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Abstract

In this analysis, the boundary layer viscous flow of nanofluids and heat transfer
over a non-linearly stretching sheet in the presence of a magnetic field is presented.
Velocity and thermal slip conditions are considered instead of no slip conditions
at the boundary. A similarity transformation set is used to transform the gov-
erning partial differential equations into non-linear ordinary differential equations.
The reduced equations are solved numerically using the shooting method. The
influence of governing parameters on the dimensionless velocity, temperature and
nanoparticle concentration as well as the skin friction coefficient, Nusselt number
and local Sherwood number are analyzed. It is found that as the velocity slip
parameter increases, the velocity profile, the skin friction and heat transfer are
decreased while the mass transfer is increased. Increasing the thermal slip pa-
rameters causes a decrement in the heat and mass transfer rates. The results are

presented in both graphical and tabular forms.
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Chapter 1

Introduction

During the past few decades, the boundary layer problems related to a stretch-
ing surface have attracted an extensive thinking of scholars, since the number of
applications related to this area are found in engineering and industrial manufac-
turing process. Sakiadis [1] started the investigation over axi-symmetric and 2D
boundary layer flow problems. Different perspectives were focused by few schol-
ars in the previous decades. In any case, all these observations are confined to
direct stretching of the surface. Kumaran and Ramaniah [2] observed the flow on
a quadratic stretching sheet. Cortell [3] dissected the heat transfer rate and in-
compressible viscid flow on a non-linear stretchable surface numerically. Hayat et
al. [4] investigated the hybrid convective flow on a non-linear stretchable surface
of micro-polar fluid by utilizing homotopy analysis technique. Rashidi [5] ana-
lyzed the facts on free convective heat transfer rate for magnetohydrodynamics
flow on a penetrable stretched surface in the presence of radiation and buyoancy
impacts by applying homotopy analysis process. Prasad et al. [6] examined fluid
cheracteristics of magnetohydrodynamics flow on a stretchable surface by utilizing
Keller-box technique. Rapits and Perdikis [7] observed the viscid flow on a non-
linear stretchable sheet in the presence of magnetic field parameter by applying
shooting technique. The magnetohydrodynamics fluid flow of an electrically con-
ducting and visco-elastic fluid flow through a stretched surface was concentrated

by Turkyilmazoglu [8]. Khan et al. [9] observed the impacts of thermo diffusion

1



Introduction 2

over stagnation point flow of nanofluid in the presence of stretchable sheet with

applied magnetic field parameter by using similarity transformations.

Choi and Eastman [10] observed the impacts of thermal conductivity of fluids
with nanoparticle concentrations over a non-linearly stretching sheet. Gorla et
al. [11] examined the flow of heat transfer rate on a stretched circular cylinder
in a nanofluid. Fakour et al. [12] performed a similar work on the evaluation of
heat transfer rate of a nanofluid in penetrable medium in the presence of magnetic
field parameter. Makinde and Aziz [13] discussed the flow of increasing surface
boundary layer in nanofluids with convective boundary conditions using the RK
technique. Mustafa et al. [14] examined the boundary layer fluid flow of a stretch
surface by utilizing homotopy analysis process to calculate semi-analytical solu-
tions. Hamad [15] used the RK method to find a solution that is comparable to
heat transfer and viscid flow of nanofluid on a non-linear stretchable sheet. The
continuous flow of steady boundary layer across a stretchable sheet and transfer
of heat of fluid through a non-linear penetrable stretched surface was analytically
presented by Bachok et al. [16] and the similar work on boundary layer fluid
flow on a non-linear penetrable stretched surface in nanofluids was numerically
observed by Zaimi et al. [17]. Aman et al. [18] investigated the impacts of in-
compressible viscous flow in the presence of magnetic parameter and uniform 2D

stagnation point flow of a viscid fluid.

Uddin et al. [19] observed the two dimensional magnetohydrodynamics free con-
vention and viscous flow from a convectively heated penetrable surface in the
presence of chemical reaction parameter. A Similarity transformations are used for
the conversion of the governing equations and the boundary conditions. Khan et
al. [20] discussed the impacts of two dimensional velocity slip parameters and axi-
symmetric flow of water and kerosene based nanofluid over a non-linearly stretched
surface. Turkyilmazoglu et al. [21] observed the flow of electrically conductive,
non-Newtonian fluid in binary and ternary solutions for magnetohydrodynamics

under the impact of flow conditions through the stretching surface. The relation
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between specific and standard fluid flow was analyzed by Bachok et al. [22] and
as a result, a method of reshaping was suggested which greatly specifies the es-
timation of flow variables like heat transfer and skin friction. Turkyilmazoglu et
al. [23] presented the impacts of nanoparticles around the condensate boundary
surface, which allowed the separation of nanoparticle concentrations from the film

due to the widely used single phase model.

1.1 Thesis Contributions

The major objective of this research work is to execute the impacts of velocity
slip and thermal wall slip parameter on MHD viscid flow and heat transfer rate
of a nanofluid on a non-linear stretchable surface. The set of non-linear partial
differential equations are transformed into ODEs and numerically solved by utiliz-
ing shooting method. Impacts of distinct parameters on the velocity, temperature

and concentration distributions are expressed in tables and graphs.

1.2 Thesis Outlines

This thesis is classified into four main chapters:

Chapter 2 consists of some basic definitions of fluid, nanofluid, flow, boundary
layer, heat transfer, viscous flow, basic governing laws and similarity transforma-

tions.

Chapter 3 contains the complete review of [15] which considers the impact of
velocity slip parameter on magnetohydrodynamics two dimensional viscid flow of

a nanofluid on a non-linearly stretchable sheet.

Chapter 4 is an extension of the given model [15] by including the impacts of
Carreau nanofluid, thermal radiation and chemical reaction variables. Numerical
outcomes for skin friction coefficient and Nusselt number have also been discussed.

Impacts of different physical parameters are analyzed through graphs and tables.
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Chapter 5 includes the summary of the entire study.

All the references used in this thesis are listed in Bibliography.



Chapter 2

Preliminaries

In this chapter some basic definitions, basic laws, terminologies and basic concepts
for analyzing the non-linear partial differential equations are explained, which
would be used in next chapters. These concepts will be helpful to develop an

understanding for the rest of the thesis.

2.1 Basic Definitions

This section contains few essentials definitions and laws of the fluids, which will

be used in the upcoming discussions.

2.1.1 Fluid [24]

“Fluids are substances whose molecular structure offers no resistance to external

shear forces: even the smallest force causes deformation of fluid particles.”

2.1.2 Fluid Mechanics [25]

“The branch of science that deals with the behavior of fluids at rest or in motion
and the interaction of fluids with solids or other fluids at the boundaries.”

5
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2.1.3 Fluid Dynamics [26]

“It is the study of the motion of liquids, gases and plasma from one place to
another.”
2.1.4 Viscosity [27]

“Viscosity is a quantitative measure of a fluid’s resistance to flow. Mathematically,
it can be written as

/J,:

SN

where p is viscosity coefficient, 7 is shear stress and % represents the velocity
gradient or rate of shear strain.”

2.1.5 Kinematic Viscosity [28]

“It is defined as the ratio between the dynamic viscosity and density of fluid. It
is denoted by the Greek symbol v, thus mathematically,

viscosity |
V=—"=

density ~ p’

. . . . . . 2
where the unit of kinematic viscosity is L?.”

2.1.6 Ideal Fluids [28]

“A fluid which is incompressible and has no viscosity is known as an ideal fluid.”

2.1.7 Real Fluids [28]

“A fluid which possesses viscosity is known as a real fluid. All the fluids in actual
practice are real fluids.”
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2.1.8 Newtonian Fluids [28]

“A real fluid in which shear stress is directly proportional to the rate of shear

strain (or velocity gradient) is known as a Newtonian fluid.”

2.1.9 Non-Newtonian Fluids [28]

“A real fluid in which the shear stress is not proportional to the rate of shear strain

(or velocity gradient) is known as a Non-Newtonian fluid.”

2.1.10 Megnetohydrodynamics [29]

“Magnetohydrodynamics (MHD) is concerned with the flow of electrically conduct-
ing fluids in the presence of magnetic fields, either externally applied or generated

within the fluid by inductive action.”

2.2 Properties of Fluid

2.2.1 Heat Transfer [30]

“The energy transfer due to temperature difference is called heat transfer. Heat

transfer occurs through different mechanisms.”

2.2.2 Conduction [30]

“Due to collision of molecules in the contact form, heat is transferred from one
object to another object. This phenomenon is called conduction. Such type of

heat transfer occurs in the solids.”
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2.2.3 Radiation [30]

“In the radiation process, heat is transferred through electromagnetic rays and

waves. It takes place in liquids and gasses.”

