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Chapter 1

Introduction

The theory of fixed point provides very productive and constructive tools in present-time
mathematics and may also assessed as a key topic of nonlinear analysis. In the last 50
years, the theory of fixed point has become the most growing and interesting field of
research for almost every mathematicians. The origination of this theory, which date to
the later part of the 19th century, rest in the use of unbroken and sequential estimation to
built the uniqueness as well as existence of results, especially to the differential equations.
This method is related with so many recognized mathematicians alike Banach [23],
Lipschitz [14], Fredrick [14] and Picard [22]. One of the major field of theory of fixed
point was theory of metric fixed point and we acknowledge that the more valuable content
in the growth of non linear analysis is fixed point theory. Historically the starting line in
this field was well-defined by the creation of “Banach’s Fixed Point Theorem” familiar
as “Banach contraction principle” or “BCP” in short.
It states that every contraction on a complete metric space has a unique fixed point.
More precisely, if (X, d) is a complete metric space and T: X — X is a self map on X
and « € [0, 1) is such that

d(Tz, Ty) < ad(z,y)

for all z,y € X then T has a unique fixed point. It is well established that “BCP” is
basic result in the innovation of theory of fixed point, have pre-owned and expanded in
non-identical ways and so many different kinds of fixed point theorems were put into

effect. The BCP is prolonging, refining and extending in two typical directions

1. By expanding and developing of contraction conditions on the mapping 7.

2. By spreading the structure of the spaces on which 7T is defined.

In above first quoted way, the BCP has widespreaded in a lot of other aspects. Actu-

ally, the massive quantity of literature wetbacking the generalizations and extensions of
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that amazing theorem. Banach [18] established that a contraction mapping possessed
a unique fixed point in complete metric space. Presic S.B [61] In 1965 and shortly in
1968 Kannan [45] refined this contraction mapping principle, more extention came from
A Meir and Emmett Keeler [54] in 1969. After this Dass B.K. Gupta [28] and also Kol-
mogorov A.N. and S.V. Fomin [46] made more extention through rational expression in
Banach contraction principle, then Dolhare U.P [29] extended this remarkable Banach
contraction mapping principle. The contraction mapping is weakened in some general-
ization, (see [9, 23, 44, 54, 62]) and the weakened topology in some other generalization
(see [14, 15, 20, 30, 36] and others.

In above second quoted way, The “BCP” is also extended by Nadler (see [59]) from
single valued to set valued contraction maps, the metric spaces were widespreaded by
changing the axioms of metric such as, partial metric spaces [55], cone metric spaces
[41], G-metric spaces [56], 2-metric spaces [39] and many others. These generalized met-
ric spaces frequently arises to be measurable and the contraction conditions conserved
the true changes, particularly, the fixed point results may be proven on few generalized
metric spaces from questionless outcome in usual metric spaces. In the present days,
few new classes of metric spaces were brought in and different types of spaces raised
as mixtures of the preceding such as partial cone metric spaces [58], metric like spaces
[49], quasi partial metric spaces [35], cone rectangular metric spaces [8], quasi b-metric
spaces [66], m-metric spaces [7], quasi metric like spaces [65], partial rectangular metric
spaces [64] and others. The weaken axioms are main reason in the construction of these
metric spaces.

The usual metric spaces have also been generalized in well known spaces as mentioned
above, some of these spaces are b-metric spaces [10], rectangular and rectangular b-
metric spaces [8]. The idea of b-metric spaces was introduced by Czerwik [22] after the
generalization of metric space. On the other hand, Bakhtin in [10] also generalized the
metric spaces. After that, many papers have been published having fixed point conclu-
sion in b-metric spaces for single and multi-valued functions (see [14, 20]). After that
many other papers have also been published in the field of this theory with single as
well as multivalued mappings in b-metric spaces (for example [11-13, 22, 24-26]) and
the references therein.

On the other hand, Branciari [14] has introduced the notion of rectangular b-metric
space(RMS) by exchanging the sum of three terms expression in right hand side of tri-
angular instead of two terms. After that more results involving fixed point with different
contractive mappings in rectangular metric spaces came into view (see [6, 8, 21, 30—
33, 35, 53]).

In this thesis, we used the idea of the rectangular b-metric space, not necessarily Haus-
dorff which generalizes the idea of the b-metric spaces. Particularly we reveiwed the

results presented in [68] in the setting of b-metric space. We then extended these results
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in the setting of rectangular b-metric spaces. Some of these results like Kannan type
theorem as well as BCP are also extended in rectangular b-metric spaces. We have also
proved some other contraction mappings in rectangular b-metric spaces. We have also

constructed some examples which show that our generalizations are genuine.

The rest of the thesis is organized as follows.

e In Chapter 2, we throw light on basic definitions of abstract spaces like rectangular
b-metric spaces and presented some examples which satisfy the properties of above

spaces.

e In Chapter 3, we reviewed comprehensively some fixed point results like Ciric’s

and Generalized Contraction in b-metric spaces presented in [68].

e In Chapter 4, we established new fixed point theorems by extending the results
of “BCP” and Kannan type theorem in rectangular b-metric space. In the last

section, we conclude our thesis.



Chapter 2

preliminaries

The concept of distance between the points allow us to define more general concept
of a metric which move us to the metric space. The idea of the space arrived from
fundamental concept of abstract set X whose elements satisfy certain axioms.

In this chapter, we need to recall some basic definitions, lemmas, theorems and necessary
results from existing literature. The following definitions, lemmas and theorems are
related to our main research. Through out, R stands for set of real numbers, R* stands
for set of positive real numbers, Rar stands for set of positive real numbers including 0

and N stands for set of natural numbers.

2.1 Metric spaces

In the present section, we have stated all basic concepts, definitions with examples for

understanding the structure of metric spaces.

Definition 2.1.1. [40](Metric space)

“Let X be a non-empty set, a mapping d: X x X — [0,+00) is called metric on X for
all z,y, z € X, if the following axioms satisfied

ML d(z,y) =0z =y

M2. d(z,y) = d(y, o)

M3. d(z,z) < d(x,y) + d(y, z).

and the pair (X, d) is called a metric space.”
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Example 2.1.2. R is the real line and define the distance by

d(z,y) = |z —yl.

then d is metric on R and the pair (R, d) is a usual metric space.

Example 2.1.3. R? is the plane and the usual distance as

N|=

d((z1,91), (T2,92)) = [(71 — 22)* + (31 — y2)?] 2.

then sometimes, it is said to be 2-metric ds.

