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Abstract

Hammad and Abdeljawad established some quadruple fixed point and quadruple
coincidence point theorems in the setting of generalized metric spaces. In this
research study, we extended quadruple fixed point theorems in the framework of
generalized b-metric spaces in association with matrices. Some corollaries being
the spacial cases of main results are also presented. For the validation of results,
some supportive examples are attached. Eventually, an application on the study
of unique stationary distribution of Markov process is constructed in the support

of the theoretical ideas.
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Chapter 1

Introduction

1.1 Background

“Mathematics is the mother of all sciences”, is not only a sentence but there lies
a whole universe in it. There are countless applications of mathematics in almost
every field of life, for example, in weather prediction, medical science, security
concerns, engineering, banking and finance and many others. Mathematics is
fractionated into many branches such as arithmetic, algebra, trigonometry, calcu-
lus, number theory, probability and statistics and many more. One of the most
powerful branch of mathematics is functional analysis. The term “ functional”
implying “a function whose argument is a function” was introduced by an Ital-
ian mathematician Vito Volterra in 19" century and in 1910 it was first used by
a French mathematician J.S. Hadamard in his book on that subject. Functional
analysis is widely applicable in linear and non-linear analysis, calculus of variation,
approximation theory, numerical analysis, integral equations and many others. In
non-linear analysis, one of the fundamental tools is metric fixed point theory. In
the current research period, one of the most valuable research is finding the solu-
tion of differential and integral equation by the way of fixed point theory.

In 1886, the field of fixed point theory was first time deliberated by a French

mathematician Poincare [1] and introduced various results on the study of fixed
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point theorems. A fixed point theorem is a statement which guarantees that under
specific conditions there exist one or more points of a mapping F : X — ) such
that F (r) = r, where r € X called fixed point of mapping f . In 1910, Brouwer [2]
established his fixed point theorem for continuous mappings over Euclidean metric
space. Subsequently, Stephan Banach [3] presented his remarkable result in 1922
known as Banach contraction principle (BCP), which was accepted as the funda-
mental result in fixed point theory. BCP states that a self map f : X — X on a
complete metric space (X, d) has a unique fixed point in X if it satisfy contraction
condition i.e,

d(F (r), F (t) < ad(r,t), VrtelX,

provided that o € [0,1).

In 1906, M. Frechet [21] established a new class of spaces termed as metric spaces

under certain conditions satisfied by the mapping over the underlying set. With
the passage of time, researchers paid efforts on the generalization of BCP in two
different directions (i) by changing the space (ii) working with more properties of
contractions mappings. In this regard, a useful result was presented by Edelstein
[4] in 1962 by adapting changes in contraction condition.

Perov [5] in 1964 extended classical BCP on spaces endowed with vector-valued
metric spaces. Later on, in 1968 Kannan [6] introduced a new version of BCP
by way of refinement in the continuity of contraction condition. Subsequently,
BCP was generalized by Nadler [7] in 1969 on set-valued mappings by working
on multi-valued contraction mappings and opened a new door for researcher to
quench the thirst. For more concepts in this regard, we refer to [8-10].

Later on, meddling with the defined properties of metric, authors demonstrated

various types of metric spaces. Working on the idea of non-zero self distance,
Matthews [22] introduced the notion of partial metric spaces in 1992. In 1983, by
introducing a new parameter in triangular inequality, Bakhtin [23] generate the
concept of b-metric space which was remodeled by Czerwik [24] in 1993. Moreover,
BCP was also generalized on b-metric space. Afterwards, Akkouchi [25] elaborated

his exciting results on the existence of fixed point of mappings in b-metric spaces.
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Ever since, many articles have been publicized on numerous type of single-valued
and multi-valued operations in frame of b-metric spaces, see [26, 27].

Working on a new track, idea of couple fixed point was first studied by Optoitsev

[11] and then in 1987 by Guo and Lakshmikantham [12], later on in the year 2006,
Bhaskhar and Lakshmikantham [13] introduced the concept of mixed monotone
mappings and worked on coupled fixed point of mappings in a partial ordered
metric spaces (PoMs) and the idea was supported by demonstrating an application
to the existence of solution of a periodic boundary value problem. Following the
path, Berinde and Borcut [14], in 2011, extended the idea of couple fixed point
and presented the notion of triple fixed point (TFp) for self mappings and set
up remarkable results in PoMs. Subsequently, generalizing the concept of TFp
in 2012, Karapinar [15] opened a gateway for researchers in the new direction by
proposing the theory of quadruple fixed point (QFp) of mappings and established
exciting consequences in this regard [16, 17]. One can have a deeper understanding
of the concepts through [18-20].

Perov’s [5] extension of BCP on spaces endowed with vector-valued metric spaces

gave birth to a new way of research for authors. These spaces named as generalized
metric spaces (GMS). For GMS, the notions of convergent sequences, Cauchy
sequences, completeness, open subsets, closed subsets and continuous mappings
are similar to those for usual metric spaces. In 1884, Gary Gruenhage [28] studied
the concept the GMS under weak topological properties in his book on title “Set-
Theoretical Topology”. Later on, authors established fixed point theorems for fixed
point of mappings [29, 30], coupled fixed point results [31, 32], TFp results [33]
and QFp results [34, 35] on GMS.

In our research study, a blend of the GMS endowed with vector-valued metric

spaces and b-metric spaces is produced and termed as generalized b-metric spaces
endowed with vector-valued metric spaces (GbMS) by adapting a new co-efficient
in triangular inequality of GMS. Furthermore, motivated by the idea presented in
[34], we established coincident points and quadruple fixed points of mappings in

the setting of GbMS and introduced some useful theoretical consequences.
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1.2 Thesis Contribution

An outline of the forthcoming chapters of our thesis is highlighted below;

(1).

Chapter 2:

Chapter 2 includes a short review of basic concepts regarding metric space.
This chapter is partitioned into four sections. “Matrix Equations” includes
the few definitions and important results about matrix conversions. Next
section is “Basic Tools” which is about to built a base in metric spaces
together with a few examples in this context are also stated. In “Fixed Point
of Mappings”, a quick review of history of fixed point theorems is illustrated.
Eventually, we present few important extensions in metric spaces which will

be helpful in the forthcoming chapters.

. Chapter 3:

In this chapter a detailed review of the work by Hammad et al. [34] is articu-
lated. Some definitions and few important consequences on the structure of
GMS with the help of examples are demonstrated. Lastly, an applications

about stationary distribution of Markov process verifies the obtained results.

. Chapter 4:

The main theme presented in this chapter is the establishment of coincidence
point and quadruple fixed point of mappings in the setting of GbMS, general-
ized from the idea presented in [34]. Furthermore, we modify few definitions
and results of GMS on the structure of GbMS and elaborate by virtue of
some examples. Lastly, an application on the study of existence of unique

stationary distribution in the frame of GbMS validates our generalized idea.

. Chapter 5:

Chapter 5 is based on conclusion and future works.



