the codeword distance matrix.
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Solution

The codeword difference matrix is

DI, C)=C'-C* = (0 2)
20

The codeword distance matrix is

wever-ofeeieef -0 20 2)- (4

The rank and trace of the codeword distance matrix is 2 and 8 obviously.
The coding gain distance

cGp = (c'.c?) = ‘A(CI,CZ)‘ - 16

1
The coding gain is G = (CGD)2 = 16 = 4

The diversity order of the system is twice the number of receiving antennas.

How do I get this codeword matrix? It will be explained later when we discuss space-time trellis
codes (STTC). If we have a matrix with rank less than r < N, then we can define CGD as the product
of the non-zero eigenvalues of A(C', C?). The three code design criteria are summarized below.

(a) A sound design policy to assure full diversity is to ensure that for every possible codeword pairs
Ciand U, i # j, the A(C, O) is full rank (RANK CRITERION).

(b) To augment the coding gain of a full diversity code, further good design policy would be
to maximize the minimum determinant of the matrices A(C, /) Vi # j (DETERMINANT

CRITERION).
We can also express average PEP upper bound of space-time codes over flat fading i.i.d.
Rayleigh channel as
1 2 1 _ 1 2\P Y
P(c' - ) < 4exp( NR“D(C,C )“M) (73)

A norm gives a real-valued function which is a measure of the size or length of multi-component
mathematical entities such as vectors and matrices. The Euclidean norm of a vector

F =at + by +ctor F = (a,b,c)is defined as ||F||e =+a®> +b* +¢* anditis the distance of
this vector F from the origin. For n-dimensional space, Euclidean norm of a vector

~ n
X = (xl,xz,...,xn) can be computed as ||X||€ =X xi2 . This concept can be extended to a

i=1

matrix and we can find Frobenius norm of an n X n matrix A as ||A|| =

remaining vector norms, it quantifies a specific value for size of the matrix. Note that Frobenius

norm of a matrix A could be also defined as ||A||F = \/trace (AAH) = \/trace (AHA) .
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(©) Another good design policy is to maximize the minimum squared Frobenius norm of codeword
difference matrix [D(C,C7)| = Trace(D” (C',C7) e D(C',C7)) = Trace(A(C'.C7))
F
among all possible i # j (TRACE CRITERION). If we maximize the minimum trace of codeword

distance matrix between all pairs of codeword matrices then we can minimize the probability
of error bound.

Review question 7.5 J What are the three code design policies for space-time codes?

7.4 Alamouti space-time codes

We have discussed the space-time code design criteria. What is this space-time coding? How to do
coding in both space and time? Let us try to find answers to these questions in the next sub-section by
taking the simple example of Alamouti space-time codes. Alamouti space-time code was developed
by S. M. Alamouti in 1998. For coherent space-time code (B. Ahmed et al., 2015) channel state
information (CSI) is available at the receiver. If CSI is not available at the receiver (for non-coherent
space-time code), we can design differential space-time code which can be decoded at the receiver
without the knowledge of CSI (H. Jafarkhani, 2005). We will consider coherent space-time code in
this section.

741 What is space-time coding?

We will answer this question with reference to Alamouti space-time codes. The information bit
streams are first modulated using any M-ary modulator which takes log, (M) bits at a time and
outputs symbol based on the M-ary modulation scheme. The Alamouti space-time encoder (shown
in Fig. 7.2) then takes a block of two modulated symbols s, and s, in each encoding process and
generates the codeword matrix (S).

1 _ £
S= Sz | iz
s S, 8

The first column of S matrix serves for the first transmission period and the second column for
the second transmission period. The first row gives the symbols transmitted for the first antenna
and second row provides to the symbols transmitted from the second antenna. In the course of
first symbol period, the first antenna sends s, and second antenna sends s, In the course of second
symbol period, the first antenna sends —s; and the second antenna sends s”; (* denotes complex
conjugate). Hence we are sending symbols both in space (over two antennas in space) and time
(two transmission intervals over time). This is known as space-time coding (M. Jankiraman, 2004).
We will denote first and second rows of the Alamouti space-time codeword by s' = [s, - s*z]T and
s? = [s, — 5717 respectively. Note that s and s? are orthogonal (i.e., the inner product of s! and s?,
s', s =0).
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-~

Streams of bits

_—

M-ary
modulation
scheme

[s152]

Alamouti space-
time encoding

Antenna 1 J\Antenna b4

s'=[s1-(s2)*]" \ h s’=[s (51)*]"
h

Receiver

. r=Hs+n

Combiner

Fig. 7.2 A block diagram of Alamouti space-time encoder and decoder

7.4.2 What are Alamouti space-time codes?

S. M. Alamouti (1998) proposed space-time code for two antennas transmit diversity scheme and
hence it is known as Alamouti space-time code. We have already discussed the encoder structure
of such space-time codes. We will discuss about its detection process in this section. Let us assume
single antenna at the receiver and double antennas at the transmitter as depicted in Fig. 7.2. The
channel gain coefficients from antennas 1 and 2 are represented by /,(?) and h,(?), respectively, at
time z. If we allow these coefficients to remain equal for two successive symbol periods, we have,
h(@® = h

(t + T) =h = |hl|e'ie‘

|],12|6192

where, |h,| and Oi, i = 1,2 are the channel gain’s amplitude and phase shift for the link from transmit

hyt)=h(t+T) =

antenna i to the receive antenna and 7' is the symbol duration.
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At the receiver the signals after passing through the additive white Gaussian noise (AWGN)
channel may be expressed as
= s, + hysy, + 1y

* *
ry= —hs, + hys) +n,

where, n, and n, are independent ZMCCCG additive white noise samples at time ¢ and #+7; respectively.
Note that | and r, are received signals in two time intervals. In matrix form, the above equations

_ AT
n | 55 sf h, )

An equivalent form of the above equation,

HRE HEM
* - * * + *
h by =l JLS2 n

In compact matrix form, the received signal vector may be written as

could be expressed as

r=Hs+n

Note that we have taken the complex conjugate of the r, in the previous matrix representation.
The 2x1 vector signal output of the combiner is given as:

H:F ﬂ[“}{’ﬁ“hﬂ
g m —h r yri = hyry

Similarly the 2x1 vector of additive complex noise in the combiner output is
[ﬁ non [m ] [+
7y _ha* —hy | m on, — by,

Therefore, {fl} hlj hy [hi ]/'2*i||:sl:|+|:ﬁl:'
g hy —h|lhy M |5 i,

In matrix form, the output of the combiner can be written as

F = H'Hs + @i
{fl}_ il + o[ 0 |:s1:|+|:ﬁl:|
B0 o Pl e
(|h1|2 +|}’2|2)12|:S1:|+|:’jl1:|

S y
w2

[
1l

which can be simplified as
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In order to perform this operation, the combiner needs the CSI. The above matrix equation can
be written as

i = (s + mss = (i + af )y + 7, 4

Thus s, is separated from s,. The two signals are completely decoupled after the combining
operation. This greatly simplifies the detection strategy as we will see shortly.

7.4.3 ML detection

Combiner output is given to the Maximum likelihood (ML) decoder which minimizes the below
decision metric. Optimal ML decision criterion is the minimum Euclidean distance criterion. For
0 <t < T, we may write

arg

S

_ 2
8 = |

i = (1 +1mf ),

min{m}

M. .. .
where, s,, € {sk }k_l is one of the M-ary symbols. We may express above decision criterion as

arg 1

A 1
8§ = . ﬁ Sy (75&)
min{m} (|h1| + |h2| )
We have detected and estimated symbol 1 in the first time interval.
For T <t < 2T, we have,
A arg || 2 2
o=l = (Il )s,
min{m}
We may express the above decision criterion as
ar o
N EE— (7.5b)

min{m} (|h1 |2 + |]’12|2)

We have detected and estimated symbol 2 in the second time interval.
In order to perform the ML detection, the detector requires CSI.

7.4.4 What is the equivalent MRC receiver diversity?

In the case of maximum ratio combining (MRC), we will have two receive antennas at the receiver
and one transmit antenna at the transmitter. It is similar to 1x2 SIMO system. Hence the received
signals are

r= sy +my

ry= hysy + 1y
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and the signal after the combining operation is given by
* * 2 2 * *
Bo= i+l = (W maf 5o + B + iy (7.6)

Note that in MRC combiner, we multiply the received signal on every branch with the complex
conjugate of the channel gain coefficients of the corresponding branch and sum them. Note that
the MRC signal is equivalent to the resulting combined signals of the transmit diversity scheme
(Alamouti space-time code) above, except for a phase difference in the noise components. Hence, the
two schemes have the same effective SNR. This shows that the diversity order from Alamouti space-
time code (with one receive antenna) is the same as that of the two branch MRC. This equivalence
could be generalized to higher values of N,. For instance, the performance of this N,.= 2 and N,
=2 Alamouti scheme is equivalent to that of N, = 1 and N, = 4 MRC (provided that each transmit

antenna transmits the same power as with N,. = 1). In general, Alamouti space-time code with N,

=2 and N, number of receiving antennas has the same performance of a MRC with 2N, receive
antennas (M. Jankiraman, 2004).

Example 7.3

Discuss performance analysis of maximal-ratio combining in brief. Find the diversity order.

Solution

By selecting the antenna weight as w, . = a: where ¢, is the instantaneous attenuation of the nth
diversity branch, the combined output SNR is the sum of the branch SNRs

Ng
Wire = z—‘tl Yu
The average combined SNR is given by

Ture = NR7
where, 7 is the average SNR on each branch.
Assuming each branch to have average equal SNR 7 and independent Rayleigh faded branches,

then %, is distributed as Chi-square distribution with 2N, degrees of freedom with mean Ny7.

Y
J/VR_le_%’

py(7) = m;}’zo

The outage probability for given threshold ¥, is

70
PL=Pr(y<y)=lp,(vdy=1-e
0
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Ng
It can be inferred that the above expression decays with (%) at high SNR. Hence the diversity

order is N,,.
Average error rates if BPSK is employed for MRC over Rayleigh fading channel is expressed as

(\/7)1’ q

1
O‘—.S

e MRC
l _ﬁ
Using Chernoff’s bound on Q-function Q(y) < 3¢ 2 we have,
—
17 17 - Re 7 1 1
eMRCSE.[ () 7:§je yw—
0 0

2t 2™
For further exploration on MRC, one may refer to T. M. Duman et al., 2007 and K. L. Du et al., 2007.

7.4.5 Diversity gain, coding gain and code rate

In the Alamouti scheme, there are orthogonal transmissions. This means that the receiver observes
two entirely orthogonal streams. For two distinct code sequences, S, and S, produced by the inputs

(54 Sppand sy sp), where (s, 5,,) # (S Sp).

s -5 s —s
Al 2|« _|%8 B2
SA ) [ y }’SB B l * }
Sa2 Sal Sp2 Sl

The rows of the codeword matrix are orthogonal, and hence the rows of the code word difference
matrix are orthogonal too. The codeword difference matrix is given by

Sy —S —Sy, + 55
DS,.S,) = { Al ~ 8B *A2 *BZ:|
Sa2 S Sa1 T Smi
Since (s,, $,,) # (S5, $p,), obviously the distance matrices of every two unequal code words
have a full rank of two. Hence, Alamouti scheme provides full transmit diversity of two. The code
word distance matrix A(S,, S;) =D(S,, S,) DA(S 4> Sp) is given below.

AS..S) = |5A1 - 531|2 + |SA2 - 532|2 0
4> OB

0 2 2
|SA1 - 331| + |SA2 — Spo

71.4.5.1 How about the diversity gain?

We know that the diversity gain is dependent on the rank of the codeword distance matrix. The code

word distance matrix has two equal eigenvalues. Two eigenvalues, hence the codeword distance
matrix has achieved the full diversity.
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1.4.5.2 How about the coding gain?

Coding gain distance (CGD) decides the coding gain. Let us find the CGD for our case. It can be
calculated from the determinant of the codeword distance matrix. We have,

2 2 0
|SA1 - SBI| + |SA2 - 532|

IAGS,, Syl = det i

0 2
|SA1 - S31| + |SA2 — S

2
= (|SA1 - 531|2 + |SA2 - 532|2)

The determinant of a matrix is also same as that of the multiplication of its eigenvalues. The
coding gain can be calculated as

1 , J\2 1/2
CGDr = {(|SA] —s31| +|sA2 _532| ) }

= (|SA1 - 531|2 + |SA2 - 532|2)

We can observe that G, is equal to that of the uncoded system. It is identical to the squared Euclidean
distance in the signal constellation (uncoded case). This implies that the coding gain is 1. This is
the disadvantage of Alamouti scheme. Unlike the space-time trellis codes, this scheme achieves the
transmit diversity gain without CSI at the transmitter but has no coding gain.

7.4.5.3 How about the code rate?

The code rate for Alamouti space-time code is 1 since we transmit two symbols over two time periods.

Review question 7.6 J What are coberent and non-coberent space-time codes?

Review question 7.7 J Do we have coding gain with Alamouti space-time codes?

Review question 7.8 J What is the equivalent MRC diversity for 2 x Ny MIMO system employing Alamouti
space-time code?

7.5 SER analysis for Alamouti space-time code over fading
channels

Since we know that symbol error rate (SER) is a function of the received SNR. For our case, the
received signal for 0 <t < T (see Eq. 7.4) is
|2

= (f ol )i+ 4o
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Hence the received SNR can be expressed as

(1P +af) &,
(1 + 1. )

(If +1mF ),
SR
() ().

+

7 o
h+thr

Transmit power is constrained as P, which implies that the overall transmit power should be
the same immaterial of the number of transmit antennas. If channel state information (CSI) is not
available at the transmitter, then we will allot equal power to each channel. Hence, we should modify
the above equation as follows

Alamouti —

lme) ()

SNRAZamouti - 0_2 + 0-2
2\ PT 2\ PT
_ (|h1| )7 N (W )7 _htn (7.7a)
7 = 2 |

where, T is the symbol period.
For SISO case, the I-O relation is given as

y=hs+n
where, y is the received signal, n is AWGN, s is the symbol transmitted and 4 is the channel gain

coefficient.
For single antenna case, total transmit power is P. Hence,

SNRg5p = (thEf _ ('hi)zPT —y (7.7b)

In this section, we will try to find the SER of various modulation schemes for single-input single-
output (SISO) system over various fading channels and extend it for Alamouti space-time code. For
SER analysis, there are two basic steps:

(a) First, find the conditional error probability (CEP) for the specific modulation scheme.
(b) Second, average it over the pdf of the received SNR to obtain average symbol error rate (SER).

In the moment generating function (MGF) based approach; we may express the SER as function
of the MGF of the particular fading channel. The MGF for various fading channels is given in the
book on digital communications over fading channels by M. K. Simon et al. (2005). The CEP for
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various modulation schemes is listed in wireless communications book by A. Goldsmith (2005).
We will try to get the close-form equations for SER of various modulation schemes for SISO and
Alamouti space-time code over various fading channels.

7.5.1 BER for BPSK over Rayleigh fading channel

Bit error rate (BER) of binary phase shift keying (BPSK) for single-input single-output (SISO) over
Rayleigh fading channel has been widely explored (for example textbook for wireless communications
by D. Tse et al., 2005). For the sake of completeness, we will start from BER analysis of BPSK for
SISO over Rayleigh fading channel.

SISO:
For single antenna case, conditional error probability (CEP) for BPSK is given by

P(Ely) = Q(\/ZSNR) - Q(\/Z/)

Then average bit error rate (BER) can be obtained by averaging over the pdf of received SNR ¥

PyE)= E[P,(E17)]= (ﬂ)lw Ty

where, E is the expectation operator.

0w 1? ( X’ )d@ >0
x) = — [exp| — F x >
Ty P 2sin’ @

Using this alternate form of Q(.) function (M. K. Simon et al., 2005) given above, we can obtain
the average BER as

2sin” 6

Integrating with respect to ¥ first, we have, the average BER of BPSK for SISO over any fading
channel as

-5 )
P(E) = ({%({exp(— - depy(Y)dy

3 :
[ A s G

where, M y(s) is the moment generating function (MGF) of SNR .
For Rayleigh fading, the SNR (y) is exponentially distributed.
Hence, MGF of y is given by

M (s) = jexp(sy) yexp( ;)dy = %jexp(s}/— %:)dy = %/
0
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where, 7= E(7)
Hence, the BER of BPSK for SISO case over Rayleigh fading channel is given by

z z
2 2
PEy=L]—1 _gg= L7 s 0 4
Toq4 1 Tosin® 0+ 7
sin” @
R 2 n
2 .
) = L1 Tae
o\sin“0+7y

where, n is an integer.
For n = 1, we have,

[ —
—
+
\<|

Hence, for Rayleigh, the average probability of error for BPSK for SISO is

1y T
P,(E) = 2_1 7 (7.8)

Alamouti space-time code:
For Alamouti space-time code, conditional error probability (CEP) for BPSK is given by

P,(E1 %.7,) = O(V2SNR) = Q[,b%} =o(Jr+n)

Then average bit error rate (BER) of BPSK for Alamouti space-time code over a fading channel
can be calculated as

P,(E) = (J]gQ(\/n + 9 ) Py, (70 2 AT,

For independent channel, we have,

P,(E) = ({gQ(\/ h+thr )Pyl (V1)Py2 (Vz)d%d?’z
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T
2
ht 7’2},
exp| ————= (o
({ ( 2sin’ 6

¥4
13 " ) ( 12 jd

= = |exp| — exp| — 0
”(J) p( 2sin’ 0 P 2sin’ 0

n
Hence, P =[] L] exp(— h ) [
0070 2sin” 6

¥
1257 h ) (
= — [$):€ —

ﬂ({({({ p( 2sin’

Q(\/Vl + 7’2)

> sin? ejdep” ) Dy, (% )dndr,

jpyl 71 Dy, 72)d71d7/2d9

T
P,(E) = lfMy (— L )My (— L )d@
Ty T\ 2sin” 0 2\ 2sin” 8

For identical channels, we have the BER of BPSK for Alamouti space-time code over any fading

channel, given as
r 2
P,(E) = l?(MY(—%D do
Ty 2sin” 6

For Rayleigh fading case, the average BER for Alamouti space-time code employing BPSK is
given by

z 2
2 2sin” O
Ey=—||——————|do 7.8b
PyE) = ”g[Zsm 0+'7j ( )

7.5.2 BER for DBPSK over Nakagami fading channel

Note that in BPSK and MPSK information is carried in signal phase. In MQAM, information is
carried in both phase and amplitude of the signal. Hence we need to have coherent demodulation at
the receiver, for that we need to match the transmitted signal carrier phase and phase of the receiver
phase. In differential modulation, we can utilize the previous symbol’s phase as phase reference
for the current symbol. Hence, we do not have the necessity of the coherent phase reference at the
receiver (A. Goldsmith, 2005).

SISO:
For differential binary phase shift keying (DBPSK), the CEP for SISO case is given as

R(E1Y) =2
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Hence the average BER of DBPSK for SISO over any fading channel is calculated as

©1
P,(E) = 55" "p,(vMdy
Hence, the average BER of DBPSK for SISO over any fading channel is given as
1
P,(E) = EMy(—l)

The MGF of Nakagami-m fading is given by

M,(s) = (1 - ﬂ)_
m

Hence, the average BER for DBPSK SISO case over a Nakagami-m fading channel,

_ 1 A
P,(E) = EMy(—1) = 5(1 + Zj (7.9a)
Alamouti space-time code:

For Alamouti space-time code, we have average BER for DBPSK over any fading channel, given as

| _ntn
Pb(E)=({£§e 2 py () py, (n)ndy,
mey JN_T
= P (E) = Jize Ze 2py1(7’1)l7y2 (72)d71d7’2
0

Expressing in terms of MGF, we have the average BER of DBPSK over any fading channel as

P,E) = %M}ﬁ (—%)MJ,2 (—%) = %(Myl (—%))2

Hence for Nakagami fading, the average BER for Alamouti space-time code employing DBPSK
is obtained as

—2m
P,(E) = %(1 + %j (79b)

7.5.3 SER for MPSK over Hoyt fading channel

SISO:
For M-ary phase shift keying (M-PSK), CEP is given by (J. Craig, 1991)
M1,
1M 8psk de ) ( b1 )
P.(E = = exp| — == U6, =sin” (==
17( | }/) T (_[ p( sin2 0 8psk M
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Then the average SER of M-PSK for SISO over a fading channel

M-,
M 8rsk ¥
PE)= [ ] ex( ”SK)d A (VY
0 0
Integrating with respect to ¥ first, we have,

M-

—

4

M e
P(E)=~ ] Iexp(—gify)py(y)dyde
0 0

sin” 0

Expressing in terms of MGF, we have the average SER of MPSK for SISO over any fading
channel as

M-

—

P.(E) = lTjnM (——gPSK Jd@
b T o "\ sin® 6
MT_lfr sin’ (%)
=L M, [——7 e
T 9 sin” 0
For Hoyt fading MGF is given by
N2 2 -
2
M. (s) = (1_2S7)+M
4 5\2
1+g¢

where, ¢ ranges from O to 1.
Hence the average SER of M-PSK for SISO over a Hoyt fading channel

21T : _%
Sin (7)
2 Myl g
)
M1, sinz(l) sin” 0
pE =L |[142—My )4 . 46 (7.10a)
Ty sin” 0 (l+q2)

Alamouti space-time code:

For Alamouti space-time code, MPSK over fading channel, we have SER as

MT—l,r 2 ntnr
_ °°°°1 PSK 2
P,(E) = ME (J) Xp| T 6p,, (1) Py, (12 )dvd 7,
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Expressing in terms of MGF, we have the average SER of MPSK for Alamouti space-time code
over any fading channel as

ol RN
P,(E)= — M, | ——=BE j do
»(E) T (I) [ 7( 2sin’ @

For Hoyt fading, the average SER for Alamouti space-time code employing M-PSK is

-1

)
Mv—ln sin2 (%) sin
(j) 1+ 7+ 5 d6e (7.10b)

PAE) =+

7.5.4 SER for M-QAM over Rice fading channel

SISO:
For M-ary quadrature amplitude modulation (M-QAM), the CEP for SISO is given as

PE| = 4(1 - ﬁ)Q(,/ngAMV) - 4(1 - ﬁj 0* (V220a7): oan = m

QX x) = — j exp( 22 e)dex >

2sin

Then the average SER of M-QAM for SISO over any fading channel

P (E)= Z4(1 - ﬁjQ(\,ZgQAM’J/) - 4(1 - ﬁ] 0 (\IZgQAMY) py()/)dy

Integrating with respect to y first, we have,

P,(E)=

z 4
1 137 8oamV ( ) 14°% gQAMV
411 —-—|=] [exp| — dydf—4|1- — dydo
( \/Mj”(j)g xp( sin29]py(}/) 7 NM ”(I)(I) sin® @ 7(7’) 7

Expressing in terms of MGF, we have the average SER of M-QAM for SISO over any fading

channel as
:
1 80AM 4 1 4 8oam
(E)——(l——j M, | - 0——(1——] M, | -——=—14dO
b JM ({ " sin% 6 T Jm (J) " sin% 6

For Rice fading MGF is given by
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__1+K Ksy
My = 1+K—s7eXp(1+K—s7j

For Rice fading, SER of MQAM for SISO is given by

z _g Soam.

2 )
(E) ( _ \/IM)J 1 +§ exp smg 6 0

1+ K+ y |1+ K+ %Y

sin” 0 sin” 0
2 7 —Kg.Q%
—%(1 - \/1_) [— 1K exp sin” 6 6 (71la)
M 01+K+gQ/;M7 1+K+ng;M7
sin” 0 sin” @
Alamouti space-time code:
For Alamouti space-time code, M-QAM over fading channel, we have SER as
P.(E) =
Nty 1Y nt
p) 2 ()
H (I_W)Q[ 280am IT]_4(]_W] 0 ( 280am TJ Py (1) Py, (R)dMdTs
Integrating with respect to 3 and y, first, we have,
4 g + 7
11377 AM 5
P, (E)= 4(1 ——j— exp| ———=— dy,dy,do
i T ﬂ(f)“ p — (r1)py, (v2)dndr,
2 % g ’y + YZ
1 1357 )
4|1 -—=| = exp| — dy,dy,do
( \/Mj n({({({ p Sl o (71)Py (7’2) hav,

Expressing in terms of MGF, we have,
¥4
1 )2 80am 80am
P.(E)= (1 - —) M, |- M, | ———— 16
b M £ " 2sin?6) ™\ 2sin’ 6

)z
4 1 4 8oam 8oAm
Ao LM |- _ -t 149
n( \/M) (J) n ( 2sin’ O}MYZ [ 2sin’ 0]

For equal channels, we have the SER of M-QAM for Alamouti space-time code over any fading

channel as
T

A 2 I 2
4 1 2 8oam 4 1 4 8oam
P(E)=—=|1-— M, | - do——|1-— M| - de
W ”( \/M)I[ 7( 2sin’ 9]] ”( \/M) ({[ y[ 2sin® QD

0
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For Rice fading, the SER of M-QAM for Alamouti space-time code is given by

2
; o
Pb(E)=i(1— | )I 1+ K exp 2sin’ @ 10
d M o |+ K 4+ Soam 7 |+ K 4+ Soam
2sin’ @ 2sin”
2
iy _ gQ%
—%[1—\/1&) | 1+§ exp 25“; o do  (7.11b)
11+ K+ y 1+K+-9% 5
2sin’ 0 2sin” 0

Review question 7.9 J List the CEP for popular modulation schemes viz. BPSK, DBPSK, MPSK, MQAM.

Review question 7.1 UJ What are Craig’s alternate forms of Q(x) and Q(x)?

7.6 Summary

Figure 7.3 shows the chapter in a nutshell. We have defined coding and diversity gains. In this chapter,
we have discussed about the space-time code design criteria viz., rank, determinant and trace criteria.
Then we have studied about the Alamouti space-time code and its equivalence with the MRC. Finally
we have calculated the SER for Alamouti space-time code over various i.i.d. fading channels.

Introduction to space-time codes

- / \
- - / \
- o , L

= A A/
Code Alamouti space- SER for Alamouti .
time codes? design . timecodes ~ space-time codes T~
c X

P~ 7 criteria ‘ \ \\ \\ BPSK, iid
(G.5) y / / Gl ¢ 5 s \ \ Rayleigh fading
/ / =|s s [= . . 3 \
— \ \ . B(E)=— sin'0_Y g

arg 7i ) H \ \

/ / s — . \
make A(Ci,C) full rank / I mingmd P el l) " \ \ DBPSK, iid
‘J (W ] ) \\\ \\ Nakagami fadin;
Determinant criterion ST \\ i PO
/ , iid Hoy! \ e 7
wo-5(])
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| 5= h
/ 2 .

maximize the minimum determinant | min {m} (Vz, [+, \2)

of the matrices A(C},Cj) / -

| Ay Y < MQAM, iid Rice i
i T ;y .2 >
Trace criterion S ( M j 1, fadin,
) 7|9
Mo sin? '3 sin® @
maximize the minimum trace of | I . ( S
i i ol P (E)=— 1+ 7 |+~—st—| a6 £l
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2sm 25m 6
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Fig. 7.3 Chapter 7 in a nutshell
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Exercises
Exercise 7.1

Find the MGF of the received SNR y of SISO system for various fading distributions:

(@) Rice (b) Nakagami
() n-p (d) xp
Exercise 7.2

Find the SER of Alamouti space-time code over i.i.d. x-p fading channel for various modulation schemes

(a) BPSK (b) DBPSK
() MPSK (d) MQAM
Exercise 7.3

Find the SER of Alamouti space-time code over i.i.d. n-p fading channel for various modulation schemes

(a) BPSK (b) DBPSK
(c) MPSK (d) MQAM
Exercise 7.4

Explain the three code design criteria.

Exercise 7.5

How can one design codes which will maximize both rate and diversity gains?
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Space-Time Block
and Trellis Codes

CHAPTER

8.1 Introduction

We have discussed Alamouti space-time code in the last chapter. An extension of Alamouti space-
time code for N, number of transmitting antennas is also known as orthogonal space-time block

codes (OSTBC). But OSTBC code rate tends to % as N, increases, which is a major concern for

coding communities. There is another type of space-time code termed as space-time trellis code
(STTC), which provides both coding and diversity gains. We will explore both of these space-time
codes in this chapter. We will find the symbol error rate (SER) of coherent OSTBC over spatially
correlated Rayleigh fading as well as i.i.d. Rayleigh fading MIMO channels. We will also consider
the non-coherent space-time codes like Differential space-time codes in which CSIR is not available
at the receiver. Pairwise error probability (PEP) calculation of space-time codes over correlated as
well as i.i.d. Rayleigh fading will be also carried out. A brief introduction to space-time Turbo codes
will be presented. In the recent past, researchers have concentrated more on STBC than STTC due
to its high decoding complexity. In the last part of this chapter, we will consider some of the latest
developments in STBC which are also known as Algebraic space-time codes which can achieve full
rate and full diversity.

8.2 Space-time block codes

The Alamouti space-time code was for two transmitting antennas only. How do we generalize it for
any number of transmitting antennas? V. Tarokh et al., (1999) extended the Alamouti space-time code
to orthogonal space-time block codes (OSTBC) for any number of transmitting antennas based on the
theory of orthogonal designs. The orthogonal property makes the decoding complexity minimal and
we can decouple the symbols at the decoder. Let us now consider the STBC encoder as illustrated
in Fig. 8.1. This is an extension of the Alamouti space-time code (which has two transmit antennas)
to NT transmit antennas.

Much of the characteristics of space-time block code (STBC) is specified by the generator matrix
G (J. G. Proakis et al., 2005), having N, rows and N, columns, of the form.
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e 7
1 2 N,
Bit streams Vikars s S S
—_ A STBC encoder
Modulator J
Antenna 1 Antenna 2
Antenna Nt
11 Sy Sin,
Sa1 Sy Saw,
1 : N,
s = s’ = s =
N N
N1 Sn,2 N,N,
Fig. 8.1 Space-time block code encoder
\_ J
Si S o Sy,
S S S
21 22 Tt 2N
G=| | S .T ®.1)
Sngi Sz o Snng

where the components {sl.j} are M-ary symbols.
A space-time block code is described by the relationship between k-tuple input signal s, s,, ...,
s, (usually k is taken as V) and set of signals to be sent from N, antennas over N, time slots/periods

which is given by generator matrix. Note {Sij} are functions of k-tuple input signal s, s,, ..., s, and
their complex conjugates. At time slot i, 8 is sent from j antenna. Since k information bits are sent
k

over N, time intervals, the spatial rate of the code is R = N_L .

By using N, transmit antennas, each row of G consisting of N.,. signal points (symbols) is sent
on the N antennas in a time slot. Therefore the first row of N, symbols is sent on the N, antennas
in the first time slot, second row of N, symbols is sent on the N antennas in the second time slot,
and the N L”’ row of N, symbols is sent on the N, antennas in the N L’h time slot. Hence N, time slots
are employed to send the symbols in the N, rows of the generator matrix G. At the receiver one
may employ any number of receive antennas and the design is immaterial of the number of receive
antennas N,. For example, S. M. Alamouti in 1998, proposed a STBC for N, = 2 transmit antennas
and N, = 1 receive antenna. The generator matrix for Alamouti space-time code is
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Thus the two symbols are sent on the double antennas in the two time slots. Hence the spatial code
rate is R = 1 for the Alamouti space-time code. This is the maximum possible rate of an OSTBC
for complex signals. We have observed that Alamouti space-time code achieves the maximum
diversity and can be detected easily using maximum likelihood (ML) detector. These two desirable
characteristics were achieved as a result of the orthogonality characteristic of the generator matrix
G for the Alamouti code, which we may express as:

| 5 )y |52 . N2
(@) The column vectors s = .| and s° =| | are orthogonal; i.e., (s ) es” =0 and
—S5 D

b GG = [|s1 P +]s, |2]12 where I is a 2x2 identity matrix

Thus, full diversity and low decoding complexity are achieved as a consequence of the orthogonality
property of G given in the equation above. The Alamouti space-time code provides full diversity of
two without channel state information (CSI) at the transmitter and an uncomplicated ML decoding
system at the receiver. Such a system provides a guaranteed overall diversity gain of 2N, without
CSI at the transmitter as we have discussed before. Because of these, the scheme was extended to
any number of transmit antennas by using the theory of orthogonal designs. The generalized schemes
are known as orthogonal space-time block codes (OSTBC). These codes achieve full transmit diversity
of NN, while allowing an uncomplicated ML decoding algorithm. The entries of the G are chosen
such that they are linear combinations of Sps Sps wens SNy and their conjugates. The matrix itself is

2
Iy, .

where, N, is the number of transmit antennas, G*H is the Hermitian of G, and INT isan N.x N,
identity matrix.
An STBC is called OSTBC if

. 2 2
constructed based on orthogonal designs such that, GG = [|s1| + |s2| + ot ‘SNT

GG = Y|, [1 8.2)
n=1

OSTBC presumes that the channel coefficients remain the same over a period of N, symbols, i.e.,
hij(t) = hij; t=1,2, ..., N, This block fading assumption is needed for uncomplicated linear decoding
of OSTBC. We will also assume that the channel is frequency non-selective.

This approach yields full diversity. These code transmission matrices are cleverly constructed
such that the rows and columns of each matrix are orthogonal to each other (i.e., the dot product of
each column with another column is zero). If this condition is satisfied, the above equation will be
satisfied, yielding the full transmit diversity. The orthogonality allows us to achieve full transmit
diversity and enables receiver to decouple the signals transmitted from different antennas (T. M.
Duman et al., 2007). Dependent on the type of signal constellation used, space-time block codes can
be divided into OSTBC with real signals or OSTBC with complex signals.

Review question 8.1 J What are the two desirable characteristics of OSTBC?

Review question 8.2 J What is code rate?
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8.2.1 OSTBC for real signals

Let us consider the generation of real transmission matrices. At the outset, it should be noted that

. T . . 2 2
orthogonality condition is crucial for our design, G'G = l:|s1| + |sz| + ot ‘SNT

2
}INT Let us

consider square transmission matrices. It is difficult to find full rate and full diversity space-time
codes for square generator matrices. Such matrices exist if the number of transmit antennas N, = 2,
4, 8 (H. Jafarkhani, 2005) for real signals. The matrix being square, these codes are full rate (R=1),
and also achieves full transmit diversity. Real orthogonal generator matrix designs provide a diversity
order of N N,. The transmission matrices for N, =2, 4, 8 are given by

S =5
G,= (8.3a)
L5251
Sl —S2 —S3 —S4
S s s —s
2 1 4 3
G, = (8.3b)
S3 —S4 S] S2
1S4 S35 =S 8
§; =S, =83 —S, —S5 —S —S8; —Sg
S, S =Sy 83 =S¢ S5 Sy —8
S5 S, 8 =S, —S; —Sg S5 Sg
S, —S; S s, —S¢ S )
4 3 2 1 8 7 6 5
G, = (8.3¢)
S5 S S;  Sg S =S, =83 —S,
S¢ =S5 S3  —S; S, 8 Sy =Sy
S, —Sg =S5 Sg S5 =S, 8 Sy
|5y S7 =S¢ —Ss s, S3 =S, 8 |

Hence, each column of an orthogonal design is a permutation with sign change of the first column.
Just a simple check, see all the columns are orthogonal or not. This result in simple ML decoding by
decoupling the decision for each transmitted symbol. The code rate for all these matrices is equal
to one. We can also find the diversity gain for the given generator matrices (Y. S. Cho et al., 2010).
For instance, for 2x2 generator matrix of

For two different space-time codewords, let us find the codeword difference matrix and codeword
distance matrix, which are used for calculation of pairwise error probability between two codewords.
Assume that the transmitted codeword is S, but receiver decides in favour of § , (erroneous codeword).
Then codeword difference matrix of S, and S, is

Spp — S ) + 5
D(SA, SB) — Al B1 A2 B2

Sa2 = Sp2 Sa1 T Spi


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.009
https://www.cambridge.org/core

148 Fundamentals of MIMO Wireless Communications

The codeword distance matrix of S, and S is
T
AGS,.Sp = D(S,.S;)(D(S,.S;))

2

(SAI - 531)2 + (SAZ - SBZ) 0

0 (SAI — Sp1 )2 + (SAz —Sp )2

Rank of this matrix is 2. Hence it achieves diversity gain of 2N,. Similarly, we can show that
generator matrices of G, and Gy also achieve diversity gain of 4N, and 8N, respectively. But there

1
is no coding gain. G, = (CGD)% = (|A(SA,SB)|)§ = ((SA1 - 531)2 + (540 — sBz)z), which is the
same as the squared Euclidean distance of the symbols for uncoded system. Hence there is no coding
gain. Assuming a single receiving antenna (two transmitting antennas) and we can check the decoding
of this real OSTBC. For instance, let us consider generator matrix of G,. For this case, the received
signal is

E s )
by yl= ﬁ[hl hz]L; slz}"‘[”l |

In the above equation, y, and y, are the signals received by the receiving antenna over the first
and second time intervals.

S

Note that we have normalized the power by introducing a term of the form explicitly.

™™o
If this term is not included, then we have to consider this power division separately when we calculate

the received SNR. The above equation can be expressed in equivalent form as

_ |E b h
2N,

hy =y

ES
= y= /2N0Hs+n

Note that columns of H matrix are orthogonal; therefore,

M1
Y2

n

n,

E
y=H'Y= |--*H'Hs+H'n

2N,
E_| W+ 02 0
S 2 s+n (8.4a)
2N, 0 ht + 15
Hence, the ML detection is
g = B ‘ Ji —s =12 (8.4b)
7 min{m}
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where, s, € {sk }24: . is one of the M-ary pulse amplitude modulation (MPAM) symbols.

Note that in the above equation we are estimating symbols s, and s, which we have transmitted
from the two transmitting antennas over two time intervals. It could be any one of the MPAM
signals. Similar detection process could be carried out for other OSTBC as well both for real and
complex signals.

Review question 8.3 J Can OSTBC for real signal constellations achieve unity code rate for N> 22

8.2.2 OSTBC for complex signal constellations

The Alamouti scheme is one such matrix with complex entries for double-transmit antennas. This
scheme gives the full diversity of 2N, with a full code rate of 1. It has been shown in the literature
(H. Jafarkhani, 2005 and V. Tarokh et al., 1999) that orthogonal complex designs with R = 1 do not
exist for N;.> 2 transmit antennas. However by reducing the code rate, it is possible to devise complex
orthogonal designs for 2-D signal constellations. For example, an orthogonal generator matrix for
a STBC that transmits four complex-valued Phase Shift Keying (PSK) or Quadrature Amplitude
Modulation (QAM) symbols on N, = 4 transmit antennas is given below. For this code generator,
the four complex-valued symbols are transmitted in eight consecutive time slots.

I S
=Sy 8 =S4 85
=S5 S, 85 =5
=Sy =S5 Sy 8§

G, = s; s; sz sz ®.5)

* * * *
=S, S =S, 5
=83 S S 5

* % k
=S4 TS5 5 Sy
. . . 2 2 2
Hence the spatial rate for this code is R = % . We also observe that GG = ¢ [|sI | + |s2| + |s3| + |s4 ﬂ I,

where, ¢ is a constant. So this code provides fourth order diversity in the case of one receive antenna
and 4N, diversity with N, receive antennas. Diversity and coding gain could be obtained from the
rank and determinant of codeword distance matrix as we have done for Alamouti space-time code
and OSTBC for real signals for N, = 2. The detection analysis could be carried out similar to the
case of OSTBC for real signals.

8.2.3 Symbol error rate (SER) for OSTBC over spatially correlated
Rayleigh fading MIMO channel

Consider the I-O relation of a coherent OSTBC based MIMO system as
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Y =HC +N

OSTBC

where, Y is an N, x N, matrix, H is an N, x N, channel matrix and COSTBC isan N, x N, OSTBC
encoded transmission matrix and N is N X N, matrix with i.i.d. complex circular Gaussian random

variables (RVs) with each components distributed as N (0, od).
Assume L symbols are transmitted over 7 symbol periods with code rate given by R = % . Since
the transmission matrix of OSTBC C ;.- is orthogonal (cc? =¢ (|sl |2 + |s2 |2 +...+ |sL |2 ) Iy.)

where, c is a constant dependent on the transmission matrix of OSTBC COSTBC. For instance, for
Alamouti space-time code, ¢ = I. Due to orthogonality of the OSTBC encoded transmission matrix,
all the signals are decoupled at the receiver. Hence, one can write

Np Ng 5
= {2 > |h| :|Sk + 7

i=1j=1
= [c[Hff [s, +ak =128, (8.62)
We can estimate the transmitted symbol by using maximum likelihood (ML) detection as usual.

SLEE

where, s is a symbol and § is the symbol alphabet.
Like in Alamouti space-time code, we can calculate the effective signal to noise ratio (SNR) as

2
arg
minseS

5 = (8.6b)

o B [of _RriBf _mEf T pjEf T 7lEf
N;&&  N;& N, & Ny NrR

The Moment Generating Function (MGF) of effective SNR is derived in (K. S. Ahn et al., 2007)

(8.6¢)

nj

Rp 1 1
M= TI| ——=| = (8.6d)

i T — n — m — ng
=l B A BTV LT _ g, BTV
N, 1- A4 N, 1-2 N, 1 ;LRD N,
where, R/, is the number of distinct eigenvalues A, of correlation matrix R(R = E@ec(H)vec(H)") =
R} ® R, with SVD R = UZVH),

Rp
Note that 7, is the set n, indices corresponding to 4,. Therefore, > n; = R, where R, is the rank
J=1
of R matrix.

