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Abstract

Recently, Jain et al. established certain best proximity point results for multi-
valued generalized contraction on partially ordered complete metric spaces ac-
companying the notion of altering distance function. In this thesis, the idea of
generalized (aF,b, ¢)-contraction in the setting of b-metric is introduced. The
main results of the research are about the existence of fixed points for multi-
valued (aF,b, &)—Contractions on partially ordered b-metric space. Furthermore,
examples are provided for the verification of the main result. Eventually, the
existence of the solution to a second-order differential equation and a fractional
differential equation is analyzed using the proven results’ axioms. It is worth men-
tioning that the results of Jain et al. are the special cases of the theorems proved
in the present research. Several Corollaries are elaborated to show that our results

generalize many existing fixed-point results.
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Chapter 1

Introduction

One of the significant mathematical achievements of the first part of the twentieth
century was the introduction of functional analysis, which has a wide range of
applications. Functional analysis is a field of mathematics that evolved from clas-
sical analysis. Now a days, the functional analytic approach and its results have
value in many fields of mathematics. The functional analysis concerns functionals,
functions, and functions in infinite dimensional spaces. The rapid development of
functional analysis techniques began about a century ago. The outstanding result
of that development is a fixed point(FP)theory. In multiple disciplines of applied or
pure mathematics, as well as other quantitative sciences, in particular, economics,
engineering, and so on, fixed point results have proved extremely useful in deter-
mining and establishing the existence of solutions to various issues. Fixed point
theory ensures a solution to non-linear problems by demonstrating the presence of
fixed points. First of all, Poincare [1] started some preliminary work on fixed point
theory in 1866. He presented his primary fixed point theorem without providing
any proof.

Brouwer [2] in 1912, was the first to prove the fixed point theorem on the unit
sphere, and it is regarded as one of the early approaches that Kakutani [3] further
pursued. Stefan Banach [4] presented the Banach contraction principle(BCP) in
1922, a fundamental theorem in fixed point theory in the context of metric space

and the most influential mathematical concepts. The BCP provided not only the

1



Introduction 2

requirements for the existence of a unique fixed point of a contraction defined on
a complete metric space but also the procedure for finding the desired fixed point,
which Brouwers fixed point theorem lacked. Many similar theorems were given
over the next few decades, depending on the sort of mapping and space. Later,
BCP was generalized under other mapping flavors; Edelstein [5] provided the first
generalization in 1962 by altering the contraction requirement. Edelstein used
continuous mapping on a compact space for the existence of a fixed point.

Kasahara [6] conducted additional research on BCP in premetric spaces in 1968, and
Kannan [7] highlighted certain advances in the continuity of contraction condition
of BCP in the same year. Nadlers [8] | generalized BCP for multi-valued functions
in 1969 by using Hausdroff metric over the family of nonempty closed bounded
subsets of a complete metric space. In 1972, Chatterjea [9] generalized the BCP as,
every Chatterjea type contration on a complete metric space has a unique fixed

point.

In 1975, Dass and Gupta [10] gave the fixed point theorem of new rational con-

traction to generalized the BCP.

The notion of metric space was introduced by Frechet [11] in 1906. Later, the
concept of the metric was developed and generalized in many different directions
in mathematics and fundamental sciences; such generalizations were created by
altering, modifying, adding, and eliminating metric space features and conditions.
In this prospect, Bakhtin [12] introduced a new notion, namely b-metric. He ac-
complished this goal by altering the metric space triangle inequality. This new
idea is a fascinating generalization of the metric space and an intriguing direction
for researchers. We can observe that in the previous several years, many new
structures in b-metric spaces have been constructed by mathematicians.

Czerwik [13] generalized a fixed point result employing the weaker triangular state.
Dikranjan [14] and Heinonen [15] also established new results by using complete
bMS for single-valued mappings and then for set-valued mappings. In this context,
several new findings are demonstrated by mathematicians employing the complete
b-metric space layout for self mappings and, eventually, multi-valued mappings.

Among the critical challenges within metric fixed point theory is estimating the
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solution of fixed point problem. It compels scholars to use contractive conditions
over cardinal functions to ensure a fixed points existence. When non-self map-
pings are involved, the issue becomes more exciting and complicated. The idea of
non-self maps explores the idea of the best proximity point(BPP) along with asso-
ciated theorems. Basha [16] discoverd the best proximity point using the Banach
contraction principle in 2010. Basha et al. [17] considered non-self mappings on
metric spaces and analyzed the existence of best proximity point. Karapinar and
Erhan [18] investigated the ideal proximity for various contractions. The notion
of fixed points for multi-valued mappings is vital in confirming the presence of
solutions according to the theory concerning integral inclusions. Nadler pioneered
the investigation within fixed point theory for multi-valued mappings. Strict con-
tractive criteria, either for self-mappings or multi-valued non-self mappings, do
not assure the presence of fixed points in the setting of metric spaces, as shown
in [19]. Recently, Wardwoski [20] suggested the concept of F-contraction as a
generalized contraction. Klim et al. [21] studied and demonstrated fixed point
theorems involving F-contractions for dynamic processes.

Sagheer et al. [22] developed the concept of (a, F)-contractive multi-valued map-
pings on uniform spaces in 2022. Recently, jain et al. [23] gave a novel idea for
multi-valued F- contraction on partially ordered metric space (POMS) using an ap-
proach concerning altering distance function to guarantee the occurrence of best

proximity point via best proximity theorem.
The format of the thesis is slightly presented here.

Chapter 2 This chapter offers precise definitions and examples for illuminating
the essential notions of metric spaces. We also go through several forms of map-
pings, fixed points, and the fixed point theorems.

Chapter 3 provides a detailed review of the article by Jain et al. [23]. The
authors explained the contraction, which is formed by combining the notion of
the F- function and altering distance function. This idea is called multi-valued
F-contraction based on altering distance function. F-contraction is used to gen-
eralize multiple fixed-point results. Examples and applications are provided.

Chapter 4 provides an extension of the results given in [23]. The b-metric space
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platform is used for this purpose. The condition is further generalized by involv-
ing an « function. Examples are also provided for the better understanding of the
proved theorem. Applications are constructed for the authentication purpose of
our main result.

Chapter 5 include our research analysis in well defined manner in this chapter.



Chapter 2

Basic Material

This chapter includes some basic definitions, examples, and results that are signif-
icant enough to be used in subsequent chapters. The first section of this chapters
presents introduction with some crucial definitions from the metric space. The
subject of the following section is b-metric space, and the final section provides a

historical overview of fixed point theorems.

2.1 Metric Spaces

In 1906, M. Frechet presented the idea of metric space, which is the generalization
of natural distance. Later, these spaces served as a platform between topological

spaces and real analysis for the foundation of metric fixed point theory.

Definition 2.1.1. Metric Space
“A metric space is a pair (J, p), where J is a set and g is a metric on J (or distance
function on J), that is, a function define on J x J such that V a,b,m € J we have

(M1): g is real-valued, finite and non-negative,

(M2): p(a,b) =0 if and only if a = b,
(M3): p(a,b) = p(b,a). (Symumetry)
(M4): p(a,m) < p(a,b) + p(b, m). (Triangular inequality)” [24]
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Example 2.1.2.
Let J = £°°, be the set of all bounded real or complex sequences. Define a metric

function;
p(a,b) = m%x{]ai —b|}; Va,bel™ where; a={a;},b={b;}.
1€

The first three axioms are straightforward. To prove the triangular inequality, we

continue as follows:

p(a,b) = max{|a; — b;[}
= max{|ai —C; +¢; — bll}
< max{|a; — ¢;|} + max{|c; — b;|}

< p(a, ¢) + p(c,b).

Hence (€, ) is metric space.

Example 2.1.3.

Consider a real number p > 1 and define a set of real sequences as
? ={{a,}: |a|P + |agP + ... < o0}

Define p : 7 x (? — R as

p(b,c) = (Z |b; — Ci|p> :
=1

here first three properties are trivially satisfied. One can easily prove the triangular

inequality by using Minkowski inequality.

Definition 2.1.4. Continuous Mapping
“Let (J1, p1) and (J2, p2) be metric spaces. A mapping

81J1—>J2

is said to be continuous at a point b € J,
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if for every € > 0, there is a 6 > 0 such that
©2(Sa,Sb) <e Va whenever g;(a,b) <.

S is said to be continuous if it is continuous at every point of J;.” [24]

Example 2.1.5.

Assume J = R and p is a usual metric. The widely known quadratic function is

continuous. We consider one such mapping, S : J — J defined by
Sa = 4a’
For any 6 > p(a,b) = |a — b|, consider

©(Sa, Sb) = |4a® — 4b?|
=4|a —Dblla+D|
= 4p(a,b)la+ b

< 4dla+b|
so if we choose € = 46|a + b|, then we have
©(Sa,Sb) < e whenever @p(a,b) < 0.

Definition 2.1.6. Convergence
“A sequence {a,} in a metric space J = (J, p) is said to converge or to be conver-

gent if there is an a € J such that

lim p(a,,a) =0.

n—oo

a is called limit of {a,} and we write

lim a, =a or a, — a.
n—oo

We say that {a,} converges to a or has the limit a. If {a,} does not converges,
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then it is said to be divergent.” [24]

Example 2.1.7.

Consider the set of real numbers R with usual metric which is defined as;
@(a, b) - |a - b|

then, the sequence {a,} = {1} in J is a convergent sequence.

Definition 2.1.8. Cauchy Sequence
“A sequence {a,} in a metric space J = (J, p) is said to be Cauchy (or fundamen-

tal) if for every e > 0 there is an N = N(¢) such that
o(am,bn) <e  Vm,n>N" [24]

Definition 2.1.9. Complete Space
“A space J is said to be complete if every Cauchy sequence in J converges (that

is, has a limit which is an element of J).”[24]

Example 2.1.10.

With usual metric on R the closed interval [0, 1] is complete.

For our main result it is necessary to define the distance between two sets. For

this purpose we define the following concept.

