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Abstract

This research aimed to establish some fixed points results via graph structure in the
setting of b-metric spaces. For this purpose, the work of Acar et al. is reviewed
and notions of rational-type multivaled G-contractions and F-contractions are
established in b-metric spaces endowed with graph structure. To strengthen the
validity of our results a supportive example is provided. Our results generalizes

several existing results in literature.
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Chapter 1

Introduction

1.1 Historical Background

Mathematics plays a pivotal role in various domains of life, serving as a funda-
mental branch of scientific knowledge. Within this vast discipline, mathematics
is further divided into numerous subfields. Among these, fixed point (FP) theory
stands out as a highly significant branch within pure mathematics. FP theory is a
fundamental and influential area of mathematics that has applications in various
fields. It focuses on the study of mathematical functions that possess at least
one point that remains unchanged when the function is applied. This point is
called a FP. FP theory has gained significant importance because it provides fun-
damental tools and concepts that are applicable to a wide range of mathematical
problems and scientific disciplines. It offers insights into the existence, uniqueness
and stability of solutions. It has practical applications in optimization, differential
equations, economics, computer science and more.

In the late 19th century, Poincare [1] emerged as a trailblazing mathematician,
making noteworthy advancements in the realm of FP theory. His influential work
laid the foundation for this field. Then metric space (MS) was introduced by
Frechet [2] in 1906. He defined a MS as a set of points equiped with a distance

function satisfying certain axioms. Later, in 1922 Banach [3] further expanded
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the contribution of Poincar by proving the existence of FP within a complete met-
ric space (CMS) for contraction mapping. The exploration of metric FP theory
thus became a prominent domain within the broader realm of FP theory. The
Banach FP theorem holds a vital position within metric FP theory, serving as a
fundamental outcome. According to this theorem, if (X,d) be a CMS then for a
contraction mapping I' : X — X there is a unique FP. The mapping I' is called a

contraction mapping if the following condition is satisfied,

d(I'y,T0) < a d(y,0) forally, # € X and o € [0, 1). (1.1)

It is known as Banach Contraction Principle (BCP). FP theory has been evolved
particularly in two directions. Some authors applied different contraction and oth-
ers have changed the space under consideration.

Initially the generalization is done by Edelstein’s [4] by applying different contrac-
tion condition, in which condition (1.1) is eased by considering different points
from X and taking o = 1. Later, a new contraction condition was introduced by
Rakotch [5], where the constant « of (1.1) is substituted by a funtion « : [0, 00) —

[0, 1] that is decreasing monotonically. So,

d(Ty, T9) < a(t)d(y, 0)) foraly, 6 € X. (1.2)

Because every contraction is continuous. So it is questionable that if there are
contraction conditions which does not imply the continuity of the mappings. Then
in 1968 Kannan [6] provided the answer to such queries in which Kannan replaced

the contraction condition with,

d(Ty,T0) < a d(¥, TY) +d(6, T) Yo, 0 X,anda €1[0,1/2).  (1.3)

Further more generalizations of BCP were made by Mier and Keeler [8] by the
expansion of contraction conditions. Then in 1975 Dass and Gupta [9] made an
extension in BCP by introducing the rational contraction condition.

Then S.K.Chatterjea [7] proved a FP theorem for operators which satisfy the
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following condition

d(I'y,I'0) < ad(yp, T'9) +d(0, T'Y) Vi, 0 € X wherea € (0,1). (1.4)

In the second category of generalization of BCP, the space structure is considered
on which the I' is defined. In [10] Abbas and Jungck established the existence
of coincidence points and common fixed points for mappings satisfying certain
contraction conditions, without appealing to continuity, in a cone MS. In 1989
Bakhtin [11] introduced the concept of bMS by relaxing the triangular inequality
and then replace the MS for proving several FP results to generalize BCP.
Nadler [12] extends the structure of the spaces in which the mapping I' is defined.
Specifically he extended the BCP from a single-valued contraction mapping to a
mutivalued (M.valued) contraction mapping. Later, Batul and Kamran [13] gen-
eralize the notion of C*-valued contraction mapping by weakening the contraction
condition of Ma et al. [14] and established a FP theorem for such mapping.
According to BCP, T' satisfies the contraction condition for every element of
X x X. Here question arises, whether it is possible to generalize BCP by imposing
appropriate condition on ordered pairs from X x X s.t (1.1) holds on a subset
of X x X and that the mapping still has a FP. The initiative in this direction is
taken by Ran and Reurings [15]. They showed that, assuming I is contractive for
the related pairs, the mapping I' still has an FP subject to the completeness of the
partially ordered set X. Later on, many authors like Bashkar and lakshmikanthm
[16] and Neito and Roriguez [17] have made significant contribution in the FP
theory on partially ordered MS.

In 2006 Espinola and Kirk [18] applied FP results in graph theory. Jachymski [19]
developed this concept further by replacing the ordered structure with structure of
graph on MS. Using ordered pairs in terms of their vertices and edges of a graph,
he illustrated that I' has a FP if contraction condition holds.

The concept of a graph can be traced back to the 18th century when the Swiss
mathematician Leonhard Euler [20] introduced the Seven Bridges of Konigsberg
problem in 1736. Euler’s solution to this problem laid the foundation for graph

theory. He represented the city of Konigsberg as a graph with land masses as
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vertices and bridges as edges. Euler demonstrated that it was impossible to find
a path that crossed each bridge exactly once, leading to the development of the
theory of graphs.

Acar et al. [21] obtain several FP theorems in MS via graph structure for multi-
valued mappings. In this paper the author introduced the new concept of rational
type G-contraction and F-contractions.

Influenced by the work of Acar et al. we bring to light some FP theorems in bMS
via graph structures. The new FP theorems generalize the work of Acar et al.
[21]. The remaining content can be summarized as follows

Chapter 2, gives the primary definitions of MS, bMS, Pompieu hausdroff MS, FP,
mutivalued contraction mapping, basics on graph and some associated examples.
Chapter 3, provides the review of the article [21]. In this some FP results on MS
endowed with graph structure are presented with new type of G-contraction and
multivalued F-contractions.

Chapter 4, is about the existence of FP results in bMS via graph structure. Some
FP results are proved by using G-contraction and multivalued F-contractions. In
the end, an example is presented to show the validity of our obtained results.

Chapter 5, provides the conclusion of the thesis.



Chapter 2

Preliminaries

In this chapter fundamental definitions and examples are given. Presenting the
fundamental findings, explanations and examples that will be utilized in the next

chapters is the chapter’s major goal.

2.1 Metric Space

MS introduced by Frechet [2] is a fundamental concept in mathematics that pro-

vides a framework for understanding distance and proximity between points.

Definition 2.1.1. “Let X be a non-empty set. A functiond : X x X — R

is said to be a metric on X, if for all ¢, 0, z € X, it satisfies the following

M) d(v¢, 6) > 0; (Non-negativity)
, My) d(y, ) =0<1Y =6, (Reflexive property)
axioms: The
Ms) d(y, 6) =d(6, ) (Symmetric property)
My) d(v, 2) <d(v, 0)+d(0, z). (Triangle inequality)

pair (X, d) is called the MS. The set X is called the underlying set or the ground
set. The elements of X are called the points of the MS. Instead of (X, d), we may
write X for a MS.” [22]

Example 2.1.2. Consider the set R, the set of real numbers. The function
d:R xR — R, defined as d(¢,0) = [ — 6] V 9,0 € R, satisfies the conditions
5t
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of metricon R. Asd(¢,z) =Y —z| =0 -0+ @0 —2)| < |v—-0|+10 — 2| =
d(v,6) +d(0, 2).

Example 2.1.3. The set Cla, b] of all real-valued continuous functions on the

the interval [a,b] is a MS, where d is defined as

b
d(f.g) = / () — g,

2.1.1 Convergence, Cauchy Sequence and Completeness in

Metric Space

The significance of sequences of real numbers in calculus cannot be overstated, as
they serve as a fundamental tool for understanding the concept of convergence.
This understanding is made possible by the fact that sequences of real numbers
define a metric on R. In MS the situation is quite similar, that is we consider a se-
quence {¢,} of elements 11,19, . .. of X and use the metric d to define convergence

in a fashion analogous to that in Calculus.

Definition 2.1.4. “Let (X,d) be a MS, then
(a) A sequence {¢,} in X is said to converge to ¢ € X, if for every ¢ > 0 there
exists N = N(e) € Ns.t d(¢,,¢) <e¢, for all ¢ > N. Hence lim ¢, = 1.
q—00

(b) A sequence {¢,} in X is said to be Cauchy, if for every ¢ > 0 there exists
N = N(e) e Ns.t d(¢,,1,) <e forall p,g > N.

(c) A MS (X,d) is said to be complete if every Cauchy sequence (CS) in X

converges.” [22]

2.1.2 Banach Contraction Principle

The FP of a function I' refers to an element within the function’s domain that

the function maps to itself. FP theorems have widespread applications in various
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areas of pure mathematics. Several notable authors such as Banach [3], Bhaskar
[16] and Khamsi [23], provide explanations of FP theorems across the entire field

of mathematical sciences.

Definition 2.1.5. “Consider a MS (X,d). A mapping I' : X — X is referred

to as a contraction on X if there exists a positive real number a < 1, s.t

d(Te,T0) < ad(s,0) V0 € X.

This implies that for any given points 1) and 6, the images of ¢ and # under the

mapping I are closer to each other than the original points 1) and 6. To be precise,

d(T'y,T0)
d(v,0)

value strictly smaller than 1.” [22]

the ratio is always less than or equal to a constant o, where « is a positive

Example 2.1.6. Consider the function I' : R — R defined as follows:

['(¢) = cos(costp) = I (¢) = —sin(cos ) [— sin )] = sin(cos 1)) sin .

Through the application of the Mean Value Theorem, we derive the following

result:

()] = | sin(cos )| sin 4| < L.

This inequality holds because:

|sin(cos )| < 1

|sint| <1

Both terms on the right-hand side are bounded by 1. It is impossible for both

terms to simultaneously equal to 1, which implies that I'()) is a contraction.

FP of a mapping is an element that maps to itself.