We can rewrite MGF as

_te o YT
MY(S)_i_l_[l(l—SlP') ’/bN_T_‘Ili

1
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By partial fraction expansion (E. B. Saff, 2003), MGF can be expressed as
Rp n; i
M. (s) = Z Z P —
T EA (-

n A, . n A, . nR A, .

=3 lj -+ ; 2] j+...+§€) Rp]
=1 (1 - s‘Pl) Jj=1 (1 - s‘Pz) j

J
(1 — s‘I’nRD)
In the above equation we can find the coefficients Al.j using the Heaviside formulae (E. Kreyszig,
1999)

i 1 lim =i
A= (‘Pi)

(n = j)ts > 045"~ {(s)ni MY(S ) ‘I’LH

The inverse Laplace transform of the MGF gives probability density function (pdf) of yas

Pp=Y 3 7(NTR)j R
n= o)\ 74 re

Here scalar R is equal to —; and I'(j) is the gamma function. The conditional error probability
(CEP) for MPAM is given by

1
b(E|7) = aPAMQ( gPAM?’);aPAM = 2(1 - M)'gPAM o

B VR
For M-ary phase shift keying (M-PSK) (J. G. Proakis et al., 2005), CEP is given by

. b3
(Elp = aPSKQ( 8psk V)WPSK = 2.gpsx = 2sin’ (ﬁ)
For M-ary quadrature amplitude modulation (M-QAM), the CEP is given as

»(E » 2“QAMQ( 8oam 7) - aéAMQZ( 8oam 7)

1| __3
doam = 2(1 - mj’gQAM M-
The symbol error rate (SER) could be obtained by averaging the CEP over the pdf of y For
MPAM, SER is

W)= TP (Ely)p,(v)dy = IapAMQ( 2eau¥) Py () dy

Taking the constant a,,,, outside the integral, we have

H(E) = aPAM(J;Q( gPAMJ’)Py(Y)dV
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Integrating over the pdf of % we have,

Rp ni Ay (N.R J . —Li_
(E) = aPAM.[Q \/gPAM )21 zlr(]])[ T/Tﬂ.i_) y] le 14 d’}’
i=1j=

Using new and compact notation, g, =

T
7

i

P (E) = aPAMIQ( 3PAM7) Z Z

L) ey

Taking out the two summations outside the integral, keeping only those terms which are dependent
on yinside the integral, we have,

—_
LQ
~—
.
o—3

P (E) = apyy Z Z A,,

=1 ,-4;Y
Pt 1_,(]) Q( gPAMY)yJ e dj/

Applying Chernoff’s bound,

Q( gPAM?’) lexp( %)

Rp
. 1 6 NyR
= P(E)<a Z Z 8pam-9i-J )@ = 2(1——),g = 3q; = (8.6¢)
b PAM;- = ( PAM ) PAM M PAM Mz 1 i T/}'i

g + 2g; i
where, 1, (gpa-i-J) = —Iexp( PAMTVJV/ 'dy

Similar expression for Chernoff bound of SER for M-PSK

Rp . N;R
P, (E) < apg > Z Ayl (8psk i J)apsg = 2.8psx = 2sin’ (%)2% = 72 (8.6)

i=1j=1
N_ 17 8psk +2q; i
Where, Il (gPSK’qi’]) = Ejexp(_% y),y] 1dy
0

b, (E)

Th imate BER be obtained
e approximate can be obtained as og, M

Similarly, for M-QAM, the SER is given as
P,(E) = ng (E|7)p,(v)dy

= Z(ZQQAMQ( 8oAm 7) - agzzAMQz( 8oAm 7))17;/(7’)‘17

Taking the constant a 0AM outside the integral, we have,

P (E) = 2“QAM:J:Q(\/3QAM Y)Py(y)dy_ aéAMZQZ (\/gQAM 7) Py(?’)dy
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Integrating over the pdf of % we have,

1t =200 S 30,9010\ i) 7t a1 § 4,010 (i) 270y

i=1 j=1 i=1 j=1

Applying Chernoff’s bound,

0({zon) < %exl{ gQEMy] 0* (Jsom7) < N Xp(—gQ’;Myj

Rp n;
= P,(E) < [ZaQAM Q;M]Z > Ayl (80a-4:0J) (8.62)
1 3 N+R
wher aguy =21 tous = 370 = 3
A 8oam * 24, -
I, (gQAM’qi’]) = EgeXP[_% VJV/ ]dV

M. Kulkarni et al., (2014) also evaluated the performance of OSTBC in equi-correlated Rayleigh
fading MIMO channel.

Review question 8.4J Write down the SER bound of OSTBC over correlated Rayleigh fading MIMO
channel.

8.2.4 Differential OSTBC

For non-coherent STBC (chapter 7), we can apply differential STBC so that we can estimate the
transmitted symbol without CSIR. Consider I-O model of a N, x N, MIMO system. The received
signal at time t can be expressed as

Y, =HX, +N,

where, Y, is an N, x N, matrix, H is an N, x N, channel matrix (for frequency flat Rayleigh
fading, elements of H are i.i.d. CSCG distributed as N.(0,1)) and X, is an N, x N; OSTBC encoded
transmission matrix at time t and N, is N, X N, matrix with i.i.d. complex circular Gaussian random
variables (RVs) with each components distributed as N (0, o?).

Unitary constellations

2
Let S denote the symbol alphabet from a unitary constellation (Vs; € S,|s j| = 1), for instance,

BPSK, QPSK, M-PSK. Assume {sj }p be a block of symbols to be sent at a time t. Then define

j=1

- % %( il 4 W) = =1
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where, V]., W/‘ satisfy the amicable orthogonal designs as mentioned in G. Ganesan et al. (2002). Then
we can show that U, U/ =1 Ny xny Which means that U, is a unitary matrix.

Differential modulation and detection

Assume we initially transmit X, =1, .y, Attime t, we may transmit X, =X, ,U,. The received signal
matrix at time t can be expressed as

Y, = HX, + N, = HX,_,U, +N,

Note CSIR is not available, hence HXH is not known at the receiver. But the received signal at
time -1 was

Y ,=HX _, +N_,

Since N, is a Gaussian white noise, Y, | can be taken as the ML estimate of HX, . Substituting
this, we have,

Y, = HX, U, +N, =Y, U, +N,

Hence the ML detection could be carried out without CSIR
~ 1P H
{sj }jzl = arg max trace{(Y, - Yt_lUt) (Yt - Yr—le)}
{s j},s ;€ S

which can be further simplified as

§; =arg max Re al{trace{(YtHYlfle)s;e”l}} +Real{trace{(YtHYt71Wj)s;m“g }}

sieS

Review question 8.5 J Explain the ML decoding of Differential STBC.

8.2.5 Other STBCs

We have considered here OSTBC only. There are many other STBCs as well. A book which is
completely devoted to STBC only is of E. G. Larsson et al., 2003. Unitary space-time code is
discussed in T. M. Duman et al., 2007. Non-orthogonal STBC are explained in H. Jafarkhani (2005).
Many quasi-orthogonal STBCs are proposed in C. Yuen et al., 2007. The maximal rate of a complex
orthogonal STBC with N transmit antennas (X. B. Liang, 2003) is given by

%
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Hence, 1. tends to be half as the number of transmit antennas increases, which is a major
concern with coding communities. Many STBCs have come up to overcome this. Quasi-orthogonal
STBC compromise the orthogonality constraint to empower rate-one transmission, sacrificing the
increment in decoding complexity. We will consider full diversity and full rate codes in the last
section of this chapter. One of the recent developments is the distributed space-time coding (Y. Jing,

2013) for cooperative relay networks.

Review question 8.6 J What is the maximal code rate for OSTBC for complex signal constellations for N . > 22

Symbol 1 (Bits 10)

Symbol 2 (Bits 01) <> Symbol 0 (Bits 00)

Symbol 3 (Bits 11)
(a)

State 0 (00) Lttt e

State 1 (10) €

State 2 (01)

%
/S =
State 3 (11) M e S o — — — —
(b)

Fig. 8.2 (a) Quadrature phase shift keying (QPSK) constellation diagram (Z(0)—e’=1; Z(1)—eill?=j;
Z(2)—eAl2=_1; Z(3)—e’l”?= _j where = is the M-ary mapping function) (one could also do
Gray coding for QPSK) (b) Trellis diagram of a QPSK, four-state trellis code for N = 2 with
arate of 2bps/Hz

~
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8.3 Space-time trellis codes

8.3.1 STTC trellis diagram

STTC is an extension of conventional trellis codes to multi-antenna systems. These codes may be
designed to extract the diversity gain and coding gain (V. Kuhn, 2006). Each STTC can be described
using a trellis. The literal meaning of “trellis” is “a light frame made of long narrow pipes of wood
that cross each other, used to support climbing plants”. Note the similarity of trellis with the trellis
diagram such as depicted in Fig. 8.2. The number of nodes in the trellis diagram corresponds to
the number of states in the trellis. The N, outputs of each branch correspond to the symbols to be
transmitted from N, antennas. Figure 8.2 shows trellis diagram for a simple quadrature phase shift
keying (QPSK), four state trellis code for N = 2 with rate 2bps/Hz.

Table 8.1
Output symbols for different input symbols and states

Input States 0 1 2 3

0 00 10 20 30

1 01 11 21 31

2 02 12 22 32

3 03 13 23 33
Input: 1231001
Antenna 1: 1231001
Antenna 2: 0123100

Let us find out how to interpret the trellis of this code (C. Oestges et al., 2007).

On the numero uno node (i.e., the number one state) the achievable outputs are 00, 10, 20 and
30. It implies that if the input symbol are 0, 1, 2 or 3, the output symbols are correspondingly 00 (O
on antenna 2 and 0 on antenna 1), 10 (1 on antenna 2 and O on antenna 1), 20 (2 on antenna 2 and
0 on antenna 1) or 30 (3 on antenna 2 and 0 on antenna 1). Furthermore, the ensuing state will be
respectively, 0, 1, 2 or 3. The trellis has four nodes corresponding to four states. The states are denoted
as, §,=0, 1, 2, 3 The input to the encoder is a pair of bits (00, 10, 01, 11) which are mapped to the
corresponding phases that are numbered (0, 1, 2, 3), respectively. The indices 0, 1, 2, 3 correspond to
the four phases, which are called symbols. Initially, the encoder is in state S, = 0. Then for each pair
of input bits, which are mapped into a corresponding symbol, the encoder generates a pair of symbol,
the first of which is transmitted on the second antenna and the second symbol is sent concurrently
on the first antenna.

For example, when the encoder is in state S, = 0 and the input bits are 11, the symbol is a 3. The
STTC outputs the pair of symbols (3,0), corresponding to the phases 3n/2 and 0 (corresponding
signals Z(3)—e¥”?=—j and Z(0)—e’=1 where Z is the M-ary mapping function). The signal -j is
transmitted in the second antenna and 1 signal is transmitted on the first antenna. At this point
encoder goes to state S, = 3. If the next two input bits are 01, the encoder outputs the symbols (2,3)


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.009
https://www.cambridge.org/core

Space-Time Block and Trellis Codes 157

which are transmitted on the two antennas (second antenna transmits -1 and first antenna transmits
-j). Thus the encoder goes to state S, = 2, and this process continues. At the end of a block of input
bits, say a frame of data, zeros are inserted in the data stream to return the encoder to the state S =
0. Thus the STTC transmits at a bit rate of 2bps/Hz.

4 N
da(n)
03(n) s5(n)
E Antenna 2
da(n)
ol(n) " sl(n)
= Antenna 1
9 Fig. 8.3 Space-time trellis encoder (m=s=2) for trellis diagram of Fig. 8.2 y

8.3.2 STTC encoder

The delay diversity scheme was started by A. Wittneben (1993). It is the simplest STTC and illustrates
the concept of STTC well. We will denote the generator matrix for the above STTC by W(M, S, N,)
where, M signifies M-ary modulation scheme, S is the number of states in the trellis diagram and
N is the number of transmitting antennas. Each STTC will have a unique generator matrix. The
generator matrix will have N, columns and m + s rows (m = log, M and s is the number of memory
elements in the encoder). Each entry is being a number between 0 to M-1. The generator matrix for
Wittneben Delay diversity is given by

1
2
0

- o O

W(4,4,2)" = (8.7a)

0 2

The transmit antennas send delayed version of the message bits. We are considering QPSK, trellis
with four states and number of transmitting antennas equal to 2 as depicted in Fig. 8.3. From the
input bits and present state of the trellis, we can find the transmitted symbols from the transmitting
antennas. Note that log,(M) bits (m = 2 bits for QPSK) are fed into the shift register (SR) at a time.
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El:[|:lnput bits  State bits)}[G]T]mod (M)}

dz(”) dl(”) 42(”) ql(”

Output  bits
=|s,(n) s(n) ;2 M—ary mapping function (8.7b)
ol oL a)

[1]

G is the generator matrix. The output bits will be mapped to M-ary symbols using the M-ary
mapping function = which maps integer values to the M-ary symbols. For instance for M-PSK
constellation, Z (i) = exp(2nji/M) where j is the y(-1) and i is an integer between 0 and M-1. It will
be clear from the following example.

é State Symbol (Bits) Output Symbols )

State 0 (00)

10
01 02
State 1 (10)
30

State 2 (01) 23

State 3 (11)
9 Fig. 8.4 Trellis path corresponding to this input bits stream 01110010 )

Example 8.1

Let us revisit the space-time trellis code of Fig. 8.2. Let us assume that the input bit stream for this
code is 01110010. Figure 8.4 above shows the trellis path corresponding to this input bits stream.
Note that we have to add 00 at the end to guarantee that the state-machine return to state zero. Using

the generator matrix G' = , find the set of transmitted symbols.

S O =
N o= O O

Solution

First two inputs are 10 and state is 00 (State 0). Hence, the output can be obtained as
1

(1 0 0 0) =(1 0

N o= O O
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Therefore, Z(1) = V2 = j and Z(0) = ¢V2 = 1 are sent at time t = 1 from the second and first
antennas, respectively.
Now the next state is 10 (State 1). Next two input bits are 00, hence, the outputs are

10
20

(0 0 1 0) =0 D
0 2

Therefore, Z(0) = @2 = 1 and Z(1) = &' = j are sent at time ¢ = 2 from the second and first
antennas, respectively. Now the next state is 00 (State 0). Next two input bits are 11, hence, the
outputs are

(1 10 0) =3 0)

N o= O O

0

Therefore, Z(3) = ¢*V2 = —j and Z(0) = &2 = | are sent at time ¢ = 3 from the second and first
antennas, respectively. Now the next state is 11 (State 3). Next two input bits are 01, hence, the
outputs are

—
(e}

2
(0111)0 =2 3

- O

0 2

Therefore, Z(2) = V2 = —1 and Z(3) = &2 = —j are sent at time ¢ = 4 from the second and
first antennas respectively. Now the next state is 01 (State 2). Next two input bits are 00, hence, the
outputs are

(0 0 0 1) =0 2

N o= OO

0

Therefore, Z(0) = @2 =1 and E(2) = 272 = _] are sent at time 7 = 5 from the second and first
antennas, respectively.

8.3.3 Rank and coding gain distance (CGD) calculations

The minimum value of CGD among all possible pairs of codewords is an indication of the performance
of the code. In the case of STTC, any valid codeword starts from state zero and ends at state zero.
Since the common branches between C! and C? do not contribute to the CGD, the minimum CGD
may correspond to the determinant for any pair of paths diverging from a state and merging to the
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same state after P transitions. For two different space-time codewords, let us find the codeword
difference matrix and codeword distance matrix which are used for calculation of pairwise error
probability between two codewords.

State Symbol (Bits)  Output Symbols h
00 00
State 0 (00)
State 1 (10)
20 02
State 2 (01)
State 3 (11)
Fig. 8.5 Example 8.2 trellis path
\_ g p p J

Example 8.2

Figure 8.5 shows an example of P = 2 transitions for the STTC of Fig. 8.2. Note that the generator
1

2
matrix for this STTC is G’ = 0 . The first path stays in state zero during both transitions that

0
0
1
0 2
is 000. The second path goes to state 2 in the first transition and merges to state zero in the second
transition that is 020. Find the rank and CGD for these two trellis paths.
Solution

The corresponding codewords for the two different trellis paths after doing M-ary mapping Z for
QPSK shown in Fig. 8.5 are

AT )
o _[EO) =" =1 =2(0)=¢" = IJ'CZ E@)= = 2(0)=e0 =1
2(0) =" =1 2(0) =" =1 2(0)=e® =1 E(2)= i

Assume that the transmitted codeword is C? but receiver decides in favour of C' (erroneous
codeword). Then codeword difference and distance matrix of C! and C? and CGD can be calculated as

2
D(C, C? = C' - ? { O}
0 2

A(Cl,C2)=D(Cl’cz)(D(Cl’Cz))T:{(2) (2)}{(2) Z}ZB ‘OJ
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CGD = ‘A(Cl,Cz)‘ - 16

4 0
Note that the codeword distance matrix A(CI,CZ) = (0 4) has rank 2. If we assume this is

the minimum determinant codeword pairs, then the coding gain is

)1 - (‘A(cl,cz)‘)é =16 =4,

G,=(a(c.c?)

Example 8.3

A two states and r = 1bit/s/Hz using BPSK STTC is depicted in Fig. 8.6 (a). The minimum CGD for
this code is 16. Find an example of two codeword that provide a CGD of 16 which corresponds to
different trellis paths.

e N
00
State O
10
01
State 1
11
(a)
00 00
State O
10 01
State 1
(b)
9 Fig. 8.6 Example 8.3 (a) 2-state STTC (b) trellis path )

Solution

We can consider the two different trellis paths as depicted in Fig. 8.6 (b). The first path stays in state
zero during two transitions, that is, 000. The second path goes to state one in the 1% transition and
merges to state zero in the 2nd transition i.e., 010.
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The corresponding codewords for the two different trellis paths after doing M-ary mapping = for
BPSK shown in Fig. 8.6(b) are

o _[EO)=e’ =1 5(0)=¢" = 1]_(:2 _ [5(1) =" =1 E(0)=¢ = 1]

2(0)=¢® =1 E(0)=e=1) E(0)=e® =1 E(I)=e" =1

[1]

Assume that the transmitted codeword is C? but receiver decides in favour of C!' (erroneous
codeword). Then codeword difference and distance matrix of C! and C2 and CGD can be calculated as

2
D(C, C? = C' - ? { O}
0 2

weersaferc o) [z 32 4 fs Y]
CGD = ‘A(CI,CZ)‘ =16
. . |2 4 0 ..
Note that the codeword distance matrix A(C ,C ) = (O 4) has rank 2. If we assume this is

the minimum determinant codeword pairs, then the coding gain is

G,=(|ja(c.c?)

= (e e = e s

Example 8.4

Assume that for an STTC with N,= 2, the transmitted codeword is 220313 and the decoder decides
in favour of the codeword 330122. The symbols transmitted are from QPSK scheme. Find the coding
gain and diversity gain for this case.

Solution

joo—J -1 -1
cl=C'=|1 —j|;iCc*=|1

-1 -1 —j —J
“1—j -1+
DICL,CH=C*-C'=| 0 2j
—-j+1 —j+1

, 4 242 —2-2j
A(C2,C‘)=D(CZ,C')(D(Cz,C')) 222/ 4 242j
24+2j 2-2j 4
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The codeword distance matrix has only two eignevalues 2.5359 and 9.4641. Therefore, rank of
codeword distance matrix is 2 (diversity gain is 2N ) and coding gain is

G, = (cGD)"" = (cGD)"* = (2.5359 x 9.4641)""* = 24

Table 8.2
STTC employing QPSK for two transmit antennas designed based on rank and determinant criteria

STTC Generator sequence Rank Coding gain
(1 2 00

T@4.4.2) T(4.42) = 2 2
100 1 2
2 01 2

Y4.4,2) Y(4,4,2) _ 2 J8
12 2 2 1
[0 2 3 1

B4.,4,2) B(4,4.2) = 2 J8
12 10
[0 0 1 2 2]

T4,8,2) T(4,8,2) _ 2 J12
|1 2 0 ]
[0 2 1 0 2]

Y(4,8,2) Y (4.8.2) = 2 4
|12 0 2 2]
[0 2 1 2 2]

B@4.,8,2) B(4,8,2) _ 2 J12
|1 2 0 ]
(000 1 2 2 0]

T(4,16,2) T(4.16,2) = 2 J12
|12 2 2 |
(02 11 2 0]

Y4,16,2) Y(4,16,2) _ 2 J32
12 21 2 2|
(2 1.0 2 2 0]

B(4,16,2) B(4.16,2) = 2 J20
02 2 2

8.3.4 STTC design using rank and determinant criteria

In the following, we will discuss some STTC started by V. Tarokh et al., (1998), Q. Yan et al., (2000)
and S. Baro et al., (2000). We will denote the generator matrix for the above STTC by T(M, S, N,),
YM, S, N;) and B(M, S, N,), respectively. M signifies M-ary modulation scheme, S is the number
of states in the trellis diagram and N, is the number of transmitting antennas. All the above STTC
achieves full diversity of NN, and hence we will compare their coding gains only. STTCs could be
designed using rank and determinant criteria. Optimal STTC could be generated using computer based
search. Some of the common STTC using QPSK modulation scheme is listed in Table 8.2 along with
their rank and coding gains for two transmit antenna case for different number of states. From the
determinant criteria, we can design STTC with higher coding gains. We can observe earlier STTC
by Tarokh has the lowest coding gains whereas STTC by Yan has the highest coding gains. One can
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explore STTC design using trace criterion in B. Vucetic et al., (2003). Super orthogonal space-time
trellis code is discussed in M. K. Simon et al., (2005) and H. Jafarkhani (2005).

Review question 8.7 J Does STTC have both coding and diversity gain?

8.3.5 STTC maximum likelihood (ML) decoding

Due to similarity of convolutional codes and STTC, we can use Viterbi algorithm for decoding STTC
(V. Kuhn, 2006). In STTC, the N,. symbols from N, transmitting antennas at one particular time
slot interfere incoherently at the every receive antenna. We will consider the simplified case for N,
= 2 transmit antennas and N, receive antennas. N, symbols are transmitted over N, + Q time slots
where O = N — 1 is the memory of the convolutional code representing the state-machine which has
N shift registers. The ML decoding finds the most likely valid path that starts from state zero and
merges to the state zero after N L+ 0 time slots. If we assume that the i antenna receives i T
o PNy o attime slots =1, 2, ..., N, + Q. For a branch of the trellis which transmits symbols s,
and s, from transmitting antennas 1 and 2 the corresponding branch metric is given as,

Np 2
) |rr,i = I8y = hi,2S2| (8.82)
i=1

The path metric is the tally of the branch metrics for the branches that form the path which kicks
off from state zero and merges to state zero after N, + Q time slots. The most likely path is the one
which has the minimum path metric. Hence, the ML decoder finds the set of symbols that construct
a valid path (which kicks off from state zero and merges to state zero after N, + Q time slots) by
solving the following minimization problem (H. Jafarkhani, 2005).

min Np+0 Np 2
P S X fne = s = sl (8.8)
LDS2. SN, 4010512052257 SN, +02 1=1 =l

Review question 8.8 J Explain the ML decoding of STTC for N .= 2.

8.4 Performance analysis of space-time codes over
separately correlated MIMO channel

Let us denote the codeword difference matrix between two codewords, C! and C?> by A = C! — C2.
Assume that we are sending the space-time codeword C' and the decoder decides in favour of C2.
Hence the conditional pairwise error probability (PEP) is given as

E
Pl clu) - of |- InaF |- of {Zimer |

where, N, is the one-sided noise power spectral density.
How do we obtain the above conditional PEP?
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Using the alternate form of Q-function (J. Craig, 1991), we have,

2 HA[?
NW%N [,
0

P(c1 BN c2\H) - e

Hence the unconditional pairwise error probability (PEP) is given as

_7[maf

.2 .[ HA 2 ( 2 P ( . )
)\4 [ A— 9 8 9a
4 sin 6 0 H H 4 S 6

g Weean denote M. AP (s) as the moment generating

P(C' > €)= %Ezexp[ ]p map (SHE0 =

v

4sin

In the above equation, assuming s = —

function (MGF) of ||HA||2

Note that

||HA||2 = trace (HAAHHH) = {vect (HH)}H (INR ® AAH)vect (HH)

One can verify the above expression for 2x2 MIMO system. For separately correlated MIMO
channel, we have,

H= R H, Ry’

where, H, is the channel matrix for uncorrelated or i.i.d. (spatially white that’s why the subscript w
in H) MIMO fading channel.

Also, vect(H) = \/ﬁvect (HW)
Therefore, |HA|f = {vect(H{;’)}H (R,)"" (1y, ® AA")(R,,)"? veer (BT

where, Ry = Ry~ ® Ry, is the spatial correlation matrix.

Theorem |

Consider the random quadratic form of a Hermitian matrix A in complex Gaussian multivariate
v~NNu,, R) as
y = Quad ,(v) = vAv/
The MGF of the y (see appendix B) is given as
exp[s(y) A (1= sRyA) ()" |
[T - sRyA

MY =[5 e py (y)dy = (8.9b)

where, I is the identity matrix with appropriate size.
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8.4.1 Rayleigh fading MIMO channel

H
Assuming v = {vect (Hff )} is a zero mean (u, = 0) Gaussian vector with covariance matrix as an

identity matrix R, =1, , and A = ( H )H/Z (INR ® AAY ) (RH )1/2 is a Hermitian matrix. Note
that for (u, = 0), the exponential term in the MGF expression of Eq. (8.9b) will become 1. Hence, the
MGEF for random quadratic form of a Hermitian matrix A for correlated Rayleigh fading channel is

-1

M(s) = [Ty, —sA| (8.10a)

Then, the MGF of y becomes

HI2 (INR ® AAH)(RH )1/2 -1

M. (s) = ‘INRNT - S(RH)
Since |I + AB| = |I + BA|, we have,

-1
— H
M (s) = ‘INRNT -s(1y, ®AA )RH‘

Since Ry = Ry ® Ry, , we have,

M,(s) = ‘INRNT -s(1y, @ AA")(R,, ® RTX)_I

Since (A ® B)(C ® D) = AC ® BD, we have,
. -1
M,(s) = ‘INRNT - 5(R;, ® AATR, )‘
If 4, is an eigenvalue of A and A, is an eigenvalue of B, then A, A is an eigenvalue of A ® B. Hence,
r 7 1
M) = TI T1 (1 - s4,u,,)
. n=lm=1

where, r is the rank of AAHRT ; 7 istherank of R ; A is the eignvalue of AAHRT ; 1 is the
X x> 'n X m

eignvalue of Ry

In our case, s = — 7’2 ; hence, the exact PEP becomes
4sin” 6
z .
2 r r
Pl »c)=Ltinn (1+ m“’”j a6 (8.10b)
T 0 n=1m=1 4SII1 0

Example 8.5

Find the PEP for the following two space-time codewords:

()Cl_llcz 1 -1
a Sl -1 1
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(11 L, (1
(b C!'= :C? =
11 11
11 1 -1
© C'=|1 1;¢?=|1 -1

11 -1 1
Assume i.i.d. Rayleigh fading MIMO channel.

Solution
For i.i.d. Rayeligh fading MIMO channel,

R, =1, = AATR; = AA"

T

Ry =1y = u,=1,7= Ny

R

Hence, Eq. (8.10b) could be simplified as

1 2\ _
P(C - C ) =
N
L 4sin* @ i
[|—— —| 46
n=1\ 4sin” 0 + YA,

Note that A is the codeword difference matrix also denoted by D(C!, C?) for two codewords C'

and C?. All we need to find is the eigenvalues of codeword distance matrix.
0 2 4 0
@ D(C',C*)= = A(C.c?) =
20 0 4

Hence the eigenvalues are 4 and 4.

n 2Ng r 2Ng
2 02 2 2
P(Cl %C2)=lj 4521n 0 d9=lj s;n 0 46
ol 4sin” 0+ y4 Tolsin“ O+ y
0 2 4 0
1 ~2) _ I 2) _
(o D(c,c)_(0 OJ:A(C,C)_(O OJ
Hence the eigenvalue is 4.
x Nk k3 Nk
2 .2 2 .2
P(Cl 9C2):I 4s21n 0 dezlf s;n 0 46
0| 4sin” 6+ v4 Tolsin“@0+y

0 2
© p(c.c?)=|0 2 ;A(Cl’cz):(‘l o)
2 0

Hence the eigenvalues are 4 and 8.
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Ng

Hi .2 .2
P(Cl —>C2) _ lj 4521n 0 42s1n 0 40
To| 4sin” 0+ 4 sin” 6+ Y8
s Nk N
_ l? sin” 6 sin” 6 Rd@
”o_sin29+y sin® @+ 2y

The close form expressions of the above PEP can be obtained using the following integral.

A = 41- %7}

where, n is an integer.
Once we have the PEP between all codewords, we can find the union bound for error probability as

P ZZPCeC (8.11a)
( ) M ¢ cze ( )
where, M is the total number of codewords.

For Chernoff bound, put 8 = Z or sin’ (0) = 1in equation 8.10 (b) for PEP, then

2
Plc' ) <] 11 m“’" (8.11b)
bound 2 n=lm=1
For high SNR case, PEP is bounded as
p(c' - ¢?) lf[ ﬁ ﬁ””’" (8.129)
bound 2 n=1m=1

For i.i.d. Rayeligh fading MIMO channel,

AA"R; = AA"
RRX:INR = 'um:l’f=NR
plC o 2 1 (Pl )1 4™k 8 12b
= ( - )bound - 5,11;[1 4 _E( r 2” Ng J/N ( ’ )
fiz, ]y
n=1
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8.4.2 Rician fading MIMO channel

H
Assuming v = {vect (Hf )} is a non-zero mean u, # 0 Gaussian vector with covariance matrix as

an identity matrix R, = ( )INRNT where, K is the Rice parameter and A = (RH)#”2

1
I+K
(I Ny ® AA" )(R H )”2 is a Hermitian matrix. The MGF for random quadratic form of a Hermitian

matrix A (Appendix B) for correlated Rayleigh fading channel is

-1
exp suvA{INRNT— SA } (MV)H

(K +1)
My(s) = (8.13a)
I __sA
NeNr T (K +1)
Therefore, the exact PEP is given as
A -1
7 A H
z { 4sin’ euVA{INRNT+4sm2 0(K+1)} B
P(C' - ) = Lie 4o (8.13b)
T 0 '}/A

IR L. S
"R 4 gin? Q(K + 1)

Rayleigh fading is a particular case of Rician fading where u, # 0 and K=0. Once we have the
PEP between all codewords, we can find the union bound for error probability as

1 ~
Pe)s =% 3 PIC—>C

M ¢ cze ( )
where, M is the total number of codewords.

For Chernoff bound, put 6 = % or sin(0) = 1, then

-1
Y YA H
|:4P'VA{INRNT +4(K+l)} 22% :|

I +Y7A
"R 4(K +1)

P(C' > ) (8.14a)

<le
bound 2

For high SNR case, the exponential term could be simplified as

F2] e

Note that we could model Rice MIMO channel as (see Eq. 2.7b)

_ LK 1
HRice A1+ KHLOS + 1+ KHRayleigh
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Therefore, assuming H LOS isanall 1 N, x N, matrix.

u, (k) = NpN; (ﬁ x (K +1)
Note that
A -1 Lo A -1
For high SNR,
A -1 L A -1
Hence, for high SNR case, PEP is bounded as
Plc'>e?) < %(“K—VH)J el NaNTK] glql(m) (8.14b)
For i.i.d. Rician fading MIMO channel,
R, =1, = AA"R; = AA"
Rp, = Iy, = u, =1 7= N,
Hence P(C1 - C2) < l(i)rNR (K + 1)rNR e[_NRNTK](f[ i)NR (8.15)
’ bound ~ 2\ ¥ n=1 A

Rayleigh fading is a particular case of Rician fading where p, # 0 and K = 0. Comparing the PEP
bound for i.i.d. Rayleigh fading with Rician fading case, we can see that the extra term
(K + l)rNR el NRNTK] g getting multiplied. Note that el NRNTK] decays very fast and it is a very small

"NR J-NeNrK]

number hence the combined effect of (K + 1) is a small number much less than 1.

Hence PEP bound for Rician case is smaller than Rayleigh case. This is reasonable since Rician has
line of sight (LOS) component and decrease the PEP.

Review question 8.9 J Werite down the SER bound of STC over correlated Rayleigh fading MIMO channel.

Review question 8.1 UJ Write down the SER bound of STC over correlated Rician fading MIMO channel.

8.5 Introduction to space-time turbo encoders

One may refer to appendix E on basics of turbo codes. Note that the space-time turbo codes are
extension of turbo codes for multiple antennas. We will consider the case of two transmit antennas
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for illustration purpose. Figure 8.7 depicts turbo space-time coded modulation scheme. It comprises
two parallel concatenated systematic and recursive STTCs. One of the antennas is always linked to
the systematic output of the systematic and recursive STTC 1, and the second antenna is joined to
the parity symbols of the two systematic and recursive STTCs. With puncturing (full rate may be
achieved), one parity symbol for each of the two systematic and recursive STTCs may be sent through
the channel and ignore the other parity symbol. But then full diversity may not be achieved. This
space-time turbo codes is very similar to the binary turbo codes we have discussed in Appendix E.
But there are some differences. The interleavers operate on symbols rather than on bits. There are
interleavers for the systematic and recursive STTC 2 and de-interleaving operation before sending over
the channel. It makes sure that the systematic symbols for both the systematic and recursive STTCs
are equal. Its decoders are very similar to the binary turbo decoders except that trellis diagram will
be used for symbols rather than bits. Iterative decoders are employed in turbo codes. One may refer
to T. M. Duman et al., (2007), S. J. Johnson (2010) and E. Biglieri (2005) for turbo codes decoders.

4 N

Input message bits Transmitting
antenna 1

Systematic and
recursive STTC 1

I Output symbols
S Transmitting
| v antenna 2
L I1 Interleaver
———
Systematic and m
N recursive STTC 2

De-interleaver

Fig. 8.7 Turbo space-time coded modulation scheme (STTC: space-time trellis code)

N

Review question 8.1 1J Explain the space-time turbo encoder.

8.6 Algebraic space-time codes

Alamouti space-time codes (see section 7.4), is the only full rate (rate r = 1) and full diversity OSTBC
for complex signal constellations, which were designed for N, = 2 MIMO system. There are no
OSTBC with full rate and full diversity for N.. > 2 for complex signal constellations. Can we have
a full rate and full diversity STBC for N x N MIMO system? This is possible with some class of
space-time codes popularly known as Algebraic space-time codes. In this section we will discuss
about Diagonal Algebraic Space-time Codes (full diversity and rate one code), Threaded Algebraic
Space-time Codes (full diversity and rate r code where, » > 1) and Perfect Space-time Codes (full
diversity and rate r code where » = 1). These codes are designed using Algebraic structures (an
introduction to algebraic structures is given in Appendix F).
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8.6.1 Diagonal algebraic space-time codes

Damen codes also popularly known as diagonal algebraic space-time codes (M. O. Damen et. al.,
2002) can be constructed for N,.= N equal to two and multiples of four. The code construction is a
two-step process.

* First find an optimal unitary matrix of dimension N having the maximal diversity.
» Second use Hadamard matrix to multiplex information symbols over space and time.
in
Consider a number field K = Q(G =e? j of degree two over base field Q(i) (q-QAM
in

constellations). The minimum polynomial of 6, p, (x) = x> —i.ltsroot @ = ¢4 iscalled an algebraic
in
4

number and we will consider algebra of 6. Its conjugate 8 = —¢ 4 . b = [1 9] is the integral basis

of K = Q(0) and each element of K = Q(0) can be expressed in polynomial form as
x=a+bbabe Q(i ) . Let the embedding o: 8 — —0be the generator of the Galois group of K.

The lattice L = 0(O,) where O, is the ring of integers (O = {a +bba,beZ [1]} ) have a generator

0
matrix as G = |:1 @} . The unitary matrix of dimension two can be constructed as U, = % . For

s
two QAM information symbols, s = [ ! } , we can rotate this input symbol vector by multiplying
52

211 -0]|s, J2 | s, - 6s,

the algebraic dimension of constellation as K = Q(6) is a vector space of dimension two over Q(P).
An STBC will not incur any information loss if the maximum instantaneous mutual information of
the equivalent MIMO channel that includes the STBC codeword is equal to the maximum
instantaneous mutual information of the MIMO channel without the STBC codeword. Any unitary
transform will preserve the mutual information while changing the diversity and coding gain (B. S.
Rajan, 2014). The above codeword could be rewritten in a diagonal matrix form as

1{s1+9s2 0 }
X=—F
J2 0 s, — 6s,

Now applying the Hadamard transformation, we have the codeword matrix of DAST for N = 2.

) . . 111 61| s 1|8 + 6s, . )
with the unitary matrix Uasx = U,s = T == . This operation augment

CZDAST — Hgade

|1 =1 g | s+ O, 0
11 V2 0 s, — Os,
1 {sl + 0Os, —(s1 - Osz)}

E s, +0s, s —06s,
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For dimension N, we can construct codes similarly.
CPAST = Hi"" « X = HY"" o diag(U  s)

Note that we need to construct an optimal N x N unitary matrix U in the above equation. Hf\,’“d’”

is the Hadamard matrix of N dimension which could be obtained from N X N Hadamard matrix

2 2
5y
HHadm HHadm

NI2 NI2
as follows HA“™ = [

S| . . .
— _HHadm]and s = : is the symbol vector. The coding gain of

N/2 N/2
Sy
N-dimension DAST codes are given by
2
N
==, N=24
J5
6min =
L N>=3
N-1” -
2N

8.6.2 Threaded algebraic space-time codes

Gamal code, also popularly known as Threaded Algebraic Space-time (TAST) code (H. E. Gamal
et al., 2003), are fully diverse and full rate (can achieve any rate r = 1) for any number of transmit
antennas. The rate r TAST code for N, x N, MIMO system can be constructed as

. k-1

CTI\"/Ij‘ST = kz:;le (UNTXk)(yl_I)
where,

o JI = [eNT ’el"“’eNT—Z’eNT—l:| and e is the i column ofaNT XN, identity matrix

* ¥is a unit-magnitude complex number which is dependent on the QAM alphabet size and N

e D, (U Ny xk) = diag(U Ny xk)is the diagonal matrix with diagonal elements consisting of a

rotated version of the k' symbol
x|

wa

X, = 5 is the vector consisting of N, information symbols of the k'™ thread

Xk Np -2

| XkNp -1 |

* Uy, is the N x N unitary rotation matrix
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For example, for N, =2 and r = 2, TAST code can be generated as follows:

k-1

;Y = ¥ Dy (UNT Xk)(VH) =D, (Uyx,) + D, (Upx,) A1

Mo

~

=1

For this case,

in
U= 1 et | IT— 0 1
—e
in in
C*T _ Diag 1 1 et || xp + Diag 1 1 e* || x0|[|0 ¥
? V2 | _eif X1 V2 | —e% 2,1 vy 0
in
57” 0 0 y(xw +tetx,, j
crasr _ 1 Xp ety L L
? J2 in J2 in
L 0 Xip — €7 Xy Y| Xa0 — et Xy, 0
i in in
X tetx Y| Xa0 T et x5y
cmst _ 1
I i i
Y| X20 — €7 X2 X0 — €7 X
in in

where, y = ¢© for QPSK and y=Ve* for 16-QAM constellations.

8.6.3 Perfect space-time codes

Perfect STBCs are linear space-time codes that were proposed by F. Oggier et al., (2006). These
codes are called perfect since they achieve full diversity, a non-vanishing determinant (NVD) for
increasing spectral efficiency, uniform average transmitted energy per antenna, and achieve rate,
r 2> 1. A perfect STBC has the following properties:

e Full rank: the determinant of the difference of any two distinct codewords is not null.

e Full rate: all N*> degrees of freedom of the system are utilized which allows to send N> symbols
from either QAM or HEX.

e NVD forincrease data rate: the minimum determinant of a PSTC is lower bounded by a constant
different from zero which is independent of spectral efficiency.

o Efficient shaping: the energy needed to transmit the linear combination of the information
symbols on each layer is same to the energy used for transmitting the symbols themselves since
each layer is modelled from the rotated version of the Z" or A, where A, is the hexagonal lattice.

o Uniform energy: it uses uniform average energy per antennas in all 7= N time slots, i.e., every
coded symbols in the code matrix have the identical average energy.
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The construction of algebraic codes involves (B. Ahmed et al., 2015):

e Choice of the base: The base is the body on which the extension base is defined and to which
the information symbols belong. We will deal with the base L = Q(i ) (q-QAM constellations)
or L = Q(j) (q-HEX constellations). Note that i = J-1and j is a primitive 3 root of unity

i2n
(jf =Lj=e?)

* Choice of the extension: The expansion base is the body on which the cyclic division algebra is
constructed. In case of PSTBC, we shall then choose an extension cyclic base K of L of degree
n. For fields K and L, K/L denotes that K is an extension of L (hence, K is an algebra over L)
and [K : L] = n shows that K is a finite extension of L of degree n.