We are going to give the concept and definition of Cauchy sequence, convergence se-
quence in metric space and the completeness of the metric space. Following definitions

are taken from [40].

Definition 2.1.4. (Cauchy sequence)
“A sequence {x,} in metric space (X,d) is called Cauchy sequence if for every ¢ > 0

there exist a positive integer N such that for m,n > N, we have
d(xm, xy) < .7

Definition 2.1.5. (Convergence sequence)
“A sequence {x,} in metric space (X, d) is called convergent sequence if for every & > 0
and n > N we have

d(xn, ) < e.
where z is called the limit of the sequence {z,}.”

Definition 2.1.6. (Complete metric space)
“A metric space (X,d) is said to be complete if every Cauchy sequence in X converges

to a point of X.”

Example 2.1.7. The space R of real numbers and the space C of complex numbers
(with the metric given by the absolute value) are complete, and so is Euclidean space

R™ with the usual distance metric.

2.2 b-metric spaces

In this section, we have presented some basic concepts and definitions regarding the b-
metric spaces. We have also given some examples to understand the structure of b-metric

spaces. Czerwike [24] defined a b-metric space as follows:
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Definition 2.2.1. [24](b-metric space)
“Let X be a non-empty set and if b > 1 be any real number then a mapping d: X x X —
[0,+00) is said to be b-metric if for all z,y, z € X if the following axioms are satisfied
Bl. dy(z,y) =0 z=y
B2. db(xa y) = db(yvx)

B3. dy(x,z) < bldy(z,y) + dy(y, 2)].

The pair (X, dp) is then called b-metric space.”

Remark 2.2.2. Let (X, dp) is b-metric space. Generally the b-metric d; is not continues.

The following example illustrates this fact.

Example 2.2.3. [52]
“Let X = NU{oo} and let dy: X x X — {0,400} is defined by

0 if m =n,

|L — 1| if one of m,n is even and the other is even or occ.
dp(m,n) =

5, if one of m,n is odd and the other is odd or oo,

2, otherwise.

\

It can be checked that for all m,n,p € X, we have
5
db(mvp) < §[db(m7 TL) + db(nap)]
Thus (X, dp) is a b-metric space with b = 5/2. Let x,, = 2n for each n € N, then

1
db(2n,oo):%—>0 as n — oo

that is, x, — oo, but dp(zp,1) =2 » 5 =dy(c0,1) as n — 00.”

Example 2.2.4. [5] “Let X = {0,1,2}. Define a mapping d: X x X — (0,+00) as
following

dp(0,0) = dp(1,1) = dp(2,2) = 0.

dy(0,1) = dp(1,0) = dp(1,2) = dp(2,1) = 1.

dp(0,2) = dy(2,0) = m > 2 for b= % where m > 2.

the function defined above is a b-metric space but not a metric for m > 2 because if we

take m > 2 then the coefficient b > 1 which contradict the third axiom of metric space.”
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We are going to give the concept and definition of Cauchy sequence, convergence se-
quence in b-metric space and the completeness of the b-metric space. These definitions

are taken from [43].

Definition 2.2.5. (Cauchy sequence)
“A sequence {z,} in b-metric space (X, dp) is called Cauchy sequence if for every € > 0

there exist a positive integer N such that for m,n > N , we have

9

dp (T, Tp) < €.

Definition 2.2.6. (Convergence sequence)
“A sequence {z,} in b-metric space (X,dp) is called convergent sequence if for every
e>0and n > N we have

dy(zp, ) < e

where z is called the limit point of the sequence {z}.”

Definition 2.2.7. (Complete b-metric space)
“A b-metric space (X, dp) is said to be complete if every Cauchy sequence in X converges

to a point of X.”

2.3 Rectangular b-metric space

Here, we have given some basic concepts and definitions for the rectangular b-metric
spaces. We have given few examples for understanding the structure of rectangular

b-metric spaces.

Definition 2.3.1. [38](Rectangular metric space)
“Let X be a non-empty set, a mapping dp: X x X — [0, 400) is said to be rectangular
metric if for every z,y,z € X and u,v € X \ {z, 2} satisfies the following axioms

RML1. dp(z,y) =0 2 =1y.

RM2. db(l‘a y) = db(y,l‘)

RM3. dp(z,2) < dp(z,u) + dp(u,v) + dp(v, 2).

The pair (X, dp) is called Rectangular metric space.”
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Example 2.3.2. Let X = {1:n e RT}U{0} define d,: X x X — R by

0 if x =vy;
de(z,y) = q L, if {z,y} = {0,% ;

n?

then, (X, d,) is a rectangular metric space but not a metric space as

2
dy(z,y)=1> = dy(x,0) + d,(0,y)
for n > 2 and all distinct z,y € X.

Definition 2.3.3. [38](Rectangular b-metric space)
“Let X be non empty set and if b > 1 is a real number then a mapping dp: X x X —
[0, +00) is said to be rectangular b-metric for every z,z € X and u,v € X \ {z, z} satisfy

the following axioms
RbM1. dy(z,y) =0 x =y.

RbM2. Clb(fL‘, y) = db(y,l‘)

RbM3. dp(x,z) < bldp(x,u) + dp(u,v) + dp(v, 2)].

The pair (X, dp) is then called a rectangular b-metric space.”

Example 2.3.4. [38]
“Let X =N, define dp: X x X — X such that dy(z,y) = dp(y,x) for all z,y € X and

0 fe=y,
10, ifx=19y=2,

dy(z,y) = § a, if 2 € {1,2} and y € {3},

2a, ifx€{1,2,3} and y € {4},

3a, ifzory¢{l,23,4} and = # vy,

where o > 0 is constant. then (X, dp) is rectangular b- metric space with coefficient

b=2>1, but (X,dp) is not rectangular metric space. as

dp(1,2) = 10a > 5a = dy(1, 3) + dy(3,4) + dp(4,2).”
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Example 2.3.5. [38]
“Let X =N, define dy: X x X — X by

0 if x =y,
do(2,y) = { 4o, if 2,y € {1,2} and = # y,
a, ifzxoryé¢{l,2}andz#y,

where a > 0 is constant. then (X, dp) is rectangular b- metric space with coefficient

4
b= 3 > 1, but (X, dp) is not rectangular metric space as
dp(1,2) = 4o > 3 = db(l, 3) +dp(3,4) + db(4, 2).7’

We are going to give the concept and definition of Cauchy sequence, convergence se-
quence in rectangular b-metric space and the completeness of the rectangular b-metric

space. Following definitions are taken from [38].