Chapter 2

Preliminaries

Chapter 2 is an introduction to the basics of metric spaces and fixed point theo-
rems. First section covers the main idea of metric spaces along with the notions
of convergence, Cauchy sequence, completeness, continuity and contraction map-
pings. Second section deals with the theory of fixed points. Next section highlights
few extensions in metric spaces, important results and examples on b-metric spaces
and generalized metric spaces(GMS). Last section includes the concept of matrix

convergence in M, y,(R™) with supportive examples.

2.1 Basic Tools

This section is short analysis of few basic concepts and fundamental results in

metric spaces along with some examples.

Definition 2.1.1.
“A partially ordered set is a set X on which there is defined partial ordering, that

is, a binary relation which is written as < and satisfies the conditions:

(P 1) r <r for every r € X; (Reflexive)

(P2) r<tandt=r, thenr =t (Anti-symmetric)



Preliminaries 6

(P3) r=tandt =g, thenr <gq. (Transitive)

Partially emphasizes that X may contain r and ¢ for which neither r < ¢ nor ¢t <r
holds. Then r and t are called incomparable elements. In contrast, two elements

r and ¢ are called comparable elements if they satisfy r <t or ¢ < r (or both).”

[21]

Example 2.1.2.

(i): Let & be a non empty set and P(X) be the power set of X i.e contains all
subsets of X, define a partial order “<” on P(X) as for any U,V € P(X),

U<V «— UCV.

Then, the pair (P(X), <) is a partially ordered set.

(ii): Let Q be the set of all real-valued functions on [0, 1] and “=<” be the binary

relation on Q defined as;
f2g <= f(r) <g(r), vV relo,1],

for any f,g € Q. Hence, (Q, <) is a partially ordered set.

Definition 2.1.3.

“A totally ordered set or chain is a partially ordered set such that every two

elements of the set are comparable. In other words, a chain is a partially ordered

set that has no incomparable elements.” [21]

Remark 1:

Every totally ordered set is a partially ordered set but the converse is not true in

general.

Example 2.1.4.

The divisibility relation on the set of natural numbers N is a partial order and

not a total order. However certain subsets of N with the divisibility relation on
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them may be totally ordered. For instance, consider the divisibility relation on

the subset

M = {4,16,64,256,1024}.
As it can be seen, all ordered pairs in the relation are comparable.
M. Frechet [21] introduced the concept of metric spaces in 1906. Later on, it turns

into a vast field of research for authors and opens a broader stage for pure as well

as applied mathematicians.

Definition 2.1.5.

“A metric space is a pair (X', d), where X is a set and d is a metric on X'(or
distance function on X), that is, a function defined on X x X such that for all
ry,T9,1r3 € X, we have:

(M1): d is real-valued, finite and non-negative;

(M2): d(ry,79) = 0 if and only if r| = ro;

(M3): d(r1,r2) = d(ra,m1); (Symmetry)

(M4): d(ry,73) < d(ry,72) + d(re, r3). (Triangle inequality)

The symbol x denotes the Cartesian product of two sets. Hence, X x X is the set

of all ordered pairs of elements of X' [21]

Example 2.1.6.

Some examples on the idea of metric space are discussed below:

(I) Real Line R. Let X = R be the set of all real numbers and d : X x X — R

be the distance function defined as for all 7,7 € X

d(Tl,TQ) = |7’1 — Ta].



Preliminaries 8

Then, the metric d satisfies all of the axioms of metric space. Hence, the

pair (X, d) is a metric space known as usual metric space.

(IT) Euclidean Plane R?. Let X = R? be the Euclidean space and d be the

euclidean metric on X defined as, for all r = (ry,r5),t = (t1,t2) € X

d(T‘, t) = \/(7“1 — t1)2 + (7”2 — t2)2.

Hence, (R?, d) is a metric space known as Euclidean metric space.
) )

(IIT) Taxicab Metric Space. Let X = R? be the Cartesian Plane and d be the

metric defined in an other way as, for all r = (ry,75),t = (t1,12) € X

d(’f‘, t) = |’I"1 — t1| + |T2 — t2|

Since, one can easily verify that the axioms (M1) - (M4) are satisfied for above

defined metric, hence (R?, d) is a metric space which is called Taxicab metric space.

Definition 2.1.7.

“ A sequence {r,} in a metric space X = (X,d) is said to converge or to be

convergent if there is an r € X such that

lim d(r,,r) = 0.

n—oo

r is called limit of {r,} and we write lim r, = r, or simply, r,, — r.” [21]
n—oo

Definition 2.1.8.

“ A sequence {r,} in a metric space X = (X,d) is said to be Cauchy Sequence

(or fundamental) if for every € > 0 there is an N/ = N (€) such that

A(rm, ) < €, Vo om,n > N.[21]

Example 2.1.9.

Let {r,} be a sequence in R equipped with usual metric. Suppose that for
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0 <a<1,{r,} satisfy the condition |r,,; —r,| < o™ for all n € N. Then {r,} is

a Cauchy sequence in R. Since, for m,n € N with m > n, we have

‘Tm - Tn’ < ’Tn - Tn-l—l’ + |rn+l - rn—i—?‘ +eee |rm—l - rm’

SO&”—FO&n—H—F"'—i—Oém_l
n a”

(0%
1 m—n <

11—«
Since, 0 < a < 1, @™ — 0 and so given any € > 0, we can choose N € N such

that 2= < ¢, hence for all m,n > N\, we have

n

|7 — 1| < < €.

—

Hence, {r,} is a Cauchy sequence in R.

Remark 2:
Every convergent sequence is a Cauchy sequence in a metric space but converse is

not true in general.

Definition 2.1.10.

“ A metric space X = (X, d) is said to be complete metric space if every Cauchy

sequence in X converges (that is, has a limit which is an element in X').” [21]

Example 2.1.11.

Some examples of complete metric spaces are illustrated bellow.

(1) The Real line and the Complex plane are complete metric spaces.

(2) Completeness of R” and C": Euclidean Space R™ and Unitary Space C"

are complete under the following defined metric

J=1

where r = {r;},t = {t;} € R" or C".

Let {r,, } be a Cauchy sequence in R” (or C"), where rp, = ("™, 7™ ... r{™).
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Hence, for each € > 0 there is an N (e) such that

d(rp, i) = (Z(r](m) - ’I“](-k))2> ’ <€, (m, k> N(e)).

j=1
Squaring, we have for m,n > N(e) and j =1,2,--- ,n

(rj(-m) — rj(-k))2 < € and |7°](.m) — r](.k)\ < e
Since, for each 7, the sequence (ry(»l), 7“](.2), .-+ ) is a Cauchy sequence in R( or
C) and every Cauchy sequence in R (or C) converges i.e for each j, r§m) — 7
as m — oo. Using n limits, we define r = (ry,rqg, -+ ,7,) € R( or C) such

that with & — oo

d(rm, ) <€, (m > N(e)).

Which proves the completeness of R” (or C").