* Definition of the cyclic algebra: We may represent ¢ as the Galois group generator of base K,
Gal(K/L). Gal(K/L) denotes the Galois group of K/L, i.e., the group of L-linear automorphisms
of K. If ¢ is any L-linear automorphism of K, (o) denotes the cyclic group generated by o

(also called as generator). Let A = Gal(K/L, o; y) a cyclic algebra of n degree. The algebra A is
a division algebra, which necessitates that ¥, ¥, ..., '~ are not norm in L".

 Definition of Space-time code: Elements of A have matrix representation. Non-zero elements
of A have an inverse. A space-time code can be defined as a finite subset of A.

Let K = Q(, 6) be a cyclic extension of the base field L (such as Q@) or Q(j)) of degree n with

Galois group G, =(0). A(K/L, 0, ) is a cyclic algebra of degree n iff

A=1eKDeeK® - @K

where, ¢ € A,¢" = ye L and ze = eo(z),Vze K .

Ais a cyclic division algebra (CDA) iff ¥, 2, ..., ¥"~' are not norm in L" which is the set L excluding
the zero element. We can associate a multiplication matrix to each element. For example, A(K/L, o, )
is a cyclic algebra of degree 2 iff A=1e K@ e e K where ¢ € A, e>= ye L*¥and ze = eo(z), Vz € K.
Let us find the multiplication of two elements a,, a, € A.

aa, = (Zl + €Z2)(Z3 + 624)

523 +e0(z) 2y + etz + ¥0(2,) 2

ZIZ3 + }/6(22)24 + e(O'(Zl )Z4 + Z2Z3)
For the basis {1 e}, we may express the above equation as
z 10(z))( %
aGa, =
z  olz) Nz
Thus there is a corresponding matrix for every element

o= lare)eae|t @)
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Two particular cases:
21 0

@ a=z€A& which can be expressed for n-dimension as
0 ofz)

00 - 0 7y
1 0 - 0 0
o1 - 0 O
0o 0 - 1 0

20 ’}/O'(Zn_l)

Z] O-(Z()

)
1 z  ofy)
)

=a=7z+eg +ezz2 +eote Tz, o
4 O'(Zz

G 0(52) O () (o) o I (z)

Elements in a cyclic algebra A of degree n can be described by matrices of the form

7(7(;—1) U.(;o) G(;—lz)
10 (@) 10 () 0 (z)

n—1
The n? information symbols s, are encoded into codewords by z; = S bl = 0,1, n—1
. o b

m=
where {bm }nm;lo is a basis of K. We may restrict the elements of A to Z; € I < K so that the signal

constellation on each layer is a finite subset of the rotated versions of the lattices 72 or A’z’ . Hence,

20 2 Zp-1

J’O'(?n—l) O"(Zo) 0(17—2)

C = Z el Ki=01-n-1

10 (7)) ¥ (z) o 0" (z)
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Choose ¥ such that none of its power is a norm in L" to get a non-vanishing determinant (NVD).

det(Ci - Cj) # 0;C; # C; € C, . For linear codes, it can further be simplified as

= det(C) # 0;0 # C € C,.

Also choose |y| =1 to guarantee the same average energy is sent from each antenna for each
channel use. This limits the choice to

ye {il, ii} € Z[i] or ye {1, A A jz} € Z[j]'

Let us summarize:

e Cyclic algebra yields a full-rate linear code.

e Cyclic division algebra fulfils the rank criterion.

* The restriction for Z; € I results in good shaping and produce energy efficient codes.

* The choice of | | = I makes sure that the same average energy is transmitted from each antenna.

e The property of NVD gives codes which are optimal in terms of the diversity-multiplexing
trade-off.

The 2 x 2 PSTBC also known as Golden code is a finite subset of the CDA of degree 2
A(K =0(i,0)/ L =0Q(i),oy= i) for Galois group Gi,, = (o)

1+\/§ 1—\/5
— .

2
The ring of integers of K is defined as Oy = {a +b0labe Z(i)}

where, : 0 = - 0=

where, s root of polynomial x*> — x —1 =0 and also called as Golden number.
Note that Z denotes the ring of rational integers. We can construct the cyclic algebra forany z;,z, € K
asa, =z +ez, where ¢’ = yand ze = eo(z) = eo(a + b8) = e(a + b0). The corresponding

matrix for a; = z; + ez, is

1= 3%y apfe e

Let a be an element of a cyclic algebra A. Then the determinant of its corresponding matrix (X )
is called reduced norm of a. Hence the reduced norm is defined as N (a) = det(X ). An ideal I (F.
Oggier et al., 2007) of a commutative ring A is an additive subgroup of A which is stable under
multiplication by A, i.e.,al IV a € A. Anideal Lis principal if it is of the form /= (A = {ay, y
€A}, a € I usually written as [, = (@). Let I ,= (@) be the principal ideal generated by =1 +i - i6.
Then, the Golden code (2 x 2 PSTBC) can be constructed as follows:

8= %(Zl +ez)iz,2 €1,

where, ¢ = y=iand ze = eo(z) = ec(a + b6) = e(a + b0)
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The matrix construction is

Z Z
- %La@) G(Z)}Z‘ = ol ) € Ko < 211

It can be observed that G is a linear code. In the above equation, Xy Xy, ¥y5 Y, A€ information
symbols taken from M-QAM constellation carved from Z[i]. The decoding of algebraic space-time
codes including perfect space-time codes can be carried out using sphere decoding, which will be
discussed in the next chapter. Let us find the minimum determinant of the Golden code as follows.

min
8uin (G) = X € Gldet(X)| = 52|V, (o)

1 2_1
——25|2+z| —5:&0
X#0

o=1+i—-i0

The rate, r PSTBC for a MIMO system with N, transmit antennas (P. Elia et. al., 2007) can be
constructed as

cfe = L £ o,

where, D, = diag(zk,c(zk),02(zk),---,ONT_l (Zk))

A is a suitable real-valued scalar designed so that the STBC meets the energy constraint
yis a unit magnitude complex number dependent on N

= (WNT’el’ez""»eNT—z’eNT—l)

For rate r =2 and, N, =2, A =5, we have

e - Lip Ly =%H2 (,&)HZ; o'((iz)j((})/ (l)ﬂ

= M = ﬁbf@) O'ZI)} } Ls{io?@) GZI)}

which is our 2 x 2 Golden code.

S

Review question 8.1 ZJ Are DAST, TAST and PSTBC fully diverse code?

Review question 8.1 3J What are the achievable rates for DAST, TAST and PSTBC?

Review question 8.1 4J What is NVD? Give some examples of STBCs having NVD characteristics.

Review question 8.1 5J What are properties of PSTBC which make it the most desirable STBC?
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Space-time codes IT
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9 Fig. 8.8 Chapter 8 in a nutshell )

8.8 Summary

Figure 8.8 shows the chapter in a nutshell. In this chapter, we have studied about the space-time block
and trellis codes. Even though, STTC comes up in the literature before STBC, researchers are spending
more time in finding better STBC in terms of rate and diversity. The main reason being STTC are
very difficult to decode. The first STBC is Alamouti space-time code which was later extended to
orthogonal STBC. OSTBC has the benefit of simple ML decoding complexity since the receiver can
decouple all the transmitted symbols. But the main issue with OSTBC is that the code rate of OSTBC

1
tends to >

literature to overcome this issue. First attempt was quasi-orthogonal STBC in which orthogonality
is compromised to get unity rate code. Such codes have higher ML decoding complexity since they
are quasi-orthogonal. We have done a detailed analysis for finding the SER of OSTBC and STC over
correlated Rayleigh faded MIMO channel. We have also mentioned about the space-time Turbo
codes. We have discussed briefly about the non-coherent space-time codes viz., differential space-
time codes. One of the recent developments in STBC is the algebraic space-time codes. Algebraic
space-time codes, as the name suggests, are designed using algebraic structures. Among the ASTBC,
we have discussed about the Diagonal algebraic space-time codes (unity rate and full diversity codes),
threaded algebraic space-time codes (rate » = 1 and full diversity codes) and finally perfect space-
time codes (rate » > 1 and full diversity codes).

as N, increases for complex signal constellations. Many STBCs have come up in the
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Exercises

The following exercises may not have close-form formulae, but may be explored.

Exercise 8.1

Find the PEP bound for space-time code (STC) over i.i.d. classical fading MIMO channels
(@) Nakagami-m (b) Rice

(c) Hoyt (d) Weibull

Exercise 8.2

Find the exact PEP for STC over i.i.d. classical fading MIMO channels

(a) Nakagami-m (b) Rice

(c) Hoyt (d) Weibull

Exercise 8.3

Find the PEP bound for STC over i.i.d. generalized fading MIMO channels
@ orp (b) k-p

) n-u

Exercise 8.4

Find the exact PEP for STC over i.i.d. generalized fading MIMO channels
@) oy (b) k-p

() n-p

Exercise 8.5

Find the SER of OSTBC for PAM/PSK/QAM for uncorrelated Rayleigh fading MIMO channel.

Exercise 8.6

Find the SER of OSTBC for PAM/PSK/QAM for spatially correlated Rice fading MIMO channel.

Exercise 8.7

Find the SER of OSTBC for PAM/PSK/QAM for uncorrelated n-y fading MIMO channel.

Exercise 8.8

Find the SER of OSTBC for PAM/PSK/QAM for uncorrelated Nakagami-m fading MIMO channel.
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Exercise 8.9

Find the SER of OSTBC for PAM/PSK/QAM for spatially correlated k-p fading MIMO channel.

Exercise 8.10

Find the SER of 0STBC for BPSK/DBPSK/MPSK/MQAM/MSK of Alamouti space-time codes over i.i.d. generalized
fading MIMO channels:

@) orp (b) k-p

(© nu
The following are MATLAB based exercises.

Exercise 8.11

Write a MATLAB program for implementing Baro’s STTC. It will have an encoder using the generator sequence
(B(4,4,2)) listed in Table 8.2. Decoding could be done using Maximum likelihood (ML) based Viterbi algorithm.
Plot frame error rate vs SNR (one frame could be considered for 130 symbols). Assume Rayleigh i.i.d. MIMO
fading channel.

Exercise 8.12

Write a MATLAB program for implementing Yan’s STTC. It will have an encoder using the generator sequence
(Y(4,8,2)) listed in Table 8.2. Decoding could be done using ML based Viterbi algorithm. Plot frame error rate
vs SNR (one frame could be considered for 130 symbols). Assume Rayleigh i.i.d. MIMO fading channel.

Exercise 8.13

Write a MATLAB program implementing Tarokh’s STTC. It will have an encoder using the generator sequence
(T(4,16,2)) listed in Table 8.2. Decoding could be done using ML based Viterbi algorithm. Plot frame error rate
vs SNR (one frame could be considered be for 130 symbols). Assume Rayleigh i.i.d. MIMO fading channel.
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Introduction to
MIMO Detection

CHAPTER

9.1 Introduction

In MIMO detection, we need to detect signals jointly since many signals are transmitted from the
transmitter to the receiver. For instance, consider a 2x1 MIMO system with two transmit antennas
and one single receive antenna. Two antennas are transmitting two signals at the same time; hence the
receiving antenna receives both signals. Hence, we need to detect both the signals jointly. Among the
available detection techniques, Maximum Likelihood (ML) detection is the optimal technique, but its
complexity grows exponentially with the number of antennas. There are other sub-optimal techniques
like Zero Forcing (ZF) and Minimum Mean Square Error (MMSE) which are less complex. We will
study first how to implement those techniques. We will compare the noise amplification in ZF and
MMSE. Then we will find the performance of these techniques in terms of probability of error and
outage probability. We also discuss about Sphere Decoding (SD) in the last section of this chapter.
SD is less complex than ML but has similar performance with that of ML.

9.2 Maximum likelihood (ML) detector

Let us consider a N, x N MIMO system whose 1-O relation (matrix form) at any symbol time t for
frequency flat fading is given by

r,=Hgs, +n, (CA))]

where symbol time slot =1, 2, ..., N, and N, may be considered as frame or packet length.
In component form, it can be expressed as

N 111 12,1 INpt Sy, ny,

2 o h s n
2, h’Zl, h’ZZ, 2N, 2, 2,
! T AR ©9.2)

r S n
Npst hNRI,t hNRZ,t hNRNT,t Np.t Ng.t
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Basically, we estimate the transmitted signal vector s from the known received vector r for the
given channel matrix H. ML is optimal in performance when the input symbol alphabet S consists
of equi-probable symbols which are a reasonable assumption for real systems. But its complexity has
exponential growth as we will see since it involves brute force search over all possible combinations.
Hence it is not feasible to employ ML detectors at the Mobile Station (MS) of a cellular network
since MS are small and computationally extensive signal processing is not possible. Let us denote
s;,1s the data symbol transmitted from the i transmit antenna at the symbol time ¢ and s €S,i=

min
1,2, ..., N;. Also arg S f (s) means that among all possibilities of s, that particular s which will

minimize the function f{s). ML detection outputs the vector which minimizes the Euclidean distance
between the received vector and all possible combinations of the transmitted symbol vectors.

8 = arg m: r - Hs| 93)

Equivalently, ML detection is to find the best symbol vector that maximizes the likelihood
function as

oo arg  max f(r | s) ©4)
o se SN .

where, f(rls) is the likelihood function for s, for the given received vector r. Note that n, is circular
symmetric complex Gaussian noise vector. Hence the likelihood function will be complex multivariate
Gaussian distributed.

f(ris) = n'lll exp(—(r - Hs)H R (r - Hs)) 9.5)

n

Maximizing a negative exponential function is equivalent to minimizing its argument as follows.

, _ag min (r —Hs)" R;' (r — Hs) 96)
v s e s .

Example 9.1

Explain the ML detection for a 2 x 2 MIMO system.

Solution

Consider a 2 x 2 MIMO system at time instant t. We have the received signal, channel matrix,
transmitted signal and noise vector as follows:

r= H = ;S = 'n =
n hyy hyy S n
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Now we can write the received signal vector in terms of the channel matrix, transmitted signal
and noise vector for frequency flat fading as follows

r=Hs+n

7 h h S n
5) by, hy, 55 ny
Hence, 1, = hy s, + sy + 030 = hys; + hyys, + 1,
At the detector, we want to detect 8, and s, at time t, but there exists interference between these
two signals for both the receiving antennas. Optimal receiver for this case is the ML receiver. Assume

that s, are modulated in M-ary constellationi.e., s, € {51 85, Sy } . We need to find the minimum
metric of the Euclidean distance

min [“"1 - (h“sl. +hyys; )H2 + “rz - (hzlsi + h225j)“2}
i,j e {12, M}

For instance, 16-QAM, (s,, 5,) are (1 of 16 symbols, 1 of 16 symbols) implies 16 x 16 pairs. Metric
calculations of 256 are required. For 3 x 3 MIMO system, N, = N, = 3, metric calculations of 163 =
4096 are required. For 5 x 5 MIMO system, Ny=Np= 5, metric calculations of 16 = 10,48,576 are
required, which is obviously impractical. This gets more worst if we consider large MIMO systems
where we consider hundreds of transmitter and receiver antennas.

. . . . N . .
The decoding complexity increases exponentially |S| T = MM with the number of transmit

antennas (N;) and constellation size (M). A minor simplification of ML decoding is sphere decoding
(SD). It tries to find the transmitted signal vector by comparing only signal vectors within the radius
of a sphere. If there are no signal vectors within the sphere, it increases the sphere size. If there are
many signal vectors within the radius of the sphere, it will reduce the sphere radius. One may explore
further on sphere decoding in B. M. Hochwald et al., (2003) and it will be explored in the last section
of this chapter.

Review question 9.1 J How does the complexity of ML increases?

9.2.1 Performance analysis

Let us try to find the PEP for detecting s, when the signal vector transmitted was s,.

P(s, > 5,) = Probly - Hs, [ < |y - Hs, [

Define d=s, s,
n by by d,
n by by h’ZNT d,

Note that n=| . [H=| | o old =

Ng hNRI hNRZ hNRNT
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The PEP can be calculated as

P(s; > s,) =0 [al” ©7)
2N,

Using Chernoff’s bound (neglecting the 1/2 factor), PEP is bounded as

P(s; > 's,) < exp —M 9.8)
4N,

We need to vectorize Hd matrix so that we can apply the above theorem.
vec(ABC) = (CT ® A) vec(B)

This theorem could be proved (see Exercise 9.2). But we will use the following corollary of this
theorem.

Corollary:
(@) When we assume that the last matrix is I, we have,

vec(AB) = vec(ABI) = (I” ® A) vec(B) = (I ® A)vec(B)
(b) When we assume that the first matrix is I, we have,

vec(AB) = vec(IAB) = (B” ® I) vec(A)

vec(Hd) = d" ® 1 ) vecH)

= h~N_[0,d"® INR)H @ae INR)]
Therefore, the average PEP with respect to h is given by

<P(s; >s,)>

< ol o _||Hd||2]
=5 P T g,
- ( (Ha)" Hd]
<E eXp —T
0
(vee(H))" (a7 ® 1y, ) (a7 @1, )vec(H)
= E| exp| — 4N,

Also we know that,
(A®B) (C®D)=AC ®BD
d'd’® (INR)H INR =d'd’® INR

< P(s; —>s,)>
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((vec (H))H (d*dT ® INR )vec(H))

i, 9.9)

< E|exp| —

We can show that for a symmetric and positive semi-definite matrix A (J. Choi, 2010) and
h ~ N (O,R)),
H -1
E(exp(~h"Ah)) = det(I + AR,

You may also see Appendix B. For,

dd" ®1,
A=—"®
4N,
r , -1
(ad" ®1,, )
P(s, — < det| I+ ~—««F&L cI®I=1
< (Sl Sz)> € 4N,
- -1
dd’
(P(s; > 's,)) < det_(I o, )@ INR}
* —Ng
(P(s, > s,)) < det(l + ‘fugrj (9.10)
0

This expression is very similar to PEP of space-time codes.

Review question 9.2 J Write the expression for Chernoff bound of Q function?

Review question 9.3 J What is PEP bound for ML detection?

9.2.2 Diversity gain

From the above equation on the upper bound on PEP we can say that the diversity gain of the ML
detection is N, for a zero mean circular symmetric complex Gaussian (ZMCSCG) channel. Another
alternative MIMO detection technique is to employ simpler and easy to implement linear detectors
but they have poorer performance.

Review question 9.4 J What is the diversity gain of ML detection?

9.3 Linear sub-optimal detectors

ML detectors are optimal but impractical. Low complexity suboptimal detectors like zero forcing
(ZF) and Minimum mean square error (MMSE) are preferable.
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In linear detector, a linear pre-processor (W) is first applied to the received signal vector § = W
Then each element of estimate ( § ) is considered as the received signal in the absence of other signals

and from which the associated signal is independently detected. It is a two-step approach. It consists
of a linear pre-processor (W) and N, (single—signal) detectors. Hence the complexity grows linearly
with NV,,.

R

9.3.1 ZF detector

Consider the received signal in the i'" antenna given by

ri:|:hi,l By - h,-,NT] s +n, 9.11)

If we assume that k' stream is the desired signal, then, we can express the above received signal
in the following way.

N
= hys+ S hs 4, 9.12)
j=1j#k
If we want to suppress the interference then we need to project the received signal onto a subspace
which is orthogonal to the interference. ZF detector will de-correlate the desired stream from the
other streams. In ZF detector, the linear pre-processor suppresses the other signals completely. The
pre-processor output is given by

§=WiAr=H'r=s+Hn 9.13)

-1
where, W/, = H" = (HH H) H" is the Moore Penrose pseudo-inverse of H

Review question 9.5 J Explain ZF detection.

Example 9.2
-1
Show that for ZF W = H" = (HHH) H".

Solution
Note that the ZF searches for unconstrained vector s € C" (not constrained to alphabet S) that
minimizes the squared Euclidean to the received vector r as
arg
. 2
min ||r — Hs||

seCMr
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This can be done by taking partial derivative ||r - Hs||2 w.r.t. s and setting to 0 as follows.

O (= 1s)" (M) = T (x" — r"Hs - s"H'x 4 511"
= -H"r + H"Hs
Then we obtain
HHs = Hr
= s = (H"H)"' Hr

W2 =H* = (H'H)' H

It can be seen that in the ZF detector the spatial interference has been wiped out completely from
the received signal and hence the name zero forcing. In order for the pseudo-inverse to exist, N, must
be less than or equal to N, otherwise H#H is singular and its inverse does not exist (G. Strang, 2006).

( . ~
X-y / tox
X-X
— f = XX
XY s ‘ : p
® \ §
. ©
®)
Fig. 9.1 (a) Projection in Hilbert space (b) Projection in 3-D case and (c) Projection in ZF

/

Let S be subspace of Hilbert space H. For a given element XeH, we are interested in finding an
element of S that best matches X which we will call as projection of X and denote it as X € §.The

projection error is [X - X|. The projection X € § is “closest” to X onto S which satisfies
X - X|| = §5X - Y| iff X-X L Y,VY €S,
Note that (see Fig. 9.1 a)
XY =[x -X+X- Y[ = |x - X[ +

X - Y| +2Re{(X - X).(X - V)]
Using projection theorem, 2Re{(X - )A(),()’Z - Y)} =0

Therefore, we have the Pythagoras theorem,
X =¥ =[x - X[ R v

Hence the RHS sum is minimized when Y = X .
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It will be clearer, if we consider the 3-D case. Assume that x- and y-axis form the 2-D subspace
S. X is an arbitrary vector in 3-D plane, we need to find the projection of X onto the 2D xy-plane.
It basically means dropping a perpendicular line from X to the 2-D xy-plane. This projection (thick
line in Fig. 9.1b) is perpendicular to xy-plane and therefore orthogonal to every vector in S (xy-plane).

Geometrical interpretation of ZF:

Let us assume that the desired symbol index is k, then, this desired symbol will be modulated by h,
column of channel matrix H. The remaining columns will be modulated by the interfering symbols.
One may define the interfering subspace span by the columns of H matrix h, where 1 # k. In that
case, we may write h, in terms of a vector of interference subspace and one that is orthogonal to it.

h, = b +(h, —h,)
where, h « denotes the projection of h, onto the interference subspace and ( h, - h X ) is the projection

error and perpendicular to the h « asillustrated in Fig. 9.1 (c).

ZF detector should discard the first term to null the interference. Then it retains the second term
so that linear pre-processing vector is chosen as

hk _ﬁk

Wk= C

Note that normalizing constant C can be taken as C = "hk - ﬁk ”

Example 9.3

Let us consider a 2 x 2 MIMO system with s € S = {-3, -1, 1, 3} and Ny=Ngp= 2. The channel

2
matrix is given by H = L

0.5 1
5 } Suppose the received signal vector is r = {0 9}. What is the
ZF detector’s output?

Solution

The ZF detector’s output is given by

§ =H'r=[0.5 02]F
.. 1 o .. 1
Thus the hard decision of for s becomes L} which is different from the ML decision of [ J .

Example 9.4
What happens to noise power for ZF?
Solution

Let us denote noise after ZF as

H'n = (HH) 'Hn =z
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2
=

The error performance of MIMO detection is directly related with the power of H™n or “H+n

Note that for singular matrix, some of the singular values are zero. For ill-conditioned matrix, we
can set some threshold t and select those eigenvalues whose value is greater than t and ignore other
eigenvalues in calculation of inverse of a matrix.

Note that U, V and Q in the following expression are unitary and H= (U X V). Using the
SVD, the post-detected noise power is

2

T ) 2

- H(V::ZV”)1 VEU"n

2

[vE2vivEual = [ve v

XHQHQX =xx = ||x||§

lQxl;

E{leI3}

E{”):‘IU”n“z} - E{tr(Z_lUHnnHUZ_l)}

tr{E_lE(nnH)UHUZ_I} =w{z?e} = r{z?]

Mo, o
=y n o _n 0.14)
i=l Gzz Grznin
Looking at the above equation, one can infer that for not well behaved channel matrix, o5, is

n

very small and hence will be a large number. The main hurdle with linear detector is that noise

o

min

power is getting amplified due to application of the linear pre-processor (W) for ill-behaved channel
matrix. In order to overcome such hurdles, one can employ techniques like lattice reduction (LR)
which will be discussed in the next chapter.

9.3.1.1 Outage probability and diversity gain

SINR for ZF is given in Eq. (9.15). SINR is distributed Chi-square with 2(N, — N, + 1) degrees-of-
freedom (Example 9.6). Outage probability and diversity gain are derived in Example 9.7 and 9.8,
respectively.

Example 9.5

Find the SINR expression for ZF.
Solution

-1
The post-detected noise H'n = (HHH) H"n = z is a ZMCSCG with covariance matrix given

by
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~
I

o= E(z") = E[(HHH)I HHnnHH((HHH)l jHJ

(HHH)_I H"E(nn” )H((HHH)_I )H

=0,

n

-\ -1
() = o (wm)
If we construct a new matrix by removing k' row of the H matrix which we will denote as H ,
-]
therefore, R,, = Gzn ((HHH) ) .

Now we can define the instantaneous signal to interference noise ratio (SINR) for the k™" received
symbol as

E E
SINR . = py,; = ® L g 9.15)

e s,

where, pis the mean SNR which has been shown (M. Rupp et al., 2003) to be a Chi-square RV (¥,
is distributed )(2( ) with 2(N, — N, + 1) degrees-of-freedom.

Example 9.6

Find the distribution of SINR of ZF.

Ng—Ng+1)

Solution

Let us try to find the distribution of SINR of ZF.

For simplicity, we will analyze for sub-channel 1. One can extend this analysis for any other sub-
channel. We can partition the channel matrix Has H = [hlﬁ] where h, is the first column vector
for the desired sub-channel 1 and H is the matrix after removing the first column. Therefore,

-1 A~ -1
A s R il
1

We have from block matrix inverse formula (H. Liitkepohl, 1996 and T. Kailath, 1980) that if we
partition an arbitrary matrix A as

A= Ay Ap
Ay Ay |
Then, we can find its inverse as
M All 12
Al = A A
A2l A2
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-1
where, Al = (A - ApAGIA,)

Hence, ((HHH)_I) = [ hi'n, - n{'A(A"A) a0y )_l
11

" . -1
= (nf' (1-2,)n,)
where, f’l is called the projection matrix for sub-channel 1.

E(h”(l—f)l)h)

E E 11 1

s e
z)y &[(H'H

11

In order to find the distribution of the positive quadratic form of

S

a=hi'(1-P)h,,
where, (I - 131) is Hermitian and non-negative.

We can diagonalize the inner matrix by a unitary transformation Q as
Q"Q=1-P

Ng )
Hence o= h{IQHAQlH = g{{;"gl = Zl;li|gi|

where, A is a diagonal matrix diag (2., Ay ) and 4, are eigenvalues of I — P, . Therefore, conditioned
on the eigenvalues, the random variable «/is a weighted sum-of-squares of Gaussian random variables
and the probability distribution may be found out.

hf{ (I -P ) h, and correspondingly SINR for the sub-channel will have Chi-square distribution
with 2(N, — N, + 1) degrees of freedom.

Example 9.7

Find the outage probability of ZF.

Solution

Consider the separate spatial encoding case (A. Hedayat et al., 2007), the data is de-multiplexed
(DMUX) to several sub-streams, each one of them separately encoded and feed to the corresponding
transmitting antenna and sent through the channel. For this case, if any one of the data sub-stream
is in outage (assume equal data rate for each sub-streams), the whole MIMO system is in outage. The
mutual information between the k' transmitted symbol vector s, and k'™ estimated symbol vector
S, at the output of the ZF detector (J. Choi, 2010) could be obtained as
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I(s;:8;) =logy(1 + SINR,,) =log,(1 + py,,)

Therefore, outage probability for a target data rate of R could be obtained as

N R
P,=1- Prob( ﬁ [I(sk; sk) > NLD

k=1 T

Ny

1- Prob{ N [log2 (1 + pyZF) > NA;D

Assume that the sub-channel outage probabilities are independent and equal. Then, we have,

Nr
R
Pout =1-Prob ([logz (1 + pyZF) > N—T:D

For outage probabilities for sub-channels are small, we have,

Nt
R
P .= Prob Hlog2 (1 + pyZF) < N—D

T

= N, Prob[[logz (1+ pyy) < iD
NT

Since ¥, is distributed 2o we can find outage probability from the CDF as follows.

Nr+1,
R
2Nt
P, = NpProb| v, <
. R i—1
[zNT_l] oM
- Ng—Ngp+1 p
=Ny|l-e P ) (9.16)

We have the CDF of y,,; hence, the outage probability is given by the above equation. Therefore

1

itis easy to see that the outage probability decays as W

. The diversity gain for ZFis N, - N,

+ 1. The system is underdetermined, if N, > N.

Example 9.8

Show that the outage probability for ZF MIMO detection decays as 1

Ng—Np+1 °
P
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Since py, is a Chi-square RV (¥, is distributed Z2<NR CNp+ D) with 2(N, — N, + 1) degrees-of-

freedom, we have the CDF as in equation (9.16).

Leti goes from 0 to Np — N

Using the infinite series expansion of exponential function, we get,

For high SNR case (p — <), we have,

Lim

out —

p— oo

Hence the diversity gain is Ny — N+ 1

9.3.1.2 Performance analysis

|l

l—-e P e P -

R Ng—Np+l

PR (NG — Ny + 1)

9.17)

For the performance analysis (exact BER calculation of quadrature phase shift keying (QPSK)
modulation) of MIMO systems employing ZF detector over independent and identical distributed
(ii.d.) Rice and Rayleigh fading channel have been carried out by R. Xu et al., (2006). C. Siriteanu
et al., (2011) have derived average error probability expression for transmit-correlated Rician fading
MIMO channel employing ZF detector. M. Kiessling et al., (2003) also tried to calculate the analytical
performance of MIMO zero-forcing receivers in correlated Rayleigh fading environments. Let us find
the exact BER of BPSK modulated MIMO systems employing ZF detector over an i.i.d. Rayleigh

fading channel.

The post-detection SINR of ZF detector is given by

SINRy = pYyp =

E,

it

sk =12,...,N;
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where, p = is the mean SNR. Assume h, is the i™ row vector of H, then, h, has complex

Ec
o
multivariate normal distribution.

h; ~ NoT(n, E)

where, W, is the mean vector and . is the covariance matrix.
Suppose all the row vectors h, have the complex multivariate normal distribution with the same
covariance matrix, Z. Then Z = H”H follows a complex Wishart distribution denoted by

Z ~ W (Ng,M,X)

where, M = [ul, Wos o My, :|T.

For M = 0, we have central complex Wishart distribution and M # 0, then we have non-central
complex Wishart distribution. The non-central complex Wishart distribution can be approximated
by central complex Wishart distribution as Z ~ WCN T (N R,f‘.);f‘. =X+ NLMH M. The pdf (D.

R
Gore et al., 2002) of post-detected SINR for Z following complex Wishart distribution is given by

Y

e |

exp Ng—Np

P(y) = sk =1,2,...,Ny
Pl N tD(Ng=Np+1)[{ P
=) =)
kk Kk
Hence CDF is given by
NN =Ny +1, Yi
/
-l
=)
P(y) = kk
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The average BER for k' symbol is given by

P (k) = ZQ(\/E)P(Vk)de

Let y, = 7 /A_l , then
=)
kk

_ N P _ Nr—Nr
PO= N el P %f:‘) exp(=7) ()" dy ©.18)
kk

This is the same integration we have used in section 8.2.3.

I(p. g, m) = I (Vpy)e7gmdy
0
I r("”%) : 1 p
r N -
e Tl ] A )=

For ourcasep = 2 %}E_l) ,gq=1m=Np— N, +1.
kk

The above integration can be further simplified (for positive integer values of m) to

1. 4. m) = {1—42( ](l‘fzj ]

h = = =
where, { PR

Therefore, average BER for symbol k is simply

Py =12 /A_l AN, =Ny +1 (9.19)
=)
kk
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o1
Hence we need to find the [E ) in order to solve the above integration. Let us consider the
kk

case of most widely used i.i.d. Rayleigh fading MIMO channel. In this case, we have,
M=0
Z=X=1I,

= ()A:fl) =1
kk

Therefore, average BER for symbol k is

k
1 m=1(2k 1= 2
P (k) = 1, (2P Ng = Ny +1):1, (pog.m) = 31 ggo( ; j(TCJ =i

9.3.2 MMSE detector

As we have seen for ZF, noise was getting enhanced even if the spatial interference was removed.
MMSE detector minimizes the mean-square value of the spatial interference plus noise. In this
the detector tries to minimize the mean square error between the actual signal and detected signal
(see Exercise 9.6).
MMSE detector is another detector whose processor output is given by

-1
N
§ = Wlgr = (HHH+E—°I) Hr

s

g No ) g gL Mo ) g
H'H+ 1) H (Hs) + | H H+—21] H (m) (9.20)

S s

One can observe that the above expression for MMSE pre-processor matrix is very similar to that

. N . . .
of ZF pre-processor matrix except for an extra term, E—O I, which will reduce the noise enhancement

S
as we will see latter.
Example 9.9
-1
Show that Wiise = ooH" (R + &1, |
Solution

arg
. H 2
min E“W r— s“

s e CNTXNR
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2
This can be done by taking partial derivative E “WH r— s“ w.r.t. W# and setting to 0 as follows.

o £l =) wee - )

i(E[tr{(WHrrHW - Wrs" —sr”'W + SSH)H)

oW
= 9 (W/R, W - W/R, ~R,W +R,)
- aw T s sr ss
= WHRrr - Rsr
H _ -1
Then’ WMMSE - RsrRrr .

Assuming noise vector and signal vector are independent.

Rrr = HRssHH + Rnn = O-?HHH + Glz’lINT;RSS = O-?INT’Rnn = GanN

R

R, = RssHH = OfHH

-1
Therefore, Wityse = B (CZHH" + &1, |

It can be shown (see Exercise 9.7) that

-1
-1
oH" (GHH" + 31, | = (HHH + %INT] v’ =wi .

s

It is easy to verify that when the MIMO system operates in low SNR region, the noise component
in the MMSE pre-processor is the dominant term and hence the filter behaves like a matched filter.
In the high SNR region, where the interference is the main source of error, the filter behaves like a
ZF detector. To sum up, the MMSE detector provides a good trade-off between the noise reduction
and interference suppression thus achieving the highest SINR value among all linear estimators.

Review question 9.6 J Explain MMSE detection.

Example 9.10

What happens to noise power for MMSE?

Solution
Let us denote noise after MMSE as

-1
(HHH - %1) H” (n) =z

s
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Using SVD of H (Y. S. Cho et al., 2010), we have,

_1 2
ok, = (s or| o)

s

2

-1
= (VEZVH+%IJ VzU” (n)

s

(ZVi1=VZ

-1
lef? = ():V“H%):IVH) U (n)

s

2

= V[Z + %z—‘ ]l U" (n)

s

2

Since the multiplication of a unitary matrix does not change the Frobenius norm, we have,

N Y
ok - |2+ e | v
We also know that,
7r(BB") = Tr(B"B) = B,
)
Hence, E(||z||§) = E( (E + =0 Z_lj U” (n) ]
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2
_ 1"271\]0[Esc5i2 +N0]

i=1 ESGl
N 2
- iNO Eso-l
i=1 EXG[-2 + N,
N o E;
= X N 2
= (B + N
Orin B
~ e 9.21)
(Es min + NO)

max (o;)

When the channel matrix is not well-behaved, the condition number [T
min ( o;

J is very large

and minimum singular value is very small. Hence there is noise enhancement in MMSE as well. But
it is less pronounced than that of the ZF detector. Note that the term o

min

appeared in both the

numerator and denominator, hence the noise enhancement has been reduced.

9.3.2.1 Outage probability and diversity gain

The SINR for the k™ symbol of MMSE detector (E. K. Onggosanusi et al., 2002) has been shown as

A -1
SINRyyse = pYe™™" = hy! (HHkH + P_ll) h,
In the above equation, h, is the k' column of H matrix and if we remove this column from H

matrix, we get the matrix H, . The quantity pis defined as E (ssH ) = % Iy, N, = Ply,n, Where,
T

N, is the block length. The CDF of py, is given (A. Hedayat et al., 2007) as

1, Ng=Ny+1>n
Np—Np+1 n-l Ng—n

P(y)=1-exp(-»)
. Np-Np+l<n

where, C, is the coefficient of y, in (I + y)"7-1.
Hence outage probability for separate spatial encoding case is given as

N,
27 -1 9.22)
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It can be shown that MMSE MIMO detector has diversity gain of N, — N+ 1 (see Exercise 9.4)

same as that of the ZF MIMO detector. But there may be some difference in the diversity order of
ZF and MMSE MIMO detection which will be discussed in the next chapter (conservation theorem).

9.3.2.2 Performance analysis

In linear detector, a linear pre-processor (W) is first applied to the received signal vector, § = W¥r .
Then we can do individual detection of §.

Without loss of generality, let us assume that we are detecting §,, k = 1.

R H H H
Then, S, =w'r=w hs +w'n

One may show that, wfln ~ N¢ (0, oi) .

Then the conditional error probability (CEP) for sub-channel 1 is given by

CEP = Q(\lzwf’ h, )

For sub-channel 1, the corresponding weight vector is proportional to

s

-1
oy N,
W, o< (HIHIH + EO 1) h,

E

N

-1
A N
CEP=Q \/th’ (HIHIH + —01) h,
Using eigen-decomposition of ICIII:IIH , we have,

< N,
Hle'+E—°I

s

Ny H
U(x + z IjU

N

Assuming, x = U"h,, we get,

Ng N Y e
izl[li—FEsj |xi|

Note that the rank of H, is N;—1< N, hence, N, — N, + 1 eigenvalues of HH are zero.

-1
~~n N
th(Hle’ +E—°1j h,

s

-1 -1
A N E Nr—Np+l 5 Np N 2
hH(HHH+—OIj hy =Y [x[+ X ( +—°) x;

: i Es ! NO i=1 | | i=Np—Np+2 ;1? ES | |

Hence,

0o =l i=Ng—Np+2

_ -1
CEPsexp(ﬁsNRzNT+l|xilzjexp[ b3 (— —%) |x,.|2]
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Since x = U"h; ~ N, (0, Gzhl) , we know that all x; are independent of each other. Therefore,

E Np-Np+l N, N
BER< Elexp| -~ 3 |xf |{E{exp| = ¥ [24+22]| |wf
Ny =1 i=Ng—Np+2 E,

which can be approximated as

Ny -1

1
Ng-Np+1| Np+—
BER = (IL_) —71 .y = E]’ilozh 9.23)
Ty Np+1+ = 0
7

The linear detectors have a linear growth in complexity with the number of antennas. But, the
performance gap between the ML detector and linear estimators are huge. The diversity gain for
ML detection was N, whereas ZF and MMSE detectors have diversity gain of N, — N+ 1 (we will
discuss this in more detail when we discuss conservation theorem later). So we need to have more
sophisticated algorithms which may be non-linear techniques to bridge the gap in the performance
of linear detectors with ML detection. One such approach is Successive Interference Cancellation
(SIC) where in every step of decoding we subtract the decoded stream from the received vector. If the
decisions are correct the received vector will have less interference which will increase the diversity
order of the next stream. This non-linear detection could be considered in conjunction with linear
techniques like ZF and MMSE detectors which results in ZF-SIC and MMSE-SIC, respectively.

Review question 9.7 J What is the diversity gain of ZF and MMSE detection?

9.4 Sphere decoding

As we have seen in section 9.2, the complexity of ML detection grows exponentially. Is there a way
to reduce this complexity without compromising the performance? That’s what Sphere Decoding
(SD) exactly does. How does SD achieve this? Simply stated, it tries to find the ML solution vector
within a sphere instead of all possible transmitted signal vectors (ML detection). But there may
be no vector at all or numerous vectors inside the chosen sphere. How to handle such situations?
In the first case, one may increase the radius of the sphere. In the second case, one may decrease
the radius of the sphere so that only one vector exists inside the sphere which will give us the ML
solution. Hence, SD is an iterative decoding which converges to the ML solution when the number
of iterations is unbounded.

First step is converting the complex I-O MIMO system model into an equivalent real system model.

y=Hx+n

real _ real _ real real
yequi - Hequixequi + nequi

- o] [ty ey [ Lot
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Example 9.11
Convert a complex 2 x 2 MIMO I-O model to an equivalent real system model.

