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“The roots of education are bitter but the fruit is sweet.”

Aristotle



Abstract

An analysis is made to examine the chemical reaction and non-uniform internal heat

and source effects on magneto hydrodynamic mixed convection stagnation point flow of

Maxwell nanofluid passing over a stretching surface. The governing partial differential

equations are transformed into a system of ordinary differential equations by utilizing

similarity transformations. An effective shooting technique of Newton is utilize to solve

the obtained ordinary differential equations with the help of software Matlab. The built-

in Matlab function bvp4c is also used to strengthen the numerical results. The effects

of sundry parameters on the velocity, temperature and concentration distributions are

examined and presented in the graphical form. These non-dimensional parameters are

the velocity ratio parameter (A), Biot number (Bi), Lewis number (Le), magnetic pa-

rameter (M), heat generation/absorption coefficients (A∗, B∗), visco-elastic parameters

(β), Prandtl number (Pr), Brownian motion parameter (Nb) and local Grashof number

(Gc,Gr).
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Chapter 1

INTRODUCTION

During the past few years, investigating the stagnation point flow of nanofluids has

become more popular among the researchers. Nanofluids are formed by the suspension

of the nanoparticles in conventional base fluids. Examples of such fluids are water,

oil or other liquids. The nanoparticles conventionally made up of carbon nanotubes,

carbides, oxides or metals, are used in the nanofluids. Keen interest has been taken

by many researchers in the nanofluids as compared to the other fluids because of their

significant role in industry, medical field and a number of other useful areas of science

and technology. Some prominent applications of these fluids are found in magnetic

cell separation, paper production, glass blowing, cooling the electronic devices by the

cooling pad during the excessive use, etc. Choi [1] introduced the idea of nanofluids

for improving the heat transfer potential of the conventional fluids. He experimentally

concluded with an evidence that injection of these particles helps in improving the

fluid’s thermal conductivity.This conclusion opened the best approach to utilize such

fluids in mechanical engineering, chemical engineering, pharmaceuticals and numerous

different fields. Buongiorno [2], Kuznetsov and Nield [3] followed him and extended the

investigation. They worked on the effects of Brownion motion in convactive transport

of nanofluids and the investigation of natural convactive transport of nanofluids passing

over a vertical surface in a situation when nanoparticles are dynamically controlled at the

boundary. Khan and Pop [4] used this concept to evaluate the laminar boundary layer

flow, nanoparticles fraction and heat transfer for nanofluids passing over a stretching

surface. Zheng et al. [5] explored the effects of rediation on the flow and heat transfer of

1



2

nanofluids past a stretched surface with temperature jump and velocity slip in a porous

media.

Impact of radiation upon the heat and mass transfer of the fluids is of remarkable con-

sideration at high operating temperature. In the field of engineering, many procedures

are executed at high temperature. In such situations, the analysis of the radiation heat

transfer plays a key role for the selection of an appropriate equipment. Examples of such

fields are atomic and nuclear power plants, artificial satellites, the gas turbines, aircraft

industry, missiles manufacturing and wind-turbines etc. Takhar et al. [6] examined the

impact of radiation on the magnetohydrodynamic free convection spill for non-gray gas

over a semi-infinite plumb surface. Ghaly and Elbarbary [7] delineated the consequences

of radiation on the free convection flow of a gas under the MHD effect across a stretch-

ing surface with uniform free stream. Devi and Kayalvizhi [8] delivered the analytical

solution of MHD flow with radiation passing over a stretching sheet in a porous medium.

In industrial sector and modern technology, the non-Newtonian fluids play a vital role.

Non-Newtonian fluids have some interesting applications as they are used in the manu-

facturing of sports shoes, flexible military suits and viscous coupling. Rising inception

of the non-Newtonian fluids like emulsions, molten plastic pulp, petrol and many other

chemicals has triggered an appreciable interest in the study of the behavior of such fluids

during motion. The mathematical solutions of the models involving the non-Newtonian

fluids, are quite interesting and physically applicable. Makinde [9] investigated the

buoyancy effect on magnetohydrodynamic stagnation point flow and heat transfer of

nanofluids passing over a convectively heated stretching/shrinking sheet. The MHD

flow characteristics of a visco-elastic fluid passing over a stretched surface, were studied

by Andersson [10]. Later, this work was extended by M. I. Char [11] by including an

analysis of the mass transfer. Second order incompressible fluid flows were examined

by Marcovitz and Coleman [12]. Rajagopal [13] investigated the unsteady and undi-

rectional flow of a non-Newtonian fluid. Later, Rajagopal and Gupta [14] presented

an exact solution of a mathematical model describing the flow of non-Newtonian fluid

passing over a porous infinite plate. Siddique et al [15] employed the hodograph trans-

formation technique for the mathematical investigation of the flow of non-Newtonian

fluid. Some inverse solutions of the non-Newtonian fluid models were worked out by

Siddiqui and Kaloni [16]. Chandna and Nguyen [17] used the hodograph transformation

technique to get the solution of the non-Newtonian MHD transverse fluid flow problems.
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Non-Newtonian fluids flows with MHD effects across the orthogonal steady plane were

examined by Nguyen and Chandna [18]. The MHD fluid passing over a stretched sheet,

through the porous media with the thermal radiation and the thermal conductivity was

examined by Cortell [19]. A few recent contributions regarding flow of Non-Newtonian

fluid models can be seen in [20–44].

Krishna et al. [45] explored the 2-D stagnation flow of viscous incompressible fluids in

the presence of thermal radiation, internal heat generation and chemical reaction over

a stretched surface. The heat and mass transfer analysis of MHD free convective in-

compressible fluid over a vertical stretched surface in the presence of chemical reaction

through a porous media, was explored by Mansour et al. [46]. Naramgari and Su-

lochana [47] outlined the mass and heat transfer of the thermophoretic fluid flow past

an exponentially stretched surface inserted in porous media in the presence of internal

heat generation/absorption, infusion and viscous dissemination. Afify [48] examined the

MHD free convective heat and fluid flow passing over the stretched surface with chemical

reaction. A numerical analysis of insecure MHD boundary layer flow of a nanofluid past

an stretched surface in a porous media was carried out by Anwar et al. [49]. Nadeem

and Haq [50] studied the magnetohydrodynamic boundary layer flow with the effect of

thermal radiation over a stretching surface with the convective boundary conditions.

Thesis Contribution:

In this thesis, we first reproduce an analysis study of [51] and then extend the “MHD

stagnation point flow of nanofluid past a stretching sheet with convective boundary

condition.” According to our information, “chemical reaction and non-uniform internal

heat source effects on MHD mixed convection stagnation point flow of Maxwell nanofluid

over a stretching surface” is not yet examined. An appropriate similarity transformation

has been utilized to acquire the system of nonlinear and coupled ODEs from the system

of PDEs. Results are acquired numerically by using the comprehensive shooting scheme

and also compared with those obtained through the MATLAB bvp4c code to strengthen

the solution. The numerical results are analyzed by graphs for different parameters

which appear in the solution affecting the MHD mixed convection stagnation point.
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Draft Of Thesis:

The thesis is categorized as the following order;

In Chapter 2, there are some basic definitions of fluid, fluid mechanics, hydrostat-

ics, hydrodynamics, heat transfer, boundary layer flow and basic governing laws have

been presented. These basic concepts are used further in describing the flow, heat trans-

fer, stagnation point and the influence of magnetohydrodynamic on Maxwell nanofluids.

Chapter 3 contains a detailed review of [51]. A study of the flow of nanofluid passing

over a stretched surface with the MHD stagnation point and the convactive boundary

condition has been analyzed numerically. The numerical solution of governing equations

is obtained and impact of parameters regarding skin-friction coefficient and local Nusselt

number are shown through tables and graphs. Also an perfect match of our numeri-

cal result is found with those of the previously published results of Ibrahim and Haq [51].

In Chapter 4, we explore the aspects of chemical reaction and non-uniform inter-

nal heat and source effects on MHD mixed convaction stagnation point flow of Maxwell

nanofluid passing over a stretched surface. The obtained system of ordinary differential

equations by applying the useful similarity transform are solved numerically. Behavior

of physical parameters has been presented in tabular form and through graphs. In this

thesis, we also compute and discuss the numerical values of skin-friction coefficient and

local Nusselt number.

In Chapter 5, we recapitulate the treatise and give the conclusion occurring from

the entire research and opening of the future work.

All the references used in this treatise are listed in Bibliography.



Chapter 2

LITERATURE REVIEW

In current Chapter, some definitions, basic laws, terminologies, basic concepts and some

classical methods for solving nonlinear differential equations would be described (see

Thermodynamics [52]), which would be used in next chapters.