Definition 2.3.6. (Cauchy sequence)
“A sequence {z,} in rectangular b-metric space (X, dp) is called Cauchy sequence if for

every € > 0 there exist a positive integer NV such that for m,n > N, we have

7

dp(Tpm, Tp) < €.

Definition 2.3.7. (Convergence sequence)
“A sequence {z,} in rectangular b-metric space (X, dp) is called convergent sequence if

for every € > 0 and n > N we have
dy(zp, ) < e

where z is called the limit point of the sequence {x}.”

Definition 2.3.8. (Complete rectangular b-metric space)
“A rectangular b-metric space (X, dp) is said to be complete if every Cauchy sequence

in X converges to a point of X.”

2.4 Fixed point theory and Contractions

In the following section, we have presented the definition of fixed point as well as various

types of contractions. We have also given some examples to understand these concepts.
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Definition 2.4.1. (Fixed point)
Consider a metric space X and a mapping F': X — X. Then any x € X is said to be a
fixed point of F' if F(z) = x.

Example 2.4.2. Consider X =R and F': X — X is a mapping define as
F(z)=2x+1

then F' has a unique fixed point z = —1 in X.

The following definition and example are taken from [70].

Definition 2.4.3. [70](lipschitzian mapping)
“Suppose that X is a metric space and F' is a mapping from X to X. The mapping F

is called a Lipschitz mapping if there exists a constant k > 0 such that
d(F(x), F(y)) < kd(z,y)

for all z,y € X. The infimum over all such constants k is called the Lipschitz constant.”

Example 2.4.4. [70]
“Suppose that F': R — R is continuously differentiabe and |F'(z)| < k for every z € R

then according to the mean value theorem
|F(z) = F(y)| = [F'(llz — y| < klz —y]

for all =,y € R. This shows that F'is a Lipschitz mapping.”

Definition 2.4.5. [42](Contraction)
“Let X be a metric space, a mapping F': X — X is called contraction if there exists

k < 1 such that for any z,y € X,
d(Fz, Fy) < kd(z,y).

This contraction is also known as Banach contraction.”

Example 2.4.6. [70]

“Consider the metric space (R, d) where d is Euclidean distance metric, that is

d(z,y) = [z —yl.

The function f: R — R where f(z) = 73 is a contraction if a > 1.”
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Theorem 2.4.7. [49](Banach’s Contraction Principle)
“Let (X, d) be a complete metric space, T: X — X be a contraction mapping. Then T

has a unique fixed point xg, and for each x € X, we have

lim T"(z) = o,
n—oo

Moreover, for each z € X, we have

d(T"(x),zp) < 1 d(T(x),x).”

Here, we have presented various types of contraction for understanding and these con-

tractions were very useful for our work.

Definition 2.4.8. [19](Generalized contraction)
“Let (X, d) be a metric space, a mapping F': X — X is said to be generalized contraction

if and only if for every z,y € X, there exist ¢y, co, c3, ¢4 such that
sup{c1 +co+c3+2cs: v,y e X} <1
and
d(Fz, Fy) < c1.d(x,y) + co.d(z, Fx) + ¢c3.d(y, F'y) + c4.[d(x, Fy) + d(y, Fx)]”

Definition 2.4.9. [47](Kannan type contraction)
“Let (X,d) be a metric space, a mapping T: X — X is said to be a Kannan type
mapping if there exist o < A < 1 such that, for all z,y € X, the following inequality is
satisfied

d(Fr, Fy) < d(x, Fa) + d(y, Fy))

Definition 2.4.10. [63](Ciric’s type contraction)
“Let (X, d) be a metric space, a mapping F': X — X is said to be Cric’s type contraction
if and only if for all x,y € X, there exist h < 1 and

d(z, Fy) + d(y, Fx)

d(Fz, Fy) < h.max{d(z,y),d(x, Fx),d(y, Fy), 5

}7’

Definition 2.4.11. [19](Quasi contraction)
“Let (X,d) be a metric space, a mapping F': X — X is said to be quasi contraction if
and only if for all x,y € X, there exist h < 1 and

d(Fzx,Fy) < h.max{d(z,y),d(z, Fz),d(y, Fy),d(z, F'y) + d(y, Fx)}"
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Definition 2.4.12. [16](Weak contraction)
“Let (X, d) be a metric space, a self mapping F': X — X is said to be weak contraction
if there exist a constant o € (0, 1) and some § > 0 such that

d(Fz,Fy) < a.d(z,y) + B.d(y, Fx) (2.1)

for all z,y € X.

Due to the symmetry of distance, it includes the following
d(Fz, Fy) < a.d(z,y) + B.d(z, Fy) (2.2)
for all z,y € X.”

The following theorem is very useful for the review of some other theorems.

Theorem 2.4.13. [50]
“Let (X,dp) be a complete b- metric space with b > 1, a mapping F: X — X be a
contraction with a € [0,1) and ba < 1 then F' in X has a unique fixed point.”
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Fixed point theorems in 6-metric

space

In the present chapter, I have reviewed and underrstood the fixed point theorems and
also a related lemma for generalized and Ciric’s type contraction in b-metric space. We
also reviewed few results involving rational contractive type conditions. These results
are presented in paper [68] by Muhammad Sarwar. From now on, by a b-metric we mean

a continuous b-metric dj,.

3.1 Results in b-metric space

The following lemma is useful for the results we presented in this section.

Lemma 3.1.1. Consider a b-metric space (X, dp) and a sequence {z,,} in b-metric space

as

dy(zn, Tnt1) < s.dp(Tp—1,Tn) (3.1)
here asn=0, 1, 2, ..., 0 < bs < 1, s € [0,1) and b > 1 then {z,} in X is Cauchy
sequence.

Proof : Consider for n,m € N and m > n, we get

dp (2, tm) < bldp(Tn; Tni1) + dp(Tng1, Tm)]
< by (@n, Tn1) + 02 [dy (11, Tnva) + dp(@ny2, 7))
< bdy(mn, Togr) + 02 d(Tng1, Tga) + 0 dy(Tng2, Tnis)
+ o+ dy(Tnm—1, Tm)]

13
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As using (3.1) we get

dp(Try ) < bs™.dy(z0,21) + b2s" T dy (20, 21) + 03" 2. dy (20, 1)
+ ... +bm8n+m_1.db<.1‘0,$1)
< [14bs+ (bs)? + ...+ (bs)™ .bs"dy (0, z1)
1— m
< bs”(l_(bZ).db(mg, z1)

1
SinceOSbs<1:>S<5andb}lthenweget

lim dp(zp,xm) = 0.
m,n— 00

Thus {x,} is a Cauchy sequence in X.