Definition 2.1.7. “A FP of a mapping I' : X — X of a set T to itself, is an
element ¢ € X s.t,

the image 'Y coincides with v.” [22]
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Example 2.1.8. Consider a mapping I' : R — R defined by

C(y) = % + 3, has a unique FP ¢ = 4.
5 EEEES==C
BEEEss==os
5 -ho -5 10 15

—15

—20

—25

FIGURE 2.1: Graph of Function I'(¢)) = % + 3.
Example 2.1.9. Consider a mapping I' : R — R defined as

I'(¢) =4 +3, hasno FP.

-14

FIGURE 2.2: Graph of Function I'(¢)) = ¢ + 3.
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Example 2.1.10. Consider a mapping I' : R — R defined as

L(¢) = ¥* =3¢ + 3.

then ¢ = 1,3 are two FPs of T" .

FIGURE 2.3: Graph of Function I'(¢)) = ¢? — 3¢ + 3.

Example 2.1.11. Consider a mapping I' : R — R defined as

T() = ¢ +sin ¥,

then I' has infinite many FPs.

Theorem 2.1.12. “Assume (X,d) is a MS where X # ¢. Suppose that X is
complete and let I' : X — X be a contraction on X. Then I' has precisely one

FP.” [22]

Example 2.1.13. Let (R,d) be a MS, where d(¢,0) = |[¢) — 0|. Let’s define a
mapping ' : R — R as follows:

I'(y) = % + 2.

So I' is a contraction with a = % Then I' has a only one FP i.e ¢ = %
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-20

FIGURE 2.4: Graph of Function I'(¢)) = ¢ + sin 4.

2.2 Multivalued Mapping

multivalued mapping has many applications in real analysis, complex analysis,
optimal control issues and other areas of practical and pure mathematics. multi-
valued mapping has a considerable impact in these areas. As the years have gone
by, this theory’s significance has grown and as a result, several publications have

focused on multivalued mappings in the literature.

Definition 2.2.1. “Suppose A and B are non-empty sets. A multivalued
mapping from A to P(B) is denoted by I' : A — 2B where I is a function that

maps elements from A to subsets of B.” [24]

Example 2.2.2. Let

A= {1, ¥, Y3, Y4, s, Y6}
B={1, 15, 2, 25, ..., 7}.

Define I' : A — P(B), by

() = {1, 1.5, 4.5} T(ez) = {2, 25, 3} T(us) = {4}
L) = {3} T(vs) = {5, 5.5, 6} T(i) = {25, 6.5, T},



Preliminaries 11

then I' is a multivalued mapping.

Definition 2.2.3. “Let (X, d) be a MS. We denote the family of all non-
empty, closed and bounded subsets of X as CB(X). The Pompeiu-Hausdorff
metric H : CB(X) x CB(X) — [0, oo) is defined as follows:

H(A, B) :max{supD(a, B), sup D(8, A)}

acA peB

where, A and B are elements of CB(X) and D(«, B) = infgepd(a, ). [25]
Lemma 2.2.4. “Consider (X, d) a MS,. Let A, B C X and let ¢ > 1 be a
constant. ThenV ¢ € A, 9 0 € B s.t the inequality

d(¢, 0) < qH(A, B),

where H is a Pompeiu-Hausdorff metric.” [26]

Definition 2.2.5. “Let (X, d) be a MS. A function I' : X — C'B(X) is defined

as a multivalued contraction if there exists a constant 0 < X\ < 1 s.t
H(Ty,T0) < A\d(,0), forall 1, e X

In this context, C'B(X) represents the collection of non-empty closed and bounded

subsets of X and H represents the Hausdorff distance.” [27]

2.3 b-Metric Space

Bakhtin [11] is the first to introduce the concept of a bMS and Czerwick [28§] is
the next. Czerwick explicitly defined a bMS and proposed a condition that was
weaker than the third feature of MS. They developed the concept of bMS and then

applied the same concept to develop some FP findings for generalizing the BCP.

Definition 2.3.1. “Consider a non-empty set X and a function d, : X x X —

[0, 00) that satisfies the following conditions:
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My)  dp(¥,0) =0 = =0;
Mb2> db(dja 9) = db(¢7 0) v ¢7 0 € X7

M) dp(¥,2) < s[dp(0,0) +dp(0,2)] YV, 0, z€ X, where s > 1.
The function dy is referred to as a b-metric and the set (X,d;) is denoted as a

bMS.” (Bakhtin [11], Czerwik [28])

Remark 2.3.2. The class of MS is smaller than of bMS. In the case of s = 1,
the notions of MS and bMS coincide.

Remark 2.3.3. The notion of Cauchyness, convergence and completeness in

bMS can be generalized naturally as in MS.

Example 2.3.4. The function d, : R x R — R defined by dy (¢, 0) = (¢ — 6)?
is a bMS on R with s = 2.

Example 2.3.5. Consider X = ¢,[0,1] as the set comprising of real functions
f(¥), where ¥ € [0, 1], satisfying the condition that

1
/!f(w)|7”<oo with 0<r<1
0

Let dy : X x X — R™ be defined as follows:

dy(f, 9) = ( / W) gwwdw)’l‘

Then d, is bMS with s = 27.

2.4 Graph

Graphs serve as mathematical structures employed to depict real-world scenarios

by establishing connections between elements within specific domains..

Definition 2.4.1. “A graph is a pair of two sets that are the following:

(a) The set of vertices represented as V(G), is a non-empty collection that in-

cludes all the vertices of the graph.
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(b) The set of edges, denoted as E(G), is a binary operation applied to the set
of vertices, V(G).

The primary method of representing a graph, denoted as G = (V(G),E(G)), is
through a diagram where vertices are depicted as points and edges are depicted

as line segments connecting the vertices.” [29]

Example 2.4.2. For the graph in the accompanying figure:
V(@) = {1,2,3,4,5,6) and
E(G) ={(1,2),(1,4),(4,2),(2,5),(5,4),(3,5),(3,6), (6,6)}

9‘9 e

FIGURE 2.5: A directed graph.

FI1GURE 2.6: A reflexive graph with loops.

Definition 2.4.3. “Consider a non-empty set X and let A represent the diago-
nal of the Cartesian product X x X. A directed graph or digraph G is characterized
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by a non-empty set V(G) and the set E(G) C V(G) x V(G) of its directed edges.
A digraph is reflexive if any vertex admits a loop.

For a given digraph G = (V, E),

(a) If whenever (¢, 0) € E(G) = (6, ¥) ¢ E(G), then the digraph G is called

an oriented graph.

(b) A digraph G is transitive whenever (¢, 0) € E(G) and (0, z) € E(G) =
(¢, z) € E(G), for any ¢, 0, z € V(G).

FIGURE 2.7: A transitive graph.

FIGURE 2.8: A connected graph.

(c) A path of G is a sequence g, 1, Vo, ..., ¥y, ... with (¢, ¥iy1) € E(G)
for each 7 € N.

(d) G is connected if there is a path between every two vertices, and it is weakly
connected if the corresponding undirected graph G is connected, where G is

obtained from G by ignoring the direction of edges.
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(e) G~! be the graph obtained from G by reversing the direction of edges. Thus,
E(G) = {( 6) € X x X : (6, ¥) €E(G)}.

(f) (V’, F) is called subgraph of G if V' C V(G) and E' C E(G) and for any
edge (v, 0) e E, 1,0 € V'.’[19]

In 2012, Wardowski [30] introduced a new type of contraction called F-contraction

and proved a FP theorem concerning F-contraction.

Definition 2.4.4. “Let F : (0, oo) — R be a function that satisfies the

following conditions, as stated in:

(F1) For any a, € (0, 00) s.t a < 8 then F(a) < F(B).

(F2) For any positive real sequence {¢,},

lim ¢, = 0 if and only if qli_)rglo]: (¢q) = —00.

q— 0

(F3) There exists a constant k € (0, 1) s.t lim o*F(a) = 0.

a—0t

(F4) For any subset A C (0, oo) with inf A > 0, we possess F(inf A) = inf F(A).

Throughout the thesis J represents the collection of functions that satisfy con-
ditions (F1)-(F3) and J* as the collection of functions F that satisfy conditions
(F1)-(F4).” [30]

In 2015, Definition (2.4.4) is extended by Cosentino et al. [31] for obtaining some
FP results in bMS.

“Let (X, dp) be a bMS and for F : (0, oco) — R be a mapping and s > 1 be a real
number.

If each sequence {¢,} ¢ € N of positive numbers s.t v+ F (s1),) < F (¢4-1) for all

q € N and some v > 0, then

v+ F (shy) < F (s" Mpg1) forall g € N7 (2.1)
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Definition 2.4.5. “A function ® : R* — RT is considered a comparison

function (CF) if it fulfills the following condition:

(a) @ is strictly increasing.

(b) lim ®"(t) =0 for every t € RT.” [32]

n—oo

In [33] Berinde has introduced the concept of c-comparison function (c)-CF by

adding one more condition to comparison function.

Definition 2.4.6. “A function ® : R* — R7 is considered a (c)-CF if it

satisfies the following conditions:

(a) ® is monotonically increasing.

(b) lim ®"(t) =0 for every t € RT.

n—o0

(c) The series > ®"(t) is convergent for each ¢t > 0.” [33]

n=0



Chapter 3

Fixed Point Results in Metric

Spaces via Graph Structure

This chapter centers around a comprehensive analysis of the paper [21], empha-
sizing the examination of variant multivalued mappings through a graph struc-
ture. To do this, rational-type multivalued G-contraction and multivalued F-

contractions in Ms endowed with graph [34] are introduced.

3.1 On Multivalued G-Contractions

Two significant outcomes in FP Theory include the BCP and the Tarski fixed
point (TFP) theorem. Echenique [35] presented proof of the TFP theorem by
employing a combination of FP techniques and graph theory. Subsequently, in
[19], Jachymski introduced an alternative framework in the FP theory of MS by
replacing order structures with graph structures on MS. In order to illustrate the
relationship between ordered pairs of components in terms of their vertices and
directed edges, FP theory and graph theory create an intersection between the

theories of FP outcomes and graph.

Definition 3.1.1. [34] “Consider a MS (X, d) equipped with a graph G, where
the vertex set V(G) corresponds to X. Let I' : X — CB(X) be a multivalued
17
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mapping. We say that I' possesses the weakly graph-preserving ( WGP) property
if for every ¢ € X and 0 € I'z s.t (1, 6) belongs to the set of directed edges E(G),
it follows that (6, z) is an element of the set of directed edges E(G) for all z € I'9.”