2.1 Preliminaries

Definition 2.1.1. (Fluid) “A fluid is a substance that continuously deforms under an

applied shear stress. Fluid has no proper shape and continuously deforms until a shear

stress of any magnitude acts upon it. This shear stress may be less or more through

which fluid changes its shape.” The study of fluids is divided into two categories:

� Newtonian fluids

� Non-Newtonian fluids

Definition 2.1.2. (Newtonian Fluid) “Fluids which obey the Newton’s law of vis-

cosity are called Newtonian fluids. Newton’s law of viscosity states that the shear stress

between adjacent fluid layers is proportional to the negative value of velocity gradient

between two layers.”

Definition 2.1.3. (Non-Newtonian Fluid) “Fluids which do not obey the Newton’s

law of viscosity are called the non-Newtonian fluids.”

5
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Definition 2.1.4. (Fluid Mechanics) “Fluid mechanics deals with the study of all

fluids under static and dynamic conditions. Fluid mechanics is the branch which deals

with a relationship between motion, force and statical conditions.”

Definition 2.1.5. (Hydrostatics) “It is the branch of fluid mechanics which deals

with the study of incompressible fluids at rest. It surrounds the study of the conditions

under which fluids are at rest in stable equilibrium. It is opposite in nature to fluid

dynamics, the study of fluids in motion. Hydrostatics are classified as a part of the fluid

statics, which is the study of all fluids at rest whether incompressible or not.”

Definition 2.1.6. (Fluid Dynamics) “It is the study of the motion of liquids, gases

and plasmas from one place to another. Fluid dynamics has a wide range of applications

like calculating force and moments on aircraft, mass flow rate of petroleum passing

through pipelines, prediction of weather, etc.”

Definition 2.1.7. (Hydrodynamics) “The study of liquids in motion is called hydro-

dynamics.”

Definition 2.1.8. (Conservation Laws) “There are three conservation laws which are

used to model the problems of fluid dynamics, and may be written in integral or differ-

ential form. Integral formulations of these laws consider the change of mass, momentum

or energy within the control volume or fixed region.”

Definition 2.1.9. (Conservation of Mass) “The rate of change of mass inside a

control volume must be equal to the net rate of fluid flow into the volume. Physically,

this statement requires that mass is neither created nor destroyed in the control volume,

and can be translated into the differential form of the continuity equation.

∂ρ

∂t
+∇.(ρV) = 0. (2.1)

If the density is constant and spatially uniform, in that case Eq. (2.1) becomes

∇ ·V = 0.

In this case density is constant.”

Definition 2.1.10. (Conservation of Momentum) “It stats that the total linear

momentum of a closed system remains constant, regardless of other possible changes



7

within the closed system. The differential form of momentum conservation equation is

as follow;”
Du

Dt
= F− ∇p

ρ
.

Definition 2.1.11. (Conservation of Energy) “The total energy in a given closed

system remains constant and it is neither created nor destroyed, although it can be

converted from one form to another.

ρ
Dh

Dt
=
Dp

Dt
+∇.(κ∇T ) + φ

In the above equation, h is enthalpy, k is thermal conductivity of fluid, T denotes tem-

perature and φ is viscous dissipation function. The viscous dissipation function controls

the rate at which mechanical energy is converted into heat energy. The expression on

left hand side is material derivative.”

Definition 2.1.12. (Compressible and Incompressible Flows) “Compressible flow

is the branch of fluid mechanics which deals that flows having significant changes in

density of fluid. Mostly, gases display such behaviour. Density may change due to the

changes in pressure or temperature. However, in many cases the changes in tempera-

ture and pressure are so small that these can be neglected. In this situation, the flow

is modelled as an incompressible flow. Otherwise the more general compressible flow

equation is used. Mathematical form of incompressibility is expressed as

Dρ

Dt
= 0,

where ρ denotes the fluid density and D
Dt is the substantial derivative which is given by

sum of local and convective derivative in the form;

D

Dt
=

∂

∂t
+ V · ∇. (2.2)

In Eq. (2.2), V denotes the velocity of the flow and ∇ is the differential operator.”

Definition 2.1.13. (Uniform and Non-uniform Flows) “When velocity and other

hydrodynamic parameters remain the same from point to point at any instant of time,

then it is called uniform flow. But if velocity changes from point to point at given instant

of time, then the flow is called non-uniform flow.”
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Definition 2.1.14. (Stationary and Non-stationary Flows) “If the flow is such

that the velocity, pressure and other properties at every point in the flow do not depend

upon time, it is called stationary or steady flow, i.e.,

∂λ

∂t
= 0,

where λ is any fluid property.”

Non-stationary flow is one where the physical properties do depend on time, i.e.,

∂λ

∂t
6= 0.

Definition 2.1.15. (Streamline and Turbulent Flows) “When a fluid flows in par-

allel layers, without disruption (disturbance) between the layers, it is called streamline

or laminar flow. It is the flow of a fluid when each particle of the fluid follows a smooth

pattern, the pattern which never interfere with one another. In streamline flow, the

velocity of the fluid is constant at any point in the fluid. In contrast the turbulent flow

is the flow in which fluid undergoes irregular fluctuations. In turbulent flow, speed of

fluid at a point continuously changes in both magnitude and direction.”

Definition 2.1.16. (Viscosity) “The viscosity of a fluid is demarcate of its resistance

to moderate deformation by shear stress or tensile stress. For liquids, it corresponds to

the real concept of thickness, for example, honey has much higher viscosity than water.

Viscosity is the property of a fluid that resists the relative motion in between the two

layers of fluid that are moving with different velocities. A fluid that has zero viscosity

is called ideal od inviscid fluid. Zero viscosity is observed only at very low temperature

in superfluids.” Viscosity is denoted by µ. There are two common kinds of viscosity

namely the kinematic and dynamic.

Definition 2.1.17. (Absolute Viscosity) Measurement of the fluid’s internal resis-

tance to flow is called absolute or dynamic viscosity. “This resistance appears by the

forces of attraction between the molecules of the fluid.

Mathematically, it can be written as the ratio between shear stress and the rate of shear

strain.

Viscosity(µ) =
Shear stress

Rate of shear strain
.
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In the above expression µ is called the coefficient of viscosity which has dimension

[ML−1T−1]. Unit of viscosity in SI system is kg/ms or Pascal-second.”

Definition 2.1.18. (Kinematic Viscosity) “Kinematic viscosity is the ratio of abso-

lute or dynamic viscosity µ to density ρ. It is denoted by ν.

Mathematically it can be written as,

ν =
µ

ρ
,

It has a dimension [L2T−1] and its unit in SI system is meter square per second.”

� “For a liquid, the kinematic viscosity decreases with higher temperature.”

� “For a gas, the kinematic viscosity increases with higher temperature.”

Definition 2.1.19. (Nanofluid) A nanofluid is that fluid which contains particles

having size of nanometer. “The nanoparticles used in nanofluids are usually made of

metals, carbides, oxides or carbon nanotubes.”

Definition 2.1.20. (Stagnation Point) “In fluid dynamics, stagnation point is that

point in a flow field where local velocity of the fluid becomes zero.”

Definition 2.1.21. (Stagnation Pressure) “Stagnation pressure or pitot pressure is

the static pressure at stagnation point in a fluid flow. At a stagnation point, the velocity

of fluid becomes zero and all kinetic energy is turned into pressure energy.”

Definition 2.1.22. (Magnetohydrodynamics) “Magnetohydrodynamics (magneto

fluid dynamics or hydromagnetics) is the branch that studies the magnetic properties of

electrically conducting fluids. Examples of such magneto fluids include plasmas, molten

metals and salt water or electrolytes.”

Definition 2.1.23. (Heat Transfer) “Heat is transfered from hot medium to the cold

medium. Heat transfer ceases when thermal equilibrium is reached. There are three

fundamental modes of transfer of heat, which are conduction, convection and radiation.”

Definition 2.1.24. (Conduction) “Conduction is a process by which the heat energy

is transmitted through collisions between neighboring molecules.” In other words, con-

duction is the way through which energy is transferred by the movement of electrons or

ions.
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Definition 2.1.25. (Convection) “Convection is the transfer of heat energy into or

out of the body by actual movement of fluids particles that transfer energy with its mass.

Initially heat is transferred by conduction between the object and fluid, the bulk transfer

of energy comes from motion of the fluid.” Convection may arise in three different forms

which are spontaneous or natural or free convection, the forced and mixed convection.

Here are some examples of convection.

� “Boiling water - The heat passes from the burner into the pot, heating the water

at the bottom. Then, this hot water rises and cooler water moves down to replace

it, causing a circular motion.”

� “Radiator - Puts warm air out at the top and draws in cooler air at the bottom.”