Theorem 3.1.2. Assume that (X, d,) be a complete b-metric space with the continues
b-metric d and b > 1. Consider F': X — X be a self mapping satisfies the conditions

given below
dy(Fx, Fy) < cdy(z,y) + B.dp(x, Fx) +7.dp(y, Fy) + p.[dp(x, Fy) + dy(y, Fz)] (3.2)
for every x,y € X, where «, 8,7, > 0 with
ba + b8+ + (B> +b)u < 1 (3.3)

then F' has a unique fixed point in X.
Proof : Assume z( be any element in X, then {z,} in X is a sequence define by the
rule

xo, 1 = Fxo, w9 = Fr1,...,Tpy1 = Fag,

Suppose
db(mn; xn+1) = db(F$n—17 Fxn)

Using (3.2), we get

db(xm xn+1) a‘db(ﬁn—la fEn) + /B'db(fn—lv xn) + 'Y-db(xny $n+1)

M.[db(xn—h xn—i—l) + db(xnv .Tn)]

IN + A

a.dy(Tn—1,2n) + B.dy(Tn-1,2n) + 7.dp(Tn, Tni1)

_l’_

M.b[db(l'n_l, xn) + db(l’n, xn+1)]
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So
b
db(xn; xn—&—l) < mdb<xn—l7mn>
< ndb(ﬂjn—la l'n)
Where
_ (a4 B+ bu)
(1= (y+bu)

we can see from (3.3) that n < 1.
Using Lemma 3.1.1, {z,} is clearly a Cauchy sequence. There is an element u € X such
that

lim z, = u.
n—oo

we will verify that w is a fixed point in X, for this we assume

dy(Fu, Fxy,) a.dy(u, zy) + B.dy(u, Fu) + v.dy(zp, Fay,)

w.ldy(u, Fxy) + dp(xn, Fu))

IN 4+ A

a.dy(u, vy) + B.dp(u, F'u) + v.dp(Tn, Trni1)
w[dp(wy Tpy1) + dp(x, Fu)]

+

As n — oo, we get

dy(Fu,u) < a.dp(u,u) + B.dp(u, Fu) + v.dy(u, w) + p.[dy(u, w) + dp(u, Fu)]
(B + p)-dy(Fu, u)

IA

The above inequality is possible only if dp(Fu,u) = 0 then Fu = u.
Thus it is verified u is a fixed point.
uniqueness : We will prove u is unique fixed point, consider that u,v as u # v the fixed

points of F' then

do(u,v) = dy(Fu, Fo)

a.dp(u,v) + B.dp(u, Fu) + v.dp(v, Fv) + p.[dy(u, Fv) + dp(v, Fu)]

IN

(o + 2p).dp(u,v)

As we know u,v of F' are two fixed points so finally by (3.3), the above inequality is
possible only if dy(u,v) = 0 then v = v.
Thus u of F'in X is a unique fixed point.

The above theorem yield the following corollary which is given below.
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Corollary 3.1.3. Assume (X, dp) is a complete b-metric space for any coefficient b > 1.

Consider F' is a self mapping satisfies the conditions given below
dy(Fz, Fy) < a.dy(z,y) + B.dp(z, Fx) + v.dp(y, Fy) (3.4)
for every x,y € X, where o, 5,7 > 0 for
ba+b8+v<1 (3.5)

then F' has a unique fixed point in X.
Proof : Assume zy in X be an arbitrary element, then the sequence {z,} in X define
by the rule

o, T1 :F.CL‘Q,{L‘Q :le,...,mn_H :F.%'n

Suppose
db($na xn+1) = db(Fxnfla Fxn)

Using (3.8), we get

dy(Tn, ny1) = dp(Fap—1, Fa,) < adp(@n—1,2n) + B.dp(@n—1,2n) + 7.dp(Tpn, Tni1)
< Oé.db(xn_l, xn) + ﬁ'db(xn—h wn) + ’Y-db(xna xn—&—l)

So
o+
db(xnpxn—i-l) < (1 5)-db(xn—1u$n)
-7
< n-db(xn—la xn)
Where ( 8)
a+
n= 1
-

We can see from (3.9) that n < 1.

Using Lemma 3.1.1, {x,,} is clearly a Cauchy sequence, now an element u € X such that
lim z, = u.

n—oo

We have to verified u as a fixed point, for this we assume

dy(Fu, Fxy,)

IN

a.dy(u, Ty) + B.dp(u, F'u) + v.dp(xn, Fxy)
a.dy(u, xy) + B.dp(u, Fu) + v.dp(Tpn, Tpni1)

IN
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As n — oo, we get

dy(Fu,u) < a.dp(u,u) + B.dp(u, Fu) + v.dp(u, u)
B.dp(u, Fu)

A

The above inequality is possible only if dy(Fu,u) = 0 so Fu = u.
Thus it is verified u is a fixed point.
Uniqueness : We will verify u as a unique fixed point in X. Consider the fixed points

u,v as u # v, we get

db(ua U) = db(FU, FU)
a.dy(u, v) + B.dp(u, Fu) + v.dp(v, Fv)

IN

= a.dy(u,v)

As we know wu, v of F' are fixed points so finally by using (3.9), the above inequality is
possible only if b(u,v) = 0 then u = v.
Thus it is verified that u be a unique fixed point in X.

The above corollary yield the following two corollaries given below.

Corollary 3.1.4. Assume (X,d;) as a complete b-metric space for constant b > 1.

Consider the self mapping F' satisfies the conditions given below
dy(Fz, Fy) < a.dy(x,y) + B.dp(x, Fx) (3.6)
with every z,y € X, also o, 8 > 0 for
ba+ b8 < 1 (3.7)

then the mapping F' has a unique fixed point in X.

Proof : We replace v = 0 in above corollary then we can easily get our required result.

Corollary 3.1.5. Assume (X, dp) as a complete b-metric space for any coefficientd > 1.

Consider the self mapping F' satisfies the conditions given below
dy(Fz, Fy) < a.dy(x,y) (3.8)

for every x,y € X, with a > 0 for
ba < 1 (3.9)

then the mapping F' has a unique fixed point in X.