2.2.4 Thermal Conductivity [30]

“It is the property of a substance which measures the ability to transfer heat.
Fourier’s law of conduction which relates the flow rate of heat by conduction to

the temperature gradient is

Q __dT

a - a

dQ

where A, k, T and (c% are the area, the thermal conductivity, the power per

unit area transported and the temperature gradient respectively. The SI unit of

kgm

thermal conductivity is %4+ and the dimension of thermal conductivity is (ML) 7

73 1 -

2.2.5 Thermal Diffusivity [30]

“The ratio of the unsteady heat conduction of a substance to the product of specific
heat capacity ¢, and density p is called thermal diffusivity. Mathematically, it can

be written as

The unit and dimension of thermal diffusivity in ST system are m?s~' and [LT™!]

respectively.”

2.3 Types of Flow

2.3.1 Compressible Flow [30]

“A flow in which the density variation is not negligible is known as compressible

2

flow.
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2.3.2 Incompressible Flow [30]

“A flow in the density remains nearly constant throughout is known as incom-

pressible.”

2.3.3 Steady Flow [30]

“A flow in which the velocity of the fluid at a particular fixed point does not

change with time is known as steady flow.”

2.3.4 Unsteady Flow [30]

“If any physical property of the fluid at a specific point changes with time then

such flow is called the unsteady flow.”

2.3.5 Viscous Flow [30]

“A flow in which viscosity of the fluid is not zero are called viscous (viscid) flow.”

2.3.6 Inviscous Flow [30]

“A flow in which viscosity of the fluid is equal to zero is known as inviscous

(inviscid) flow.”

2.4 Conservation Laws

2.4.1 Equation of Mass [31]

“The law of conservation of mass states that for any system closed to all transfers

of matter and energy, the mass of the system remain constant over time, as the
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system’s mass cannot change, so quantity can neither be added nor removed. For

any fluid conservation of mass is expressed by the scalar equation

Op o7
En + V.(pu) = 0. (2.1)

2.4.2 Equation of Momentum [31]

“ The momentum equation states that the acceleration of a particle following the
motion is the result of a net force, expressed by the gradient of pressure, viscous

and gravity forces. Mathematically, it can be written as

%(pu) + V.[(pw)u] = V.T — pg =0." (2.2)

2.4.3 Law of Conservation of Energy [31]

“The law of conservation of energy states that energy can neither be created nor
destroyed, only converted from one form of energy to another. Conservation of

thermal energy is expressed by

p [%—(t]] = [r.Vu+pV.u] +V(kVT)+ H,, (2.3)

where U is the internal energy per unit mass, and Hr is the heat of reaction.”

2.4.4 Newton’s Law of Viscosity [32]

“It states that the shear stress (7) on a fluid element layer is proportional to the
rate of shear strain. The constant of proportionally is called coefficient of viscosity.

Mathematically, it is expressed as

T = ud—y.” (2.4)
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2.5 Dimensionless Parameters

2.5.1 Reynolds Number (Re) [32]

“It is the most significant dimensionless number which is used to identify the differ-
ent flow behaviors like laminar or turbulent flow. Mathematically, it is expressed
as

LU
Re=1"222 Re = =—
e L U’ = Re T

where U denotes the free stream velocity, L is the characteristic length and v

stands for kinematic viscosity.”

2.5.2 Nusselt Number (Nu) [32]

“It is the relationship between the convective to the conductive heat transfer
through the boundary of the surface. Mathematically, it is defined as

Nuy=—,
K

where h stands for convective heat transfer, L stands for characteristic length and

 stands for thermal conductivity.”

2.5.3 Prandtl Number (Pr) [32]

“The ratio of kinematic diffusivity to heat the diffusivity is said to be Prandtl
number. It is denoted by Pr. Mathematically, it can be written as

v

Pr = ok
o

= Pr=—,
pK

where ;1 and o denote the momentum diffusivity or kinetic diffusivity and thermal

diffusivity respectively.”
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2.5.4 Weissenberg Number (We) [33]

“The Weissenberg number is typically defined as

We =22
(& L,

where A is a velocity slip parameter, u and L are a characteristic velocity and

length scale for the flow respectively.”

2.5.5 Skin Friction Coefficient (C'f, ) [33]

“The skin friction coefficient is typically defined as

27,
O = =

2 )
pw3,

where 7, is the local wall shear stress, p is the fluid density and w., is the free

stream velocity (usually taken outside the boundary layer or at the inlet).”

2.5.6 Sherwood Number (Sh,) [33]

“It is a non-dimensional quantity which describes the ratio of the mass transport

by convection to the transfer of mass by diffusion. Mathematically,

here L is characteristics length, D is the mass diffusivity and k is the mass transfer

coefficient.”

2.5.7 Thermophoresis Parameter (Nt) [33]

“In a temperature gradient, small particles are pushed towards the lower temper-

ature because of the asymmetry of molecular impacts.”
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2.5.8 Eckert Number (Ec) [33]

“It 1s a dimensionless number used in continuum mechanics. It describes the
relation between flows and the boundary layer enthalpy difference and it is used

for characterized heat dissipation. Mathematically,

2

Be=
T VT

2.5.9 Schmidt Number (Sc) [33]

“It is the ratio between viscosity v and molecular diffusion D. Mathematically,

we can write it as:

Sc=—
c=5

where v is the kinematic viscosity and D is the mass diffusivity.”



Chapter 3

Impacts of Thermal Wall Slip and
Velocity Slip Parameter on

Magnetohydrodynamics

3.1 Introduction

In this chapter, we accomplish the successive observation on MHD incompressible
viscous laminar fluid flow on a non-linearly stretchable sheet with the impacts
of velocity and thermal wall slip parameters. The set of equations for energy,
momentum and concentration are attained by utilizing the boundary layer ap-
proximation. Furthermore, the governing coupled non-linear partial differential
equations are transmuted into ODEs by using the appropriate transformations. A
numerical technique based on the shooting method is used for the solution of first
order ODEs. At the end of this chapter, the numerical solution for different pa-
rameters are considered which impact on the skin friction coefficients, Nusselt and
sherwood number. The tables and graphs are shown which are obtained through

this investigation.

14
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3.2 Mathematical Modeling

hAY

TOO :Coo

Tw,Cw

Stretching force

g t— —

» X, U
O

u =ax" T B(x)

FIGURE 3.1: Systematic representation of physical model.

Assume a uniform 2D incompressible viscid flow of an electrically conducting fluid
on a non-linearly stretchable sheet. Meanwhile, the plate has been stretched with
the velocity u,, = ax™ along x — direction. Here T, is the wall temperature and
C,, is the nanoparticle fraction, T,, is the ambient temperature and Cy, is the
nanoparticle fraction. The flow is explained by assuming the two dimensional

governing equations containing the continuity, momentum and energy transfer:

% + Z—Z = 0. (3.1)
u% + g—z = Vgiyl; - Up—B;Qu. (3.2)
ug—z+vg—§:a%+c—yp(g—z>2+T DB%Z_§+%(C;—§>2 - (3.3)
w0l =Dy L (gTT) (3.4)
Here o« = ﬁ(m?s‘l) denotes the thermal diffusion, 7 = % shows relation

n—1

between the successive heat capacity and magnetic field equation B(z) = Boz 2 .
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The suitable BCs for the equations (3.1)-(3.4) are given below.

u:uw—Nuf(g—Z), v =0,

T:Tw+D(a—T), C=0C, as y=0. (3.5)
Ay

u—0,v—=0 T—>T, C—Cyx as y — o0 ]

Here, u,, = az™ denotes the stretching velocity, T, = Ts + bz®® denotes the
temperature of surface, a, b are constants parameters, N = Niz =z * denotes the
velocity slip parameter which changes with z, N; denotes the basic form of velocity
slip parameter, D = Dyjz~ 2 * denotes the thermal slip parameter and D; denotes

the basic form of thermal slip parameter, no-slip instance is retrieved for N = 0.

C=yy | D (o),
vy
I £ G DL (n—-1) (3.6)
-yt 7O+ (e
T = To 4+ ba20(C),  6(C) = % /

The complete procedure for the conversion of equations (3.1)-(3.4) into the dimen-

sionless form has been described in the upcoming discussion.

ou 0 oy
= @ F(Q)),

n d / 4 0
e OO
¢ _n

=anF'(()a" " + aF"(¢) >

oz
= anF'(Q)z""" + aF"(Q)y a(gjf o 3 D252 g,
= anF'(Qe + L ¢ (gt (5.7

. Do { 5t o (5o aroF )]
\/m oS+ e (Sro a0l
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— / (TL +21)al/fxnglF/(

/(n+1)ayfan_1 (n—1)
2 (n+1)
(Sro+amof)
[(n+1)avy n-1 [(n+ 1Davy na(n—1)¢
=\ Loz F( 5 f$2(n_|_1)§F(O—
(n—i—l)az/f " <2 21
Vs  F (C)ZZU

o a(n + 1) / n (n B 1) / n—1 a(n + 1) " n—1
= TP (Ot = B (Ot - B (e,

o (D ) gD

S
5,

¢
Sk

2 2
, (mn—1+n+1)\ ,, an+1)
= —ar() (g Y 2

a(n—1)

CF"(C)a",

= —anF'({)z" ! — ¢ F'(¢) o™t (3.8)