� “Ice melting - Heat moves to the ice from the air. This causes the melting from

solid to liquid.”

� “Hot air balloon - A heater inside the balloon heats the air and so the air moves

upward. This causes the balloon to rise because the hot air gets trapped inside.

When the pilot wants to descend, he releases some of the hot air and cool air takes

it place which causes the balloon to move down.”

Definition 2.1.26. (Spontaneous Convection) Spontaneous convection occurs when

there is no wind or other stream of fluid past the body. Instead, the fluid in contact

with the object moves away in a less predictable manner. Due to thermal convection

current, it expands and floats on surface because it is less densed than the other fluids

surrounding it. It is more usually called free convection.

Definition 2.1.27. (Forced Convection) “It is a mechanism or method of transport

in which fluid motion is generated by the external source (like fan, pupm or suction

devices etc.). It is considered as one of the important methods of useful heat transfer as

significant amount of heat energy can be transported in very efficient way.”

Definition 2.1.28. (Combined Convection) “Combined or mixed convection is the

combination of spontaneous and forced convection which is the general case of convection

when a flow is determined simultaneously by both outer force system (i.e., outer energy

supply to the fluid streamlined body system) and volumetric (mass) force , viz., by the
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nonuniform density distribution of a fluid medium in a gravity field.” In other words,

“when both natural and forced convection processes simultaneously and significantly

contribute to heat transfer, mixed convection flow appears.”

Definition 2.1.29. (Radiation) “Transfer of heat due to emission of electromagnetic

waves is called the radiation or thermal radiation. Heat transfer by radiation takes place

in the form of electromagnetic waves mainly in infrared region. A body emits radiation

which is the result of thermal agitation of its composing molecules.”

Definition 2.1.30. (Thermal Diffusivity) “Thermal diffusivity is material-specific

property for characterizing unsteady heat conduction. Through this value, it is measured

that how quickly a body changes its temperature. In order to predict cooling process or

to stimulate temperature field, thermal diffusivity must be known. Mathematically, it

can be expressed as

α =
κ

ρCp
,

where κ, ρ and Cp represent the thermal conductivity of material, the density and the

specific heat capacity. The unit and dimension of thermal diffusivity in SI system are

m2s−1 and [LT−1] respectively.”

Definition 2.1.31. (Thermal Conductivity) “Thermal conductivity (κ) is the prop-

erty of a material to conduct heat. Mathematically it can be written as,

κ =
q∇l
S∇T

,

where q is the heat passing through a surface area denoted by S which causes difference

in temperature ∇T over a distance of ∇l. Here l, S and ∇T all are supposed to be

of unit measurement.” In SI system the unit of thermal conductivity is W
m.κ and its

dimension is [MLT−3θ−1].

2.2 Dimensionless Parameters

Definition 2.2.1. (Biot Number (Bi)) “It is a dimensionless number used in the

calculation of heat transfer. It is named due to a French physicist Jean-Baptiste Biot

and gives simple index of ratio of resistance of heat transfer inside and at the surface of



12

body. Mathematically,

Bi =
hf
k
.(
ν

a
)
1
2 ,

where h is the convective heat transfer coefficient or heat transfer coefficient.”

Definition 2.2.2. (Skin-friction Coefficient (Cf )) It occurs in between the solid and

fluid surface through which motion of fluid becomes slow. “It is proportionality between

the shearing stress exerted by the fluids at the earth’s surface and the square of the

surface fluids speed. The skin friction coefficient can be defined as,

Cf =
2τw
ρU2

,

where τw represents the wall shear stress, ρ denotes the density and U is the free-stream

velocity.”

Definition 2.2.3. (Reynolds Number (Re)) “It is the most considerable dimen-

sionless number which is used to discern the different flow behaviors such as laminar

or turbulent flow. It helps to measure the ratio of inertial force to the viscous force.

Mathematically,

Re =
ρU2

L
µU
L2

=⇒ Re =
LU

ν
,

where U represents the free stream velocity, L denotes the characteristics length and

ν stands for kinematic viscosity. At low Reynolds number, laminar flow arises, where

viscous forces are governing. At high Reynolds number, turbulent flow appears, where

the inertial forces are governing.”

Definition 2.2.4. (Lewis Number (Le)) “It is a dimensionless number defined as

the ratio between thermal diffusivity and mass diffusivity. It is used to characterize the

fluid flow where simultaneous heat and mass transfer exist. Mathematically,

Le =
α

DB
,

where α is the thermal diffusivity and DB is the mass diffusivity. Lewis number can also

be written in the form of Prandtl number and the Schmidt number” as

Le =
Sc

Pr
.
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Definition 2.2.5. (Prandtl Number (Pr)) “This number is dimensionless. It is the

ratio of the momentum diffusivity (ν) to thermal diffusivity (α). Mathematically,

Pr =
ν

α
=⇒ µ/ρ

k/cp
=⇒ µcp

k
,

where µ stands for the dynamic viscosity, Cp denotes the specific heat and κ repre-

sents the thermal conductivity. The relative thickness of thermal boundary layer and

momentum boundary layer are controlled by this number.”

Definition 2.2.6. (Nusselt Number (Nu)) “At the surface within the fluid, the

nusselt number (Nu) is the ratio of convective to conductive heat transfer normal to the

surface.”

Nu =
hL

κ
,

where h stands for convective heat transfer, L represents the characteristics length and

κ denotes the thermal conductivity.

Definition 2.2.7. (Grashof Number (Gr) “It is a dimensionless number in fluid

dynamics and heat transfer which approximates the ratio between buoyancy force and

viscous force acting on fluid. It frequently arises in the study of situations involving

natural convection.” Mathematically it can be written as,

Gr = g
βT
a2x

(Tf − T∞),

Gc = g
βC
a2x

C∞.

2.3 Boundary Layer Flow

“A thin layer of a flowing gas or liquid in contact with some body like wings of airplane

or interior of a pipe.” In the boundary layer the fluid is subjected to the shearing

forces. The fundamental idea of boundary layer in motion of fluid passing over a surface

was first presented by Ludwig Prandtl (1874-1953). The reason why we have the zero

velocity precisely besides the layer is that the adherent effect and the layer of fluid which

is making association with surface becomes slowly adhered to the surface, resulting in

a condition of no-slip. The experience of shearing occurs in the process due to the fact

that the layers of fluid are moving. “The shear acting between the two walls and the
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layer just next is called wall shear and it is denoted by Tw.” Boundary layer has two

following types:

• “Hydrodynamic (velocity) boundary layer”

• “Thermal boundary layer”

Definition 2.3.1. (Hydrodynamic Boundary Layer) “It is a region of a fluid near

to the solid surface where the flow patterns are directly affected by the viscous pull from

the surface wall.”

Definition 2.3.2. (Thermal Boundary Layer) “It is the layer of a gaseous or liquid

heat-transfer agent between the free stream and a heat-exchange surface. In this layer

the temperature of the heat-transfer agent changes from that of the wall to that of the

free stream.”



Chapter 3

MHD STAGNATION POINT

FLOW OF NANOFLUID PAST

A STRETCHING SHEET

3.1 Introduction

In this chapter, we provide the detailed review of [51]. The numerical results in [51],

were aquired by using bvp4c, a Matlab built-in code. In this chapter, we reproduce

the same results by bvp4c and additionally by the shooting method. In literature, zero

normal flux condition of the nanoparticles is the recent phenomenon which has not seem

to be investigated at the wall for the flow. The nanoparticle fractions are supposed to

be inactively controlled on the boundary. The system of governing non-linear PDEs

is converted into the nonlinear ODEs by using the appropriate similarity transforma-

tion. A renowned shooting technique is used to solve the obtained equations numerically

for estimations of different physical parameters. Results are achieved numerically for

concentration, temperature, velocity, local Nusselt number and for the skin friction co-

efficient. These results are found to be in a very decent concurrence with those obtained

by the bvp4c.

15
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Figure 3.1: Geometry for the flow under consideration.

3.2 Mathematical Modeling

Consider the stagnation point flow of two dimensional viscous steady flow of nanofluid

passing over a stretched surface with the convective BC. The stretching sheet was heated

with the temperature Tf and the heat transfer coefficient hf at its lower surface. Here,

concentration and uniform ambient temperature are respectively C∞ and T∞.

“Assume that at the surface, there is not any nanoparticle flux and the impacts of the

thermophoresis is taken as a BC. In flow model, uw(x) = ax is the velocity of the

stretching surface, where “a” is any constant. In the direction of the flow, normal to

the surface, it is directed towards the magnetic field of strength Bo which is supposed

to be applied in the direction of +ve y−axis. Here magnetic field is negligible because

of assumption of very small when comparing with the applied magnetic field. The

preferred system of coordinates is such as x−axis is directed to the flow and y−axis is

perpendicular to it. Proposed coordinate system and flow model are presented in Figure

3.1.

