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Chapter 1

Introduction

The theory of fixed point is one of the most powerful tools of modern mathemat-
ics. Theorem concerning the existence and properties of fixed points are known
as fixed point theorem. Fixed point theory is a beautiful mixture of analysis,
topology and geometry. In particular fixed point theorem has been applied in
such field as numerical methods like Newton-Raphson Method and establishing
Picard’s Existence Theorem regarding existence and uniqueness of solution of first
order differential equation, existence of solution of integral equations and a system
of linear equations. Fixed point theorems are powerful tools not only in mathe-
matics but also economics. Fixed Point Theorems are used for the solution of the
1D wave equation. etc.

In 1886, Poincare [8] was the first to work in this field. Then Brouwer [15] in
1912, proved fixed point theorem for the solution of the equation f(x) = x. He
also proved fixed point theorem for a square, a sphere and their n-dimensional
counter parts which was further extended by Kakutani [31]. Mean while Banach
principle came in to existence which was considered as one of the fundamental
principle in the field of functional analysis. In 1922, Banach [24] proved that a
contraction mapping on a complete metric space possesses a unique fixed point.
Later on it was developed by Kannan [23]. The fixed point theory (as well as
Banach contraction principle) has been studied and generalized in different spaces
and various fixed point theorem were developed. See for the instances the work
presented in [5],[33].

In 1963 Gahler [28] introduced the notion of 2-metric spaces. Later, Dhage [4]
presented the metric space generalization and called it D-metric space. Currently,

some mathematicians worked on G-metric spaces and got some coincident point
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theorems on G-metric spaces [35]. In 1989, Bakhtin [9] introduced the concept
of a b-metric space as a generalization of metric spaces. In 1993, Czerwik [27]
[26] extended many fixed point results in the setting of b-metric spaces. In 1994,
Matthews [29] introduced the concept of partial metric space in which the self
distance of any point of space may not be zero. In 1996, O’Neill generalized the
concept of partial metric space by admitting negative distances. In 2013, Shukla
[32] generalized both the concept of b-metric and partial metric spaces by intro-
ducing the partial b-metric spaces. In 1942, Manger [11] introduced the notion
Probabilistic metric spaces.

In 1965, L.A.Zadeh introduced the innovate notion of fuzzy set [14]. In fuzzy
topology there are so many opinions about the concept of the metric space. It can
be divided into two groups: First group contains those results in which a fuzzy
metric on a set X is considered as a map d : X x X — R* where X shows the
totality of every fuzzy point of a set and obeys some properties which are similar
to the common metric properties. For such progress numerical distances are begin
between the fuzzy objects. As far as the second group is concerned, it involves
study of such results in which the distances between elements are fuzzy and the
elements themselves may or may not be fuzzy. Erceg [17], Seikkala and Kaleva [19]
and Kramosil and Michalek [10] described fuzzy metric spaces with explanation.
A fixed point theorem in fuzzy metric space was proved by Grabiecs in [18] by uni-
versalizing the contraction mapping principle due to Banach. Subramanyam [21]
generalized Grabiecs result for a pair of commuting maps in the lines of Jungck
[6]. New definition of Fuzzy Metric spaces was first introduced by George and
Veermani [2] who modified the concept of fuzzy metric spaces and defined a Haus-
dorff topology on this space and it has many applications in quantum mechanics
specially in connection with both string and E-infinity theory. They have also
proved that every metric induces a fuzzy metric in Hausdroff topology.

In the present work we reviewed the fixed point theorem in [20] under the title “
Some Fixed Point Theorem in Fuzzy 2 and Fuzzy 3-metric Spaces” They estab-
lished fixed point theorem for Presic types contraction in Fuzzy metric spaces. To
prove the existence of a common fixed point of 3-maps in Fuzzy metric space, they
have used the non-decreasing continuous function ¢ defined in [0, 1]*.

After detailed review of their results, We extend the notion of Presic type contrac-
tion of 2k-weakly compatible mapping on Fuzzy 2-Metric, Fuzzy 3-Metric Spaces

and obtain fixed point results.

Rest of the thesis is organized as follows.
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e In Chapter 2, we recall the basic definition of Metric spaces, 2-Metric space
and Fuzzy set , Fuzzy metric space, Fuzzy 2-metric space, and Fuzzy 3-metric
space and presented few examples which hold the properties of Metric spaces

and fuzzy metric spaces.

e In Chapter 3, The result present in [20] are studied and reviewed. Particu-
larly we study the common fixed point theorem of Presic types for 3 maps

in Fuzzy metric spaces.

e In Chapter 4, we extend the results reviewed in Chapter 3, in the sitting of

fuzzy 2 and fuzzy 3-metric spaces.



Chapter 2

Preliminaries

In this chapter we will present the basic definitions, theorems, lemmas and exam-
ples of various abstract spaces. In Sections 2.1 and 2.2 we study the definitions ,
examples of metric space and 2-metric space. In Section 2.3 we study fuzzy set and
their examples. In Sections 2.4, 2.5 and 2.6 we study the definition and examples

of fuzzy metric space, fuzzy 2-metric and fuzzy 3-metric spaces, respectively.

2.1 Metric Space

In mathematics, the ordinary distance or Euclidean distance is a straight line
distance between two points. However, distance may be other than straight line
like taxicab distance. In literature the word “metric” is used to generalize the
notion of distance and the space equipped with metric, satisfying some properties,

is called metric space. The formal definition of metric is as follows
Definition 2.1.1. Let X be a non-empty set. A mapping d : X x X — R is said
to be a metric if and only if d satisfies the following .

1. d(z,y) >0 for all z,y € X,

2. d(z,y) =0iff z =y,

3. d(z,y) =d(y,z) for all x,y € X

4. d(x,z) < d(z,y) +d(y,z) for all z,y,z € X
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If d is a metric for X, then the order pair (X, d) is called a metric space and d(z, y)

is the distance between x and y.

Example 2.1.2. Let d(z,y) = |r — y|, (X,d) is a metric space. the first three
condition are obvioursly satisfied, and the 4th follows from ordinary triangular

inequality for real numbers:

d(z,y) = |z —y|
= [(z=2) + (y = 2)|
< v =2l 4y — 2|
=d(z,2) +d(z,y)
Definition 2.1.3. (Sequence)

A sequence {z,} in a metric space X is a collection {z1,z3,...,Z,,...} of elements

in X enumerated by natural numbers.

Definition 2.1.4. (Convergent Sequence)
Let (X, d) be a metric space. A sequence {z,} in X converges to a point a € X

if for every € > 0 there exist an n € N such that

d(x,,a) <e forall n>N.

We write

lim z, =aor x, — a
n—oo

Example 2.1.5. The following are the examples of convergent sequence

1
1. The sequence x,, = — converges to 0.
n

2. The sequence z, = (1)" does not converge.

Definition 2.1.6. (Cauchy Sequence)
A sequence {z,} in a metric space (X, d) is a Cauchy sequence if for each ¢ > 0
there is an N € N such that

d(xp, xm) < € whenever n,m > N.

Definition 2.1.7. (Complete Metric Space)
A metric space (X, d) is said to be complete if and only if every Cauchy sequence

in X converges to a point in X.
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Example 2.1.8. (i) The closed unit interval [0, 1] is a complete metric space
(under the absolute-value metric). This is easy to prove, using the fact that R is
complete.

(ii) The open unit interval (0,1) in R | with the usual metric, is an incomplete

metric space.

Definition 2.1.9. (Continuous mapping)
Consider X and Y are two metric spaces and F' : X — Y. Then mapping F' is
continuous at point py € X if for each £ > 0 there exists a § > 0 such that for
each pe X

d(Fp, Fpy) < e whenever d(p,py) <6

If mapping F'is continuous at each point of X. Then F' is continuous on X.

For instance see the following examples.

(i) Consider a mapping F': R — R defined as
F(z)=2" V 7€R

Then mapping F' is continuous on R

(i) Define F': (0,1) — R, by

Then mapping F' is continuous on (0, 1)

Then F' is not continuous at z = 0 € R, hence F' is not continuous on R.