Lemma 3.1.2. Let (X, d) be a MS and " : X — P(X) be an upper semi-
continuous (USC) mapping s.t for every r € X, the set I'r is closed. If r, —

ro, ty — to and t, € I'r,, then ¢y € I'rg. [34]

Next the notion of Multivalued G-contraction of type-I used by Acar et al. is
defined then a FP theorem is proved.

Definition 3.1.3. Let (X, d) be a CMS equipped with directed graph. Then
g: X — CB(X) is called rational multivalued G-contraction of type-I if

H(gy,90) < ®(N(,0)), V (¢, 0) € E(G), (3.1)

where ® is (c¢)-CF and,

N (1, 0) :max{d(@/;’ 9), D(4, gw>2+D<e, gﬁ)’ D(v, g@)—;D(@, g)

D(y, gv)D(0, g8) D(6, g0)[1+ D(v, g¢)]}
d(y, 6) 1+d(y, 0) '

Theorem 3.1.4. Let (X, d) be a CMS and g : X — CB(X) is USC and a

weakly graph-preserving mapping satisfying the following conditions:

(a) g is rational multivalued G-contraction of type-I;

(b) Ny ={¢ € X : (¢, v) € E(G) for v € gy} is non-empty,
then g has a FP.

Proof. Consider ¢y € Ny, then 3 9y € gi)g s.t (Yo, ¥1) € E(G).
As g satisfies condition (a), therefore by (3.1.3)

D (¢, gir) < H (9v0, g¥1)
< (N (Yo, 1))
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- e s, DL 0001 05
D (o, gi1) + D (1, gio) D (o, gbo) D (1, gy1)
2 ’ d (¢, 1) ’
D (Yo, g¥1) [1 + D (0, g¢o)] })
1 +d (%o, ¥1)
< 0 (max {d(un, vy), ST A ),
d (Yo, 2) +d (1, ¥1) d (o, Y1) -d (1, o)
2 ’ d (Yo, 1) ’
d (¢1, ) [1 +d (¥, 1/}1)]})
1 +d (o, ¥1)

d (o, @m)—;d(% %), d (¢, w)})

<o (max {d (Yo, Y1),

IN

® (max {d (o, ¥1), d(¢1, 12)})
@ (d (1o, 1))
H (gvo, gin) < @ (d (o, ¥1))-

IN

= D (1, gih) <

Let o > 1 be an arbitrary constant so from Lemma (2.2.4) 3 ¢y € g1y s.t,

d (Y1, o) < VJoH (gvo, gin). (3.2)

So (3.2) can be written as

d (Y1, o) < /o® (d (o, V1)) < 0P (d (Yo, 1)) .

Given that @ is strictly increasing, it follows that

0 < ®(d (¢, ¥2)) <P (0P (d(th, 11))).

D (0@ (d (o, ¢1)))
O (d (¢, 1))

Now 0 > 1, applying the same procedure as above an iterative sequence can be

Consider g, =

obtained. Since ¥y € g1, then by using WGP property, (11, ¥9) € E(G) so,

D (2, g2) < H (g¥1, g1)2)
< O (N (¢, 12))
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= (max{d (wb w2)7 D(,wl, gl/}l);D(wz? g¢2)7

D (1, gio) + D (2, gtb1) D (1, g1) D (12, gio)

2 ’ d(¢17 1/12) ’
D (12, gi2) [1 + D (¢1, g¥h)] })
1+d (91, ¥2)
<o (max{d(@/}l, ), d (2, wz);‘d(%, %)7 d (¢, ¢3)*|2-d(¢2, wz),
d (1, ¥2)d (W2, ¥3) d(v2, ¥3)[1+d (¥, wz)]})
d (1, o) 7 L +d (91, ¥2)
:q)(max{dwb ). d (¢, %);d(wg, wg)’ d (i, %)})

= @ (max {d (Y1, 12), d (12, ¥3)})
< @ (d (¢, ¥2))
< o1 ® (d (¢, ¥2)).

As, o1 > 1, s0 by Lemma (2.2.4), 3 13 € gihy s.t

d (¥, 3) < orH (g, gia2) < 01® (d (2, 1)) = @ (0P (d (Yo, 1)) .

Due to the strictly increasing property of ®,

0 < ®(d (¢, 13)) < P (0P (d (¥, ¥1))).

Let
0y — ®? (0@ (d (Yo, 11)))
? P (d (2, 13))

Continuing in the same way, a sequence {¢,} € X can be constructed so that

Yar1 € gy 8.4 (Y, Yet1) € E(G) and

> 1.

d (g, Ygs1) < @4 (0@ (d (Yo, ¢1)))-

To prove that {¢,} is a CS, take p, ¢ € N with p > ¢.

p—1

At 1) S Y AW vin) £ 30 (08 (@ (uh, ).

1=
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The R.H.S must be convergent because ® is a (¢)-CF therefore when ¢, p — oo

then
d (g, ¥p) — 0.

Since (X, d) is a complete MS, therefore,
lim ¢, = p € X.
gq—00
As g is USC, so by using Lemma (3.1.2) u € gu. Thus ¢ has a FP. H

Consider the following property:
The (P)-property can be stated as follows: For any sequence {¢,} in X, if ¢,
converges to ¢ and (¢y, ¥4+1) € E(G), then there exists a subsequence {,, }

s.t (g, ) € E(G).

Definition 3.1.5. Let (X, d) be a CMS equipped with directed graph G and
® be a(c)-CF. Then g : X — CB(X) is called rational multivalued G-contraction

of type-II if

H(g,g0) < ®(N(1,0)), Y (¥, 0) € E(G), (3.3)
N (1, 0) = max {dw, 9), PW.9¢) 2+ D, 98) D(y.96) ; D, g¥)
D(y, g¢)D(#, g0) }
1+ H(gy, o)

Theorem 3.1.6. Let (X, d) be a CMS and g : X — C'B(X) be a multivalued

mapping satisfying the following conditions:

(a) g is rational multivalued G-contraction of type-II;
(b) Ny ={¢ € X : (¢, v) € E(G) for v € gy} is non-empty;
(c) g satisfies the (P)-property;

(d) g is a weakly graph-preserving mapping.
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Then ¢ has a FP.

Proof. Consider ¢y € Ny, there exists 11 € gy s.t (Yo, ¥1) € E(G). According

to given condition(a), for ¥y and v,

D (Y1, gyn) < H (900, gin)

@ (M (vo, 1))
= (max {d(%, o), D (4o, g¢o)-2FD(1/J1, gzpl)’
D (¢o, gin) + D (Y1, gvo) D (vo, gio) D (3, 91/)1)})
2 L1+ H (g, gt)
<o (max{d(q/;07 Y1), d (Yo, ¢1)42'd(¢1, ¢2)’

d (Yo, o) +d (@1, ¥1) d (o, ¥1)d (¥, %)})

2 ' D(dr, g¥n)
<o (max{dwo’ b)), d (o, %)—;—d(wl, ¢2)’

d (o, ¥2) d(vo, ¥1)d (¥, %)})
2 d (Y1, 1)

<3 (max{d (o, ), S0 TP 0 w)})

IN

® (max {d (to, ¥1), d(¢1, ¥2)})
@ (d (vo, ¥1))
H (gv0, gir) < @ (d (Yo, 91))-

IN

D (¢, gih1) <

Suppose ¢ > 1 be an arbitrary constant so from Lemma (2.2.4) 3 ¢ € gi); s.t

d (1, ¥2) < VoH (g, gia) < 0® (d (Yo, 1))

As & is strictly increasing, so

0 < ®(d(¢h1, 12)) < P(0P(d(tho, ¥1))).

3 (o0 <d<wo, )
ke 0= = @ (4, )

In view of (v, 1) € E( ), U1 € gy, V2 € gihy and by using WGP, (i1, 1») €

> 1.
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E(G). Therefore,
D (Y2, gib2) < H (g1, g¥2)

< @ (N (¢1, ¢2))
® (max{d(%, b)), D (¢, g@/ﬁl);D(%a 91/12)’
D (Y1, gio) + D (Yo, gi1) D (1, gi1) D (o, 9%)})
2 L L+ H(gdr, gia)
<o (max{d(qﬁh ba) | d (¢, %)"2'0'(%7 %)7

d(wh ?ﬁs)‘i‘d(%, 7/J2) d(%, w2>d(w27 ¢3)})

5 ’ D (¢2, gi2)
_o (max{d (, ), S0 ) g, ¢3)}>

= & (max {d (¢1, 1¥2), d (12, ¥3)})
< @ (d (91, 1))
< o1 ® (d (¢, ¥2)).

From Lemma(2.2.4), 3 ¢3 € gi)s s.t

d (Y2, ¥3) < orH (g1, ga) < 01® (d (¢2, ¥1))
= ® (P (d (vo, ¥1)))-
= d (¥, ¥3) < @ (0P (d (o, ¥1))).

AS & is strictly increasing, so

0 < ®(d (¢, ¥3)) < P (0P (d (¢, ¥1))).