Flow model of [51] shows that In the presence of magnetic field over the surface, the gov-

erning equations of conservation of momentum, energy, mass and nanoparticle fraction,

under the boundary layer approximation, are as follows:
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∂u

∂x
+
∂v

∂y
= 0, (3.1)

u
∂u

∂x
+ v

∂u

∂y
= v

∂2u

∂y2
+ U∞

∂U∞
∂x

+
σB2

o

ρf
(U∞ − u), (3.2)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
+ Γ

[
DB

(
∂C

∂y

∂T

∂y

)
+
DT

T∞

(
∂T

∂y

)2]
, (3.3)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+
DT

T∞

(
∂2T

∂y2

)
. (3.4)

The associated boundary conditions are:

u = uw = ax, v = 0, −k∂T
∂y

= hf (Tf − T ), DB
∂C

∂y
+
DB

T∞
.
∂T

∂y
= 0 at y = 0,

u→ U∞ = bx, v = 0, T → T∞ C → C∞ as y →∞,

 (3.5)

where x is the coordinate axis along the continuous surface in the direction of motion

and y is the coordinate axis along the continuous surface in the direction perpendicular

to the motion. The components of velocity along x− and y− axis are respectively u and

v. Here kinematics velocity is represented by υ and T represents the temperature inside

the boundary layer. The parameter Γ is defined by Γ =
(ρc)p
(ρc)f

, where (ρc)p is effective

heat capacity of nanoparticles and (ρc)f is heat capacity of base fluid, ρ is the density

and T∞ is the ambient temperature faraway from the surface.

3.3 Dimensionless Form of the Model

To convert the PDEs (3.1)-(3.4) along with the BCs (3.5) into the dimensionless form,

we use the following similarity transformation;

η =

√
a

υ
y, ψ =

√
aυxf(η), θ(η) =

T − T∞
Tf − T∞

, φ(η) =
C − C∞
C∞

, (3.6)

where ψ(x, y) denotes stream function given by

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (3.7)
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In Eq. (3.1) is satisfied identically. Remaining governing Eqs. (3.2)-(3.4) are reduced

into the nonlinear ODEs by using (3.6), as

f ′′′ + ff ′′ − f ′2 +A2 +M(A− f ′) = 0, (3.8)

θ′′ + Pr(fθ′ +Nbφ′θ′ +Ntθ′
2
) = 0, (3.9)

φ′′ + LePrfφ′ +
Nt

Nb
θ′′ = 0. (3.10)

The BCs get the form,

f(0) = 0, f ′(0) = 1, θ′(0) = Bi(θ(0)− 1), Nbφ′(0) +Ntθ′(0) = 0, at η = 0, (3.11)

f ′(∞)→ A, θ(∞)→ 0, φ(∞)→ 0, as η →∞. (3.12)

The governing parameters are defined as

Bi =
hf
k

√
υ

a
, Pr =

υ

α
, A =

b

a
, Le =

α

DB
, M = σ

Bo
2

ρfa
,

Nb =
(ρc)pDBC∞

(ρc)fυ
, Nt =

(ρc)pDT (Tf − T∞)

(ρc)fυT∞
.

 (3.13)

In this problem, the desired physical quantities are the skin-friction coefficient Cf and

the Nusselt number Nux. These quantities are defined as

Cf =
τ

ρuw2
, Nux =

xqw
k(Tf − T∞)

. (3.14)

Here wall heat flux qw, and wall shear stress τw, are given as

τw = µ

(
∂u

∂y

)
y=0

, qw = −k
(
∂T

∂y

)
y=0

. (3.15)

By using the above equations, we have

Cf
√
Rex = −f ′′(0),

Nux√
Rex

= −θ′(0). (3.16)

Here Rex = ax2

υ is representing the Reynolds number whereas Nux is representing the

Nusselt number.”
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3.4 Numerical Results

“In this Section, first of all, the scheme for the numerical solution of the system of

three coupled ODEs (3.8)-(3.10) with the BCs (3.11)-(3.12) will be discussed. Then,

the numerical results in the tabular form will be presented and analyzed. Because of

its effeciency, the shooting technique has been prefered to apply. First, the system of

equations (3.8)-(3.10) will be transmuted into a system of ODEs. We can write

f ′′′ = −ff ′′ + f ′
2 −A2 −M(A− f ′), (3.17)

θ′′ = −Pr(fθ′ +Nbφ′θ′ +Ntθ′
2
), (3.18)

φ′′ = −LePrfφ′ − Nt

Nb
θ′′. (3.19)

By using the following notations

f = y1, f
′ = y2, f

′′ = y3, θ = y4, θ
′ = y5, φ = y6, φ

′ = y7, (3.20)

the above system of coupled nonlinear ODEs is transmuted into the following system of

seven first order equations:

y′1 = y2,

y′2 = y3,

y′3 = y22 − y1y3 −A2 −M(A− y2),

y′4 = y5,

y′5 = −Pr(y1y5 +Nby5y7 +Nty25),

y′6 = y7,

y′7 = −LePry1y7 + Pr
Nt

Nb
(y1y5 +Nby5y7 +Nty25).

The resulting form of the BCs is

y1(0) = 0, y2(0) = 1, y5(0) = Bi(y4(0)− 1), y7(0) = −Nt
Nb

y5(0),

y2 → A, y4 → 0, y6 → 0 as η →∞.

To execute the numerical procedure, the unbounded domain [0,∞) has been replaced by

[0, ηmax] for some suitable choice of ηmax. An asymptotic convergence of the numerical
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solution is noticed by enlarging the value of ηmax. The shooting method requires some

initial guess for y3(η), y4(η) and y6(η) at η = 0. The initial guess is updated by the

Newton’s method until a solution of the problem which approximately meets the given

boundary conditions at the right end of the domain.”

To validate the numerical results obtained by shooting method, a Matlab built-in func-

tion bvp4c is also applied. In Table 3.1, by taking M = 0 and update the velocity ratio

parameter A, numerical results of the skin-friction coefficient f ′(0) are reproduced. It

shows a very decent concurrence with those published by Mahpatra and Guppta [53]

and Ishak et al [54].

A Ibrahim [55] Ishak[54] Ibrahim [51] Present

Shooting bvp4c

0.1 -0.9694 -0.9694 -0.9694 -0.9694 -0.9694

0.2 -0.9181 -0.9181 -0.9181 -0.9181 -0.9181

0.3 - - -0.8494 -0.8494 -0.8494

0.4 - - -0.7653 -0.7653 -0.7653

0.5 -0.6673 -0.6673 -0.6673 -0.6672 -0.6673

0.8 - - -0.2994 -0.2993 -0.2994

1.0 - - 0.0000 0.0000 0.0000

2.0 2.0175 2.0175 2.0175 2.0175 2.0175

3.0 4.7293 4.7293 4.7293 4.7292 4.7293

5.0 - - 11.7520 11.7519 11.7520

7.0 - - 20.4979 20.4978 20.4979

10.0 - - 36.2574 36.2574 36.2574

Table 3.1: “Comparison of the skin-friction coefficient f ′′ for different values of ve-
locity ratio parameter A and M = 0.”

To further investigate the numerical technique used, we ignore the impacts of ther-

mophoresis parameter Nt and Brownian motion parameter Nb and then compare the

local Nusselt number θ′(0) by updating the Prandtl number as shown in Table 3.2. Ex-

cellent agreement of current results with those previously published results encourage

us to use the present code.
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Pr A Ibrahim[51] Ibrahim[55] Mahapatra[53] Hayat[56] Present

Shooting bvp4c

1 0.1 0.6028 0.6022 0.603 0.602156 0.6036 0.6506

0.2 0.6246 0.6245 0.625 0.624467 0.6185 0.6552

0.5 0.6924 0.6924 0.692 0.692460 0.6696 0.6849

1.5 0.1 0.7768 0.7768 0.777 0.776802 0.7774 0.7983

0.2 0.7971 0.7971 0.797 0.797122 0.7867 0.8030

0.5 0.8684 0.8648 0.863 0.864771 0.8382 0.8357

2.0 0.1 0.9257 - - - 0.9291 0.9291

0.2 0.9447 - - - 0.9333 0.9333

0.5 1.0116 - - - 0.9657 0.9657

Table 3.2: “Comparison of the local Nusselt number −θ′(0) when Nt = 0,
Nb→ 0, for different values of Pr with formerly published data.”