Definition 2.1.10. (Monotonic Function)

Consider a function F' which is defined on a subset of real numbers. Then F is
said to be a monotonic function, if the increment A[F(z)] of F does not change
sign when Az > 0 i.e., the increment is always positive or negative or we say that
the function always varies in the same direction.

For example, a function F'(ay,as, ..., a,) defined on R™ is called monotonic func-

. . / /
tion if for ay < ay,...,a, <a,,

/

Flay,...,a,) < Flay,...,a,)
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or

Flay,...,a,) > Flay,...,a,)
Definition 2.1.11. (Monotonic Increasing Function)
Consider a function F' which is defined on a subset of real numbers. Then F' is
said to be a monotonic increasing function, if for each ay,as € R with a; < as we
have F(ay) < F(ay).
For example, the function defined on real numbers by F(x) = e”, is monotonic

increasing function.

Definition 2.1.12. (Monotonic Decreasing Function)

Consider a function F' which is defined on a subset of real numbers. Then F is
said to be a monotonic decreasing function, if for eachay,as € R with a; < ay we
have F(ay) > F(ay).

For example, if we define a function F': (0,1) — [0,1) by

1
F(u):ule Vue(0,1).

Then F' is a monotonic decreasing function.

Definition 2.1.13. (Lipschitzian Mapping)
Let F' be a self mapping on a metric space X, i.e, F': X — X, then F is said to

be Lipschitzian if there exists a constant o > 0 such that

d(F(&), F(&)) < ad(&1,&), VvV &,&eX

The constant « is called Lipschitzian constant of F.

Example 2.1.14. Consider a metric space X = R, endowed with the standard
metric d. Define a mapping F': X — X by

F(z) =32z V ze€X

d(F(z1), F(z2)) = d(321,322)

= 321 — 32,
== 3| 21 — Zgl
= 3d<21,22)

Then F'is Lipschitzian mapping with Lipschitzian constant a = 3.
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Definition 2.1.15. (Contraction Mapping)
Let (X,d) be a metric space. A self map F': X — X is said to be a contraction

if its Lipschitzian constant o < 1, i.e. there exists 0 < a < 1 such that

d(F(&1), F(&)) < ad(&1,82), V&, € Xand & # &

Geometrically a contraction means, any points &, & € X have the images F'(&)

and F'(&) under the mapping F, that are much closer than those points.

1
Example 2.1.16. Consider a metric space X = (0, 4_1> C R endowed with the
standard metric d. Define a mapping F' : X — X by

F(X)=2> VoeX

1
4 )
Now for &;,& € X we have

1
Which implies that for every z € X, |z| < i

Since  sup(0, i) =
d(&1,62) = 61 — &
d(F(&1), F(&)) = [F(&) — F(&)]
= l& - &
= l&f — &ld(&, &)
< Sd(6,)
< ad(§1, &)

Hence F' is a contraction with a € (0, Z)
Definition 2.1.17. (Contractive Mapping or Strict Contraction)
Let X be a metric space. A self map F': X — X is said to be contractive if

d(F(&), F(&)) <d(&,6), V &,& e X, where & # &

Every contraction is contractive mapping but the converse is not true in general,

for instance see the following example.

Example 2.1.18. Consider a metric space X = [0,1) endowed with the standard
metric d. Define a mapping f : X — X by
flz)=0+—, V2 e X.

x
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Then we have

d(f (@), faz)) = dlar + -y )
r1+1 a4l

X1 X2

Hence f is contractive but not a contraction.

Definition 2.1.19. (Non-expensive Mapping)
Let (X, d) be a metric space with metric d and F' : X — X be a self map, then F
is called a non-expensive mapping if for each &;,& € X and & # &

d(F'(&), F(&)) < d(&1,&)

Every contractive mapping is a non-expensive mapping but every non-expensive

mapping need not be contractive mapping and hence is not a contraction.

Example 2.1.20. Consider a metric space X = R endowed with a usual metric

d. Define a mapping / : X — X by
I§)=¢; ¥V £€eX (Identity map)

Now

d((1&1),(I&)) = d(&1,&) ¥V &, € X

implies that [ is non-expensive mapping but not contractive.

Definition 2.1.21. (Fixed Point)

Consider a metric space (X, d) and T : X — X be a self map. A point z € X is
said to be a fixed point of T"if T'(z) = .

Generally a point that does not move by a given transformation is called fixed

point of that transformation.
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Geometrically, if y = T'(x) is a real valued function, then by a fixed point of 7" we
means the points where the graph of T intersect with line y = x.
Thus a mapping 7" may or may not have fixed point. Further fixed point may not

be unique

Example 2.1.22. Let a metric space X = R be endowed with a usual metric d.
Define f: X — X by
fe)=20)+1, V teX

then f has a unique fixed point at t = —1 € R

Example 2.1.23. Let a metric space X = R be endowed with a usual metric d.

Define a mapping f : X — X by
fo)y=t+1, V telX,

then f has no fixed point, because ¢t =t 4+ 1 has no solution.

Example 2.1.24. Let a metric space X = R be endowed with a metric d and let
I be the identity map on X i.e.

It)y=t; V teX

Then each point of X is a fixed point of I.
If we define a real valued function g(x) on an interval I, then finding zeros of g(z)

is the same as finding the fixed point of F'(x) where
F(z) =z — g(z)
Since by zeros of g(z) we means those point x for which g(z) = 0 implies that
r—g(lx)=z or F(x)==x

1,e. x is then a fixed point of mapping F.

Example 2.1.25. Consider a quadratic polynomial g(z) = 22 + 5z + 4
Clearly zeros of g(z) are v = —4 and © = —1.

Rewrite the function g(x) = 0 as

22 +5r+4=0
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2 4+4 = —bx
2
4
v="2 —; = F(z)

Clearly finding zeros of g(z) is the same as the problem of finding fixed point of
F(z) such that F(x) = .

In 1922 Banach proved the following theorem, popularly known as Banach con-

traction principle

Theorem 2.1.26. [24] Let (X, d) be a complete metric space and T : X — X be
a self mapping such that
d(Tz,Ty) < Ad(z,y)

for all x,y € X, where 0 < A\ < 1, then there exists a unique z € X such that
T(z) = =x.

2.2 2-Metric Space

In 1962,the notion of 2-metric space was introduced by Ghler ([30], [28]) as a
generalization of the usual notion of metric space (X, d). It has been developed

extensively by Gahler and many other mathematicians ([3], [37], [36]).
Definition 2.2.1. [7] Let X be a non empty set. A real valued function d defined

on X x X x X is said to be a 2-metric space on X if

1. Given distinct elements x,y of X. There exists an element z of X such that
d(z,y,2) #0

2. d(z,y,z) = 0 when at least two of z,y, z are equal,
3. d(z,y,2) =d(z,z,y) = d(z,z,y) for all z,y,z in X, and

4. d(z,y,z) < d(z,y,w) +d(z,w, z) + d(w,y, z) for all z,y,z,w in X.

When d is a 2-metric on X, then the order pair (X, d) is called 2-metric space.

Example 2.2.2. Let a mapping d : R?* — [0, +00) be defined by

d(;L’,y,Z) = m1n{|x - y|, |y — Z’, ‘Z — .I"}
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Then d is a 2-metric on R, i.e., the following inequality holds:
d(x,y, 2) < d(z,y, w) +d(y, z, w) + d(z, z, w)

for arbitrary real numbers z,y, z, w.

Definition 2.2.3. (Convergent Sequence)
[7] A sequence {x,} in 2-metric space (X, d) is said to be convergent to an element
re Xif

lim d(z,,z,a) =0V a€eX

n—oo
It follows that if the sequence {z,} converges to a point = then

lim d(z,,a,b) = d(z,a,b) ¥V a,be X

n—oo

Definition 2.2.4. (Cauchy Sequence)

[7] A sequence {x,} in a 2-metric space X is a Cauchy sequence if

d(Tpy, Tp,a) =0 as m,n—o00 YVaelX.