Definition 2.1.12.
“Let X = (X,dy) and Y = (), dy) be metric spaces. A mapping F : X — )V is

said to be continuous at a point r, € X if for every € > 0 there is a 6 > 0, such

that do(F (1), F (r,)) < ¢, for all r satisfying d(r,r,) < §.” [21]

Example 2.1.13.
Let F : X — X be a mapping on metric space X = [0, 1] equipped with usual

metric defined as;

, Vred.

Then, F is a continuous map on X.

Theorem 2.1.14.
“A mapping F : X — Y of a metric space (X,d;) into a metric space (), dy) is

continuous at a point r € X if and only if r, — r implies F (r,) — F (r).” [21]

Definition 2.1.15.
“Let X = (X, d) be a metric space. A mapping F : X — X is called a contraction
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on X if there is a positive real number o < 1 such that for all ¢,r € X,

d(F (q), F (r)) < ad(g,r),

where, (a < 1).
Geometrically, this means that any points ¢ and r have images that are closer
together than those points ¢ and r, more precisely, the ratio % does not

exceed a constant « which is strictly less than 1. [21]

Example 2.1.16.
Let X = [0, 1] be a metric space equipped with metric d(g,) = |¢ — r|. Define a

mapping f : X — X as

1
Fq:&, Vqgek.

Then,

qg+1 r+1
d(quFr):T_ 4 |
g+1—7r—1

1 |

1

= Z|q—7“|

1
= Zd(CJﬂ’)-

Hence, with contraction constant o = }1, [ is a contraction mapping on X

Remark 3:
Every contraction mapping is continuous.

2.2 Fixed Points of Mappings

In 19"* century, H. Poincare introduced the idea that finding the solution of an

equation is equivalent to that of finding the fixed point of parallel mapping. This
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notion is defined as under;

Definition 2.2.1.
“A fixed point of a mapping F : X — X on set X into itself is r € X which is

mapped onto itself, that is, F (r) = r, the image f (r) coincides with r.” [21]

Geometrically, fixed point of a real-valued function(mapping) is the point of in-
tersection of the line y = r and mapping y = F (r). One or more than one fixed
points of a mapping can exists, moreover, sometimes mappings do not have even
a single fixed point.

In 1922, Stephan Banach introduced a fundamental result for the existence of a

unique fixed of a mapping.

Theorem 2.2.2.
“Consider a metric space X = (X, d), where X’ # (). Suppose that X is a complete
metric space and let F : X — X be a contraction mapping on X. Then, F has

precisely one fixed point.” [21]

Example 2.2.3.

Some examples of fixed points are:

(a): Let £ : R — [0,1] be a function defined as F (r) = % cos?(r). Graphically,

10

FIGURE 2.1: Unique fixed point
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Hence, F has unique fixed point.

(b): The function f : X — R, where X = R—{(2n+1)%} defined as F (r) = tan(r)

has infinitely many fixed points.

FIGURE 2.2: Infinitely many fixed points

(¢): In many of the cases, there dose not exists even a single fixed point of given
mapping. One of them is translation of line y = r. For example, the function
F (r) = r+1 has no fixed point. In other words, the graph of the lines F (r) = r+1

and F (r) = r has no point of intersection. Graphically, it is presented as;

FIGURE 2.3: No fixed point
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Bhaskar and Lakshmikantham [13] in 2006 worked on the idea of couple fixed
poin [12] in the setting of mixed monotone mappings having mixed monotone

property(MMp).
Definition 2.2.4.
“Let (X, =) be a partially ordered set and S : X? — X be a mapping, then S is

said to have MMp if for any 71,79, 73 € X,

ri, e X, ry it = S(r],r) < S(ri*, ),

ry; 1yt € Xy oy Xyt = S, rp) = Sy,

whenever S(rq,79) is non-decreasing in r; and non-increasing in r5.” [13]

Definition 2.2.5.
“An element (ry, ) € X? is called a coupled fixed point of the mapping S : X? —

X if S(ry,re) = 1y and S(ry,71) = 127 [12]

Definition 2.2.6.

“The two given mappings S : X2 — X and s : X — X have a common couple

fixed point (ry,r9) € X2 if S(ry,r9) = s(ry) and S(rq,r1) = s(r2).” [13]

Example 2.2.7.

Some examples of couple fixed points are stated bellow;

(i): Let S : R*> — R be a mapping defined as

S(ri,re) =71+ 19, V (r1,7m9) € R2

Then, (0,0) is a coupled fixed point of S.

(ii): Let S : R? — R be a mapping defined as

S(r,t) =13, Y (r,t) € R%



Preliminaries 15

Hence, (—1,0), (0,—1), (0,0),(1,0),(0,1), and (1, 1) are some coupled fixed points
of S.

(iii): Let us define two mappings S : R* — R and s : R — R such that
S(r,r*) =rr* and s(r) = r%, ¥V r,r* € R,

respectively. Then,
f={(r,r*) € R*: r =1*},

is the set of all common couple fixed points of S and s.

Theorem 2.2.8.
“Let (X,d, <) be a partially ordered complete metric space and F : X? — X be a
continuous mapping having mixed monotone property on X. Assume that there

exists a k € [0, 1) with

d(F (r1,7r2), F (t1,t2)) <

k
§[d(7"1,751) +d(re, ta)], Vit <1y, 1o <to.

If there exists r,,t, € X such that r, < F (r,,t,) and F (t,,7,) < t,, then there

exists (r,t) € X% such that r = F (r,t) and t = F (t,r). 7 [13]

Concept of triple fixed point was presented by Berinde and Borcut [38] and gen-
eralized the definition of MMp for triple-valued mappings.

Definition 2.2.9.
“ An element (ry,79,7r3) € X3 is called a triple fixed point of the mapping S :

X3 — X if S(ry,r9,73) =11, S(re,7m3,71) =19 and S(r3,r1,79) = 3.7 [38]

Example 2.2.10.

Some examples of triple fixed points are discussed here:

(i): Let S: R — R be a mapping defined as

S(ri,re,m3) =11+ 12+ 713, VY (r1,72,73) € R%.
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Then, (0,0,0) is a triple fixed point of S.

(ii): Let us define a mapping S : R™ — R

S(ri,re,13) = /11 Y (rq,r9,73) € RT3

Then, (0,0,0), (1,0,1), (1,1,0), (0,1,1), (0,0,1), (0,1,0), (1,0,0), (1,1,1) are some
triple fixed points of S.