Definition 2.1.11. Distance of a Point and a Set.
“The distance p(a, A) from a point a to a non-empty subset A of (J, p) is defined
to be

p(a, A) = inf p(a, a).”[24]

Definition 2.1.12. Distance between two Sets.
“The distance D(K, L) between two non-empty subsets K and L of a metric space

(J, o) is defined to be

D(K,L) = inf {p(a,b) : a € K,b € L}.”[24]
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Definition 2.1.13. Hausdorff Distance
“Let (J, p) be a metric space and CB(J) denotes the collection of all non-empty
closed and bounded subsets of J. For K, L € CB(J) define

H(K,L) = max {sup o(a, L), sup p(b K)} |

ack beL

where p(a, L) is distance of a to the set L. It is known that H is a metric on

CB(J), called the Hausdorff metric induced by the metric p.”[25]

2.2 Db-Metric Space

In 1989, Bakhtin [12] proposed the idea of b-metric space (bMS). It is accurately
described as an initial extension of a MS. In current section, some definitions, ex-

amples and various facts pertaining to b-metric spaces are presented.

Definition 2.2.1. b-metric Space

“Let J be a non-empty set and let b > 1 be a given real number. A function

op: I xJ — [0,00) is called a b-metric if for all a,b, m € J the following conditions
are satisfied,

(b1) : pp(a,b) =0 <= a=Dh,

(b2) : pu(a,b) = pu(b, a),

(b3) : po(a, m) < bpy(a, b) + (b, m)].

The pair (J, pp) is called a b-metric space.” [26]

Remark
1. Every bMS is a metric with b = 1.
2. Class of bMS is larger than the class of MS.

Example 2.2.2.

Assume (], ) is a metric space. Then for a real number s > 1, we define a function

@u(a,b) = (p(a, b))”
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then, @y is a bMS along b = 2571,

To prove this following following inequality is required:

(a—;—b) §a—;b for a,b > 0.

Let us check the third axiom

ov(a,c) < 2°7! (pu(a, b) + pu(b, ¢))

(a+b) _ (2 +D)
23 - 2
(a” +b%)

= (a+b)" <2° 5

= (a+b)* <27 (a° +b°)
<27 [(p(a, b)) + (p(b, c))’]

— p(a,c) <27 (p(a,b) + p(b,¢))

hence, @ is a b-metric with b = 2571

Definition 2.2.3. Cauchy Sequence in b-metric space

“Let (J,p) be a b-metric space. Then a sequence {a,} in J is called Cauchy
sequence if and only if for all ¢ > 0 there exists n(e) € N such that for each
n,m > n(e) we have

p(an, an) < €7[27]

Definition 2.2.4. Convergence in b-metric space
“Let (J, p) be a b-metric space. Then a sequence {a,} in J is called convergent
sequence if and only there exists a € J such that there exists n(e) € N such that

for all n > n(e) we have

pla,,a) <e.

In this case we write lim a,, = a.” [27]
n—oo

Definition 2.2.5. Completeness in b-metric space

“The b-metric space is complete if every Cauchy sequence convergent.” [27]
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2.3 Fixed Point and Contractions

The burgeoning area of fixed point theory began, with the crucial work of poincare
at the end of the nineteenth and early twentieth centuries.

In multiple discipline of applied and pure mathematics as well as other quantita-
tive sciences fixed point results have proved extremely useful in determining the
existence of solutions. In this section, definition of fixed point and various types

of contractions with examples are presented in well defined manner.

Definition 2.3.1. Fixed Point
“A fixed point of a mapping S : J — J of a set J into itself is an a € J which is
mapped onto itself (is “kept fixed” by §), that is,

Sa=a,
the image Sa coincides with a.”[24]

Geometrically, The presence of a fixed point for a real-valued function, expressed
as b = §(a), is determined by the intersection of the function’s graph and the real

line b = a.

Example 2.3.2.
Suppose J = R. A self mapping S : J — J such that

S(a) = a?,

has two fixed points that are = 0,1 (Fig 2.1).

Example 2.3.3. If S : J — J defined as S(a) = a — In(1 + ¢*), then there is
no fixed point of S.

Example 2.3.4.

Consider the following trigonometric function.

S(a) = tan(a),
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-4

FIGURE 2.1: Two Fixed Points

25

05
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25

FIGURE 2.2: No Fixed Point

This function has infinite number of fixed points.

Definition 2.3.5. Lipschitzian Mapping
“Let (J, p) be a metric space. A mapping S : J — J is said to be Lipschitzain if

there exists a constant v > 0 with,

p(S(a),S(b)) <wvp(a,b) Va,bel.
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8

-10

FiGURE 2.3: Infinitely Many Fixed Points

The smallest v for which this condition holds is said to be the Lipschitzian constant

for S.7 [28]

Example 2.3.6.

Consider (R, p) with usual metric. Define a self map in S : R — R as

S(a) =2a+7,
— p(S(a),S(b)) =[2a+7—2b— T
= |2a — 2b|
= [2l[a = b]

= 2p(a,b),

showing that S is Lipschitzian map with Lipchitz constant 2.

Definition 2.3.7. Contraction Mapping
“Let (J, p) be a complete metric space and mapping S : J — J is called contraction

mapping on J if, 3 v € [0, 1) such that
0(Sa, Sp) < v p(a,b) Va,b e J.”[29]

Example 2.3.8. Let J = [0, 1] with usual metric.
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Define S : J — J by

Sa) = 241—a
1 1
p(S(a),S(b)) = \2+a EGERY
b—a
:‘(2+a)(2+b)‘
Si@(a,b)

is contraction mapping with contraction constant }1.

Definition 2.3.9. Contractive Mapping

“A mapping S : J — J is said to be contractive if for a # b, we have,

p(S(a), S(b)) < p(a,b),
for all a,b € J.”[30]

Example 2.3.10.

Consider J = [1, 00) with usual metric, define S : J — J by

1
S(a)—a+5

1
—la—bll1—
la=Db[[1-—|

1
<la—"Dh| since lim |1 — — |=1
a—00 ab
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Therefore S is contractive.

One of the most fundamental fixed point theorem, called the Banach Contraction
Principle BCP, was given by the stefan Banach in 1922. As obvious from name, the
BCP is applied on contraction mappings defined on complete metric spaces. Many
extension of the crucial BCP are constructed for other types of mappings, some

milestone on fixed point theory are discussed below.

Theorem 2.3.11. Banach Contraction Principle
“Let (J, p) be a complete metric space and S : J — J be a contraction mapping,

then S admits a unique fixed point in J.” [4]

Theorem 2.3.12. Edelstein Theorem
“Let J be a metric space and S a mapping of J into it self; S will be said to be a

globally contractive mapping if the condition

(S(a),S(b)) < wvp(a,b)

with constant v, 0 < v < 1 holds for every a,b € J. [31]

Definition 2.3.13. Multi-valued Mapping
“Suppose (J, p) be a CMS with contraction mapping S : J — J. Let J and K be
non-empty sets. S is said to be multi-valued mapping from K to J if § is function

for K to the power set of J. We denote a multi-valued mapping by
S:K— 21.7[32]

Definition 2.3.14. Fixed Point of Multi-valued
“Let J be any non-empty set. An element a € J is said to be a fixed point of a
multi-valued mappings S : J — 27 if

a € Sa.”|[25]

Definition 2.3.15. Multi-valued Contraction

“A multi-valued mapping S : J — CB(K) is said to be contraction if

H(Sa,Sb) <wvp(a,b)
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for all a,b € J and for some v € [0,1).” [25]

Remark: Multi-valued Contraction Mappings are Continuous.

The following is Nadler‘s well known FP theorem for multi-valued mappings

Theorem 2.3.16. Nadler’s Fixed Point Theorem
“Let (J,p) be a complete metric space. If S : J — CB(J) is a multi-valued

contraction mapping, then S has a fixed point.” [§]



Chapter 3

Existence of Best Proximity Point
Results, for Multi-Valued
F-Contraction with Applications

This chapter includes the detailed review of Jain et al. [23], who establish BPP
theorems by defining a novel concept of multivalued F-contraction over partially
ordered complete metric space (POCMS) with the assumption of altering distance

function (ADF).

3.1 Preliminaries

Firstly, some symbols are introduced that are used in main result. Assume J is a
non-empty set and (J, p, <) is a POMS. Suppose K and L are non-empty subsets
of the metric space (J, p) and CB(J) represents the family of closed and bounded

non-empty subsets of J. Now, define the following;

D(a,L) = inf{p(a,b) :bel, V aecl}
(K,L) =sup{p(a,b):ac K, and bel}
o(K,L) =inf{p(a,b) :rac K, and bel}

17
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Ko={aecK:p(ab)=pK,L), forsome bel}

Lo={belL:pab)=plKL), forsome acK}.

Definition 3.1.1. Best Proximity Point
Suppose K and L are non-empty subsets of a metric space (J, p) and S : K — 2F
is a multivalued mapping. Then, 3 a point a € J is the BPP for § if

D(a,Sa) = p(K,L). [19]

Remark 3.1.2.
If we take self-mapping, then BBP turn into a fixed point.

Khan et al. [33] presented the idea of altering distance function (ADF) as:
Definition 3.1.3. Altering Distance Function (ADF)

A function ¢ : RT — R is known as ADF if it fulfil the conditions given below:
(D1). ¢ is continuous,

(D2). ¢ is monotonically increasing,

(D3). ¢(b) >0 ¥ b>0.

In 2012, Wardowski [20] introduced the notion of F-contraction.

Definition 3.1.4. F-Mapping
A mapping F : (0, +00) — R is known as F-contraction if:

(F1) : F is increasing, which implies ¥ a;,b; € (0, 00), so that
a; <by = Flay) < F(by);
(F2) : Every sequence {S,,} of positive numbers,
nh_)ngo Sy, =0 iff nh_)IIOlO.F(%n) = —00;

(F3) : 3 v € (0,1) such that
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lim $”F(S) = 0.
I—0

Family of all such F-function is denoted by F.

Example 3.1.5.
Define F: (0,00) — R with v € (0,1) and a € R as

-1

Fla) = 7a

for a >0,

one can easily verify that all the conditions of F-mapping for any constant

v e (0,1) are satisfied.

Definition 3.1.6. F-contraction

A mapping S : J — J is called F-contraction if for 7 > 0
©(Sa,Sb) >0 = 7+ F (p(Sa,Shb)) < F(p(a,b)) Vabel, [20] (3.1)

for some F € F.

Remark 3.1.7.

Every F-contraction is necessarily continuous.

Example 3.1.8.
For an F mapping F : (0, +00) — R defined as:

F(a) =Ina+a,

with a > 0, and constant v € (3,1) the contraction condition (3.1) takes the

following form:
£(52,8D) oisast)pap) < o

o (a,b) -
for all a,b € R, Sa # Sb.