Consider

,y— P02 (A (W0, 1))
’ O (d (¢, U3))

Continuing similarly, we construct a sequence {¢,} € X s.t ¥41 € g, and

(Vg: Yg11) € E(G),

> 1.

d <¢q7 ¢q+1> < 91 (QCD (d (¢0> ¢1))) .
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Next, our goal is to show that {i,} is a CS. Consider p and ¢ as natural numbers

with p > ¢. By triangular inequality,

AW ) < AW i) < 3@ (00 (4 o, 1))

The R.H.S must be convergent because ® is a (¢)-CF therefore when ¢, p — oo
then d (¢, ¥,) — 0. Hence {¢,} is a CS in the MS, which is complete. Therefore,
lggo Y, = p. As (P)-property is satisfied, so 3 a subsequence {#,, } of {¢,} s.t
zibqk, p) € E(G) for each k € N. Suppose D(u, gu) > 0, so that

lim D (¢g,, Yg.,,) =0,

q—00
lim D (¢g,, 1) =0.
1
D (Yo Yarin) < 2 D1, gpa), (3.4)

3

for qo € N s.t qx > qo. Furthermore, there exists ¢; € N s.t for any ¢ > ¢1

D (W 1) < 5D, g0 (3.5)

Consider ¢ > max {qo, ¢1 }, so that

D (Ygeys git) < H (gtbg,, gn)

< BN (Yg, 1))
<o (max {d (qu’ H) : D <ka7 gqug + D(/JJ, glu)’

D (Yg,, gi) + D (1, gibg,) D (Vy,, gq,D(1, gp) })
2 © L4 H (g, gn)

1
3P, gn) + D, gp)
2 )

1
< @ | max | 2 D(u, gp),

1
D (g, gi) + D (p, gibg,) 320 9Dk, gp)
2 ’ D (¢‘Zk+17 g,u)
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Now, take k — oo, then D (u, gu) < ®(D (u, gn)) < D (u, gu), which is a
contradiction. So D(u, gu) = 0 and since gpu is closed, so p € gu. Hence g admits
a FP. O

Theorem 3.1.7. Suppose (X, d) is a CMS with a directed graph G and a
multivalued mapping g : X — K(X). Suppose g be a USC and a weakly graph-

preserving mapping. Assume that

(a) There is a (¢)-CF & s.t

H(gy, g0) < ®(N(y, 0)) V (¥, 0) € E(G).

where N (1), 0) is same as in Theorem (3.1.6)

(b) N, is non-empty.
So that, ¢ has a FP.

Proof. Suppose that ¢y € Ny, 1 € gibg s.t (Yo, ¢1) € E(G). So, by condition (a)
D (41, g¢1) < H (g%, g¢1)

< @ (N (Yo, ¥1))
= <max {d (Yo, 1), D (¢, 9¢0)‘;D(¢1, 9@/)1)7
D (1o, gtn) +d (1, gvo) D (%o, gtbo) D (¢, 9%)})
2 1+ H(gvo, gi)
<o (max {d(%, Y1), d (¢, ¢1)72Ld(¢1, 7#2)’

d (Yo, 2) +d (U1, ¢1) d (o, ¥1)d (¢, %)})

2 ’ D (41, gin)
<® (max {d(?ﬂo, ), d (Yo, 1) —;dwh 1?2)’ d(%;%)})
< @ (d (o, 1)) -

since gy is compact then 3 19 € gty and d (v, ¥o) = D (1, giq) so

d (Y1, ¥9) < @ (d (o, ¥1)).
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Since (¢o, U1) € E(G), ¥y € gy and ¥ € g1)y, using weakly graph-preserving
property, (41, ) € E(G). Then

D (22, gt2) < H (g¥h1, g1)2)
< @ (N (Y1, 12))
D (d (Y1, 1))

Again by the compactness of gibg, 3 13 € gug s.t d (1, ¥3) = D (s, gibs).

Therefore

d (2, 3) < @ (d (11, ¥2)).

So a sequence {1,} in X can be constructed s.t g1 € gy, (Vg, Vet1) € E(G),

and
d (wqa 7v/}q+1) S ¢ (d (1/}(1717 %))
< (I)Q (d (wq—% wq—l))
< @7 (d (Yo, ¥1))-
Thus

d (¢q7 wq-kl) < @1 (d (@Z’O» ¢1)) :

To show that {¢,} is a CS. Let p, ¢ € N and p > ¢. Then by triangular inequality,

p—1
d (¢g, ¥p) < Zd (Wi, ig1)

1=q

< Z@q (Yo, 1))

The R.H.S must be convergent because ® is a (c¢)-CF. Therefore, d (¢4, ¥m) — 0
as q, p — 0.

So {¢,} is a CS in (X, d) which is a CMS. Therefore, qh_f?o Ve =p € X.

As g is USC, so by using Lemma (3.1.2), it follows that @ € gu. In other words,
g admits a FP. O
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3.2 On F-Contractions

In this section FP theorems are examined and elaborated for F-contractions. For
this, some sets are defined here.

Let (X, d) be a MS and G be a directed graph on X and a mapping I' : X —
CB(X). Define

To = {(¥, 8) €E(Q): H (T, T9) > 0},
Xr={YeX: (¢, 0) € E(G) for some 0 € I'Y},

and

d(, 0), D (v, Tp), D (6, T9),
L(¢, 0) =maxq D(y, Ty) D (v, T0)+ D (0, TO) D (0, T¥) -
max{D (¢, I'0), D (6, T'Y)}

with max {D (1, T0), D (8,T¢)} # 0.

Now here is the definition of F-contraction.

Definition 3.2.1. [36] “Consider (X,d) be a MS and a mapping I' : X —
CB(X). Then I' is called a multivalued F-contraction if there exist F € J and

v>0s.t

v+ F(H (T, T9)) < F (L, 0)) (3.6)

for all ¥, 0 € X with (¢, 0) € [g.”

Theorem 3.2.2. Consider a multivalued F-contraction I' : X — K(X) on
(X, d) which is a complete MS with a directed graph G. If Xt is non-empty then
I' admits a FP.

Proof. To prove that I' has a FP, we on contrary assume that I" has no FP then,
D, TY) > 0V ¢ € X. Consider ¢y € Xr, then (¢, ¥1) € E(G) for any
Y1 € 'y, and

0 <D (31, T'pr) < H (Tho, Tpy) .
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So (¢o, U1) € T'g. By using (3.6) for 1y and v,

F (H (T, Thy))
F (L (%o, 1)) =7
f

(maX {d (%7 wl)a D (¢07 FwO)a D (¢17 le)a

D (4o, Tho) D (tho, T'1) + D (41, T'1) D (31, T'thy) }) _
max { D (o, 1), D (41, Tio)}

< F (max {d (¢, ¢1), d (1, ¢2),

d (1o, 1) d (Yo, o) +d (Y1, o) d (1, ¢1)}> —y
max {d (Y, ¥2), d (1, ¢1)}

< F (max {d (Yo, V1), d(¥1, ¥2)}) =~
< F(d (o, 1)) — -

F (D (1, Tr)) <

IA

By Compactness of 'y, there is, 1y € I'ty s.t d (¢1, 12) = D (¢4, T'¢y). Then
F(d (%1, ¢2)) < F(d (%o, ¥1)) —7-

Since (1o, ¥1) € E(G), 1 € Ty and ¢y € Ty, by using the property of
weakly graph-preserving, (¢, 1) € E(G), and (¢4, 12) € I'g. Now, proceeding

similarly,
0< D ('QDQ, F'QDQ) S H (F¢17 F¢2)7

F (H (I'py, Tpy))
F (L, ¥2) =
f

(max {d (¢1, ¥2), D (1, T'Y1), D (2, T'iy),

D (11, T1) D (41, Tapa) + D (ha, Taha) D (1o, F%)}) B
max {D (¢1, T'ie), D (o, T't1)}

< F(max {d (1, ¥2), d (12, ¥3)

d (Y1, ¥o2)d (Y1, ¥3) +d (2, ¥3)d (e, ¢2)}) -
max {d (1, ¥3), d (2, ¥2)}

< F(max {d (¢1, ¥2), d (12, ¥3)}) =7
< F(d (@1, ¥2)) — 1.

F (D (12, T'ihy)) <
<
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The compactness of 'y implies that ¥5 € Ty s.t d (g, ¥3) = D (19, ') so

F(d (o, ¥3)) < F(d (W1, ¥2)) — - (3.7)

So a sequence {¢,} € X can be constructed s.t 1,11 € 'Yy, (¥, Yg41) € T'g and

F(d (g, g11)) < F(d(¥g-1, ¥g)) =7 YgeN. (3.8)

Let us assume that 7, = d (¢, ¥g+1), where ¢, and 1,4, are elements of a metric
space. So 7, > 0 and {7,} is a decreasing sequence of real numbers, there exists
w=0st lim 7, =w.

q—0

F(ry) < F(1g-1) =

< Frg2) —2v
< F () —qv
F(1g) < F(70) — q7- (3.9)
Now lim F(1,) = —oo, therefore
q—+o00

w = lim 7, = 0.
q—>OO

Due to (F'3), there is a constant k € (0, 1) s.t, lim 7°F (7,) = 0. Then by (3.9)

q—o0 q

o F (14) = 14 F (10) < —75q7 < 0. (3.10)

q

Which is true V ¢ € N. Suppose ¢ — oo, then lim, quf = 0. From (3.10),
suppose there is a ¢ € N then ¢7; <1V ¢ > ¢1. Thus

7, < — Yq=aq. (3.11)
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To show {#,} is a CS, suppose that p, ¢ € N and p > ¢ > ¢;. Then,

d (¥g, ¥p) <d (Vg Ygi1) +d (Vgr1, Vgr2) + -+ +d(Yp_1, ¥p)

=Ty + Tgr1 +Tgp2+ -+ Tpo1

p—1

~Y

As k € (0, 1), then >

= il/k

implies that {¢,} is a CS in the MS, which is complete. So it converges to some
i € X. Using the USC of I and from Lemma (2.2.4), it follows that p € T',,.

is convergent. So d (¢, ¥,) — 0 as ¢, p — oo, this

However, this contradicts our initial assumption. Hence, I' has a FP. O

Theorem 3.2.3. Consider (X, d) a complete MS, with a digraph G. Let
I': X — K(X) be a multivalued F-contraction, where F € J,. If the set Xt is
non-empty, then I' has a FP.

Proof. Let T does not have a FP, then D(v¢, Tt) > 0, for every ¢ € X. Let ¢ be
an element in Xp. Consequently, there exists (¢, ¥1) € E(G) for some ¢, € T'y.
Thus

0 < D (¢, Tpy) < H (T, Tfy) .

Hence, (1o, ¥1) € I'¢. By F-contraction condition (3.6)

F (D (¢1, D)) < F (H (Do, Tihn, )
< F (L (o, 1) - 2

= F (max {d (vo, 1), D (¢, Tto), D (11, Tpy)}

D (o, Tapo) D (o, Topy) + D (1, T'hy) D (¢4, F%)}) B
max {D (¢o, T't1), D (¢1, o)}

7
2
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g]—"(max{d (¢07 ¢1)> d(wb ¢2)’

d (o, ¥1)d (Yo, P2) +d (1, o) d (¥, wl)}) B
max {d (o, ¥1), d (1, 1)}

< F (max {d (Yo, ¥1), d (1, ¢)}) = 5

b2

In view of (Fy),

F (D (11, T'py)) =F (inf {d (1, v) : v € T })

—inf {F (d (Y1, ) : v € TY1)} < F(d (o, 1)) — 5.