Proof : We replace 5 = 0 in above corollary then we can easily get our required result.
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Theorem 3.1.6. Assume (X, d}) as a complete b-metric space for any b > 1. Consider

the self mapping F satisfies the conditions given below

db(xan)db(x7Fy) +db(y,Fy)db(y,Fx)
db(a:,Fy)db(y,Fa:)

db(Fac, Fy) S ﬂ.db(x,y) + -

(3.10)

for every z,y € X with 8, u > 0, dp(x, F'y).dp(y, Fx) # 0 with b(8 + ) < 1, then F has

a unique fixed point in X.

Proof : Assume g in X is any element then the sequence {z,} is define by the rule
xo,x1 = Fxg,x0 = Fx1,...,2041 = Fz,
we will verify the sequence {x,} as a Cauchy in X, we consider
dy(xp, Tpi1) = dy(Frp—1, Fxy)
Using (3.10), we get

db(mna$n+l) < B'db(l'nfhxn)
" db(l'nfl’ Fl‘nfl)-db(l'nflnyn) + db(l‘na Fxn)-db(l'na FﬁUnfl)

+ dp(xp—1, Fxpn) + dp(xpn, Fxn—1)

< ﬂdb(wnfl,xn)

n 'db(xn,l, Zn) - dp(Tp—1, Tnt1) + dp(Tn, Tni1)-dp(Tn, T5)
dp(Tp—1,%n) + dp(Tpn, x4)

< (6 + M)'db(l‘nfla $n)

Since (8 + p) < %, therefore by using Lemma 3.1.1, it is clear that {z,} is a Cauchy
sequence, now an element v € X such as

lim z,, = u.
n—oo

We will have to verify u is a fixed point in X, for this consider

dp(xp, Fay).dp(xn, Fu) + dy(u, Fu).dy(u, Fxy,)
dp(p, Fu) + dy(u, Fay,)

dp(Tpy Tpg1)-dp(Tp, Fu) + dp(u, Fu).dy(u, pi1)
dp(Tn, F'u) + dp(u, Tnt1)

dy(Fxp, Fu) < pB.dp(xn,u) + p.

< B-db(xna ’LL) + p.

As n — oo, we get

dp(xn, Tpt1)-dp(Tn, Fu) + dy(u, Fu).dp(u, Tp41)

—0
db(x’na F’LL) + db(ua xn—i—l)

< Budp(@n, u) + p

So
dy(u, Fu) = 0 then Fu = u.
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so it is clearly verified w is a fixed point in X.
Uniqueness : We will have to verify u as a unique fixed point, for this we consider the

fixed points u, v as u # v, we get

dp(u,v) dy(Fu, F'v)
dy(u, Fu).dy(u, Fv) + dp(v, Fv).dy(v, Fu)

< . :
< Budp(u,v) +p dy(u, Fv) + dy(v, Fu)

As we know u, v are fixed points in X, so we have

dp(u,v) = dy(Fu, Fv)
dp(u, w).dp(u, v) + dp(v,v).dp(v, )
dp(u,v) + dy(v, u)

< Budp(u,v) + p.
= f.dy(u,v)

The above inequality is possible only if dy(u,v) =0 — u="v

Thus it is verified u as a unique fixed point in X.
Now we are going to review a theorem with rational type contraction in two terms, the
previous theorem was in one term rational type contraction.

Theorem 3.1.7. Assume (X,dp) as a complete b-metric space for any constant b > 1.

Consider the self mapping F' satisfies the conditions given below

b(y,FZ/)[lerb(ﬂ?va)]Jr dp(y, Fy) + dp(y, Fx)

d
Fr. Fy) < a. . .
db(Fz, Fy) < a.dy(z, y)+5 1+ dy(z,y) T+ dy(y, Fy).dy(y, F)

(3.11)

for each x,y € X, with a, 5,7 > 0 and also ba + 4+ v < 1 then F has a unique fixed
point in X.

Proof : Assume z( be an element in X then the sequence {x,} in X is define by the
rule

zo,¥1 = Fao, 290 = Fx1,...,Tpy1 = Fa,

we will verify the sequence {x,} as a Cauchy in X, we consider
db(l’n, mn—s—l) = db(Fxn—lv Fxn)

Using (3.11), we get

Tn, Tnt1)[1 + dp(Tn—1, Tn)]
1+ db(xn—la wn)
db(xn; xn—i—l) + db(xna mn)
1+ db(-rn, xn+1)-db($n7 xn)

d
db(xn7$n+1) < Oé.db(l’nfl,l‘n)%—ﬁ- b(

+
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db(-rrw xn+1) [1 + db(xnfla xn)}

< a.db(xnfla$n)+ﬁ' 1—|—db(.’lf -1, )

+ V-db(xna ZEnJrl)

Therefore
d( ) < )
T, X ———dp(Tp_1,x
= k-db(wn—hmn)
Where k = % with k& < %, because ba + 8 + v < 1 Similarly, we have

db(fnn, $n+1) < k2-db(1‘n72a Jjnfl)
Continuing this same process, we get
dy(@n, Tpe1) < K" .dy(z0, 1)

Since 0 < k < 150 k™ — 0 as n — 00, therefore by using Lemma 3.1.1, it is clear that

{zn} is a Cauchy sequence, now an element u € X such as

lim z, = u.
n—oo

Now we have to verify u as a fixed point in X, for this we assume

dp(u, Fu)[1 + dp(xp, Fay,] dy(u, Fu) + dp(u, Fay,)
dy(F, Fu) < cudy(an, . .
o(Fn, Fu) < a.dy(zn, u) + 1+ dp(zp,u) 71T dy(u, Fu).dy(u, Fxzy,)
(3.12)

From construction, it is clear that Fz, = x,4; and also a Cauchy sequence {z,} con-
verges to u.

Therefore we takes limit n — oo then (3.12) become
dy(u, Fu) < (B +).dp(u, Fu)

which is possible only if dy(u, F'u) = 0, so Fu = u.
Thus it is verified that « is a fixed point in X.
Uniqueness. We will verify u as a unique fixed point, for this we consider u,v as u # v

the fixed points so we have

dp(u,v) = dp(Fu, Fv)
v, F/U)[]' + db(uu FU)] db(’U,FU) + db(U, FU)
1+ dy(u,v) 7 + dp(v, Fu).dy(v, Fu)

< a.dp(u,v) + B.db(
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so the above inequality become
dp(u,v) < (a4 N).dp(u,v)

above inequality is possible only if dp(u,v) = 0 then v = v
Thus it is verified u is a unique fixed point in X.
Now we have reviewed a theorem which has Ciric’s type contraction.