Raj [34] initially presented P-property as;
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Definition 3.1.9. P-Property
Suppose (K, L) be the pair of non-empty subsets of metric space J such that K
is non-empty. Then the pair (K, L) have P-property iff,

~—

p(alab )
= p(as,a2) = p(by, b),

1) = p(K, L
p(az, by) = p(K,

(K, L)

where a;,ay € K and by, by € L.

3.2 Multivalued F-Contraction

Pragadeeswarar et al. [35] established some BPP results regarding multivalued
mappings in the setting of POMS. These results are further explained by Jain et
al. [23] on partially ordered complete metric spaces. For better understanding of

those results following definitions are necessary:

Definition 3.2.1. Multivalued F-Contraction with Altering Distance
Function

Suppose K and L are two non-empty closed subsets of (J,p). A multivalued
mapping S : K — CB(L) is called F-contraction with ADF ¢ in order that Sag C
Lo, V a9 € Kj it satisfying:

97

P+ F (Js (6 (Sa, Sb))> <F ((Zs (N (a,b)) — (p(]L,M))) Va<bel, (3.2)

Where,

N(a,b) = max {p(a, b), D(a,Sa), D(b, Sb), D(a,Sb) + D(b, Sa) }
the function Qg with Qg(a, b) < qz(a) + Qz(b) Y a,b e [0,+00).

By Choosing F(a) = Ina in (3.2) is knwon as contraction by Pragadeeswarar et

al. [35]:
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#4+In (6(5(Sa,80))) <In (& (N (a,b) = & (p (L, 1))
e +1n(6(5(SaSh)) <In (6N (a,b)) = & (p (K,L))
O (N (2,1) = (p(a. b))}

e’T

& Ing (6 (Sa, Sb)) < m{

& 0 (5(8a.80) < - (S (0.1)) ~ Ho(K.L)) = =v

eT

& 6(5(Sa,5D) v (6 (N (a,b))) = Glo(K, L))

Theorem 3.2.2.

Consider a POCMS (J, =<, ). Suppose K and L be non-empty closed subset of the
MS (J, p) in such a way that Kq is non empty and the pair (K, L) has P-property.
Suppose S : K — CB(L) be a multivalued F-contraction with ADF b, satisfies

(Q1) : 3 two elements ag,a; € Ky and by € Sag such that
o(a1,bo) = p(K,L) and ag =< a4.

(Q2) : Va,beKga<b = SacC Sh.

(Q3) : If {a,} is a non decreasing sequence in K such that a, — a, then a, =<
a, Vn.

Then, 3 a € K such that D(a, Sa) = p(K,L).

Proof. Using (Q1) 3 ag,a; in Ky and by € Sag such that p(a;, by) = p(K, L) and
ag = aj.

By (Q2) = Sag C Say, so 3 by € Sa; with p(ag,b;) = p(K,L) such that
a; = ag. Generally, in each case n € N, 3 a,;; € Ky and b, € Sa, such that
o(ans1, bn) = p(K, L). Thus,

o(ans1,bn) = D(ans1,Sa,) = p(K, L) VneN. (3.3)

Now,
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If 3 ng such that a,, = a,,+1 then E(any+1,bny) = D(an,, San,) = (K, L). It
follows that a,, is the best proximity point of & and we are done.

Now, assume a, # a,i1 V n. Since p(a,i1,b,) = p(K,L) and p(a,,b, 1) =
o(K,L) and (K, L) has the P-property

o(an,an11) = p(bp_1,b,) VneN. (3.4)
Given a,,_1 < a,, SO

F(@((an, an11))) = F(&(p(ba-1, bn)))
F(@(p(an: ans1))) < F((5(San-1, San)))

V)

F(é('/v’(anfh an)) — o(p(K, L))) -7 (3'5)

IN

IN

Now

Nar. 1) :max{p(anhan)’p(an178%1)’2)(&”78&”)7 D(an_1,San) + D(an, Sa,_1) }

2

a’n* 7ln + a’n’lnf
SmaX{P(an—laan)ap(an—laln—l)a@(anyln)a p( L ) 9 @( 1)}

< max{p(an—la an)a p(an—la bn—2) + @(bn—Q; bn—l)@(ana bn—l) + p(bn—la bn);

p(an—la bn—?) + @(bn—% bn—l) + p(bn—la bn) + p(an; ln—l) }
2

< max{@(anh an)u KJ(K7 L) + p(anfly an)7 p(K, L) + @(ana an71)7

P(K, L) + pan_1,a,) + @(an, an1) + (K, L) }
2

< max{p(K, L) + p(an—1,an), p(K, L) + p(an, an+1)}~

Using Equation (3.4)

¥

]:((E(p(aTu an+1) < ]:(gbmax{@(K’ ]L) + p(an—l,an)a p(K7 ]L) + p(anvan-i-l)}

- ¢(p(K, L)) — 7. (3.6)

If p(an, an+1) > p(an—1,a,) from (3.5)

v

F(@(p(an ani1) < F(O(p(K,L) + 9(an, ans1)), —o(p(K, L)) — 7
F(&(p(an, ant1) < F(O(9(K, L)) + 0(9(an, ans1))), —o(p(K, L)) - 7
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]:(gg(p(an, ant1)) < F(&(@(am ant1))) — 7,

which leads to contradiction. So,

©(an; ant1) < (an-1,25). (3.7)

Since, the sequence {@(a,,kyy1)} is monotonically, non-increasing and bounded

below, so, 34 s > 0 such that,

lim p(an,a,+1) =s > 0. (3.8)

n—oo

Let lim p(a,,a,+1) =s > 0 using (3.7), equation (3.8) becomes

n—oo

‘F(Qz(@(an—la an))) -7

F(d(9(an, ant1))) <
= F(6(p(ans ani1))) < F((p(an—2,an-1))) — 27.

Continuing in the same manner, following is obtained

F(d(p(an, ans1))) < F(o(p(a0, 1)) — ni. (3.9)

— lim f(g?)(p(an,an_,_l))) =0

n—oo

= lim ¢(p(ay, a,41)) =0 (3.10)

n—0o0

using (F'3) 3 v € (0, 1) such that,

lim (‘Z;(p(ana an+1)))7.7:(<5(p(an, an+1>>> =0

p(an,an+1)—0

= lim (§(p(an, 20+1)))" F(S(p(an, an41))) = 0 (3.11)

n—oo

Now, by (3.9),

©-c

F(d(9(an, ans1))) < F(d(p(ag, a1))) — n#



BPP and its Applications 24

]-"(qvb(p(an,anﬂ))) - }—(QE(@(%, a1)) < —nf
(gg(p(ana an+1)))7f(q;(p(an, an+1>>> - f((5<p<307 al))) < —(Q;(p(an, an_g_l)))’yni' <0.

V)

Denoting 1/}11 - Qs(p(am an+1)>7 we have

(¥n) " (F(n) = F(v0)) < =(4n) 07,

applying n — oo, the above equation, (3.10) and (3.11) gives.

7}5&(%)”(]:(%) - f(1/’0)> S lim —(wn)”nf S 0

n—oo

lim n(y,)” = 0. (3.12)

n—oo

Now, note that from (3.12) for any value of € > 0 3 ny; € N such that

n(vn)” — 0] < e Vn > ny,
= [n(¥n)’| <e,

- (n) < % Vn > n;.
n-~y
consider {a,} is Cauchy,

so assume m,n € N 3 m > n > n;. Hence,

v

&(@(am7 an)) < (B(p(am’ am-1)) + Qz(p(am—lv am—2)) + ... + O(p(ani1,an))

S wm—l + wm—Q + ...+ wn

(o) 00 p
<) T
=n =n nv

1
Given v € (0,1) so, % > 1. Consequentially, by using the P-series test, Z — is
1

convergent for % > 1. Therefore, {a,} is a Cauchy sequence in K. Given that K

is complete, so 4 a € K such that,
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lim a, =a or a, — a.
n—o0

Since p(ay,, ant1) = @(bn_1,by). Hence {b,} is Cauchy sequence in K and conver-
gent.

Assume that b, — b. By the relation p(a,.1,b,) = p(K,L) V n.

We conclude that p(a,b) = p(K,L). Now, suppose that b € Sa. Given a,, is an
increasing sequence in K and a,, — a according to the axiom (@3), a,, < a for all
n.

Suppose that b ¢ Sa. Consider the contraction condition (3.2),

<F(é <max {p(an, a), D(an, San), D(a, Sa), D(a")"sa); D(a, San }) — (K, IL)) —F

<7 (3 (max { a2, plon 5o Dla S0, 2L ) o) -,

applying n — oo on the above inequality by using a,, — a,b, — b and p(a,b) =
o(K,L), we have

F(@(D(b, Sa)))

< F ((5 (max {O, p(an,a),D(ay,, Sa,), D(a, Sa), D(an),Sa)Q—i— D(a, San }) — qub(p(K, ]L)) —7F
< F(¢(p(K,L) + D(b,Sa)) — ¢(p(K,L))) — 7
< F(d(p(K, L) + p(b, 8a)) — d(p(K, L)) — 7

F($(D(b,Sa))) < F((D(b,Sa))) — 7,

which is contradiction.
This means that b € Sa, and hence, D(a, Sa) = p(K,L).
Hence, a is BBP of S. m

3.3 Consequences

This section includes some consequences of Theorem 3.2.2. Following theorem
follows analogously by Theorem 3.2.2. Here, some results of BPP and FP for multi-

valued and self mappings in POCMS are given.
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Theorem 3.3.1.

Consider (J, =%, ) be a POCMS. Suppose K and L are non-empty closed subset of
the MS (J, p) in such a way that K, is non-empty and K, L satisfies P-property.
Assume § : K — CB(L) be a multi-valued mapping along ADF b, satisfies the

following axioms,

(A1): 3 two elements ag,a; € Ky and by € Sag such that
p(a;,bg) = p(K,L) and ag < ay;
(A2): S(Ko) C Lo and F(¢(6(Sa,Sb))) < F(¢(N(a,b)))—F Va=<belL, where

D(a, Sb) + D(b, Sa)
2

N(a,b) = max{p(a, b), D(a,b)—p(K,L),D(b,Sb)—p(K,L), —p(K, ]L)}

v (a,b) € [0, 400);
(A3): For all (a,b) € Lyp,a <b = Sa C Sb;

(A4): If {a,} is a non-decreasing sequence in K > a,, — a, then a, <a Vn.
Then, 3 an element a in K such that D(a,Sa) = p(K, L).
Proof. Tt follows from Theorem 3.2.2 . O

Here are some corollaries, which are deduced from Theorem (3.2.2) by incorporat-

ing the self mapping.