Due to the compactness of ['i)y, there is 1y € Ty s.t d (1, ¥9) = D (¢1, T'y).

So

F(d (@1, 1)) < F(d(tho, ¥1)) — %

(3.12)

Since (1, ¥1) € E(G), ¥y € Ty and 1py € T9p1. By WGP property (11, 1) €

E(G), and 0 < D (12, ') < H (T't1, T'ha) . So (1, 1) belongs to I'g, then

F (D (2, Tipp)) < F (H (Tpy, Tiho))
< F (L (91, 1h2)) —

= F (max {d (¢, 19

o[ =2

~—

) D(¢17 Fz;bl)a D(¢27 F¢2)7

D (1, TY1) D (Y1, To) + D (2, Tha) D (12, tn)

max {D (Y1, ['a), D (Yo, T91)}
< F(max {d (¢1, ¥2), d (g, 3),

d<¢1, 1/12)d(1/}17 ¢3)+d(¢2; ¢3)d(¢2> ¢2)}> o

max {d ({1, 13), d (s, 1)

< F (max {d (ur, v2), d (o, 1)) — .

In view of (F4)

F (D (2, Tiha)) =F (inf {(¢2, v) : v € T'iha})

=inf {F (d (v, v) v € Do)} < F(d (¥, o)) — 1.

-

N |2
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Due to the Compactness of 'y, there is 13 € Ty, s.t d (¥a, ¥3) = D (2, T'1s)

SO

F(d (o, ¥3)) < F(d (W, n)) — g. (3.13)

By following a similar approach, construct a sequence {¢,} in X s.t ¥,41 € I'Y,

and (¢g, ¥g41) € ', and

F(d (g, gr1)) < F(d (g1, ¥g)) —

b |2

, VgeN (3.14)

Let 7, = d (g, ¥g41), then 7, > 0 and from (3.14), {7,} is a decreasing sequence

of real numbers, there exists a non-negative value w > 0 s.t lim 7, = w. Now
q—)OO

— F(r,)<F(n)—q (—) . (3.15)

The R.H.S of (3.15) goes to —oo when ¢ — +o00. By utilizing (F2), w = lim 7, = 0.
q—00
As a consequence of (F3), there is k € (0,1) s.t lim 77F (7,) = 0. By the inequal-
q—00
ity (3.15)

-2

T F (1) = 7o F (a0) < —77q (5) <0 g€N (3.16)

This condition holds for all ¢ € N. Equation (3.16) implies, lim qr(f = 0. So there
q—00

is ¢ € Ns.t qf(f <1lforall ¢ >¢q. Thus 7, < YV g > q1. Now claim that

{7, } is CS. For this, take p,q € N with p > ¢ > ¢;. Hence,

p—1 p—1 00 00
d (Yg, ¥p) < Zd(%, Yiy1) = Zﬂ' < ZTz‘ < Z (21%) -

x© (1

As k belongs to the interval (0, 1), the series > (m) converges. Consequently,
i=1 \?

as ¢ and p approach infinity then d (¢, 1) — 0. In other words, the sequence
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{¢y} isa CSin (X, d) which is a CMS. Therefore, {1, } converges to some p € X.
USC of I" and the Lemma (3.1.2) implies i € I'p. So it contradicts our assumption.
Thus I' must admits a FP. O

Theorem 3.2.4. Consider a CMS (X, d) equipped with a directed graph G
that satisfies the following property:

For any {¢,} in X, if ¢, converges to ¢ and (¢,, ¥,+1) € E(G),
then there exists a subsequence {t,, } with (¢, ¥) € E(G).

Consider a multivalued mapping I' : X — K (X), where I is also a F-contraction.
Suppose I' is WGP mapping and the set Xt is non-empty. If F is a continuous

function, then I' must have a FP.

Proof. Assume that I" has no FP then, D(y, I'v)) > 0V ¢ € X. Consider ¢y € Xr.
So (v, ¥1) € I'g. By using (3.6) for vy and vy, (v, ¥1) € E(G) for any ¢, € I'iy,

0 <D (¢, T'thy) < H (T, T'hn).

F (D (1, T'y)) < F (H (T'ho, Ty))
< F (L (Yo, Y1) —n

= F (max {d (Yo, ¥1), D (to, Tbo), D (1, T'¢h1),

D (o, Tho) D (tho, T'1) + D (41, T'p1) D (31, T'thy) }) .
max {D (Yo, Y1), D (Y1, T'o)}

< F (max {d (o, 1), d(¢1, 1),

d (Yo, ¥1)d (Yo, o) +d (1, o) d (¢, %)}) —
max {d (Yo, 12), d (1, ¢1)}

< F (max {d (vo, 1), d (1, ¥2)}) —7

So

F(D (¢, Ty,)) < F(d (o, ¥1)) =7 (3.17)
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By Compactness of I'i)y, there is, 1y € I'thy s.t d (¢, ¥9) = D (¢1, 'ty). Then

F (d (1, 12)) < F(d (1o, ¥1)) — 7.

Since (1o, 1) € E(G), ¥1 € T'Yy and 1y € ')y, by using the property of weakly
graph-preserving, (¢, ¥) € E(G), and

0<D (1#2, sz) <H (F¢17 F¢2)7

so (11, 1¥2) € I'g. Then apply the same procedure as above it can be shown that

F (D (g, Tihy)) < F(H Ty, Ta)) < F (L (Y1, ¥2)) — - (3.18)
So

F (D (o, Tipa)) = F (max {d (¢1, ¥2), D (1, 1), D (g, T'iha),

D (1, T¢) D (¢, T'iha) + D (b2, Th2) D (2, T'thy) }) .
max {D (¢1, Ths), D (¢, Tip1)}

< F (max {d (¢1, 1), d (s, 1¥3)

d (1, 1a)d (¢1, ¥s) +d (¥, 13)d (s, %)}) _
max {d (11, ¥3), d(¢q, 12)} !

< F (max {d (Y1, v¥2), d (2, ¥3)}) —7
< F(d (@1, ¥2) — 7.

The compactness of ')y implies that ¥3 € T'thy s.t d (e, ¥3) = D (1, T'ths) so

F(d (g, ¥3)) < F(d(¥1, ¥2)) — 1. (3.19)

So a sequence {¢,} € X can be constructed s.t ¥ 11 € Ty, (¥4, ¥gi1) € g and

F(d (g, ¥g41)) S F(d(Pg-1, ¥g)) =7 VgeN. (3.20)
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Let us assume that 7, = d (¢, ¥g+1), where ¢, and 1,4, are elements of a metric
space. In this case, we can conclude that 7, > 0. Since {7,} is a decreasing
sequence of real numbers, there exists a non-negative value w > 0 s.t lim 7, = w.

q—0

F(rg) < F1g-1) =

< Frg-2) —2v
< F(70) —qv
= F(7g) < F(70) —q7- (3.21)
Now lim F(1,) = —oo, therefore
q—+00

w = lim 7, = 0.
q—00

Due to (F'3) there is a constant k € (0, 1)

lim @Dk}"(wq) =

q—0o0

Then by (3.21)

T:]: (1) — T, FF (1) < —T gy < 0. (3.22)

Which is true V ¢ € N. Suppose ¢ — oo then

lim qT =0. (3.23)

q—o0

1

From (3.10), suppose there is a ¢; € N then q¢} <1V ¢ > q1. Thus 7, < 7
q

V q > ¢:.By claiming {7,} is CS, suppose that p, ¢ € N and p > ¢ > ¢;. Then,

p—1
TORSE WIRIRES vt w ol 131
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1

As k € (1o, 1), the series Z; oy

converges, so d (¢, 1,) = 0 as ¢, p — oo, then
this implies that {¢,} is a CS in the MS, which is complete. So it converges to some
w € X. By the given property, there exists a subsequence {¢,, } of {1, } s.t (¢, 1)
is an element of E(G) for every k € N. Since (l}i_r}r(% g, = pand D(p, T'p) > 0, there

is no natural number qo s.t D(vg,,,, I'n) = 0 for all ¢, > go. Thus, for all g, > qo,
H (Tipy,., Tpi) > 0.

Thus (v, 1) € I'g for all g, > qo. Therefore, by F-contraction condition and
(Fy). for allgr, > qo.

F (D (g1, Tw)) < F (H Ty, Tu)) —
S ]:(L (¢Qk7 :u)) -7
f

(max {d (¢g,, 1), D (¢g,, Tty,) . D(p, Tpr)

D (g, Tq,) D (g, Tr) + D(p, Tp)D (g, F%)}) B
max {D (Vg,, I'r), D(p, Tihg, )}

S.F(max{d (wtﬂw ,U,), d (1/}%7 qu+1)7 D(Mv F/L),

d (wqm quﬂ) D (g, Tu) + D(p, T')d (,u, quﬂ) —
max {D (¢g,, T'n), D (p, Tibg,)} '

Taking k — oo and by the continuity of F this leads to a contradiction, so

v+ F(D(u, Tp)) < F(D(u, Tp)).

= [ has a FP. O

Now, the following corollaries are presented by changing the some conditions with
WGP property. Then an example is elaborated by using the theorems results and

how the main results will not hold if set of edges E(G) is not considered.

Corollary 3.2.5. Suppose (X, d) is a CMS with a digraph G and a mapping
I': X — K(X). Suppose for F € J and v > 0 s.t

v+ F(H(Tv, T)) < F(d(v, ¢))
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Vv, ¢ € X with (v, ¢) € ['g. If I is both USC and a WGP mapping and the set
Xr is non-empty, then I' has a FP.

Corollary 3.2.6. Let (X, d) be a CMS endowed with a directed graph G,
and I' : X — CB(X) be a mapping. Let F € J, and v a positive constant s.t

v+ F(H(Tv, Tp)) < F(d(v, ¢))

for v,¢ € X, with (v, ¥) € I'¢ Assuming that I' is USC and a WGP and the set

Yr is non-empty, it can be concluded that I' possesses a FP.