Solution
For a 2 x 2 MIMO system,

HEERNEN

Separating the imaginary and real parts, we have,

. ylreal + ]ylmag _ hreal + -himag hrea/ + ]hzmag real + szmag n{eal + ]n;mag
y;eul + ]ylmag hreul + hzmag real + ] tmag real + thmug n;eal + ]nlzmag
Hence the real equivalent model is
{’eal hreal hleal hlmag hlmag x{’eal nlreul
gea[ ~ hreal hreal _ mluzg htmag x;ea/ ) n;eal
yi'mug - htmag hzmag hreal hreul ximag ni'mag
yémag hgmg mzwg rial r;al x;mag némag

MLD for the real equivalent system can be expressed as

real Hreal real 2

arg  min yeqm equi eqm
real real
eqm Xeqm

MLD search for ML solution over the symbol alphabet, quj’, . However, for SD, we will search

the solution over a sphere of radius rg,, only. Hence,

real real real
yeqm Heqm equi

’ < (ren)’ (9.24)

Let us consider the QR decomposition of the real equivalent channel matrix

real R
Hequl = [Ql Q2] 0

(2Ng —2Np )x2N7

H
1

Note that H™". is a 2N, x 2N, matrix. Multiplying by QY = and using the unitary property

equi

2
of the Q matrix, we have,

2

H
Ql real R real < ( )2
H yeqm’ 0 Xequi = \Tsp

Q5 (2Ng—2Np )x2Ny
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QH real R real 2 < QH real
= 1 yeqm Xeqm = rSD 2 yeqm
: : n _ H _ real H_ real . . .
Substituting thenew y" = Q'Y > 7, rsz) “Qz Y equi and replacing with a shorter notation
ro_ real
X = X, WE have,
2 2
n r
y —Rx'| < (rn)

Since R is upper triangular matrix, we can write the above inequality in component form as

2
%[ ngRllx,j <(n) 9.25)

i=1
Example 9.12
Find the above SD metric for a 2 x 2 MIMO system.
Solution

n Ry Ry Ry Ry
¥ |0 Ry Ry Ry X < (r )2
- n
0 0 Ry Ryl

n
Y3
n 0 0 0 R r
Ya 44l xy
n_R V_R V_R V_R V2+ f’l_R V_R r_R r2
b1 1141 12%2 13%3 14%4 Y2 20X 23X3 24%4
=

2 2 2
n r r n r
+ ‘y3 = Ryz3x; — R34x4‘ + ‘y4 - R44x4‘ < (rn)

Reordering the terms in the LHS, we have,

2 2
n r n r r n r r r
Yy — R44x4‘ + ‘)’3 = Ryxy — R33x3‘ + ‘yz — Ryyxy — Rysx3 — Ryyx,

2 2
n r r r r
+ ‘)’1 = Riyxy = Rizxy = Rjpxy — Rllxl‘ < (n)
Expanding SD metric for a N, x N, MIMO system, we have,
2
r r
o1~ Ronyran, Yon, — R2N7—1,2N7—1X2NT—1‘

.
= Ryn, an, %o, ‘

2
n r r r
ety = Rign, XYon, = Ry, 1N, -1 = = R1,1x1‘ < (rn)

Note that the first term is dependent only on xg Ny therefore, we can have a necessary condition

as follows.
2

< ()

In other words, we can look for x7 n, in the interval

n r
Yany — Rongon, o,
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n n
Ty T Yan, | T Vong |
R |Sn S| | = UBwy,
2Ny 2Ny 2Ny 2Ny

LB,y =
where, LB, is the lower bound for x3y , UB,y, is the upper bound for x; , [ @ |is the smallest
integer greater than a and |_aJ is the greatest integer smaller than a.

The second term depends only on x} n, and X, Ny —1- We can have second condition from the first

and second term of the SD metric inequality as follows.

2 2 2
n r n r r
Vong = Ronpon, Xon, | | Vany—1 = Ronpcion, Xon, — Ron,—1on, —1%on, 1| S (rn)
T T T T T T T T T T T
Therefore we can look for x5, _, in the interval
2Ny -1
2Ny -1 n 2Ny -1 n
LB T + Yang 128y < | * Yong-1ony | UB
2Ny -1 = R = XYoNp-1 = R = Ubyn, -1
2Ny —12Np -1 2Ny —1,2Np —1
2 2
n _.n r 2Ny -1 _ 2 n r
where, v,y 108, = Yang-1 = Ronp 12w, %on, and (rn ) = (”n) = 2n, — Rongong %o,

Following the same procedure, we can find the interval in which one can look for
XN —2sXan- 3.+ X] . In SD, the multi-dimensional search of MLD is transformed to multiple
T T

searches in one dimension. Now we can write SD algorithm as shown in Fig. 9.2.
The different steps and decisions in the above flow chart are given below.

R
Step I: Find the QR factorization of HZ[‘;ll =[(Q, Q,] 0 and y" = Qfly;f;l’fi.
(2Ng —2Np )x2N7

2 1 2
Step 2: Set k = 2N, , r, = (rSD) - ”ng:ﬁ,,- and y;NT|2NT+1 = ygNT :

Note that the SD algorithm starts by detecting the last element in x".

k n
Te 7 YVikr

k n
-k +
Step 3: Set the bounds LB, = T T ke | o x;, <
R Ry«

J = UB,and x; = LB, — 1
k.

Step 4: Increase x;, = x;, +1
Step 5: Decrease k =k — 1
Yoksr = Vi — ) z Rk,jx;
j=k+1
Note that the subscript k | k + 1 in y;|,,, above is used to denote that the received signal y, in

the k' layer, is adjusted with the already estimated symbol components x;,;, X5, X3 v, (already

detected layers).
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(":)2 = (Vr{m)z - ()’Z+1|k+2 - R/<+1,1<+1X/£+1)2
Step 6: k=k+ 1

Step 7: Save x” and find its distance from y"*%

equi *

Note that whenever the SD algorithm finds a vector x” inside the sphere, it sets the new sphere

real Hreal x

radius ||y, qui equi

2 2 . - . -
= (rSD) and restart the algorithm until it finds a single vector inside the

sphere which is declared as the ML solution.

Decision I: x;, < UB,?
Decision 2: k = 2NT +1?
Decision 3: k=17

e N
L Start )

Step 1

Step 2

’ Ny ~ Step 3

Step 5 l
—» Step 4

NO

YES NO

Decision 3 Decision 1 » Step6 Decision 2

YES |

Step 7 [ End

Fig. 9.2 Flowchart for SD algorithm
- %

Example 9.13
Write the SD pseudo code for a simple 2 x 2 MIMO system.

Solution

Step 1:
Find the QR factorization of

HZZ% = [Ql Q2]|:0

(2Ng —2Np)x2Ny }
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Step 2:

Step 3:

Step 4.

n _ H _ real
and y = Ql qum

Set k=4,

H _ real
rn - rSD ”QZ yeqm

and y;ﬁs = )’Z-

k n k n
-k 4 +
Set the bounds LB, = Tl T Ykt | < x, < In T Vi | UB,
Kk Rk

and x; = LB, — 1

Increase X, =x, + 1
Decision 1: x, < UB,?

If no then
Step 6:
k=k+1
Decision 2: k=157
If yes the
stop.
If no then go to step 4
If yes then
Decision 3: k=17
If no then
Step 5: Decrease k =k — 1
2Ny
Viks1 =V — X Rk, j
j=k+1

2 2 2
k _ k+1 n r
(rn ) = (”n ) - (yk+llk+2 - Rk+1,k+1xk+l)

If yes then
Step 7: Save X" and find its distance from y’e‘;ffl

Go to Step 4: Increase x, = x, + 1

209

How do we decide the radius of the sphere? We can choose (rs D )2 o N0~ where, o7 is the noise

variance. Hence for low SNR the radius of the sphere is large and SD is less efficient. But SD is
highly efficient for high SNR since the sphere of the radius is small. One can apply lattice reduction
techniques in combination with SD to improve its performance. More details about the SD algorithm
are given in T. Kailath et al., (2005) and F. A. Monteiro et al., (2014).

Review question 9.8 J How does SD compare to ML in terms of performance and complexity?
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9.5 Summary

Figure 9.3 summarizes the MIMO detection techniques. In introduction to MIMO detection
techniques, we have discussed about ML, ZF, MMSE and SD. The diversity gain for ML is N e
The diversity gain for ZF is N, — N + 1. MMSE has slightly higher diversity gain than ZF as we
will discuss in the next chapter. But the gap in performance is still quite large between the ML and
linear sub-optimal detectors like ZF and MMSE. SD has similar performance with that of ML with
reduced complexity.

4 7
MIMO Detection
ML Detection
min 5 CIUE P Sphere decoders
S=arg  |r—Hs| optimal
X detectors
Hd|’
Py >5:) -0 | ,
2N, A S(r")z
ad! N
(Pls; —s,)) <det| 1+ ] 2
~ s <(a)
1
PAK)= (2P Ny 1) zl(p,q,m>-5{1¢
H
SINR =y = E E, . E, det{H H7 _
v (R.);, af(H"H)“ o, det(H"HXI 9
)32
£ ‘Zuz :Z 2
i1 i Np—Ny+1 Nyl
R R™INT 1 T
2N (1 Np=Np+1 N,ﬁ—?
Lim BER = [P e ;
pow® out = N1 pNR_N"*'(NR—NTJrl)! Nk+l+?
T 252
IE
. | EQZ 2): N, Gl
§=WZr=H'r=s+H"'n H|2 ; 0(0"2+N0)Z
H 2 g e 4 R
Wzr‘:"r:(H H) H N g
Pou = Ny P
P
1, Nr—=Nyp+1=n
Ne N+l 4 (pv) n—1 Ne=—n s E
PO=1-exp(-3) 3 ARG s a) =11 2 ()
= n—1r — =L Ng—Ny+l<n
1+ )V
N -1 N -1 N -1
§=W/ or=H"H+=21| Hr=|H"H+=21| H"(Hs)+| H'H+=21| H"(n)
o E, E, E,
Fig. 9.3 Chapter 9 in a nutshell
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Exercises

Exercise 9.1

Show that for a 2x2 MIMO system, covariance matrix of nHd equals %HHd ? , where H is the channel matrix,

d=s,-s,andnis the CSCG.

Exercise 9.2

Show that vec(ABC) = (CT ® A)vec(B).

Exercise 9.3

Prove that vec(AB) = (B7 @ I)vec(A).

Exercise 9.4

Show that the diversity order of MMSE detector for a i.i.d. Rayleigh fading channel is Ny — N+ 1.

Exercise 9.5

Prove that the SINR for the k' symbol of MMSE detector can be expressed as
o -1
PYumsec = i (HH? + P_1|) hy

Exercise 9.6

2
Find the N, x N preprocessing matrix W which will give minimum mean square error minE[(s - WHr) } .

-1
Hint: The (Wiener) solution gives Wiiyse = (HHH + Ig"l) H .
S
Exercise 9.7
SH (2HH + 1. ) iy . O X H H
Show that o2 (ZHH' + o2l ) = | H He Bl | HY = Wil
S

Following are MATLAB based exercises.

Exercise 9.8

Implement the SD algorithm in MATLAB for a 2 x 2 MIMO system.
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CHAPTER

10.1 Introduction to spatially multiplexed MIMO systems

We have observed in chapter 2 that the capacity of wireless communication links is increased by
using multiple antennas at the transmitter and the receiver. To achieve these capacities, a transmission
scheme, called Diagonal-Bell Laboratories Layered Space-time (D-BLAST) has been proposed by
G. J. Foschini (1996). In an i.i.d. Rayleigh scattering environment, this processing structure leads
to theoretical rates which grow linearly with the number of antennas (for N, = N,) with these rates
approaching 90% of Shannon’s capacity. But this has large computational complexity required for
implementation of this scheme.

A simplified version, called Vertical BLAST (V-BLAST) has been proposed by G. J. Foschini et al.,
(1999). They have demonstrated spectral efficiencies of 20—40 bps/Hz at average signal-to-noise ratio
(SNR) ranging from 24 to 34 dB could be achieved in indoor environments. The essential difference
between D-BLAST and V-BLAST lies in the vector encoding process. The D-BLAST code blocks
are organized along diagonals in space-time. In V-BLAST, however, the vector encoding process is
simply a demultiplexing (DM UX) operation followed by independent bit-to-symbol mapping of each
sub-stream. No inter sub-stream coding, or coding of any kind, is required.

Note that BLAST detection scheme can be done in one of the following ways:

1. interference nulling to reduce the effect of the other (interfering) signals on the desired one is
employed in successive interference cancellation (SIC) which will be discussed in section 10.4;

2. ordering to select the sub-stream with the largest signal-to-noise ratio (SNR) or other criteria
along with SIC, which will be discussed later in ordered successive interference cancellation
(OSIC) (section 10.5).

10.2 Vertical/horizontal layered space-time transmission

Vertical Bell Laboratories Layered Space-time Transmission (V-BLAST) suggests simultaneous
transmission of independent uncoded data sub-streams. The input data is separated into several sub-
streams with demultiplexing (DMUX) operation which are associated with each transmit antenna.
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This process is followed by independent bit-to-symbol mapping (M-ary) of each sub-stream and
may be interleaved (optional) as depicted in Fig. 10.1 (a). We consider a V-BLAST system with N,
transmitting antennas. At the transmitter the data is passed through a serial-to-parallel converter (S/P
converter) and transformed into N, sub-streams, where each sub-stream is sent through a different
transmit antenna. As usual in any communication system, after the S/P converter, all sub-streams
will be modulated and may be interleaved (refer to Appendix E for a brief description on interleaver)
and sent through the transmitting antenna.

é At time t h
11 Modulator 1| > Interleaver 1 \;'\/'Xl |
BlfStieans » LR S/P‘\': .'\“‘Modulator 2 >:\Interleaver 2 ’/‘ii/X/,z
- - -
- » -
C C L
‘ Y N p
Modulator Ny > Interleaver Ny | { Xy
Q 4 N 4 \ Ny
(@
Attimet
,,:Channel coder 1\j > Modulator 1 * Interleaver 1 ) < layer1
Bit streams y " Layer 2
»/ DMUXorS/P | "(Channel coder 2 » Modulator 2 ) "X s St 2,,/ Y
- . — -
- - »
- L] L} N
“fChanneI coder Ny) »{ Modulator Ny | > Interleaver Ny kayer by
(b)
Fig. 10.1 (a) Vertical layered space-time transmission (b) Horizontal layered space-time transmission (Note
that V-BLAST architecture can also include optional encoder in series after the message source.
But the main difference between V-BLAST and H-BLAST is that in V-BLAST, the channel coding

N

can be done over time whereas in H-BLAST the channel coding can be done over space and time.)/

The transmission matrix (X) for V-BLAST can be represented as

X1 X1 X3
X X X
12 22 32
X = . . .
YNy YNy MNg

where in Xt is the time index and j is the antenna index.
Hence the first row of X matrix is transmitted from the first antenna for time t = 1,2,3,... Second

(10.1)
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row of X matrix is transmitted from the second antenna for time t = 1,2,3,... and so on.

Example 10.1

For N, =5, write down the transmission matrix X for V-BLAST transmission. Assume that there
are 35 sub-streams.

Solution

The V-BLAST demultiplexes the data stream into sub-streams referred to as layers and sent one
sub-stream over one transmit antenna.

11 16 21 26 31
12 17 22 27 32
13 18 23 28 33
14 19 24 29 34
5 10 15 20 25 30 35

>

1
A W N =
O o0 3 O

The numbers in the above matrix show the order in which the data symbols (sub-streams) in the
original streams. It can be seen that the original stream is mapped vertically into the columns of the
transmission matrix, hence the name Vertical BLAST. First row is transmitted from first antenna,
second row is transmitted from second antenna and so on. First column is transmitted in the first
time instant, second column in the second time instant and so on.

This transmission method will yield inter-stream interference. For instance, consider the first
column of the X transmission matrix. All the N, antennas are transmitting simultaneously at the time
index t = 1, hence any antenna at the receiver will receive all the signals streams from transmitting
antennas 1 to N,. This interfering signals decrease the signal-to-interference-noise ratio (SINR)
at the receiver dramatically. V-BLAST detection is done with zero forcing successive interference
cancellation (ZF-SIC)/ minimum mean square error successive interference cancellation (MMSE-
SIC) detectors which will cancel the interference from the previously detected signals. Such detectors
will be discussed in later sections.

If we introduce channel coding for each data sub-streams before modulation in the V-BLAST then
we have horizontal BLAST (Fig. 10.1b). Although V-BLAST can also employ channel coders like
H-BLAST, in the literature (D.-S. Shiu and M. Kahn, 1999), the term has been used for H-BLAST
and we have retained it. We can still employ the ZF-SIC or MMSE-SIC for detection. The only
difference now will be to introduce a channel decoder at the receiver.

Review question 10.1J What is the difference between H-BLAST and V-BLAST?

10.3 Diagonal Bell labs layered space-time transmission

The information stream is DMUX into N, sub-streams and each data sub-stream is transmitted
by a different antenna through a diagonal interleaving scheme. Table 10.1 (a) shows four different
data sub-streams a, b, c and d for instance. Each sub-stream may contain a block of coded symbols.
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The sub-streams are cyclically shifted before sending it over the N antennas. It will ensure higher
diversity order than the H-BLAST since same sub-streams are transmitted from different antennas.
This results in diagonally layered signal in space and time. As we can see from Table 10.1 (a), for N,
= 4, there are four layers and each codeword is divided into four blocks (number of blocks should
be equal to N,). The decoder decodes layer (sub-stream) by layer. The first layer is detected without
any error, since it is transmitted alone (see Table 10.1 a). After that, the second layer is demodulated
and detected and it has only one interferer from the first layer. But the first layer is already decoded,
it can be subtracted. The third will face two interferers. But the first and second layers are already
detected and they can be subtracted. The process goes on. Note that the decoding in the previous
layers should be error free, otherwise the whole process would suffer from error propagation. ZF-SIC
and MMSE-SIC algorithms for D-BLAST are given in T. M. Duman et al., (2007). There are many
unused time slots (some of the transmitting antennas are sitting idle) in D-BLAST, threaded D-BLAST
can be employed to increase transmission rate by wrapping sub-streams as depicted in Table 10.1 (b).

Table 10.1
(a) Diagonal Bell labs layered space-time transmission (D-BLAST) (b) Threaded D-BLAST (Note that a s
)9, 833 and a,  are referring to the same sub-stream which has been transmitted from the 1%, 2nd 3rd gpd 4th
transmitting antenna at time slots 1, 2, 3 and 4, respectively)

(@)

Transmitting antenna 1 a b,, 3 dy,

Transmitting antenna 2 a,, b;, Cyn ds,

Transmitting antenna 3 a3, b, Cs3 dg3

Transmitting antenna 4 A, by, Coq d,,

Time slots 1 2 3 4 5 6 7
(b)

Transmitting antenna 1 a, b,, 3 dy, as, b | ¢y

Transmitting antenna 2 d, a,, bs, Cyp ds, ag, b,,

Transmitting antenna 3 C 3 d, az; b, Cs3 dgs a;

Transmitting antenna 4 b, Cry dsyy a, by, Co4 d;,

Time slots 1 2 3 4 5 6 7

Example 10.2

For N, =5, write down the transmission matrix X for D-BLAST transmission.

Solution
1 54 3 2 15
21 5 4 3 2 1
X=[3 215 4 3 2
4 3 2 1 5 4 3
543 215 4
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There are as many sub-streams or layers as the number of transmit antennas. But the sub-streams
are not transmitted as it is unlike V-BLAST. The sub-streams are cyclically reordered and are
transmitted repeatedly.

Review question 10.2J What is the difference between D-BLAST and threaded D-BLAST?

10.4 Successive interference cancellation detection

We will discuss Zero Forcing Successive Interference Cancellation (ZF-SIC) and Minimum-mean
Squared Successive Interference Cancellation (MMSE-SIC) for V-BLAST detection.

10.4.1 Zero forcing successive interference cancellation detection

As we have mentioned in section 10.2, BLAST transmission method will yield inter-stream interference
since all antennas at the transmitter are transmitting simultaneously. Any receiver antenna will
receive streams from all the transmitting antennas at any time. The duty of detector is to detect and
decode these streams one by one. When the receiver wants to decode a stream from one transmitting
antenna, all other streams from the remaining transmitting antennas are acting as an interferer. Is
there any way of removing these inter-stream interferers? That’s what we are going to explore in this
sub-section. QR decomposition (see Appendix A) will be used in the ZF-SIC detectors.

Assume any N, x N, channel matrix H where N, < N which can be decomposed as

H=QR (10.2)

where, Q is a N, x N matrix with its orthonormal columns being the ZF nulling vectors.
Q"Q=QQ"=1
= Q=1q, q - qy,

Ris N, x N, upper triangular matrix.

_Rl] Ry - R]NT_| R]NT
0 Ry - RzNT,1 RZNT
R=| : . . . .
o - 0 RNT—INT—I RNT—INT
0 - 0 0 Ry, v,

Note that for an N, X N, channel matrix H with rank Ry, then Q is N, x Ry and Riis Ry X N...
Once H matrix is perfectly estimated, we can calculate Q and R from H. Then the following signal
processing is performed to find the transmitted symbols, x,, x,, ..., Xy Assume r is the received
vector for a MIMO system with channel matrix H, n is the AWGN noise vector whose elements are
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complex normal Gaussian distributed with zero mean and variance (NC(O,Gzn)) and x is the
transmitted signal vector. We can calculate the y vector by pre-multiplying the r vector with Q,
which is virtually the nulling step, as

y=Q"r=Q" (Hx +n) = Q" (QRx + n)

Rx +Qn=Rx +z (10.3)

z is another Gaussian noise vector with same mean and variance as n.
The above equation can be written in element wise format of the matrix as

Ry Ry, - RlNT,1 RINT
N X 4
: 0 Ry - Rzzvr,1 RZNT : :
YNr_y KNry Nroy
0 - 0 Ry Ry
y T-1T-1 T-1'T X z
Nt N Nt
i o - 0 0 RNTNT |
which is basically
» Ryx; + Rpxy +...+ RlNT—lxNT—l + RlNTxNT + 7
= ) (10.42)
INr-y RNT—INT—IXNT—I + RNTNTXNT * v,
YN L RNTNTXNT t v,
Note that
Ny
y, = ZIRij +2z;31=1,2,...,Ny
j=

We will employ nearest neighbourhood rule in the detection of symbols.

What is the nearest neighbourhood rule?

In simple words, consider a test point x; assume that x” is the closest point to x out of the rest of
the test points. Then the estimate of x can be assumed as x”. In the nearest neighbourhood rule, we
estimate the transmitted symbol by finding the Euclidean distance with the noisy received signal
with all possible symbols which may be transmitted. The symbol which gives the smallest Euclidean
distance with the received signal is assumed to be transmitted. It is similar to finding the nearest
neighbour of the received signal vector with possible symbols in a constellation diagram, hence the
name nearest neighbourhood rule.

After the QR decomposition of the channel matrix as described above, we can do the MIMO
detection in the following ways:

1. Detect for i = N, then estimate (xN7) using nearest neighborhood rule.
2. Then cancel estimate (xNT) from Yy tO detect Xyt

Ynp-1 = Ry inp 1Xn, 1+ Ry i Xy, + 2y,
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= Ynp-1 ~ Ry, X, = Ry Civp—1Xv, -1+ 2n, 11

If we have estimated x,, _correctly, that means £, = x,_, then
T T T

219

. [ INp1 T Ry, —ing X,
xNT—l =8 R
Np—INp~1
where, g is the slicing function.
3. Note that y, can be expressed as
Ny
vi= R+ ¥ Ryx, +5, (10.4b)
j=i+l
where, X, is the current detected signal.
¥, contains a lower level of interference than the received signal r as the interference from x;
Ny
for [ < i are suppressed. Z lRijxj is the interference from x;,;,x;,,, -+, Xy, which can be
Jj=i+
cancelled by using the available estimates of x;,,,x;,,, -, xy, Which are already detected.
Hence the current signal x; can be estimated as
Ny
i~ X Ry,
% = g Jj=i+l
l R;;
-~
y " Decode , >
g z\stream NT/'
PN =
& — A
/" Decode v
4 \ stream NT—l//” >
T\ — ©
A Al - g
-
-
\'/” Decode - .
+ \_stream2 /
P —
B " Decode %, N
\k‘stream 1/
SNR (dB)
() (b)
Fig. 10.2 (a) llustration of successive interference cancellation (SIC) (b) BER performance comparison
of conventional detectors in 2 x 2 MIMO system using 64-QAM over i.i.d. Rayleigh fading
MIMO channel

-

J
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The basic idea of successive interference cancellation (SIC) is to cancel the interference from the
previously detected symbols as depicted in Fig. 10.2 (a). This will reduce the interference and hence
increases effective SINR. Figure 10.2 (b) depicts the performance of various conventional detectors
viz. ZF, MMSE, ML and ZF-SIC over i.i.d. Rayleigh fading MIMO channel. As expected, ML has
the best BER performance, then ZF-SIC, followed by MMSE and ZF respectively.

Example 10.3

Explain ZF-SIC for 3x3 MIMO system.

Solution

For N, = N, = 3, we have V1= Ryx; + Ryxy + Risxy + 5
Yy = Rypxy + Ryyxy + 3

V3= Ryzx; + 23

o V3 j
= X, = g —_—

’ (R33

%, g ( Y2 _RZB)ACS )

o g()’l - Ry, - R13£3j
Ry,

g denotes the slicing operation as the closest constellation point selection.

Review question 10.3| FWrite down the steps of ZF-SIC.

10.4.2 Minimum-mean squared successive interference cancellation
detector

We can see the equivalent ZF detection of MMSE detection (R. Bohnke et al., 2003) by defining an
extended channel matrix and received vector as follows:

H n

y
H, =] [Ny, [Ven =3 [ Pex =| [N, (10.6)
Rl 0 Yoy
E, E,

E
where, N—S is the signal-to-noise ratio (SNR).
0

Now we can see the equivalence for the new extended ZF detector (see section 9.3.1) by finding the

§=Wir=H'r=s+Hn
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where, WL = H = (HHH)_I H”

We have,
N, N y
A _ whH .. _ H 0 H 0
§ = Wjr = [H ol IJ NOI [H T I]LJ

N Y
_ | gH No H
= (H H+ 3 Ij (H y)
This is exactly what we do in the MMSE detector (see section 9.3.3).
We can do the QR factorization of this new extended ZF detector and follow the same procedure
of sequential detection which will behave like MMSE-SIC detector.

Review question 10.4J Write down the equivalent ZF detection of MMSE detection.

10.4.3 Conservation theorem

Linear detectors are discussed in section 9.3. The use of multiple antennas at the receiver mitigates
interference as well as overcome multipaths. As usual, there is trade-off between this two for linear
detectors. Receiver with multiple antennas: higher diversity gain implies lesser interference mitigation
and vice versa according to conservation theorem (J. R. Barry et al., 2010).

Conservation theorem:

For ZF MIMO detector over a N, x N, Rayleigh flat fading channel, the diversity order is N, — N,
+ 1 since it makes the N.— 1 interferers null. In other words, sum of diversity gain (d) plus number

of interferers (N,

inte) €quals the number of receive antennas (NVp), i.e.

d+ N.

inter

=N, (10.7)

Example 10.4

Explain that ZF-SIC has higher diversity order than ZF using conservation theorem.

Solution

Note that ZF-SIC involves nulling and cancelling operation simultaneously. First nulling vector must
null the N, — 1 interferers. Hence, from conservation theorem, the diversity order for first detection
of the 1% symbol is N, — N, + 1. For the detection of the second symbol, we need to null the N,.—2
interferers. Hence the diversity order for second detection of symbol is N, — N, + 2 . Therefore, for
detecting the k™ symbol, the diversity order is N r— N+ k. So the last symbol detected will have full
diversity order. Note that if any symbols are not detected correctly, this diversity order decreases. To
sum up, there is diversity order gain for ZF-SIC over ZF MIMO detectors.
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Example 10.5

Explain that MMSE detector has higher diversity order than ZF using conservation theorem.

Solution

There is some difference in the way MMSE detector tackles the interferers. MMSE detectors ignore
those interferers whose strength is below noise floor level, thereby, the diversity order for MMSE
detector can be expressed as N, — Ny 1 where N, ffis the number of significant interferers. Hence
the effective diversity order of MMSE detectors could be higher than the ZF detector.

Review question 10.5J What is conservation theorem?

10.5 Ordered successive interference cancellation detector

In SIC, if the detected stream in one step is incorrect, its subtraction from the received vector
will increase the interference and results in performance degradation. This is also known as
error propagation. Hence the critical issue in ordering the detection of each stream so that error
propagation is minimized. There are techniques which combine ordered successive interference
cancellation (OSIC) and linear detection techniques like ZF-OSIC and MMSE-OSIC. To mitigate
error propagation, multiple candidate symbols rather than a single detected symbol can be employed
for SIC and this leads to list based detections. List based SIC MIMO detection outperforms the
traditional SIC MIMO detection methods and they are discussed in depth in L. Bai et al., (2012).
A. Zanella et al., (2005) investigated the performance of MMSE detectors in a flat Rayleigh-fading
MIMO environment and generalize this methodology to derive the SER for MMSE-SIC with (or
without) error propagation (EP). As mentioned before, the main problem with the SIC detector is that
there may be error propagation. If we employ ordered successive interference cancellation (OSIC),
then this error propagation may be minimized. The idea is to detect the signal with minimal error
first so that the error propagation may be minimized. In the process, we may decide the order in
which we detect the signals by various criteria listed below:

(a) Signal to noise interference ratio (SINR)
Signals with the higher SINR are detected earlier than the other signals. This is applicable for
MMSE based OSIC detectors.

(b) Signal to noise ratio (SNR)
Signals with the higher SNR are detected earlier than the other signals. This is applicable for
ZF based OSIC detectors.

(¢) Log-likelihood ratio (LLR)
The ordering is based on the LLR. S. W. Kim (2003) has proposed LLR based detection ordering
for V-BLAST and it has better performance. As we know that for V-BLAST detection (after
nulling operation), we have,

Y, =X, +wn
The LLR 4, for x, (assume equi-probable BPSK symbols) (S. W. Kim, 2003) is given by
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P(x = +JE|y)  4JE, Re(y)

A= In = (10.8)
P(xi = _\/E75|yi) No "Wi”2
It can be shown that the bit error probability and LLR is related by
R __ 1
Poi= P& #3%) = — (109)

Since the bit error probability decreases with increasing LLR, the detection ordering is to detect
the component of x that provides the largest |ll.| first.

Example 10.6

What is LLR?

Solution
For a given observation x, the likelihood function is defined as
F0) = fdlH), i =0, 1

The ML decision is to choose the hypothesis (either H, or H)) that maximizes the likelihood
function.

H, H, H,
> fo(x) > [ folx)) >
fo (%) < fi(x) = T < 1= LLR(x) = ln[f](x) L0
H, H, H,
_jf‘ogx)) is called likelihood ratio (LR) and ln[?éx)) j is known as LLR.
1 (x e

Example 10.7

What are hard and soft decision?

Solution

For coded system, it is better to use soft decision than hard decision. Usually LLR is used for soft
decision for channel decoders. For instance, let us consider a simple binary alphabet of S = {1, +1}.
So when we send 1 and -1, the received vectors are

r=+bDh+n;r=-Dh+n

Then ML decision for signal s using the LR is given by
H -1
41)  exp(~(r=h)" R;! (r = b))

LR= f(rls=-1) ) exP(_(r +h) R (r + h))

~
—
-
[
Il
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- exp{(—(r — )" R, (e = ) + (e m) R (x4 h))}

(x+a)? - (x—a)* = 4xa

We can define LLR (J. Choi, 2010) as
LLR = In(LR) = 4Re{h"R'r}
The sign of LLR is like ML detection (hard decision) and the absolute value of LLR will give an
idea of how reliable is the decision. This analysis could be extended for any M-ary symbol whose

k" bit is either O or 1 and finding the LLR for the k" bit. Soft decision or LLR based linear MIMO
detectors outperforms the hard decision based linear MIMO detectors (Y. S. Cho et al., 2010).

Review question 10.5J What are three criteria for deciding the order of signal detection in OSIC?

4 , ! N
P W 1 Y Yo N
\ o N N 2 | Decoded
Message bits \ | message bits
S | m » MIMO | -
MR | » - detector |
- m
N, Y N,
Fig. 10.3 V-BLAST MIMO system

10.5.1 Performance analysis

In the performance analysis, it is quite involved to find the exact performance analysis. Hence, we
will derive the upper and lower bound of the ZF-SIC detector’s performance. Consider the I-O model
of a V-BLAST MIMO system depicted in Fig. 10.3. The received signal vector r for a narrowband
MIMO channel H can be obtained as

r=Hs+n

In the above equation, s is the signal vector and n is the AWGN noise vector whose elements are
distributed as Ozn . The above equation can be expressed as

n hy, by ey Nr N n
. s n
S R I s (10.10)
"Ng Pngt Mnga o Bew, vy "N

We can also express channel matrix H in terms of column vectors H = [hl h, - hy, J
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hyy
where, h, = hQ:k fork=1,2,...,N,.
Py i
51 n
Hence, r:[h1 h, - hNTJ s:2 + n:2 ::Z_T,lhksk+n
SNy Ny,

We will assume SINR based ordering which is optimal, i.e., only the layer with highest SINR is
detected in each recursion which gives the lowest SER in overall. We will also assume that perfect
SIC (PSIC which means that the cancelled interference are accurate). Hence optimal ordered perfect
ZF-SIC detector (ZF-OOPSIC) will give the lower bound of ZF-OSIC.

Let rY) denote the received signal for the j” recursive step after interference cancellation. For
PSIC, we can write

N j=1 N
=3 h, s, + X h, (Sk - Qy (Ska )) +n (10.11)
a a a 1 a a

where, O, (@k ) is the hard decision of the estimated value of §, .

In the above equation, the first summation term is for undetected symbols, and the second
summation is the interference cancellation of the already detected symbols. For PSIC, the detected
symbols are exactly what we have transmitted and hence the second summation term should be zero
for ideal case (J. Han et al., 2010).

. Np
=% h, s, +n (10.12)
a:j a a

If wl(f) is the nulling vector (this is the /" row vector of Moore—Penrose pseudo-inverse of

(H(j ) = [hgj ),h(zj ), h(j ) . }) for the /" undetected symbol in the j’h recursive step where [ = 1,

R Ly S|

2, Ny—j+ 1
We have

() _J1 t=p
wi'hy {Oi;tp’

the N, —j + 1 estimated symbols derived in the Jj™ recursive step could be expressed as

() ng)r(j) _ ng)(NT h, s, + nj
i

S

a=

. . . N . .
w/hg +w S b s, +wn=s +wn (1013
a=jk,#l ¢
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Therefore, the SINR of the /" undetected layer in the j” recursive step is given by

o _Eler]
- EUwﬁnnm : N ‘v};ﬁf‘) : ‘W;})z (o

follows Chi-square distribution with 2(N, — N,. + j) degrees of freedom and

Note that

2
WSJ)

variance 1 and, therefore, x(j ) =

> ;0 =12...,N;, — j+1 for any | will have generalized

Rayleigh distribution with 2(N,, — N + j) degrees of freedom and variance 1 . Its pdf and CDF (for

2
even 2(N, — N+ j)) are given by (J. G. Proakis et al., 2008)
- R 2
P(x) = e () B ) (10.15)
(Ng = Ny +j —1)!

(x(j) )2 Np Nyt j1 (x(j) )Zk

k=0 k!

P(x(j)) —l-c

For optimal ordering using order statistics (G. Casella et al., 2002), the maximum SINR in each
recursive step should be selected from continuous population of pdf p(x%?) and CDF P(x"")

Order statistics (H. A. David et al., 2003):

To select the /" undetected layer with the maximum SINR in the j recursive step, x,/)s are

rearranged in ascending order of SINR say (xl(j ) < xgj ) < xgj <. < xg\',ir)_], < XSVIT) - j+1), the 7"
highest value of SINR is selected. According to order statistics, the PDF of xr(f) is given by

L) = ) A OT A0 o
(m—=1)!(n—1)!

(m+n—1)!

where, B(.,.) is the beta function and for positive arguments B (m, n) = , hence,

(r=1)YNy—j+1-r)!
(NT - +1)!
()

Therefore the pdf of maximum SINRxY) i.e., XNp—j4l (or minimal interference) for our case is

B(r.Ny —j+2-r) = (10.17)

given as

) _ 1 j NTfj (
Prm () = g g U ) A
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(NT —-j+ 1)! /) Nr—j /)
= (]VT—_J-)!{PI\(/]T/‘-H (x)} pl(\fr—jﬁ—l (x) (10.18)
The pdf and cdf of SINR of any undetected layer x’ for our case are
- NG 2
p(x(f)) - 2 (x(f))Z(NR KA ) (10.19)
(Ng = Ny + j —1)!
1\ 2k
) {0 wepia (+7)
P(xf ) —1-e (10.20)
k=0 k!
Hence, the pdf of maximum SINR x) substituting Ny — N, +j— 1 =g is
; Z(N —j+l) 2 g 2k VT 2
J 2T J )Y X 2g+1 —x
Pry - (%) = 7 [1 e ;Eo o } xHte (10.21)

The CEP of M-QAM could be expressed as

2
- ) ) 5

2
1 3SINR 1 2 3SINR
=21 —-—=lerfc| | == |-|1-——=| erfc”| | "=
( \/Mj f[ 2(M—1)] ( \/MJ 4 ( 2(M—1)J
where erfc is the complementary error function (G. L. Stuber, 2001), defined as

erfe(x) = %Te_yzdy =1-erf(x) (10.22)

Note that in the above equation, we have used the following relation between the Q function and

erfc, i.e.,

1

o V2
5 1 X
O(x) = e 2d =—erc(—)
There are N, layers to be detected. Hence, we need to sum and average the probability of error
for all layers. The SER for M-QAM could be obtained as

ZF—0O0PSIC _ 1 Nr zr-oopsic(j)
E (E) = N = D (E)
j=
1 = zr-oopsic(; i
=N LB U (EISINRYY) . (x)dx (10.23)
T j=10
4A(Np — j+1)< e 2T
—— - erfc(Bx)|1-e" I 29, g
1k q! (J) ofe (Bx) ,EO k!

=521, N Np—i
T 247Ny -+ 1) ;erch(Bx)P-e-xz s ﬂ} et
q! 0 k=0 k!
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1 j B= 3%

M) 2(M -1)

This is the lower bound of ZF-OSIC.

For upper bound we can calculate the SER of ZF without SIC since in ZF we do not do the

interference cancellation, probability of error will be higher for this case than the ZF-OSIC. We can
write SINR for ZF as

where, A = (1 -

SINRUY) = N

Note that ﬁ follows Chi-square distribution with 2(N, — N, + 1) degrees of freedom and
J
w

# will have generalized Rayleigh distribution with 2(N, — N, + 1)
=

variance % Then u(j ) =

degrees of freedom and variance = . The PDF of u' for j = 1 is given by

2

‘ 2(Wgmn )+t ()
P(um) _ m (M<J>)2(NR M ) (10.24)

In this case, the sum and average of probability of all undetected layers will be equal to the
probability of error for a single undetected layer since there is no successive interference cancellation
done for ZF. Therefore, for M-QAM, the SER for ZF is given by

B (E) = -2 BV (8) = BV (E)

oo

| P/ (E 1 SINR) p(u)du
0

o 2 I
- AL 4AN )‘Ierfc(Bu)(M)Z(NR_NT)+l e gy Ve N, 2AN ),Jerfcz (Bu)(”)Z(NR_NT)H e
R 41)0 R — Nt )0
(10.25)
where, A and B were defined in Eq. (10.23).

Hence SER for ZF-OSIC is bounded as P/ 7" (E) < "~ (E) < P (E).

Review question 10.7J What is OOPSIC?

Review question 10.8J What is the lower and upper bound on the SER for ZF-SIC?
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4 = m oom m e om h
- - L] - - .
] ol - - L] .
(a) (b)
Fig. 10.4 (a) Long and non-orthogonal basis vectors (b) Short and orthogonal basis vectors

10.6 Lattice reduction based detector

One of the major issues with linear detectors we have considered so far was the noise enhancement.
This effect becomes more pronounced when the channel matrix is not well behaved. Lattice reduction
algorithm could be employed to reduce the condition number of channel matrix (bring it closer to 1).
The condition number of a matrix is defined as the ratio of the largest and smallest singular value of
the matrix. Unless and otherwise specified, all matrix or vector norm are assumed to be L2-norm.
In MATLAB, one can calculate norm of a matrix H using command norm(H). The L2-norm of a
matrix equals its largest singular value and the L2-norm of inverse of a matrix equals the reciprocal
of the smallest singular value. It can be verified from the following example. Hence, the condition
number of matrix (V. Kuhn, 2006) can be expressed as

o, -

cond (H) = c;;—ﬂx = |H], “H 1“2 > 1 (10.26)
Hence for real orthogonal matrices with H-!' = H?, the condition number is one and no noise
amplification for linear detectors. Hence the matched filter and ZF are equivalent, since (H?H)~! H?
= HY. MMSE also has an equivalent ZF by defining extended matrices. Hence matched filter and
MMSE will also be identical. Hence for well-conditioned orthogonal matrices, the performance of
linear detectors is good. Therefore, it is desirable to have a roughly orthogonal matrix with condition

number close to 1.

Example 10.8

Consider the matrix

i

53
The eigenvalues of the matrix H”H = {3 2} are A = 6.8541, 4, = 0.1459 . Hence the singular

values of H are o, = 2.618,0, = 0.3820.
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1 1
| [ }
2 212

_ -1 1
el -

Lattice is regular arrangements of points in Euclidean space (D. Micciancio et al., 2002). It is a set
of points in n-D space with periodic structure. For instance, consider the two sets of lattice vectors
shown in Fig. 10.4. In Fig. 10.4 (b), the basis vectors are short and orthogonal, it will have no noise
enhancement. Using the basis vectors b,(1, 0) and b,(0, 1), we can generate the lattice points in 2-D
space as depicted in Fig. 10.5 (a). They generate all the intersection points of the grid also known as
lattice points. Similarly, using new basis vectors b/ = b, + b, (1, 1), b,” = 2b, + b,(2, 1), we can also
generate the lattice points in 2-D space as shown in Fig. 10.6 (b). But we can’t generate a lattice from
the following two vectors b1” =b,+b, (1, 1), bz" =2b, (2, 0) and they are not basis vectors because
the basic parallelepiped generated from these two vectors contains the lattice point (1,0) and (2,1).
How will one represent the lattice point (1,0) with linear integer combination of (1,1) and (2,0)? It is
not possible. The area of the parallelepiped shown in Fig. 10.5 (a) and (b) (shown in shaded region)
are exactly same since these two generator matrices are equivalent. But, the shaded area depicted in
Fig. 10. 5 (c) will be different.