Corollary 3.3.2.
Consider a POCMS (J, <, o). Assume K and L be a non-empty closed subsets of MS
(J, p) 3 Ky is non-empty and (K, L) satisfies the P-property. Suppose S : K — L

is a self mapping satisfying:

(A1): d two elements (ag,a;) in Ky and by € Sag such that
o(a1,bg) = p(K,L) and ag < ay;
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(A2): S(Ky) C Ly and F(d(p(Sa,Sh))) < F(6(N(a,b))) =7 Va = beK,

where

N(a,b) = max{p(a, b), p(a, Sa) — p(K,L) — p(b,Sb) — p(K, L),

p(a, Sb) + p(b, Sa)
2

- ol L))

9

and ¢ is an ADF such that ¢(a—+b) < ¢(a) + ¢(b),
¥ (a,b) € [0,00);

(A3): Va,beKya<b = Sa=<Sb;

(A4): If {a,} is a non-decreasing sequence in K, 3 a,, — a, then a, <a V n.

so, 3 a € K such that p(a, Sa) = p(K,L).
Proof. Follows from Theorem (3.2.2) O

If we consider K = L in Theorem 3.2.2 and Theorem 3.3.1 following results are

obtained.

Corollary 3.3.3.
Consider a POCMS (J, <, p). Suppose K is non-empty closed subset of MS J. Consider
a multi-valued F-contraction

S : K — CB(K) along ADF ¢ satisfies the following axioms:

(A1): 3 two elements ag,a; in K and b, € Sag such that p(a;,by) = 0 and ag <

ay = bo;
(A2): Va,beK,a<b = Sa < Sb;

(A3): If {a,} is a non- decreasing sequence in K > a,, — a, then a,, <aV n.

Then, 3 a in K such that p(a,Sa) = D(a,Sa) = 0. a is a fixed point in S.

Corollary 3.3.4.

Consider a POCMS, (J, <, o). Let K is a non-empty closed subset of a metric space

Jand §: K — K is a self mapping and qg is an ADF satisfying:

(A1): 3two elements ag, a; in K and b, € Sag such that p(a;,Sag) = 0 and ag < ag;
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(A2): S satisfies F(¢(p(Sa,Sh))) < F(¢(N(a,b))) — 7 for all a < b in K, where

N (a,b) = max {p(a, b, pla, Sa), p(b, Sb), L2 : p(b, Sa) }

and ¢ is an ADF such that ¢(a +b) < ¢(a) + ¢(l) V a,b € [0, 00);
(A3): Va,beK,a<xb = Sa =< Sb;

(A4): If {a,} is a non-decreasing sequence in K, > a,, — a, then a,, < a ¥V n. Then,

3 a in K such that p(a,Sa) =0 i.e. a is a FP of mapping S.

Following corollaries are obtained by further choosing $, an identity function

d(r) =1 forall re (0,00).

Corollary 3.3.5.

Consider a partially ordered metric space (J, <, ). Suppose K is non-empty closed

subsets of J, and § : K — LL be a self mapping satisfying:

(Al): 3 two elements ag,a; in K and by € Say such that p(a;,Sag) = 0 and

ap = ay;

(A2): S satisfies F(p(Sa,Sb))) < F(N(a,b))) —7 Va=<beK, where

Mo ) = maox o), o Sa), (b, s, 2220050l

(A3): Va,beK,a<xb — Sa =< Sb;

(A4): If {a,} is a non-decreasing sequence in K such that a,, — a, then
a, =a VneN.
Then, 3 an element a in K such that p(a,Sa) =01ie. ais a FP
of the mapping S.

Example 3.3.6.
Consider J = R? and the order (a,b) < (m,q) <= a < m and b < q, here < is

usual order within R. As a result, (J, =) is a partially ordered set. Furthermore,
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(J, p) MS with the metric specified as:

o ((a1,b1), (ag,b2)) =[ ay —az [+ | by — by |

Suppose K = {(-7,0), (0,-7),(0,5)} and L = {(-2,0), (0,-2),(0,0),(-2,2),(2,2)}
is a closed subset of J.

Consider the following calculations:

p(K,L) =inf{p(a,b) :a€ K and beL}
=inf{p((=7,0),(=2,0)), p((=7,0), (0, -2)),
P((=7,0),(0,0)), p((=7,0),(=2,2)), p((=7,0), (2,2)),
7),(=2,0)), 0((0, =7), (0, =2)), p((0, =7), (0, 0)),
7),(0,0)), 9((0, =7), (=2,2)), p((0, =7), (2,2))
2,0)), 9((0,5),(0,-2)), ©((0,5), (0,0)),
2,2)),9((0,5),(2,2))}

((

o((0, -

((0,—
((
((

<

0,5),

T

, (=
0,5),(—

T

o(K, L) =inf{[5| + [0[, [7] +[2[, [7| +10], [5] + [2[, |9] + [2,
12 + (71, [0] + 151, [0] +17], 2] + [9], 2] + 191,
12| + 5], [0] + 171, [0] + [5], [2] + [3], [2] + [3]}
=inf{5,9,7,7,11,9,5,7,11,11,7,7,5,5,5}

=9,

and K =Ky and L = L. Let S : K — CB(L) is defined as,

e

{(0,-2),(0,0)}, if (a,b) = (—7,0)
S(a,b) = 4 {(2,2),(-2,2)}, if (a,b) = (0, —7)
\{(—2, 2),(0,0),(0,-2),(2,2)}, if (a,b) =(0,5).

As, there are two components (—7,0), (0,5) € Ky and (0,0) € S(—7,0) such that,

©((0,5),(0,0)) = p(K,L) =5 and (—7,0) =(0,5).
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As a result, the first condition is satisfied. Now, condition (3.2) of Theorem
3.2.2 be proven. It is straightforward to demonstrate that Sag is a component of
Lo Vay €K

Since “ =7 is defined in K, there are two cases, and each of them give the following
(K,L) = sup{p(a,b) :ac Kb eL}.

Sa; = {(0,-2),(0,0)}, Say = {(2,2), (=2,2)}, Sag = {(=2,2),(0,0), (0, =2), (2,2)}.

Now, we calculate

d(Sa1,Say) = sup{p(a,b) : a € Sa;,b € Say}
= sup{6,6,4,4}
=6

d(Sa1,Saz) = sup{p(a,b) : a € Sa;,b € Sas}
= sup{6,2,0,6,4,0,2,4}
—6

d(Sag, Saz) = sup{p(a,b) : a € Sag,b € Sas}
= sup{4,4,6,4,0,4,6,4}
=6

§(Sa, Sb) = 6.

Now

N o) = max {ofa ). Dla, S, Db, sp), 28D |

p(a,b) = (=7,0),(0,5)
—|—7-0]+10— 5]
= |7] +[5]
=12

D(a, Sa) = (—7,0), (0,0)

=|—7-0+[0=0
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= 7]+ 0]
=7

D(b,Sb) = (0,5),(2,2)
—10—2|+ 52|
= 2]+ 3]
=95

%D(a, Sb) + D(b, Sa) = ~D(a, Sb) + D(b, Sa)

[(D(_77 0)> (07 _2)) + (D(Ov 5)’ (07 _2))]

(174 2|+ [0+ 7|]

9+ 2]

0 NN RN =N

N(a,b) = max{12,7,5, 8}
N(a,b) =12
and p(K,L) = 5.

Suppose F is defined as F(a) =Ina+a and 7 = 1.
For ¢(q) = 2q, we get ¢(5(Sa, Sb)) = 2 x 6 = 12, also,
(N (a,b)) — d(p(K, L)) = 2(12) — 2(5) = 24 — 10 = 14.
Thus,

v

O(0(S2, b)) i(5(Sa.b) (@GN (ab) ~d(p(.L))

AN (a,b)) — d(p(K,L))
o B (612714) o 2672 < 671
14 4 '

So, § meets the requirement (3.2). One can easily verify (Q2) and (Q3). Hence,
all the hypotheses of the Theorem (3.2.2) are fulfilled. It’s also clear that (0,5) is
BPP of S, i.e.

D((0,5),5(0,5)) = p(K,L) =5
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Example 3.3.7.

Suppose J = {0, 1,2,3...} is a partial order set having usual order < and suppose

p:JxJ— R be given as

0; a=Dh,
p(a,b) =
a+b; a#b.

Then (J, p) is a complete metric space. Suppose S : J — J be defined as,

0 if a=0,
S(a) =
a—1 ifa#0.

So, we show how § is F-contraction, with F(«a) = Ina + o and 7 = 1.
Let us consider the following five cases:
Case 1: Assume a > b along b # 0, then

p(Sa,Sb)=pla—1,b—1)=a+b—2

N(a,b) = max {p(a, b), p(a, Sa), p(b, Sb), 225 ; p(b, Sb) }

:max{p(a,b),p(a7a_1)7p(b7b_1)’ p(a,b )‘;@(b,a )}
=max{a+b,2a—1,2b—1,a+b,a+b—1}
=2a—1
Mng(Sa,Sb)—N(a,b) _ Mea+b—2—(2a—l)
N(avb) 2a—1
— ath-—2 —a+b—1 -1
2a—1 ° <€
Case 2: If b > a and a # 0, then
p(Sa,Sb) = p(a—1,b—1)=a+b—2
b, Sb
Ao ) = maox oo b), o0, 52, (b, ), 2250 bSO
b—-1 b,a—1
:maX{p(a,b),p(a,a—1),p(b7b_1)7p(a’ );@( ,a )}

=max{a+b,2a—1,2b—1,a+b,a+b—1}

=2a—1
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9(52,5D) o(sa50)-Nab) — 2FD =2 atb2-(2b-1)

N(a,b) 2a — 1

_a+b-2 ., .
_%7_16 <e .