1
Example 3.2.7. Let X = {w,i = @; k>1, kisan integer}u{()} and

the d(p,0) = |p — o|. Then (X, d) is a CMS.
Now, define a mapping I' : X — C'B(X) by:

L) =4 (o) i p =
{wla w2, ..., wn—l} ) ifp:w/m RZ 2

and a graph on X by V(G) = X and

E(G) = {(p, 0) | p=0 or p=th, 0=y, p< K},

Then I' is USC and a WGP mapping. To show that I' is a multivalued F-
contraction, where F(p) = p+ Ilnp and v = 1. Let (p, o) € E(G) be s.t
I'(p) # I'(k). We will consider two cases:

Case-1. If p = w,, k> 2 and 0 = wy, then

As T'wy = wy, so

H(T(p), I'(0)) =max{D(p,l'o), D(c,T0)} = max{D(w,, Twy), D(wy,Tw;)}.

= H(T(p), T(0)) = wx1 — ]

Also N(p, 0) = d(wy,w1) = |wx — w1

H (T'(p), F(U))eH(F(p), T(0))-N(p, o) _ Wr—1 — 16%_1—% -

N(ﬂ? U) Wn_l
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Case-2. If p = w,,0 =wp,, kK >p>1, then

H(T(p), T(a)) = max{D(p,Tar), D(o, To)} = max{D(ws, Tey), Diey, Ty}
= H(l(p), I'(0)) =k +p—1.

Also N(p, o) =d(ws,wp) =k +p+1

H (I'(p), F(U))GH(F(p), T(0)-N(p, o) _ TP — 16_H+p el

N(p, o) K+p+1

So all assumptions in Theorem (3.2.2) and Theorem (3.2.3) are satisfied. There-
fore, I" has a FP. It is important to note that without considering the graph on
X, the contraction condition is not satisfied. In fact, by taking p = 0 and o = wy,

H (T(p), I'(0)) =1 and d(p, o) = 1, we get

v+ F(H((p), T(0))) > F(d(p, 0)) ¥V FeJandy>0.



Chapter 4

Fixed Point Results in b-metric

Spaces via Graph Structure

In this chapter several FP results in bMS endowed with graph G are presented.
These results are generalization of the work of Acar et al. [21]. Some notions
used by Acar et al. are defined in the setting of bMS then some FP results are

established in the new framework.

4.1 On Multivalued G-Contraction

In this section FP results via graph structure will be proved in bMS. First we will

define some terms that will be useful in bMS.

Definition 4.1.1. [37] “A function ¢ : R* — R* is called a b-comparison
function (bCF) (with s > 1 ) if ® is monotonically increasing and there exist

o0

ko € N, a € (0,1) and a convergent series of non-negative terms »_ vy s.t
k=1

PR (L) < af@F(t) 4 v, for k> ko and any t € R

Remark 4.1.2. It is evident that when s = 1, the notion of a bCF simplifies
to that of a (¢)-CF.

39
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Lemma 4.1.3. If ® : R™ — RT is a bCF as stated in [38], then the following

conditions hold:

o
(a) A series > s*®*(r) is converges to any r € R,
k=0

(b) The function p;, : R — R* is defined as py(t) = > bF®*(¢) for t € RT,
k=0

is increasing and continuous at 0.

Definition 4.1.4. Let (X, dy) be a complete bMS equipped with digraph G.
Then g : X — C'B(X) is called rational multivalued G-contraction of type-I if

sH(gi, 90) < ®(N(¥,0)), V (¢, 0) € E(G), (4.1)

where @ is (b)-CF and,

N(¢, 0) Imax{db(¢7 9), D(¥, gw);D(Q, 99)7 D(+, 90)2+SD(9, g)

D, g¢)D(0, g8) D(9, gf)[1 + D(¢, gw)]}
(1, 0) ’ 1+dy(¢), 0) '

Theorem 4.1.5. Let (X, dy) be a complete bMS and g : X — CB(X) is USC
and a WGP mapping. Then g has a FP, if it satisfies the following conditions:

(a) ¢ is rational multivalued G-contraction of type-I;

(b) Ny ={¢ € X : (¢, v) € E(G) for v € gy} is non-empty.
Then g has a FP.

Proof. Let 1y € Ny, where N, # ¢. So, there is ¢4 € g(1o) s.t (¢0,%1) € E(G).
Now, by condition (a) for 1 and v,

N (i, w0) = (v, ), D020 DL )
D (o, g¥1) + D (1, gho) D (Yo, gto), D (1, gin)
2s 7 dy (1o, 1) 7
D (¢1, g¥1) (1 + D (0, gibo)) }
(1 +dy (Yo, 1))
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(Yo, n) +dy (Y1, P2) dy (Yo, ¥2)
2 ’ 2s
d (o, 1/11);-db (¢n, 1#2)7 dy (11, %)}

gmax{db (Yo, 1), i & (W1, ¢2)}

SmaX{db (Yo, 1),
<max{dy (Yo, ¥1), dp (Y1, ¥2)}

Also by condition (a)

sD (d}h gwl) S sH (g¢07 gl/Jl) S @ (N (w()? ¢1))7

Therefore,

sD (1, , g11) < @ (max {dy (Yo, ¥1), dp (1, ¥2)}) < P (dp (o, ¥1))-

Let o > 1 be an arbitrary constant. So by Lemma (4.1.3) there exist 19 € g1, s.t

dy (¥1, ¥2) < VoH (gibo, gin)-
As sH (g0, gin) < @ (dp (Yo, 1)) so,

sdy, Wl, ¢2) < VosH (g0, gi1) < 0P (db (%, ¢1))'

Due to the strictly increasing nature of the function ®, we can conclude that

0 < ®(sdy (Y1, ¥2)) < P (0P (dy (0, ¥1))) -

D(o(dp (20, ¥1)))
D(sde (1, T2)) > L

Since (1o, Y1) € E(G), 91 € gvo and 1y € gi1, using WGP property, (1, 2) €
E(G) then,

Set 01 =

N(lﬁb Vy) :max{db Wl, Vs), le’ 92/}1)—;-17(1#2, ng)’
D (Y1, 9¢2) + D (Y2, gt1) D (b1, gin) D (2, g1P2)
2s 7 dy (1/11, 7?2) ’
D (a9, gib2) (1 + D (31, 9¢1))}
(1+dy (1, 1))
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gmax{db (tn, o), dy (¢4, ¢2)‘£db (1o, ¢3)’ dp (1/121; 103), dy (1, %)}
< max {db (”(ﬁl, w2) : db (¢17 77Z)2) ;_ db (¢2’¢3)’ db (w% wg)}
<max {dy (V1, ¥2), dy (P2, ¥3)}.
As by definition of Type-I contraction,
sD (12, gi2) < sH (gipr, gia) < @ (N (Y, 102)). (4.2)

So, from (4.2)

sD (12, gipa) < ® (max{dy (1, 2), dp (Y2, P3)}) < @ (dy (1, ).

As 01 > 1, so there exist ©3 € gi)s, s.t

sdy (12, ¥3) < Vo1 sH (g1, gia) < 01® (dy (1, ¥2)) = @ (0P (dy (Yo, ¥1))) .

©* (0@ (dy (¥1, ¥1))

P (sdp (Y2, ¥3))
similarly to generate a sequence {¢,} in X s.t Y41 € g¥b, and (¢, ¥411) € E(G),

Since @ is strictly increasing. set gy = > 1. Next, proceeding

and

sdy (Vg, V1) < D7 (0P (dy (Yo, ¥1))) -
To prove {1,} is a CS, take p, ¢ € N with p > 1,

m—1

dy (g, ) <D 80 dy (5, i)

Jj=q

< sT79PT (o® (dy (1o, 1))
=0

< qusijq)j (0@ (dy (Yo, ©1)))

g

<Y D (p® (dy (Yo, ¥1)))-

J=0

As @ is a bCF, the series on the R.H.S converges. Hence, as ¢ and p tend to
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infinity, the distance dy(1/y,1,) approaches zero. In other words, the sequence
{¢y} is a CSin (X, d;) which is a complete bMS. Consequently, {¢,} converges to
some element p € X. As g is USC so by Lemma (3.1.2) u € gu. So g possesses a
FP. O

Definition 4.1.6. Let (X, d;) be a complete bMS with digraph G. Then
g: X — CB(X) is called rational multivalued G-contraction of type-II if

sH(g, g0) < ®(N(¢,0)), V (¢, 0) € E(G), (4.3)

where ® is (b)-CF and,

D, g9)+ D0, gv) D, gv) D(6, 99)}
2s C 1+ H(gy, g0) |

Theorem 4.1.7. Consider a complete bMS denoted as (X, d,), G be the di-
graph defined on (X,d;). Consider the multivalued mapping ¢ : X — CB(X)

satisfying the following conditions:

(a) ¢ is a rational multivalued G-contraction of type-II;
(b) Ny ={¢ € X; (¢, u) € E(G) for u € gy} is non-emptys;
(c) The (P)-property is satisfied;

(d) g is WGP mapping.

Then ¢ has a FP.

Proof. Take by € N,. There is an element ¢ € gy s.t (¢, ¢1) € E(G).
As a result condition (a) can be used both for 19 and ;. Then by definition of

Type-II,

sD (1, g¥n) < sH (gbo, gi1) < (N (Yo, 1)) . (4.4)
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Now

N (Yo, 1) Zmax{db (o, 1), D (tho, gtbo) + D (¢p1, gtn)

2 )
D (4o, g¥1) + D (%1, gto) D (do, giho) D (4, gwl)}
2s ’ L+ H (g%, g¢1)
Smax{db (Yo, Y1), dy (o, wl)—;D(wh 97/’1)’

D(%a 9%) D (¢4, g%)}
1L+ D (¢, gyn)

< max{db (w(], 1/11), db <¢0a ¢1) —ZD(¢17 g¢1)7 D(wl’ gwl)}

< max {dy (Yo, ¥1), D (1, gin})

So , Let p > 1, is an arbitrary constant. Therefore, there exists ¥y € g7 s.t

sD (Y1, gi1) < @ (max {dy (Yo, ¥1), D (Y1, gi1)) < P (dy (Yo, 1)) .

sdy, (@Dl, wz) < 8\/§H (gwm g%) < 09 (db (%’; ¢1))'

Due to the strictly increasing nature of ®, it follows that

0 < @ (sdy (¢1, 12)) < P (0P (dy (¢0, ¥1))) .