Definition 2.2.11.
“Let (X, <) be a partially ordered set and S : X* — X be a mapping, then S is

said to have MMp if S(r1, 79, 73) is non-decreasing in r; and r3 and non-increasing

in ro, that is for any ry,7r9,73 € X,

* kok * kok * *kk

ri,rT e X, ry 2 = S(r],ra,r3) 2 S(r1, o, 13),
* £33 * £33 * £33
ra, Ty € X, 1y 21yt = S(ry,ry,r3) = S(r, 55, Ts),

ry,ra € X,y 2 ryt = S(ry,re,1ry) X S(ry, 12, 137).7 [38]

Theorem 2.2.12.
“Let (X, =) be a partially ordered set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let f : X3 — X be a continuous mapping
having the MMp on X. Assume that there exist the constants a,b,c € [0,1) with
a+ b+ c < 1 for which

d(F(Tl,TQ,Tg), F(tl,t27t3)) S CLd(T’l,tl) + bd(T’g,tQ) + Cd(’f’g,tg),

for all ri > t1, ry < to, r3 > t3. If there exists r,, t,,q, € X such that

To S F(TmthO)a to 2 F(tfnqo’rO)? Go S F(qo,To,to)-

Then, there exist r,t,q € X such that r = F (r,t,q), t = F (t,q,7), ¢ < F(q,r,1)”
[14].
Definitions of quadruple fixed point and MMp for quarter-valued mappings were

introduced by Karapinar [16] in 2012.
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Definition 2.2.13.
“Let X # 0, an element (rq,79,73,74) € X% is said to be the quadruple fixed

point of mapping S : X* — X if S(ri,re,73,74) = 71, S(ro,r3,74,71) = To,
S(r3,ra;r1,m2) =13 and S(rq, 11,72, 73) = 14.7 [15]

Definition 2.2.14.

“Let X # 0, an element (11, 7r9,73,74) € X? is said to be the quadruple coincidence
point of mappings S : X* — X and s : X — X if S(ry,ra,7r3,74) = s(r1),

S(re,r3,r4,1m1) = 8(r2), S(rs,re,r1,r2) = s(rs) and S(ry,r1,72,73) = s(r4).” [15]

Example 2.2.15.

(i): Let S : R* — R be a mapping defined as
S(ry,ro,r3,14) =114+ 1r2+ 135414, V170,73, €RY

Then, (0,0,0,0) is a unique quadruple fixed point of S.

(ii): Let S:R* - R and s : R — R be to mappings

r17rorary

1 and s(r) = r2, Vri,re, s, 14,7 € RY.

S(Tb 2,73, T4) =
Then, (2,2,2,2) is a quadruple coincidence point of S and s.

(iii): If we define S and s in such a way that

T1+T2+7’3+7’4
2

2 4
S(ry,12,73,74) = and s(r) =r?, Vry,ro,rs,ry,r € R

Then, in this case (2,2,2,2) is also a unique quadruple coincidence point of S and

S.

Note that for s : X — X being identity map concept of quadruple coincidence

point is reduces into the notion of quadruple fixed point of mappings.
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Definition 2.2.16.
“Let S: X% - X and s : X — X be two mappings, then S and s are called

commutative if

s(S(r1,re,r3, 1)) = S(s(r1), s(r2), s(r3), s(ry)), ¥ ri,7m,13,74 € X.7[15]

Definition 2.2.17.
“A mapping S : X* — X defined on a partial ordered set (X, <), is said to have

MMp if for any 7,71y, 73,74 € X,

ri, it e X, r] I = S(r],ro,r3,m4) XSy, re, 13, 74),
Ty, € X, ry 37T S(ry,15,1r3,1r4) = S(r1,ry* r3, re),
Ty, Ty €X, Ty X7 S(ry,ma,15,14) 2 S(r1,re, 15, 14),
L, E€X, ry =3 S(ry,re,r3,75) = S(r1,re,13,747),

where, S is non-decreasing in r; and r3 and non-increasing in ry and r4.” [15]

The generalization of above definition for two mappings is given bellow.

Definition 2.2.18.
“Let S: X* — X and s : X — X be two mappings defined on a partial ordered

set (X, <). Then S is said to have mixed s-monotone property (MsMP) if for any

r1,72,73,74 € X7

ri, e X, s(ry) X s(ri*) = S(ri,re,rs,re) X S(r1*, ra, 3, 74),

U U

(rla 7'2 y T3, T4),

(
Ty, s € X, s(ry) 2 s(ry*) = S(ri,r5,1r3,74) =
ry, vyt € X, s(ry) 2 s(ryf) = S(ri,re,ry,ra) = S(r1, 2,75, 1),
)

TLTZ* S X? S(TZ> j S<TZ* = S(T177’27T377’Z) t S(T17T27T37T2*)77, [5]

Theorem 2.2.19.
“ Let (X,d, <) be a partially ordered metric space and S : X* — X be a con-

tinuous mapping such that S has mixed monotone property. Assume that there
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exist ¢ € ® such that
d(S(ry,re,r3,14), S(t1, ta, t3,t4)) < pmax{d(ry, t1) +d(re, ta) +d(rs, t3) +d(ry, t4)}
for all ry,ro, 73,74, 11, t2,t3,t4 € X provided that

1Sty To Ty S ts, T = Uy

Here, @ is the set of all non-decreasing functions ¢ : [0, +00) — [0, 4+00) such that

lir+n o™ (t) =0, for all ¢ > 0. If there exist r{,r9,75,r] € X such that
n—-+00

(0] o (0] o (0] o o o o (o]
ry = S(T17T27T37r4)7 ry X S(T2>T377’47T1>

(0] (0] o o o o (0] o o (o]
r3 2.S(rs,ry,r,rg), vy 2 S(ry, v, r5,75).

Then, S has a quadruple fixed point.” [17].

2.3 Some Extensions of Metric Spaces

In the field of abstract spaces, metric space covers a area of research. Authors
worked in many directions in ordered to introduce the generalization of metric
spaces by manipulating with the existing axioms of metric spaces. In this section,
few generalization of metric spaces are articulated, furthermore some examples are

also illustrated in this regard.

2.3.1 b-Metric Spaces

Bakhtin [23] in 1989 generalized the notion of metric spaces by introducing a new
parameter in triangular inequality and defined the concept of b-metric space. Later
on, in 1993 Czerwik [24] modified the idea by using completeness property and
generalized BCP.

Definition 2.3.1.

“Let X be non empty set and b > 1 be a given real number. A function d, :
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X x X — RT is said to be b-metric on X, the pair (X,d;) is called a b-metric

space if for all 71,7, 73 € X,

(b1) dp(ry,72) = 0 if and only if r = 79,
(b2) dp(ri,72) = dp(ra,71),

(b3) db(rlﬂ"?)) < b{db(7"1>7“2) + db(T2’7"3)}-”[23]
Remark 4:

e If b =1, then the pair (X, d) becomes metric space.

e Following two inequalities are key points for the proof of existences of trian-

gular inequality in b-metric spaces;
(a+b) <21 (a + b1, t>1. (2.1)

(Y lai+0P)" < O lal)r + Qo Ibil)s, 1<p<oo.  (22)
i=1 =1 i=1

e The notions of convergent sequences, Cauchy sequences, and completeness

hold in the same scenario as in metric spaces.

Example 2.3.2.

To demonstrate the concept of b-metric spaces, some examples are illustrated

bellow.

(1). Let dp : R x R — R be a function defined as
dy(r,t) = |r — t|%, VorteR.