Definition 2.2.5. (Complete 2-Metric Space)
A 2-metric space (X, d) is said to be complete if every Cauchy sequence in X is

convergent

2.3 Fuzzy Set

A fuzzy set is a class of objects with a continuum of grades of membership. Such
a set characterized by membership (characteristic) function which assigns to each
object a grade of membership ranging between zero and one.

Fuzzy sets were first proposed by Lofti A. Zadeh in his 1965 [14] paper entitled
none other than: Fuzzy Sets. This paper laid the foundation for all fuzzy logic
that followed by mathematically defining fuzzy sets and their properties. The

mathematical definition of a fuzzy set is as follows.

Definition 2.3.1. A fuzzy set A in X is a function with domain X and values in
[0, 1].

A fuzzy set A in X is characterized by a membership function f4(x) which asso-
ciates with each point in X a real number in the interval [0, 1] , with the values of

fa(z) at x representing the grade of membership of  in A. Thus, the nearer the
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value of f4(x) to unity, the higher the grade of membership of = in A.

This definition of a fuzzy set is like a superset of the definition of a set in the
ordinary sense of the term. The grades of membership of 0 and 1 correspond to
the two possibilities of truth and false in an ordinary set. The ordinary boolean
operators that are used to combine sets will no longer apply; we know that 1 AND
1 is 1, but what is 0.7 AND 0.37 This will be covered in the fuzzy operations

section.

Example 2.3.2. Let X be the real line R and let A be a fuzzy set of numbers
which are much greater than 1. Then, one can give a precise, albeit subjective,
characterization of A by specifying fa(z) as a function on R . Representative
values of such a function might be: f4(0) =0; fa(1) =0; fa(5) = 0.01; f4(10) =
0.2; fa(100) = 0.95; f4(500) =1, etc

Definition 2.3.3. (Triangular norm)
A binary operation * : [0,1] x [0,1] — [0, 1] is called triangular norm (¢-norm) if
satisfies the following condition.

1. axb=bxa,Va,b € [0,1];

2. ax1=a,Vae|0,1];

3. (axb)xc=ax*(bxc), for all a,b,c € [0,1];

4. if a < cand b < d, with a,b,c € [0,1], then axb < cxd

Example 2.3.4. Three basic examples of continuous ¢-norms are A, -, %, Which

are defined by

aANb=min(a,b), a-b=0ba and axb=max{a+b—1,0}

2.4 Fuzzy Metric Space

The notion of a Fuzzy metric space was introduced by Erceg [17] Kaleva and
Seikkala [19] and Kramosil and Michalekin [10] in detail. Grabiecs [18] proved a
fixed point theorem in fuzzy metric space by generalizing the Banach contraction

mapping principle.
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Definition 2.4.1. A 3-tuple(X, M, *) is said to be a fuzzy metric space if X is
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X? x [0, 00)
satisfying the following conditions for all x,y,z € X and t,s > 0,

FM-1 M(z,y,t) >0

FM-2 M(z,y,t) =1ifand only if z =y

FM-3 M(z,y,t) = M(y,z,t)

FM-4 M(z,z,t+s) > M(z,y,t)*x M(y, 2, s)

FM-5 M (z,y,.): (0,00) — [0,1] is left continuous and lim;_,oo M (z,y,t) =1

Example 2.4.2. Let (X, d) be a metric space. Define axb = ab or axb = min{a, b}
for all z,y € X.

— ift>0
M(z,y,t) = t+d(z,y)

0 ift=0

Then (X, M, ) is a fuzzy metric space. We call this fuzzy metric M induced by

the metric d the standard fuzzy metric.

Remark 2.4.3. i . Since * is continuous, it follows from (FM-4), i.e.
M(x,y,t) = M(y,z,s) < M(x,z,t+s)

that the limit of the sequence in fuzzy metric space is uniquely determined.

ii . Let (X, M, x) be a fuzzy metric space with the following condition (FM-6)

tlim(M,x,y,t) =1V z,yeX
—00

1

Example 2.4.4. Let X = {— ‘n € N} U{0} and let * be the continuous t-norm
n

defined by a b = ab for all a,b € [0, 1]. For each t > 0 and z,y € X, define M, by

— ift>0
M(z,y,t) = { L+ d@y)

0 ift=0

Clearly, (X, M, *) is a complete fuzzy metric space.
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Lemma 2.4.5. [18] For all z,y € X, M(z,y,.) is non-decreasing.

Proof. Suppose
M(z,y,t) > M(z,y,s) forsome 0<t<s
Then
M (z,y,t) * M(y,y, st) < M(z,y,s) < M(z,y,?)

By property(ii),
M(y,y,s+t)=1

thus
M(z,y,t) < M(z,y,s) < M(x,y,t)

Which is a contradiction. Hence M is non decreasing
O

Lemma 2.4.6. [34] Let {z,} be a sequence in a fuzzy metric space (X, M, *) with
condition (FM-6).
If there exists a number ¢ € (0,1) such that

M(zpi2,Tni1,qt) > M(xpyq,20,t) ¥V t>0 and n=1,2,...

then {z,} is a Cauchy sequence in X.

Lemma 2.4.7. [13] Let (X, M, %) be a fuzzy metric space. If there exists ¢ € (0,1)
such that
M(z,y,qt) > M(z,y,t) V z,y€ Xand t>0

then z=y

Lemmas 2.4.5, 2.4.6, 2.4.7 and Remark (2.4.3) hold for fuzzy 2-metric spaces and

fuzzy 3-metric spaces also.

Definition 2.4.8. (Continuous Function)
A function M is continuous in fuzzy metric space if and only if whenever

Tp — T, Yo — y then

tlirn M (zp, Yn,t) = M(z,y,t) for each >0
—00
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Definition 2.4.9. (Compatible Mapping)
Let A and B map from a fuzzy metric space (X, M, *) into itself. The maps A

and B are said to be compatible (or asymptotically commuting), if for all ¢ > 0,

lim M(ABz,, BAx,,t) =1

n—oo

Where {z,} is a sequence in X such that

lim Az, = lim Bx, =z forsome ze¢€ X
n—oo n—oo

From the above definition it is inferred that A and B are non-compatible maps
from a fuzzy metric space (X, M, ) into itself if lim,, o, Az, = lim, o Bz, = z
for some z € X, but either lim,, oo M(ABz,, BAz,,t) # 1. or the limit does not

exist.

Definition 2.4.10. (Weakly Commuting)
Two mappings A and S on fuzzy metric space X are weakly commuting if and
only if

M(ASu, SAu,t) > M(Au, Su,t) V uweX and t>0

2.5 Fuzzy 2-Metric Space

D. Singh[l] introduced the notion of fuzzy 2-metric space by using t-norm. He

also proved a fixed point theorem in fuzzy 2-metric space

Definition 2.5.1. ( t-norm)
A binary operation * : [0,1] x [0,1] x [0,1] — [0, 1] is called a continuous t-norm

if ([0, 1], %) is an abelian topological monoid with unit 1 such that
ap * by xcp <agx by x ¢y
whenever
a; < ag,by <by,c; <cg forall ay,ag,by, by, cr, 00 €10,1]

Definition 2.5.2. The 3-tuple (X, M, *) is called a fuzzy 2-metric space if X is
an anbitrary set, * is a contineous t-norm and M is a fuzzy set in X3 x [0, 00)

satisfying the following conditions. For all x,y, z,u € X and t{,t5,t3 > 0



Chapter 2 17

FM2-1 M(z,y,2,0) =0

FM2-2 M(z,y,z,t) = 1,t > 0 and when at least two of these three points are
equal,

FM2-3 M(z,y,z,t) = M(z,z,y,t) = M(y, z,x,t) (symmetry about three vari-
ables),

FM2-4 M(z,y,z,t; +to+t3) > M(z,y,u,t1) * M(x,u, z,ta) * M(u,y, z,t3)

FM2-5 M(z,y,z,.):[0,00) — [0, 1] is left continuous.

Example 2.5.3. Let (X, d) be a 2-metric space. Define a; * by % ¢; = ajbicy or

aj * by *x ¢; = min{ay, by, c1} for all x,y, z € X.

t

M(z,y, zw,t) = § tTd@y,2)
0 ift=0

ift>0

Then (X, M, ) is a fuzzy 2-metric space. We call this fuzzy 2-metric M induced
by the metric d the standard fuzzy metric.