Take 01 = @égzsj?gf?’df)l))» > 1. In view of (¢, 1) € E(G), ¥y € gihy, s €

g1, and using WGP property (11, 1) € E(G), then

N (¢, v2) :max{db . vy, D gzz}l);p(%, )
D (1, gi2) + D (b2, gi1) D (1, gib1) D (¢a, ng)}
2s , 1+ H (g1, gi)

< max{db (W1, ), dy (1, ¢2) —;D(wz, ng)’

DWl, g%) D(wz, g%)}
D(w% ng)

< max{db (wh wQ)’ db <¢17 1/}2) —;D(w% g¢2), D(w2’ ng)}

< max {dy (¢1, ¥2), D (¥, gia)}.
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Also by condition (a)

sD (g, gi2) < sH (g1, gipa) < @ (N (Y1, 2)), (4.5)

Now,

sD (Y, gip2) < sH (g1, gibo)
< @ (max {dy (Y1, Vo), D (Yo, gib2)})
< @ (dy (Y1, 92)) -

There exist V3 € gy, s.t

sdy (12, ¥3) < yJo1sH (g1, giba) < 01® (dy (¢1, 1¥2)) = @ (0P (dy (Y0, 1)),

since @ is strictly increasing

= 0 < P (sdp (1h2, ¥3)) < D (0P (dp (tho, ©1))).

©? (0@ (dy (¢, ¢1)))

D (dp (12, ¥3))
Now a sequence {¢,} in X s.t ¥,41 € g9, and (g, Y¥g+1) € E(G) can be con-

> 1.

Set 0o =

structed and

sdy, (wq, ¢q+1) < 91 (Q‘I) (db Wo, %)))-

To show that {¢,} is a CS, let p, ¢ € N with p > ¢, by using generalized form of
triangular inequality in bMS,

p—1
dy (g, ) <Y dy (15, i)

Jj=q

p—1
< 3 D (o0 (A (o, 1)
p—1
< quflsjﬂfq@j (0@ (dy (0, ¥1)))

Jj=q

< Z sT®7 (0@ (dp (0, 1))
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Given that ® is a bCF, the series on the R.H.S converges, so dy(¢,, ¢,) — 0 as
both p and ¢ tend to infinity. This implies that the sequence {¢,} is a CS in

(X, dp), which is a complete space. Therefore, {1,} converges to u € X, that is

lim ¥, = p.

q—o0

Using the (P)-property there is a subsequence {1, } of {¢,} in which (¢, ,pn) €

E(G) for every k € N. Let’s assume that D(p, gu) > 0. As lim D (¢, tbg,,,) =0
q—00

and lim D (g, 1) =0,3 ¢o € Ns.t for g, > qo,
q—00

D (Y Vo) < %D(u, gm) (4.6)

and there exists a natural number ¢; s.t ¢, > ¢,

D (s 1) < 3D, gp). (4.7)

If we take ¢ > max{qo, ¢1}, then by (4.6) and (4.7)

SD (¢qk+17 glu) S SH (glqu? g'u)

< (N (Yg,, 1))

<o (maX {db (%k, :u)7 D <qu7 gqu; + D(u, gﬂ) ’
D (g, gi) + D (1, gbg,) D (Vg 9%q,) D(u, gu)}
2s "1+ H (g (Y, gn)

<o (maX{D(ué gu)’ D(p, gp) J?: D(p, gu)’

1
D (thy,, gi) + D (u, giby,) 3P 91) D(p, gpe)
2 7 D (Ygrt1, gi)

Let k — oo, then sD(u, gu) < ®(D(u, gun)) < D(p, gp), which is a contradiction.
So D(u, g(p) = 0 and since gpu is closed, then p € gu. Hence, g has a FP. O

Theorem 4.1.8. Suppose (X,d,) be a complete bMS, additionally, there is a
digraph G defined on X. Let g : X — K(X) be a multivalued mapping. Assume
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that ¢ is USC and WGP mapping. Suppose that the following conditions are
satisfied

(a) there is a bCF @ s.t

sH(gy, gb) < (N (¥, 0)), V (¥, 0) € E(G),
where N (1), 0) is same as in Theorem (4.1.7).
(b) N, is non-empty.

Then, ¢ admits a F'P.

Proof. Choose 1y € N,. Thereis ¢y € gt s.t (¥o,91) € E(G). Consequently,
by usnig condition (a) for 1y and ;. Then,

sD (Y1, gin) < sH (gbo, gin)

< @ (N (Yo, ¥1))
_ (max {db (o, 0y, 2o 9%0) ; D (v, gv1).

D (Yo, g¥1) + D (Y1, gvo) D (o, gibo) D (31, 9%)}

2 "1+ H (gdo, gth)
< @ (max {4 . ), 200000 LS (00

2s ’ D(%, g%)
<o <max{db (o, ), 2P0 VT 0a) o w})

dy (t0, 2) dy (Yo, ¥1) D (3, 9101)}

2
< @ (max {dy (Yo, ¥1)})-

Given the compactness of g1, there is an element ¥ in gy s.t dy (Y1, 1) =
D(wla g¢1)7 S0
sdy (Y1, ¥2) < @ (dy (Yo, 1)),

since (vg, ¥1) € E(G), Y1 € gby and ¥9 € g1P1, using the WGP property, we get
(11, ¥2) € E(G). Then similarly applying the same procedure as above it can be
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written as

sD (2, gi2) < sH (g1, gibo)
<O (N (Y1, 2))
< D (dy (Y1, 2)),

since gy is compact, again 3 13 € gibg s.t dp (¥2, ¥3) = D (¥, g1be). Therefore,

sdy (2, ¥3) < @ (dy (¥, 12)) .

By repeatedly applying this procedure, we generate a sequence {1} in X
8.t 1441 belongs to gy, and (¢4, ¥,11) is an element of E(G)

Sdb (¢q, 1/1(14-1) S o (db ("bq—l; ¢q))
< % (dy (g2, Vg-1))

< @7 (dy (Yo, ¥1)) -

Now we will show that {i,} is a CS. Let p, ¢ € N with p > ¢.

Consider

p—1
dy (g, ) < Y80 dy (4, 1)

Jj=q

p—1
< Z s77907 (dy (Yo, ¥1))

Jj=q

p-1
< qu s77ID7 (dy (vo, 1))

Jj=q

= 37 9 (4 (o, 1)

Jj=q

< Z s'®7 (dy (Yo, 1))
j=0
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Given that @ is a bCF, then series on the R.H.S converges. As aresult, dy (1), ¢,) —
0 as ¢,p — oo. In other words, the sequence {¢,} is a CS in the complete bMS.
Therefore, {1,} converges to a certain point © € X. As g is USC and by the
Lemma (3.1.2), we can conclude that p € gu. This implies that g has a FP. [

4.2 JF-Contraction

Let G be a diagraph on a MS X and I' : X — C'B(X) be a mapping. Define

I ={(¥, 0) €E(G): H(Y, I'd) >0},
Xr={veX: (v, 0) € E(G) for some 0 € Ty},

and

dy (¥, 0), Dy, T'p), D (0, I'9),
L(¢, 0) =maxq D (4, Ty) D (v, T8) + D (0, T) D (6, )
max {D (¢, I'0), D (0, T'y)} 7

Now, I' is a multivalued F-contraction if 3 F € J and v > 0 s.t

v+ F(sH (Ty, T9)) < F(L (v, 0)).

for ¢, 6 € X with (¢, 0) € T'g.

Theorem 4.2.1. If we have a complete bMS (X, d,) with a digraph G and a
multivalued F-contraction I' : X — K(X), then if the set X is not empty, we
can conclude that I' has a FP.

Proof. If every ¢ € X satisfies D(¢, ") > 0 and 1)y belongs to Xr, then there
exists ¥y € [y s.t (1o, 11) is an element of E(G)

0 <D (¢, I'thy) < H (T, T'hn).



FP Results in bMS via Graph Structure 50

By the F'—contractive condition, it can be written as

F (8D (¢1, Tipy)) < F (sH (I'hy, T'thr))

f
F (L (%o, 1)) =7
F
(

IA

(maX {db (1/}07 wl)a D (w()a F¢0)7 D (wla le),

0, 1) D (o, 1) + D (41, Tn), D (41, T, )}) B
max {D (¢, Tn). D (11, D)} i

< F (max {dy (Yo, ¥1), do (¥1, P2)} — -

Because 'Yy is compact, 3 1y € Ty s.t dy (1, 1) = D (11, [')y), so we have,

F (sdy (¢1, 102)) < F (dp (Y0, 1)) — . (4.8)

Since (¢g, 1) € E(G), ¥y € ')y and 1y € Ty, by the WGP property (11, 1) €
E(G) Considering 0 < D (g, T'thg) < H (I'thy, T'thy), we get (1, tha) € ['hy, then

F (sD (tha, Tipa)) < F (sH (Tthr, Tiha)) < F(dy (41, ¥2)) —

Due to Compactness of Tty there is 13 € T, s.t dy (1o, ¥3) = D (12, T'iy), so

we have

F (sdp (2, 3)) < F (dp (Y1, 12)) — 7. (4.9)

Similarly

F (sdy (3, 1)) < F (dy (2, 3)) — 7. (4.10)

A sequence is generated by continuation of the above procedure {¢,} within X,

F (sdy (%, %H)) < F(dy (¢q717 %)) -7 VgeN, (4.11)

where ¥,11 € Ty, (Vg Ygr1) € T'g. Let dy (¢, ¥y41) is denoted by 7,. It
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follows that 7, is greater than zero and the sequence {7,} exhibits a monotonically
decreasing pattern of real numbers. Consequently, there exists a non-negative

number w s.t lim 7, = w. Now, (4.11) can be written as
pP—00
F(sty) < F(1y-1) =7V qeN
and some v > 0. Then by (2.1)

v+ F(s'1y) < F(s77'rq21), VgeN

Hence by induction

F(s07,) S F (s 1) =y <o < Fm) — g (4.12)
As ¢ approaches infinity, we obtain lim F (s%7,) = —oo. By F3, there exists a
q—00

value k£ within the range of (0, 1) s.t the expression lim s?7, = 0 holds. Then
n—oo

lim (s%7,) F (s97,) = 0. Multiplication of (4.12) by (s%7,)" yields
q—00

0 < (s97,) F (s%ug) + q7 (s77,)" < (s97,) F (10) . (4.13)
ql'i)rgoq (si7,)" = 0. (4.14)

1
There exists a natural no ¢ s.t ¢ (z97,)* <1V ¢ > ;. Then s97, < 7 Vaqg=aq.
n

p—1
dy (g, ) <Y M9, (1, 1)

J=q
p—1
= Z 8q718]+1iq7'j
Jj=q
[o@)
— J—.
=> s
Jj=q
o
< 1
<> ()
Jj=1
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where, p and ¢ as natural numbers where p > ¢ > ¢;,and it is given that k is in

> 1]
the interval (0, 1), the series ) ()—1/k converges. As a result, dy(¢,,1,) tends to
j=1\J

0 as ¢ and p approach infinity. This implies that the sequence {i,} is a CS in
(X, dp) which is a complete bMS. Consequently, {1, } converges to a certain point
€ X. Using the upper semi-continuity of the operator I' and Lemma (3.1.2),
we can conclude that p belongs to I'u. This leads to our initial assumption so I

possesses a FP. O

Theorem 4.2.2. Let (X,d,) be a complete bMS that is equipped with a
digraph G. Let I : X — K(X) be a multivalued mapping satisfying F-contraction
properties, where F € Jx*. If Xr is non-empty, then I' has a FP.