Theorem 3.1.8. Assume (X, d;) as a complete b-metric space for any b > 1. Consider

F be a self mapping satisfies the conditions given below

L

dy(Fz, Fy) < k.max{dy(z,y), dp(z, Fx),dy(y, Fy), 5

[do(z, Fy) + dy(y, Fz)]}  (3.13)

for all z,y € X with k£ € [0,1) and as bk < 1 then F' has a unique fixed point in X.

Proof : Assume z( in X be an element then the sequence {x,,} is define by the rule
xp,x1 = Fxg,x0 = Fxy,...,xp41 = Fay
we will verify the sequence {x,} as a Cauchy in X, now we consider
dp(Tpy Tpy1) = dp(Frp_1, Fzy)
Using (3.13), to get

db(xna xn—l—l)
1
< k.max{dy(zn—1,2n), dp(Tn—1, FTn-1), dp(xn, Fxp), % [dp(Tn-1, Frn)

+ db(xna Fxnfl)]}

1

= k.max{dy(xn—1,2n), dp(Tn—1,2n), dp(Tn, Tni1), Q*b[db(:cnq,fvnﬂ) + dp(zp, )]}

1
< k. max{db(xn,l, 'In)a db(l‘nfly xn)a db(fEn, :En+1), 5 [db(iﬂn,l, ZEn) + db(fEn, l‘n+1)]}

1
=k. maX{db(ﬂjnfla xn)v db(l‘na $n+1)a Q[db('xnflv Cﬂn) + db($n7 anrl)]} (3-14)

If

db(xn—ly wn) < db<xn7 xn—&-l)-
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Then
1
db(xn—h xn) < i[db(xn—ly wn) + db(wrw ‘rn—f—l)] < db(xna xn—&—l)
Now applying (3.14), we get
db(xna anrl) < k-db($n, anrl)

Which is not possible because k < 1, so we ignore this term b(z,, zn+1), thus (3.14)

become
db(xnal‘n+1) S k-db(xnflvxn)

therefore by using Lemma 3.1.1, it is clearly verified that {x,} is a Cauchy sequence,

there is an element v € X such that

lim z,, = u.
n—oo

Now we will verify u as a fixed point in X, for that consider

1
dy(Fu,Fx,) < k.max{db(u,:rn),db(u,Fu),db(:rn,Fxn),Q—b[db(u,Fxn)
+  dy(zp, Fu)]
1
< k. maX{db(uvl'n)adb(quu)adb(l'n?xn+1)v ?b[db(u7xn+1)
+ dp(zp, Fu)]
As n — oo, to get
1
dy(Fu,u) < k.max{dy(u, Fu), —dp(u, Fu)}

" 2b

IN

k.dy(Fu,u)
the above inequality is possible only if
dy(Fu,u) =0 then Fu = u.

Thus it is verified u as a fixed point in X.
Uniqueness : We will verify u as a unique fixed point in X, for that we consider u, v as

u # v the fixed points so we have

dp(u,v) = dp(Fu, Fv)
< k.max{dy(u,v),dp(u, Fu),dp(v, Fv),

o= b, Fo) + d(v, Fu))]
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since u, v are the fixed points of F', so finally we get
dp(u,v) < k.dp(u,v)
The above inequality is possible only if
dy(u,v) =0 then u = v.

Thus it is clearly verified that v is a unique fixed point in X.

The corollary given below is produced from the above theorem by using b = 1.

Corollary 3.1.9. Assume (X, dy) be a complete b-metric space with coefficient, also

the self mapping F': X — X satisfies the conditions given below
1
db(va Fy) < k. max{db(xa y)v db<x7 FCU), db(y7 Fy)v i[db(xv Fy) + db(y7 Fﬂi’)]} (315)

for every x,y € X with k € [0,1) then F' has a unique fixed point in X.

Proof : Replace b =1 in above theorem then we can easily get the required result.

Example 3.1.10. “Assume that if X = [0,1] with b(z,y) = |z — y|* along coefficient
b =2 is a b-metric for every x,y € X.
Define a mapping F by Fa = % if x € [0,1) and F(

conditions of the theorem (3.4) given above for k € [%,

= 0 then F' will fulfill every

2

1)
3) with @ = 2 is its fixed point

which is unique in X.”
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Fixed point theorems in

rectangular b-metric space

In the present chapter, we proved some fixed point results with different types of con-
traction in Rectangular b-metric space which are reviewed already in Chapter 3. We also
extended the Banach contraction principle (BCP) in Rectangular b- metric space. We
also proved the Kannan type theorem in rectangular b-metric space. We have included
some examples which confirm and show that our generalizations are genuine. First,
we have extended the lemma in rectangular b-metric space which is already proved in
b-metric space and we also used the result of this lemma in our next theorems which are
Banach contraction principle and Kannan type fixed point theorem. Here throughout dp
is a continuous rectangular b-metric. From now on, by a rectangular b-metric we mean

a continuous rectangular b-metric dp.

4.1 Main results in RbMS

The following lemma is the generalization of the lemma which is already reviewed in
previous chapter. This lemma is very useful for the generalizations of our upcoming

theorems and results.

Lemma 4.1.1. Consider a rectangular b-metric space (X, d,) with the constant b > 1

and also assume a sequence {x,} in rectangular b-metric space such that
dp(Tn, Tnt1) < a.dp(Tp—1, Tn) (4.1)

withn =1,2,3,...,0<ba <1, a €0,1) and b is defined in rectangular b-metric space

then {x,} is a Cauchy sequence in X.

24
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Proof : Assume if n,m € N with m > n, we have

dp(@n, Tm) < O[dp(Tn, Tns1) + do(Tnt1, Tnta) + do(Tng2, Tm)]
< bldy(wn, Tnt1) + dp(Tnt1s Tns2)] + 02 [dy(Tny2, Tns)
+  dp(Tpt3, Tnta) + dp(Tpga, T
< bldy(Tn, Tng1) + dp(Tns, Tng2)] + 07 [dp(Tnt2, Tnys)
+ dy(Tpr3, Tpga)] + 0 [dp(Tnsa, Tngs) + dp(Tnss, Tnoe)]
+ o+ 0" dy(Tngm—2, Tm)]

Now using (4.1) and repeating the same process, we have

dy(xp, zm) < bla”™ + a"“}db(xo, x1) + bz[a"+2 + a"+3}db(xo, x1)
+ Va4 a"Pldy (0, 1) + ... 4+ 0T dy (o, 1)
< [L4+ba? 4+ b2t + 038 + ..+ e [ba"dy(zo, 1) + ba T dy (20, 21)]
(1= (ba®)™ n
S [W](l‘i‘a)ba db(x(),xl)

Since ba? < 1 therefore we takes m,n — oo, we get

lim  dy(xp, xm) = 0.
m,n— 00

Thus {x,} in rectangular b-metric space X is a Cauchy sequence.