4 N

1
= (12 +12+2% + 12)2 =2618 =0,

- __ 1 _ 1
= 2618 = 0.3820 o,

D min

(c)

Fig. 10.5 (a) Basis vectors in R, (b) another equivalent basis vectors in R? and (c) not suitable basis vectors in R?
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As we are aware, the equivalent channel for Alamouti space-time code has two orthogonal column
vectors. In Lattice reduction (LR) based MIMO detection, we need to find short and near orthogonal
basis vectors of the channel matrix and perform MIMO detection over the equivalent MIMO system
which is well conditioned.

Example 10.9

What is a lattice?

Solution

A lattice L (regularly arranged arrays of points) is a set of vectors that are obtained by the integer
linear combination of a set of linearly independent vectors known as basis vectors B = (b, b,,
b,]. Mathematically,

K
L= {B|Bu = Y bu,.u € z}
k=1

where, Z is the set of integers and b, € RN, N>K.
Example of lattice in communication theory is QAM constellation which is a finite subset of the
complex integer lattice.

Example 10.10

What is generator matrix of a lattice?

Solution
A vector v in the lattice L could be expressed as
v=Bu,ue 7zt

where B =[b,, b,, ... b,] is the generator matrix whose columns [b,] are basis/generator vectors.

Example 10.11

What is a unimodular matrix?

Solution

A square matrix whose determinant is +1 is called as unimodular. Then an integer matrix U (whose
elements are integer) whose determinant is +1 is called as integer unimodular.

It is quite possible that for the same lattice L, there could be two different generator matrices B,
and B, as depicted in Fig. 10.6. Then it can be shown that B, = B,U.

det(UU™) = 1 = det(U)det(U)
= det(U™1) = det(U) = +1

Hence if U is unimodular, inverse of matrix U is also unimodular.
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For example, the following matrices are unimodular.

L e e
P 4o 1) o 1)t (=11

Two generator matrices B, and B, are equivalent iff B, = B,U for some unimodular matrix U.

Physical interpretation:

In MIMO detection, we want to have the short basis vectors (or approximately orthogonal). Det (L)
is the n-dimensional volume of the parallelepiped spanned by the basis vectors. For example, see the
shaded region of Fig. 10.5 (a) and (b). If L is full rank lattice, B is a square matrix, we have det (L) =
|det (B)]. In other words, if we assume that ¢, are the acute angle between the b, and the hyperplane
spanned by b, ..., bi—l’ then

det(L) = |b;[--[b,,[[sin @, ---sin @,

where the ||x|| = \/; is the Euclidean length of a vector.

If b, is short, then ¢, is large and b, is nearly orthogonal to previous basis vectors. Det (L) is
basically volume of the parallelepiped. From the Hadamard’s inequality

[y, || = det(L) (10.27)

The equality holds when the basis vectors are mutually orthogonal. One can define orthogonality
defect (od) as

oa < il (10.28)
det(L) ~ '

From the above inequality we can infer that shorter basis vectors will be closer to orthogonal.

Example 10.12

Explain in few words the lattice reduction based MIMO detection.

Solution

Lattice reduction (LR) basically assumes that the channel matrix (H) is a generator matrix for a
lattice since H contains many column vectors. Using efficient algorithms like Lenstra, Lenstra and
Lovasz (LLL), discussed in section 10.7, it will find an equivalent generator matrix of the lattice
which is well behaved. Lattice reduction is concerned with selecting the short basis vectors. Here
well-behaved means the new generator matrix for the lattice will have a smaller condition number.
We will apply the MIMO detection techniques to the new well behaved equivalent generator matrix
of the channel. Sub-optimal MIMO detectors like ZF, ZF-SIC are surprisingly efficient when they
are employed on a reduced basis since the equivalent channel G will be better behaved and hence
the noise enhancement will be minimized.

Note that designing an efficient decoder for MIMO is a challenging task. We have seen from
example 9.1 that although ML decoder performance is optimal but the decoder complexity grows
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exponentially with the number of transmit antennas. It becomes almost impossible to realize a ML
decoder for higher number of antennas and larger alphabet size. So we have resorted to low complexity
sub-optimal decoders like ZF and MMSE decoders. We have observed that for such decoders, the
diversity order was one for N,.= N, = N MIMO system. According to conservation theorem, MMSE
has slightly higher diversity order but still there is a large gap in the performance from the ML
decoder which has diversity order of N. SIC decoder also has slightly higher diversity order since
the diversity order increases for detection of each information layer since the previously detected
information layer interference has been cancelled. Lattice decoding on the other hand will narrow
down the gap in the performance with the ML detection with reduced complexity in comparison
to ML decoding. It has been shown in X. Ma et al., (2008) that the diversity order of LR based ZF/
MMSE linear detector is the same as achieved by ML detector which is N for N x N MIMO systems.

From lattice view point, ML decoding is basically finding the closest vector problem (CVP) in
the lattice. Finding CVP problem consists of two steps: (a) lattice reduction and (b) sphere decoding.
Finding CVP exactly using sphere decoder is still computationally intensive and complexity is
dependent on the SNR as well. There are two strategies for finding CVP using sphere decoding
(First technique: find all lattice points inside a sphere and second technique: find the closest lattice
point). First technique (U. Fincke et al., 1985) average complexity grows exponentially and the second
technique (C. P. Schnorr et al., 1994) worst case complexity also grows exponentially. Instead of
finding CVP exactly we may find it approximately using standard algorithms like LLL. LLL algorithm
has polynomial time complexity and finds a reduced lattice which is approximately shortest. The

computational complexity of LLL algorithm is O(\N*) for integer bases (A. K. Lenstra et al., 1982)

and O(N? log N) for real valued bases with i.i.d. normal distribution (C. Ling et al., 2007). This way
of MIMO detection on a reduced lattice is also known as lattice reduction aided decoding which is
illustrated in Fig. 10.6 (a). This method of finding the reduced lattice and applying linear detectors
on the reduced lattice was suggested by L. Babai (1986) and H. Yao et al. (2002) also known as
approximate lattice decoding. Basically we apply the low complexity MIMO decoders like ZF and
MMSE on the reduced lattice. With LLL algorithm (refer to section 10.7), we find a reduced lattice
(G) of H.

G=HU (10.29)

where, U is a unimodular integer matrix.
We will apply the ZF and MMSE on this equivalent channel G.

LR-ML detection:

In ML detection we search for the closest point in the lattice. From lattice theory, since H and G
generate the same lattice, they are related by a unimodular matrix U as follows.

G =HU

Therefore, the received signal vector can be rewritten as
r=Hx+n=GU 'x+n=Gec+n (10.30)

where, ¢ = Ulx.
We can apply the ML detection and find an estimate for ¢ as follows.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.011
https://www.cambridge.org/core

234 Fundamentals of MIMO Wireless Communications

arg
¢= min |r- Gc||2
cezk
From estimate of ¢, we can find the estimate of x as follows.
x = U¢
LR-ZF detection:

Similarly, we can apply the ZF over the new matrix G instead of H which is more well-behaved and
will minimize the noise enhancement. Note that G*is the Moore—Penrose inverse of G.

G'r = G"(Hx+n) = G* (GU*‘X + n) = G"(Ge+n)=c+G™n (10.31)
4 N
Transmitted signal
Input signal c=U'x

Vi

Equivalent channel /
G-HU = | Decoder for c/\ = u -

= -
.| =8=LR-ZF (CLLL)

BER

(b)

Fig. 10.6 (a) Lattice reduction aided MIMO detection (b) BER performance comparison between ZF
and LR-ZF for 2 x 2 MIMO system employing BPSK modulation over i.i.d. Rayeigh fading

MIMO channel
\ J
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Hence we can estimate x from ¢ as follows.
% =Tl¢l
where, [ €] denotes integer closest to €.
For example, [0.7/=1,[0.3/=0

BER performance comparison between ZF and LR-ZF for 2 x 2 MIMO system employing BPSK
modulation scheme over i.i.d. Rayleigh fading MIMO channel is depicted in Fig. 10.6 (b). It can be
observed that LR-ZF has superior BER performance than ZF.

LR-ZF-SIC detection:
For SIC detection, do QR decomposition of G = QR. Then multiply by Q to the received signal vector.

Q"r = Q" (GUx +n) = Q" (QRc + n) = Re + Q"'n (10.32)

where, ¢ = U lx.

We can proceed with the same SIC detection techniques with this new equivalent system.

Review question 10.9J What is LR-aided ML detection?

Review question 10.1 OJ What is LR-aided ZF detection?

Review question 10.11J What is LR-aided ZF-SIC detection?

10.7 Lattice reduction algorithms

A lattice is generated as the integer linear combination of some set of linearly independent vectors.
A lattice in the n-D Euclidean space R" is a set of the form

L=L(B)= {z whu, € Z,i = 1,-~~,n};B =[by,-+-,b,]
i=1

A lattice L can be generated by different bases for n>2 and hence there is no unique basis. We can
obtain one basis from another basis by multiplying an integer unimodular matrix U.
Basically this is the result of three operations (illustrated in Fig. 10.7):

(a) exchanging two columns
(b) multiplying any column by -1 and
(c) adding an integer multiple of one column to another.

V-BLAST OSIC is an example of such operations.
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/ T T T T \
Tl . "
P A
b, ]
el VR
P A,
)

. 1 0 . . . .
Fig. 10.7 (2) b, = {0} b, = L} basis vectors for the integer lattice Z> (b) exchanging two columns

b, and b, (c) multiplying both columns by -1 (d) adding twice of column b, to column b, D,

Example 10.13

What are Lattice reduction techniques?

Solution

There are many Lattice reduction techniques. Some of them are Lenstra, Lenstra and Lovasz (LLL),

Korkin—Zolotarev (KZ) and Minkowski. Only LLL algorithm has polynomial time complexity to

find the reduced basis vectors (C. P. Schnorr et al., 1994), hence, we will explore it in this section.
Most algorithms are developed for real valued lattices. For complex MIMO system,

y=Hx+n

Use equivalent real channel model as follows.

Im i) - EH(E) Re(H) || 1m(x)| * | 1m(n) | 1032
{Reg )} {e( ) Im(H)HRe(X)} {Re(n)}

Now the dimension will be doubled (say m = 2N, and n = 2N).
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LLL reduced lattice:

Abasis H , with QL decompositionH_,,=Q, L, ,is LLL reduced with parameter O (usually taken

3
-

@

(b)

red ™

i < § £ 1, if the following two conditions hold true.

Size reduction

L, < %|L,,,|;1 <k<l<m (10.34)

Note that column I is to the right of column k. The condition (a) says the diagonal components
of the L, are at least double as the off-diagonal components of the same row. This is called
the size-reduction condition and this ensures that there is no significant projection of one
column on another. If it is not satisfied for (I, k) pair, we deduct an integer multiple of the [’
column from the & column so that this condition is satisfied. The size reduction is carried
out by subtracting integer multiples of the right column with index / from the left column with
index k. This condition does not guarantee a minimal basis, there is another condition called
as Lovasz condition which will ensure the correct sorting of the columns.

Sorting

S|Lyg [k + Lk + 1] < Loy [Kk]] + L [k + LA 51 < k< m—1 (10.35)

The condition (b) ensures proper sorting since the lengths of the columns are only compared on
the basis of a little 2 x 2 submatrix. If the above condition is not satisfied, we will interchange
the columns. Why are we considering 2 x 2 submatrices? This will reduce the computational
complexity at the price of lower performance especially for big channel matrices. The columns
have to be ordered according to their lengths, shortest columns right and largest on the left. It
may be noted that QL decomposition gives such a lower triangular matrix, that’s why the sorting
has been much simplified. So, one starts LLL algorithm with initial inputs as Q and L.

Example 10.14

Explain the above condition (b) with the help of an example.

Solution

For instance for 5 x 5 lower triangular matrix L = | Ly, L3, L3z 0

; we will consider
Ly Ly Ly Ly
|Lsi Ls, Ls3 Lsy Lss |

. Ly, L,, Ly Ly . ..
the 2x2 sub-matrices ) s and . If this condition
Ly, Ly, Ly, Lss Lys Ly, Ls, Ls;s

is not satisfied, columns will be exchanged. This condition is also known as Lovasz condition. Small
value of J leads to fast convergence, whereas large value O leads to better basis. Usual choice of

8 = = . Lovasz condition for 2 x 2 submatrix

3 Ly, . 3.2 2 2
is =Ly, <L +L5,.
4 {LM Lz,j 4= ’ ,
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Review question 10.12J What is size reduction?

Review question 10.1 3J What is Lovasz condition?

10.7.1 LLL algorithm for lattice reduction

The LLL algorithm for reduction of lattice basis does not give optimal solution or minimal basis, but
has polynomial time complexity. All the vectors and matrices are converted from complex to real
hence the matrix sizes have been doubled.

The inputs to the LLL algorithm are Q, L. and U.

L, 0 0 « 0 100 0
Ly L, 0 - 0 010 - 0
L=|Ly, L, Ly - 0 U={0 0 1 - 0
_Lml Lm2 Lm3 me_ 000 -1

The outputs are reduced matrices viz., Q,,, L, ,andU .

red’

LLL LR algorithm (A. K. Lenstra et al., 1982)

Initialization:
Q,., =QL,, =L U =1, (%initial inputs, U is a unimodular matrix)

k=m —1 (% k is the column under consideration and start from the last but second column, note
that m=2N.})

while k > 1 (% for all columns of the matrix from the 1% to the last)

forI=k+1,...,m (% lis larger than k, I' is in the right side of k' column)

Ly [14]
L., [L1]
if ull, k] # 0 (% off-diagonal element is larger than diagonal element)

Lol mk]= L[l mk]— puL,, [l : m1I] (% subtract integer

ull, k1= {

-‘ (% ratio of the off-diagonal and diagonal element in the same row)

multiple of ' column from k™ column of L ¢ Which has only 1:m elements
for I'" column)

Ul:.k] =U[: k] = pU[: 1]

(% subtract integer multiple of 1" column from k™ column of U)
end
if &

L [k + Lk +1][ 2 |L, [kk]" +

Lred [k + l’k]|2

Exchange columns k and k + 1 'in L, and U (% when we
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end

else

end

interchange k and k+1 column, now the new matrix will no longer be lower
triangular, we need to force zero the L(k,k+1) element zero)

o-|? —ﬁ_a_ L [k+Lk+1] L, [kk +1]
B el L[k k+Lk+1]

L[k k+Lk+1]]7 |
L k:k+1,1:k+1]1=6OL_, [k:k+1,1:k+1]0"

(%Calculate Givens rotation matrix © such that element L(k,k+1) become
Zero)

Q. Lk:k+11=Q,, [ k:k+160"
(% consider all columns, but only the k and k+1 rows only, Givens
rotation operate on columns only)

k=min {k+ 1, m -1}

k=k-1

Example 10.15

What is Givens rotation?

Solution

Consider a matrix O(i, k, 6) which is an N x N identity matrix except for the elements G*m. = @k, K=
cos @=oand —@’: (=0, ;=sin 0= S (V. Kuhn, 2006). It gives a rotation of #in the N-D vector space.

Define

1
o -B
03, k, 6) = : :
ﬁ* o
L l_
‘T 0 0 0 0
0 cos®@ O —-sin@® O
06k 6=1|0 0 I 0 0
0 sin@ 0O cos® O
K 0 0 0 I
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where, i is the row that contains & = cos 6 and —f = —sin 6, k is the row that contains = sin 6 and
o =cos 6.
If @is chosen properly it can force the i element of a column vector equal to zero as shown below.

It also force the k™ element as /x? + x; . Assume x, and x, are the i and k" element of the column

vector, then

a:cos@:% andﬂ:sine:%
Vbl + [ e + e
y =0, k, Ox
"l .
_xl_ | X 1
— 'xk _ - _ xi
| |2 + |xk|2 \/|xi|2 + |xk|2 xX; 0
= - :
R S D S S| |l
e’ + e’ + .
. vl | Xy |
L 1_

Example 10.16

1 2
Explain LLL algorithm to find Q,,, R, U, , for a simple 2 x 2 matrix H = L 4} .

Solution
We can find the condition number of H by using MATLAB command cond(H)=14.9330.
Condition number of H should be closer to 1.
Apply LLL algorithm, the inputs are:
The input to the LLL algorithm above is Q, L. and U=I.
In MATLAB, one can find

[Q R]=qr(fliplr(H));
L=fliplr(flipud(R));
Q=fliplr(Q);

—0.8944 —0.4472 0.4472 0 1 0
Now Q= ;L = ;U =
0.4472 —0.8944 -3.1305 —4.4721 0 1
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Size reduction:

Ll 31305
o = |Ly| ~ 44472

= 0.7039

Since the nearest integer of u,, is 1, hence,
Subtract column 1 from column 2 of Q, ,and L. .

-0.4472 —0.4472 0.4472 0 1 0
Qred = shped = ;U =

0.4472  -0.8944 | 1.3167 —4.4721 0 1

Sorting:

L, [2.2]] = 149998 >

Lo [ + L, [21] = 19337

3
4
Column 1 and 2 should be interchanged for Q, ,and L. ..
—0.4472 -0.4472 0 0.4472 1 0
Qred = ;Lred = ;U =
—0.8944  0.4472 —4.4721 1.3167 0 1

Now L, is no more lower triangular. We need to force zero the (1,2) element of L, apply
Given rotation.

c0sO —sin6 1.3167 ~ 09469 — 0.4472 - 03216
Gop=| . = | V131672 + 0.44722 131672 + 04472
- sin@ cos@ 03216 0.9469

Hence,

il

0 - —0.4472 —0.4472 [G ]T _[-02796 -0.5673
red 1 _0.8944  0.4472 |F 00 109907 0.1358

0 0.4472 1.4382 0 1 0
Lred = Gl 2,0 = ;U =
U —4.4721 1.3167 —4.2346 1.3906 0 1

—0.4022 —0.8159}

Therefore, H,,;, = Q,.;JL,.; = |:_0 1936  2.5011

Now the cond(H,,,) = 6.1529.
It is closer to 1.

10.8 Summary

Figure 10.8 gives the summary of this chapter. In this chapter on Advanced MIMO detection,
we have discussed about the two different transmission schemes for spatially multiplexed MIMO
systems, viz., V-BLAST and D-BLAST. At the receiver of such spatially multiplexed MIMO
systems, we have discussed about the advanced MIMO detection schemes like SIC, OSIC and LR
based detectors.
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4 N

Advanced MIMO detection

Spatial multiplexed
MIMO

iVisti

OSIC detection L= L(B):{Zu bu € Z,i=1,n ;B:[b,,m,b”]
i=1

_G - -1
};;’ZI"—(](]I’SI('(E)S };;TZI"—(]SI('(E)S PhZI‘ (E) COHd(H)— O":‘: - "HHZHH HZ =1

1 6 11 16 21 26 31 LR based detector [by]- b,
207 12 17 22 27 R =)
X=3 8 13 18 23 28 33
4 9 14 19 24 29 34
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Fig. 10.8 Chapter 10 in a nutshell
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Exercises
Exercise 10.1

Is it possible to design an extended ZF detector which will behave like MMSE detector? Explain in few words.

Exercise 10.2

What are hard and soft decision? Explain this with respect to ML and LLR based detection.

Exercise 10.3

Show that approximate BER for MMSE MIMO detector is given by

BER;(%
1+7

NS
)NH—NTH NR+%/

71
NR + 1 + =

Show that the bit error probability (P, ) and LLR (4)) are related by
P L= P A- . = ——
e (% #x) P

Exercise 10.5

2 2
Given two basis of a lattice as hy = L};hz = {Z] . Find new basis which are nearly orthogonal that generate

the same lattice.

Exercise 10.6

~

Prove that [1 1 ﬁ;:fj < B~ using method of induction.

Exercise 10.7

4 5
Apply standard LLL algorithm to find the reduced Q,,,, R, U,,, for a simple 2 x 2 matrix H = {6 7]
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Antenna Selection
and Spatial
Modulation

CHAPTER

11.1 Introduction

Multiple-input multiple-output (MIMO) systems’ capacity increases and the bit error rate minimizes
with the number of antennas as compared to single-input single-output (SISO) system. But, they have
higher fabrication cost and energy consumption due to multiple radio frequency (RF) chains. An
RF chain usually has low noise amplifier, frequency converters, analog—digital and digital-analog
converters, filters, etc. A dedicated RF chain is needed for every antenna which makes implementation
cost and hardware complexity higher. Antenna selection minimizes this by using lesser number of
RF chains and by connecting selected antennas with RF chains with the help of switches. Select the
best set of antennas at the transmitter or receiver so as to maximize the channel capacity or received
signal-to-noise ratio (SNR). In the next section, we will discuss about the transmit antenna selection
(also called as hard antenna selection) over n—u fading channels. Then we will discuss about the soft
antenna selection for closely spaced antennas. Then we will briefly discuss about spatial modulation
and combine spatial modulation with antenna selection. In spatial modulation, there are two information
bearing units: (a) Transmit antenna index and (b) Symbol from signal constellation, which is transmitted
from antenna corresponding to the selected transmit antenna index. It is a relatively new MIMO
technique, which was proposed R. Mesleh et al. (2008). Some of the advantages are (a) higher capacity
(b) reduced hardware complexity and (c) avoidance of transmit antenna synchronization. One of the
problems with spatial modulation is that the link for the selected antenna may be down, and then the
performance of the spatial modulation is worst. In order to overcome this, one can do antenna selection
before applying spatial modulation. Select a subset of antenna with the best links and apply spatial
modulation on those selected antennas. As reported by B. Kumbhani et al., (2014), there is significant
performance improvement in MIMO systems which combine antenna selection with spatial modulation.

11.2 Transmit antenna selection (TAS) over -y fading channels

We have considered a N;. x N, MIMO system with only one RF chain at the transmitter as depicted
in Fig. 11.1. This kind of antenna selection is also called as hard antenna selection. Soft antenna
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selection for closely spaced antennas at the transmitter and receiver will be discussed in the next
section. A single transmitting antenna that maximizes the SNR at the receiver is selected to transmit
the message bits as shown by dashed lines in Fig. 11.1. We have shown antenna 2 as the selected
antenna in Fig. 11.1 for illustration purpose only, but it could be any one of the transmit antennas
which maximizes the received SNR. Basically, there will be a RF switch which will connect to the
selected transmitting antenna and sends signals from that particular transmitting antenna only. All
other antennas at the transmitter are sitting idle. Hence there are no issue for inter-antenna interference.
In this MIMO technique, after single antenna selection at the transmitter, the whole system looks
like a SIMO system and one can apply suitable diversity combining scheme like maximal ratio
combining (MRC) or selection combining (SC) at the receiver. Based on the type of the diversity
scheme employed at the receiver, there are two types of TAS as follows.

4 N

Antenna 1

Antenna 1

’ Antenna 2

7/
Antenna 2,/

Diversity
combining
scheme

Input bits Antenna | Selected antenna Detector

mapper

Antenna Nt

Fig. 11.1 Transmit antenna selection (hard antenna selection) in MIMO systems

11.2.1 Types of TAS

Selection of the best antenna at the transmitter (TAS) can be used in conjunction with either selection
combining (SC) or maximal ratio combining (MRC) at the receiver. Hence there are two types of
TAS: (a) TAS/MRC and (b) TAS/SC.

Let the fading coefficients from i transmitting antenna to j receiving antenna is denoted by hl.j,
i €[l,N],j € [1, Ny]. Two types of TAS are described below.

(@) TAS/SC: Inthis case, TAS is applied at the transmitter and SC is applied at the receiver. We select
only one antenna at the receiver that receives the highest SNR. We refer to such systems as TAS/SC
(N;— 1; N, — 1) systems. The link which gives the highest received SNR is determined by

2

I, = argmax {hl] - |h j| } (11.1)
1<i<Ny
1<j<Ng

where, i,j represent the antennas corresponding to the best link at the transmitter and receiver,

respectively, and Il.j denotes the best link. Only the antennas that correspond to the best link

are active at a time in this case. So we have single RF chain at the transmitter as well as at the

receiver.
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(b) TAS/MRC: In this case, TAS is applied at the transmitter and MRC is applied at the receiver.
It is assumed that the number of RF chains at receiver is same as the number of receiver antennas.

Nr
The resulting received SNR for MRC combining scheme is given by y, = % v, , where 7, is
n=1

the instantaneous SNR of the n'” branch. The transmitting antenna that maximizes SNR at the
receiver can be determined by

arg max Ng 2
hy =3 || (112)

iT1<i< N,

where, [, is the transmitting antenna that maximizes the received SNR. Such systems are referred
to as TAS/MRC (N, — 1; Np) systems.

11.2.2 n-p channel model

We will assume the fading envelope (| hl.j |) to be 7—u distributed. The pdf of SNR at any single
antenna output is given as (M. Yacoub, 2007)

2 uxh

1 1 _2pxh
P TN P
_ 2Nrmu 2htx Ze / 2 uHx ;"7:E(y) (113)
p-t pel w37
T(wH" 27> ’

where all parameters were defined in chapter 2, and 7 is the average SNR.

Py (x)

Note that 4 and H parameters are dependent on 7 (refer to section 2.4.3). The cdf of received SNR
at any single antenna output is given as

[wTijd}/ (11.4)

Yn-u h u—% _

T(wH

The modified Bessel’s function can be represented in infinite series form as

_1
)

L= % .;(Q)M,

i:()l!l"(i +r+ 1) 2
N U-0.5+2i
hence, 1 IKMJ =y - - 1 (,u[;]y)
=\ i=0i!T(i+p+05)0 7

The integral in the above expression can be solved by using (I. S. Gradshteyn et al., 2008) (8.445,
3.351.1). After further mathematical simplifications, the cdf can be given as

ow . 2/.1}1)6)
W20+ 2i, ;
p 2172/4 / oo /}/mc ( ,y (H)2

11.
v h“l"(/.l) i=0 i!r(,u+i+0.5) a1.5)

where, }/-OW (0, 0) is lower incomplete gamma function.

mc
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Gamma functions

1. Complete Gamma function:

oo

@)= [t“ e dt

(=]

For integer a, T'(@) = (@-1)!

MATLAB command is “gamma(a)”.
2. Upper incomplete Gamma function:

'’ (a,x) = T e s
Hence, '’ (a,0) =T()

-1k
Forintegera, I (a,x) = (a—1)le™" ::;%

MATLAB command is “gammainc(a,x, ‘upper’)”.
3. Lower incomplete Gamma function

e 'dt = a”'x* F (a;l + a;—x)

Ve (a.x) =

MATLAB command is “gammainc(a, X, ‘lower’)”.

S e— =
~
1)

Forintegera, Y2 (a,x) = (a - 1)!(1 —e 2 z—)

Hence, I'Y? (a,x) + yor (a,x) =T(a)

Review question 11.1J What is the Gamma function?

Review question 11.2J What is the lower incomplete Gamma function?

Review question 11.3J What is the upper incomplete Gamma function?

11.2.3 Probability density function (PDF) and moment generating
function (MGF) of received SNR after antenna selection

Each ht’ij orh, forie [1, NT] & je [1, NR] obtained from Eq. (11.1) or Eq. (11.2) are arranged in

ascending order such that hz,(1) < h[,(z) <-.. < ht’( Ny’ , where, ht()ls the random variable (RV) obtained
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after the arrangement in ascending order and N = N, N .for TAS/SC and N = N, TAS/MRC systems,
respectively. In TAS/MRC system, we select the transmitting antenna corresponding to the highest
channel gain, , Ny when MRC diversity technique is used at the receiver. In TAS/SC, the transmit
and receive antenna pair that maximizes the received SNR &, NgNg is selected. The pdf of maximum
received SNR in such a system can be given by (H. A. David et al., 2003 and B. Kumbhani et al.,
2015).

g () = N[22 ]y (0

N-1
2 uxh

ow . Z,Uhx 1
fow o 1 4 24, = . PR
_ N 2 2 7/’"”[ HPemy )(ﬂ)z’ Wrd 2 e 7 , (211!&) e
T nfr(p) s i (u+i+05) 2k 1~y :

rwa Ty

In the above expression, modified Bessel function and incomplete gamma function can be
represented in the series form (I. S. Gradshteyn et al., 2008) as follows

r+2i
_ - 1 [
hor= E{,i!l"(i+r+l)(2) a7
P (ax) = €55 & (11.8)

a r=o ((1 + 1)k

So, the PDF and MGF of the received instantaneous SNR (B. Kumbhani et al., 2015) can be given
as Eq. (11.9) and Eq. (11.10).

oo o 2Js ppis q'ue_iuxxf*I | |
PV(X)= 2Nl#i > Y > Y P ¥ NELEP . (11.9)
12N =012, N—1 I r(‘u )lp ' TI (2/_1 )j (# + l[))
p=1 p=1 P
i 152i - -r
-, 5§ 5 2N a0y ) 1 1 (11.10)
7( - K, 0 - N 2is N N , ] :
Frn i, (e
p= p=

where the compact notations used are

oo oo oo

@ X S =333 Y Yo .

2. N=0J12..N-170 §=05=0 iy=04=0j=0 jy_;=0
. . N . N71 .
(b) r=2Nu+2s +js = 2N/.L+2Z]lp + Z]]p,
p= p=

© W=p+i,+05,
N

© %2#’
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o 0-(2)

It should be noted that Eq. (11.9) applies to TAS/MRC as well as TAS/SC systems. For TAS/
MRC y,is 1 — Nt distributed as it is sum of N, independent and identically distributed (i.i.d.) 7—u
square variates (M. Yacoub, 2007). So, in (11.9), (11.10) and all subsequent expressions, u shall be
interpreted as N u for TAS/MRC systems. N, may be interpreted as the number of antennas selected
at the receiver, i.e.,

(@ Np=1for TAS/SC (N, — 1; N, — 1) system while
(b) Np=N,for TAS/MRC (N, — 1; Nj) system.

Review question 11 .4J What is the distribution of sum of Ny i.i.d. N-p square variates?

Review question 11.5J What is the infinite series form for lower incomplete Gamma function?

Review question 11.5J What is the infinite series form for modified Bessel’s functions?

11.2.4 Exact probability of error

In this section, we derive expression for exact symbol error rate (SER) of TAS/MRC systems over
n—u fading channels for various modulation techniques. SER for a wireless communication system
can be calculated by averaging the conditional error probability (CEP) over the pdf of received SNR.
CEP for various modulation schemes can be given by

P(p= aQ(\/E/) — c0? (\/Ty) a1.11)

where, Q(:) is the Gaussian Q-function, ¥ is SNR and a, b and ¢ are modulation dependent parameters.
The values of a, b and c are listed in Table 11.1 for different digital modulation techniques.

Table 111
Modulation parameters for various modulation schemes (Y. Chen et al., 2004 and A. Goldsmith, 2005)
Modulation scheme a b c
Binary phase shift keying (BPSK) 1 2 0
Me-ary phase shift keying (MPSK) 2 2sinE ) 0
\M

Quadrature phase shift keying (QPSK) 1 2 1
M-ary quadrature amplitude modulation (MQAM) 4(\/ﬁ - 1) 3 A S -1 2

N M -1 N
M-ary pulse amplitude modulation (MPAM) 2(M - l) 6 0

M M?* -1



https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.012
https://www.cambridge.org/core

Antenna Selection and Spatial Modulation 251

Review question 11.7J Write down the CEP for MQAM.

Review question 11.8J Write down the CEP for BPSK.

Review question 11.9J Write down the CEP for MPAM.

Review question 11.1 OJ Write down the CEP for QPSK.

Review question 11.11J Write down the CEP for MPSK.

The SER can be given by

P, =

o — 3

P.(Vpy,,, (Vdy (11.12)

The exact SER can be evaluated using Craig’s alternate form of Q function

-l sgpaet- ol gigpo
Q B 0 P 2sin’ 6 Q Ty 2sin’ 0 ®

j[aQ(\/—) c0? (\/E)]p%(m (x)dx

P€

T

b 4 ( b )d
M |——WdO—=|M,| ——— O
y(2sin2 Ojd ”(j) "\ 2sin* 0

Iy I

oS |y

a
/4

The integrals 7, and I, of Eq. (11.12) are evaluated using Mathematica to get Eq. (11.13) and Eq.
(11.14), respectively where F, ({a,, a,, ..., a }; {b}, b,, ..., b }; 2) is Hypergeometric function, F{
(a; by, b,; c; x, y) is Appell Hypergeometric function of two variables.

¥4
2

IL=%m [Ljde

! ”({ "\ 2sin’ @

N g g 2T I (N
T i2,..N=0J12,...n-1=0 hNIJ+212 N]F([J.’) p Ai—ll (2,& ) (,u+ lp) 0 " 2sin2 0
pP= p=
2Nal, = - 2 g 2 (20 (7
. Il_ \/_'“A 2 A 2 — (N ]( u )) (f1 +f2 +f3) (1113)
T 2 n=012, n-1 =0 p N1+2ix pl-:Ilr*('u )lp ! pl—:[l( ) ; (,U + ip)

where the expressions for three functions are

fy=rm (A +b)T(r)
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- r -0.5
A _
f= 2F1[1,1»+0.5,—0.5,71 b+ ][1 ib] [71 ”+b] T(r+05)7,
1 1 1

b
_ b
fi= k| Lr +0'5’0'5’71# - b]{Zb(r +1) = 4,

n

4
IL=%X M( b )de
2 7r£ "\ 2sin @

. . A
2 g g Y [r +05,7Lr + 15—

A +b’

ZCNl‘u oo o m
R — (L4
T i N=0j1p. No1=0 pNu+2iy I F(/J,) ip ' ((2“/)/',, (/J + ip))(l + 2r)br
p=1 p=1
Hypergeometric and Appell Hypergeometric functions:
. . . F(a + n)
(i) (a),is Pochhammer symbol defined as (a)n =———~=a(a+1)-(a+n-1).Forexample,

I'(a)
@y=1,@,=a, (@,=aa+1)= a®>+ a, .... Note that if a is a positive integer, I'(@) = (a — 1)!.
(i) The hypergeometric function is defined for two complex vectors a = {a,, a,, ..., ap} andb={b,,
by, ..., bq} as arguments and single variable z. Note that a is a vector of p elements and b is a
vector of q elements, that’s why the Hypergeometric function is denoted as qu. It is defined as

2 (al)k(“2)k(“3)k"'(ap—1)k(ap)k
A, @b 2= 150 (bl)k (bz)k...(bq)k

k
pal
k!

For a = b, we have,

o _k
ca ) — < _ 2
oy @a)= ]E,O e
Assume p =2 and q = 1. Then vector a have 2 elements and b has one element only. Assume a
= {a, b} and b = {c}. Then
o () (B), 2 +1)b(b+1) 2
LF, (a3 b; a5 2) = EMZ_ZHabz +a(a )b( )

abz  alat)plb+1)-2
k=0 (C)k k! c 1! c(c + l) 21

(iii) An extension of Hypergeometric function to two variables resulted in four new kinds of special
functions. We are interested in the Appell’s hypergeometric functions. It is denoted as F/ él) (a;
by, b,; c; x, y), one in the superscript means it is the first of the four functions and subscript A
means Appell. It has two variables (x, y) and three arguments (a; b,, b,; ¢). It can be obtained
as

w oo b b
ngl) (a; bl’ bZ; axy=3Y ¥ (a)m+n( l)m( 2)nxmyn

m=0n=0 m!n!(c)m+n
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All arguments are scalar. There are two variables and two summations. Note that as of now,
these above two special functions are not available in MATLAB, but Mathematica has in-built
functions for Hypergeometric function and Appell Hypergeometric function. Some commands are
HypergeometriclF1[a,b,z] and AppelF1[a,bl,b2,c,x,y].

e N
10° . . Py
O  Simulation |1
10™ Analytical |]
1072
B A R A L I
o -4
'é'b' 10

) 2 4 6 8 10 12 14 15
SNR (dB)

{ig. 11.2 Performance comparison of TAS/MRC and TAS/SC systems for 7= 1, = 1fading MIMO channﬂ

In Fig. 11.2, the results are shown for a TAS/MRC (N — 1; Ny) system and TAS/SC (N — 1; N,
— 1) system for 7=1 and u = 1 (one cluster). It compares the performance of TAS/MRC system and
TAS/SC systems. The analytical and simulation results of error performance are plotted for BPSK
modulation scheme. From Fig. 11.2, it can be observed that to achieve same BER of 1074, TAS/MRC
(2 = 1; 1) require 2dB less SNR than TAS/SC (2 — 1; 2 — 1) system. Similarly, to achieve the
BER of 107, TAS/MRC (3 — 1; 2) require 3dB less SNR when compared with the performance
of TAS/SC 2 = 1;3 = 1) or TAS/SC (3 — 1; 2 — 1) system. It is important to note that the BER
performance of TAS/SC (N, — 1; N, — 1) system is same as that of TAS/SC (N, — 1; N, — 1)
system. Similarly, it is intuitive that the BER performance of TAS/SC (N, — 1; N, — 1) system is
same as that of TAS/SC (NN, — 1; 1) system or TAS/SC (1, NN, — 1) system.

Review question 11.1 ZJ What is Pochhammer symbol?

Review question 11.1 3J What is hypergeometric function?

Review question 11.1 4J What is Appell’s hypergeometric function?

Find the probability of error for TAS/MRC over i.i.d. Rayleigh fading MIMO channel.
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Solution

We may select the antenna which maximize the receive SNR

7= arg max z1’? | |
" 1<i< Ny Pl
For Rayleigh fading channel, /; are i.i.d. Chi square distributed with the probability density function
(PDF) and cumulative distribution function (CDF) as

N,—le—x 0
= "——,x 2
p(X) () , X
N, -1 l
Px)=1-¢e"* Z >0

Using order statistics, PDF of Lvg such that /; <[, <--- < I(NT) can be given as

N, -1 IRV INE LA
P(N,)(X) = Nl[P(x)] p(x) = N{l —e E’o 7} T]\]r)

Assume binary phase shift keying (BPSK) for TAS/MRC MIMO system, then instantaneous
SNR at the MRC receiver
N, 2
yh ) yjzl ‘th*j‘ - )/I(Nl)

The average bit error rate (BER) can be obtained from conditional error probability (CEP) for BPSK

= ZQ(\/E)Pn (7)d,

Thus, closed form expression for BER (Z. Chen et al., 2005) is

N N'Z’ (=) [N - le(Ni_l) N,g—lf
P = — ‘ 7
F(Nr) k=0 [Z(k + 1):|Nr k = j=0 5

where the expression for functions are

fi=a, (N, k)(N, +t-1) [ \/7]
NZIL k+1}

,
i=0

where a, (N,,k) is the coefficient of z* in the expansion of
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11.2.5 Channel capacity

In this section, we derive the expression for ergodic channel capacity for TAS/MRC systems over
n—u fading channels. Ergodic capacity is the maximum rate at which information can be transmitted

to have reliable reception. The average ergodic capacity per unit bandwidth can be given as (M. K.
Simon et al., 2005)

A

erg

5 = oz (1+7)py, (V)dy (11.15)
0

Using Eq. (11.9) in the above expression and evaluating it by using the method discussed in (M.-S.
Alouini et al., 1999) for integer values of 2u, we get the average ergodic capacity per unit bandwidth as

. . - o I'lt - ,_}1,
9z HZZEqHF(r)eA“ 3y ( rl ﬂ)
C 0 o =1 a
2L =N, X s — —— ( ) (11.16)
2, N =0 j12,. N1 =0 p N H+2ix I1 F(nu,)ip! I1 ((Zu,)j (,u + ip))
p=1 p=1 r

Simulations and numerical evaluations were done for the ergodic capacity of TAS/MRC systems

over N—u fading channels. The numerical and simulation results are plotted in Fig. 11.3 for various
values of fading parameters.

4 N

O  Simulation
Analytical

TAS/MRC(2-1;3);n=0.1,p=2

TAS/MRC(2-1;2);
[ n=10,u=05
TAS/MRC(2-151);

Capacity (bits/s/Hz)

01 2 3 45 6 7 8 9 10 11 12 13 14 15
SNR (dB)

Y Fig. 11.3 Capacity of TAS/MRC (2 — 1; N,) for different values of 7 and u

11.3 Soft antenna selection for closely spaced antennas

The conventional antenna selection like that of previous section is called hard antenna selection (HAS).
In HAS, only a set of antennas is active and selection is implemented in the RF domain by means
of a set of switches. HAS does not have good performance for practical situation like closely spaced
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antennas which results in high antenna correlation (Z. Xu et al., 2010). This problem can be overcome
by using soft antenna selection (SAS). In this, all the antennas are active and a transformation is
performed in RF domain upon the received signals across all the antennas and select antennas after
the transformation. Some SAS schemes are:

(a) Fast Fourier Transform (FFT) based selection
(b) Phase shift based selection

Suppose we have N, x N, MIMO system. Let L be the number of antennas to be selected at
the receiver. At the receiver, the best L antenna elements are selected. In HAS, we choose the best
subset of antenna elements for which the capacity of the system is highest among all capacity values
achieved by any other possible antenna subset. The instantaneous capacity expression for a MIMO
system with uniform power allocation (see chapter 6) is given by

C = log, det(INT + z\f HHH) . (A1.17)

T
With antenna selection under capacity maximization, the effective capacity now becomes

C = log, det(INT + -2 FIHFI) (11.18)

N_T

To perform receive antenna selection a matrix H of L x N, is selected from the full channel
matrix H, such that the chosen subset created by striking N — L rows from H results in maximum
capacity. For spatial multiplexing systems, capacity due to antenna selection at the receiver has been
shown to be comparable to the full complexity system as long as the number of selected chains at
the receiver is greater than or equal to the number of transmit antenna elements i.e., L = N,. For
correlated MIMO channels, HAS schemes perform considerably worse than a full complexity system.
SAS schemes have been proved to be better for correlated channel. Let us assume correlated Rayleigh

fading MIMO channel (Kronecker model, see chapter 3). The (i, j)"" entry of RTX and RRx is given

2nd

by J, [Tuj » Where, J is the zeroth order Bessel function of the first kind, and d,; denotes the

distance between the (i, /)" antenna elements.