Proof. Suppose, there is no FP of ', for every ¢» € X then D(v¢, I'Y)) > 0. Let
1o € Xr and there exists 1) € 'Yy s.t (Yo, 1) € E(G). Consequently, we obtain

0< D(wb le) < H(F¢07 le) :

Thus (¢, ¥1) € I'g. so from (F4)

F (sD (¢, Ty)) = F (inf {dy (¢1, v) : v € T })
= inf {F (sdy (¢1, v) : v €TYy)}.

Furthermore,
inf F (sdy (1, v) : v € Thr) < F(dy (o, ¥1)) — %

Therefore, there exists 1y € ')y s.t

F (s (1, 12)) < F (d (v, 01)) — 2. (4.15)

As (1o, 1) belongs to the set E(G) and 1 is an element of I't)y, while v, is an
element of 'Yy, according to the WGP property, it can be stated that (i1, ) is
an element of E(G). So 0 < D (v, T'ts) < H (I'hy, T'ih).
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Again by using (F4).
F(sD (¢2, T'p)) = F (inf (sdy (2, v) : v € o })
= inf {F (sdy (¢1, v) :v € Do)}
This implies
inf {F (sdy (102, v) 1 v € T)} < F (dy (11, 12)) — %

Then there is 13 € Ty, so that

F (s (0, 1)) < F (do (11, ) — 2. (4.16)

Similarly, we construe a sequence {1, } in ¢ s.t ¢¥g41 € T'¢y, thus (g, Ye41) € I

S.t
F (sdy (€g, Wgr1)) < F (dy (g1, 1)) — g

Let 7, = d(t¢Y4,¢g+1). In this case, 7, is greater than zero and the sequence {r,}

forms a decreasing sequence. Thus, there exists a non-negative value w s.t the

limit of 7, as ¢ approaches infinity is w. By (Fj)
F (s7) SJ:(Tq_l)—%, V¢eNand~y >0,
then
% + F (s%71y) < F (s '14-1), Vg €Nand v > 0.

Hence by induction

F(s7,) < F (s"'7,0) — % <. <F(n)- % (4.17)
So, when ¢ tends to infinity, lim F (s97,) = —oo. There exists a value k in the

q—00
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interval (0, 1) s.t it satisfies condition (F3), lim (quq)k]-"(quq) = 0.
q—o0
Multiplication of (4.17) by (s77,)" yields

0 < (s7rf)" F (s7,) + T (s"7,)" < (s77) F (). (4.18)
As ¢ tends to infinity, we obtain

lim ¢ (s?7,)" = 0, (4.19)

q—o0

from (4.18) there is ¢ € Ns.it n (quq)k <1V q=>q. Then
1
sir, < Y —=Vazaq. (4.20)

We now assert that the sequence {1} is a CS. To prove this, consider p and ¢ as

natural numbers where p > ¢ > ¢, then

—1

¢q’ wp ZSJ+1 qdb %7 %H)

J=q

3

S _13]“_‘17]-

<.
I
<

NE

I
ST

<.
Il

q
(1)1/k
< \J

1
7R

hE

.
Il

since k € (0, 1), so the series ( ) converges. Then dy (¢, ¥,) — 0 as
j=1

p, ¢ — oo. Hence {¢,} is a CS in complete bMS. Hence {¢,} is convergent to
some p € X. By the property of the upper semi-continuity of I', we encounter a

contradiction to our initial assumption, so I' has a FP. O]

Theorem 4.2.3. Consider (X,d;) a complete bMS, that is equipped with a
digraph G, where the following conditions hold:

for any {¢,} in X, if {¢,} converges to ¢ and (¢, ¥,+1) € E(G), then
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there exists a subsequence {1, } s.t (¢, ) is an element of E(G).

Let T' : X — K(X) be a multivalued mapping (with F € Jx) satisfying F-
contraction properties. If we consider a WGP mapping [' with a non-empty set

Xr and if F is a continuous function, then it can be deduced that I' possesses a

FP.

Proof. Suppose that I has no FP. Now, proceeding similarly as in Theorem (4.2.1)
there is CS {v,} converges to some p € X. According to the given property, there
exists a subsequence {ugq} of {¢,} s.t (¢,,,n) € E(G) for every k € N. Since

lim ¢, = p and D(p,I'p) > 0, there does not exist a natural number s.t
q—00

D (g, Tu) = 0.

Therefore for each g, > qq

Therefore, for all g, > qo, we have (¢,,, 1) € I'¢. By utilizing condition (F}),

IN

F(sH (Tipg, Tp)) —
F(L (w%v :U')) -7
JT_‘

(max {dy (Vg,, 1), D (Yg,, T¥q,), sD(u, T,

D (¢qka quk) D <¢qm L) 4+ D(p, Tp)dy (1, quk) })
max {D (Vg,, T'r), D (p, Tihg,)}

Sf(max{db (w%’ 'u>7 dy (¢Qk7 wq}chl)? SD(,“a F,U),

db (wqm kaJrl) D (¢qk7 FM) + D(M? F:u)db (,ua qu+1)
max {D (Yg,, Tit), D (1, Tiy)}

]:(SD (¢Qk+l’ FN))

IN

Y qr = qo- By allowing k to approach infinity and due to the continuity of F, we

conclude that

F(sD(p, Tp)) < F(sD(p, Tp)) =7

that is
v+ F(sD(p, Tp)) < F(sD(p, Tp)).
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This is a contradiction, implying that I" possesses a FP. O
Corollary 4.2.4. Suppose (X, dy) is a complete bMS with a digraph G and
a mapping I' : X — K(X). Suppose that there are F € J and v > 0 s.t
v+ F(H(Tv, T'Y)) < F(ds(v, ¥))
Vv, ¥ € X with (v, ¢) € I'g. If I is both USC and a WGP mapping and the set
Xr is non-empty, then I' has a FP.
Corollary 4.2.5. Let (X, dy) be a complete bMS endowed with a digraph G,
and I' : X — CB(X) be a mapping. Let F € J, and 7 a positive constant s.t
v+ F(HTv, Ty)) < Fldy(v, ¥))
for v, € X, with (v, ©) € I'q Let I' is USC and a WGP and the set X is
non-empty, then I' possesses a FP.

2
Example 4.2.6. Let X = [O, 51 U {1} and the dy(p,0) = |p — of* for all
p,o0 € X. Then (X, d,) is a complete bMS with s = 2.
Now, define a mapping 7' : X — CB(X) by:

15
-2 ifp=1
{0,3,12} , if p

p . 2
{4} iy € {0’3}
and a graph on X by V(G) = X and

E(g):{(p, w)|po € {02]}U {(1’0)’(1’%)’(1’%)}

Then T is USC and a WGP) mapping. To show that 7" is a multivalued F-Khan

T(p) =

164
such that T'(p) # T'(k).

Then,

H (Tp,To) = d, (g, %)

11
contraction with k € {—, —] , where F(p) =Ilnpandy=1In2. Let (p, k) € E(G)
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Lip, @) = dy (p, o).
Now consider the following cases:

2
Case-1. p,0 € [0, 5} Then,

11
L(p, 0) =dy (p, 0), and for k € [E’ ﬂ

o 1
H(Tp,Ta) = dy (5,7) < hds(p, 0) < S du(p. 0) = 7 Lip, o).

| =

Hence 4H (Tp,To) < L(p, o), so we have In2+1n (2H (Tp,To)) < In(L(p, 0)).
— In2+ F(2H (Tp,To)) < F(L(p, o))

1 5
2. p=1 -
Case-2. p ,060,3, 15 So

H(Tp,To) =dy (£,%) < kdy (p, 0) <

N

1
Z db (p7 O) -

Hence 4H (T'p,To) < L(p, 0),so we have In2+1n (2H (Tp,To)) < Iln(L(p, 0)).
— In2+4+ F(2H (Tp,To)) < F(L(p, 0))

So all assumptions in Theorem (3.2.2) (or Theorem (3.2.3)) are satisfied. There-
fore, T" has a FP. It is important to note that without considering the graph on
X, the contractive condition is not satisfied. In fact, by taking p = and ¢ = 1,

H (T(p), T(c)) =0 and d(p, o) =0, then from

v+ F(H(T(p), T(0))) < F(d(p, o)) VYF e J and v > 0.

we get v < 0, which is a contradiction.



Chapter 5

Conclusion

In this thesis the work of Acar et al. on “New Fixed Point Results via Graph
Structure” is examined and elaborated to represent the complete analysis of this
article. This research aimed mainly to extend the above results in the setting
of b-metric spaces. For this purpose, the notion of rational-type multivalued G-
contractions and F-contractions in b-metric spaces are established. Moreover some
fixed point theorems are established in the setting of b-metric space. Our results

might be beneficial in determining fixed points in perception of b -metric spaces.

58
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