Equation (3.1) is very easily satisfied by using the (3.7)-(3.8) as follows:

ou Ov

a(n—1)
9z oy

2
¢ F'(¢)a" ' =0 (3.9)

— anF'(Q)r" ! + CF"(Q)a" ! = anF'(¢)a" '~

a(n—1)

For converting the equation (3.2), we proceed as follows:

du 0
dy  dy

= az"F"(C)

(ax™F'(Q)),
a¢
8_y7
<
y.
0? 0
7~y (19;).
_ sn-l /a<n + 1) " %
= ar 27/f F (C) 8y7
_ a’2<n + 1) F///(C)xanZ'

= az"F"(() (3.10)

3.11
S, (3.11)
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. u% = aF'(C)m”%(aF’(C)x”),
= ar () |y [HE D ey anF’(@f”‘l] ,
2 21/f
= Sy D R 0n ™ (o) (12
aui_ <n+1)a’/f nl (n—1) ' 2 n
. 5 [P+ P OF ()] e FQ)
_ (n +21)ayfxn21F(<)F”(€)a a(g:}: 1)56% . (n +21)an
%(n_l) / " a<n+1> %
x m(p (O F"(C)a T, U
2 2(n —
=D pgy e - T Do pg)
a(n+1) s

Using equations (3.12)-(3.13) in the left side of (3.2), we get

ue g—Z -y G(ij LR Q2T + (PO
0D poy et - LD e
a(n+1) su-s
5, (3.14)

For converting the right side of equation (3.2), following derivatives are as follows:

oy2 oy \oy )’

e S 2n—2
=v 2 F"(¢)z="=. (3.15)
oB? oB?
° — nF/
o T (az"F'(C)),
2
= ia:zc”F'((). (3.16)
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Using (3.15)-(3.16) in the right side of (3.2), we get

O*u  oB? a*(n+1) oB?
v + u=v F"(O)a® 2 + ——ax"F'((). 3.17
et D D prgynz . T @17

Comparing equations (3.14) and (3.17), the dimensionless form of (3.2) can be

written as:

a’(n—1) [a(n+1)
2

3

FI(QF"(Q)a™r

a2n(F/)2(<)x2nfl + 5
!

3

a(nt 1) FIOF(Q)a™s,

- TF(C)F’/(C)QJQWI -

a*(n—1) |a(n+1)
2Vf

a2<n + 1) 2n—1 UBQ
—x JR—

=vF"(() p_faan,(<)7

21/f
2
1
a®(n + >x2n—1

2
a®(n + 1)1,211—1
21/f

= vF"(() 5

+ FY(OF(C)

— a2n(F/(C))2x2nfl _ UP—BZCLInF/(C) — 07
f

Vo m 1" 2n
a?(n+1) 5,4
Tﬁ =

j F///(C) +F<C)F”(<) _

20 B*z"
pg(n+ 1)ax?—1

(F'(¢))* -

F'(¢)

0,

2n 2 20 B?
(n—i—l)(F (©) pr(n+1)a

2n 20B? o
(n+1) B pf(n+1)aF Q) =0,

2n ' 2 / _
A (FOF = MF(O =0,

(F')> = MF' =0. (3.18)

pn—1 FI(C) - O’

S PO+ FQOF'(Q) - ——(F(Q))?

= F"(QO+ FQF'(Q) -

2n
(n+1)

= F/// _|_ FF// -

The following derivatives will help to convert the equation (3.3) into the dimen-

sionless form.

o T =Ty +bx*0(().

aT i)
¢ o= 0+0b {:132"0'(()8—5: + anQ”_IQ(C)] ,
— b0 (C)y a(gj D) om0 5 Y 4 obna®19(0). (3.19)
!
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aor om 7 o OC
) o =0+ bz™"0 (C)ay
o 2n pn/ CL(TL + 1) ”771
o CL(TL + 1) 5"2—*1
=b0'(() 2, x 7. (3.20)
. 82T—b0”(<) (TL—I— ) nlag
(¢ a(n —I— 1 la(n +
TL + 1 " 3n 1
= 27/f 9 (3.21)
_ (=)
o #() = Co=Cu)’
= O =Cx+(Cu—Cx)e(C)
oc 1oy OC
1) na
= (G~ G0y Y, (3.22)
f

oT s O
* Up-=az F(Q(‘?_x

ab(n — 1)

=5 FQFQy

(T + b2™0(C)),

a(n + 1)x7n273 n 2aan'(()

2Vf

C)x3n—1 ]

0(
o o= | TIPSR RO + T RORQ)| 4T+ 1000
B (n+ 1)av nt , a(n+1) o1 (n +
——\/Tfﬂf Q)8 (C)M/Tﬂ? T

n=1 i(n—=1) a(n + 1)]:%
T CES >CF (QLASL T
(n+1) (

Y

— ] anF C)QI(C)Z? CL(T;:; 1>$3n71 _ (n + 1)a’yf

(n — 1) / / a(n + 1) 3n—1
n+ 1)CF QLA T, U
ab(n + 1) ab(n

2

- FO# Qe — =D p e oa

(3.23)

Davy

(3.24)
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Using equations (3.23)-(3.24), the left side of (3.3) becomes:

or — or , an_1 . ab(n —
U —I—va—y 2abnF'(C)0(¢)x + 5

ey — MF’(C)Q’(C):B?’"” - T_F’(C)H’(C)

an+1) m-s
N T, 3.25
2y Y (3.25)

The following derivatives will help to convert the right side of equation (3.3) into

the dimensionless form:

0*T o (0T
Y _ = _ _
Yoz ~ "oy \oy )

8 , a(n+1) snot

= a2 ED iyt (3.26)

21/f

v [ Ou 2 v NG 2
'a(a—y) :a(““’”%) ’
n /! CQ

= C@ (),

_ 20D (g, (3.21)

cp 2y

0T dC Dy (0T ( /n—|—1
o T (DBa_ya_y+ p— (a—y) ) TDB <b0

((Cw — C)g(Q) LY ) e “(”+ D oo )

21/f
= TDBM(C —C)O (O (O)x 3n-1 4 DT(T; T
PO (. (3.25)

Using equations (3.26)-(3.28) in the right side of (3.3), we get

P2T v [Ou OT OC Dy (0T \? ab(n+1) ,
“a?*a(a—y) (DBa—a—N:(a—y))‘az—w‘”O
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3 1
$3n_1+KM(F”(C))2$3n_1 +7Dg
Cp 2Vf

ab(n + 1)

(Cw - OOO)HI(O

R e e ) I

_ ab<n+1) " 3n—1
=« 2, 0"(()x +

ab(n2+ 1) (€ — CI O (O + TDT(T;_ Tw)

ab(n2—|— 1) (0(O))2a™ . (3.29)

va*(n+1)

F// 2, .3n—1 D
S QP 7D

Comparing equations (3.25)-(3.29), the dimensionless form of equation (3.3) can

be seen as:

ab(n

ab =) oy )

2abnF'(C)O(C)x 1 + 5 2

ab(n + 1)

F(QY(Qa™ ! = —=—F(QF'(C)
_ ab(n + 1) " n— Y a3(n ks 1)
=a—g, ="+ o =
LD (o = o Qa4+ 2 =T
(0'(¢))*a™

(F(0)a!

+7Dp

ab(n + 1)
2

@ =D prieyer (¢, | A D

= 2abnF'(0)0(O)z® 1 + 5 2

ab(n + 1) / ’ 3n—1 ab(n — 1) / / a(n + 1) =3
g Q' ()™ — —5 (©)8'(¢) oy LT

aab(n + 1) ell(c)lﬁn—l _ i@g(n + 1)
21/f Cp 2Vf
ab(n2+ D (0 — (O (™ — TDT(T; — 1)

ab(” + 1) (9/(C))2$3n—1 _ O,

2
- LI+ FONO - ‘lfl)F’(oe(o T rDp(Co— Co)0 (O ()
l/f n

wr (P =T i 2 (or =0,

Too CP Vf

(F,/(C))stn_l

—TDB
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> B0+ FOPQ) = 5o P00 + N (O0(0)
NP+ — () o
S O+ FOPQ) = G P00 + N (O0(0)
+ NUO(Q) + Be(F"(Q) =0,
= %e" + FY — (n4f1) F'O+ NbY'¢' + Nt(0')> + Ec(F")* =0.  (3.30)

To convert the equation (3.4) into ordinary differential form. We calculate the

following derivatives:

(O =Cy)
e #(()= Co=Co)’
= (= Coo + (Cw - Coo)qb(C)
oc NS
o 5, =0+ (Cu—Cx)d(C)5
(n—-1) , a(n+1) ns
= (O — Co) ——rT
( )59 (Qy 2
oC NS
) a—y—0+(0w_coo)¢ (C)a_y7
= (Cu - Cu) (O 2 D3t
vy
9°C " a(n+1) nTA%
* 9E (Cw — Co0)9"(€) o, T oy
= (C — coo>¢”<<>a(2+ g
vy
C 0
° Ugs = ax”F/(C)g(Coo + (Cw — Coo)#(C)),
0 0
= ax"F’(()g(O + (Cy Ooo)gb,(O@_i)’
0 0
:ax”F’(C)a—(Cw Coo)cb’(C)a—i,
= @ ()G — Ca) " Py [ D2
vy
— F(O(Co — C) P Py [ A0