Hybrid antenna selection

ny, antennas are selected out of N, receiving antennas like in conventional hard antenna selection.
Note that hybrid antenna selection maximizes the capacity but hard antenna selection maximizes
the SNR usually. The capacity for this scheme is

max

a p .
Chiypria = Ses,, log, det(INT +~—(SH) SH) (11.19)

Ny
where, Sisanan R X Ny matrix, defined as selection matrix that extracts n R TOWS from H that are

N
associated with the selected subset of antennas, whose cardinality is given by |Swl| = ( K ) where
ng

S,,, is the collection of all possible selection matrices.
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FFT-based Selection

For this SAS scheme, the antenna selection is performed on the virtual channel FH where F is
N x NFFT matrix. All the received observation streams are sent through a Fourier transform before
selection.

The (k,)™ entry of F is given by:

] —j2n(k=1)(1-1)
F(k, 1) = \/ﬁexp{ N Yk e[l N] (11.20)
This system capacity can be expressed as
_omax p H
Crrr= g . s, log, det| Ly + N—T(SFH) SFH (11.21)

Phase-Shift Based Selection

This is another type of soft selection scheme in which all the received observation streams are
passed through a phase shift matrix, ®. The matrix @ is an n, X N, matrix which performs phase
shift implementation in the RF domain. It serves as a Ny — to — n,, switch with n, output streams. Let
the largest singular value of H be denoted as Al; and ul, as the left singular vector of H associated
with lh, second largest singular value of H be denoted as ﬂ%{ and u%{ as the left singular vector of H
associated with l%{ and so on. The phase shift matrix © can be expressed as (Y. Yang et al., 2009)

0= exp{jxangle{ulH,u%I,---,u;’IR}} (11.22)

where, angle{e} gives the phase angles, in radians, of a matrix with complex elements, exp{e} denotes
the element-by-element exponential of a matrix.
The capacity expression for this system can be written as

-1
Cpg = log, det(INT + N—pT(G)H)H (00") eHj (11.23)

The performance analysis of the above soft antenna selection schemes are reported in Y. Yang et
al. (2009). Interested readers are requested to explore the above mentioned reference.

11.4 What is spatial modulation?

In Spatial modulation, as the name suggests, we do modulation over space. Assume k bit information
blocks are to be sent from the spatial modulation (SM) based transmitter. First it makes sub-blocks
of n bits and m bits where n bits are spatially modulated (n bits decides which antenna will be active
and transmitting the m bits) and m bits are modulated using digital modulation schemes like M-ary
modulation. In other words, m bits are transmitted physically, but effectively similar to transmitting
k = m+n bits. There is a restriction on the number of transmit antennas and it should be a integer
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exponent of 2. The SM system model is shown in Fig. 11.4. It can be explained with the help of an
example.

4 N

Antenna 1 Antenna 1

A

Estimated
Antenna 2

Message Antenna 2

bits

Antenna
index
estimation

Spatial
modulator

Channel H detection

RF
Switch

oo
g

Antenna Nt Antenna N
R

Fig. 11.4 SM MIMO system model

N

Example 11.2

Explain the transmission of 011 message bit using 2x2 and 4x4 SM MIMO systems.

Solution

The transmission of spatial modulation can be explained with the help of Table 11.2 and Table 11.3.
Assume that one wants to transmit 3 bits at a time. There are two possible ways of doing spatial
modulation for this as depicted in Table 11.2 and Table 11.3.

Table 11.2 Table 11.3

SM mapping table for N, =2 and M = 4 (QAM) SM mapping table for N;=4and M =2 (BPSK)
Input bits | Antenna index = Transmit symbol Input bits = Antenna index = Transmit symbol

000 1 1+]j 000 1 -1

001 1 1-j 001 1 1

010 1 -1—j 010 2 -1

011 1 1 +] 011 2 1

100 2 1+]j 100 3 -1

101 2 1-j 101 3 1

110 2 —-1—j 110 4 -1

111 2 1 +] 111 4 1

First case, consider the input bit is 011, O bit signifies that for a 2x2 MIMO system, we will send
symbol from the first antenna only, second antenna sit idle. The 11 in the message bit will be sent
from the first antenna and the corresponding symbol for QAM is -1+j as illustrated in Fig. 11.5.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.012
https://www.cambridge.org/core

Antenna Selection and Spatial Modulation 259

4 N
Antenna 1 Antenna 1
: Antenna
QAM Channel H index
modulation \ estimation
Switch < /
Antenna 2
Antenna 2 Estimated message bits =011
\ Fig. 11.5 2 x 2 SM MIMO system’s transmission of input message bit 011 D,

Second case, for a 4x4 MIMO system (see Table 12.2), for the same input bit, 01 signifies that
we will send the symbol from the second antenna, 1%, 31 and 4th antenna sit idle. The 1 message bit
will be sent from antenna 2 and the corresponding symbol is 1 for BPSK as illustrated in Fig. 11.6.

4 N

Antenna 1 : Antenna 1

Antenna 2

>_

Antenna 3

Antenna 3 Channel H
Switch : > |

Antenna 4

Antenna 4 : Estimated message bits=011

9 Fig. 11.6 4 x 4 SM MIMO system’s transmission of input message bit 011 y

Explain the reception of 011 message bit using 2x2 and 4x4 SM MIMO systems.

Antenna 2

Antenna
index
estimation

011

BPSK
modulator

Solution

In simple sense, the first effort of the receiver is to estimate from which antenna the symbol has been
sent. This will give some part of the message bit. Then it estimates the symbol. This will recover all
the message bits. For example, assume that receiver of a 2x2 MIMO system (Table 11.2) estimates
that the message has been sent from antenna 1, then the first part of the message bit is 0. Then it
estimates that the symbol sent is -1+j, then the remaining part of the message bit is 11. Hence the
decoded message bit is 011 as shown in Fig. 11.5. Whereas, consider the receiver of a 4x4 MIMO
system (Table 11.3) estimates that the message has been sent from antenna 2, the first part of the
message bit is 01. Then it estimates that the symbol sent is 1, then the remaining part of the message
bit is 1. Therefore, the decoded message bit is 011 as depicted in Fig. 11.6.

Review question 11.15J What is spatial modulation?
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11.5 Performance analysis of spatial modulation

Let us have a brief discussion on the SM receiver in order to find the performance analysis of SM
MIMO systems. At the receiver there are two steps for detection of the transmitted message bits.
Assume that the transmit antenna j is active at a particular instant of time and the corresponding
channel vector is hj. Hence the received signal y can be represented as

y=Hx, +n (11.24)

which can be further simplified as

y:hjxq+n

0
0

where, x. = | j" position — «x

749 q

First part of the receiver detection is the transmit antenna index (j) estimation.

Second part of the detection process detects the symbol which has been transmitted from the j®

transmit antenna (J. Jeganathan et al., 2008) as follows.

arg min 2
x, = "¢ Hhﬁx ” - 2Re{h{"yx*} (11.25b)

q j 4 7 q

Assume two detection processes are independent i.e., transmit antenna index estimate and
estimation of the transmit symbol. Let us denote P is probability that the antenna index estimation
is incorrect and P_ is probability is that the transmitted symbol estimation is incorrect. Then the

probability of correct estimation can be represented as

P.=(1-P)(1-P) (11.26a)
Hence the probability of error is given as
P,=1-P, =1-(1-P,)(1-P) =P, +P, - PP, (11.26b)

If we assume that the M-ary modulation employed is QAM, then the conditional error of probability
(CEP) is represented as

P (E/p = aQ(\Jby) - cQ* (JJay) (11.27)
where,a=2,b=1,c=1and d =1 for 4-QAM
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Q-function can be approximated as a sum of two exponentials (M. Chiani et al., 2003) as follows.

xz _ZL
o) = —e 2+ 1€ 3 (11.28)
Then the above CEP can be approximated as
by _2by Wi _4by by
= 4,2 44, 3 __C ,br_C, 3 _C, 6
P (E/p= e +4e 1446 166 248 (11.29)

In order to find the average probablhty of error, we need to integrate the CEP over the pdf of the
received SNR, hence,

PE) = ;fPe (£ 1 7, (1)dy = [{ao(Jp7) - e0* (Ja7)lp, (1) a7

4,2 44,3 __C by € ,3 _C 6
e 2 +-=e e e e 7,()/)a’y

12 4 144 16 24

by 2by 4by _Tby
= P(E)=

o —3

For 4-QAM, putting the values a, b, ¢ and d, we have,

=1 -2 1 -2 1 -
= = 3 X ,v__1 3 1 6
= P (E) _({[ +2e a7 ¢ T 52 ¢ ]py(y)dy

The above integrals fit the definition of MGF of the received SNR and hence can be expressed
in the form.

PUE)= $G] ¢, (Y = S GMGE, (1)
1 0 1

Therefore,

P(E)= —MGF (2)+ L yiGF (2)—LMGF (1) - L mGF, (3)——MGF (6) (11.30)

2 "\3) 144 16 24
The probability of error in transmit antenna index estimation can be obtained as
_ 1 1 1 1
P, = 0({7y) = 3 MGF, (4)+4MGFy€ﬂ(3) (11.31)

Y
!
The PDF of n-p fading distribution is given in (N. Ermolova, 2008).
1
2 mh* x V2 v N. o _ 24hx
Py = ) (th (H) e IH_%(x),x =75, (11.32)

The MGF of n-u fading distribution (refer to chapter 2) can be obtained as
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41°h !
(2u(h — H) +s)(2u(h + H) + 5)

MGF, (s) = [ (11.33)

Hence, we can calculate the P and P using Eqs. (11.30) and (11.31) and find the error probability
of SM MIMO system over 77-u fading channel using the MGF of Eq. (11.33). Figure 11.7 depicts the
SER vs SNR of 2x2 SM MIMO system over Nakagami-q fading channel which is a particular case
of n-u fading channel (refer to chapter 2). It has been observed that for fixed u = 0.5, as we increase
v from 0.1, 0.2, 0.3, 0.5 and 0.9, the SER improves consistently. The improvement in the SER is
more visible for higher SNR.

4 o N
10° - =

Analytical

107 O  Simulation : : : A : ;
0 2 4 6 8 10 12 14 16 18 2
SNR (dB)
Fig. 11.7 SER vs. SNR (dB) for 2 x 2 SM MIMO system considering Nakagami-q fading as a special
\_ case of n-u fading channel for 7= v?and u = 0.5 )

Review question 11.16J What is the relation between Nakagami-q or Hoyt fading distribution with n-p
fading distribution?

Review question 11.17J Write the Chiani’s approximation of the Q—function.

Review question 11.1 SJ Write down the expression of probability of error of SM in terms of probability of error
in antenna index estimation and symbol detection assuming that the two processes are
independent.

11.6 Performance analysis of SM with antenna selection

The main problem with SM is that some of the antenna from which we are transmitting symbols may
be experiencing the worst performance or dead link. Then we will have a very bad performance. In
order to overcome this issue, we may do antenna selection at the beginning and apply SM on those
antennas having the best links (B. Kumbhani et al., 2014). This gives a way to avoid applying SM
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on the bad links and improves the performance of SM. Hence, SM systems combined with antenna
selection can be divided into two phases: (a) transmit antenna selection (b) SM applied over the
selected antennas. In order to do this, we need CSI available at transmitter. A]. is the received SNR
due to transmission from antenna j at the transmitter.

N,

r

|2

(11.34)

i.J
Assuming i.i.d. MIMO Rayleigh fading channel, then Aj has Chi-square distribution with the PDF

V-1, Ng-l i
fAj (x) = ,x = 0 where I'()) is the Gamma function and CDF FA]_ (x)=1-€e*% e

r (N R ) i=0
x 2 0. From order statistics, we may select the best subset (S out of N,) of antennas at the transmitter.
It may be summarized as: (a) received SNR Ajs when only one transmit antenna (j™ antenna) is active
at the transmitter are arranged in ascending order (b) S antennas out of N, corresponding to highest
i < <...< <. < <
Ajs (received SNR) are selected. PDF of A ® such that A( ) S A(z) <. <L A(r) <-- < A( Np-1) S A( Np)
can be given as (H. A. David, 2003).

Np-r

fA(,) (x) = m{ﬂ;}. (x)}r_1 {1 - FA]_ (x)} fAj (x) 1135

where, B(e, °) is the Beta function and r =N, - S + L.
The PDF of received SNR A(r) can be given as

pA(r) ()C) =
1 Npicl X 1 (i - 1) j . Np+k=1_—x(Np—i+j+1)
2 Y Y ——————| . (=) G Ng)x"#" e VT
(Ny —r +1)T(Ng) = 00 B(i, Ny —i + 1) (=1) Cu5:Ne)
(11.36)
Ng—1 1 YT =i+
where, C,(j, Np) is the coefficient of x* in the expansion of [ >y %J and K = (N, - 1)
=0 L

(Np—i+)).
Outage probability is the probability of outage. The transmission over a channel is in outage
whenever the data rate for the transmission exceeds the capacity of the channel.

P oA, R=P|A, <2l 4
oAy B = Fr| Ay < Ay "

Hence, we can find the outage probability for a given data rate R from the CDF of A, and it is
given as

P [(AgsR) =

L X LS Ty S g ()
Ny —r+ )T = BN, —ie ol g )0 &0

Ry

yinc (NR +k’Afh (NT _i+j+l))
)NR+k

J (Np —i+j+1

(11.37)
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where, v, (., .) is the incomplete Gamma function, C,(j, N,) is the coefficient of x¥in the expansion

mc

Ng—1 1 \Nr=iti
of ( Eo %j and K= (N, — 1) (N, — i + ).

In the Fig. 11.8, 2x2 SM MIMO is the traditional SM system without any antenna selection. For
the 2x2 SM MIMO system, we want to send two bits at a time. We use 1 bit for antenna selection,
this bit will decide whether we have to send the symbol from antenna 1 or 2 and the second bit will
decide which BPSK symbol will be sent from the selected antenna. 4/2x2 SM MIMO means it is a
4x2 MIMO system in which we select the 2 transmit antennas with the best links out of the 4 transmit
antennas and apply SM MIMO system on the corresponding 2x2 SM MIMO system. 6/2x2 SM MIMO
means it is a 6x2 MIMO system in which we select the 2 transmit antennas with the best links out of
the 6 transmit antennas and apply SM MIMO system on the corresponding 2x2 SM MIMO system.
It can be observed that 6/2x2 SM MIMO outperforms 4/2x2 SM MIMO whereas 4/2x2 SM MIMO
has better performance than the traditional 2x2 SM MIMO system.

4 N
10° 8
: e { == Analytical
. 1 ©O Simulation
107} | =—8— SM without TAS
107
2
3 107}
2
&
g 107
8
8 .
107
107
10”7
-4 =2 0 2 4 6 8 10 12 14 16 18 20
SNR (dB)
Fig. 11.8 Outage probability vs. SNR curve for TAS SM MIMO systems with antenna selection (R =
2 bits/s/Hz)

- J

Review question 11.19J What is beta function?

Review question 11.20J What is the need for SM with antenna selection?

Review question 11.21J What is the advantage of SM with antenna selection over SM?

Review question 11.22J What is order statistics?
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Fig. 11.9 Antenna selection in a nutshell

11.7 Summary

In this chapter, we have discussed about the antenna selection and spatial modulation. In antenna
selection, we have learnt about the hard and soft antenna selection. In conjunction with transmit
antenna selection (TAS), we can employ selection combining (SC) at the receiver (TAS/SC) or
Maximal ratio combining (MRC) at the receiver (TAS/MRC). Using order statistics, we have derived
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the PDF after antenna selection and calculated the exact probability of error for antenna selection and
its capacity. Soft antenna selection is suitable for closely spaced antennas. In this, we have studied
FFT based, phase shift based and hybrid antenna selection which are used for maximizing the channel
capacity. Spatial modulation is a relatively new MIMO technique in which one does modulation over
space. The antenna index of the transmitting antenna also conveys some amount of information.
In practical scenarios, some of the links for transmitting antennas may be completely down. If we
send the signal from such antennas, then there may be complete outage. In order to avoid such an
unwanted situation, we may do antenna selection before applying spatial modulation. Among all the
transmitting antennas, select a subset of antennas with the best links and apply spatial modulation on
those selected subset of antennas. Then what we have is a spatial modulation with antenna selection.
Nutshell of what we have learnt in spatial modulation and antenna selection is shown in Fig. 11.10
and Fig. 11.9, respectively.

4 N

Spatial modulation and antenna
selection

Spatial modulation with antenna
selection

Spatial
modulation

¥= \/;h./xq +n
A“) < A(z) £ s A(') S A("": ) < A(NI)
: hl'y i : I
. _arg mjx ‘h’_2| i _ae n;m"h;xq —2Re{h§’qu} fA(r) (x) = B(r,N 7)‘+l) {FA/ (x)} {1 7FA, (x)} fA, (x)
w1 "
()

P, = Q(M )zéMGFM Gj +%MGFM [%] Vo :%”h, - h;H

P(E)= lMGFy (l] s MGF, (Ej —LMGF, (1)—LMGF7 [f] - Lver, (Z]
' 6 2) 2 3) 144 16 3) 247 776

Fig. 11.10 Spatial modulation in a nutshell

Exercise

Exercise 11.1

Find the expression of approximate SER for transmit antenna selection with maximal ratio combining (TAS/
MRC) MIMO systems for several modulation schemes over i.i.d. n-p fading channels.
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Exercise 11.2

Find the expression of asymptotic SER for transmit antenna selection with maximal ratio combining (TAS/MRC)
MIMO systems for several modulation schemes over i.i.d. n-p fading channels.

Exercise 11.3

Find the expression of exact SER for transmit antenna selection with maximal ratio combining (TAS/MRC)
MIMO systems for several modulation schemes over i.i.d. k-p fading channels.

Exercise 11.4

Find the expression of approximate SER for transmit antenna selection with maximal ratio combining (TAS/
MRC) MIMO systems for several modulation schemes over i.i.d. k-p fading channels.

Exercise 11.5

Find the expression of asymptotic SER for transmit antenna selection with maximal ratio combining (TAS/MRC)
MIMO systems for several modulation schemes over i.i.d. k-p fading channels.

Exercise 11.6

Find the expression of ergodic capacity for transmit antenna selection with maximal ratio combining (TAS/
MRC) MIMO systems for several modulation schemes over i.i.d. k-p fading channels.

Exercise 11.7

Repeat the exercises 1-6 for transmit antenna selection with selection combining (TAS/SC) MIMO systems.

Exercise 11.8

Draw a block diagram of SM MIMO system. Explain each block in few words.

Exercise 11.9

For i.i.d. MIMO fading channel, find the error in antenna index estimation of SM MIMO system.

Exercise 11.10

For i.i.d. MIMO fading channel, find the error in symbol detection of SM MIMO system in terms of MGF of the
received SNR of the fading channel.

Exercise 11.11

If we assume that the M-ary modulation employed is QAM, then the conditional error of probability (CEP) is
represented as
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P,(E 1 y) = aa({Jby) - c@?(J/d7)

Find the simplified expression the above CEP using Chiani’s approximation.

Exercise 11.12

From order statistics for i.i.d. Rayleigh fading MIMO channel, find the pdf and cdf of any A(,) such that
Ay <Ay <= Ay <= Ay < Ay

A;is the received SNR due to transmission from antenna j (j=1, 2, ... N;) at the transmitter.

N, 2
A= 2[h)|

Exercise 11.13

Find the outage probability of SM with antenna selection over i.i.d. Rayleigh fading MIMO channel.

Exercise 11.14

Find the outage probability of SM with antenna selection over i.i.d. n-p/k-p/c-p fading MIMO channel.
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Advanced Topics In
MIMO Wireless
Communications

CHAPTER

12.1 Introduction

In this chapter on advance MIMO communications, we will study about Space-Time Block Coded
Spatial Modulation (STBC-SM), MIMO based cooperative communications and Large-scale (LS)
MIMO systems. In STBC-SM, we will combine STBC and SM techniques to improve the rate and
diversity of MIMO systems. In particular, we will find an upper bound on the bit error probability
(BEP) of STBC-SM analysis over correlated Rayleigh and Rician fading MIMO channels. In
MIMO based cooperative communications, we will apply cooperative communication employing
MIMO based source, relay and destination nodes. We will find an approximate close-form formula
for BER of MIMO based cooperative communication over i.i.d. & — u fading MIMO channel. Next
we will discuss about the much-awaited topic on large-scale (LS) MIMO systems which is one of
the proponents for fifth generation (5G) mobile wireless communications. In LS MIMO, we will
consider three scenarios viz., single user (SU) LS MIMO, multiuser (MU) LS MIMO and multi-cell
LS MIMO. The section concludes with a discussion on Coordinated Multipoint transmission and
Heterogeneous networks. The last section will discuss about the MIMO Cognitive radios.

12.2 Space-time block coded spatial modulation

It is a well-known fact that MIMO systems give higher spectral efficiencies than single-input
single-output (SISO) systems without increasing signal bandwidth and power. Spatial modulation is
arecent MIMO technique which provides higher spectral efficiencies through antenna indexing. In
this section, we will provide an upper bound on the bit error probability (BEP) of space-time block
coded spatial modulation (STBC—-SM) over correlated Rayleigh and Rician fading channels which
is well validated by Monte Carlo simulations. S. Alamouti (1998) proposed a simple two branch
transmit diversity scheme which has been extended for any number of transmit antennas by V.
Tarokh et al., (1999) also commonly referred to as space-time block codes (STBC). R. Mesleh et al.,
(2006) presented a new transmission scheme called as spatial modulation (SM) in which symbols are
transmitted through a particular antenna and that antenna index itself carries useful information. E.
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Basar et al., (2011) combined SM and STBC taking advantages of both techniques while overcoming
their disadvantages. They have reported that STBC—SM have performance advantages over SM,
Vertical Bell Laboratories Layered Space Time (V-BLAST), etc. However their analysis was limited
to independent and identically distributed (i.i.d.) Rayleigh channel only, albeit, they have provided
simulation results for exponentially correlated Rayleigh channels. In this section, we will obtain an
upper bound for STBC—SM BEP for correlated Rayleigh and Rician fading channels which is verified
by Monte Carlo simulations.

In Space-time Block Coded Spatial Modulation (STBC-SM) technique (E. Basar et al., 2011), the
input data is divided into three streams. Two streams carry the STBC symbols and the other streams
carry the transmit antenna indices. We will use Alamouti’s STBC, where two complex symbols
taken from an M-PSK or M-QAM constellations are transmitted from two transmit antennas in two
symbol intervals in an orthogonal manner (S. M. Alamouti, 1998). The input—output relation for the
STBC-SM N, x N, MIMO system for frequency flat fading case is given below.

Y= \/%HX +N 12.1)

where, u is a normalization factor to ensure that p is the average signal-to-noise ratio (SNR) at each
receive antenna. Here Y is the NV, x 2 received signal matrix, N is the N, x 2 zero mean circularly
symmetric complex Gaussian (ZMCSCG) noise, X is the N, x 2 transmit codeword matrix and H is
the N, x N, channel matrix which is assumed to be quasi-static correlated Rayleigh or Rician fading.
The maximum likelihood (ML) decoding makes an exhaustive search over all transmission matrices
and decodes in favour of the matrix that minimizes the metric given below

arg 2
X = min ||[Y - \/%HX (12.2)
Xey

where, ¥ is the signal matrix alphabets.
The conditional pairwise error probability (PEP) of decoding STBC-SM codeword matrix X,
when STBC-SM codeword matrix X, was transmitted is given by

n
P(X, > X, I H) = Q[ £||HA||2] = L, 2untegq (12.3)
0

where, A = X — X is the codeword difference matrix.
The unconditional PEP for p=1 and E {trace (XH X)} = 2 is given by
2
P(X, > X,) =~ T (_Fﬁze)de (12.4)
where, ®__ , denotes the moment generating function (MGF) of ||HA||2

[Exa

We will consider Kronecker MIMO channel model which is expressed as

VT
H= RR/)Z( HRTé 12.5)
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where, H is the i.i.d. channel matrix, R &, and Ry are the correlation matrices at the transmitter
and receiver, respectively.
The MGF for correlated Rayleigh fading channel (A. Hedayat et al., 2005) is

-1

o) = [L,,,,, —sw|=TITI(1-s0,4) (12.6)
i=1j=1
H 1
where, Yy = RA I, ® AAY Ré,s -__P , R=R, ®R, , o are the eigenvalues of
"R 4sin’ 6 Be = T

AAHRTX , A; are the eigenvalues of Ry , r = rank(AAHRTX ) and 7 = rank(RRX )
The union bound on BEP can be calculated as

2m ~2m
| 2 P(X, - X))
< — _ 12.7
22m 51 el 2m {127

where, n ) is the number of bits in error between the codeword matrices.

X, and X, assuming 2m bits are transmitted during two consecutive symbol intervals using one
of the 22 different STBC—SM codeword matrices.

Hence applying Chernoff bound on PEP (put sin 8= 1 in the integrand of Eq. 12.4), we have the
union bound as

P, <

2m A2m " -1
1 20 2 My o po; A
< = b
P, < Som kél El 4mi1;[1 j];[l[l + 1 (12.8)

The MGF for Rician fading channel (A. Hedayat et al., 2005) is given as:

-1
— sy _
exXp sh W{INRNT - (I(J,_l)} h

D(s) =

(12.9)
I, , - ¥
Nevr (K +1)

where, h = vect (FIH ) and H =, /ﬁfl (Ng, Ny ) is the mean channel matrix of the Rician channel

with Rice parameter K.
Therefore, PEP is given as

—1
p_pH Py B
- Byl Ly v +——P——L R
{ 4sin® 0 { NRMT T 4 gin? 9(K+1)} 1
e

do (12.10)
Py

1 - v @
VeVt g i (K +1)

Applying Chernoff bound on the PEP, we can obtain the union bound as

-1
PrH T
2m 52 4 ‘V{IN Nyt } h
2%m p2m nk”i 4 RNT T 4(K +1) po; A;

R -1
g};{l(l ey 1)) (12.11)
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The total number of transmit and receive antennas are assumed to be four each. Figure 12.1 shows
the bit error rate (BER) performance of STBC—SM for equi-correlated and uncorrelated Rayleigh
fading at 3 bits/s/Hz. It depicts that the analytical results give an upper error bound on Monte Carlo
simulations for different values of correlation coefficients at the transmitter (pt) and receiver (pr).
The BER increase with higher correlation coefficients as expected. Note that for Rician fading channel
we have taken H(NV o N7) as ones (N, N,). Figure 12.2 shows that the Monte Carlo simulation BER
is bounded by the analytical results for Rice parameter K = 2 at 2 bits/s/Hz as well. It may be also
observed that the analytical bound is tighter for high SNR regions.

4 . N
=% — Simulation result pt=pr=0.0
= Analytical result pt=pr=0.0
=& = Simulation result pt=pr=0.5
=& Analytical result pt=pr=0.5
=4 = Simulation result pt=pr=0.9
=0 Analytical result pt=pr=0.9

SNR(dB)

Fig. 12.1 Monte Carlo simulation result vs. BER analytical bound for equi-correlated Rayleigh fading
at 3 bits/s/Hz
J

N
- e | N

£ =& = Simulation result;pt=pr=0.0
| =—8— Analytical bound;pt=pr=0.0 |-
"’| =% = Simulation result;pt=pr=0.5 |
£-{ —©— Analytical bound;pt=pr=0.5 |

12
SNR(dB)
Fig. 12.2 Monte Carlo simulation result vs. BER analytical bound for equi-correlated Rician fading

(K=2) at 2 bits/s/Hz
- )
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The error bound on BEP has been found out for STBC—SM over correlated Rayleigh and Rician
channel. Monte Carlo simulation has been carried out to verify the error bounds (B. Kumbhani et
al., 2015). This work could be continued further to analyze STBC—SM in other correlated channels
viz., Nakagami, Hoyt, oy, k-p and 77-u fading channels.

Review question 12.1J Write down the union bound on BEP for STBC-SM over correlated Rician and
Rayleigh fading MIMO channel.

12.3 MIMO based cooperative communication

12.3.1 SISO based cooperative communication

Cooperative communication is a particular case of relay based communication. In this communication,
we assume that there are three nodes viz. source (S), destination (D) and relay (R). The R not only
receives signal from the S but also forwards it to D (if it decides to forward the message). It also
sends its own information. Similarly S may also become R for other user. Generally two protocols
are used at the R node (G. Menghwar et al., 2009) and they are:

(a) Amplify and Forward (AF) Protocol: In AF protocol, every R node, amplifies and re-transmits
to the D the signal it received from the S.

(b) Decode and Forward (DF) Protocol: In DF protocol, every R decodes transmitted symbol
from the S and if the decoding is successful, the R sends the re-encoded symbol to D otherwise
R sits idle.

Fig. 12.3 Single relay based cooperative communication system

/

In cooperative communication, signal reaches from S to D in two phases. In first phase signal is
transmitted from the S to R. In the second phase, the signal is transmitted from R to D, if R decides
to re-transmit the received signal. Let us consider a single relay based cooperative communication
system with one S communicating with one D and one R as depicted in Fig. 12.3 (K. J. R. Liu, 2009).
In the first phase, the S broadcasts message data to R and D. The signals received at D and R (y, ,
and y, ) are expressed as
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4= \/p_lfx +m
ys,r = J;lgx + ny (1212)

p, is the transmitted signal power from S to R and S to D. x symbol is transmitted from S. n, and
n, are ZMCSCG RVs with variance N,,. Channel gain coefficients fand g are assumed to be k-u or
n-u distributed fading coefficients between S and D and/or between S and R, respectively.

In second phase, for DF protocol, if the R is able to decode the transmitted symbol correctly,
then it forwards the decoded symbol with transmission power p, to the D. Otherwise R sits idle. The
signal received at the D(y, ) can be expressed as

Voa= \[Pahx + g (12.13)

The transmission power p , = p, if the R decodes the transmitted symbol correctly, otherwise
P ,=0.n,is ZMCSCG with variance N. The channel gain coefficient / is assumed to be k- or 7-u
distributed fading coefficients between R and D. The fading gain coefficients are f(S to D), g (S to
R) and / (R to D). Assume CSIR is available, no CSIT. The D jointly combines the phase 1 and 2
received signals from the S. The detector used at the D is MRC (D. G. Brennan, 2003). The total
transmitted power has to satisfy, p, + p, = p. The combined signal at the D can be expressed as

It poh
y=3 + (12.14)

s.d NO yr,d

where, f* and h" are the complex conjugates of f and A, respectively.
The received SNR at D is expressed as

D1 |f|2 + Dy |h|2

A (12.15)

’)/:

Note that Q function is defined and approximated (Chiani et al., 2003) as

00 Texpl -2 by = Lexp[ -5 )+ Lexp[ - 22
_x/ﬁxp 2 [V ERSRP Ty T SXP T

Hence, for BPSK

4
Varsic 1= ©(27) = exp(- H%ﬁXP(‘Ty)

where, ¥ is SNR, Wyper (7 ( (\/ y) is conditional probability of error for BPSK.

Hence, the conditional BER of cooperative communication over the fading channel employing
BPSK can be calculated as sum of the conditional BER for the two phases. In first case, assume that
there may be no successful decoding at the R ( p, = 0 ), hence MRC receiver combines two signals
one from the R and the other from S. In second case, assume that there is successful decoding at the
R (p, = p,)and MRC receiver combines two signals one from the R and the other from S. In case
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2
L, Wppsk [plj\%;' Jis the chance of incorrect decoding at the R and for such case p, = 0. In case 2

for BPSK, the chance of correct decoding atthe Ris | 1 — Wppgp [ ] and for this case p, = p .

Hence,
cond _ cond,1st cond,2nd
Pppsk = Pppsk + Pgpsy (12.16)

~ 1 3 " 2 . . .
where, Psots" and Piond2m are respectively, for first and second cases mentioned above.

Therefore,

2 2
COn p g
Pipsk = Wapsk [%]XWBPSK (7)|ﬁ2 o T 1= Vaesk (N—O] X Yppsk (V)| _

2 2
+ p,|h 0, casel
J= ol plil :{

Ny Dy, case

cond pl |g|2 pl |f|2 pl|g|2 pl |f|2 +p2|/’l|2
" Pgpsk = Wgpsk N, X Wppsk N—o | 1= Wppsk N—o X Wppsk N—o

Assume that the fading channels, f, g and /& are independent of each other and are identically
distributed. We can calculate the approximate average BER by averaging the conditional BER over
the channel gain coefficients, f, g and & as

Pupsi@ = G (p) &t (1) + (1 G (P1 )) Gonid (1 + 12) (12.17)

where,

o 1 1 4\, - 1 1 4
G (p1) = 13 MGF, (1) + 4 MGF, (3); G (p1) = -5 MGE, (1) + L MG, (5);

1

S, F 1 4
C;’m’id (pl + pz) = 12MGFP| (1) X MGF,, (1) + ZMGFM

3

4
X MGsz (g)

The MGF of k-u or n-u distributed fading are given in section 2.4.

The derived approximate expressions of SER has been evaluated numerically and plotted with
respect to average SNR, and are compared with the simulation results for different values of k-u and
n-u fading channels. They are found to be in good agreement (B. Kumbhani et al., 2014) for BPSK
and QPSK modulation schemes.
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/
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Average SNR (dB)
(b)

Fig. 12.4 SER vs. SNR for SISO based cooperative communication system employing (a) BPSK
modulation over k-u fading channel (b) QSPK modulation scheme over 1-u fading channel

J

Write a short MATLAB program to generate the BER vs. SNR for BPSK modulation scheme for
Rayleigh (k = 0; u = 1) as a special case of k-u distribution.
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Solution

S### ANALYTICAL BIT ERROR RATE FOR COOPERATIVE COMMUNICATION #######
clc;

clear all;

close all;

kapa = 0;%input(‘enter kappa value’);

$ratio of dominant component to total power

mu = 1;%input(‘enter no of clusters’);

P11 = 0:20; %SNR in dB

P = 10.7(P11/10);

Pl = P/2;
P2 = P/2;

equal power allocation for both
relay and transmitter

oe oo

for 1 = l:length(P11)

z11 = mu*(l+kapa)/(mu*(l+kapa)+P1l(i));

z12 = exp(mu*kapa*(z11-1));

z13 = mu*(l+kapa)/(mu*(1l+kapa)+(4/3)*P1(i));
z14 = exp(mu*kapa*(z13-1));

z21 = mu*(l+kapa)/(mu*(l+kapa)+P2(1));

z22 = exp(mu*kapa*(z21-1));

z23 = mu*(lt+kapa)/(mu*(l+kapa)+(4/3)*P2(i));
z24 = exp(mu*kapa*(z23-1));

mgflpl = z11"mu * z12;
mgfl3pl = z13"mu * z14;

mgflp2 = z21"mu * z22;
mgfl3p2 = z23"mu * z24;

RICBER(i) = (1/12)* mgflpl +(1/4)* mgfl3pl;
DICBERL(i) = (1/12)* mgflp2 +(1/4)* mgfl3p2;
DICBER(1i) = (1/12)*mgflpl* mgflp2 + (1/4)* mgfl3pl* mgfl3p2;
RCBER(i) = 1-RICBER(i);
ber(i) = RICBER(i)*DICBERI1(i)+RCBER(i)*DICBER(1);
end
figure

semilogy(P11l,ber)
%grid on

clc;
clear all;
N=10"6; % number of bits or symbols

o

ip = rand(1,N)>0.5; % generating 0,1 with equal probability

s = 2*ip-1; % BPSK modulation 0 -> -1; 1 -> 0
SNR1 = 0:20; % multiple Eb/NO values
total = 10.~(SNR1/10);
SNR = 10*loglO(total/2);
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clear i;
$%%%%%%% COOPERATIVE COMMUNICATION %%%%%%%%%%%%%%
for ii = 1l:length(SNR1)

nl = 1/sqrt(2)*(randn(1,N) + 1j*randn(1,N));
% white gaussian noise, 0dB variance
n2 = 1/sqrt(2)*(randn(1,N) + 1j*randn(1l,N));
% white gaussian noise, 0dB variance
n3 = 1/sqrt(2)*(randn(1,N) + 1j*randn(1,N));
white gaussian noise, 0dB variance

o

f = 1/sqrt(2)*(randn(1,N) + 1j*randn(l,N)); % Rayleigh channel

g = 1/sqrt(2)*(randn(1,N) + 1j*randn(1,N)); % Rayleigh channel

h = 1/sgrt(2)*(randn(l,N) + 1j*randn(l,N)); % Rayleigh channel
vyl = (f.*s)+ nl.*10"(-SNR(ii)/20); % Channel and Noise addition
y2 = (g.*s) + n2.*10"(-SNR(ii)/20); % Channel and Noise addition
y2Hat = (conj(g).*y2); % equalization maximal ratio combining
iplHat = real(y2Hat)>0; % receiver - hard decision decoding

rem=2*iplHat-1;%relay message

y3 =(h.*rem) + n3.*10"(-SNR(11)/20);

)

% Channel and noise Noise addition

clear kk;
for kk = 1:10"6

if ip(kk)==iplHat (kk)
y3Hat (kk) = conij(h(kk))*y3(kk)+conj (£(kk))*yl(kk);

else
y3Hat (kk) = conj(f(kk))*yl(kk);

end

end
ip3Hat = real(y3Hat)>0;% receiver - hard decision decoding
nErrl(ii) = size(find(ip- ip3Hat),2);% counting the errors

end

$figure

hold on

simBerl = nErrl/N; % simulated ber
semilogy(SNR1,simBerl,’-=");

grid on

xlabel (*SNR-—>");

ylabel (‘BER-—>");

279
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Review question 12.2J What are the two commonly used protocols at the relay nodes?

Review question 12.3J For single relay based cooperative communication as shown in Fig. 12.3, write down
the approximate BER for BPSK over i.i.d. channels.

12.3.2 MIMO based cooperative communication over o-p fading
channels

Recently, dual hop transmission has attracted the attention of many researchers because of their
significant advantage over direct transmission, such as extending the coverage area, increasing the
connectivity and improving the SER performance, etc. Let us consider a dual hop relaying system
(see Fig. 12.5 a) over i.i.d. o—pu fading channel, where an S node communicate to the D with the help
of {R, R, ... Ry} usingDF protocol. Assume the S node is equipped with N transmit antennas,
k' relay node equipped with N  receive antennas and N, transmit antennas and D node equipped
with N, receive antennas. The OSTBC technique is applied at every transmit and receive nodes. We
assume S, data symbols are transmitted in T time slots which are encoded with OSTBC codeword.
We also assume all Rs and D have S-R and R-D channel gain information respectively, while S
and all Rs do not have S-Rs and Rs-D channel gain information respectively. We also assume that
relays are half duplex, which means Rs either receive or transmit the information at any time. The
instantaneous SNR output at the k™ R can be expressed as in (Q. Yang et al., 2010).

TEs ”T‘

SDO'2 i=1j=1

with E is power of transmitted signal per antenna and o

Y= (12.18)
-, 1S noise power, hlk ; 1s the channel gain
between the i receive antenna and j transmit antenna of the S-k'™™ R. We consider orthogonal
transmission approach to transmit information from R nodes to D nodes. We can transmit signal
through time-division technique or through frequency-division technique. In time-division technique,
total (K +1)T time slots will be required to transmit S,, data symbols information from S to D,
where K is number of Rs participating in R nodes to D nodes transmission. In first T time slots, S

nodes transmit the information to all R nodes. Only those Rs will participate for decoding sets that
have good enough S—R link to provide successful decoding of all §,, data symbols. In time-division
technique, we also assume that channel conditions do not change for (I? + 1) T time slots. At the D
nodes, for MRC receiver, the instantaneous SNR output can be expressed as

TE; K NeNpj_,
= X X Xk
4 S,00 k:Oi:lj:l‘ !

2
\ (12.19)
where, E,k ; (k € [1, K ]) represents channel gain between the it receive antenna and j' transmit antenna

of k™ R and D node link and Eloj represents channel gain between the i receive antenna and j®

transmit antenna of S—D link.
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SER for BPSK modulation against SNR(dB) in a-u fading(a= 2, p=1)
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Fig. 12.5 (a) Two hop multiple relays model; approximate and Monte Carlo simulations of SER

performance of MIMO based cooperative communication employing (b) BPSK modulation
over the & = 2 and i = 1 (Rayleigh) fading channel and (c) 4-QAM modulation over the
o =4 and y =2 fading channel

J
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We assume DF relays, so Rs will forward the information to D iff, S—R link is sufficient to decode
all §;, data symbols correctly. It means, all K relays may not participate for Rs—D transmission. By
using the theorem on total probability, we have,

P = épr(SER / K)Pr(K) (12.20)

where, P, denotes total symbol-error probability, K is total number of relays that participate for
source-relays transmission, K is total number of relays that participate for relays-destination

transmission, Pr(I? ) denotes probability thatonly K € [l,K ]relays participate for relays-destination
transmission and Pr(SER / K) is the conditional SER for given K .