Case 3: If a > b and b = 0, then
@(Saasb) = p(a — 1,0) —a—1
N(a,b) = max {p(a, b), p(a, Sa), p(b, Sb), p(a,Sa) —; o(b,Shb) }
= max {@(aﬂ O)a p(av a— 1)7 p(oy 0)7 @(37 O) + @(O, a- 1) }

2
1
:max{a,Qa—1,07a—}

2
=2a—1
MGW(Sa,Sb)fN(a,b) _a-l e
N (a,b) 2a — 1
_ a- 1 a —1
2a—1C ¢
Case 4: If b > a and a = 0, then
©(0,8b) = p(0,b—1)=b—1
N(a, b) = max {p(m b), p(a’ Sa)7 p(b, Sb), p(aa Sa) _|2' @(b,Sb) }
~ max {p(o b).p(0.a — 0), (b, b — 1), 2L =D+ 000 }

2
—2b-1
Me@(Sa,Sb)—N(a,b) _ Eeb_l_(%_l)
N(a,b) 2 —1
b1,
Topo1¢ ¢

Case 5: If b = a, then

p(sa,Sb) = p(a_ 1,3_ 1) — 0

N (a,b) = max {p(a, b), p(a, Sa), p(b, Sb), p(a,Sa) + p(b, Sh) }

2
1 1
:max{p((), pla,a—1),p(a,a— 1), p(a, a );p(a,a )}
=max{0,2a—1,2a—1,2a— 1}
=2a—1
MeQ(Sa,Sb)fN(a’b) _ 0 0 (2a-1) 1

N(a,b) a1 <e
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Hence, all the conditions of Corollary (3.3.5) are met and 0 is a fixed point of S.

3.4 Applications

In this section, two applications of the main results are provided.

3.4.1 Application Regarding Equation of Motion
Suppose @ : C[0,1] x C[0,1] — R is a MS defined as

pa,b) = a— b o= max Ja(t) - b(E).

t€[0,1]

and (C|[0, 1], ) is a CMS.

A body with mass m started its motion at time t = 0 and distance x. A force f
act on it in the direction x and its velocity increases from 0 to 1 instantly after
t = 0. The problem is to explore a function for position in terms of time t.

The governing equation for this problem is

d2
de’; = f(t,x(t)) together with x(0) = 0,x'(1) =0, (3.13)

here f is a real valued function with domain in [0, 1] x R.

Green's function of (3.13) is ;

_5(1 - :5)7 t> 5

G(t,¢) =

Assume ¢ : R x R — R is function along subsequent constraints:

L[ f(&,q)—1f(E,r) |< max | g—r| V1t e€|[0,1] having ¢, € R with (;z(q,r) > 0;
q,r€
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2. 3x € Cl0,1] 3 d(xo(t,Sxo(t)) >0 V1t e[0,1], where
S is self mapping on [0, 1].

Theorem 3.4.1. Let J =C[0,1]. Consider a mapping S : C([0,1]) — C([0,1])
defined as

Sx(t) = / Gt (€, x(€)de, e [0.1],

satisfying the above assumptions (1) and (2). Then the equation (3.13) has a

solution.

Proof. Let x € C(]0,1]). is a solution of integral equation,
1
x®) = [ GEOMEx©E te b1

Let x,y € C[0,1] in order that ¢(x(%),y(£)) >0 V& e [0,1].
Suppose,

| Sx()) = S(y(®) | = |/0 Q(f,f)f(f,X(f))df—/o G(E, (&, v(€))de]

| S(x(3)) = S(y() [ < /0 G(2,8) [ (&, x(€)) — £(& y(&)) | d€

< /0 G(t, &) max | x(€) — y(€) | d€

1
< |[x = ¥||oo t,&)dE ¢ .
< x—y] fi}tﬁ]{ / G(t,€) 5}

1 1 1
t,&)dE = t —1)&d —1)td
| o= [ @-netc+ [ (- rae
. 2
— (&~ aely + £ (& - €lo

2 1\
—E-D=+t(— ) ——+t
( )2+<2) 7 "
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1
R 1
So, sup {/ Q(t,f)df} =3 it follows that [|Sx — Syl < 3]1x — ¥|oo-
t€[0,1] 0

Taking natural log on both sides

In([[Sx = 8ylloo) < M(fx = yllo) — I8,

I8 + In([|Sx = Sylloo) < In([fx = yl|oo)-

Suppose that the function F : (0,00) — R described as F(x) = Inx.

Since In8 + F(p(Sx,Sy)) < F(p(x,y)).

And F(p(x,y)) < FN(x,y) = In§ + F(p(Sx,Sy)) < FN(x,y)).
Mapping S is F-contraction. According to Corollary (3.3.5) S possess fixed point
x in C%([0, 1]), such that

G(E, Of(E,x(£))ds,, tl0,1].

which is the solution to (3.14). O

3.4.2 Application Regarding Fractional Calculus

©:C([0,1]) x C([0,1]) — R is a MS define as

pla,b) =l a— b o= max [a(t) - b(E).

t€(0,1]

The Caputo fractional derivative of a order of continuous function q : [0, +00) — R
described as:

) /Ot(f: — P e (b—1<a<nb=][a]+1).

"D(q(t)) = Th—a)
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Here T" represents gamma function and « represents the integral component of
real integer. We illustrate the existence of a solution to a non-linear fractional

differential equation in this section.

DO (a(t) + f(E,at) =0 (0<t<1,1<a<?2), (3.14)

using a(0) = a(1) = 0 where f is a real valued function with domain in [0, 1] x R.

Green’s function [36] of Equation (3.14), is defined as

EA-H* ' —(F=H>! 0< 5 <t <1
N T ) >ext= 4
OSES «
t(1-&)*—
TR 0<t<¢<1

Assume the following conditions are met:

L. [ f(t,a) —f(t,b) |[<e"J(a,b) V te€][0,1]also a,b € R, such that

I

J(ab) =max{|a = b a=Sal| b spl, 2=

2
2. Jag € C[0,1] such that ¢(ag(t),Sag(t) >0 V te0,1].

Theorem 3.4.2.
Consider a mapping S : C[0, 1] — CJ0, 1] defined as

swmzég@amwm%,

satisfying the above assumptions (1) and (2). Then the fractional differential

equation (3.14) has a solution.

Proof. 1t is obvious that the solution of (3.14) is equivalent to,

alt) = /0 G(%, )&, a(E))de for all £ € [0,1].

Consider

|Sa(s) = Shw) | =| [ 90 (€a()ds— [ 608 (€b(6))ag
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1
< / G(1,€) (£ (€,a(6)) — £ (€, b(£))) de]
< /0 1G(y, )] (£ (€, a(6)) — £ (£, b(€))) |de

1
< /0 Gy, €)leI(a, b)de

1 —_— J—
s/ g<y,g>|e—fmax{|a_b|,|a_sa|,|b_5b,a Sbl+lb Sa'}de
0

2

< e max {ofa.b). o Sa), piv. o), AETEERII g, )

~7 max a a,Sa p(a, Sb) + p(b, Sa) su 1
< o7 { (o, ), oo, 53 (b, 5b), HETIRIN ([ 610,00 )
Since
1 1 )
/0 Gy €t = o [0 1] ye (o]
Then

Sup (/01 (Q(y,é))dﬁ) <1.

As a result of this
| Sa(y) — Sh(y) |[< e "N (a,b)

where

N (a,b) = max {p(a, b), o(a, Sa), p(b, Sb), p(a, Sa) + p(b, Sa) } |

2

Hence ,V a,b € Jand V y € [0, 1],
we have

p(Sa—Sb) < (e7"N(a,b)) .

Using logarithm on both sides, we have
In (p(Sa — Sb) <In (e "N (a,b))) — 7.

Let’s now suppose that the function F : (0,400) — (0, +00) identified as F(y) =
Iny.
7+ F(p(Sa,Sb)) < F(p(N(a,b))).
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Hence, mapping S known as F-contraction. According to the Corollary (3.3.5)
S having fixed point a in C([0, 1]), such that

S(a(t

) = at)
_ /0 G(t, )¢, a(6))de. Vie[0,1]

which is the solution to (3.14) O



Chapter 4

Best Proximity Point for
Multi-valued
(aF,b, $)-Contractions on

Partially Ordered b-Metric Spaces

This chapter provides certain fixed point results generalizing the result of Jain
et al. [23]. This task is achieved by using b-metric space as the base space and
incorporating a function in the contraction. Two examples are provided to justify
the required axioms of the theorems. For application purpose existence of the

solution to a fractional differential equation is established using the proven result.

4.1 Preliminaries

Following notations and assumptions are used throughout this chapter.
Suppose J is a non-empty set and (J, pp, <) is a partially ordered bMS. Let K and
L be non-empty subsets of the bMS and CB(J) represents the family of closed and

bounded non-empty subsets of J. Then;

40
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D(a,L) =inf{py(a,b) :b el V acll}
I(K,L) =sup{gpw(a,b):ac K and belL}
ob(K,L) =inf{pp(a,b) ra€ K and bel}
Ko ={a € K: gp(a,b) = pp(K,L) for some belL}

Lo={belL:gpy(a,b)=p(K,L) forsome acK}.

Definition 4.1.1. a-Admissible Mapping
A mapping S : K — CB(K) is said to be a-admissible mapping for o : K x K —
[0, 00), such that

alag,a1) > 1 = a(v,w) > 1,
for v € Sag and w € Sa;. [37]

Definition 4.1.2. Multivalued (oF,b, ¢)-Contraction

Let (J,¢u) be a partially ordered bMS and K and L are two non-empty closed
subsets of J such that Sag C Lo, ag € Ly. A mapping S : K — CB(L) is called
(aF, b, )-contraction with ¢ an ADF if it satisfies

F4F (a(ao,al)(bz(q“s(((s(sa,Sb))) <F (Js (N (a,b)) — & (g (L, M))) Va<b €L, (41)

where o : J x J — [0, 00) and

N(a,b) = max {pb(a7 b), D(a, Sa), D(b, Sh), Da, Sb);—bp(b, Sa) } .

Also é(a,b) < é(a) + ¢(b) ¥V a,b € [0, +00).