Then, the pair (R, d;) is a b-metric space with b = 2.

(2). Let X =[,(R) be the space of all sequences in R such that

i{rk} < 00, Vr={r}CR, pe(0,1). (2.3)
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Let dp : X x X — R™ be a function defined as
do(r,t) = (O Irk — txl")?.
k=1

Since, (by) and (by) are obvious. Now,

(bs) : For any ¢q,r,t € X

do(g,7) = O lax — rel?)?
k=1

o0

1

Z(E \qe — T+t — ti|?)?
=1

< (322 (g — tel? + [t —ul?)?, using (2.1)
k=1

© 1 > 1 .
<2HOQ_ lae = tl)r + Q_ [t —mel)r}, using (22)
k=1 k=1

= b{dy(q, 1) + dp(t,7)}.

Hence, (X,d,) is b-metric space with b = 2P~1.

(3). Let X = {1,2,3} and d(2,0) = d,(0,2) = m > 2, d,(0,1) = dy(1,0) =
db(1,2) = db<27 1) =1and db(L 1) = db(0,0) = db(2, 2) = 0. Then,

m
dp(r1,m2) < E[db(ﬁ,r?)) +dy(rs,72)], 11,712,735 € X.

Hence, (X, dp) is a b-metric space. If m < 2, then triangular inequality does

not hold.

Theorem 2.3.3.
“Let (X, dp) be a complete b-metric space and F : X x X — R* satisfies

dp(F (1), F (12)) < odp(r1,72), Vor,re € X,

where ¢ : RT — R* is an increasing function such that lim ¢"(r) = 0. Then F

n—oo
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has only one fixed point r, and lim dy(F"™(r),r,) = 0.” [24]

n—o0

2.3.2 Generalized Metric Spaces

Perov’s [5] , in 1964, established fixed point results on the spaces endowed with
vector valued spaces by generalizing the range of metric function over vector spaces.
These spaces were named as generalized metric spaces(GMS). This subsection
includes the concept of GMS, few important definitions and result in the frame of

GMS.

Definition 2.3.4.
“A mapping v : 82 — RF where (X # ) is called a vector-valued metric on N, if

the conditions bellow are satisfied, for any ry,ry, 73 € N,

(R1) v(ry,re) = 0,v(r1,1m2) =0 < 11 =19,

(N2) v(ry,re) = v(re,71),

(N3) v(ry,re) < v(ry,rs) +v(rs, ra).

If u,v € R, where u = (u1,ug, -+ ,uy) and v = (v, v, -+ ,v;), then u < v if and

only if u; < wv; for 1 <1 < k. Then, the pair (X, v) is called a generalized metric
space(GMS).” [30]

Remark 5:

e For k =1 in above definition, GMS converts into usual metric space.

e For GMS, the notions of convergent sequences, Cauchy sequences, complete-
ness, open subsets, closed subsets and continuous mappings are similar to

those for usual metric spaces.

Example 2.3.5.
Let N # (0 and dy,ds, ds, - -+ ,d; be the metrics on NX. Let v : X x X — R* be a

mapping define as for all r1,79 € N,

U('ﬁﬂ“z) = (d1(7”1,7”2),d2(7’1,7“2)7"' 7dk(7’1,7”2))>
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then (X, v) is a generalized metric space.

Theorem 2.3.6.

“Let (N,v) be a complete generalized metric space and f : R — Py(N) where
(Pa(R) ={Y € P(X) : Y is closed}) a multi-valued operator. One suppose that
there exists A, B € M, y,(R") such that for each 1,75 € N and all ¢ € F (ry),
their exists ¢ € F () with

U(Q7t) S AU(T17T2> + BU(TQJQ)'

If A is matrix converges to zero matrix, then F has at least one fixed point.” [30]

Definition 2.3.7.

“The mapping v :R* x R* — R* defined on a generalized metric space (X, v)

equipped with
6((T17 T2‘T37T4)7 (t17t27t37t4)) = U<T17 tl) + ’U(TQ, t2> + ’U(Tg, t3> + /U(T47 254)7

defines a metric on R*. Moreover for simplicity it will be denoted by v, for each

T, b € N [39]

Definition 2.3.8.
“Let (N, v, <) be a partially ordered set then, N is called regular if the conditions

bellow are satisfied:

1. for n > 0, r} X r; if a non-decreasing sequence r" — ry,

2. for n > 0, ro < r} if a non-increasing sequence 15 — 5. [40]

2.4 Matrix Equations

Now onward in our thesis, the symbols M, ,(R*), O, I represent the set of all

n X n matrices over R™, zero and identity matrices respectively, and the set W =
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{0,1,2,3---}. Let ZM be denoted as the set of all n x n matrices over Rt such

that for all I' € M,, ,(RT), I'" — O whenever n — occ.

Definition 2.4.1.
“Let I" be a matrix in M, ,(R"), then I is said to be convergent if and only if,

lim [ = O.”[36]

n—oo
Example 2.4.2.
Consider the matrix
reor
F=[" 7| € Ma®"),
L T2

such that r; + 7o < 1 for some 71,79 € RT, then the matrix I converges to O.

Example 2.4.3.
Any matrix in My »(R™) of the form

converges to zero matrix provided that max{ry,ro} < 1.

Example 2.4.4.

Consider the matrix
rr To

U =

L T2

belongs to Mso(R™) with the condition that r + 7o > 1, for some 71,72 € RT,

then the matrix U does not converges in M o(R™).

Let R* be a k dimensional vector space [30]. Let 0 = (0,0,---,0) and 1 =
(1,1,---,1) be the zero vector and identity vector respectively. Addition and

multiplication in R* are defined as for any r,7* € R¥,

* * * * * * * * *
r4rt = (ry+ri,retry, ratry, o re+ry) and vt = (ryr,rers, o rery),
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where r = (ry,ro, 73, -, 1) and r* = (r{,r5, 75, .- ,r;), In matrix analysis, the

following propositions are equivalent;

Lemma 2.4.5.
“Let T" be a square matrix with entries from R, then the following statements are

equivalent:

(L1) T'— O;
(L2) I — O as n — oc;
(L3) for each vy € C, |y| <1 with det(I' —~I) = O;

(L4) I —T is a non-singular matrix and

(I-T)'=IT+T+---+T"+.-;
(L5) two matrices I'™g and ¢I'™ tends to zero as n — oo, for g € RF.” [37]

Definition 2.4.6.
“Let I = (I';;) and T = (Y;;) be two matrices in ZM. Then,

r<v e Fij < Tij7

where 1 < 4,5 < n, and

maX{F, T} =1I= (Hij>7 = maX(Hij) = max{l“ij, sz}

Clearly, if ' < T then, max{[', T} = Y.” [34]



Chapter 3

Some Quadruple Fixed Point
Results in GMS Involved with

Matrix Equations

In chapter 3, we presented a detailed review of work by Hammad et al. [34], in
which the contraction condition of mappings and fixed point theorems on the exis-
tences of unique quadruple fixed point of mappings over generalized metric space
are presented. Also, an application on existence of unique stationary distribution

of Markov process in the frame of generalized metric space is discussed.