Assuming identical fading conditions for all the relays, the probability of any relay being able to
decode the symbol correctly becomes A. Then, it can be shown that

P(R) = Fc A% (1- A)"F (12.21)

Since K relays are used, the mgf of the i.i.d. o-u wireless channels between the source to destination

and relay to the destination can be written as (A. Magableh et al., 2009).

Mrilo(£+1) NyNp(K+1)
“M\/E m 1(1,1—%)
v, (5) = o att| | 5| (2] >
2r (7)™ 7 e
(12.22)

For the k' relay, the mgf for source to relay channel can be obtained from the above mgf by putting
K = 0 and substituting N, = N,. The probability of error when K relays are used for transmission

can be calculated as follows:
P(SER|K) = | P(SER|K.7)p,(7)dy
0
where, P (SER |1? , y) is the conditional probability of error (CPE) for different modulation schemes

used.
For BPSK,

o o _4y
P(sER|R) = [0(27)p, (1) = g[ée‘“%e : ]pm)dw Lo, )+ Lo, 2]

(12.23)
For 4-QAM,

P(SER|K) = ;f(zg(ﬁ) - 0* (7)), (Ndy
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0

hod ,l/ 1 ,27)/ 1 y 1 _ﬂ 1 _Ly
20 2 = 3 __L L,V _ L 3 _ L 6
Nee 3¢ ' —ae ~16¢ " ~2a¢ * My

éMY(%) + %MY(%) - ﬁMy(l) - %My(%) - 2—14My(%) (12.24)

Using Eq. (12.20), approximate SER of MIMO based cooperative communication over &— u fading
channel is plotted vs. SNR for BPSK and 4-QAM modulation schemes in Fig. 12.5 (b) and (c) (A. K.
Saxena et al., 2016). It can be observed that the SER for MIMO based cooperative communication
improves when more number of relays (Rs) participates in the cooperative communication. Some of
the parameters chosen are N, = N, = N, =2 and S, = 2. Equal power allocation is applied for all
transmit nodes and Alamouti space-time code is employed. The simulation and analytical results
are in close agreement verifying the accuracy of the analytical results.

Review question 12.4J What is the approximate SER of 4-QAM MIMO based cooperative communication
over i.i.d. Oy fading channel?

12.4 Large-scale MIMO systems

12.41 Introduction

Large-scale (LS) MIMO systems are aiming to employ hundreds or thousands of antennas at the
transmitter and receiver. What are the advantages? We can have large diversity and rate gains. For
example, for a 100 x 100 MIMO system, the achievable diversity gain is 10,000 and rate gain is 100.
Till today, such large antenna arrays are not used in wireless communications like in Long term
evolution (LTE) based fourth generation (4G) mobile wireless communications have allowed up to a
maximum of 8 antennas at the base station (BS). But in the future generation wireless systems like
5G, such large antenna arrays employing hundreds or thousands of antennas are envisaged to be used.

Let us make some typical calculations for large antenna arrays. Consider a mobile phone whose
maximum dimension is 9 cm which is a typical size. How many antennas can be placed on such
mobile phones? From our knowledge of antenna arrays, antenna spacing for antenna arrays should

be at least A . For GSM, the operating frequency is 900 MHz. In order to simplify our calculation,

2

let us approximate this frequency to 1 GHz which is quite close. % = 15¢m for 1IGHz. So we cannot

place more than single antenna on such mobile phone with the present available technology.
How about millimetre wave communication at 60 GHz? % = 0.25cm for 60 GHz. Now we have
the scope for placing at least 36 antennas on the same mobile phone for 60 GHz wireless

communications. We have neglected the space occupied by antenna in our analysis. This is one of
the reasons why researchers are proposing millimetre wave communications for 5G mobile
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communications. What if we want to place more than 36 antennas on the same mobile phone? We
can do so by placing antennas in three dimensions, which is also known as full dimension MIMO
(Y.-H. Nam et al., 2013). For example, we can place several antennas in a MIMO cube (B. N. Getu
et al., 2005 and C.-Y. Chiu et al., 2008).

An important question to be raised is “Can we use the same techniques we have used for
conventional MIMO systems at the transmitter and receiver for LS MIMO systems?”. At the transmitter
one may employ full rate and full diversity codes like Threaded Algebraic Space Time Codes, Perfect
STBC and Rateless STBC (A. H. Algahtani et al., 2014).

What happen to the MIMO channel when N, N> 100? For large antenna arrays, channel hardening
effect becomes more prominent. In other words, the channel becomes more and more deterministic
for Ny, N, — oo. According to Marcenko—Pastur law from random matrix theory, for a N, x N,
channel matrix H (N, N — o) whose elements are zero mean i.i.d. with variance NLR (irrespective
of the actual distribution of each elements), the empirical distribution of the eigenvalues of H7H
converge almost surely to the density (A. Tulino et al., 2004)

Fo) = (%T 5(x) + Y(x=a)’ (b= (12.25)

21Px

where, B—N—, a —(1—\/73) and (z)" = max(z,0).

Because of channel hardening, we can employ low complexity MIMO detection techniques. So
far we have seen that ML detection is the optimal detection techniques for conventional MIMO
systems. But we cannot use ML detection for large MIMO systems since it has prohibitively large
computational complexity for large MIMO systems (see example 9.1). The decoding complexity
of an ML decoder is the number of metric computations required to reach the ML decision.
For instance, for a 10 x 10 MIMO system employing 16-QAM modulation scheme such metric
calculations will be 10' = 1.0995 x 102 which is prohibitively large for LS MIMO that will employ
hundreds to thousands of antennas at the transmitter and receiver. But certain algorithms from
machine learning and artificial intelligence have shown to achieve near-optimal performance
with low complexities (A. Chockalingam et al., 2014) for large MIMO systems viz. Reactive
tabu search (N. Srinidhi et al., 2009), Gibbs sampling (M. Hansen et al., 2009). Alamouti like
STBC for transmission and its detection using heuristic based search algorithms like Tabu and
Hill-climbing search (F. Glover, 1989 and 1990, S. Gupta et al., 2015) are also reported in the
literature. It is better to initialize the initial solution with ZF and MMSE solution to improve the
performance of such heuristic based detection methods. A good survey on LS-MIMO detection
is provided by S. Yang et al., (2015).

Review question 12.5J What is Marcenko—Pastur law?

Review question 12.6J Name some possible detection schemes for LS-MIMO.
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12.4.2 Single user LS-MIMO: capacity and hardware impacts

The received signal vector y € C Nexfor a point-to-point or single user (SU) MIMO, we have
considered till now, can be expressed as

y=Hx+n
where, x € C"*! s the transmit signal vector and n € C"% X represents the noise vector with zero

mean and covariance matrix o.I Ng -

The instantaneous capacity for MIMO channel (Eq. 4.4 b) is given by

C=log, Iz, + Q| bits / s | Hz

P
Ny

Assume full rank MIMO channel matrix, then R, = min{N,, N,} = m. Hence the above
instantaneous capacity (Eq. 4.4 a) can be expressed as

m P
C=Zlog2(l+ ]bits/s/Hz
i=1

%
Nyo.

n

Since the trace of a square matrix Q is equal to sum of its eigenvalues (see Appendix A), i.e.,

§ A= % 0'12 = trace(Q).
i=1

i=1

(a) The worst case for capacity is when only one singular value of the channel matrix H is not zero,
ie, A = 0'12 = trace (Q). Such cases are appropriate for line-of-sight (LOS) propagation. Hence,
the instantaneous capacity for MIMO channel is lower bounded by

P(trace(Q))
Nyo?

n

C210g2[1+ ] bits | s | Hz
(b) The best case is when all the singular values are equal, i.e., mA, = trace (Q). This is suitable for

i.i.d. channel matrix. Hence, the instantaneous capacity for MIMO channel is upper bounded
by

trace (Q))

l
C < mlog, |1+ bits | s | Hz
gZ[ mNTOi J

If we normalize the magnitude of the channel gain coefficients equal to one, then, trace (Q) =
N N,. Hence, the instantaneous capacity for MIMO channel is bounded as follows:

nP
N, o

n

P
log2(1+ 2R]bits/s/HzSCSmlog2[l+

n

Jbits /'s | Hzn = max{Ng,N; } (12.26)

Review question 12.7J What is the capacity lower and upper bound for SU-MIMO?
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Large-scale asymptotic analysis

Case 1: Let N — oo, keeping N, fixed. Assume the favourable condition of channel orthogonalization

H
where the rows of the channel matrix are asymptotically orthogonal, i.e., (HH ] =Ty, .
T JNp>>Ng

Note that m =N t for this case. Hence,

N P
CNT>>NR = log, INR + 7R = Ng log, (1 + ?J (12.27)
Case 2: Let N, — o, keeping N, fixed. Assume the favourable condition of channel orthogonalization

HHH) 1
-1, .
Ng Ng>>Nr !

where the columns of the channel matrix are asymptotically orthogonal, i.e., (

Note that m = N.,. for this case. Hence,

PNIy,

N,o.

n

Cnpssny = logy Ly, +

PN
=N,log,| 1+ —=& (12.28)
' gz( NTozj

Note that Cy, ..y and Cy __y are both highly favourable scenarios since they achieve the
T R R T
capacity upper bound mentioned above (F. Rusek et al., 2013).

Review question 12.8J Whatis Cy oy, and Cy .. for SULS-MIMO?

Impact of hardware impairments in SU LS-MIMO

The I-O model of MIMO system taking into account the hardware impairments can be expressed as
y=HX+n)+n+n,
where the additive distortion noise terms 1, and 1, for the hardware impairments at the transmitter

and the receiver can be modelled (Central limit theorem) asm, ~ N (0, & (diag (rl Ty Ty, ))) and

M, ~ Ne¢ (O, & (trace(R)C )) Iy, ) .Note that R = E[xx"] and r|, 7, ... Ty, are the diagonal elements

of the transmitted signal covariance matrix (R,). Error vector magnitude (EVM) quantifies the
mismatch between the expected signal and the actual signal in RF transreceivers (H. Holma et al.,
2011). For 6, = 6= 0, there are no hardware impairments or ideal case. A higher value of &, and &,
signifies higher hardware impairments. A typical range of values for &, for instance for LTE, is 0.08
< 6,<0.175. Let us define the average SNR per receive antenna as,

i) e{ )
o o

n n
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, . . H'H if N; <Ny
We have defined complex Wishart matrix in chapter 3 as, Q = . In the
HH" if N, > N,

following analysis, H represents the Rician fading MIMO channel. Let us define a new matrix which

62
takes into account the hardware impairments as @ = % Q+ (p(f + 1) I, where the rank of the
T

N. or N, <N
o g R The ergodic achievable rate (J. Zhang et

full rank channel matrix is Ry, = {N P N. >N
R Jor T = Vg

al.) can be expressed as

pQe™

IRH + N,

Chardware - E{logz

} (12.29)

Review question 12. QJ Write down the I-0 model for SUMIMO taking into account hardware impairments.

Carry out the asymptotic LS-MIMO analysis taking into account the hardware impairments.

Solution

Let us do the asymptotic LS-MIMO analysis.
Case 1: Let N, — oo, keeping N, fixed. Assume the favourable condition of channel orthogonalization
HH"

T ]NT >>Np

where the rows of the channel matrix are asymptotically orthogonal, i.e., ( =1 Np -

Note that m = N R for this case. Hence, using the dominated convergence theorem (R. Couillet et al.,
2011), we have,

hardware _ P
Cp>sh, = Nrlog, (1 + m] (12.30)
1 r
Therefore, the capacity Cﬁ,“;i”ﬁ,’; taking into account the hardware impairments depends on N,,

p. 6,and 6.
Case 2: Let N, — oo, keeping N fixed. Assume the favourable condition of channel orthogonalization

H
where the columns of the channel matrix are asymptotically orthogonal, i.e., (HN H ) =1 Ny -
R INg>>Ny

Note that m = N for this case. Hence, using the dominated convergence theorem (R. Couillet et al.,
2011), we have,

Ng>>Nyp

Clardware _ oo [1 +?] (12.31)

t
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Therefore, the capacity C ,’\’,’:‘iﬁ‘,‘\,’; taking into account the hardware impairments depends only N,

and 6, and independent of p and &, It shows that it is better to employ low-cost hardware at the
receiver.

4 7
—>»  Downlink
-———=>  Uplink
Fig. 12.6 Illustration of uplink (multiple access channel) and downlink (broadcast channel) for MU-
MIMO system (N, =14, N, .= 1, N, =3)
\_ BS Ms U )

Review question 12.1 UJ What are achievable rates for SU LS-MIMO taking into account hardware effect?

Review question 12.11J Is it true that it is better to employ low-cost hardware at the receiver for SU LS-
MIMO?

12.4.3 Multiuser LS-MIMO: capacity and matched filter processing

Multi-user MIMO scenario (H. Huang et al., 2012 and T. L. Marzetta, 2010) is the most applicable
scenario for cellular communications where multiple users transmit and receive signals from a base
station. In multiuser (MU) LS-MIMO as depicted in Fig. 12.6, there are two types of MU-MIMO
channel models (X. Ma et al., 2014 and Y. S. Cho et al., 2010):

e Multiple-access channel (MAC)
e Broadcast channel (BC)

Multiple-access channel

In MAC, we assume that a single base station (BS) is receiving signals from multiple mobile station
(MS) or users. We will denote the number of users N, and each MS or user is equipped with N,
antennas. Signals from multiple users are up linked to a BS equipped with N, antennas. Assume
each user is sending transmit signal vector xf]L e CNusx1 ,i =1,2,---, N to the BS. The corresponding
channel for each user with the BS is HZMAC e CNos*Nus ,i = 1,2,---,Ny, . The received signal vector

at BS yUL e CV55*! can be expressed as


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781108234993.013
https://www.cambridge.org/core

Advanced Topics in MIMO Wireless Communications 289

HMAC HMAC UL HAN/IAC UL

ot xNU+n

2 HMAC UL + l’lUL

UL

x1 . . . . . . .
where, n”~ € CcVes* is the additive white Gaussian noise vector with zero mean and covariance

matrix of Gan Ngs *

The above equation may be expressed as

yot = B +n™ (12.32)
xVE
<UL
where, HYAC = [H{"’AC HYAC . HAN’ISC:I’XUL _ | *
UL
Xx,,

Broadcast channel

The BC is a single BS sending signals to multiple MSs or users in the downlink. Note that each MS

will receive independent signal vector, x”~ e €5 ! The corresponding channel vector for BS to
each user will be a matrix, ch e CNus*Nes j =12... -, Ny, . The received signal vector at the i

MS yDL € CNMSX] | = 1,2,---, N, can be expressed as

DL BC_DL DL
; =Hicx +n;

DL - X1 . " . . . . .
where, n;” € C Nus*lis the additive white noise vector with zero mean and covariance matrix

ol

n“Nys -
4 N N h
Uplink
Frequency Guard band Frequency Downlink Gf“"d Uplink
time
Downlink
i Time
(a) (b)
Y Fig. 12.7 (a) Frequency-division duplex (FDD) and (b) Time-division duplex (TDD) )

If we assume time-division duplex (TDD) transmission (R. Brandt, 2014) as depicted in Fig. 12.7
BC mac\T
then H™ = (Hi ) then
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T
Pho= (HMC) xP 4 nft (12.33)
T
For all users, yDL = (HMAC) xPt + nPr
i
yoL
DL yyMAC MAC MAC MAC DL 2
where, y©, H = [Hl H, HNU ]and y ="
DL
Yy

Review question 12.1 ZJ What are the two types of MU-MIMO channels?

Review question 12.13J Write down the I-O model for MU-MIMO MAC and BC.

Capacity and Matched Filter Precoding

Consider BS equipped with N ¢ antennas serving N, single antenna users. Let us denote the i user
to the j'" antenna of the BS (L. Lu et al., 2014) as

hji= gji\/d_i

where 8ji and d; represent the complex small-scale fading and large-scale fading coefficients
respectively.

Therefore,
HC = G: (12.34)
d, g g v 8w,
where, D = % N and G = g'21 g?z ngv,/
dNU 8Nps1  8Npg2 8Ny

Assume favourable condition where all column vectors of the channel are orthogonal, i.e.,
(GHG

N j
BS JNpg>>Ny

H 1 1
~ I, therefore, ((HMAC) HMAC) ~ D2G"GD? = Ny D . Let us
U

Npg>>Ny

assume uplink transmit power for each user is NL . Hence the capacity of the multiuser MIMO (BS
U

equipped with N, antennas acting as receiver and N, single antenna users as transmitter) for uplink
(MAC) is given as

PN,.D Ny PN.d:
C%?SC»NU = log, INU + BS ) = z log, (1 + %] (12.35)
U%n i=l NU n
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Let us consider a simple linear processing matched-filter (MF) at the BS.
H H H
(HMAC) yUL _ (HMAC) (HMACXUL i nUL) - NBSDXUL + (HMAC) L (12.36)

Note that D is a diagonal matrix; therefore, MF processing at the BS decouples the signals from

each user. The SNR for each user can be evaluated as, N d;. Since we have parallel

P
Ny

AC

independent Gaussian channels, the capacity of this will be the same with that of C% >N, - Hence

MF is an optimal processing at the BS when the number of antennas at the BS grows large.
BS has full CSI, so adaptive power allocation could be carried out. Hence, the capacity for
downlink (BC) may be expressed as

o,

P 11BC Bc\H
B — max log, [INBS +—H"Dp (H ) ]
Dp

where, Dy, is a positive diagonal matrix with power allocation for N, users as

P
%) Ny
DP = . . Zl pi =P.
. i
Py,
Assume favourable condition where all row vectors of the channel are orthogonal, we have the
capacity for downlink (BC) as

PN g
BC max log, [IN + DPDJ
Nps>>Ny = v oo (12.37)
Dp
Like MAC case, we may use MF precoder and send the transmitted signal vector as
11
Xff; - (HMAC) D ZDI%XDL
T
Hence, yPL = (HMAC) xPD,Le +nPt
T 1 1
- (HMAC) (HMAC) D ZDI%XDL +nPt
11
= NgD2D2x”" +n"* (12.38)

Since both D and D, are diagonal matrices, hence, all the signals transmitted from BS to each
user are decoupled totally. The above analysis is also referred to as Massive MIMO in the literature.
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Review question 12.1 4J Werite down the capacity expression for UL and DL of MU LS-MIMO.

12.4.4 Multi-cell LS-MIMO: precoders

It is well-known that there are many cells in a cellular network and users in each cell are served by
a BS. Figure 12.8 illustrates a multi-cell MIMO based cellular network. Only seven cells are shown
for illustration purpose. The UL, DL and interference signals are also shown for two neighbouring
cells for four mobile users. In TDD based LS-MIMO system, pilot sequences are transmitted from
the users to the BS to help BS in estimating the channels. Usually pilot sequences are orthogonal and
they are limited in number for a given period and bandwidth. Generally same set of pilot sequences
are assigned in all cells. So users in the neighbouring cells with the same set of pilot sequences will
have high level of interference also popularly known as pilot contamination in the literature. As the
number of cells or BSs increases this interference will increase.

/ N
I I A O
A4 1 X
R 7 // \\
% [ SOy \\L LLL et
7z = \
=2 Rv/ 1\\/\\. 13!
// //\'\ /./ '@
/ \ 2
/ A\ /
/,/‘//' \\ ¥
LA
. 3

Fig. 12.8 Multi-cell MIMO based cellular network (BS equipped with Ny, = 14 antennas and single
antenna MS or user, each cell has N, = 2 users for illustration purpose)

* - ¥ Interference in UL and DL

- J

As we have seen for MU-MIMO, in which we have considered a single BS, MF processing
decouples the signals from each user completely. But for multi-cell MIMO, the estimated channel
vector in each cell is a linear combination of channel vectors of users in other cells that use the
same pilot. Hence, MF processing will not work well. Other than MF processing, other precoders
are reported in the literature.
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(a) ZF precoding
In ZF beamforming we pre-multiply the transmit signal vector by

W, = -(a,) (ﬁl (ﬁ,)”)1 (12.39)

ZF:\/7I
Jeu

A \H A
N A /dm trace((Hl) Hl) A
where, H, =d;;G,,d; = . , Y =——————and G, is
- Ny
\Iduvuz
the estimated CSI matrix of users in the I'" BS.
(b) Regularized ZF precoding
In RZF beamforming we pre-multiply the transmit signal vector by
-1
\\H [~ a \H
Wy = ——=(H,) (Hl (f,)" + &NU) (12.40)
Jn

where, dis a parameter that balances the interference suppression and SNR decrease. Usually

N
dis chosen as 2—‘63 (F. Rusek et al., 2013). =0 and = coreduces to MF and ZF, respectively.

(0 MMSE precoding
It is a special case of RZF (M. Joham et al., 2005) where
Nyo,

= —tn (12.41)
2SNR"" log, M

It has been observed that RZF and MMSE based precoders outperforms ZF and MF based
precoders for multi-cell MIMO systems (J. Jose et al., 2011).

Review question 12.15J What is pilot contamination in multi-cell LS-MIMO?

Review question 12.1 GJ Name some precoding schemes for multi-cel] LS-MIMO.

12.4.5 Interference suppression: Coordinated multipoint transmission
(CoMP) and Heterogeneous networks

The instantaneous capacity of it user at time slot t in a multi-cell MIMO network can be calculated as
C,(t) = log, (1 + SINR, (1)) (12.42)

where signal-to-interference-plus-noise ratio (SINR) is defined for i user as

P (1)
Prise (1) + Py () + Prey (1)

SINR, = (12.43)
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Note that

P, (1) is the power of the desired signal at time slot t

P,,,(0) is the power of the inter-user interference (intracell) at time slot t
P,,(®) is the power of the intercell interference at time slot t

o P ..(0isthe power of the noise at time slot t

As illustrated in Fig. 12.9, users at the cell edge will have very high level of P, () (quite near to the
BS of neighbouring cells) and very low level of P, (¢) (far away from the serving BS). Consequently
they have a lower value of SINR and capacity.

~

* - ?» Interference in UL and DL

Fig. 12.9 Interference issues for users at cell edge

- /

Review question 12.1 7J Define instantaneous capacity of #* user at time slot t in a multi-cell MIMO network.

Coordinated multipoint transmission

ICI can be reduced by coordination among BSs also popularly known as coordinated multipoint
transmission (CoMP). Two main objectives of CoMP are
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e Mitigate ICI at the cell edge
e Improve data rate at the cell-edge

There are two kinds of CoMP employing either full or partial cooperation among BSs. In full
cooperation of BSs, also popularly called as Network MIMO, all the coordinating BSs share data and
CSI of all users (see Fig. 12.10). It behaves as a single distributed MIMO system to serve the users.
When the concept of serving BS vanishes, all the coordinating BSs act as single distributed MIMO
network. In dynamic cell selection, data to each user is transmitted from the coordinating cell with
the best channel condition keeping the other cells muted. Hence there are no ICI and best possible
data rate is given to the users. It has been observed that fully cooperative CoMP has enormous gain
in terms of spectral efficiency (G. J. Foschini et al., 2006).

4 N

—> CSl and Data
Fig. 12.10 A cluster of fully cooperating four BSs

/

In partial cooperation, each user is served by only one BS but the scheduling/ beamforming is
shared among coordinating BSs. In coordinated scheduling/ beamforming, user data is available
only at the serving BS and are not shared over the backhaul links. But CSI of users are shared via
the backhaul links in order to have coordination in beamforming/ scheduling. Note that coordinated
scheduling/ beamforming with no data sharing among coordinated BSs is more practical than Network
MIMO for limited backhaul capacity. Interested readers may refer to N. Seifi et al., (2016) for 3D
coordinated beamforming for reducing ICI in multi-cell MIMO systems.
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)

+— > CSl and no data
Fig. 12.11 Coordinated beamforming/ scheduling

Heterogeneous networks:

Another solution to the problem of cell edge users is to have a small cell networks (T. Q. S. Quek et
al., 2013) like pico cells within the macro cell networks. In such heterogeneous networks (networks
of macro cells and pico cells), there is a high level of co-channel interference as shown in Fig. 12.12.
Interference suppression in such networks could be carried out in three steps (Y. Li et al., 2016):

e Triangular decomposition of joint channel matrix H and extraction of the equivalent interference
channel model which reduces the inter-cell interference to half

e From equivalent interference channel model, use signal-to-leakage-plus-noise-ratio to compute
the equivalent pre-coding matrices to suppress rest of the inter-cell interference

e Compute the intra-cell interference suppressing precoding matrices for each user
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Fig. 12.12 DL and UL interference model in multi-cell MIMO heterogeneous networks
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Review question 12.1 BJ What are the problems faced by users at the cell edge?

Review question 12.1 QJ Name two possible solutions to the cell edge user problem.

12.5 MIMO cognitive radios

12.5.1 What is cognitive radio?

Cognitive radio (CR) is an intelligent wireless communication system that is aware of its surrounding
environment (S. Haykin, 2005). It is a smart and flexible radio (Secondary User (unlicensed) device)

that monitors and senses its radio environment for potential spectrum opportunities.
The three main tasks of cognitive radio system are:

e Radio scene analysis (sensing) at the receiver i.e., estimation of the interference temperature

and detection of spectrum holes.

What is spectrum hole?

Itis a band of frequencies assigned to a Primary User (PU), but at a particular time and location,
that band is not used by that PU. Spectrum utilization can be made efficient by allowing

Secondary User (SU), who is not being serviced to gain access to the spectrum hole.
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e Channel identification at the receiver i.e., CSI and prediction of channel capacity for use by the
transmitter.
e Transmitting power and dynamic spectrum management at the transmitter.

In MIMO cognitive radios, SU and PU employ multiple antennas for transmission of signals
which can reap the benefits of MIMO wireless communications like higher spectral efficiency and
link reliability. A very detailed literature survey on MIMO cognitive radio is provided in book by
R. C. Qiu et al., (2012). Conventionally, regulated radio frequency bands use spectrum allocations
(using licensing procedures). Measurements on the licensed band show severe temporal and/or spatial
underutilization of the assigned spectral resources. Hence, there is imbalance between the spectrum
shortage and spectrum underutilization. An innovative spectrum access strategy called spectrum
pooling can overcome this.

12.5.2 What is spectrum pooling?

If we allow opportunistic Secondary User (unlicensed) access to spectral resources unused by Primary
User (licensed), then there will be significant improvement in spectrum utilization. But Secondary
User (SU) transmission must avoid any harmful interference to Primary User (PU) systems. PU
generally broadcasts these interference constraints to SU. Usually specified by two parameters /,, and
Pr,th, 1, is the maximum allowable interference power at the PU and Pr,th is the probability that the
interference power level at PU exceeds /. SU has to transmit under those interference constraints. This
can be mathematically expressed as, Pr(/, > 1,,) < Pr,zh where, [ is the interference at the PU. C. Sun
et al., (2010) reported an algorithm for calculating adaptive power control at the SU transmitter (Tx)
of CR system which allows the SU receiver (Rx) to maintain a constant output SNR simultaneously
limiting the interference to the PU. M. F. Hanif et al., (2011) have shown that antenna selection may
be exploited to jointly satisfy interference constraint at the PU Rxs while improving the rates of SU
devices. SUs regularly perform efficient radio scene analysis to detect the presence of PU signals.
For a detailed understanding of spectrum sensing techniques viz. energy detection, cyclostationary
detection, pilot-based coherent detection, covariance based detection and wavelet-based detection,
one may refer to J. Ma et al., (2009). Error in sensing causes missed detection and false alarm.

What is missed detection and false alarm?

The SU senses the PU to be idle (sleeping) even though it is active (transmitting). Hence SU
transmit with full power causing more interference to the PU. It is an unwanted situation called
missed detection. We will denote the probability of missed detection by P,,. In another scenario, the
SU senses that PU is active even if it is sitting idle. It forces the SU to stop transmission or transmit
under interference constraint reducing the throughput of SU unnecessarily. We will denote probability
of false alarm P,. The following CR models are widely used in the literature.

12.5.3 Interweave model

In CR model where SU transmits only when the PU is sleeping, is called interweave model. Let us
denote two switching functions one at the SU transmitter and SU receiver (K.-C. Chen et al., 2009)
which are defined as
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e § equals 1 i.e., switch on SU transmission when SU transmitter detects no active PU nearby.
S, equals 0 i.e., switch off SU transmission when SU transmitter detects active PU nearby.

e § equals I ie., switch on SU transmission when SU receiver detects no active PU nearby.
§_equals 0 i.e., switch off SU receiver when SU transmitter detects active PU nearby.

We may write the I-O model for secondary user MIMO link as

y=35, [H(Stx) + n]

12.5.4 Underlay and overlay model

In underlay model, simultaneous transmission of PU and SU is allowed if the interference to PU
from SU transmission is below some acceptable threshold. In overlay model, SU allocates a part of
its power to help the PU in its transmission and remaining power is used for its own transmission.
Overlay model has many implementation problems since it allows the SU to decode PU transmission
which raises many privacy and security issues for PU (E. Biglieri et al., 2013).

4 N

SU Tx

SU Rx

Fig. 12.13 CR network with L single-antenna PUs and 1 SU with Tx employing N antennas and Rx
employing single antenna

- /

12.5.5 Robust beamforming

Consider a CR network (depicted in Fig. 12.13) with a SU and L PUs. SU transmitter (Tx) uses N
antennas and SU receiver (Rx) employs single antenna. All PUs use single antenna. The interfering
channels between the SU Tx and PUs are denoted by g [=1,2, ..., L. The channel between the SU
Tx and SU Rx is denoted by k. The objective of robust beamforming is to maximize SU received
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power under constraint P and control the PUs interference to acceptable limits denoted by 1, [ = 1,
2, ..., L. Mathematically,
s 2
max W se |gffw] < v (12.44)
[ < P

where, w is the beamforming vector at the SU and s.t. is the abbreviation for such that.
Assuming the CSI errors as additive complex Gaussian noise we have

h=h+Ahg, =g + Ag,VI
where, h and g, are the channel estimates available at the SU Tx and assume
Ah ~ N (0,071); Ag, ~ N¢ (0,0 1) V1.
The Eq. (12.44) becomes
o H |
max  Pr| [0w[ = B, | st Prllgfw] <1, |2 gvi (12.45)
[wl < P
where, g is some predetermined level, P, is the threshold of SU transmission power and Pr is short

2 . 2
form of Probability. Note that y, = ‘hH w‘ = ‘hH w -+ Ahw‘ is non-central Chi square distributed

2
. . . w| o .
with two degrees of freedom with variance, o, = ""Th, non-centrality parameter,

Yn
O-)’h O-,Vh

N 2 2 nc P
ne: = ‘hHW‘ . Therefore, Pr(‘hHw‘ > ch) = QM[ h s th ], where, Q,, is the generalized

2 2
Marcum Q function. Similarly, Vo = ‘ng w‘ = ‘ng w + Ag,w‘ is also non-central Chi square

vl e,
- 2

distributed with two degrees of freedom with variance, o, , non-centrality parameter,
781

2 H[? H_[? "y .
ney = g w‘ . So, Pr(‘g, w‘ < I,) =0y G_l’cr_ . Hence we can rewrite the Eq. (12.45)
8l
Yo Vg
as follows.

% O % %

nc, /P nc, I
max QM[A,—”’] s.t. QM{A,LJQ—S,W (12.46)

Ve 8

[l < »

G. Zheng et al., (2010) showed that the Eq. (12.46) can be solved optimally using second-order

cone programming (SOCP) in tandem with simple 1-D search on the transmit power. They have also
reported that for single PU and single SU case, the close form solution of optimal w exists.
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12.5.6 Precoding

The basic idea of precoding is to minimize the interference in CR network. Assume that there is a
single PU Tx, single SU Tx, single SU Rx and L PU Rx all of them employing multiple antennas.
The received signal at L PUs Rx and 1 SU Rx (depicted in Fig. 12.14) are

JomlBr R
Ny

Pp
yp = —F——Hppxp + X¢ +np,0=12,---L

S \/E

ssXg g

where,
e N, is the number of transmit antennas at the Tx

e N, is the number of receive antennas at the Rx

e H Pp, is the N, x N, channel matrix between the PU Tx and i PU Rx
o HSPi is the N, x N interference channel matrix between the SU Tx and i'" PU Rx
e Hggis the N, X N, channel matrix between the SU Tx and SU Rx

* Ppp are the channel gains for H rp,

* pspare the channel gains for H se,

e pggare the channel gains for Hgg

e P is the transmit power of PU Tx

e P, is the transmit power of SU Tx

® X, is the N, x 1 signal vector for PU Tx

® X, is the N x 1 signal vector for SU Tx

* np is the Ny x 1 AWGN vector at i'" PU Rx

e ngis the N, x I AWGN vector at SU Rx

Note that all the elements of the channel matrix Hpp , Hgp. and Hgg are distributed as N(0, 1).
All the elements of the noise vector np and ng are distributed as N (0, N,)). E[x pxlz] =1 Ny = E [xsxg].
Assume that PU Tx has the knowledge of Hpp . Besides SU Tx has the knowledge of both Hggand H .

(a) Pre-whitening precoding:
Precoding matrix for L=1 (M. S. Kang et al., 2008) can be simply expressed as

w= H) (12.47)

(b) Water-filling based precoding:
This precoder at the SU Tx (A. J. Paulraj et al., 2003) is given by

w= Vi, (12.48)

where, Hgg = U Z o Vir is the SVD of H, matrix and Z  is the optimal covariance matrix.
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(c) Interference minimized precoding:
This precoder at the SU Tx (M. Jung et al., 2011) is given by

W= VINT (12.49)
\Psp H sTP1
oo HT
where the interference channel is given by H, = pSPZ' S | and its SVD
_\/ Psp, HSTPL |
o, O o v
0 o o | v/
H, = UIEIVIH = |:U11 U12 UINT ] ? . :2

The transmitter select a channel with minimum singular value of the interference channel and

send the signals in that channel.
~

/

Fig. 12.14 CR network with 1 PU Tx and 1 SU Tx and L PU Rx and 1 SU Rx all employing multiple

antennas
_/

o
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12.5.7 Game theory

A brief introduction to Game theory is given in Appendix G. With two or more players being an
integral part of a game, it is natural for the study of cognitive radio to be motivated by certain ideas
in game theory. In CR network, the players are the cognitive radios, their actions are their choice
of transmission parameters (e.g., transmission powers, access probability, etc.) and their payoff or
utility function are their defined performance measures such as QoS which can be a combination of
throughput, energy, interference related parameter (e.g., SIR or SINR). A game theoretical model to
obtain the optimal payoff (pricing) for dynamic spectrum sharing in CR network is proposed in (D.
Niyato et al., 2008). In this multiple PU compete to give spectrum usage to the SU and firm gives prices
as payoff to them. Service provider wants to maximize its revenue and user wants to have maximum
QoS and lowest price. (F. Wang et al., 2008) proposed a price-based iterative water-filling algorithm
which reaches to a Nash equilibrium. G. Scutani et al., (2010) proposed a game theoretical approach
for MIMO cognitive radio. They have tried to solve resource allocation problem in CR network. How
to allow simultaneous communication over MIMO channels among SUs under interference power
constraints to PUs? Their reported algorithms have overcome the main drawback of MIMO iterative
Water-filling algorithm (IWFA) i.e., the violation of the temperature-interference limits.

Review question 12.2[” What is MIMO based cognitive radios?

Review question 12.21J What is spectrum hole?

Review question 12.22J What is spectrum sensing?

Review question 12.23J What is probability of missed detection and false alarm?

Review question 12.24J Explain in few words about the interweave, underlay and overlay models of cognitive
radio networks.

Review question 12.25J Why do we need robust beamforming in cognitive radio networks?

Review question 12.26J Mention three precoding techniques in cognitive radio networks.

12.6 Summary

Figure 12.15 shows the chapter 12 in a nutshell. In this chapter, we have discussed about four recent
MIMO techniques viz., STBC-SM, MIMO based cooperative communications, LS-MIMO systems
and MIMO Cognitive radios. STBC—SM is the hybrid of STBC and SM; it will have advantages of
both the techniques. In STBC—SM, we have derived union bound on BEP of STBC—SM over correlated
Rayleigh and Rician fading MIMO channel. Then we discuss briefly about the single antenna based
cooperative communication. In MIMO based cooperative communication, we have derived the
approximate SER of 4-QAM over i.i.d. a-p fading MIMO channel. In LS-MIMO systems, we have
considered single user, multi-user and multi-cell MIMO systems. We have derived the capacity of
LS-MIMO systems for the above three scenarios. Finally, we discuss about the interference issue for
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users at the cell-edge and how to overcome this by applying coordinated multipoint transmission and
heterogeneous networks. In MIMO CR, we have studied about the robust beamforming, precoding
and game theory briefly.

-
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Fig. 12.15 Chapter 12 in a nutshell

Exercises

Exercise 12.1

Derive the union bound on BEP for STBC—SM over correlated Rician and Rayleigh fading MIMO channel.
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Exercise 12.2

Find SER of 4-QAM modulated SISO based cooperative communication over i.i.d. k-p fading channels.

Exercise 12.3

Find SER of 4-QAM modulated SISO based cooperative communication over i.i.d. n-p fading channels.

Exercise 12.4

Find SER of 4-QAM modulated MIMO based cooperative communication over i.i.d. k-p fading channels.

Exercise 12.5

Find SER of 4-QAM modulated MIMO based cooperative communication over i.i.d. n-p fading channels.

Exercise 12.6

How to take into account the path loss in Eq. (12.12)?

Exercise 12. 7

Find Cyy ..y, and Gy .., for SULS-MIMO.

Exercise 12.8

Find the Cy, _,.. and Cy,__,.. for SU LS-MIMO taking into account hardware effects.

Exercise 12.9

Find the capacity expression for UL and DL of MU LS-MIMO.

Exercise 12.10

Explain MF processing for MU LS-MIMO.

Exercise 12.11

Explain some precoding schemes for multi-cell LS-MIMO.

Exercise 12.12

Explain Coordinated multipoint transmission in brief.
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Exercise 12.13

Write down the three steps in interference suppression algorithm in a multi-cell MIMO heterogeneous network.

Exercise 12.14

What is interference minimized precoding in Cognitive radio networks?

Exercise 12.15

Explain the applications of game theory in Cognitive radio networks.
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Trace of a square matrix

Trace of a square matrix A, denoted by trace(A), is the summation of its diagonal components.

Trace (A) = Y, Ay

i=j

Frobenius norm of a matrix

Frobenius norm of an N x M matrix is square root of summation of square of its components.

Al = ;

J

M=
M=
1N

Note that trace (AA") = trace (AHA) = ||A||2

Determinant (I + AB) = Determinant (I + BA).

Square root of a matrix

Square root of a matrix A > 0 whose SVD is
A=UZVH
is defined as
A2 —yzi2 yH

We can also obtain the square root of matrix from Cholesky decomposition.

Vectorization of a matrix

Let A be an NxM matrix and vectorization of a matrix A is defined as a vector constructed from
stacking all the columns of A into a column vector as shown below.
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An Ay
A= = e ey |
Ay Avm
= a=vect(A) = [clT chy ]T

Inner product of two vectors

Inner product of two vectors x and y is defined as

X
SN ! .
XTy= Y xy;x=|: [,y=
i=1

XN YN

Rank of a matrix

Appendix A: Matrices

Rank of a matrix equals the minimum number of linearly independent rows which is always identical

to the number of linearly independent columns.

Kronecker product

Let A be an NxM matrix and B be an LxK matrix. The Kronecker product of A and B represented

by A ® B is an NLxMK matrix. It can be obtained as

AB - AyB
A®B= . :
AyB o AyyB

Some useful identities:
(@) vect(ABC) = (CT ® A)vect(B)

(® (A ® B)vect(C) = vect (BCA” )

© vect(AB) = vect (ABI) = (I" ® A)vect (B)
@) vect(AB) = vect (IAB) = (B” ® I)vect (A)
© (A®B)(C®D)=AC®BD

) (A®B)" =B ® A"

(@) r(A®B)=1r(A)r(B)

(h) rank(A ® B) = rank(A)rank (B)

(i) If A, is an eigenvalue of A and A; is an eigenvalue of B, then A, 4; is an eigenvalue of A ® B.
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Block matrix inverse formula

If we partition an arbitrary matrix A as

A A

A= 1 12

| Ay Ay
Then, we can find its inverse as
'A11 A2
Al =

_AZI A2 |

1 -1 -l

where, A= (A - ApAA,)

Relation between eigenvalues and its matrix A

A square matrix A has an eigenvector e, (usually e, is normalized ||el-|| = 1) and eigenvalue A, if
Ae = le,.
If rank of matrix A is R " then there are R " eigenvalues. Then from spectral theorem, we can write
A = EAE

where, E is unitary matrix (EE” = E¥E =T) defined as E = [ee, ... ¢, 4] and A is a diagonal matrix
of R, eigenvalues given as A = diag (4, A,, ... Ag,)-

Assuming R, X R, matrix A is full rank, eigenvalues could be obtained from the roots of the
characteristic polynomial, pg, (D =det(A - AL, - For every eigenvalue A, the solution of the equation
(A -1 VX; = 0 gives the eigenvectors.