Furthermore, we reproduce the results of [51] for the local Nusselt number θ′(0). “Table

3.3 presents the local Nusselt number θ′(0) by taking random values of different physical

parameters used such as Brownian motion, thermophoresis parameter, Biot number and

the velocity ratio. It is observed in the table that the local Nusselt number θ′(0) is

decreasing function of the thermophoresis parameter Nt and an increasing function of

the Biot number Bi.
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Nt -θ′

Bi = 0.1 Bi = 2 Bi = 5 Bi = 10 Bi = 100

0.1 0.0861 0.4747 0.5535 0.5860 0.6186

0.2 0.0860 0.4608 0.5317 0.5602 0.5885

0.5 0.0859 0.4398 0.4998 0.5231 0.5456

1.0 0.0857 0.4050 0.4490 0.4652 0.4804

1.5 0.0854 0.3709 0.4021 0.4130 0.4229

2.0 0.0852 0.3381 0.3596 0.3667 0.3721

5.0 0.0834 0.1929 0.1944 0.1949 0.1952

7.0 0.0817 0.1419 0.1422 0.1422 0.1423

10.0 0.0781 0.1001 0.1001 0.1001 0.1001

Table 3.3: Computed values of the local Nusselt number −θ′(0) for the different
values of Nt and Bi if Nb = 5, A = 0.3, P r = M = 1, Le = 5 ”

3.5 Graphical Results

In this Section, we analyze the numerical solution of model displayed in the graphical and

tabuler form. The calculations have been done for different estimations of velocity ratio,

Lewis number, Biot number, magnetic parameter, thermophoresis, Prandtl number,

Brownian motion, and the effects of these parameters on the velocity, temperature and

concentration profiles have also been discussed.

3.5.1 Impact of Velocity Ratio Parameter on the Velocity

Figure 3.2 designates that by enlarging A (A > 1), the width of the hydrodynamic

boundary layer increases, and it declines by decreasing A (A < 1). Physically, the ratio

between free stream velocity and the stretching velocity is greater than 1 if stretch-

ing velocity becomes less than the free stream velocity. Consequently, flow velocity is

increased whereas retarding force is declined.
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Figure 3.2: Velocity profile vs A when Le = Bi = 5, Nb = Nt = 0.5 and M = Pr = 1.

3.5.2 Impact of Magnetic Parameter on the Velocity

Figure 3.3 divulges the impact of magnetic parameter on the velocity f ′. Here, due to

magnetic field an opposing force which is called Lorentz force, appears which resist the

flow of fluid and consequently the flow of velocity declines.
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f ′(η
)

η

M = 0.0, 0.5, 1.0, 2.0

Figure 3.3: Velocity profile vs M when Nt = A = Nb = 0.5, Le = Bi = 5
and Pr = 1.

3.5.3 Impact of Prandtl Number on the Temperature

Figure 3.4 designates the impact of Pr on the temperature profile θ(η). It is clear from

figure that the temperature of the flow field is the decreasing function of Pr. It is because

of the way when Pr of fluid is high then thermal diffusion is low if it is compared with
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the viscous diffusion. Consequently, the coefficient of heat transfer declines as well as

shrinks the thickness of the boundary layer.
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Pr = 1, 2, 5, 7

Figure 3.4: Temperature profile vs Pr as Nt = 0.5, A = Nb = 0.5, Le = Bi = 5
and M = 1.

3.5.4 Impact of Thermophoresis Parameter on the Temperature

Figure 3.5 delineates the influence of Nt on the temperature profile. When the effects

of thermophoretic increase, the relocation of the nanoparticles relocate from hot part of

the surface to the cold ambient fluid and consequently, at the boundary, temperature is

increased. This sequels in the thickening of thermal boundary layer.
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Figure 3.5: Temperature profile vs Nt when Pr = M = 1, Nb = A = 0.5
and Le = Bi = 5.
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3.5.5 Impact of Convective Heating on the Temperature

Figure 3.6 describes the effect of the convective heating which is also known as the Biot

number on the temperature profile θ(η). Numerically, it can be calculated by dividing

the convection on the surface to the conduction into the surface of an object. When Bi

increases, it causes increase in the temperature on surface which sequels in the thickening

of the thermal boundary layer.
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Figure 3.6: Temperature profile vs Bi when Nb = A = Nt = 0.5, Pr = M = 1,
Le = 5.

3.5.6 Impact of Velocity Ratio Parameter on the Temperature

The effect of velocity ratio parameter A on the temperature profile θ(η) has been high-

lighted by Figure 3.7. As we increase the value of velocity ratio parameter A, the

temperature at the surface declines, and furthermore, it also declines the thickness of

the thermal boundary layer.
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Figure 3.7: Temperature profile vs A when Nb = Nt = 0.5, Pr = M = 1,
and Le = Bi = 5.

3.5.7 Impact of Brownian Motion Parameter on the Concentration

The impact of the Brownian motion parameter Nb on the concentration φ(η) is illus-

trated by Figure 3.8. When we increase the effect of Bi, the concentration profile φ(η)

also increases initially but it starts decreasing faraway from the wall.
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Nb=0.5, 0.7, 0.9, 1.2

Figure 3.8: Concentration profile vs Nb when Pr = M = 1, Nt = A = 0.5,
and Bi = Le = 5.

3.5.8 Impact of Thermophoresis Parameter on the Concentration

It seems clearly from the Figure 3.9 that if we increase the thermophoretic force, it cause

decline in the concentration profile φ(η) at the surface, which is reverse in nature to the

case of the Bi.
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Figure 3.9: Concentration profile vs Nt when Nb = A = 0.5, M = Pr = 1
and Le = Bi = 5.

3.5.9 Impact of Lewis Number on the Concentration

The concentration vs Lewis number has been illustrated by Figure 3.10. Increasing Le

corresponding to the concentration. As a result, initially the concentration on surface

increases but after a while, a bit away from the surface it starts decreasing.
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Figure 3.10: Concentration profile vs Le when Nt = A = Nb = 0.5, Pr = M = 1
and Bi = 5.

3.5.10 Impact of Velocity Ratio Parameter on the Concentration

Figure 3.11 demonstrates the concentration vs velocity ratio. It has the similar effects

on the concentration profile as the effect of Lewis number is noted on concentration. As

the concentration distribution decreases by increasing the velocity ratio parameter A .
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Figure 3.11: Concentration profile vs A when Nt = Nb = 0.5, Pr = M = 1
and Bi = Le = 5.



Chapter 4

CHEMICAL REACTION AND

INTERNAL HEAT SOURCE

EFFECTS ON MHD

NANOFLUID OVER A

STRETCHING SHEET

4.1 Introduction

In this chapter, we will extend the flow model of Ibrahim and Haq [51], which was pre-

sented in the foregoing chapter by considering the “MHD stagnation point flow of steady,

two-dimensional viscous flow of the nanofluid over a stretching surface along with the

convective boundary condition”. Here, we will scrutinize the “Chemical reaction and

non-uniform internal heat source effects on the MHD mixed convection stagnation point

flow of Maxwell nanofluid over a stretching surface”. At the lower surface of the sys-

tem, the sheet is continuously heated with the temperature Tf and the heat transfer

coefficient hf as discussed in Chapter 3. The system of three coupled, nonlinear PDEs

of momentum, energy and concentration is transmuted into system of ODEs by using

an appropriate similarity transformation. We use the shooting technique to obtain the

numerical solution of this converted BVP. Finally, at the end of this Chapter the results

29
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are tabulated for many physical parameters affecting the MHD mixed convection flow

and found to be in very good agreement with those obtained by using the MATLAB

software bvp4c. Significance of different parameters which governs the flow on the ve-

locity, temperature and concentration are elaborated at the end of this Chapter through

various graphs and tables.

4.2 Problem Formulation

We consider the magnetohydrodynamic boundary layer flow of Maxwell nanofluid near

the stagnation point over a stretching surface with mixed convection. “The coordinates

Figure 4.1: Geometry for the flow under consideration.

system has been chosen in such a way that x−axis is in the direction of the stretching

surface and y−axis is in the direction normal to the surface. Assume that there isn’t any

flux of nanoparticles at surface. The impact of the thermophoresis has been considered in

the boundary conditions. At the surface, the velocity of stretching surface is uw(x) = ax,

where “a” is some constant. The flow is directed to a transverse magnetic field B0 which

is supposed to be applied in the direction of positive y−axis, perpendicular to the surface.