3.1 Results in Generalized Metric Spaces:

Perov [5] introduced the notion of GMS and generalized BCP on GMS. Later on,
authors established exciting results on theory of QFp of mappings under GMS.

This section covers some useful definitions on mappings and sequences.

26
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3.1.1 Definitions on Two Mappings

Definition 3.1.1. Let S:RX* = X and s: X — X be two mappings defined
on a metric space (N, v). Then, S and s are said to be compatible if the following
conditions holds.
() lim v(s(Urzsa), S(Vizsa)) = 0,
where  Ujgzy = S(rf,ry,ry,ry) and  Viggs = (s(r7), s(ry), s(ry), s(ry)),

(ZZ) llm U(S(U2341), S(‘/2341)) = 0,

n—-4o0o
where  Uszyy = S(ry,73,77,77) and  Vasay = (s(r3), s(ry), s(ry), s(r7)),

(#i) lim v(s(Usaiz), S(Vaaz)) = 0,

n—-+oo
where  Usgo = S(ry, vy, r{,ry) and  Vage = (s(ry), s(ry), s(r7), s(r3)),

(ZU) lim U(S(U4123), S(VZ;123)) = 0,

n—-+o0o

where  Uyjoz = S(ry,ri,ry,r5) and Vi = (s(r]), s(r]), s(r3), s(ry)),

whenever {r7}, {r7}, {r}} and {r}} are sequences in W such that

lim Ujpgsy = lim s(rf) =mr, lim Uyy = lim s(ry) = ro,
n—-+oo n—+oo n—-+oo n—-+oo

lim Usyo = lim s(ry) =73,  lim Uypez = lim s(ry) = ry,
n—-+o0o n—-+00 n—-+o0o n—-+00

for some rq,7r9, 13,14 € N,

Definition 3.1.2.
The mappings S : 8 — N and s : X — N are called reciprocally continuous if for
some 11,1y, 13,74 € N, following conditions holds.

(’L) lim S(U1234) = S(Tl) and lim S(‘/1234> - S(T17T27 7"3,7’4),

n—-+o0o n—-+o0o

(ZZ) hm S(U2341) = S(TQ) and llm S(‘/Q341) = S(TQ,T?,,T47T1),

n—-+o0o n—-+o0o
(ZZZ) hm S(U3412) = S(Tg) and llm S(Vé412) = S(T37T4,T’17T2),
n—+00 n—+o00

(ZU) lim S(U4123) = 8(7‘4) and lim S(V;ﬂgg) = S(’l“4,7“1,’l“2,7"3),
n—-+4o0o n—+00o
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whenever {r7'}, {ri}, {r§}, {r}} are sequences in X such that

lim Ujgsy = lim s(rl) =y, lim Uy = lim s(ry) = 1o,
n——+o0o n—-+o0o n—-+00 n——+00

lim U3412 = lim S(Tg) =T3, lim U4123 = lim S(T’Z) =T4.
n——+o0o n——+o0o n—-+00 n——+00

Definition 3.1.3.

The mapping S : 8 — N and s : X — N are called weakly reciprocally continuous

if for some rq, 79,73, 74 € N, conditions bellow are satisfied.

(Z) nll)lgloos(Ulzm) = 5(7’1) or nl_l)lgloo S(V1234) = 5(7“1,7"2,7“3,7“4)7

() lim s(Usn)=s(rs) or  lim S(Vagn) = S(ra,r3,7,71),

(m) nl_l)fJ{lOOS(UMu) = 5(7”3) or nl_l)ffoo S(Vz412) = 5(7”3,7’477”1,7”2)7

(1v) nl_l&loo $(Uyi3) = s(ry) or nl_l&loo S(Viie3) = S(ra,m1,72,73),

whenever {r7}, {r5}, {r}, {r}} are sequences in X such that

lim Ujgsq = lim s(rf) =ry,  lim Uy = lim s(ry) = ro,
n—-+o00 n—-+o00 n—-+o0o n—-+o0o

lim Usgyo = lim s(ry) =73, lm Upoz = lim s(r)) = ry.
n—-+o0o n—-+o0o n—-+o0o n—-+o0o

3.1.2 Definitions on Mapping of Sequences

Definition 3.1.4.
Let & : R* — R and s : X — N be the mappings on a metric space (X, v), then
the sequence {&,}new and s are said to be compatible if the conditions bellow are
satisfied.

(Z) nETmU(S(Ul\QBZL)agn(‘/l\234)) =0,

where  Urzga = & (r{',75,75,75)  and Visg = (s(r7), s(r5), s(r5), (%)),

(i) lim v(s(Ussar), En(Vasar)) = 0,

n—+00

where U = & (g, 75, 7%,77)  and Vas = (s(r), s(r5), s(r§), (7)),
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(i) lim v(s(Usnz), & (Vanz)) =0,

n——+oo
where U3\412 =&u(ry,ry, i, my) and ‘/},\412 = (s(r3),s(ry), s(r1), s(r3)),
(iv) nl_i)rfoov(S(Uziug),En(V4\123)) =0,

where U4\123 = &(ﬂﬁ’?ﬂ“;ﬂ“g) and V4\123 = (s(r}), s(r?),s(r?), 3(7"?))7

whenever {r'}, {3}, {r}} and {r}} are sequences in N such that

lim Upsy = lim s(rPt) =71,  lim Upy = lim s(ry™) =1y,
n—-+o00 n—-+00 n—-+o0o n—-+00

lim Usyp = lim s(r3™) =73,  lim Uppz = lim s(rf™) = ry,
n——+o00 n—00 n—-+00 n—+00

for some rq,7r9, 13,14 € N,

Definition 3.1.5.
Let & : 8 — R and s : X — X be the mappings restricted on a metric space
(N,v), then {&,}nen and s are said to be weakly reciprocally continuous if the

following conditions hold.