(3.31)

(3.32)

(3.33)

(3.34)
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oC — Ja(n+1)vy nt (n—1)

0
a_y((coo + (Cw - Coo)¢(€)),

_ a(n+ vy 1 (n—=1) ., /
= R Q)+ o) € - o)
a(n+1) n1
21/f . ’
= D0, — cap@eet - P ye, o)
POy e (3.35)
Using equations (3.34)-(3.35) in the left side of (3.4), we get
9C 102 = PO~ C) ™D (g Oy M g
Y or v@y N v o 2 y 2u; v
Wt c, - cor@e©e - e, -y
PO# Oy LD e (3.36)

2

The dimensionless form of the right side of (3.4) can be obtained as follows:

2
c 220 n, 2 (%),

dy? Poy \ oy
B 0 , a(n+1) net
- DBa_y <(Ow Ow)gb (O QI/f x ) )
py 1) ¢"(O)(Cly — Cog)a™ 2. (3.37)
21/f

Dr&*T Dy 0 (0T
To 0y? T Oy

Ty Oy 2wy
. DT 19) I a(n + 1) 5n—1 8(
T, Oy (b@ (©) vy oy |’
D 1
_ Draln £ 1) g yppont (3.38)

Too 21/f
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Using equations (3.37) and (3.38) in the right side of (3.4), we get

0?°C Dy 0°T aln+1) , w1 Dra(n+1)
Ba_y?—i_ia_gﬁ_DBT(b (O(Cw — C)x +§2—Vf
0" (C)bx* . (3.39)

With the help of equations (3.36)-(3.39), the dimensionless form of (3.4) is ob-
tained through the following steps:

1D, - caros @G - g, -
F(()¢' (="' - “<”2_ (= P8Oy “(’;:; 1) o
- 0a g - e+ P g g

= 4" ;—; (' (¢) + TOODB(??Z - COO)H”(C)be”} Dp(Cyy — Cs)
a(r;;; 1)$n_1 o

= HO+ LRI + (e ) (0 =0,

y (w)
= @O+ LFQOS Q) + ( (DB(C:Q‘;j;(pc)f)) 0(¢) = 0,
(pc)por

= Q)+ SeF(QF Q) + e (C) =
Nt

1" F/ _//:' A4
= ¢+ ScF¢ + 10" =0 (3.40)

Now for converting the associated boundary conditions into the dimensionless

form, the following steps have been taken:

0
° U:Uw+NVf<a—u) at y=0.
Y

= az"F'(() = az" + Nvy (aF"(C) aln + 1>x3nz_1> at ( =

= az"F'({) =az" + ax"NF"({),| ———>2"2 at (=0.
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U

4

¢l 4

4

4

F'(¢) =1+ NF"(C) %le)x at ¢ =0.

F(()=1+N, MF"(g) at ¢ =0,
21/f

F =14+ AF" at ¢=0.
v=0 at y=0.
a(n+ 1)y a1 (n—1)
- 2 {F@H(nﬂ)
(n—-1)

{F(CHWCF%O] =0 at ¢=0.

F()=0 at ¢=0.

(F’(C)] =0 at (=0.

F=0 at ¢(=0.

T:Tw—i—D(a—T) at y=0.
Iy

Too + b2°"0(C) = T + ba®™ + Dbz (¢)

1) n
aln + >$Tl at ¢ =0.

bz?"0(¢) = ba*™ + Dbx*"0' (¢)
2Vf

a(n+1)
2Vf

8(C)=1+30(C) at ¢ =0.

0=1+00 at (=0.

0(¢) =1+ D10 (¢)

at ¢ =0.

C=0C, at y=0.

Coo + (Cpy —Cx)o(C) =C, at y=0.
(Cuw = Cs)d(C) = (Cw — o) at ¢=0.
o) =1 at ¢=0.

p=1 at (=0.

u—0 as y — oo.

az"F'(() = 0 at ¢ — oo.

F' = 0.

v—0 as y — oo.
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° T — Ty as y— oo.
= T +b02*0(¢) = Ty as ( — oco.
= 0—=0.

° C—Cyx as y — oo.

= Cu+ (Cw - Om)¢(C) = Cx at ¢ — oo.

Y

(Cw —C0)(¢Q) =0 at ¢ — oc.

= ¢—0 at ( — oo.

The final dimensionless form of the governing model, is

2n
F"+FF'— —— _(F')*— MF =0. 3.41
e (3.41)
1 n
o F/_ F/ N ! N N2 E F”2:. .42
Pr9+ 6 D 6+ NbO'¢'+ Nt (0)* + Ec (F")*=0. (3.42)
Nt
"+ ScFd +— 0" = 0. 3.43
o'+ ScFg' + + (3.43)

The associated boundary conditions (3.5) shown as:

(=0: F' =1+AF"(0),F=0, 6=1+30(0),¢=1
(3.44)
(—o00: FF=0, F—=0,0—=0,¢—0.

Different parameters used in equations (3.41)-(3.43) are explained as follows:

P’I“:Z,SC: Vy ,Nb: DB<CU/_COO)(pC)f’
@ Dp (PC)pex
_ 2
Nt — DT(Tw TOO)(pc)f M= 20B

_apfn—l—l
/ayfn+1 S=D la n+1 Be— uwT>. (3.45)

The skin friction coefficient is defind as:

_ Ky |Ou
Cf, = - {&/L_o' (3.46)
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To achieve the dimensionless form of C'f,., the following steps will be found helpful.

ou snot oy a(n+1)
. oy ax = F"(Q) oy
= (8—“> — a5 (o), |2 (3.47)
8y y=0 2Vf

Using (3.47) in (3.46), we get in the following form:

a(n+1)
2l/f

My el N a (n+1)
:>C'fz—p(uw>2ax F(O)‘/Vf\/—2 :
. (n+1) " Vy
= =" o), [ L

Cf, = at axsnglF”(O)

Y

1 [(n+1)
= Cfo= [ M2 FO)
= of, = (re) | "I U po),
~ (Re)rCf, = @F"(o). (3.48)

The Nusselt number is defind as:

Lquw

Nu, = — 24w
Y = (T — Too)

(3.49)

To achieve the dimensionless form of Nu,, the following steps will be found helpful.

oT o a(n + 1) Sn—1
<8_T) — 1'(0) a(n+1) sna
8y y=0 21/f
. [— a_T
Gu By y—O,
1 Sn—1
s g = —kbO'(0) a(gj ) (3.50)
f
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Using (3.50) in (3.49), we get the following form:

ST e
=Nty = _bfz)n a(z:]: 1)1'%6’(0),
=Nu, = — axn+19/<0) (n+ 1)7
vy 2
=Nu, = _\/ﬁg/(())\/@’
= (o) i, =y 5 20} (3.51)

The local Sherwood number is defind as:

LGm
hy = . .
S Dp(C, — Cy) (3:52)

To achieve the dimensionless form of Sh,, the following steps will be found helpful.

oc B a(n+1) ol
¢ a_y = (Cv — Cx) 20, z 2 ¢'(C).
oC . a(n—l— 1) nT—l ’
= (%) = (- B e o0
N
dm — LB |:ay:|y_07
an+1)

2 ¢(0). (3.53)
Using (3.53) in (3.52), we get

tDp(Cyp — Cx) Ja(n+1) n

hx:— 2 /
S Dp(Co—C) 2 " ¢'(0),

1) »-—
= =—I a(g:; )ITl¢/(0)7
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n+1 1
~Sh, /a: n+ ¢

L Sh. — —VEe ”*” #(0).

(n—l—l)

=(Re) 25h, = —\/ ——24/(0). (3.54)

Here k is the thermal conductivity, the heat and mass fluxes ¢, and ¢,, at the sheet

LUy
= -

respectively. Moreover, Re, represents the Reynolds number defined as Re, =

3.3 Method of Solution

For the solution of ODE system (3.41)-(3.43), the shooting method has been
used. Equation (3.41) is solved numerically and then its solution is used in equa-
tions (3.42)-(3.43). To solve the equation (3.41) independently by using shooting

method, the following notations have been incorporated:

/ /
F=z, F'=2z =2,

U / " /
F" =2y =23, I =z,

By using the above notations in equation (3.41), the successive scheme of ODEs

is obtained:

2y = 29, 21(0) =0

2y = 23, 22(0) =1+ As
2

zp = 0 fl)zg + Mzy — 223, 23(0) = s.