Definition 2.5.4. (Convergent Sequence)
Let (X, M, %) be a fuzzy 2-metric space, then A sequence {x,} in fuzzy 2-metric
space X is said to be convergent to a point x € X if

lim M(z,,z,a,t)=1 VYaeX and t>0

n—o0

Definition 2.5.5. (Cauchy Sequence)
Let (X, M, %) be a fuzzy 2-metric space, then A sequence {x,} in fuzzy 2-metric

space X is called a Cauchy sequence, if

lim M(2p4p, Tn,a,t) =1 Vae Xand t>0, p>0

n—oo

Definition 2.5.6. (Complete Fuzzy 2-Metric Space)

A fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be
complete.

Definition 2.5.7. (Continuous Mapping)

A function M is continuous in fuzzy 2-metric space if and only if whenever

Tp — T, Yo — y then

tlim M (zy, Yn,a,t) = M(z,y,a,t) Vaec Xandt >0
—00
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Definition 2.5.8. (Weakly Commuting)

Two mapping A and S an fuzzy 2-metric space X are weakly commuting iff

M(ASu,SAu,a,t) > M(Au, Su,a,t) Vu,ac€ X andt >0

2.6 Fuzzy 3-Metric Space

The notion of Fuzzy 2-metric spaces can be extended to more generalized notion

of fuzzy 3-metric spaces as introduced by Zaheer K. Ansari [13]

Definition 2.6.1. (t-norm)
A binary operation * : [0,1] x [0,1] x [0, 1] x [0,1] — [0, 1] is called a continuous

t-norm if ([0, 1], *) is an abelian topological monoid with unit 1 such that
a1 xby ke xdy < ag*xbyxcogxdy whenever a; < ay,by <bg,cq <o and dy < dy

for all ai, g, bl,bg,cl,CQ dl,dg are in [0, 1]

Definition 2.6.2. The 3- tuple (X, M, x) is called a fuzzy 3-metric space if X is
an arbitrary set, x is a continuous t-norm and M is a fuzzy set in X* x [0, 00)

satisfying the following conditions, for all x,y, z,w,u € X and ty,ty,t3,t4 > 0.

FM3-1 M (z,y,z,w,0) =0,

FM3-2 M(z,y,z,w,t) =1 for all ¢t > 0, [only when the three simplex (x,y, z, w)

degenerate]

FM3-3 M(z,y,z,w,t) = M(z,w,z,y,t) = M(y,z,w,x,t) = M(z,w,z,y,t) =

FM3-4 M($, Yy, z,w, tl + t2 + t3 + t4) 2 M($a Yy, z,u, tl) * M(':Ea Yy, u,w, t?) *
M(z,u, z,w,t3) * M(u,y,z,w,ty)

FM-5 M (z,y,z,w) : [0,00) — [0,1] is left continuous.

Example 2.6.3. Let (X, d) be a 3-metric space. Define aq * by * ¢; *dy = a1byc1d;

or ay * by * ¢; * dy = min{ay, by, c1,dy} for all z,y, z,w € X.

t

M(fE,y,z,w,t): t-’—d(ac,y’z?w)’
0 ift=0

ift>0
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Then (X, M, *) is a fuzzy 3-metric space. We call this fuzzy 3-metric M induced
by the 3-metric d the standard fuzzy 3-metric.

Definition 2.6.4. (Convergent Sequence)
Let (X, M, %) be a fuzzy 3-metric space, then a sequence {z,} in fuzzy 3-metric

space X is said to be convergent to a point x € X if

lim M(z,,x,a,b,t) =1

n—oo

for all a,b € X and t > 0.

Definition 2.6.5. (Cauchy Sequence)
Let (X, M, ) be a fuzzy 3-metric space, then a sequence {z,} in fuzzy 3-metric

space X is called a Cauchy sequence, if

lim M(zp4p, Tn,a,b,t) =1

n—o0

for all a,b € X and t > 0,p > 0.

Definition 2.6.6. (Complete Fuzzy 3-Metric space)
A fuzzy 3-metric space in which every Cauchy sequence is convergent is said to be

complete.

Definition 2.6.7. (Continuous Function)
A function M is continuous in fuzzy 3-metric space iff whenever

Tn — X, Yo — Y, then

lim M(zp,Yn,a,b,t) = M(z,y,a,b,t)

n—oo

Vabe X and t > 0.

Definition 2.6.8. (Weakly Commutable Mapping)

Two mappings A and S on fuzzy 3-metric space are weakly commuting iff

M(ASu,SAu,a,b,t) > M(Au, Su,a,b,t) Y u,a,be X andt >0
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Fixed point theorem in Fuzzy
Metric Spaces

In this chapter we review common fixed point theorems of Presic type in Fuzzy

metric spaces which extends the results of R. George [22].

3.1 Presic Type Contractions

In 1965 S.B Presic [25]. generalize the Banach Contraction(2.1.26) into Presic
type Contraction

Let T: X — X, where k > 1 is a positive integer. A point z* € X is a fixed point
of T if * = T(a*, z*, ..., x%).

Consider the k—order nonlinear difference equation
$n+1 :T($n7k+1,$n,k+2,...,xn) fOI" n = k_ 1,k,k+1’ (31)

with the initial values xg, 1, x9, ..., 251 € X.
Equation (3.1) can be considered by means of fixed point theory in view of the
fact that € X is a solution of (3.1) if and only if x is a fixed point of 7. The

following theorem is the generalization of Banach contraction theorem(2.1.26).

Theorem 3.1.1. [25] Let (X, d) be a complete metric space, k be a positive inte-
ger, and T : X*¥ — X. Suppose that

20
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k
d(T(:Ch To,. .. 7$k)7 T($27 L3y - 7$k+1)) < Zqzd(xla xi+1)
i=1

for every xy, o, ..., Tk, Trye1 € X, where ¢; > 0 and Zleqi € [0,1). Then T has a

unique fixed point x*. Moreover for any arbitrary points x1, 2, ..., 251 € X, the
sequence {z,} defined by z,.x = T(x,, Tpi1,- .-, Tnik—1), for all n € N converges
to z*.

In 2007 Ciric and Presic generalized the above theorem as follows.
Theorem 3.1.2. [16] Let (X, d) be a complete metric space, k be a positive inte-
ger, and T : X¥ — X. Suppose that

d(T(iL’l, To, ... ,:r;k), T(l’g, T3, ... ,l’kJrl)) S )\{d(.ﬁlﬁz, iL'Z'Jrl) 01 S 1 S k}

for every z1,xs,..., Tk, xpy1 € X, where A € [0,1). Then T has a fixed point z*.
Moreover for any arbitrary points zi, s, ..., xxr1 € X, the sequence {z,} defined
by Tpik = T(Tp, Tng1, -« Tnik—1), for all n € N converges to z*.

Moreover, if d(T(u,u,...,u),T(v,v,...,v)) < d(u,v) holds for all u,v € X with
u # v then z* is the unique fixed point of T'.

Before presenting the main theorem we define p-function as follows:
Let a function ¢ : [0,1]%** — [0, 1] such that:

1. ¢ is an increasing function, i.e. 1 <y, ..., Tox < Yo, implies
(21,22, 73, ..., Tog) < P(Y1,Y2, Y35 - - - Yor)

2. p(t,t,t,...) >t foral t € X.
3. ¢ is continuous in each coordinate variable.