(1) lim S(U1\234) =s(ry), lim S(U2\341) = s(rq),

n—-+oo n—-+o0o
(ZZ) lim S(U3\412) = S(Tg), lim S(U4\123> == S(T‘4),
n—-+oo n——+oo

whenever {r7}, {r5}, {r§} and {r}} are sequences in X\ such that

lim Upsy = lim s(rPt) =71,  lim Upy = lim s(ry™) =y,
n—-+o0o n—-+o00 n—-+o0o n—-+o0o
lim U3412 = lim S(?”gH-l) = T3, lim U4123 = lim S(TZH_I) = Ty,
n—-+o0o n—-+o0o n—-+o0o n—-+o0o
for some rq, 79, 13,74 in N,
Example 3.1.6.
Let ¥ = [0, 1] be a metric space with metric defined as v(ry,re) = |ri — ral|. Let
) p )

&, XY = Nand s: X — X be the mappings defined as

1 T17973T4
En(ri,mo, T3, 74) = on % and  s(ry) = ry.
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Let us define four sequences {r}}, {r5}, {r}} and {r}} € N as,

n n_ n 1

n n
rt = ro = ry = and 71} = Vn € N.
P2y 2 21 41 T34+
Then, few simple calculations drives us to the result that
lim U1234 = lim S( {H_l) =T = 0, lim U2341 = lim 8( ;L—H) = T9 = O,
n—-+o0o n—-+o0o n—-+o0o n—-+o0o
hm U3412 = hm S( gH_l) =T3 = O, hIIl U4123 = hIIl S(TZ+1) =T4 =V,
n—-+0o n—-+00 n——+oo n—-+oo

for some r; =1y =13 =1y =0 € N. Also, following conditions are satisfied as

lim S(U1\234) = 8(7’1) = 0, lim 3(U2\341) - S(TQ) = 0’

n—-+o0 n—-oo

ngxfoos(Ugm) = s(r3) =0, ngrfws(U4‘123) = s(ry) =0,

Jim v(8(Utas4), & (Vizsa)) = 0, Jim U(8(Unsar), &n(Vasar)) = 0,
nl_i)fwa(S(U?:u?)fn(Vé\zuﬁ) =0, JLH;OU(S(UJH:&%§n(V4\123)) =0.

Hence, {{, }nen and s are compatible and weakly reciprocally continuous.

Definition 3.1.7.
Let &, : ®* — N and s : N — X be the mappings on a partially ordered set (X, <),
then {&,}new and s are said to have mixed-s monotone property (MsMP) if for

any T17T27T37T47t17t27t37t4 € NJ

s(ri) 2s(t) = &alri,me,r3,ma) 2 &npaltns to, ta, 1),
s(ra) = s(ta) = &ulra,r3,74,m1) = Suyalta, t3, 14, t1),
s(r3) 2 s(ts) = &u(rs,ra,m1,72) X Enua(ts, by, ty, ta),
s(ry) = s(ty) = &u(ra,r1,7me,1r3) = Ear1(ty, ty, ta, t3).

3.2 Main Results

This section deals with the contraction condition of mappings, QFp theorems,

corollaries, and supportive examples.
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Definition 3.2.1.

Let &, : X' — N and s : X — R be the mappings, then {&};,cw and s are said to
satisfy the (O) condition if

v(&i(r1, 72,3, 7a), & (B, L2, U3, 80)) < T[v(s(r1), &ilr1, r2,73,74))
+ U(S(t1)7€j(t17t27t37t4))] (31)
+ T[v(s(r), s(t1))],
for some rq,re, r3, 14, t1, to, t3, t4, € N provided that s(r;) < s(t;) for 1 <i < 4, or

s(r;) = s(t;) for 1 <i¢ <4, I #T = (I;;) and I # YT = (T1y;) € ZM satisty the
condition (I' + T)(I —T')~! € ZM.

Example 3.2.2.

Let W = [0, 1] be a metric space equipped with metric v(ry,re) = |r; — rol.

(1) Let ' = (g 2) and Y= (2 o) be two matrices in ZM. Then, it is easy to
4 4

compute that (I'+ T)(I —T')~' € ZM.

(2) Let I' = al, and T = ((1 —@)®* —a)I € ZM such that a = 1, 2,1, %
get that (T+T)(I —T)~! € ZM.

(3) ForI'=1(11)and T =1(11) in ZM, some simple calculations leads us to

the result that (I' + Y)(I —T')~' € ZM.

Definition 3.2.3.
Let & : XN — N and s : X — X be two sequences, then &, and s are said to have

mixed quadruple transcendence point(MQTp) if 3 7%, 79, r{ r € N such that

fo(T?,Tg,Tg,T‘g) = S(T?), 50(7“377‘%)77’277”?) = S(Tg)

(3.2)
(g, 1), r8) = s(rf), and  &(rl, ), 8, r9) < (),

given that & and s have non-decreasing transcendence point in r{,r9 and a non-

increasing transcendence point in 79, 9.

Lemma 3.2.4.

Let & : X% — N and s : X — X be two mappings on a partially ordered complete
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generalized metric space (POCGMS) (R, v, <). Suppose that {;};cw have MsMP

such that &(R?*) C s(N). If £, and s have MQTp, then

1. I sequences {ri'}, {ry}, {rf} and {r}} € N such that

S(T?) = én—l(r?_lﬂ T;L_lv r3n_17 7,3;—1)) S(T;L) = én—l(rg_lﬂ Tg_lv 7‘2_1
S(TL?) = gnfl(rghl? 7“2717 T?ia 7172171% and S(TZ) = gnfl(ﬂfil? ﬂhl? T

n—1

7T1

n—1
2

?

),

3

nfl).

2. {s(r?)}, {s(r})} are non-decreasing sequences and {s(r5)}, {s(r})} are non-

increasing sequences.

Proof. (1) Suppose that (3.2) holds for 7,79, 79,75 € V. Since &,(R*) C s(RN), we

can define r},rd ri rl € X such that

s(r1) =&(r],r5,75,79), s(ry) = &(r3, 75,74, 79),

3<7n?1>) :€O(T?on TZ, 7’?, TS)? 50&)? = SO(TZ’ TT? 7“(2), T‘g).

2 .2

Since &,(R1) C s(R), then 3 r} 3,72 r? € X such that

S(T%) = 51(71%7705770%77&)7 S(T%) = fl(réaréariari)a

s( ).

1 .1

2) - 51(7&,7’},7’2,7’3

2) = 61(7’31),7'41,7“%,7“%), S(T4

T3

In the similar way, we end with

s(r}) = &uoa (i~ gy T,
s(ry) = &u-a(ry g~ i T ),
s(ry) = &ua(rs it hg ),
s(ri) = & (rg ey,

(3.3)
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(2) By way of mathematical induction, ¥ n > 0, it is computed that

s(r) = s(ri™), s(r5) X s(ry™), s(r3) = s(rg™), and  s(r}) = s(ri™).

(3.5)
From (3.3), we get that (3.5) holds for n = 0, that is
s(r7) = s(r1), s(r) X s(r3), s(r9) = s(ry) and s(rf) = s(ry).
Hence, (3.4) and (3.5) completes the required result. O

Main theorem of this section is discussed here:

Theorem 3.2.5.

Suppose that all the conditions of the Lemma 3.2.4 holds, assume that {&;}iew
and s are monotonically decreasing and satisfy (O) condition, furthermore both
mappings are compatible and weakly reciprocally continuous provided that s is
continuous. If s(X) C N is complete and regular then, {{};cw and s have a

quadruple coincidence point(QCp), whenever O # I', T € ZM.