The above IVP will be numerically solved by RK technique of order four. In the

above initial value problem, the missing condition s satisfy the following relation:

F(0) = %(F’(O) —1). (3.55)
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To solve the above algebric equation (3.55), we apply Newton’s method which has

the following iterative scheme:

G(¢)

Sk+1 — Sk o ’
G'(€)

where G(¢) = y2(1so, €)-

To incorporate Newton’s method, we further utilize the following notions:

82’1 822 823
= A4, = Z5, = Z6-
0s

s

As a result, the following IVP is obtained:

Zy = 2, 4(0)=0

2L = 2, 25(0) = A
4

2% = (n f1)22z5 + Mzs — 2126 — 2324, %(0) = 1.

Now, the coupled equations (3.42)-(3.43) will be treated similarly by considering

F as a known function. For this, we use the following notations:

/ / /! !/
0=z, 0 =2=2, 0 =z,

¢:Z3a ¢/:Z{/§:Z47 Cb”:ZQ-

By using the above notations in equations (3.42)-(3.43), the following ODEs is

obtained:
2 = 29, 21(0) = 1 4 du.
2y = Pr in F'z — Fzg — Nbzozy — Ntz — Ec(F")? 2(0) = .
(n+1) ’
Zé = 227 23(()) = O
PriNt 4n
2y = ScFzy — i [(n =y F'zy — Fzg — Nbzozy — Ntza — EC(F”)21 ,

24(0) = v.
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The above IVP will be numerically solved by RK technique of order four. In the

above IVP, the missing conditions v and v are to be chosen such that:

<21(C, u(k)év(k)) — 1) —0, (22(€; u(k)’v(k))) —0. (356)

To solve the above algebric equation (3.56), we apply the Newton’s method which
has the following scheme:

-1

(k+1) (k) 0z 9z 21 (Cu® o)1
u — u _ ou ov 5

k+1 k o ) k k
o+t v® i 2(C, u® 1)

To incorporate Newton’s method, we further apply the following notions:

821 822 62’3 82,’4

— = Zz5 — = Z —-— =27 — = zg.
ou T Ou T Ou T Ou

82’1 822 82’3 62’4

a5 T %9 - — %10 a5 — ~l11 = = *12-
ov T Ov T v T Qv

As the result of these new notations, the Newton’s iterative scheme gets the form:

—1
(k) (R)y_
wF+D) u®) Z %6 z1(Gu 6,v )—1

o+ o(®) 5 710 2(C,u®, p0)

Here k is the number of iterations (k = 0, 1,2, 3, ...). Now differentiating the above
ODEs with respect to u and v, we have another scheme of eight ODEs of order

one.
!/ 4” /
2 = Pr n—|—1F 25 — Fzg — Nbzyzg — Nbzgzg — 2Ntzo2g| 26(0) = 1.
PrNt | 4
24 = ScFzg — ]Qb [n le/ZE, — Fzg — Nbzyzg — Nbzyzg — 2Nt2226} ,
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%9 = 210, 2(0) = 0.
/ 4n !
210 = Pr n 1F Z9 — leo - Nb242’10 - NbZQZlg — 2Nt222’10 s 210(0) = 0.
Zil = 212, 211(0) =0.
PrNt | 4
212 = SCF,ZlQ — ]T\./.b |:n le/ZQ — FZl() — Nb242’10 — NbZQZlg — 2Nt22210:| s

212(0) =1.

The RK method has been used to solve the IVP consisting of the above twelve
first order ODEs for some suitable choices of u and v. The iterative process is

repeated until the following stopping criteria is met:
maz{|u®t — B | Jp*tD W) < ¢

for an arbitrary small positive value of . Throughout this chapter ¢ has the value

(10)-5.

3.4 Results and Discussion

The main objective of this section is to analyze the impact of various parame-
ters on the velocity, temperature and concentration distributions. The influence
of different factors such as Schmidt number Sc¢, Brownian motion parameter Nb,
thermophoresis parameter Nt, Prandtl number Pr, Eckert number Ec, velocity
slip factor A, thermal slip factor §, non-linear stretching parameter n, magnetic
field parameter M is observed graphically. Numerical results of the skin friction
coefficient, Nusselt number and Sherwood number for the distinct values of some
fixed parameters are shown in Tables 3.1-3.2.

Figure 3.2 shows the impact of non-linear stretching parameter n and magnetic
parameter M on velocity distribution. By enhancing the values of M and n, the
velocity distribution shows the decreasing behavior due to the presence of Lorentz
force. Figure 3.3 exhibits the influence of magnetic parameter M and non-linear

stretching parameter n on temperature distribution. The temperature distribution
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expands by enhancing the values of M and n. Figure 3.4 represents the impact
of magnetic parameter M on the concentration distribution. By increasing the
values of M, the nanoparticle concentration distribution is also escalated due to
Lorentz force.

Figure 3.5 is delineated to show the impact of velocity slip factor A on the dimen-
sionless velocity profile. This graph reflects that by enhancing the estimations of
A, the velocity distribution is decreased because the velocity of the stretching sheet
is not the same as the velocity of the flow. Figures 3.6-3.7 represents the influence
of velocity slip parameter on the dimensionless velocity profile. It can be noted
that, the temperature and concentration profiles are increased by enhancing the
values of A due to the presence of thermal slip and magnetic parameter. Figure 3.8
displays the impact of thermal slip parameter 6 on the dimensionless temperature
distribution. It can be noted that the temperature distribution reduces by enhanc-
ing the values of §. Figure 3.9 illustrates the impact of thermal slip parameter 6 on
the dimensionless concentration profile. This graph indicates that an increment
in the values of § causes an increment in the nanoparticle concentration profile
is increased. The thermal boundary layer thickness experiences a decrement by
enhancing the values of §.

Figure 3.10 is delineated to show the impact of Eckert number E'c¢ on temperature
distribution. It is clearly shown that the temperature distribution is increased
by enhancing the values of Ec¢ due to the decrement in heat transfer rate. Fig-
ure 3.11 indicates the influence of Brownian motion parameter Nb on concentra-
tion distribution. The behavior of concentration distribution is decreased due to
the accelerating values of Nb. Figure 3.12 indicates the dynamics of the veloc-
ity distribution against the magnetic parameter M for rising values of non-linear
stretched parameter n. By enhancing the values of n, the velocity distribution is
declined due to the motion of fluid. Figure 3.13 represents the impact of thermal
slip parameter ¢ on temperature distribution. It can be noted that the tempera-
ture distribution accelerates by enhancing the values of Pr. Figure 3.14 exhibits
the impact of thermophoresis parameter Nt on heat transfer rate. It can be noted

that, the temperature profile is declined by enhancing the values of Nt.
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TABLE 3.1: Numerical outcomes for (Rez)%C fz for various parameters.

n Hammad Present
[15] result
0.1 0.6284 0.6284
0.2 0.7675 0.7676
0.5 0.8902 0.8902
1.0 1.0005 1.0006
3.0 1.1489 1.1489
10 1.2352 1.2352
20 1.2577 1.2578

TABLE 3.2: Numerical results for (Rex)%C’fx, (Rex)%l]\fux and (Rez)%th for
various parameters.

M A 5 _F'0)  —0'(0)  —¢(0)
0.1 0.2 0.2 0.812078 1.486388 0.346328
0.3 0.2 0.2 0.875363 1.60938  0.236716
0.4 0.2 0.2 0.904627 1.651014 0.416661
0.5 0.2 0.2 0.932511 1.453194 0.394593
1.0 0.3 0.1 0.940762 1.081737 0.071086
1.0 0.4 0.1 0.850231 1.536613 0.619206
1.0 0.5 0.1 0.776596 1.490573 0.612050

Sc=5, Nb=Nt=0.1, Pr=6.2, A=0=0.1

=L
B PP OOOo

FIGURE 3.2: Impact of magnetic parameter with non-linear stretching param-
eter on the dimensionless velocity profile.
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Sc=5, Ec=0.1, Pr=6.8, Nt=Nb=0.3, \=6=0.1
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0.6 .
/N
~ o5t |
a)
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FIGURE 3.3: Impact of magnetic parameter with non-linearly stretched param-
eter on dimensionless temperature profile.

1 T T T T T
0.9F Sc=5, Ec=0.1, Pr=6.8, n=1, Nt=Nb=0.3, A=6=0.1 il
0.8 |
0.7 .
0.6 .
/N
ost |
<
0.4 .
03 — M=0.0 b
= M=1.0
0.2 — M=1.5 b
— M=3.0
0.1f .
0 1 1 1
0 05 1 15 2 25 3

FIGURE 3.4: Influence of magnetic factor on concentration distribution.
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M=0.1, Sc=5, n=2, Nb=Nt=0.3, Pr=6.8,=0.1

0.8 4

0.7 7

03 —=0.0 71
— =01
0.2 — =03 71
— =05
01r 7

FIGURE 3.5: Impact of velocity slip factor on the dimensionless concentration
profile.