Extending the idea of Ibrahim and Haq [51], the governing PDEs of the MHD mixed

convection stagnation point flow of Maxwell nanofluid along with the chemical reaction
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and non-uniform internal heat source effects can be written as

∂u

∂x
+
∂v

∂y
= 0, (4.1)

u
∂u

∂x
+ v

∂u

∂y
= υ

(
∂2u

∂y2

)
+ U∞

∂U∞
∂x

+
σB2

o

ρf
(U∞ − u) + λ

[
u2
∂2u

∂x2
+ v2

∂2u

∂y2

+ 2uv
∂2u

∂x∂y

]
+ gβT (T − T∞) + gβC(C − C∞),

(4.2)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
+ Γ

[
DB

(
∂C

∂y

∂T

∂y

)
+
DT

T∞

(
∂T

∂y

)2]
+

q′′′

(ρc)p
, (4.3)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+
DT

T∞

(
∂2T

∂y2

)
−K1(C − C∞). (4.4)

Where, q′′′ represents the temperature and space dependent heat generation and

q′′′ =
Kuw(x)

(ρc)pxυ
{A∗(Tf − T∞)f ′ +B∗(T − T∞)}

where A∗ is space dependent and B∗ is temperature dependent heat generation. It is

observed that A∗ < 0 and B∗ < 0 mean heat absorption whereas in opposite case they

communicate generation. In Eq. (4.4), K1(C−C∞) denotes the chemical reaction term,

where K1 is the chemical reaction parameter. The corresponding BCs for the proposed

model are

u = uw = ax, v = 0,−k∂T
∂y

= hf (Tf − T ), DB
∂C

∂y
+
DB

T∞

(
∂T

∂y

)
= 0 at y = 0,

u→ U∞ = bx, v = 0, T → T∞, C → C∞ as y →∞.

 (4.5)

4.3 Dimensionless Form of the Model

To convert the PDEs (4.1)-(4.4) along with the BCs (4.5) into the dimensionless form,

we use the similarity transformation [51]:

η =

√
a

υ
y, ψ =

√
aυxf(η), θ(η) =

T − T∞
Tf − T∞

, φ(η) =
C − C∞
C∞

. (4.6)

In above, ψ(x, y) denotes stream function obeying

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (4.7)
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The equation of continuity (4.1) is satisfied identically. The governing Eqs. (4.2)-(4.4)

are reduced into the following nonlinear ODEs.

f ′′′ + ff ′′ − f ′2 +A2 +M(A− f ′) + β(f2f ′′′ − 2ff ′f ′′) +Grθ +Gcφ = 0, (4.8)

θ′′ + Pr(fθ′ +Nbφ′θ′ +Ntθ′
2
) +A∗f ′ +B∗θ = 0, (4.9)

φ′′ + LePrfφ′ +
Nt

Nb
θ′′ − γLePrφ = 0. (4.10)

The BCs get the form:

f ′(0) = 1, f(0) = 0, Ntθ′(0) +Nbφ′(0) = 0, θ′(0) = Bi(θ(0)− 1), at η = 0, (4.11)

f ′(η)→ A, θ(η)→ 0, φ(η)→ 0, as η →∞. (4.12)

In Eqs. (4.8) - (4.12), the governing parameters are defined as

Gr =
gβT
a2x

(Tf − T∞), Gc =
gβC
a2x

C∞, LePr = Sc =
υ

DB
,

A =
b

a
, Pr =

µCp
K

, γ =
K1

a
, β = λa, M = σ

Bo
2

ρfa
,

Nb =
(ρc)pDBC∞

(ρc)fυ
, Nt =

(ρc)pDT (Tf − T∞)

(ρc)fυT∞
.


(4.13)

In this problem, the desired physical quantities are the local Nusselt number Nux and

the skin-friction coefficient Cf . These quantities are defined as

Cf =
τ

ρuw2
, Nux =

xqw
k(Tf − T∞)

. (4.14)

Here, the wall heat flux qw, and the wall shear stress τw, are given as

τw = µ

(
∂u

∂y

)
y=0

, qw = −k
(
∂T

∂y

)
y=0

. (4.15)

With the help of above equations, we get

Cf
√
Rex = −f ′′(0),

Nux√
Rex

= −θ′(0). (4.16)

Here Rex = ax2

υ represents Reynolds number whereas Nux represents the local Nusselt

number.”
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4.4 Numerical Results

In this Section, the scheme for the numerical solution of the system of three coupled

ODEs (4.8)-(4.10) with BCs (4.11)-(4.12) will be discussed. Because of its efficiency, the

shooting technique has been prefered to apply. First, the system of equations (4.8)-(4.10)

will be transmuted into a system of ODEs. We can write

f ′′′ =
1

1 + βf2
[
f ′

2 − ff ′′ −A2 −M(A− f ′) + 2βff ′f ′′ −Grθ −Gcφ
]
, (4.17)

θ′′ = −Pr
[
fθ′ +Nbθ′φ′ +Ntθ′

2]−A∗f ′ −B∗θ, (4.18)

φ′′ = γLePrφ− LePrfφ′ + Nt

Nb

[
Pr(fθ′ +Nbθ′φ′ +Ntθ′

2
) +A∗f ′ +B∗θ

]
. (4.19)

By using the following notations

f = y1, f
′ = y2, f

′′ = y3, θ = y4, θ
′ = y5, φ = y6, φ

′ = y7, (4.20)

the above system of coupled nonlinear ODEs is converted into the following system of

seven first order equations:

y′1 = y2,

y′2 = y3,

y′3 =
1

1 + βy21

[
y22 − y1y3 −A2 −M(A− y2) + 2βy1y2y3 −Gry4 −Gcy6

]
,

y′4 = y5,

y′5 = −Pr
[
y1y5 +Nby5y7 +Nty25

]
−A∗y2 −B∗y4,

y′6 = y7,

y′7 = γLePry6 − LePry1y7 +
Nt

Nb

[
Pr(y1y5 +Nby5y7 +Nty25) +A∗y2 +B∗y4

]
.

The resulting form of the boundary conditions is

y1(0) = 0, y2(0) = 1, y5(0) = Bi(y4(0)− 1), y7(0) = −Nt
Nb

y5(0),

y2 → A, y4 → 0, y6 → 0 as η →∞.

To execute the numerical procedure, the unbounded domain [0,∞) has been replaced by

[0, ηmax] for some suitable choice of ηmax. An asymptotic convergence of the numerical
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solution is observed by increasing the value of ηmax. The shooting method requires some

initial guess for y3(η), y4(η) and y6(η) at η = 0. The initial guess is updated by the

Newton’s method until a solution of the problem which approximately meets the given

boundary conditions at the right end of the domain. To validate the MATLAB code,

we set β = 0, Gr = 0, Gc = 0, A∗ = 0, B∗ = 0 and γ = 0, and obtain exactly the

same results and graphs as discussed in Chapter 3. The physical parameters, the local

skin-friction coefficient Cf and the local Nusselt number Nux, are of great interest for

engineers and mathematicians. The skin-friction coefficient examines the viscous stress

acting on the surface of the body whereas the local Nusselt number Nux is the ratio

between the convective heat transfer and the conductive heat transfer at the surface of

the body.

−f ′′(0) −θ′(0)

A M β γ Le Bi Shooting bvp4c Shooting bvp4c

0.1 1.0 0.6 0.6 0.2 0.2 1.243941 1.243942 0.325186 0.325186

0.2 1.189946 1.189946 0.591051 0.591051

0.3 1.242064 1.242064 1.484108 1.484108

0.5 1.084907 1.084908 0.395633 0.395631

1.0 1.243941 1.243942 0.325186 0.325186

1.5 1.390760 1.390760 0.288612 0.288611

0.4 1.277225 1.277225 0.304179 0.304180

0.6 1.243941 1.243942 0.325186 0.325186

0.8 1.211603 1.211603 0.351818 0.351817

0.0 1.227885 1.227886 0.331895 0.331895

0.6 1.243941 1.243942 0.325186 0.325186

0.9 1.247504 1.247504 0.323943 0.323943

0.2 1.243941 1.243942 0.325186 0.325186

0.6 1.254848 1.254849 0.321263 0.321263

1.0 1.258224 1.258224 0.321617 0.321617

0.1 1.240617 1.240617 0.165669 0.165670

0.2 1.243941 1.243942 0.325186 0.325186

0.3 1.247096 1.247096 0.478489 0.478489

Table 4.1: Numerical results of -f ′′(0) and -θ′(0) for different values of A, M , β, γ,
Le and Bi with Gr = Gc=0.1, Pr=1.0, Bn = Nt=0.3, A∗=0.4, B∗=0.7
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−f ′′(0) −θ′(0)