Theorem 3.1.3. Let (X, M, %) be a fuzzy metric space and S,T : X% — X,
f X — X be mappings satisfying for each positive integer k,

M(S(ZL’I, Lo, ... 7x2k)a T(x% L3y - - ,$2k+1), qt) > QO{M(fI“ fxi-l-lat) 1< < Qk}
(3.2)
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1
for all x1,x9,23,..., 00111 € X,0< ¢ < 2 and t € [0, 00)

M(T<y1’y27 B a?J?k))S(y?:y?n v 7y2k+1)’qt) Z (:D{M(fyzvfyz-i-l’t) 1 S i S 2k}
(3.3)
for all Y1,Y2, Y35 -+ Y2k+1 € X7 and

M(S(u,u,...,u), T(v,v,...,v),qt) > M(fu, fv,t) Vu,ve Xandu#v (3.4)

Suppose then f(X) is complete and either (f,S) or (f,T") is 2k-weakly compatible

pair. Then there exist a unique point p in X such that

fp=p=Spp,....p)=T({,p,...,p)

Proof. Suppose x1, s, x3, ..., T are arbitrary points in X and for n € N. Define
fronton—1 = S(Tan—1, Tan, Tant1; - - - Tontok—2)
and
JTorkton = T(ili'2n, Tont1y- - - 7~r2n+2k71)

Let Oy, = M(fxm fxn-I—lu qt)

K —f"\? 1
Claim «, > (K+§”> for all n € N. WhereBZQ—q

and

K:mm{m”Jﬁ B+ @) B0+ a) /3%(1+¢a7>}
1—\/071’ 1_\/@ ) 1_\/a_3 R 1_\/@

n

K+p"

So we have «,, > (

Now

2
) forn=1,2,3,...,2k

Qopr1 = M(f2ops1, fTors2, qt)
= M(S(l‘l, To, ... ,.’L‘Qk),T({EQ, T3, ... ,l’2k+1), qt)
Z @{M(thfxi—i-lat)}J 1= 172772k}
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From (3.2),

Qop1 > plan, ag, ... o}
s () (ee) - (eee) () |
= K+pl) \K+p2) "\ Ktrp*1) \ Kt p*
K—ﬁ% 2 K_B% 2 K_sz 2 K_ﬁQk: 2
@{(K_i_ﬁ%) ’<K+62k) 7--.,(K+ﬁ2k) ’<K+ﬁ2k> }
K — g%
@(KM%)
[+
<K+ﬁ2k+1)

k — 52k+1
k + B2k+1>

v

v

v

Thus Oégk_H = <

Similarly we have

Qopy2 = M(fropsa, fTor13,qt)
- M(T(CCQ: T3y. 7x2k?+1>) S(I37 Ty 7'/L‘2/€+2)7 qt)
Z gD{M(fLI?Z, fﬂ?i+1,t), 1= 2,3, . ,2k’ —+ 1}

Qokto > p{on, g, ... ok}

k—BZ 2 K_Bs 2 K—ﬂ% 2 K_szﬂ 2

> —

(Y (B (B (e
K_ﬁzkﬂ 2 K_ﬁ%—l—l 2 K_ﬁ%—i—l 2 K_52k+1 2

290 (K+92k+1) ’(K+ﬁ2k+1) ""’(K+62k+1) ’<K+52k+1>
_ P2k+1\ 2

> (5 )

— K—{—BQk—H
_ P2k+2\ 2

> (5 )

= \ K + p2k+2

So we have, ogpi9 > <

K — 52k+2 2
K+ 52k+2>
Hence our claim is true.
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Now we show that {z,} is a Cauchy sequence in X for any n,p € N, we have

M(fl‘m fxn-l-p) t)
t t

t
> M(fxna fxn+17 5) * M(fanrla fxn+27 ?) ook M(fxnﬂklv fanrpa %

> Oy % Qg1 * - % Qlpgp—1

K —on 2 K_22n 2 K — onp 2
> * * L.k
K +2n K + 2% K +2m»

— 1x1*...%x1 as n— o0

)

Hence {fx,} is a Cauchy sequence.
Since f(X) is a complete sub space of X, Then there exist z in f(X) such that

lim fx, ==z
n—oo

For z € f(X), there exist p € X such that z = fp. Then for any integer, using
(3.2) and (3.3), We have

M(S(p,p,.--,p), fp,1)
= nh_)IEOM(S(paija s 7p)7 fx2n+2kflat)

= nh—>n<;10 M(S<p7p7p7 s 7p)7 S(x2n717 Ton,y - - - 7$2n+2k72)7 t)

. t
2 lim M<S<p7p7 s 7p)7T(p>p7 s o 7$2n71)7 5)

n—oo
t

* M(T(papa s 7$2n—1)73(p7p7 s ax2n—1ax2n)7 ?) *a.

t
* M(T(p, an—1, - -, Tany2k-3), S (T2n—1, Tans - - - s T2nt2k—2), %)

> lim o{M(fp, fp,t), M(fp, fp. 1), .-, M(fp, fron-1,1)}
* p{M(fp, fp,t), M(fp, fp,t), ... M(fron_1, fron,t)} * ...
s« o{ M (fp, fron—1,t), M(fron—1, fxon,t),.... M(fronton—3, fTonton—2,1)}

— 1L
i.e
M(S(p,p,p,---,p), fp,t) =1
So ¢(f,T) # @, where ¢(f,T') denote the set of all coincidence points of the map-

pings f and T, so that
S(p,p, s p) = fp (3.5)
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Consider

M(fp,T(p,p,...,p),t) = M(S(p,p,...,p), T(p;p,--.,p);t)
> o{M(fp, fp.t), M(fp, fp.t),....,M(fp, fp,t)}
> M(fp, fp,t) =1

Thus
T(p,p,p,......p) = fp (3.6)

Now suppose that (f,S) is 2k-weakly compatible pair. Then we have

fSwp,...,p)=S\fp, fp,--, fp)

o= f(fp) = f(S(p,p,....p)) =S(fp. fp,.... fp)

Suppose that fp # p, then from (3.3), we have

M(f?p, fp,t) = M(S(fp, fp,--.. [p), T(p,p,...,D), 1)
> {M(f?p, fp,t), M(f*p, fp,t),.... M(f’p, fp,t)}
> M(f*p, fp.t)

This is contradiction. So our supposition is wrong. Hence fp=1p
Now from (3.5) and (3.6), we have

fo=p=Smp,....p)=T({p,p,....,p)

To prove the uniqueness we proceed as follows;

Suppose there exist a point ¢ # p in X such that

fe=q=95(¢9...,9)=T(¢,q,...,q)

Consider

M(fp, fq.t) = M(S(p.p,...,p),T(q:q,---,9),1)
> o{M(fp, fq,t), M(fp, fq,t),..., M(fp, fq,t)}
> M(fp, fq.t)

It is contradiction. Therefore ¢ = p O
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The Presic types contraction in fuzzy metric space for k-weakly compatible map-
ping we define ¢-function as follows:
Let a function ¢ : [0, 1] — [0, 1] such that:

1. ¢ is an increasing function, i.e. z; < wyy,..., 2 < yg, implies
@(371, L2, T3y ... ,Zl'fk-) < gp(yhy% Yz, - .- 7yk)

2. o(t,t,t,...) >t forallt € X.
3. ¢ is continuous in each coordinate variable.

Theorem 3.1.4. Let (X, M, *) be a fuzzy metric space and S, T : X* — X,
f X — X be mappings satisfying for each positive integer k;

M(S<x17 Lo, T3,y... Jxk)7 T(x27x37 s 7$k+1)Q7t) 2 @{M<f$za f‘ri—i—b t) 1 S i S k}
(3.7)

1
for all 1, x0,23,..., 25,2511 € X, 0< g < Y and t € [0, 00);

M(T(yla Y2,Y3y - - 7yk)7 5(92, Yz, ... 7yk’+1)7 qt) 2 @{M(fyla fyiJrlat) 1 S { g k
(3.8)
for all Y1,Y2, Y3y --eoee y Yk Yk+1 € X7 and

M(S(u,u,u,...,u),T(v,v,v,...,0),qt) > M(fu, fv,t) (3.9)

for all u,v € X, with u # v.
Suppose then f(X) is complete and either (f,S) or (f,T) is k-weakly compatible

pair. Then there exist a unique point p in X such that
fo=p=5SWw,p.p.-...0)=Tp,p.p-.-.p)

Proof. Suppose 1, x2,x3,...,x; are arbitrary points in X and for n € N. Define

[ =S@Tn1,Tn, Tnsty s Tnyk—1) and  frpin = T(Tn, Tpit, - Tnok—1)

Let oy = M(fl’n, fxn-i-l’ qt)