Now, by choosing F(a) = Ina, in (4.1), the contraction condition takes the follow-

ing form

7+ In (a0, a1)(6%( (9 (Sa, Sb)) ) < In (G (N (3, b)) = & (g((L, M)
o ne +In ((a(ao, a1)(b2($ (6 (Sa.Sb))) <In (qé (N (a,b)) — gzé(pb((L,M)))
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& In(a(ag, ay ) (b%(

AN
=)

9%}
o

%)
=
IA

=3

—

& (a0, 1) (6°(6 (5 (Sa, b)) < = (S (a,1) ~ Hon(L. M) % =
& (a0, 1) (6°(6 (5 (S2,5b)) < v (S (a,1))) ~ Blow(L M),

4.2 Main Theorem

Theorem 4.2.1.

Consider a partially ordered complete metric space (J, <, pp). Suppose K and LL are
non-empty closed subset of the MS (J, g,) in such a way that Ky is non-empty and
(K, L) possesses P-property. Let S : K — CB(LL) be an a-admissible multivalued

(aF, b, &)—contraction such that the conditions given below are satisfied:

(Q1) . Jag,a; € Ksuch that a(ag,a;) > 1 = a(v,w) > 1forv € Sag, w € Say

(Q2) . 3 two elements ag,a; € Ky and by € Sag such that gy (as, by) = op(K, L)

with aojal
(Q3) . Va,beKywitha<b = SaC Sb;

(Q4) . If {a,} is a non decreasing sequence in K such that a, — a, then a, =<

a Vvn.

Then, 3 a € K such that D(a, Sa) = (K, L).

Proof.
By using condition (Q1) and a-admissibility of S, we have

alan,a,41) >1 Vn=0,1,2..

According to (Q2), 3 ag,a; in Ky and by € Sag such that py(ai,by) = pu(K, L)
and ag < a;

(Q3) = Say C Saj, so 3 by € Sa; with pp(as,b;) = Eu(K,L) such that



(aF, b, $)-Contraction 43

a; = ag. Generally, for each n € N, 34 a,,; € Ky and b, € Sa, such that
ob(ant1, b)) = pp(K,L). Thus,

pb(an-i-la bn) = D(an-i-la San) = pb(Ka L)a VneN (42)

where a9 < a; <ag < .. <a, < a,1...

If there exist ng such that a,, = ap,+1 then pEy(an,11,bn,) = D(any, San,) =
op(K, L), then a,, is the best proximity point of S and hence we are done with
proof. Assume that a,, # a,1 Vn. Since py(a,11,bn) = pp(K, L) and pp(a,, b,—1) =
op(K,L) and (K, L) has the P-property

pb(an+1, an) = @b(bmbn—l)- vV néeN. (43)

Given a,,_1 < a,, SO

b (¢( b (an, ant1)))

b ((6(bn—1,bn)))

< F(a(an, ant1)(0*((3(San—1,San)))

< F(OWN (an-1,an)) — d(pn(K, L)) — 7. (4.4)

—~

‘F(b2(é(pb(anv aTLJrl))) S T+ ‘F(a(anvan+1)

—~~

=7+ F(a(an, ant1)

Now

D(a,_ D _
N(an—laan) = max{@b(an—lyan)yp(an—hSan—l)ap(anvsan)7 (an hSan);b (an’San 1)}

p(anfly bn) + @(am bn71>
2b

IN

max{pb(anly an)7 @(anfla bn71)7 @(aru bn)a

S max{@b(anla an)v (b@b(anfla bn72) + pb(bnf% bnfl))v (b@b(anv bnfl) + @b(bnflv bn))a

b@b(anfly bn72) + b2pb(bn72u bnfl) + b2pb(bn717 bn) + @b(aru bnfl) }
2b

§ max{pb(an—la an)a (b@b(an—la bn—Z) + pb(bn—Qa bn—l))a (bpb(ana bn—l) + @b(bn—h bn))a

b@b(anfla bn72) + prb(bnf% bnfl) + bzﬁb(bnflv bn) + b@b(ana bnfl) }
2b

S max{@b(an—la a‘n)a (bpb(Kv ]L) + b@b(a’n—ly an) ) (bpb(Ka ]L) + bpb (an; an+1) )

pb(anv an—i—l) + b@b(bn—% bn—l) + bpb(bn—la bn) + pb(ana bn—l) }
2

S ma’X{pb(a‘nflvan)vb(pb(Ka}L) + @b(anfla an))ab(pb(Kv ]L) + pb(anvan+1))7



(aF, b, $)-Contraction 44

b(pp(K, L) + pp(an—1,2n)) + b(pp(an, an+1) + pu(K, L)) }
2

< max{pbm, L) + 9o(an_1, ), 95 (K, L) + b(gp (s anm)}.
Using Equation (4.4) =

FO (s (s ) < f(émax{bm(K, L) + po(an—1, 80)), b(ou (L) + pv(an, an+1>>}

v

— ¢(b(pw(K, L)) — 7. (4.5)

If pp(an, ant1) > po(a,—_1,a,) from (4.5) we have

F (02 (6 (plan, ant1))) < F(0(d(pu(K, L)) + (b (9n(an: an+1))) — (b(@(pp(K, L)) — 7
F(0 ($(p(an, ani1))) < F(B(D(0(an, ans1))) = 7,

which leads to contradiction. So,

@b(ana an-l—l) S pb(an—la an)a (46)

since, the sequence {py(a,,a,+1)} is monotonically, non increasing and bounded
below, so, 4 s > 0,

lim pb(‘ana an+1> =S5 Z 0. (47>

n—oo

Let lim py(a,,an+1) =s > 0 using Equation (4.6), Equation (4.5) becomes

n—oo

(0%(A(9(an, ans1)))) < (D(A(Pn(an—1,a0)))) — 7
F(o(A(6(an, an11)))) < F((06(an_1,a,)))) — 7.

Take (¢(pp(an, ans1)) = ¥, and subsituting in above equation.

F(o(thn) < F(tn-1)) — 7.

Iteratively,
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= F(b" () < FO" (1) — 7 < F(O"*(p2) — 27.... < F(thg) — n¥. (4.8)
= lim F(0"(¢y)) = —o0

n—oo

— lim b"(¢)) = 0. by(F2) (4.9)

n—oo

Using (F'3), 3 v € (0, 1) such that,

—> lim(b™,) F(b™p,) =0 ¥neN.

(48) = Tim (6"4,) (F(6" ) — F(t)) < lim (b",)'n7 <0 (4.10)

n—oo

0 < lim (bth,)'n < 0.

n—oo

Now, as 7 > 0, we have

lim (bt),)"n = 0.

n—o0

So, 3 n; € N such that

(") "' n<1 Vn>n

1
= b, < —. (4.11)

n~y

We have to show that {a,} is Cauchy.
So, assume n,m € N such that n > m > n; and b > 1. Hence, by triangular

inequality,

B(A(95(an, ans1))) + B(A(Pb (a1, m)))
(D(00(ans ant1)) + b2 (A(Po(ans1, anta)) + b2 (A0 (ans2, am))

B(A(05(ans Ant1)) + b2 (D06 (Bnt1, Ang2)) + oo + D™ (D06 (n—1, ).
(4.12)

é(pb(anv am))

IN A
o

IN
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Equation (4.12)

Qg(pb(am am)) S bwn + b2¢n+1 + b3¢n+2-~- + b ¢m
m—1
= Z b (G (b (a5, 2311)))

< Zbi(ﬁz(@b(% 2it1)))

< sz(%)

o0

o 1
= A(gp(an, am)) < -
i=n 17
= 1
Given v € (0,1) so % > 1. Consequently, by using the P-series test Z_l is
i=n L7

convergent for % > 1. Therefore, {a,} is a Cauchy sequence in K. Given that, K

is complete so 3 a € K such that

lim a, =a or a, — a.
n—oo

Since py(an, ant1) = @v(bn_1,bn). The sequence {b,} in K is Cauchy and then
convergent.

Assume that b,, — b. By the relation py(a,11,b,) = pp(K,L) V n.

We conclude that gy(a,b) = (K, L). Now, suppose that b € Sa. Given {a,} is
an increasing sequence in K and a,, — a according to the axiom (Q3), a,, < a for
all n € N.

Suppose b ¢ Sa. Consider the contraction condition (4.1)

F(©($(D(bn, Sa))) < F(b*($(5(San, Sa)))

sf(éQmm{m@%axDmWSmJJXm&ﬂjx%%SM*IX&S&J})>

2b

v

Hion(E 1)) -7

< (5 (max{ (a0 20, Dl S20)) Dl s, P2 oSt )

2b

Hon 1)) -7

applying n — oo on the above inequality by using a,, — a,b,, — b and gy(a,b) =
op(K, L) we have
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F(*($(D(b, Sa)))

< f(é (max{o,m(an, ), (D, San), (D(a, Sa)),

D(an)75a)2;r D(a, Sa, }) B

Hon(E.1)) -7

(K, L)) + (D(b, Sa))) — ol (K, L)) — 7

o

d(pp(K, L)) + ¢(D(b, Sa))) — d(ps(K,L))) — 7
= F(b*(¢(D(b,Sa))) < F(4(D(b,Sa))) - 7,

<

which is a contradiction.
This means that b € Sa, and hence, D(a,Sa) = (K, L). This implies a is the
BPP of S. L]

Theorem 4.2.2.

Consider a POCMS (J, <, ). Suppose K and IL are non-empty closed subset of MS
(J, pp) in such a way that Ky is non-empty and (K, L) satisfies P-property. Let
S : K — CB(L) be an a-admissible multivalued (a.F,b, &)—contraction such that

the conditions given below are satisfied:

(A1). J ag,a; € K such that a(ag,a1) > 1 = a(v,w) > 1 for v € Say, w € Say;

(A2). There are two elements ag, a; € Ky and by € Sag such that
ov(a1,bg) = pu(K,L) and ag < a;

(A3). S(K)o C Lo and F (a(ag,a)(5(6((3 (Sa, b)) < F (6 (N (a,b)) = & (s (L, M) -
T Ya<b €L, where a: J x J — [0,00) and

a,Sb) + D(b, Sa)
2b

N(a,b) = max{gob(a, b), D(a,b)—gps(K,L), Dy (b, Sb)— e (K, L), D —p(K, ]L)}

v (a,b) € [0, 400);
(A4). Va,belga<b = SaC Sh;

(Ab). If {a,} is a non-decreasing sequence in K such that a,, — a, then
a, =a, Vn.

Then, 3 an element a in K such that Dy(a, Sa) = pu(K, L).
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Proof. 1t follows from Theorem 4.2.1. O

Here are some corollaries, which are deduced from Theorem 4.2.1 by incorporating

the self mapping.