An orthogonal real-valued matrix has mutually orthogonal columns.

If entire columns of an orthogonal matrix have unity length, then
T ..
c;c; =6G))
Some other properties of eigenvalues are:

e Trace of a square matrix A is identical to the summation of all its eigenvalues.

e For a full-rank square matrix A, the multiplication of all its eigenvalues is identical to the
determinant of the square matrix A.

e If an eigenvalue equals zero, then the matrix is singular {det(4)=0}.

e For a rank deficient matrix of rank r, the multiplication of non-zero eigenvalues is identical to
the determinant of rxr submatrix of A.

e Eigenvectors corresponding to distinct eigenvalues are linearly independent of one another.
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QR decomposition of a matrix

QR decomposition (also called the QR factorization) of a matrix is a decomposition of the matrix
into an orthogonal matrix Q and a triangular matrix R. One can find QR decomposition from Gram
Schmidt orthogonalization (GSO). Let us quickly review about GSO (J. G. Proakis, 2008). It is
basically used for finding a set of orthonormal vectors from a given set of N-dimensional vectors.
The procedure is as follows:

Example A.1

Explain Gram Schmidt orthogonalization (GSO).

Solution

Consider the Gram Schmidt procedure for column vectors of a matrix

A= [31 a, - aN:l
Then
1. Select the first vector from the set; name it as v, and normalize it

a,
Vl = a,,ul = m

2. Select second vector from the set and subtract its projection onto u, and normalize

v,=a, - (a,,u)u,u, = |V_2|
2

where the inner product is defined as

m
<X’ Y> =X X Yi
i=1
3. Select the third vector from the set and subtract its projection onto u,, u, and normalize it
v

v, = a; —(aju)u, —(a5,u,)u,,uy = ﬁ
3

One can continue this process to construct N orthonormal vectors.

Example A.2

How does one find the QR factorization?

Solution

Consider the matrix
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1 10
A=|1 0 1 =[a1 a, a3]
01 1
1
1
Hence v,=a,u =—|1
\/E 0
1 1 1 1
v,=a, —(u,a,)u =0 —% 1 =% -1 ,u2=% -1
1 0 1 1
-1
1
and u3=£ 1
Once we have u;, u,, u;, we can find the QR factorization as follows.
<a1,u1> <32’“1> <aN’u1>
Aslo o ayefu w oo o] O Bl Geml_ o
0 0 - (ay,uy)

Note that Q is a NxN unitary matrix whose column vectors are orthonormal.
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MGF of Hermitian

Quadratic Form in
Complex Gaussian
Variate

APPENDIX

1
Let v =| v, | be a complex Gaussian vector v ~ NY (uv,RV) whose mean, p, = E{v} and

VN

covariance matrix, (R)) is defined as R, = E{(v - uv)(v - uv)H} .

What is a complex Gaussian vector, v?

It is basically a vector whose components v, v,, ... v, are complex Gaussian random variables.
Note R, is Hermitian (since R‘T = RV*) and positive definite.

The pdf of v is

pw) = exp| ~(v-1,) R, (v =1, ) |

1
o |R

Since the covariance matrix R is not an identity matrix, complex random vector v is not i.i.d.
How do we make the covariance matrix identity matrix?

From spectral theorem,

q

R = UgARURM

where, AR is a diagonal matrix with N eigenvalues A,-R, i =1...,N and Ug is a unitary matrix.

Since R is positive definite, all eigenvalues are positive real, hence,

R, = [Ug[[A%Ug"] = i]If[lAiR >0,
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Therefore, we can find the inverse of Rv as
-1
R, = Ug (A%) U"

1

Hence, pvV) = — |

expl (U™ (v — 1, )" (%) [ (v =, )]

q

Since the eigenvalues are positive real, we can find ZR (Hermitian square root of AR®) such that,
AR = ZR(ZRyH
Let us define a new transformation whose covariance matrix is L.
W= (ER)_I Uplv
Hence, w ~ Ng (uw,IN) , W becomes a i.i.d. random vector and we can find v from w as
v= UgZRw

Theorem:
For a Gaussian random vector, v ~ NCN (uV,RV), if ZR is an N x N matrix with property

R)/vR\? _ R R\~ :
(2 ) (): ) = A", then the random vector, (Z®)~'(v — ) is a standard normal random vector. Note

that (v — ) will have zero mean.
Hence pdf of w is
1 H N 2
p(W) = ﬁexp —(W - uw) (W - ,'lw) = E;exp (Wi - »uwi)
In other words, w is i.i.d; therefore, the pdf of w is simply the multiplication of pdfs of Wi W, oy Wy
Consider the random quadratic form of A in complex Gaussian multivariate v as

y = Quad, (v) = vMAv

If A is Hermitian, y = y*, then Hermitian quadratic form is real.

Hence, y= Quad, (w) = wh (ZR)H U"AURZRw = w'Bw

where, B = (Z®)"U"AULZ® is obviously Hermitian.

It is Hermitian quadratic form in independent complex Gaussian multivariate w.

We can further simplify this quadratic form by introducing another transformation from w to x.
Note that B is such that y > 0 for any arbitrary w, both B and its quadratic form is said to be Hermitian
positive definite. Since B is Hermitian, from spectral theorem,

B = UgAPU,"
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where, UB is a unitary matrix and A® is a diagonal matrix of eigenvalues A, k=1, ... N. Introducing
a new transformation,

x=Ug'w = w=Ugx

Since Up is unitary (multiplying an i.i.d. complex Gaussian multivariate by a unitary matrix
does not change its distribution) and w ~ N~ (uw,IN); therefore, X ~ NN (uX,IN) . Hence the

Hermitian quadratic form in complex Gaussian multivariate X is

y= Quad, (x) = w'UzAPUR"w = x"A®x

Note that random vector x is a (N x 1) column vector. xH is a (I x N) row vector. Hence x

Hyisa
real valued random variable, whereas xx' is an N x N matrix. AP is a diagonal matrix. Therefore,

N
y = Quad, (x) = kz—llAkB |xk |2

Hence the name is given as quadratic form.

N
Note that |xk| is distributed as complex non-central Chi-square distributed whose MGF is
k=1

given as

N
Hence the MGF of Y A,” |xk |2 could be written as (replace s by Aps ).
k=1

Let us try to find an alternate expression of the denominator of the above MGF.

(1 - AkBs) = |I — sB|

=

1

1

Also, B= (2%) U AU,z

A= (():R)H U," )_1 B(U,zZ*)

RA = UgzR ():R)H U0, (():R )H )l B(z® )_l U”

URZ"B(z" )_1 U

[ = =)y = o

and therefore

Uk
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il (1-A%s) = [T-sRA|

i=1

Also, let us find an alternate form of the numerator of the above MGF

Bl = Euf
) _é'“’“"'z (1 e :AkB]
= —(uX)H[IN - (I - sAB)_l}(ux)
= ()" [Ty - (1y - sR,A) " (1)
Since, x = Ug''w = U, ():R)_l Up/v.

()" {[ 1n - (1 = smoA) [} o)
- [ E{UBH (=8)" URHV}:IH {[IN —(1y - sR,A)" }} E{UBH (z%)" URHV}

Taking the expectation of the complex multivariate v only, we have,

()" {1 = (1 = sRoA) " [H o)
=L e (=) ] v 1 - -y T (22 w4}
= (B} U (a%) U {[1 ~(Iy - sR,A) ]}E{V}
—[E{v}] RVV{[ - (1y - sr,A) " [ E{v)
R {1y - (0 - s®a) ! JHw)
Y exp[—mv) (R,)" 1y - (1 - sR,A) )]

Hence, MY =
y [Ty — sR,A|

For zero mean case, (U, = 0),

M(S) - —1
Y Iy -sR,A
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\ exp[—s(uv)y |:(IN - sARV)_l]A(uv)}

We can further simplify M%) =
P Iy — sR,A|

using matrix inversion

- -1
lemma, (A +BCD) ' = A~ A”B(C” + DA™'B] DA™ Here A =1y, B=-sIy, C=R, and

D=A.
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Shannon Information Content:

For an outcome with probability p, the Shannon information content (SIC) is defined as

n
—log, (p) = —m :

Example C.1

(@) The outcomes of tossing a coin are either head or tail with equal probability p = % and their

SIC equals 1 bit.
B

(b) Isit your birthday? There are two possible answers yes or no with probabilities 365 365

and their SIC are 8.512 and 0.004 bits, respectively.
An important observation is that unlikely outcomes give more information.

Entropy:
H(X) is defined as the average SIC of a RV X.

H(X) = E(-log, (py(x))

where, E denotes the expectation operator.
Note that entropy depends only on p,(x) noton X. Also the log, in the entropy expression transforms
the multiplications in probabilities to additions in entropies.

Example C.2

(@) If you throw a dice, the possible outcomes are X = {1,2,3,4,5,6} with probabilities
_frirnan - " :
Dx (x) = {6 '6'6°6°6 6} . py(x) is also known as probability mass function of X.

If g(x) is a function defined on a discrete RV X, we have,
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E@g)= 3 py(x)g)

xeX
Therefore, E(x) = p=3.5E(x*) = & + i = 15.17:E(~log, (py (x))) = 2.58 = H(X).

(b) Bernoulli RV
For a Bernoulli RV, the possible outcomes are X = {0,1} with corresponding probabilities

px(x)={l=p. p}.
Hence the entropy, H (X) = E(—log2 (Px (x))) =-plog, p—(1-p)log, (1-p) = H(p).
H(p) is purely a concave function. It is maximum when p = % (supreme uncertainty) and it is

zero for p = 1 or O (uncertainty is minimum). Entropy has a key role in information theory.

Mutual Information

It is defined as the decrement in the uncertainty (entropy) of X because of knowledge of Y.
Mathematically,

IX;Y)= H(X)-H(X 1Y)

= E(~log, (p(X))) - E(-logs (p(x /7))

= E(~log, (p(x))) - E(_logz (pf(’)((;)/)n
P(X)P(Y)

= E[—logz[ p(X,Y)

= H(X)+ H(Y) - H(X.Y)

= 1(Y,X)

H(Y)-H(Y/X)
Note that conditioning cuts down entropy.

0<I(X;Y)=H(Y)-H(Y/X)
= H(Y/X)<H(Y)

The equality is possible for independent Y and X.

Convex and Concave functions

Definition: f{x) is strictly convex over (a,b) if
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F(u+(1=2v)< Af (u)+ (1= N f(v)Vu #ve(ab)0< <1

In other words, each chord in f{x) lies above f{x). For convex function f{x), -f{(x) is a concave function.

Example C.3

X2, x?

, ¢* and xlog(x) (x=0) are strictly convex function.
log(x), \x are strictly concave function.

x is a concave and convex function.

Jensen’s inequality

(a) For convex function f(x), E(f(X)) > AAE(X)).
(b) For strictly convex function f{x), E(f(X)) > fIE(X)).

We can prove this by applying the method of induction.

Proof:

For a two-mass point distribution (from the definition of convex function),
pf () + paf (%) 2 F(pin + prxy)

For a k-mass point distribution, expectation of f{X) is expressed as

E(F()) = X pif (5) = pef () + (1= ) £ 7201 ()
> nr )+ (- n)s (21250

izt 1= py
In the above, we have assumed that the Jensen’s inequality is satisfied for k-1 mass point distribution.
Now, from the convexity of a two mass point distribution, we have,

B(00) 2 s+ (- p) S 122 () | = £ (E(0)

_ i
i=11=pp

Hence proved.

Example C.4

f{x) = x? is a strictly convex function.
Let us say the possible outcomes are X={-1,4+1} with equal probabilities of p = {1/2,1/2}.

Then EX)=0,(E(X)) =0,
but, E(f(X)) = 1.
Hence, E(f(X)) > fIE(X)).
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Differential entropy

Differential entropy h(X) is expressed as

h(x) = —jJ;fX (x)log, (fy (x))dx = E(~log, (fy (x)))

Example C.5

Complex Multidimensional Gaussian R.V.
Assume an N-dimensional complex Gaussian distributed vector, x. Every element of x is composed
of an in-phase component x,* and a quadrature component x, X so

[
xk =k +ijk, where k=1,2,...,N
Or vectorially, X=X, + ij
It is presumed that x has zero mean. We need to find the differential entropy of x. For orthogonal
x, and Xp» E[x ,xg J = 0. Besides they are statistically independent if both in-phase and quadrature

components are Gaussian distributed. Mathematically,

fx,,xq (xl7xQ) = fx, (xl )fxq (xQ)
Both x, and X, has identical formula for their joint pdfs. Hence, we have two significant findings:

1. The components x, and X, have identical entropy (h(x)) = h(xQ)).
2. Differential entropies of x, and x, being logarithmic, will add up (h(x) = h(x)) + h(xQ) =2h(x)).

The joint pdf of the complex Gaussian vector x with zero mean and R correlation matrix is
expressed as,

_ 1 _1.r -1
&) = (27[)N|Rx|e><p{ X (R,) x}.

Therefore (see information inequality which will be discussed later for proving the following
equation),

h(x) = log, [27eR,| = N + Nlog, (27) + log, |R,| bits.
For scalar complex Gaussian r.v. x, N=1 this simplifies to h(x) =1+ log, (Znoi) bits. If x is

1+ log, (277

> bits.

real, h(x) =

Kullback-Leibler distance

Relative differential entropy of two pdf f and g is expressed as

D(f 1 g) = Jf(x)log, (%jdx = —h; (X) - E; (log, (g(X)))
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Information inequality

D(fllg) =0

Proof:

Define S = {x : f(x) > 0}.

=D(f Il g) = =[f(x)log, [%de = £y (Ing (%D = log [Ef [%)]

In the above, we have used Jensen’s inequality and log being a concave function.

g(x)
f(x)

-D(fllg) < logzg(f(x) ]dx = logzig(x)dx =log, (1) =0

Hence proved.

Example C.6

(a) Find the entropy maximizing distribution over the interval (a,b).
Answer
Assume f{x) is a distribution over the interval x € (a, b).
We have, 0<D(fllu) = —h, (X)- E, (log2 (u(X))) =—h, (X) +log, (b —a)
= h(X) < log, (b - a)

A uniform distribution (u (x) = ﬁ ) maximizes entropy over the interval x € (a, b).

(b) For a given covariance matrix K, find the zero mean entropy maximizing distribution over the
infinite interval (—oo, o0)".

Answer
1
A multivariate Gaussian distribution with the pdf ¢(x) = [27K]| 2 exp (—%XTK_IX) )

Proof:
0< D(f lu) = ~h, (X) - E, (log, (¢(X)))

- h(X) < E; (log, (9(X)))
= —(log, €)E, (—%1n|27rK| - %xTK‘lx)

= 2 (1og, ) E (In|27K| + x"K 'x)
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N[ —
—
o
aQ
)

Q
~—

(In]27K]) +

(1n|27rK|) + 3

(In]27K]) +

(In]27K]) +

(log, e)[ (In[27eK]) |

%[(logz 27eK|)]

= h(p(X)

Appendix C: Basics of Information Theory

E (n27K|) + E, (Zj,x (K1), % H

:(1n|27tK|) +E, [%xixj (k! )Jﬂ
)

;jEf (xfxf)(K_l)ff }

This proof (RHS) also gives the differential entropy of a multivariate normal distribution.

Capacity of a parallel Gaussian channel

Let us consider n-independent Gaussian channel with I-O relation for the i channel as

Y.=X,+N,

n
where, N, are zero mean Gaussiani.id. Z; ~ N (O, o ) with the power constraint n! Y E (Xl2 ) <P.

i=1

Let us analyze and find the capacity of the i Gaussian channel first.
Assumption: X; and N, are independent RV with zero mean.

We may express information capacity as

max

E(Y?) = E(X] + N} +2X,N,) = P+ &
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1(X;:Y;)

27

Il
:-

Il
:-

1l
=
—_ ~~ —~
~— ;/ ~—
|
=
—_
. >
+
=
e
~—

Il
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We know that optimal input is for Gaussian distributed X; and the noise N, is also Gaussian
distributed.

Hence, I(XI,YZ) < élog2 (27re(P + 02)) - Elog2 (27[@0'2) log2 (1 + 5)

The I-O relation can be represented in the vector form as

Y=X+N
Let us find the capacity for this case.
I(X;Y) = h(Y) - A(Y 1X)

= h(Y)-h(X+NIX)

- H(¥) KN 1X)

= h(Y) - h(N)
Note that mutual information is maximum when N, and ¥, are i.i.d. Gaussian with zero mean,
Hence, 1(X;Y)<C = é‘,lh(Yi) - h(N;) =i§%log2 [1 + %J

How to allocate power to each channel so that capacity is maximized?
This can be done with the help of Waterfilling algorithm. The idea is to put more power to least
noisy channels such that power plus noise in each channel are equal.
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Basics of

Convolutional Codes

Convolutional encoder

APPENDIX

In convolutional code (B. P. Lathi, 2009; S. G. Wilson, 1996; E. Biglieri, 2005; T. Oberg, 2001), the

block of n code bits produced by the encoder in a particular moment is dependent on

o the block of k message bits in that particular moment and
o the block of data bits for N-1 moments (N > 1) before.

A convolutional code with constraint length N consists of an N-stage shift register (SR) and v

modulo-2 adders.

Figure D.1 shows such a coder for the case N = 3 and v=2. The output samples the v modulo-2

adders in a sequence, once during each input-bit interval.

-~

»=5®s5,®s,

Bit streams

output = y,y,

Fig. D.1 Convolutional coder

~

Example D.1

Assume that the input digits are 0101. Find the coded sequence output.

Solution

Initially, the SRs s, =5, = 5y = 0.
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Note that SR just shifts the input data to the next SR in the next time instant.
When the first message bit 1 enters the SR, s, =1, 5, =5, =0.

Theny, =y,=1.

The coder output is 11.

When the second message bit 0 enters the SR, s, =0, s,=1,s5,=0.

Theny =1,y,=0.

The coder output is 10.

When the third message bit 1 enters the SR, s, =1,5,=0, s, =1.

Theny, =y,=0.

The coder output is 00.

When the fourth message bit 0 enters the SR, s, =0, s, =1, 5, =0.

Theny =1,y,=0.

The coder output is 10.

In order to stop, one input N-1 Os and ensures that O passes all the way through the SR.
Therefore, for the 0101 input digits, one eventually input 000101 to the SR.
The coder output is 001101000111.

There are n = (N+k-1) v digits in the coded output for each k input bits.

State diagram

When a message bit enters the SR (s,) the coder outputs are dependent on both the message bit in s,
and the two past bits already in 55 and s,. There are four feasible combinations of the two past bits in
55 and 85! 00, 01,10,11. We will name these four states as a, b, ¢, d respectively as depicted in Fig. D.2
(a). The count of states is 2V~!. Based on the encoder state, a message bit 0 or 1 produces four different
outputs. The overall behavior can be briefly shown using the state diagram of Fig. D.2 (b). This is a
fourfold directed graph employed to show the input—output relationship of encoder. Convention: we
will adopt solid lines for O input bit, and dashed lines for 1 input bit.

Interpretations from State diagram D.2 (b):

1. State a goes to State a for 0 input and 00 output
State a goes to State b for 1 input and 11 output
State b goes to State ¢ for 0 input and 10 output
State b goes to State d for 1 input and 01 output
State ¢ goes to State a for 0 input and 11 output
State c goes to State b for 1 input and 00 output
State d goes to State ¢ for O input and 01 output
State d goes to State d for 1 input and 10 output

Sl R

Note that the encoder cannot go directly from state a to state ¢ or d. From any given state, the
encoder can go to only two states directly by inputting a single message bit.
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g 7
Bit streams —>| | 0 | 0 l_EKO”f 1=,
State a
Bit streams —>| | 1 | 0 oulpul = 3.y,
State b
Bit streams —>| | 0 | ; output = y,y,
State ¢
Bit streams—>| | 1 | 1 output = y,y,
State d

(a)

State ¢

Fig. D.2 (a) 3-shift registers showing states a, b, ¢ and d (b) State diagram for the coder

N

Trellis diagram

Trellis diagram may be easily drawn from the above state diagram. It commences from entire Os
in the SR, i.e., state a and makes transitions depending on every input data digit. Such changes are
represented by a solid line (ensuing data digit 0) and by a dashed line (ensuing data digit 1). Hence for
first input digit O, the encoded output is 00 (solid line) and for input digit 1, the encoded output is 11
(dashed line). We continue in such a way for the second input digit and so on as depicted in Fig. D.3.

Decoding

We shall consider maximum-likelihood (ML) decoding based Viterbi’s algorithm. Out of all decoders
for convolutional codes, Viterbi’s ML algorithm is an optimal technique. As usual, ML receiver selects
a codeword nearest to the received codeword. Since there are 2F codewords (k input data digits),
the ML decoder needs to store 2¥ codewords and compares with the received codeword. For large
k, there is exponential increase in complexity of the decoder. Viterbi simplify such ML calculation
by observing that every four nodes (a, b, ¢ and d) has only two antecessors. Note that every node
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can be checked in from two nodes only. Besides, only the path that matches most with the received
sequence (the minimum distance path) requires to be kept for each node. For a received bit stream,
it is necessary to determine a path in the Trellis diagram with the output bit stream which matches
most with the received stream.

4 N

Fig. D.3 Survivor paths after the 3'¢ branch of the Trellis diagram for received sequence 01 00 01

Example D.2

Assume that the initial six received digits are 01 00 O1. Find the survivor paths (minimum-distance
path with the received sequence).

Solution
Table D.1
Survivor paths after the 3" branch of the Trellis diagram for received sequence 01 00 01
After 3" branches Paths Distance with received sequence Survivor?
Node a 00 00 00 2 Yes
1110 11 3
Node b 0000 11 2 Yes
11 1000 3
Node ¢ 0011 10 5
11 01 01 2 Yes
Node d 0011 01 3 Yes
1101 10 4

With four paths eliminated as illustrated in Table D.1, the four survivor paths are the only
contestants. It is necessary for us to memorize the four survivor paths and their distances from the
received sequences. Usually, the count of survivor paths is identical to the count of states, thatis 2V,
As soon as we have survivors at all the third-level nodes, we observe at the ensuing two received digits.
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To truncate the Viterbi algorithm and ultimately we need to resolve on single path rather than four.
This is made possible for 00 given to the last two input bits. When the first O is input to the SR, we
look for the survivors at nodes a and ¢ only. The survivors at nodes b and d are discarded because
these nodes can be checked in only when input bit is 1, as inferred from the trellis diagram. When
the second 0 enters the SR, we scrutinize survivor at node a. We discard the survivor at node ¢ since
the last two bits 00 leads to the encoder state a. It implies that the count of states is diminished from
four to two (a and c) by the first zero input and to one state (a) by the second zero input to the SR.

For Viterbi algorithm, storage and computational complexity reduces considerably (proportional
to 2N) and are widely used for constraint length N<10.
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Basics of
Turbo Codes

APPENDIX

Encoder

Turbo codes are basically parallel concatenation of 2 systematic recursive convolutional codes
(SRCC). Length k-message u encoded by the 1% encoder produces parity bits p(. Interleaved u, i.e.,
[T(u) encoded by the 2™ encoder produces parity bits p@. Systematic codes transmit the bits in u,
p" and p® over the channel as depicted in Fig. E.1.

4 u N

>

Systematic bits

)
u p
- > SREEH! —
Message bits Parity bits 1 c=[up™p®]

\ 4 Codeword

D
@ p(Z)
Parity bits 2

Interleaver
Fig. E.1 Turbo code encoder

»  Channel

Interleaver:

It is represented by a permutation sequence I1 = (I, I, ..., TT ] where the sequences I1 = [IT,, IT,,
..., I1,] are a permutation of the integers 1-n. Interleaver ensures that parity bits of encoder 2 is
completely different than encoder 1. If low-weight parity sequence for encoder 1 then high-weight
parity sequence for encoder 2, avoids low-weight turbo codewords.
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(@ Il =[425 3 1] acting on the input vector u = [u, wu, u, u, us] will produce () =
(e, uy, us wuy ul
(b)) u=[101102lw=[1001 1]

Code rate
Code rate is k where code rates for encoder 1 and encoder 2 are chosen as LS
k+n —k+n, —k n
and L3 respectively.
ny
Puncturing

To increase code rate, we may puncture the output of one or both convolutional codes.

(a) For example, encoding message bits [0 1 0 1 0 O] with an encoder produces the two codeword

bits, C,=[0 1 0 1 0 0];C,=[0 1 1 0 1 0].Presentcoderate = % = % Puncturing every
third bitin codeword 2 will produce C,=[0 1 x 0 1 x]where x indicates that the corresponding

bit is not transmitted. That means, for every 6 message bits, there are only 10 codeword bits,

which means the code rate = 6 _3 .
10 5
The puncturing pattern is specified by puncturing matrix P. For encoder with n output bits the
matrix P will have n rows one for each output stream. The zero entry in the third column of the

second row indicates that every third bit in the output C, is to be punctured.

111
P=
i

v

Fig. E.2 A SRCC encoder
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Systematic recursive convolutional code (SRCC)

Note there is a feedback loop in encoder diagram unlike convolutional codes we have discussed
in Appendix D; hence, the name recursive. So we can modify the generator polynomial for SRCC
accordingly. Besides, the first part of the code ¢V is the message bit itself; so the name systematic.

(a) Consider SRCC shown in Fig. E.2. Find the generator matrix of this SRCC.

Solution

Looking at the SRCC encoder diagram, the generator matrix will be

2
G- {1 “—Dz}
1+D+D
1 in the generator matrix means we are sending the first part of the codeword same as the message
bit. In the feedforward loop only the outputs of SR, and input message bit to SR, mod-2 summation is
done that’s why the generator polynomial numerator is 1 +D?. In the feedback loop all the outputs of

the SR, and SR,, and input to the SR, are all connected; hence, the generator polynomial denominator
is1+D+ D>

(b) Consider an input message bit of 100, find the output of the code.

Solution

Attimet=1,
First part of the code is equal to the input message bit at that time.

cgl) =u =1
Second part of the code can be calculated as

6‘1(2) = (’41 S) sl(l) @ sl(z)) @® sl(z) =1
Note that subscript denote the time.

Attime t =2,
First part of the code is equal to the input message bit at that time.
cgl) =u,=0
Second part of the code can be calculated as
cgz) = (u2 @ sgl) ©) sgz)) ® sgz)
We need to find the states of the SR, and SR, first.

sgl) = (u1 @ sf]) ) sf2)) =1
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Hence, ng) =(u, ® sgl) ® sgz)) ® sgz) -1

Attime t =3,
First part of the code is equal to the input message bit at that time.

cgl) =u,=0
Second part of the code can be calculated as

ng) = (u3 @ sgl) @ ng)) @ ng)
We need to find the states of the SR, and SR, first.

sgl) = (u2 @ sgl) @ ng)) =1

Hence, C:gz) = (u3 ) Sgl) @ sgz)) ® S:(;Z) =1
The final code word for the input message bit 100 is

Cz[cfl) sz). cgl) ng); cgl) cgz);]z[l L 0L O 1;]

5

e N

v

D
NI

) 4
Y
(%]
e
firs

@ -G CEDOTEDT

(2)
\/
2D
NP

Fig. E.3 Berrou, Glavieux and Thitimajshima turbo code encoder
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% rate turbo code by Berrou, Glavieux and Thitimajshima (C. Berrou et al., 1993)

It uses the same encoder 1 and 2: rate % SRCC shown in Fig. E.3. Hence it will produce rate %

turbo code. But we can increase the code rate to % by puncturing both the SRCC encoders. Puncturing

matrix for the encoder 1 and 2 are as follows.

11 0 0
Pl = ;P2 =
1 0 0 1

The generator matrix for the SRCC depicted in Fig. E.3.

4
G= {1 ]—;D 3 4}
1+D+D"+D° +D
Interleaver used is I1= [3,7,6, 2,5,10,1,8,9,4]

Assume a message bitu=[10101010 10] is entering the turbo code encoder. Let us find out
what is the output codeword.

The input bit to SRCC 1 is u.

The bit interleaved input for the SRCC 2 is given by

V=[Iw=[1100101010]

Attimet=1,
First part of the code is equal to the input message bit at that time.

(1)

o’ =u =1
Second part of the code (for SRCC 1) can be calculated as
cl(z) = pf]) = ("‘1 ® sl(l) ® sl(z) @ s1(3) @ s1(4)) @ 354) =1

Note that subscript denote the time.
Also note that v, =1
Third part of the code (SRCC 2) can be calculated as

c1(3) = pl(z) = (vl ® sl(l) @ sl(z) ® s(3) ® s1(4)) @ s1(4) =1

Attime t=2,

First part of the code is equal to the input message bit at that time.

(1) _

¢’ =u,=0
Second part of the code (for SRCC 1) can be calculated as

) _ 0 M) g0, 0

e =py = (uy @y 5 W) @ s

+ 8, b
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We need to find the SRCC 1 states of the SR,, SR,, SR, and SR, first.
4)

sgl) = (“1 S sl(l) @ s1(2) S 51(3) @ 51( =1
ng) = sl(l) =1
sgS) = sg4) =0

Hence, cf) = pgl) =0.

Note that v, =1

Third part of the code (SRCC 2) can be calculated as

c§3) = pgz) = (v2 @ sgl) @ sgz) + s§3) + sg4)) @ sg4)
We need to find the SRCC 2 states of the SR, SR, SR, and SR, first.

sgl) = (vl @ sl(l) @ sl(z) @ s1(3) @ s1(4)) =1

8§ =5

RO

G 0

Hence, ¢, = p;,’ =
Hence the output code from SRCC 1.
u=[10---]
p® = [10--]

1 1
For puncturing matrix, P, = |:1 0} , we have,

We will send u as it is, therefore, u = [10---].
We will send 1%, 314, 5th 7th and 9t bits from parity bit matrix 1, therefore, pt’ = [1---].
Hence, the output code from SRCC 2.
v=[11--]
p@ = [11--]

0 0
For puncturing matrix, P, = |:0 1] , we have,

We will not send any bit from v.
We will send 2™, 4t 6th, 8t and 10™ bits from parity bit matrix 1, therefore, p = [1---].
We can observe that for 2 input bits, we are sending the same 2 input bits and 2 parity bits. The

code rate is % .
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Algebraic
Structures

APPENDIX

Groups, rings and fields are common algebraic structures. Let Z be the set of integers; Z = {..., -2,

-1,0, 1, 2, 3, ...}. Qis the set of rational numbers; Q = {% la,be Z,b# 0}. R is the set of real

numbers and C is the set of complex numbers.

Groups

ig??

A Group (G) is a set of elements with a binary operation “»” that obeys the succeeding four properties
(or axioms) and an optional fifth property (B. A. Forouzan, 2007).

e Closure: Va,b € G,aebe G
e Associativity: Va,b,c € G,(aeb)ec=ae(bec)
e Existence of identity: Va € G,3e,aee =e¢o®a =a

¢ Existence of an inverse:
YaeGad—-aa—-—a=-a+a=0 or Va e G,Elafl,aXa*1 =a'xa=1
e Commutativity (optional):
Va,b € G,a ® b = b e a,which is true only for Abelian (commutative) group.

The order of a group |G| is the count of elements in a group. If it is finite, it is a finite group.

Subgroups

A subgroup H of a group G is a group constructed from a subset of elements in a group with the same
operation “”. If a subgroup of a group can be produced using the power of an element ¢ (generator),
the subgroup is known as a cyclic subgroup, denoted by (). Elements in a finite cyclic subgroup can
be written as {e, 0, 6%, ..., "'}, where 0" = e. The order of an element ¢in a group is the smallest
integer for which 0" =e.

Lagrange’s theorem

Assume G is a finite group and H is a subgroup of G. In that case, the order of H divides the order of G.
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Rings

A ring is a set R along with two binary operations “+” and “x” obeying the axioms (R. B. J. T.
Allenby, 1991):

e R is an Abelian group for the operation “+” (satisfies all five axioms for “+” operation) ,

e The operation “x” is associative and certainly closed also (satisfies first two axioms only for
the “x” operation),

e The operations satisfy the Distributive Laws (the second operation is distributed over the first
operation). Va,b,c € Rjax(b+c)=axb+axc(a+b)xc=axc+bxc

If the second operation “x” is commutative, we call R a commutative ring. Sometimes the ring has
a multiplicative identity and we say it a Ring with identity and the multiplicative identity is denoted

by 1. The set of elements of a ring R that are invertible for the operation “*” is known as the set of
units of R denoted by R*.

Assume R be a commutative ring with an identity. Consider a polynomial p(c) of degree n whose

n .
coefficients in R with an indeterminate o may be represented as, p(@) = ¥ a;¢,a, # 0,a; € R.
i=0

Addition and multiplication of polynomials are carried out as usual. The ring of such polynomials
is denoted by R[].

Subring

A subring S of aring R is a subset of R that is a ring under the same operations as R. In other words, a
non-empty subset S of R is a subring if a, b€ S = a— b, ab € S. Hence S is closed under subtraction
and multiplication. For example, the set {a + bi € C | a, b € Z} makes a subring of C and is known
as the ring of Gaussian integers (represented as Z[i]).

Idea

An ideal is a special type of subring. A subring / of R is a left ideal ifae I, re R =>ra e L
Hence [ is closed under subtraction and multiplication on the left by elements of the ring. A right
ideal may be defined alike. A two-sided ideal (usually referred to as an ideal) is both a left and
right ideal. Hence a, b € I, r € R = a — b, ar, ra € 1. For instance, for a ring R with the subsets {0}
and R are both two-sided ideals.

Principal ideal

A very great way of making ideals is stated below. Consider R to be a commutative ring with identity.
Assume S is a subset of R. The ideal produced by § is the subset, (S) = rs; + 1,5, + ... + 18
K,h, -+ € R;s),8,,--- € S;k € N . More specifically, if S has a lone element s this is known as
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the principal ideal produced by s, expressed as (S) = rs | r € R. For non-commmutative ring, it is
a left ideal. It is simple to change the above definition to make a right ideal or a two-sided ideal. If
the ring is void of an identity then in most cases S will not be a subset of (§). Cyclic codes form
principal ideals in a ring of polynomials. For example, the ideal 2Z of Z is the principal ideal (2).
Fields: A field is a commutative ring with identity (1 # 0) in which each non-zero element has a
multiplicative inverse.
The rings Q, R, C are fields. Consider an irreducible polynomial in ¢, o -2=0= o= \/E

is not an element of Q. One may extend Q by adding V2 to Q, denoted by Q (\/5 ) which contains
both Q and V2 (E. Viterbo et. al., 2004). An element in Q(\/E ) can be expressed in polynomial
form, a + b\/E,a,b € Q. The basis vector for Q(\/E) is {1, \/5} and the dimension of Q(\/E) is

2 over Q.

Field extension from R — C (T. K. Moon, 2005)

A polynomial p() that cannot be factored into polynomials of lower degree is referred to as irreducible.
For instance, p(¢) = o2 + 1 has no real roots (irreducible polynomial). Consider a polynomial notation
of a complex number, a + be, a, b € R, where R is a field of real numbers. We may assume a + b
is a polynomial of degree <1 in the indeterminate .

e Addition: a + ba+c+da=(a+c)+(b+d)oab,c,deR

e Multiplication: (a + ba)(c + do) = ac + (ad + bc)a+ (bd) o2. It results in a quadratic polynomial
but complex numbers are expressed as polynomial of degree <1 in the indeterminate o. How
to convert it to this form? It can be done in the following ways. Divide ac + (ad + bc) o+ (bd)
02 by p(0) = 2 + 1 and find the remainder which is (ad + bc) o+ (ac — bd). In other words, any
time ¢ + 1 appears, we can replace it to 0 which implies that ¢ = —1.

The new field C with the new element ¢rin it is referred to as an extension field of the base field R.

Subfield

A subfield of a field is a subset of the field which is also a field.

Galois Field (GF) construction
A 4-tuple (a, b, ¢, d)expressing a number in GF(2* can be expressed as, a + bo + col +dod.

Consider the irreducible polynomial over GF (2) p(oc) =1+ o+a" = o =1+ o. Hence we
may simplify @ =ad =oa+ .’ =k =+, =aof = +0 = +o+1and

so on. The order of every finite GF must be power of a prime.
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An Introduction to
Game Theory

APPENDIX

Introduction

Game theory presents a formal analysis of interaction among a group of players in a game. In game
theory, the action of player directly affects the other players. There are two types of games:

(a) Cooperative game: Player form alliance to bring the result of the game in his/her favour.

(b) Non-cooperative game: Optimal strategy for such game is that leads to Nash equilibrium, a term
coined after the Nobel Laureate John Nash. Any player cannot gain from varying un-alterably
his/her strategy if the strategy of all other players is fixed. An action profile is a vector of player’s
actions. A Nash equilibrium is an action profile in which each action is the best response to the
actions of all the other players. Nash equilibrium is a stable operating or equilibrium point. It
means that there is no payoff for any player in a finite game to vary strategy when all the other
players pursue the equilibrium policy. The learning process can be cast as a repeated stochastic
game (i.e., recast version of a one-shot game). Every player gets or knows the past behavior of
the other players, which may influence the present decision to be made. The job of a player is
to choose the best mixed strategy, having the knowledge of mixed strategies of all other players
in the game. The mixed strategy of a player is a RV whose values are the pure strategies of that
player.

An example from wireless sensor network:
For instance, in wireless sensor network, a game needs three components (S. K. Das et al., 2004):

(a) Players (sensor nodes in the network)
(b) Strategy (criteria for selection of actions of players)
(c) Utility (payoff) function is the performance metric.

Let us assume a packet is sent from a source node (SN) to a destination node (DN) through an
intermediate node (IN). IN may forward the packet to the DN by using the following criteria:

(@) Reputation: Have IN and DN made enough reputation to trust and co-operate each other to
forward the packet?

(b) Distance: The farther are the two nodes, the more they don’t trust each other.

(c) Traffic: Have IN and DN a joint operation history? Can they trust each other?
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If IN and DN have sufficient reputation, closeness and joint operation history, then IN will forward
the packet to DN. This is the strategy for players in the game. The payoff in this case is the number
of packets each node receives and forwards at each time slot. The payoff function is defined based
on cooperation, reputation and quality of security. In each cluster (subset of players or nodes in this
case), a cluster head is chosen for a node with the highest cooperation, best reputation and high
quality of security.

4 N

Environment
(PO(ay,ay,...,an))

Player 1 (PL,)

Player 2 (PL;)

Player N (PLy)

9 Fig. G.1 Automata game

Basic game theory

Let us formalize the basic game theory now. A learning automaton (player in our case) is an object
that can select from a finite number of actions according to its environment (K. Narendra et al., 1989).
In a multiple automata game depicted in Fig. G.1, N players viz., PL,, PL,, ..., PL,, participate in a
game. Each player PL, is represented by 4-tuple {S,, r,, p,, LA;} where

e §are pure strategies or finite set of actions
e r,is the response from the environments

Pi (k)

Piz.(k)

Pim (k )
p;(k) is the probability that player i chooses the 1™ pure strategy
LA, is the stochastic learning algorithm for updating p,(k) that is, p,(k + 1) = LA (p,(k), a,(k),
r(k)) where a; € S, is the action selected by player i. The aim of each player is to augment the
expected payoff. The payoff of each player is defined as PO’ (a,, a,, ... a,) = E[r, | player j

choose action a;;a; € S;,j = 1,2,---,N].

p; (k) = is the action choice probability distribution vector of player i at time k and
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The pseudo code for learning algorithm is:
1. Initialize: choose a; € S;,i = 1,2,---, N randomly with random pl.(O).
2. Do while
k=k+1
for i =1 to N (for all players)
Apply a,; and observe response r, from the environment

Update p; (k +1) = LA, (p; (k).q; (k).7 (k))

End
Until a stopping a criterion is reached or p (k) converges.

Persona models of players

There are four persona models in game theory (K. L. Du et al., 2010).

(a) Rational actor model (Homo economicus model): The players choose their action to maximize
their own utility or payoff. In a non-cooperative game, players are selfish and take their action
to maximize their own utility or payoff. In cooperative game, players cooperate by forming
coalition and each coalition will have a single payoff. Assume a group of N players. Each player
i is expected to invest to control the probability pd, of damaging the system. The more players
invest the lower is the pd, expected. For selfish players who do not consider the overall condition
of the system, the payoff for the i player is

_ 1 X 2
PO, (pd;) = pd,-(l N2 pdi) ~¢(pd?)

where, c is the cost for not investing.
If no player invests, then PO, — 0. It is also called the tragedy of commons. If most players
invest, then PO, — pd.. The Nash equilibrium for this game is for

1
pdiNash — 1 . ,POiNash _ c+ N .
I+ 2+ (1+2c+%)

(b) Homo equalis has desired to deal with fairness. They may be inclined to cut down their own
payoff to increase the equality in the group when on top, but is displeased and crave to cut down
inequality in the group when on the bottom. The utility function for i player in a N-player
game is given by

PO,= PO, -~ 5 (PO, - PO,) Ay (PO, - PO,)0< B < o <1
N -1 PO;>PO; N -1 PO;<PO;

(¢) Homo reciprocands tend to cooperate and share with others who are similarly disposed and
punish those who violate cooperation even at present cost and even with no future rewards from
doing so.
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(d) Homo parochins segregate the world into insiders and outsiders and values insiders more

profoundly than outsiders and partly suppress personal aims in favour of the aims of the group
of insiders.
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