Our next aim is to extend the Banach contraction principle (BCP) in rectangular b-

metric space.

Theorem 4.1.2. Consider a complete rectangular b-metric space (X, dp) for any con-

stant b > 1, a self mapping F': X — X satisfies the conditions given below
db(Fx’Fy) < Oé.db(l',y) (42)

for every x,y € X, for a € [0, %] then F' has a unique fixed point in X.

Proof : Assume that o € X be an element, a sequence {z,} in X is define as
Tpy1 = Fxy,

for each n > 0, we will prove {z,} in X as a Cauchy sequence. If z,, = 2,4 then z, in

X is a fixed point. Now consider x,, # x,41 for every n > 0.
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Setting dp(zy, Tnt1) = dpp, it follows from (4.1)

db<xn7xn+1) = db(Fxn—lann)

IN

a.dp(Tp—1,Tn)

dp, < a-db(n—l)
If we repeat this process as shown above, we get
dpn, < a".dy (4.3)

Also, we can assume that g is a point of F' but not periodic. We have no doubt if

xo = x, then by using (4.2), for any n > 2, we have

dy(zo, Fzg) = dp(zp, Fay)
dy(zo,z1) = dp(zn,Tni1)
doo = din
< ady

This is a contradiction. Therefore, we must have dp, = 0, that is, x9 = 1, and so
xg is a fixed point. Therefore we will consider x,, # x, with n,m € N. Again setting

dy(2n, Tni2) = dy,, and now by using (4.1) for any n € N, we get

db(xnaxn—i-Q) = db(Fxn—lann—i-l)

VAN

= Oé-db(xn—la wn—i—l)

IN

dZn a'dZ(n—l)

If we repeat this process, we get

dy(Tn, Tnt2) < &".dpy (4.4)
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For the sequence {z,}, we consider dy(zp,Zn4p) in two cases. If p is odd say 2m + 1

then by using (4.2) we get

db (J?n, $n+2m+1)

where ba? < 1 therefore

IN 4+ IN + I+ AN IA

bldy(Tn, Tnt1) + dp(Tnt1, Tnt2) + do(Tnt2, Tnt2mt1)]

bldpn + dinr1)] + 03 [do(Tnt2 + Tpgs) + do(Tngs + Tpga)
dp(Tnys + Tnyomy1)]

bldpn + dp(n1)] + U2 [dp(n+2) + o) + [t a) + di(nss)]
e by am)

bladyo + a" T dyo] + b2 [a" 2 dpo + a3 dy]

b2l dyg 4+ a" Py + ...+ BTy

ba""[1 4+ ba? + b2a* + .. Jdyo + ba™ 1 + ba? + b*a* + .. Jdyo
1+

71 — ba2 ba"dbo

1+«
d(xn737n+2m+1) < mbandbo

If p is even, we can say 2m then by using (4.2) and (4.3), we get

db(xna xn—i—Qm) S b[db(xru xn+1) + db(xn+la xn+2) + db(xn—&-Q; In+2m)]
< b[dbn + db(n«kl)} + b2 [db(xn—&-Q + xn—&-S) + db(xn+3 + xn+4)
+ db(xn-&-él + xn+2m)]
< bdpn + dynsny] + 0% [donr2) + donrs)] + 02 [donra) + doinrs)]
+ VT  dyemea) + db@m—3)] 0" Tad2m—2 + Tntom)]
< b[a"dbo + OénJrldbo] + b2 [an+2db0 + Oén+3db0}
+ bB[an+4db0 + an+5db0] 4L+ bmfl[a2m74dbo + OéQmiSdbo]
+ bm—lan+27n—2dzo
< ba™[1 +ba? + b2t + .. Jdyo + ba" 1 + ba? + b2t + .. dyo
+ bmflan+2m72dzo
Therefore
db(ﬂ?n, xn+2m) S mba dbO + b 10{ +2 2db0
<~ mba db() + (ba)Q « deo
1 +a n n—2 %
S mba db() + « 2 b0
Therefore

dp(Tps Tnpom) < ﬁba"dbo + o™ 2d3, (4.5)
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It follows from (4.4) and (4.5) that

lim dy(zpn, Tpip) =0 (4.6)

n—oo

for all p > 0, Thus it is verified {z,,} in X is a Cauchy sequence. we will prove (X, dp)

is a complete space then there is u € X as

lim z, = u. (4.7)

n—oo

We will prove u in X is a fixed point by taking any n € N then we have

dp(u, Fu)

IN

b[db(ua l‘n) + db(.’En, anrl) + db($n+17 FU)]
= bldp(u, xn) + dpn + dp(Fxy, Ful
< bldy(u, xn) + dpy, + a.dp(zn, u)]

Now by using (4.6) and (4.7), we have
dy(u, Fu) =0 — Fu = u.

Hence it is clearly verified u as a fixed point in X.

Uniquness : Assume that there are u,v as v # u, if we follows (4.1) we get
dp(u,v) = dp(Fu, Fv) < a.dy(u,v) < dy(u,v)
which is contradiction, so we must have
dp(u,v) =0 — u = 0.

Thus it is clearly verified u as a unique fixed point in X.

Example 4.1.3. Assume that if X = AUB, where A = {1:n € {5,4,3,2}}, B=[1,2],
dy: X x X — [0,00) is define as dy(x,y) = dp(y, x) for every y,z € X

(

dy(%, %) = dp(§, %) =0.03

dp(3, 1) = dy(, 1) = 0.02

dy(3, ) = dy($,5) =06

dp(z,y) = |z — y|? otherwise

Then (X,dp) is rectangular b-metric space for any constant b = 4 > 1, here (X, dp) is

not metric as well as rectangular metric space. Assume a mapping F': X — X is define
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by
% ifreA
Fzr=
% ifxeB
then the mapping F satisfies all the conditions related to BCP and also x = % is a

unique fixed point.

Next target is to extend the theorem which is kannan type contraction in rectangular

b-metric space.

Theorem 4.1.4. Assume that a complete rectangular b-metric space (X, dp) for constant

b>1, F: X — X be a self mapping satisfies the conditions given below

dy(Fz, Fy) < aldy(z, Fz) + dy(y, Fy)] (4.8)

for every x,y € X with a € [0, 1)4%1] then the mapping F' has a unique fixed point in X.