0.7 Sc=5, §=0.1, n=2, Pr=6.2, M=Nt=Nb=Ec=0.1 T

0 02 04 06 08 1 1.2 14 16 18 2

FIGURE 3.6: Impact of velocity slip factor on dimensionless temperature profile.
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1.2 T T T T T T T T T

Sc=5, n=2, M=0.1, Pr=6.2, Ec=Nb=Nt=0.1,1=0.1

FIGURE 3.7: Influence of velocity slip factor on dimensionless concentration

profile.
08 T T T T T T T T T
0.7 Sc=5, n=2, M=0.1, Pr=6.2, Ec=Nb=Nt=\=0.1 ]
0.6 i
0.5 .
VN
o 0.4 i
(a)
0.3 .
02 —=01| |
——6=15
—— =25
0.1 ——=40|
0 ‘
16 18 2

FIGURE 3.8: Impact of thermal slip parameter § on temperature distribution.
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1.2 T T T T

Sc=5, n=2, A=0.1, Pr=6.2, Nb=Ec=Nt=M=0.1

—0=0.1
—4=15
— =25
—0=4.0

FIGURE 3.9: Influence of dimensionless similarity variable on the concentration
distribution.

0.9 Sc=5, n=2, M=0.5, Pr=6.8, Nb=Nt=0.3, A=6=0.1

¢

F1GURE 3.10: Impact of Ec on temperature distribution.



Impacts of Thermal Wall Slip and Velocity Slip Parameter on
Magnetohydrodynamics

1.2 T T T T

Sc=5, Ec=M=0.5, Nt=0.1, n=2, Pr=6.8, A=§=0.1

25

¢

FIGURE 3.11: Influence of brownian motion parameter Nb on concentration
profile.

FiGURE 3.12: Influence of M with non-linear stretching parameter on the
dimensionless profile.
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—0'(0)

0.1 1 1 1 1 1 1 1

FiGUurE 3.13: Influence of prandtl number Pr on temperature distribution.

—— Nb=0.1
— Nb=0.3
1.9 —Nb=0.5

18 [ 7

16¢ 7

—0'(0)

151 7

14 §

1.3 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045 05

Nt

FIGURE 3.14: Impact of brownian motion parameter Nb on temperature dis-
tribution.




Chapter 4

A Carreau Nanofluid Flow on a

Non-Linearly Stretchable Sheet

4.1 Introduction

In this chapter, we incorporate the impacts of velocity slip factor on MHD in-
compressible viscid laminar fluid flow with Carreau model, thermal radiation and
chemical reaction parameters on a non-linear stretchable surface. The set of equa-
tions for energy, momentum and concentration are attained by utilizing the bound-
ary layer approximation. Furthermore, the governing coupled non-linear partial
differential equations are transformed into ODEs by using the appropriate trans-
formations. A numerical technique based on the shooting method is used for the
solutions of first order ODEs. At the end of this chapter, the numerical solution
for different parameters like Weissenberg number We, thermal radiation R and
chemical reaction are considered which impact on the skin friction coefficients,
Nusselt and Sherwood number. The tables and graphs are shown which are ob-

tained through this investigation.

42
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Tw,Cw

Stretching force

--+—  —

» X, U
O

u =ax"
B
FIGURE 4.1: Systematic representation of physical model.

4.2 Mathematical Modeling

Assume a uniform 2D incompressible viscid flow of a Carreau model on a non-
linearly stretchable sheet. Meanwhile, the plate has been stretched with the ve-
locity u,, = azx™ along x — axis. Here, T, is the wall temperature and C, is the
nanoparticle fraction, T, is the ambient temperature and C, is the nanoparti-
cle fraction. The flow is explained by assuming the two dimensional governing

equations containing the continuity, momentum and energy transfer:

ou Ov
— 4 — =0 4.1
Ox T dy 0 (4.1)
Yor "oy~ Vo By " 8% \ ay
n—3
ou\ oB?
1+1? (—) - —u 4.2
dy ] Py 42
or T T v [ou\’ oT dC Dy (OT\°| dq,
v = — | =— Dp—— + =L (== . (4.
uaerU@y aay2+cp (&v) T oy 3y+Too (&U) dy (43)
ac  oC 9*C  Dr (9T
v D,y I (2L L Kr(C = CL). 4.4
T Ao <8y2>+ HC = Cu) (4.4)
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Here u and v are the elements of velocity. Furthermore, ¢, denotes the radiative

heat flux and Kr is chemical reaction constant. The associated BCs are:

a )
U:Uw—NVf(a—Z>, v =0.
T
T:Tw+D<a—), CcC=0C, as y=0. (4.5)
dy
u—0,v—0 T=T,, C=C, as y — 0.

Now, we introduce the appropriate variables, which are useful in transforming the
partial differential equations (4.1)-(4.4) into the ODEs along with the boundary
conditions (4.5).

S e —
Vy
) a(n + 1)fon;1 (n—1) 1) (4.6)
=\ [F(C) +— (n " 1) F'(¢)|

The complete procedure for the verification of continuity equation (4.1) has been
discussed in Chapter 3.
To convert the equation (4.2) into the dimensionless form, following steps will be

helpful. The left side of (4.2) can be shown as:

a*(n—1) Ja(n+1)

- 2 Y 2 F,(g)F”(C) —}-a n(F’(C»Q 2n—1__
Ve
a2(n+1) 7 2n—1 a2(n 1) , ” (n+1) -
R ROFQa - S PO Q| T
(4.7)

To convert the right side of equation (4.2) into the dimensionless form, we proceed

as follows:
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_ " a2(n + 1) n— " a(n + 1) n—1
=y G [t 0
14+ FQGQ(FII(C))2G<7;:; 1>x3n—1:| : ’
= PO (P (FOPWET. ()
Using (4.8), the right side of equation (4.2) becomes:
= QD o B WL+ (PP
908y o1 o), (49)
P
Using (4.7) and (4.9), the dimensionless form of equation (4.2) can be seen as:
Dy 1D o+ et - S
F(C)F/,(C)x%_l . a2(n2_ 1>F,(C>F”<C)y CL(Z:_ 1)ZE% _ F///(<>x2n—1
!
COLD s n(ErQpwea + (FeyFwe]s - I8 ),
 PUON+ (P OPWEL + (FIQOPWES + FOP'(Q) - g
(F'(¢))* = MF'(¢) =0,
1" 1" 1 n-3 "o 2n ne ’
= F"[1+n(F")*WeA[l+ (F")?*We*] 2 + FF ot 1)(17)2 MF' =0.
(4.10)

To convert the equation (4.3) into ordinary differential form, following calculations

are attained. The left side of (4.3) are:

= 2abn (00 + = _W;:; 1) e
@F’(C)Ql(é)x?’"l - MF’(C)QI(C) a(n+1) me
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The dimensionless form of the right side of (4.3) can be obtained as:

0q, 2 (—40* (3_T4>

* oy :ay 3K* 0y

By using Taylor series, we have

= T=TL +4T3 (T —Ta) + ...,

= T*=4TT3 —3T%,

g, —160*T3 O*T

Here o* denotes the Stefan-Boltzman constant and the coefficient of absorption is

K*. Using (4.12) in the right side of (4.3), we get

ST v (0wt 0T OC DT oT\?*| | g
dy? ¢, \ Oy Bay oy dy dy
ab(n+1) , o1, V@ (n+ 1) 1" \\2,.3n—1
= 0Byt LR Q) 4 7Dy
ab(n +1 , , . Dr(Ty, — Ty
YD (6, - (ot 4 - 2T 1)
ab(n+1) ., 9 3,y 160*T2 O*T
T(Q (€)= 3K Oy
_ abn+1) , o1, VA AL) e g
= =« 207 0" (Q)x - o o, (F"(CQ))°x +71Dp
ab(n +1 , , e Dr(T, — T
Wt D ¢, - cop(Q Qa4 21T =T
ab(n+1) 2 3u-1 _ 166*T, ab(n + 1), 3n—1
SOt - =R Dy ga . (as)

Comparing equations (4.11) and (4.13), the dimensionless form of (4.3) can be

written as:

2abn F'(O)0(C)a* + “b(”2 aln + Dy
ab(n+1) ,, ., a1 ab(n—1) a(n + 1
— Q) o 5
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_ aab(n + 1)9//(g)$3n—1 + Za’g(n + 1)

2vy Cp 2vyf
WA (@, - (O (et +

2
ab(n+1) 2 3n—1 16‘7*T§o ab(n+1) ., 3n—1
5 (0(0)° R 0" (C)a*" T,

1 4 " / dn ! / /
= (12 3R) 00 + FOPQ) = (5 FO80) + MOS0

+ NH(0'(Q)* + Be(F"(())* = 0,

(F”(C))Qﬂfgn_l + TDB

DT(Tw - Too)
T
T

1 4 4n
—(1-= "+ FO — F'0+ Nb#'¢ + Nt (0)+ Ec (F")? =0.
N PT( 3R)9+ 0 o) 0+ Nb0'¢' + Nt (0)° + Ec (F")

(4.14)

To convert the equation (4.4) into ordinary differential form. We proceed as fol-

lows. The left side of (4.4) can be shown as:

aln—1) _,

= FQ)(Co — O P00y |
vy
0, - coF©soe - Y, - )
(O (O e (4.15)
The right side of (4.4) can be attained as:
L Kr(C - COO) = Kr(cw - COO)Qb(O (4~16>