Corollary 4.2.3.

Consider a POCMS (J, <X, pp). Suppose K and L are non-empty closed subsets of
MS (J, gp) such that Kq is non-empty and (K,L) satisfies the P-property. Let
S : K — L be a-admissible single-valued mapping (aF ,b,(ﬁ)—contraction such

that the conditions given below are satisfied:

(A1). 3 ag,a; € K such that a(ag,a;) > 1 = a(v,w) > 1 for v € Sag, w € Say;

(A2). 3 two elements ag, a; in Ky and b, € Sag such that
©v(ar, bo) = pp(K, L) and ag < ay;

(A3). V,a,beKya=<b = Sa=S8b;
(A4). If {a,} is a non decreasing sequence in K such that a,, — a, then a,, < aVn.
so, 3 a € K such that p(a, Sa) = pp(K,L).

Proof. Follows from Theorem 4.2.1 . O]

Similarly, if we consider K = L in Theorems 4.2.1 and Theorem 4.2.2, following

results are obtained.

Corollary 4.2.4.
Consider a POCMS (J, =, pp). Suppose K is non-empty closed subset of MS J. Let
S : K — CB(K) be an a-admissible multi-valued (aF, b, ¢)-contraction such that

the conditions given below are satisfied:

(A1). 3 ag,a; € K such that a(ag,a;) > 1 = «a(v,w) > 1 for v € Sag, w € Say;

(A2). 3 two elements ag,a; in K and b, € Sagy such that gy(a;,bg) = 0 and

ap = a; = by;
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(A3). Va,be K,a<b = Sa < Sb;

(A4). If {a,} is a non decreasing sequence in K such that a, — a, then a,, < aV

neN
Then, 3 a in K such that gy(a,Sa) = D(a,Sa) = 0. a is FP of mapping S.

Corollary 4.2.5.
Consider a POCMS (J, <, ob). Let K be a non-empty closed subset of a MS J. Let
S : K — K be an o admissible single-valued (aF, b, ¢)-contraction in such a way

that the following axioms are satisfies:

(Al). J ag,a; € K such that a(ag,a1) > 1 = a(v,w) > 1 for v € Say, w € Say;

(A2). 3 two elements ag,a; in K and by € Sag such that p,(a;,Sag) = 0 and

ap < ag;
(A3). Va,beK,a<xb = Sa < Sb;

(A4). If {a,} is a non decreasing sequence in K such that a,, — a, then a,, < a for

all neN
Then, 3 a in K such that gp(a,Sa) = 0 i.e. ais a FP of the mapping S.

Following corollary is obtained by further choosing , an identity function
dr)=r, Yre (0 o).

Corollary 4.2.6.
Consider a partially ordered (J, <, ¢). Suppose K is non-empty closed subsets of
J. Let § : K — K be an a-admissible single-valued («.F,b)-contraction satisfying

the following axioms:

(Al). 3 ag,a; € K such that a(ag,a1) > 1 = a(v,w) > 1 for v € Sag, w € Sa;

(A2). 3 two elements ag,a; in K and by € Sag such that p,(a;,Sap) = 0 and

ap = a;
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(A3). V,a,beK,a=<b = Sa < Sb;

(A4). If {a,} is a non decreasing sequence in K such that a, — a, then a, < k
vV neN.
Then, 3 a in K such that gy(a,Sa) = 0 i.e. ais a FP of the mapping S

Example 4.2.7.

Consider J = R? and assume the order (a,b) < (m,q) <= a < m and b < q, here
< is the usual order within R. As a result, (J, <) partially ordered set. Further-

more, (J, op) is a complete bMS, b > 1 with the metric specified as

@b ((a1,b1), (a2,b2)) = (| a1 —az [)* + (| by — b2 |)*.

Next, define a-admissible o : K x K — [0, 00) as
a(a,b) = {(a1 + b1) + (az + b2) + 3}

Suppose
K ={(=7,0),(0,-7),(0,5)}

and

L= {(_27 0)? (07 _2)7 (07 0)7 (_27 2)7 (27 2)}

is a closed subset of J. consider the following calculations

op(K, L) = inf{py(a,b) :a € K and b €L}
= inf{pp((=7,0),(=2,0)), pu((=7,0), (0, =2)),
©6((=7,0),(0,0)), pu((=7,0), (=2,2)), 0u((=T7,0), (2, 2)),
©u((0, =7),(=2,0)), 9((0,=7), (0, =2)), g((0, =7), (0, 0)),
©u((0,=7),(0,0)), Pu((0, =7), (=2, 2)), 9 ((0, =7), (2, 2))
((0,5),(=2,0)), 96((0,5), (0, =2)), p6((0,5), (0,0)),
©6((0,5),(=2,2)), 96((0,5),(2,2))}

po(K, L) = mf{|5* + [0, [7* + 2], [7]* + [0]%, [5]* + [2I, [9” + [2[*
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1212+ 7%, (012 + |52, [0]* + [71%, 127 + 191, [2]* + |97,
1212+ 5%, [0]* + |71, [0]* + [5]%, [2* + 3], [2* + [3]*}
= inf{25, 53,49, 29,85, 53, 25,49, 85, 85,29, 49, 25, 13, 13}

=13

and K = Ky and K =K. Let S : K — CB(L) is defined as

(

{(0,—2),(0,0)} if(a,b) = (—7,0)
S(a,b) = € {(2,2), (-2,2)} if(a,b) = (0, —7)
| {(-2.2).(0,0),(0,-2).(2,2)} if(a,b) = (0.5).

As, there are two elements that are (—7,0), (0,5) € Ky and (0,0) € S(—7,0) such
that

©6((0,5),(0,0)) = pp(K, L) = 25 and (=7,0) < (0,5)

As a result, the first condition is satisfied.

Now, condition (4.1) of Theorem 4.2.1 must be satisfied. It is straightforward to
demonstrate that Sag is element of Ly V ag € K.

Since “ <7 is defined in K, there are two cases, and each of those given below
J(K,L) = sup{pp(a,b) :ac K,b e L}

Sar = {(0,~2), (0,0}, Saz = {(2,2), (~2,2)}, Sag = {(~2,2), (0,0), (0, ~2), (2,2)}

Now we calculate

d(Sa1,Say) = sup{pp(a,b) : a € Sa;,b € Say}
= sup{20, 20, 8, 8}
=20

d(Sa1, Saz) = sup{pp(a,b) : a € Sa;,b € Sag}
= sup{20,4,0,20,8,0,4,8}
=20

d(Say,Saz) = sup{ps(a,b) : a € Sa;,b € Sas}

= sup{20,4,0,20,8,0,4, 8}
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=20
d(Sag, Saz) = sup{pp(a,b) : a € Say,b € Saz}
= sup{8, 8§, 20, 8,0, 8, 20, 8}
=20
d(Sa, Sh) = 20.

Now, A(a, b) = max {p(a, b), D(a, Sa), D(b, Sb), w)}

ev(a,b) = (=7,0),(0,5)

=|—-7-0]"+10-5
= |7* + 1[5
= 74

D(a,Sa) = (—17,0),(0,0)
=|-7-0+10-0
=[7* + 0"
= 49

D(b,Sb) = (0,5),(2,2)

=10-2]"+]5— 2

= [2* + (3
— 13
%D(a, Sb) + D(b, Sa) — %D(a, Sb) + D(b, Sa)
- % [(D(=7,0), (0, —2)) + (D(0,5), (0, ~2))]
= % [17+22+10+ 77
1 2 2
=3 (97 + 7%
— 65

N (a,b) = max{74, 49,13, 65}
N(a,b) =74
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and @y (K, L) = 13.

Suppose F is defined as F(a) =lna+a ,7=1b=2

For ¢(t) = 2t, we get ¢(6(Sa,Sb)) = 2 x 20 = 40 also
(N (a,b)) — d(p(K, L)) = 2(74) — 2(13) = 148 — 26 = 122.
Thus,

H(0(a(2, ) (552, 8b)) va(as)(5(50.50) G (a0 ~50(.L1)
¢(N(a,b)) — ¢(p(K, L))

o 80 80—122\ __ 40 —42
=135 () = 61°

<eh
So, § meet requirement (4.1). One can easily verify (Q2) and (Q3). Hence, all
the hypotheses of the Theorem 4.2.1 are fulfilled. This also clear that (0,5) is BPP
of S, i.e.

D((0,5),5(0,5)) = p(K, L) = 5

Example 4.2.8.

suppose J = {0, 1,2,3...} is a partial order set, having usual order < , and suppose

p:JxJ— R be given as

0; a=nDh,
ov(a,b) =
(a+b)% a#hb.

Then (J, pp) is a complete b metric space, b > 1. Suppose S : J — J be defined as

0 if a=0,
S(a) =

a—1 ifa#0

Consider, a : J x J — [0, 00), working as
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[\

if ag,a; €{0,1}
Oé(ao, al) =
otherwise

N[

ag=0,a1 =2 = Sap=0,Sa1=a,—1=1

a(Sag,Sa;) = a(0,1) =2 > 1 a(Say,Sag) = «(0,1) = 2 > 1 showing that S is an
a- admissible map.

Now, we show how § is F-contraction with F(a) =lna+«a, 7 = 1.

There are five cases:
Case 1: Let a > b and b # 0,then

©(Sa,Sb) =p(a—1,b—1) = (a+b — 2)?
AﬂaﬂﬂHwX{pﬂaJﬁw%G%SkhgmG%Sb%

ov(a, Sa) + pu(b,Sb)
2b

:max{pb(av b)a pb(ava - 1)7 pb(bab - 1)a

p(a,b—1) + pp(b,a—1) }
2b

=max {(a+Db)? (2a—1)%,(2b—1)?,(a+ b —1)*}

=(2a —1)?
b(a(ag, a1)p(Sa, Sb) ob(a(a0,a1)p(Sa,Sb)—A(ab) _ (a+b—2)> o(a+b-2)*—(2a-1)
N (a,b) (2a—1)2
_ (a+b—2)* 42200 5i4a el
(2a —1)2

Case 2: If b > a and a # 0, then

©(Sa, Sb) =pp(a—1,b—1) = (a+b — 2)?
N(a7 b) :max{pb(av b)a pb(a7 Sa)a pb(b7 Sb)7

ov(a, Sa) + pu(b,Sb)
2b

mw{m@h%m@ﬁhmﬂhbm

@b(a, b — 1) + pb(ba a — 1)
2b

=max {(a+Db)? (2a—1)%,(2b—1)>,(a+ b —1)*}
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=(2a—1)°
b(Oé(ao, al)p(saa Sb) eb(a(ao,al)gg(Sa,Sb)—N(a,b) — (a‘ +b - 2)2 e(a+b—2)2—(2b—1)2
N(a,b) (2a —1)2
_a+b—2 g2 2003 _ 1
o1 ¢ <

Case 3: If a > b and b = 0, then

ou(Sa, Sb) =pp(a —1,0) = (a — 1)?