Gr Gc Pr Nb Nt A∗ B∗ Shooting bvp4c Shooting bvp4c

0.1 0.1 1.0 0.3 0.3 0.4 0.7 1.243941 1.243942 0.325186 0.325186

0.0 1.179313 1.179314 0.405135 0.405135

0.1 1.243941 1.243942 0.325186 0.325186

0.2 1.278005 1.278006 0.284902 0.284902

0.1 1.243941 1.243942 0.325186 0.325186

0.2 1.224684 1.224684 0.342247 0.342247

0.3 1.201199 1.201200 0.361681 0.361682

1.0 1.243941 1.243942 0.325186 0.325186

3.0 1.185067 1.185066 0.075197 0.075197

5.0 1.197508 1.197508 0.131813 0.131813

0.3 1.243941 1.243942 0.325186 0.325186

0.5 1.250604 1.250604 0.318870 0.318870

0.7 1.253289 1.253290 0.316238 0.316238

0.0 1.255546 1.255546 0.297469 0.297469

0.1 1.252189 1.252189 0.305726 0.305719

0.3 1.243941 1.243942 0.325186 0.325186

0.1 1.222541 1.222541 0.232237 0.232239

0.2 1.230012 1.230013 0.264929 0.264932

0.4 1.243941 1.243942 0.325186 0.325186

0.7 1.243941 1.243942 0.325186 0.325186

0.8 1.232713 1.232713 0.271875 0.271875

0.9 1.225808 1.225809 0.237573 0.237573

Table 4.2: Numerical results of -f ′′(0) and -θ′(0) for different values of Gr, Gc, Pr,
Nb, Nt, A∗ and B∗ with A=0.1, M=1.0, β = γ=0.6, Le = Bi=0.2

Table 4.1 and 4.2 include the numerical values of Cf and Nux denoted by −f ′′(0) and

−θ′(0) respectively, for different physical parameters. The results obtained by the shoot-

ing method and the MATLAB in-built solver bvp4c can be found in a very good agrement

with each other. It is observed that increasing the values of the magnetic parameter,

thermal Grashof number, Brownian motion parameter, space dependent heat genera-

tion/absorption coefficient, chemical reaction parameter, Lewis number, Biot number,
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enhances the local skin-friction coefficient. Furthermore, the skin friction coefficient de-

creases by enlarging the values of visco-elastic parameter, solutal Grashof number, ther-

mophoresis parameter, time dependent heat generation/absorption coefficient, whereas

it shows a mixed behaviour by increasing the velocity ratio parameter and Prandtl num-

ber. The Nusselt number shows an increasing behavior for the velocity ratio parameter,

the visco-elastic parameter, the solutal Grashof number, the thermophoresis parameter,

the space dependent heat generation/absorption coefficient and the Biot number. It

shows a decreasing behaviour for the magnetic parameter, the thermal Grashof number,

the Brownian motion parameter, the time dependent heat generation/absorption coef-

ficient and the chemical reaction parameter. It is also noticed that the Nusselt number

shows a mixed behaviour for Prandtl number and Lewis number.

4.5 Graphical Results

The objective is to inspect governing parameters on the velocity, temperature and con-

centration distribution in this Section.

4.5.1 Velocity ratio parameter

Figure 4.2 designates that by increasing the value of A (A > 1), the thickness of hydro-

dynamic boundary layer increases, and it decreases by decreasing the value of A (A < 1).

Physically, when the free stream velocity is more than the stretching velocity, the ratio

between the free stream velocity and the stretching velocity is greater than 1, conse-

quently, it decline the retarding force and increase the flow velocity. The impact of

velocity ratio on the temperature θ(η) has been highlighted by Figure 4.3. As the value

of the velocity ratio is increased, the temperature of the surface decreases at the surface

and furthermore, the thickness of thermal boundary layer declines. Figure 4.4 demon-

strates the concentration profile φ(η) under the influence of the velocity ratio parameter.

It has the decreasing effects on the concentration profile near the wall. It increases a

little bit away from the wall and a little further away from the wall it starts decreasing

again.



37

0 1 2 3 4 5 6
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

f ′(η
)

η

A= 0.2, 0.5, 0.8, 1.2, 1.5, 1.8

Figure 4.2: Dimensionless Velocity vs A when M = 2.5, Pr = 2, Nb = Nt = 0.5,
Le = 5, Bi = 5, β = 0.2, A∗ = 0.1,B∗ = 0.2, γ = 0.5, Gr = 0.1 and
Gc = 0.1.
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Figure 4.3: Dimensionless temperature vs A when M = 2.5, Pr = 2, Nb = Nt = 0.5,
Le = 5, Bi = 5, β = 0.2, A∗ = 0.1, B∗ = 0.2, γ = 0.5, Gr = 0.1 and
Gc = 0.1.
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Figure 4.4: Dimensionless concentration vs A when M = 2.5, Pr = 2, Nb = Nt = 0.5,
Le = 5, Bi = 5, β = 0.2, A∗ = 0.1, B∗ = 0.2, γ = 0.5, Gr = 0.1 and
Gc = 0.1.

4.5.2 Magnetic Parameter

Figure 4.5 depicts the impact of M on the dimensionless velocity f ′. Here, by increasing

the value of M , velocity profile gets declines. Figure 4.6 describes the impact of M

on the temperature profile. It is shown in Figure 4.6 that by increasing the value of

the magnetic parameter, temperature profile θ(η) gets increase. The impact of the

magnetic parameter on the dimensionless concentration, is presented in Figure 4.7. The

concentration profile is found to increase when the magnetic parameter increases near

the surface. It decreases a bit away from the surface and interestingly, it again starts

increasing a bit further away from the surface.



39

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f ′(η
)

η

M=1, 2.5, 4, 7

Figure 4.5: Dimensionless velocity vs M when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = 0.1, B∗ = 0.2,
Gr = 0.1 and Gc = 0.1.
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Figure 4.6: Dimensionless temperature vs M when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = 0.1, B∗ = 0.2, Gr = 0.1
and Gc = 0.1.
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Figure 4.7: Dimensionless concentration vs M when A = 0.2, Nb = Nt = 0.5,
γ = 0.5,M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = 0.1,
B∗ = 0.2, and Gr = Gc = 0.1.

4.5.3 Prandtl Number

Figure It is noticed in the Figure 4.8 the velocity declines by enlarging the Prandtl

number. The temperature profile decreases with increasing Prandtl number as depicted

in Figure 4.9. The effect of the variation in the Pr on the concentration profile, is ob-

served in Figure 4.10. It is notified from the figure, as the value of Prandtl number rises,

the nanoparticles scattered out toward the outward, consequently, the nanoparticles

concentration at the surface decreases.
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Figure 4.8: Dimensionless velocity vs Pr when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.9: Dimenssionless temperature vs Pr when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.



42

0 1 2 3 4 5 6

−0.1

−0.05

0

0.05

0.1

φ(
η)

η

Pr=2, 3, 5, 7

Figure 4.10: Dimensionless concentration vs Pr when A = 0.2, Nb = Nt = 0.5,
γ = 0.5,M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.

4.5.4 Brownian Motion Parameter

Figure 4.11 describes the impact of Brownian motion on the velocity profile. It is noticed

in figure that by rising the Brownian motion parameter, a decrease in the dimensionless

velocity is resulted. It is noticed from Figure 4.12 that as the value of Nb increases,

thickening the thermal boundary layer. The impact of Brownian motion parameter is

witness in Figure 4.13 that concentration profile increases by increasing the Nb. Con-

sequently, the Brownian force increases the nanoparticle concentration at the surface.

Thus, the concentration profile increases on the surface but it is found to decrease a bit

away from the surface.



43

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f ′(η
)

η

0.4477 0.4478 0.4479

0.5488

0.5489

0.5489

Nb=0.5, 0.7, 0.9, 1.2

Figure 4.11: Dimensionless velocity vs Nb when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.12: Dimensionless temperature vs Nb when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.
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Figure 4.13: Dimensionless concentration vs Nb when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.

4.5.5 Thermophoresis Parameter

Through Figure 4.14, it can be noticed that by enlarging the thermophoresis parameter,

thickness of boundary layer also increases, which causes an increase in the velocity

profile f ′. Figure 4.15 includes the graphs of the temperature distribution in thermal

boundary layer for various value of the Nt. It is noticed that if the thermophoesis

increases, causing an increase in Nt. Figure 4.16 describes the influence of the Nt on

the concentration profile. Therefore, when the influence of the thermophoretic force

is enlarged, the concentration profile on the surface declines, which is the opposite in

nature to that of the case of the Brownian motion but a bit away from the wall it starts

increasing.
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Figure 4.14: Dimensionless velocity vs Nt, when A = B∗ = 0.2, Nb = 0.5, Nt = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, γ = 0.5, and
Gc = 0.1.

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

θ(
η)

η

Nt=0.5, 1, 2, 3

Figure 4.15: Dimensionless temperature vs Nt, when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.
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Figure 4.16: Dimensionless concentration vs Nt, when A = B∗ = 0.2, Nb = Nt = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, γ = 0.5 and
Gc = 0.1.

4.5.6 Lewis Number

Figure 4.17 illustrates that by increasing the Lewis number, the velocity profile increases.