K —pg» 1
Claim «, > (K+§”> for all n € N. WhereB:5

and
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oo V) PUYED) PUVE) | M

1-«/0&1 ’ 1—w/062 ’ 1—\/053 T 1—w/06k
K —p"\?
an2< 5) forn=1,2,3,...,2k
K+ B
Now
g1 = M(fTpq1, fTry2,qt)
:M(S(Il,l'g,xg,...,l‘k_l,l‘k),T(xQ,.Tg,...,Ik7$k+1,)qt)
> @{M<fxi7fxi+lat>}a L= 1727"'7k}
From (3.7),
k1 > 90{05170427- .- 7&]6}

K—ﬁl 2 K—ﬂQ 2 K_kal 2 K_Bk 2
o\ (i55) (55) - (5) (55)
K —B"N\* (K- p"\° K- B\ (K- g\’
{(Km'f) ’(K 6’“) ””’(Km'f) 7(K+/ak) }
k— Bk
S”(KH%)
BkJrl
(K+5k+1)

K_Bk—i-l 2
K+6k+l)

vV
AS)
+

v

v

Thus gy > (

Similarly we have

a2 = M(fTry2, f2ris, qt)
= M(T(l‘Q,ﬂjE}, vy Ty xk+1), 5(1'3, Ty .. 7$k+17$k+2)7 qt)
> o{M(fx, friri,t), i=2,3,..., k+1}

> pl{ag, ae, a3, .., Qg1 )
K—EQ 2 K_ﬁ3 2 K—ﬂk 2 K_Bk+1 2
2o (i) (555) - (55) (e |
k— ! ? K — gkt 2 K — gkt 2 K — gkt 2
2o () (o) o () () }
E+1\ 2
> ()

— 5k+2

K
(v )
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K — 6k+2 2
K + 5k+2)
Hence our claim is true.

So we have, ayio9 > (

Now we show that {z,} is a Cauchy sequence in X. For any n,p € N, we have

M(fxm fxn-&-P? t)
t

t
Z M(f$n7f$n+1a 5) * M(fxn-i-la f$n+2a _2) *oLk M(f$n+p—la f’In-‘rpv

t
5 )

20

2 Oy Qpg1, % ook Qg p 1

K —2"\? [K—22\? K — o\ ?
> ¥ | —0— *...% | ————
K +2n K 4220 K + 2np

— 1x1*x...x1 as n— o0

Hence {fx,} is a Cauchy sequence.

Since f(X) is a complete sub space of X. Then there exist z in f(X) such that
limy,, o0 f2, = z For z € f(X), there exist p € X such that z = fp. Then for any
integer, using (3.7) and (3.8), We have

M(S(p7p7p77p)7fp7t) :nh_{gOM(S(pvpupw"7p)7fx2n+k717t)

= lim M(S(p7p7p7 s 7p)7 S<x2n—17 Lony e - 7'T2n+k—2)7 t)

n—oo
) t
2 nh—>nolo M(S(p7p7 s 7p>7T<p7p7 s 7x2n71)7 5)
t
x M(T(p,p,- -, Zon-1), S0y Dy, Ton—1, T2n), ﬁ) % ...
t
* M(T(p, xan—1, - s Tontk—3), S(Toan—1, Ton, - - -, Tanth—2), F)

> lim p{M(fp, fp,t), M(fp, [p; 1), .. M(fp, fran-1)}

* @{M(fpafpat)aM(fpvfp’t)7 . '7M(f$2n717f$2n>} k..
* {M(fp, fron—1,t), M(fron—1, fron,t), .., M(fTonir—3, fTonir—2)}

—1

e, M(S(p,p,....p) fp,t) =1
So ¢(f,T) # ®, where ¢(f,T) denote the set of all coincidence points of the
mappings f and 7T, so that

S(p.p,...,p)=fp (3.10)
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Consider

M(fp,T(p,p,...,p),t) = M(S(p,p,...,p), T(p;p,--.,p);t)
> o{M(fp, fp.t), M(fp, fp.t),....,M(fp, fp,t)}
> M(fp, fp,t) =1

Thus
T(p,p.p,.-ss0) = [P (3.11)

Now suppose that (f,S) is k-weakly compatible pair, then we have

fSwp,...,p)=S\fp, fp.--, fp)

o= f(fp) = f(S(p,p,....p)) =S(fp. fp,.... fp)

Suppose that fp # p, then from eq.(3.9), we have

M(f?p, fp,t) = M(S(fp, fp,--.. [p), T(p,p,...,D), 1)
> {M(f?p, fp,t), M(f*p, fp,t),.... M(f’p, fp,t)}
> M(f*p, fp.t)

This is contradiction. So our supposition is wrong. Hence fp=1p
Now from eq.(3.10) and eq.(3.11), we have

fo=p=Smp,....p)=T({p,p,....,p)

Uniqueness:

Suppose there exist a point ¢ # p in X such that

fr=q¢=50q9...,9)=T(¢,q,...,9)

Consider

M(fp, fq.t) = M(S(p.p,...,p),T(q:q,---,9),1)
> o{M(fp, fq,t), M(fp, fq,t),..., M(fp, fq,t)}
> M(fp, fq,t)

It is contradiction. Therefore ¢ = p O
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Fixed Point Theorems in Fuzzy
2-Metric and Fuzzy 3-Metric
Space

In this chapter we introduce the notion of Presic type contraction in Fuzzy 2-
metric space(2.5.2) and Fuzzy 3-metric space(2.6.2) and our aim to prove some

fixed point theorems as an extension of the results presented in Chapter 3.

4.1 Presic Type Contractions

Before introducing the Presic type contraction in fuzzy 2-metric Space, and the
related fixed point result, we first define the ¢-function as follows.

Let a function ¢ : [0, 1]?* — [0, 1] such that:
1. ¢ is an increasing function, i.e. z1 < y1,..., Top < Yor, a < a’ implies
(;O(xlv Lo, T3y ..., T2k, a’) S Sp(yh Y2, Y3, -+ Y2k, CL/)

2. o(t,t,t,...) >t forall t € X.

3.  is continuous in each coordinate variable.

Using the p-function, we now state the following fixed point Theorem.

30
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Theorem 4.1.1. Let (X, M, *,) be a fuzzy 2-metric space and S,T : X?* — X
f X — X be mappings satisfying for each positive integer K,

M(S(xy,x9, ..., xok), T (T2, X3, . .., Topy1), a, qt) > G{M(fz;, frisr,a,t) : 1 <i <2k}
(4.1)

1
for all z1,x9,23,...,Tok11,0 € X,0< ¢ < o1 and t € [0, 00)

M(T(yh Ya, - - 7y2k)7 S<y2a Ys, .- 7y2k+1)7 ala qt) 2 @{M(fy’u fyi-‘rh a,7t) 1 S { S Qk}
(4.2)

for all Y1, Y2, Y3, - - 7y2k+17a/ € X> and

M(S(u,u,...,u), T(v,v,...,v),a,qt) > M(fu, fv,a,t) Yu,v,a € Xand u # v
(4.3)
Suppose then f(X) is complete and either (f,S) or (f,T) is 2k-weakly compatible

pair. Then there exist a unique point p in X such that

fp=p=Smpp,....,p) =T, ...,p)

Proof. Choose x1,xs9,x3,...,xs are arbitrary points in X and for n € N.
Such that fx2n+2k—1 = S(ZEQn_l, Lony Lon+1y - - - 7x2n+2k—2)
and

JToryon = T(iUZn, Tont1y--- 7x2n+2k71)

For simplicity set — «, = M(fx,, fTni1,a,qt)

K — g 1
We claim that «, > (K n §n> for all n € N. where g = 2_q
and

K:min{5<l+@ P+ ya) B+ a) ﬁ%(1+\/07k)}
1—\/04_17 1_\/072 ) 1—\/a_3 R 1_\/a_k

K — 8"
K+ pn

2
By selection of K we have a,, > ( ) forn=1,2,3,...,2k

Now

Ooky+1 = M(f372k+17 fTopy2,a, C]t)
= M(S(xly'TQ; s aka)yT(x%x?n s ax2k+1)7 a, Qt)
> p{M(fx;, friv1,a,t)}, i=1,2,...,2k}
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Using (4.1), we have