Using (4.16) in the right side of (4.4), we get

0*C Dr (0°T L a(n+1)
B o7 T <8_y2> + K. (C = Cx)9(¢) = D5 2,
4 Dran+1) _
1" o n—1 -1 " 3n—1
70(Co = Ca™ ™ + 2L (a1

K (Cow = Cs)0(C),

a(”"’ 1) 1" n—1 Dr a(n+ 1)
20, ¢"((Cop — Coo)x™ ™" + ﬂ 20,

— DB QII(C)b.ZU3n_1+

K (Cw — Cs0)9(0). (4.17)
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With the help of equations (4.15) and (4.17), the dimensionless form of (4.4) can

be seen as:

a(n+1) n3 a(n+1)
I’ j—
21/f 2

(Ow - Ooo)

a(n + 1)5637172—3
2

ell(c)bx3n—l

(Cw - CW)F,(<)¢/(C>Q

a<n + 1) " n—1 DT CL(TL + 1)
T¢ (O(Cyp — Cxo)z" ™ + T 2y

+ K (Cw = Cs)0(C),

CL(?’L—{-l) " - n—1 DTCL(TL—Fl)
= Dg 2, ?"(¢)(Cp — Cx)x +Too 20,

WD (0~ CFQF Q" =0,

S $O+ LFOFO+ o) + Ko rh6(0) =0,

— Dy

0”(()[)%3”_1

+ Kr(Cw - Cm)¢(<) +

Dg Nb
N
= (0 + SFQF Q) + 350" (€) + Kefd(O) =0,
N
= Q)+ SeF(QF Q) + 15 0"(0) + Ky Se 6() =0,
= ¢+ ScF¢ + ﬂ@” + K, Sc ¢ = 0. (4.18)

Nb
The final dimensionless form of the governing model is

2n

F%1+nwﬂ%vﬁm44Fw%wﬂ%3+FF“—G;;5um2—AHW:0
(4.19)
i—O—éR)W+FW—~:ﬁ—F@+Nb%ﬁ+NtWF+E0GW2:O
Pr 3 (n+1)
(4.20)
W+SoF¢+ﬁEW+K}&¢:0 (4.21)

Nb

The corresponding dimensionless boundary conditions of (4.5) are:

(=0: F'=14+AF"(0),F=0,0=1+060(0),¢=1.
(4.22)
(—o0: FFs0, F=0,0—=0, ¢—0.
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Different parameters used in equations (4.19)-(4.21) are:

D w T C’oo
PT:Z,SC:i,Nb: 5(C )(/)C)f7
« Dg (pC)pax
_ 2
Nt = Dy (T, Too)(pc)f’M _ 20 B ’
(PC)pTooa apf(n +1)
1 1 2
NN (7 R N RS VR U
2 avs (T — Two)
3 1 40*T3 2K’
We — Fzmx?m—l? R=0toc jopo =20 (4.23)
2up k*a a(n+ 1)xn—1
The skin friction is characterized as:
Cf, = Twleo (4.24)

puz, ()

To achieve the dimensionless form of C'f,, we proceed as follows:

ou ou
= (o= |1+1I7?
tm <Oé’yl (8y)
27 "5+

= = Gar e, [ D e (aa:S"z’l(F”(C))z M) ,

n—1

2

2Vf 2Vf

oo ((]axsnz_lF”(O 61(7;—:;1) [1 + W62(F”(C))2} n771 :
= Tule—o = Gaz T F"(0) C‘(Z—:;l)[l +We(F"(0)Y]" . (4.25)

Using (4.25) in (4.24), we get the following form:

Gov
Gouz ()"

s J?/WH1+W (F"(0))2]5

(n + 1) n—1

Cla= T F(0) 1+ We*(F"(0))7)",

= Cf, = “f Sax

1

1+ We*(F"(0))%)"

_ a(n + 1)
=Cf, = p(uw)an (0) T
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= o = /" pr) [ Vs we o)

o 1 (n + 1) 1" 2/ 2 "T_l
:\Cfgc—JE 5 £ (O)[L + We (F7(0)7] =,
= (Re)2Cf, = WF”(O)[I +WEA(F"(0)?"7 . (4.26)

The Nusselt number is defined by:

Lqw
Nuy = ———-—. 4.2
U (T, — Too) (4.27)
To achieve the dimensionless form of Nu,, we proceed as follows:
oT CL(?”L + 1) 5n—1
— = b —r 7 .
Ol vt
T 1 n—1
N (a_) (o), At e
8y y=0 21/f
T
o qQuw = —k |:a_:| ’
9 | ,—o
1 n—
S g = —kb9(0), ) L) (4.28)
21/f
Using (4.28) in (4.27), we get the following form:
xkb an+1) sa
Nuy = —+——0
U = T Ty O T,
xb  Ja(n+1) sua
Nu, 74
A bx2n vy o (0),
1 1) sn-
Ny = — U D) my)
" 2vy
n+1 1
Ny = — | ), /D
Vg 2
1
=Nu, = —V Ret'(0)4/ (n—zi— ),
1
o (Re) i Nu, = —/ P Yy, (4.29)

2
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The Sherwood number is characterized by:

Tdm
= . 4.
Shy (Co— C) (4.30)

To achieve the dimensionless form of Sh,, we proceed as follows:

oC a(n+1) et
TZC ¢'(C).

. (8_C> = (Cy — C) Mx"%lqy(o)_

8y 21/f
oC
__D _
° dm B |:ay:|y0a
+1) a1,
S = ~Da(Cu = Oy [ M5 5 0), (4.31)

Using (4.31) in (4.30), we get

_ 2Dp(Cy —Cx) [a(n+1) et
sh, = e, [ o),

n+1
~Sh, lax n+1¢

o Sh. = Ve ”“) 4/(0),

(n+1)

=(Re) 25h, = —\/ ——2/(0). (4.32)

Here k is the thermal conductivity, heat and mass flux ¢, and q,, at the sheet

LUy

respectively. Moreover, Re, represents the Reynolds number defined as Re, = =>~.

4.3 Method of Solution

The shooting technique has been used to determine the ordinary differential equa-
tion system (4.19)-(4.21). Equation (4.19) is solved numerically and then its solu-
tion is used in equations (4.20)-(4.21). To solve the equations (4.19) independently
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by using the shooting method, the following notations have been used:

/ / U / ui /
F=z, =z =2, F =2z==z, I =z,

Ay = (1+nWezd),  Ay=(1+Wed) 7.

2n
A3: (n_i_l)Zg—l—MZQ_ZlZ?)
A n M
= ZoZ 2y — 2324 — Z1%6.
4 (n+1)25 5 2324 — 2126

By using the above notations in equation (4.19), the following system of ODEs is

attained:
Zi = %2, 21(0) =0.
2y = 23, 22(0) = 1+ As.
1 2n
p— 24+ Mzy — 2123] , 23(0) = s.
3 A1A3 (TL + ]_) 2 2 13 3( )

The above IVP will be numerically determined by RK technique of order four.
In the above initial value problem, the missing condition s satisfy the following

relation:
F"(0) = %(F’(O) —1). (4.33)

To solve the above algebric equation (4.33), We use the Newton’s method which

has the following iterative scheme:

G(©)
G'(¢)’

Sht = gk where G(¢) = y2(1s0, €)-

To incorporate Newton’s method, we further apply the following notations:

On _ O _ - Om_
g9s s os
24/1 = 25, 24(0) =0.

2% = %, 2(0) = A.
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1 n=3 n=5 n—3
26 = W Al A, 23A4 — A A, 25A3(n — 3)We223z6 + 2nWe2z326A2 23A3] ,
1A2

Now, the coupled equations (4.20)-(4.21) will be treated similarly by considering

F" as a known function. For this, we use the following notations:

/ / /! /
0 = 2, 0 = z; = 29, 0" = z,.

o=z P =z=n ¢ =z

By using the above notations in equations (4.20)-(4.21), the following scheme of
ODE:s is obtained:

21 = 29, 21(0) = 1+ du.
3Pr 4dn
%= [ T F'zy — Fzy — Ec(F')® — Nbzyzy — Ntz%—] , 2(0) = u.
25 = 24, 23(0) =0
3PrNt 4dn
R ERT) [(n )T e b NI EC(F”)Q} B
ScFzy — ScKrzs 24(0) = v.

The above IVP will be numerically solved by RK technique of order four. In the
above initial value problem, the missing conditions u and v are to be chosen such

that:

(zl(C,u(’“),v(’“)) —1

5 ) =0, (zz(C,u(k),v(k))) = 0. (4.34)

To solve the above algebric equation (4.34), we apply the Newton’s iterative

method which has the following scheme:

(k+1) (k) 0z 9z 21 (Cu® p®) 1
" = b | 9w v 5

k+1 k el o) k k
v o)\ G B 20(C, ul®), v¥)
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To incorporate Newton’s method, we further apply the following notions:

8y1 822 (923 02’4

- = Z —-— = Z - =2z - = Z

ou  du o ou " ou s
82’1 822 82’3 824

_ = Z —~ =z - =z - = Z192.