N(a,b) = max{pb<a, b), oo (a, Sa), gu(b, ),

ov(a, Sa) + pu(b,Sb)
2b

:max{p(aa O)a pb(ava - 1)7 pb(070)a

pb(a7 0) + pb(07a — 1) }
2b

1
=max {aQ, (2a —1)%,0,a% — 4}

=(2a—1)?
b(a(ag, a1)ps(Sa, Sb) (b(a(a0,a1) 00 (Sa,6D) ~A'(a,b) _ (a—1)° o(a—1)?—(2b-1)2
N{a,b) (22— 172

— (ai 1)2 —3a%242a
(2a—1)?

<e !

Case 4: If b > a and a = 0, then

©6(0,Sb) =pp(0,b — 1) = (b — 1)?

N(aa b) = max{ pb (a7 b)) pb (a7 Sa)a pb(bv 8b)7

ou(a, Sa) + pp(b, Sb)
2b

:max{pb(Qb), (0,2 —0), pp(b,b — 1),

pb((),b — 1) + @b(b70) }
2b

=max {bQ, (2b —1)2,0,b? — i}

=(2b—1)*

b(a(ag, a1)ps(Sa, Sh) ob(0(a0,a1) 0 (Sa,8D) ~N'(a,b) _ (b—=1)% (a1)2—@bo1y?
N(a, b) 2b—1)2
b—1)2

_ ( )" —3b242p < et

(2b — 1)2
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Case 5: If b = a, then

or(Sa, Sb) =pp(a—1,a—1) =0

N(a,b) =maX{pb(a, b), pa(a, Sa), g (b, Sb), 2L 5) - po(b, Sb) }

ZmaX{@b(O, pv(a,a — 1), pp(a,a— 1),

po(a,a—1) + pp(a,a—1)
2b

=max {O, (2a — 1)2, (2a — 1)2a (2a — 1)2}
=(2a —1)?

b(a(ao, al)pb (Sa‘v Sb) eb(a(ag,al)pb(Sa,Sb)—/\/’(a,b) — 0 eO—(Qa—1)2
N(a,b) (2a—1)2

<e !

Hence, all the axioms of Corollary 4.2.6 are met and 0 is a FP of S.

4.3 Application

In this section, two applications of the main result are provided.

4.3.1 Application Regarding Equation of Motion

Consider gy, : C[0,1] x C[0,1] — R is a bMS defined as

2
)

Po(a;b) =[[a = b [lo= sup [a(t) —b(t)

tel0,1]

and (C[0, 1], p) is a complete bMS.

A body with mass m started its motion at time t = 0 and x = 0. A force £ act on
it in the direction of x-axis and its velocity increases from 0 to 1 instantly after
t = 0. The problem is to explore a function for position in terms of time t

The governing equation for this problem is

d?x

My = £(t,x(t)) together with x(0) =0,x'(1) =0, (4.13)

where f is a real valued function with domain [0, 1] x R.
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Green’s function for (4.13), is defined as

—14+6E, t<¢
g(ﬁ,@{< >
—£(1-1%), t>¢.

Assume g5 :R x R — R is a function along subsequent constraints:

1| £(},q) — £(£,7) [2< % V e 0,1] having ¢, € R with ¢(q,r) > 0;
al(q,r)?2

2. 3 x0 € C[0,1] > d(x0(t), Sxp(t)) >0 V t € [0,1], where S is self-map on
Clo, 1]

Theorem 4.3.1. Let J = C[0, 1]. Consider S is self-map on C[0, 1] defined as
1
Sx(t) = [ O® e x@)ds e,
0

satisfying the above assumptions 1 and 2. Then the Equation (4.13) has a solution.
Proof. The solution of Equation (4.13) is,
1
x(t) = [ G OsE O te .1
0

Assume x,y € C[0,1] 3 ¢(x(}),y(})) >0 Vielo,1].

Now

2

| S(x(}) = Sy(®) I = \/0 G(t, £)£ (&, x(€))d¢ —/0 G(E,&)£(&, y(€))d¢]
[ S(x(2) = Sy(®)) I < (/0 G2, &) [ £(&,x(&)) —£(5,¥(6)) | dé)

< ["g.er <| x@z - ¥(9) \) k.

0

Taking sup | S(x()) — S(E) P < sup YO o { / g(f:,f)df} |

t€[0,1] t€[0,1] Oé(Xa Y) t€0,1]
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As /0 (G(t. £)de)? = /0 (& — 1)6)de + / (€ — 1)b)de

=& -1+t (617
S - AP (S O E
=(t - 1)5 + (t2T>

2., 2
=——-t*+ = VvVtelo1].
373" 73 0,1

So,
1 2 1
s { [ ow0af -
tel0,1] 0

implies

1 — ylls

- < )
85 = Syl < 31 28

1
= a(x,y)[[8x = Syllee < Fllx =yl

Taking natural log on both sides

=
e~
+
i
e
"
=
)
L
”
»
¢
=
IN

Mapping S is with F(x) = Inx. According to Corollary 4.2.6 S possess fixed point
x in C%([0, 1]), such that

_ / G(t,&)5(¢.x(6))de, t e [0,1],
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which is the solution to (4.13). O

4.3.2 Application Regarding Fractional Calculus

Suppose gy : C([0,1]) x C([0,1]) — R is a bMS, b > 1 define as

pn(a,D) || a = b o= max a(t) — b(E)[2

t€(0,1]

The Caputo fractional derivative of « order continuous function q : [0, +00) — R

described in such a way

1

"D q(t)) = b —a) /Ot(’\C =P PN(Ede (b-1<a<nb=][a]+1).

Here I' represents Gamma function and [a] represents the integral component of
real number. We illustrate the existence of a solution to a non-linear fractional

differential equation in this section.

"Do(a(t) + £(E,at) =0 (0<t<1,1<a<2). (4.14)

Using a(0) = a(1) = 0 where £ is real valued function with domain [0, 1] x R.

Green’s function for (4.14) defined as, [36]

R 1-(F=¢g! 0< f <i<1
. T(a R N
Gt O=1 f)
t(1-&)*~
T 0<t<¢g<1

Assume the following conditions are met:

1. | £(%,a) — £(%,b) ’< >+J(a,b) V t €]0,1] also a,b € R, such that

J(a,b):max{|a—b|7|a_SaHb_SbL!a—8b|—|—|b—8a]}_

2b ’
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2. Jap €C[0,1] 3 d(ag(t),Sag(})) >0 V te]o,1].

Theorem 4.3.2.
Consider S is self-mapping on C|0, 1] defined as

S(a(k)) = / G (%, €)£ (£, a(6)) .

satisfying the above assumptions 1 and 2. Then the fractional differential equation

(4.14) has a solution.

Proof. 1t is obvious that solution of (4.14) is ,

a(t) = /0 G(t,9)f(& a(g))de for all £ € [0,1].

Consider

| Sa(s) = Sb(o) P = | [ 6692 (6.0 ds = [ 6.2 (€.bi) |

1
< /O 1G(5,€) (£ (€, a(6)) — £ (£,b()) de]?

1 _F B ~
S/ |g(y’€)|20[ea max{|a—b|,|a_8a|’|b_8b|7|3« Sb|+|b Sa}dg
0

( 7b) 2b
< oy max {(a.b).pfan Sa), b, sv), XL LRSI (g, 6 e
e p(a,5D) + p(b, Sa) : :

< (D) max{p(a, b), p(a, Sa), p(b, Sb), 55 } X yil[g,)u (/o (g(%g))dg) )

As
1
s ([ @) <1
yel0,1] \Jo
It follows that
| Saly) = Sby) [* < ———A(a,b)
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= a(a,b) | Sa(y) —Sb(y) ? <e ™7,

where

/\/(a, b) = max {pb(a7 b)’ @b(a, Sa), @b(b,Sb), @;(a, Sb) ;pb(b, Sa) } '

Hence ,Va,b e Jand Vy € [0,1],
we have

a(a,b)pp(Sa — Sb) < (e "N(a,b)).

Using natural log on both sides, we have

In (a(a,b)pp(Sa — Sb) <In (N (a,b))) — 7.

Hence

7+ Fo(a, b)pp(Sa, Sb)) < F(p(N(a,b))).

Mapping S is with F(y) = In(y). According to the Corollary 4.2.6
S having fixed point a in C[0, 1], 5

S(a(?)

) = a(d)
_ /0 G(t,O)(€,a())de. Vi€ o,1]

which is the solution to (4.14) O



Chapter 5

Conclusions

The primary source of inspiration in the current dissertation is Wardowski’s work,
which grants the proposal of F-contraction. The abridgement of the thesis disser-

tation is stated below:

e We give precise definitions and examples to enlighten the essential notions of
metric spaces. We also go through several forms of mappings, fixed points, and
fixed-point theorems. A brief background is provided for an explanation of fixed-

point theory.

e A comprehensive review of the article by Jain et al. [23] is provided. This
review explained the idea of Multivalued F-contraction based on altering distance
function. Some non-trivial examples are provided for the authentication of the
main theorem. The existence of a solution to the ordinary differential equation
and Caputo-type fractional differential equation is established by using the fixed-

point technique.

e The work of Jain et al. [23] is further extended by using the platform of b-metric
space. Furthermore, the multivalued F-contraction is generalized to multivalued

(o F, b, &)—Contraction.
The following strategy is adopted for this purpose:

e Construct an iterative sequence;

62
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e Proof of the fact that this sequence is Cauchy is provided;

e Existence of the BBP is established.

e The established results generalize many existing results in the literature. This
fact is assured by providing several corollaries. Several examples are given to val-
idate the assumptions of the theorems.

e The existence of the solution to the ordinary differential equation and Caputo-
type fractional differential equation is established using the proven results’ ax-

ioms.
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