Qo1 > of{on, g, ... g}

K — 2 K — B2 2 K — g1 2 K — g% 2
ng{([(—i—ﬁl) :<K+62> 7--'7<K_'_62k—1) >(K+ﬁ2k> }

K—ﬂ% 2 K—ﬁ% 2 K—B% 2 K_B% 2
o (mm) ) - () ()
5%
Z¢<K+ﬁ%)
K B2k+1
= (K+52k+1)
_2k+1N\ 2
Thus o1 > (§+—/§2/€H>

Similarly we have

Qokto = M(fxopso, fTorts, a, qt)
= M(T(xq, w3, ..., Topt1), S(T3, Ta, . . ., Togt2), a, qt)

Z @{M(fxl,fxzﬂ,a,t), 1= 2,3,,2k+ 1}
Qoto > p{on, g, ... ok}
K_ﬁZ 2 K—BS 2 K—ﬂ% 2 K_ﬂzkﬂ 2
> 5] s oo\ 7w ) o\ T e
K+p K+ 8 K+p K+ 0
K_ﬁzkﬂ 2 K_ﬁ%—l—l 2 K_ﬁ%—i—l 2 K_52k+1 2
290 (K—i—ﬁ%“) ’(K—{—ﬁ%H) ""’(K+62k+1) 7<K—|—52k+1>
_ P2k+1\ 2
s (K-8
— K_{_BQk—H
_ P2k+2\ 2
s (K-8
= \ K + p2k+2
K — p2k+2

Thus o420 > (W
Now by our claim we show that {z,} is a Cauchy sequence in X for any n,p € N,

> . Than our claim is true.
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we have

M(fl‘n, fxn—l-pa a, t)
t t

t
Z M(fwna fxn+17a7 5) * M(fxn-i-la fmn—&-%aa ?) Koeee ok M(fmn+p—17fxn+paa7 %

> Oy % Qg % oo % Qpgp1

K —27\? [K —22\? K onp\ 2
> * *..o0% [ ——m—
K +2n K + 220 K + 2m

— 1x1%x...x1 as n— o

)

by which we conclude that { fz,} is a Cauchy sequence. Since f(X) is a complete
sub space of X, Then there exist z in f(X) such that

lim fz, =z
n—oo

For z € f(X), there exist p € X such that z = fp. Then for any integer, using
(4.1) and (4.2), We have

M(S(pap>--'7p)afpaa7t)

- nhA{gOM(S(pup7p7 s ap)7fx2n+2k—17a7t)

= nhﬁr{olo M(S(pap7p7 cee ap)7 S(gj2n—1a Ton,y - ax2n+2k—2)a a, t)
t

Z nlggoM(S(pvpa s 7p)7T(p7p7 S axQn—l)aaa 5)
t
* M(T(p7p7 st )x2n—1>7s(p?p7 A 71‘277,—17‘/17277,)7@7 ?) *...
t
* M(T(p, xon—1, - - Tont2k-3), S (T2n—1, Tan, - - - Tant2k-2), @, %)

> lim o{M(fp, fp,a,t), M(fp, fp,a,t),.... M(fp, fron-1,a,1)}
«p{M(fp, fp.a,t), M(fp, fp,a,t),.... M(fran_1, foon,a, )} ...
* p{ M (fp, fron—1,a,t), M(fron_1, fon,a,t), ..., M(fTonyon—3, [Tonyon—2,0,t)}
— 1.
1.e;
M(S(p,p.p;---p), fp.at) =1
So ¢(f,T) # @, where ¢(f,T) denote the set of all coincidence points of all map-

pings f and T, so that
SP;p,-.,0) = fp (4.4)
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Consider

M(fp,T(p,p,...,p),a,t) = M(S(p,p,....,p), T(p,p,...,p),a,t)
> o{M(fp, fp,a,t), M(fp, fp,a,t),...,M(fp, fp,a,t)}
> M(fp, fp,a,t) =1

Thus
T(p,p,p,......p) = fp (4.5)

Let (f,S) is 2k-weakly compatible pair. Then we have

fSwp,...,p)=S\fp, fp,--, fp)

o= f(fp) = f(S(p,p,....p)) =S(fp. fp,.... fp)

Suppose that fp # p, then from eq.(4.3), we have

M(f?p, fp,a,t) = M(S(fp, fp...., fp), T(p,p,...,p),a,t)
> {M(f°p, fp,a,t), M(f*p, fp,a,t),..., M(f*p, fp,a,t)}
> M(f*p, fp,a,t)

Which is a contradiction. Therefore our supposition is wrong. Hence fp=1p

Now from eq.(4.4) and eq.(4.5), we have

fp=p=Smp,....p)=T({p,p,...,p)

To prove the uniqueness of fixed point, let us assume that for some g € X, ¢ # p
such that

fo=q=5(¢,q,-...,9) =T(¢,q,...,9)

Consider

M(fp’fq7a’7t) = M(S(p7p7'"7p)’T(Q7q7"‘7Q)7a7t)
> o{M(fp, fq,a,t), M(fp, fq,a,t),....,M(fp, fq,a,t)}
ZM(fp7fq7a7t)

It is contradiction. Hence p is a unique fixed point in X, and this complete the

proof of theorem. O

When S =T and 2k is replaced by k in above theorem, we get the following
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Corollary 4.1.2. Let (X, M, *) be a fuzzy 2-metric space and T : X* — X,
f X — X be mappings satisfying for each positive integer k,

M(T(:El)x% s 7'7:2143)7T(x27$37 s ax2k+1)7 a, qt) 2 @{M(fx“ fxi—i-lv (Z,t) 1 S [ S 2k}
(4.6)

1
for all z1, x5, 73,...,Tops1,0 € X,0 < ¢ < 3 and t € [0,00) and

M(T(u,u,...,u), T(v,v,...,v),a,qt) > M(fu, fv,a,t) Yu,v,a € Xand u # v
(4.7)
Suppose then f(X) is complete and (f,T') is k-weakly compatible pair. Then there
exist a unique point p in X such that fp=p=S(p,p,p,...,0) =T(p,p,...,D)

To introduce the Presic type contraction in fuzzy 3-metric Space , we define the
p-function as follows.
Let a function ¢ : [0,1]%** — [0, 1] such that:

1. ¢ is an increasing function, i.e. 1 < yq,...,Top < Yop,a < a’,b < O implies
(p(xla Lo, X3, .-y L2k, @,y b) < (10(?/17 Y2, Y3, - - -5 Y2k, alv b/)

2. o(t,t,t,...) >t forallt € X.
3. ¢ is continuous in each coordinate variable.

Theorem 4.1.3. Let (X, M, ) be a fuzzy 3-metric space and S, T : X?* — X
f X — X be mappings satisfying for each positive integer K,

M(S(z1, 22, ..., %), T (22, T3, . .., Tokt1), @, b, qt) > { M (fx;, frizr,a,b,t) : 1 <i <2k}
(4.8)

1
for all z1, 29,23, ...,Tops1,0,b € X,0< ¢ < 3 and t € [0, 00)

M(T(ylvy% v 7y2k)7 S<y27 Y3, .- 7y2k+1)7 a/7 b/7 qt) Z @{M(fym fyiJrl; ala bl; t) 01 S l S 2k}
(4.9)
for all y1, 92,93, ..., Y2m41,a,0 € X, and

M(S(u,u, ... ,u), T(v,v,...,0),a,b,qt) > M(fu, fv,a,b,t) Yu,v,a,b € Xand u # v
(4.10)
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Suppose then f(X) is complete and either (f,S) or (f,T) is 2k-weakly compatible

pair. Then there exist a unique point p in X such that
fp=p==5S@{p,p,....p)=Tpp,....p)

Proof. The proof of Theorem 4.1.5 is analogues as in Theorem 4.1.4 O

When S = T and 2k is replaced by k in above theorem, we get the following

corollary.