As the result of these new notations, the Newton’s iterative scheme gets the shape:

-1
(k+1) u®) 25 26 Zl(Cyu(kzs,v(k))*l

p(E+1) o) 5 710 (¢, u® | p®)

Here k is the number of iterations (k = 0, 1,2, 3, ...). Now differentiating the above
ODEs with respect to u and v, we have another scheme of eight ODEs.

Z5 = Zg, 2’5(0) =9
3Pr 4dn

zé = (3 — 4R) |:(n i 1)F,25 — FZ6 — Nb2426 - NbZQZg — 2NtZQZ6:| s 26(0) = 1.

2 = 2g, 2(0) =0

3PrNt 4dn
= — F'zs — Fzg — Nb — Nb — 2Nt —
T T Nb(3_4R) [(n Fy e T s T 0mE 2226}
ScFzg — ScKrzy, 23(0) = 0.

3P 4

ZiO = (3 — ZIR) |:n le/Zg — FZlO — Nb24210 - Nb22212 — 2Nt22210:| ,210(0) =0.

zil = 212, 211<0) =0.

, 3PrNt [ 4n

== F'zg — Fzg — Nb — Nb — 2Nt -
= TG aR) (D) o e N = bz 0}

SCFZlg — SCKT’ZH, 212(0) =1.

The RK method has been used to solve the IVP consisting of the above twelve
first order ODEs for some suitable choices of u and v. The iterative process is

repeated until the following stopping criteria is met:

maz{|u® ™ — oy ®)| Jp*D W) < ¢
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for an arbitrary small positive value of . Throughout this chapter ¢ has the value

(10)~5.

4.4 Results and Discussion

The principle object is about to examine the impact of different parameters against
the velocity, temperature and concentration distribution. The impact of different
factors like non-linear stretching parameter n, magnetic parameter M, velocity slip
parameter A, thermal slip parameter ¢, Schmidt number S¢, Weissenberg number
We, thermal radiation R and chemical reaction Kr is observed graphically. Nu-
merical outcomes of the Sherwood number, Nusselt number and skin friction for
the distinct values of some fixed parameters are shown in Tables 4.1-4.2.

Figure 4.2 displays the impact of magnetic parameter M and non-linear stretched
parameter n on velocity distribution. By enhancing the values of M and n, the
velocity distribution shows the decreasing behavior due to the presence of Lorentz
force. Figure 4.3 describes the impact of magnetic parameter M and non-linear
stretching parameter n on temperature distribution. The temperature distribution
expands by enhancing the values of M and n. Figure 4.4 describes the impact of
magnetic parameter M on concentration distribution. By enhancing the values
of M, the nanoparticle concentration distribution is escalated due to the presence
Lorentz force.

Figure 4.5 is delineated to show the impact of velocity slip parameter A on the di-
mensionless velocity distribution. This graph reflects that by enhancing the values
of A, the velocity distribution is decreased because the velocity of the stretching
sheet is not the same as the velocity of the flow. Figures 4.6-4.7 represents the
influence of velocity slip parameter A on the dimensionless velocity distribution. It
can be noted that, the temperature and concentration distributions are increased
by enhancing the values of A\ due to the presence of thermal slip and magnetic
parameter. Figure 4.8 displays the impact of thermal slip parameter § on temper-

ature distribution. It can be noted that the temperature distribution reduces by
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enhancing the values of §. Figure 4.9 illustrates the impact of thermal slip param-
eter 0 on the concentration distribution. This graph indicates that an increment in
the values of § causes an increment in the nanoparticle concentration distribution.
The thermal boundary layer thickness experiences a decrement by enhancing the
values of 9.

Figure 4.10 is delineated to show the impact of Eckert number Ec¢ on the dimen-
sionless temperature distribution. It is clearly shown that the temperature distri-
bution is increased by enhancing the values of Ec due to the decrement in heat
transfer rate. Figure 4.11 indicates the influence of Brownian motion parameter
Nb on the dimensionless concentration distribution. The behavior of concentra-
tion distribution is decreased due to the accelerating values of Nb. The impacts
of Weissenberg number on velocity and temperature profiles are not so prominent.
However, a marginally decreasing behavior in velocity profile and slightly increas-

ing behavior in temperature profile are observed.

TABLE 4.1: Numerical outcomes of (Rem)%C’ fz for different parameters.

n M A —F"(0)

2 0.1 0.2 0.853593
2 0.3 0.2 0.907929
2 0.4 0.2 0.933158
2 0.5 0.2 0.957252
2 1.0 0.3 0.950450
2 1.0 0.4 0.859735
2 1.0 0.5 0.869677

TABLE 4.2: Numerical outcomes of (Rex)%C’fz, (Rex)%lNux and (Rex)%Shw
for various parameters.

M A 5 _F'0)  —6(0)  —¢(0)
0.1 0.2 0.2 0.853593 1.952540 -1.411272
0.3 0.2 0.2 0.909729 1.891209 -1.010253
0.4 0.2 0.2 0.933158 1.863276 -1.075327
0.5 0.2 0.2 0.957252 1.837292 -1.101932
0.7 0.5 0.1 0.950450 1.792117 -0.400813
0.7 0.5 0.3 0.859735 1.536613 -0.619206

1.0 0.3 0.1 0.869677 1.490573 -0.612050
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0.9 Sc=5, A= §=0.1, Nb=Nt=0.1, Pr=6.2

FIGURE 4.2: Influence of magnetic and non-linear stretching parameter on
dimensionless velocity distribution.

0.9 Sc=5, Ec=0.1, Pr=6.8, Nt=Nb=0.3, A= §=0.1
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FIGURE 4.3: Impact of magnetic and non-linear stretching parameter on tem-
perature distribution.
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Pr=6.8, Sc=5, Nt=Nb=0.3, n=1,
A=0=Ec=0.1, Kr=0.5, We=0.3

FIGURE 4.4: Influence of M on concentration distribution.

M=0.1, Sc=5, n=2, Nt=Nb=0.1, Pr=6.2,4=0.1
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FIGURE 4.5: Influence of A on velocity distribution.
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0.8 T T T T T T T T T

0.7 We=0.3, R=0.0, Kr=0.5, n=2, M=0.1, Pr=6.2, Sc=5 7

FIGURE 4.6: Impact of A on temperature profile.
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FIGURE 4.7: Influence of A on concentration distribution.
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0.8 T T T T T T T T T
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We=0.3, R=0.0, Kr=0.5, Sc=5, n=2, M=0.1,=0.1
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FIGURE 4.8: Impact of § on the temperature profile.
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FIGURE 4.9: Influence of § on concentration distribution.
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0.9 We=0.3, R=0.0, Kr=0.5, Sc=5, n=1,M=0.5, 7
Pr=6.8, A=0=0.1

¢

FIGURE 4.10: Impact of Ec on temperature distribution.

1.4 T T T T

We=0.3, R=0.0, M=0.5, n=2, Sc=5,

12 Nt=0.1, A=4=0.1

0.4

0.2

¢

FIGURE 4.11: Impact of Nb on concentration distribution.



Chapter 5

Conclusion

In this dissertation, we first analyzed the MHD boundary layer and 2D incom-
pressible viscous fluid flow on a non-linearly stretching sheet. Secondly, the flow
is examined by considering the Carreau effect in momentum equation, thermal
radiation effect in temperature equation and chemical reaction effect in the con-
centration equation. The set of non-linear energy, momentum and concentration
equations are transmuted into ODEs by applying appropriate transformations.
Numerical solutions are achieved by using shooting technique. The impacts of dis-
tinct parameters like Prandtl number Pr; Schmidt number Se¢, Eckert number E'c,
radiation parameter R, chemical reaction parameter Kr and Weissenberg number
We on the velocity, temperature and the concentration profile are elaborated in
the graphical and tabular form.

Some of the main conclusions are listed below:

e By enhancing the values of the magnetic parameter, the velocity behavior is

declined while the temperature and concentration behaviors are increased.

e The velocity distribution reduces for enhancing the values of both magnetic
and velocity slip parameter. On the other hand, the temperature and con-

centration distribution increase by a decrement in the magnetic parameter.

e An increment is noticed in temperature and concentration distributions due
to the accelerating values of velocity slip parameter.

62
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e A decrement is noticed in mass transfer and temperature behavior due to

the boosting values of thermal slip parameter.

e The temperature profile decelerates due to the rising values of the thermal

slip parameter.

e An increment is noticed in temperature distribution by enhancing the values

of Eckert number.

e It is observed that a decrement is noticed in concentration distribution due

to the accelerating values of Brownian motion parameter.

e An increment in the temperature profile is noted for the enhancing values of

Prandtl number.

e The impacts of Weissenberg number, thermal radiation and chemical reac-
tion parameters on the velocity and temperature profiles are not so promi-
nent. However, a marginally decreasing behavior in velocity profile and

slightly increasing behavior in temperature profile are observed.
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