Similar effects are shown for the temperature profile in Figure4.18. The impact of Le

on the concentration profile is seen in Figure 4.19. Increasing the Lewis number, the

concentration profile near the surface increases but a bit away from the surface it starts

decreasing by enhancing the influence of the Lewis number Le.
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Figure 4.17: Dimensionless velocity vs Le when A = 0.2, Nb = Nt = 0.5, β = 0.2,
M = 2.5, Pr = 2, Le = 5, Bi = 5, A∗ = Gr = 0.1, B∗ = 0.2, γ = 0.5
and Gc = 0.1.
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Figure 4.18: Dimensionless temperature vs Le when A = 0.2, Nb = Nt = 0.5,
β = 0.2, M = 2.5, Pr = 2, Le = 5, Bi = 5, A∗ = Gr = 0.1,
B∗ = 0.2, γ = 0.5 and Gc = 0.1.
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Figure 4.19: Dimensionless concentration vs Le when A = 0.2, Nb = Nt = 0.5,
β = 0.2, M = 2.5, Pr = 2, Le = 5, Bi = 5, A∗ = Gr = 0.1,
B∗ = 0.2, γ = 0.5 and Gc = 0.1.

4.5.7 Biot Number

Figure 4.20 and 4.21 show the influence of convective heating, also known as the Biot

number Bi, on the velocity and temperature distribution respectively. Physically, con-

vective heating Bi can be calculated by dividing the convaction at the surface to the

conduction on the surface of a body. As an impact of the increasing the Bi, the ve-

locity and temperature on the surface increase, which results thickening of the thermal

boundary layer, whereas the Biot number causes a decrease in the concentration profile

φ, which is indeed reflected in Figure 4.22.
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Figure 4.20: Dimensionless velocity vs Bi when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.21: Dimensionless temperature vs Bi when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.
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Figure 4.22: Dimensionless concentration vs Bi when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.

4.5.8 Visco-elastic Parameter

It is noticed in Figure 4.23 that as the visco-elastic parameter increases, which causes an

increase in the velocity profile. Figure 4.24 depicts exactly the opposite effect of visco-

elastic parameter on the temperature profile. The impact of the visco-elastic parameter

β on the dimensionless concentration is presented in Figure 4.25. The concentration

profile is found to decrease when the visco-elastic parameter increases near the surface.

It increases a bit away from the wall and interestingly, it again starts decreasing a bit

further away from the surface.
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Figure 4.23: Dimensionless velocity vs β when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.24: Dimensionless temperature vs β when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.25: Dimensionless concentration vs β when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.

4.5.9 Space Dependent Heat Generation/Absorption Coefficient

It is clear from Figure 4.26 that by enlarging A∗, velocity profile is increased. Figure 4.27

delineates the effect of the A∗ on the temperature. The temperature profile is increased

by increasing the value of the space dependent heat generation/absorption coefficient A∗.

Effect of the space dependent heat generation/absorption coefficient on the concentration

is shown in Figure 4.28. Initially, concentration profile increases by increasing the space

dependent heat generation/absorption coefficient, it starts decreasing a bit away from

the surface. Finally, it again increases a bit further away from the surface.



53

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f ′(η
)

η

0.59 0.6
0.464

0.466

0.468

0.47

0.472

A* = 0.1, 0.2, 0.3, 0.4

Figure 4.26: Dimensionless velocity vs A∗ when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.27: Dimensionless temperature vs A∗ when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.



54

0 1 2 3 4 5 6

−0.1

−0.05

0

0.05

0.1

φ(
η)

η

A* =0.1, 0.2, 0.3, 0.4

Figure 4.28: Dimensionless concentration vs A∗ when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.

4.5.10 Temperature Dependent Heat Generation/Absorption Coeffi-

cient

Figure 4.29 depicts that by increasing the value of the temperature dependent heat gen-

eration/absorption coefficient B∗, velocity profile is increased. Figure 4.30 indicates the

impact of the temperature dependent heat generation/absorption B∗ on the tempera-

ture profile. This figure describes that by increasing the temperature dependent heat

generation/absorption B∗, temperature profile increases. It is seen from Figure 4.31 that

by increasing the value of the temperature dependent heat generation/absorption, the

concentration profile shows an interesting behaviour. Initially, near the wall it increases,

then decreases a bit away from the wall and again it starts increasing a bit further away

from the wall.
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Figure 4.29: Dimensionless velocity vs B∗ when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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Figure 4.30: Dimensionless temperature vs B∗ when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.
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Figure 4.31: Dimensionless concentration vs B∗ when A = 0.2, Nb = Nt = 0.5,
γ = 0.5, M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1,
B∗ = 0.2 and Gc = 0.1.

4.5.11 Chemical Reaction Parameter

Figure 4.32 shows that by increasing the chemical reaction parameter, the velocity profile

decreases. Figure 4.33 illustrates the impact of the chemical reaction on the temper-

ature profile for different values. It increases by increasing the value of the chemical

reaction parameter γ. Effect of γ on the concentration is included in Figure 4.34. The

concentration distribution increases with the increasing values of γ but a bit away from

the surface it starts decreasing.
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M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
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Figure 4.33: Dimensionless temperature vs γ when A = 0.2, Nb = Nt = 0.5, γ = 0.5,
M = 2.5, Pr = 2, Le = 5, Bi = 5, β = 0.2, A∗ = Gr = 0.1, B∗ = 0.2
and Gc = 0.1.
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4.5.12 Solutal Grashof Number

The effect of the solutal Grashof number on the velocity profile is presented in Figure

4.35. Increasing the solutal Grashof number Gc, the velocity profile is observed to

increase. In case of the dimensionless temperature, the solutal Grashof number shows

exactly the opposite behaviour, which can be seen through Figure 4.36. Figure 4.37

delineates that by increasing the solutal Grashof number, initially, the concentration

profile decreases near the surface. It increases a bit away from the surface and then

again it starts decreasing a bit further away from the surface.
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4.5.13 Thermal Grashof Number

The effect of the Gr on the velocity profile is shown in Figure 4.38. It is noticed

that the thermal Grashof number contributes to increase the velocity profile if all other

parameters that appear in the velocity field are kept constant. Figure 4.39 designates

that by increasing the value of the thermal Grashof number, the temperature profile

decreases. In Figure 4.40, the concentration profile shows an interesting behaviour for

different values of the thermal Grashof number. Figure delineates that by increasing the

thermal Grashof number, initially, the concentration profile decreases near the wall. It

increases a bit away from the wall and then again it starts decreasing a bit further away

from the wall.
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Figure 4.39: Dimensionless temperature vs Gr when A = 0.2, Nb = Nt = 0.5,
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Chapter 5

CONCLUSION

In this thesis, a numerical study of chemical reaction and non-uniform internal heat

source effects on MHD mixed convection stagnation point flow of Maxwell nanofluid

over a stretching surface, is presented. The two-dimensional viscous flow of the nanofluid

along with the convactive boundary conditions, was considered. Numerical solution of

the mathematical model was carried out by using the shooting technique. A numerical

comparison is exhibited with the Matlab built-in code bvp4c for various physical param-

eters affecting the flow and heat transfer and the results are found to be in a very good

agreement. Significance of the effects of different physical parameters under discussion

on the dimensionless velocity, temperature and concentration are delineated graphically.

The skin friction coefficient and the Nusselt number for different value of the distinctive

governing parameters are presented in the tabular form. After a thorough investigation,

we have reached the following concluding observation.

• The velocity profile increases by increasing A but the temperature and concentra-

tion profiles decrease by increasing A.

• The magnetic parameter M has the same increasing influence on the temperature

and the concentration field but opposite on the velocity field.

• The velocity field f ′, the temperature field θ and the concentration field φ reduce

with an increase in the Prandtl number.

• The temperature field θ and the concentration field φ increase but the velocity

field reduces by increasing Nb but Gc have exactly the opposite influence.
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• The velocity field f ′ and the temperature field θ increase by increasing the value

of Nt and Bi, but concentration field φ decreases for both the parameters.

• The Lewis number Le has an increasing effect on the velocity field f ′, temperature

field θ and concentration field φ.

• The visco-elastic parameter β has an increasing effect on the velocity profile but

decreasing on the temperature and concentration profiles.

• The space dependent heat generation/absorption coefficient A∗ and the tempera-

ture dependent heat generation/absorption coefficient B∗ have an increasing effect

on the velocity field f ′, temperature field θ and concentration field φ.

• The temperature and concentration fields increase by enlarging the chemical reac-

tion parameter γ but the velocity field decreases.

• The velocity f ′ and the concentration field φ increase by enhancing the solutal-

Grashof number Gc and thermal Grashof number Gr but it cause a decrease in

the temperature field.
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