Proof : Assume that z¢ is an element in X, a sequence {x,} is define as
Tpy1 = Fxy,

for each n > 0. First, we shall prove {z,} is a Cauchy sequence. If x,, = 2,1 then it is
clearly verified z,, is a fixed point, assume x,, 41 # x, for every n > 0.

Setting dy(zn, Tnt1) = dpp, it follows from (4.8)

dy(Tp, Tnt1) = dy(Fop—1,Fxy)
< aldy(zp-1, Frp_1) + dp(zp, Fry)]
dy(xn, Tnt1) < aldp(Tp—1,2Tn) + dp(Tn, Tni1)]
dn < aldyn_1) + dpn]
dy, < 1 f a-db(nfl)
= pdpn-1)

where p = 2= < % as a < bJ%l. If we repeat this process then we get

dpn < p".dpo (4.9)

Also, we can assume that xg is a point of I’ but not period then we have no doubt if

xo = x,, then by using (4.9) for every n > 2 we get

dy(zo, Fxo) = dp(an, Fxy,)

dy(zo,z1) = dp(zpn,Tni1)

dyy = dpy
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Hence

doo < p".dpo

This is a contradiction. Therefore we must have d, = 0, that is g = 1 and so z¢ in X
is a fixed point.

Now we consider z, # xp, for n,m € N. Again setting dy(zy, 2n4+2) = dj,, and by using
(4.8) and (4.9) for any n € N we get

db(xnaxn+2) = db(FxnflnynJrl)

= a[db(l‘nfla Fl‘nfl) + db($n+17F$n+1)]

A

(64 db(flf'n 1, xn) + db(SUn-i-lv xn—i—?)]

[
aldyin—1) + dpn11)]
o™ o + 1" dio]

IN

ap™ 1+ p?)dyo
= Bu" dy
Therefore
dy (T3, Tni2) < B dyo (4.10)
where 8 = a[l + p?] > 0, for the sequence {z,} we consider dp(z,,Tnip) in two cases. If p is

odd say 2m + 1 then by using (4.9) we get

db (xn; Tn+2m+1 )

< bdy(@n, Tni1) + do(Tng1, Tng2) + do(Tnga, Tngom)]

< bldpn + dpngn)] + b2 [dy(Tnio + Tnas) + dy(Tnis + Tnia)

+ do(Tnta + Tnsam)]

< bldon + donan)] + U [dpnr2) + dona)] + 0 [doinra) + donss)]
F o By

< b[udpo + " dyo] + B[ P dyo + P dyo)]

+ WP dyo 4+ p P dpo) .+ B TP g

< b1+ bp? + 0%t . Jdyo + b T 4 b 02t 4L ] do
< e

Therefore

1 n
d(xn,mn+2m+1) S 1_ b,u2 .bu dbO (4.11)
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If p is even, we can say 2m then by using (4.9) and (4.10) we get

db(lﬂn, mn+2m)

N+ IN+ AN+ A IA

+

That is

db (xrw xn+2m)

Therefore

db (xn , $n+2m)

bldy (T, Tnt1) + dp(Tng1; Tryz) + do(Tnrz, Tngom)]

bldon + dp(nr1)) + 2 [do(Tnt2 + Tnts) + do(Tnts + Tpga)

dy(Tn+a + Tntom)]

bldvn + di(nt1)) + U [dbnt2) + donts)] + b [dynra) + donrs))]

AV dy@m—g) + db@m-3)] + 0" Tngam—2 + Tntom)]

blu"dyo + pdyo] + b2 ("2 dpo + "B dpo] 4+ 03 [T dyo + " TP dyo)
O P g 4 P P )+ 0 Ry

bu"[1 4 bp® + b2t + .. ]dpo + bu™ T+ bp? + b2t + .. dyo

m—1, 6 n+2m—2 j*
b H dy

1+p
1 — bu?
14 p
1—bu?
14 p
1—bu?

b,undbo + bmflluln+2m72dzo

by dyo + (bp)*™ ™2 d

bu"dyg + " 2d,

< 1+p
— 1—bu?

It follows from (4.11) and (4.12) that

T}Ln;o dy(zn, Tntp) =0

bu"dyo + "2 d (4.12)

(4.13)

for all p > 0. Thus it is clearly verified {z,,} is a Cauchy sequence. We will prove (X, dp)

is complete space by taking u € X as

lim z, = u. (4.14)

n—oo

we will prove v in X is a fixed point by taking any n € N then we have

db(“? FU)

(1 = ba)dp(u, Fu)

IA

IN
>

IN

(u, ) + dp(zn, Tnt1) + dp(Xnt1, Fu)

(u, ) + dpp, + dp(Fxy, Ful

(u, zp) + dpp, + a{dp(xn, Fzp,) + dp(u, Fu)}]
(u, ) + dpp, + a{dp(n, Tpt1) + dp(u, Fu)}]
(u, )

U, Tp) + ,U/ndbO + a-db(xrw xn—f—l)]
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Now by using (4.13) and (4.14) and we also know that a < bJ%l then the above inequality
become

dy(u, Fu) =0 — Fu = u.

Hence it is clearly verified » in X is a fixed point.
Uniquness : Assume that there are two fixed points u,v in X such that u # v, now if

we follows (4.8) we get
dy(u,v) = dp(Fu, Fv) < afdy(u, Fu) + dp(v, Fv)] = afdy(u, u) + dp(v,v)] =0
Thus
dy(u,v) =0 —=u=o.
Hence it is verified w is a unique fixed point in X.

Remark 4.1.5. In this chapter, we have the following on the basis of discussion con-

tained:
1. The defined of open balls in b-metric, rectangular and rectangular b-metric spaces
are not necessarily open set.

2. The open balls collections in b-metric space, rectangular metric space and rectan-

gular b-metric space do not necessarily form a basis for a topology.

3. the b-metric, rectangular and rectangular b-metric spaces are not necessarily Hous-
dorff.

Conclusion

We concluded this thesis as follows:
e We have thrown some light on generalization of b-metric space and used the idea
of rectangular b-metric space.
e We have reviewed some fixed point results in the setting of b-metric space.

e We have generalized some results presented in [68] by using the concept of rectan-

gular b-metric space.

e We have also generalized and extended the Banach contraction principle in rect-

angular b-metric space.

e We have also generalized and extended the Kannan type theorem in rectangular

b-metric space.
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