Corollary 4.1.4. Let (X, M,x) be a fuzzy 3-metric space and T : X* — X,
f X — X be mappings satisfying for each positive integer k,

M(T(zy, w2, .., 2ok), T (22, T3, .. ., Togy1), 0,0, qt) > o{M(fs, frigr,a,t) : 1 <0 < 2k}
(4.11)

1
for all zq,x9,23,...,Tory1,0,0 € X,0< g < Y and t € [0, 00) and

M(T(u,u,...,u), T(v,v,...,v),a,b,qt) > M(fu, fv,a,b,t) Y u,v,a € Xand u # v
(4.12)

Suppose then f(X) is complete and (f,T') is k-weakly compatible pair. Then there

exist a unique point p in X such that fp=p=Sp,p,p,...,0) =T(p,p,...,p)

4.2 Conclusion

In this thesis, we reviewed the fixed point theorem in [20] under the title “ Some
Fixed Point Theorem in Fuzzy 2 and Fuzzy 3-metric Spaces” They established
fixed point theorem for Presic types contraction in Fuzzy metric spaces. To prove
the existence of a common fixed point of 3-maps in Fuzzy metric space, they have
used the non-decreasing continuous function ¢ defined in [0, 1}%.

After detailed review of their results, We extend the notion of Presic type contrac-
tion of 2k-weakly compatible mapping on Fuzzy 2-Metric, Fuzzy 3-Metric Spaces

and obtain fixed point results.



Bibliography

1]

A. Ahmed, D. Singh, M. Sharma and N. Singh: Results on fixed point theorems
in two fuzzy metric spaces, fuzzy 2-metric spaces using rational inequality,
International Mathematical Forum, 5(39) (2010), 1937-1949.

A.George and P.Veeramani: On some results in fuzzy metric spaces, Fuzzy
Sets and Systems 64 (1994), 395-39.

B. C. Dhage: On continuity of mappings in D-metric spaces, Bull. Culcutta
Math.Soc. 86(6) (1994), 503-508.

BC. Dhage: Generalized metric spaces and mappings with fixed point.
Bull.Calcutta Math. Soc. 84, 329-336 (1992).

D. Mihet: A generalization of a contraction principle in probabilistic metric
spaces, The 9th International Conference on Applied Mathematics and Com-

puter Science, Cluj-Napoca, 2004.

G. Jungck: Commuting mappings and fixed points, American Mathematical
Monthly 83(4) (1976), 261-263.

H. K. Pathak, S. M. Kang, J. H. Baek: Weak compatible mappings of type
(A) and common fixed points, Kyungpook Math. J. 35 (1995), 345-359.

H.Poincare: (1886), Surless courbes define barles equations differentiate less,
J.de Math., 2, pp. 54-65.

I. A. Bakhtin: The contraction principle in quasimetric spaces, It. Funct. Anal.,
30 (1989), 2637. 1

[10] I.Kramosil and J. Michalek: Fuzzy metric and statistical metric spaces, Ky-

bernetica 15 (1975), 326-334.

[11] K.Manger, Statistical metrics. Proc. Natl. Acad. Sci. USA28, 535-537 (1942).

37



Bibliography 38

[12] K. P. R. Rao, G. N. V. Kishore and Md. Mustaq Ali: A generalization of
the Banach contraction principle of presic type for three maps, Mathematical
Sciences, Vol. 3,No. 3(2009) 273-280.

[13] K.Zaheer Ansari, Rajesh Shrivastava and Arun Garg: Some Fixed Point The-
orems in "Fuzzy 2-Metric and Fuzzy 3-Metric Spaces” Int.J. Contemp. Math.
Sciences, Vol. 6, 2011, no. 46, 2291-2301.

[14] L.A. Zadeh : “Fuzzy sets, Inform and Control” 8(1965), 338-353.

[15] L.Brouwer: (1912), Uber Abbildungen von Mannigfaltigkeiten, Math. Ann.,
70, pp. 97-115.

[16] L. B. Ciric and S. B. Presic: On Presic type generalization of Banach con-
traction mapping principle, Acta Mathematica Universitatis Comenianae, vol.
76, no. 2, pp. 143-147, 2007.

[17] M.A. Erceg: Metric space in fuzzy set theory, Journal of Mathematical Anal-
ysis and Applications 69 (1979), 205-230.

[18] M. Grabiec: Fixed points in fuzzy metric space, Fuzzy Sets and Systems
27(1988),385-389.

[19] O. Kaleva and S. Seikkala: On fuzzy metric spaces, Fuzzy Sets and Systems
12 (1984),215-229.

[20] P .P. Murthy Rashmi: A Common Fixed Point Theorem of Presic Type for
Three Maps in Fuzzy Metric Space 2013 (ARCTBDS). ISSN 2253-0371.

[21] P.V. Subramanyam: A common fixed point theorem in fuzzy metric
spaces,Information Sciences 83(3-4) (1995), 109-112.

[22] R. George: Some fixed point results in dislocated fuzzy metric spaces, Journal
of Advanced Studies in Topology,(2012), Vol. 3, No. 4, 41-52, eISSN: 2090 -
388X.

23] R.Kannan: (1968), some results on fixed points, Bull. Calcutta Math. 60,
pp.71-78.

[24] S.Banach (1922), Sur les operations dans les ensembles abstracts ET leur
applications aux equations integrals, Fund. Math.3, pp. 133-181.



Bibliography 39

[25] S. B. Presic: Sur une classe dl inequations aux differences finite et sur
la convergence de certaines suites, Publications dellnstitut Mathematique,
vol.5,n0.19,pp.75-78,1965.

[26] S. Czerwik: Contraction mappings in b-metric spaces, Acta Math. inform.
Univ. Osrav., 1 (1993),

[27] S.Czerwik: Nonlinear set-valued contraction mappings in b-metric spaces,
Atti Sem. Mat. Fis. Univ. Modena., 46 (1998), 263276.1

[28] S. Ghler: 2-metrische Rume und ihre topologische structure, Math. Nachr.
26(1963), 115-148.

[29] S. G. Matthews: Partial metric topology Proc. 8th Summer Conference on
General Topology and Applications, Ann. N.Y. Acad. Sci., 728 (1994), 183197.

[30] S. Ghler S Zur: geometric 2-metrische Rume, Rev. Roumaine Math. Pures
Appl.11 (1966), 655-664.

[31] S.Kakutani: (1968), A generalization of Tychonoffs fixed point theorem, Duke
Math. J. 8, pp. 457-459.

[32] S. Shukla: Partial b-metric spaces and fixed point theorems, Mediterranean
Journal of Mathematics, doi:10.1007/s00009-013-0327-4, (2013).

[33] V.M.Sehgal and A.T. Bharucha-Reid: Fixed points of contraction mappings
on probabilistic metric spaces, Math. Systems Theory 6(1972), 97102.

[34] Y.J Cho: Fixed points in fuzzy metric spaces, J.Fuzzy Math.,Vol.5 No.4,
(1997) 949-962.

[35] Z.Mustafa, H.Obiedat, F.Awawdeh: Some fixed point theorem for mapping on
complete G-metric spaces. Fixed Point Theory Appl. 2008, Article ID 189870
(2008)

[36] Z. Mustafa: U. Sims, A new approach to generalized metric spaces, J. Non-
linear Convex Anal, 7(2) (2006), 289-297. Principle. Proc. Amer. Math. Soc.,
130, 927-933 (2002)

[37] Z. Mustafa, U. Sims: Some remarks concerning D-metric spaces, International
Conference of Fixed Point Theory and Applications, Yokohama 2004, 189-198.



	Declaration of Authorship
	Abstract
	Acknowledgements
	1 Introduction
	2 Preliminaries
	2.1 Metric Space
	2.2 2-Metric Space
	2.3 Fuzzy Set
	2.4 Fuzzy Metric Space
	2.5 Fuzzy 2-Metric Space
	2.6 Fuzzy 3-Metric Space

	3  Fixed point theorem in Fuzzy Metric Spaces
	3.1 Presic Type Contractions

	4  Fixed Point Theorems in Fuzzy 2-Metric and Fuzzy 3-Metric Space
	4.1 Presic Type Contractions 
	4.2 Conclusion

	Bibliography