Proof. Let {r{'}, {r5}, {r}} and {r}} be the sequences in X constructed by Lemma
3.2.4, then from (3.1) it follows that

U(S(T?)v (T{LJFI)) = U(gn—l(r?ilv Tgilv T3n7177’271>7£n(r?7712n77n§7 TZ))
<Tlo(s(ry ™), &uoa (rP =y~ ey h)
+o(s(r), En(rl, g, ri, i) + T(s(rp ™), s(r))

= (U +T)o(s(ri ™), s(r])) + D(u(s(ry), s(ri ™).

This results in
v(s(r7), (™)) < (C+T)(I =) ro(s(ri ™), s(r)), (3.6)

similarly, it can be written as

u(s(r3),s(ry™)) < (C+ 1) =T) o(s(ry ), s(r5),

u(s(r5), s(ry™)) < (C+ 1) =T) " o(s(ry ), s(r5),
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and

(s(ry), s(ri™) < (C+ 1) = 1) o(s(ry ™), s(r). (3.8)

Addition of (3.6)-(3.8) provides that

An = 0(s(rp), s ) 4+ u(s(rg), s(r5 ™)) + v(s(rg), s(ri ) + v(s(r), s(ry ™))
< D+ 1) = D) olsrr ™), (7)) + v(s(rg ™), 5(r)) + o(s(5 1), 5(5)
(s, s(r))]

Hence,

A < (D4 1)T =) Aoy

Let ([ 4+ T)(I —T)~! =Y, then for n € N, we get
O S >\n S Y)\n—l S Y2>\n—2 S e S Yn)\o~

By using triangular inequality, for m > 0, we have,

u(s(rt), s(ri™™)) +v(s(ry), s(ry™)) + v(s(r5), s(r5™)) + v(s(ry), s(ry™))

< u(s(r), s(r1™) +o(s(r3), s(r5 ™)) + v(s(ry), s(r3 ™)) + v(s(rf), s(ri™))
+o(s(rih), s(r1 ) +u(s(ry ™), s(r3™)) + u(s(rsth), s(ry ™))
+o(s(ri™), s(ri ) + - o(s(rET T, (7)) u(s(ry T, (™)
+o(s(r5™™ ), s(ry ™)+ o(s(ry ), s(r )

=X+ A1+ Aot

<YY" 44 Y,

=Y"I+Y 4 4+Y" 4 ),

=Y"(I-Y) !\,

This leads us to the result that

u(s(r), s(ri ™)) + 0(s(r), s(r5 ™)) + v(s(r5), s(r5™™)) + v(s(ry), s(ri™))
<[T+N)I=D) ' = T+ =) )] A



Some Quadruple Fixed Point Results in GMS involved with Matrix Equations 35

Taking lirf , provides that
n—-+0o0

i [o(s(ry), s(ri™™)) + o(s(r5), () + v(s(rg), s(ry™™))

+o(s(ry), s(ri™™))] = 0,

: n n+m . : n n+m o : n n+m
=l u(s(ry),s(riT™) = T u(s(ry), (™) = lim u(s(rg), (5 ™)
. n n+my\ _
= ngggov(S(m),S(u ) =0.

This implies that {s(r])}, {s(r5)}, {s(r§)} and {s(r})} are Cauchy sequences in
N. Since s(R) is complete, this implies that 3 (rf,r3,75,75) € X? such that,
i s(r) = s(r) = 1. lim_s(r5) = (r5) =

1 ny _ *\ _ . ny o
i s(rg) = s(r5) = s, Hms(ry) = s(r) =7

Which results in

: 1y : +1y
i (i) = lim &7y, T (BT = lim &8, r8, 1),
: 1y : +1y
Tim (i) = T (g, rdrt g, T () = Tm €.

Since {;}iew and s are weakly reciprocally continuous and compatible, then we

have

Jm &(s(ry), s(ry), s(r), s(ri)) = s(r1),

i €4 (s(r), 5(8), 5(%), 5(7)) = (7).

i €4 (s(18), 5), 507, 5(8)) = s(rs),

Jm 6 (s0). (07, 5(r5). 509)) = ().

As {s(r?)},{s(r})} are non-decreasing sequences and {s(r3)}, {s(r})} are non-

increasing sequences, then from the regularity of N, for all n > 0 we can obtain

s(ry) =, <X s(ry), s(ry) = rs,rq < s(ry). Additionally, utilization of (3.1)
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generates

U(fi(rla 2,73, T4)> fn(S(T?% S(Tg)> S(Tg)’ S(TZ)))
< F[U(S(Tl)v gi(rlv 72,73, T4)) + U(S(S(T?))’ gn(r?7 T;, T’g, TZ))]

+ Ylo(s(ry), s(s(r)))].
Taking lirf , implies that
v(&i(r1,72,73,74),8(r1)) < To(s(r1),&(r1,72,73,74)),

which holds only if

U(fi(rl,7"277’3,7"4)75(7“1)) =0, or fi(rl,rzﬂ’:hm) = 5(7“1)-

In similar fashion, it is obtained that

fi(?"277°3,7”4>7’1) = 5(7"2), fi(?"377°4,?”1>7’2) = 5(7’3) and fi(7"477’177"2>7’3) = 3(?"4)-
Hence, (r1,72,73,74) is @ QCp of {&; }iew and s. O

Next corollary is an extension of Theorem 3.2.5. Let s = I¢, where I? is an identity

map.

Corollary 3.2.6.

Let (N, v, =) is a POCGMS and {& }iew : X' — XN be a mixed-monotone sequence
such that {&}iew and I? : X — N satisfy (O) condition, &, and I¢ have MQTp
and I%(XN) is regular. Then, 3 (ry, 79, 73,74) € N* such that &(ry,ro,73,74) = 71,

&i(re,r3,7a,11) = 12, §(73,74,71,72) = 13 and & (14, r1,72,73) = 14, for i € W.

By excluding some of the conditions from Corollary 3.2.6, that is, taking I" as a
zero matrix and expanding the distance v(rq,t;), we concludes with an important

result.

Corollary 3.2.7.
Let (N,v,=) be a POCGMS and F : X! — R be a mixed monotone mapping,
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such that
U(F(Tla Tr2,T3, 7"4), F(tly t27 t3t4)) S T(U((Th To,T3, T4>7 (tly t27 t37 t4)))7

where T € ZM. If F has a MQTp, then F has a QFp in N.

Definition 3.2.8.
Two points (11,79, 73,74) and (ty, s, t3,t4) € R* are said to be quadruple compa-

rable (QC) if and only if

r1 2 ty, ro = tg, r3 X t3, ra =ty or 1y = ty, ro Jtg, 3= t3, T4 Xty 0T
ry R tg, ro = t3, T3 by, T4 =ty Or 1y = tg, To X3, r3 = ty, T4 2ty O
ry S t3, ro = ty, r3 by, T4 mty or vy =iz, o Xty, r3 = ty, 74 2ty or

ry Ry, T = ty, T3 S to, T4 =ty Or 1y = by, To X ty, 137 to, T4 2 ts.
If we replace (r1,79,7r3,74) and (t1,tq,t3,t4) with (s(r1),s(r2), s(r3), s(ry)) and

(s(t1),s(t2),s(t3), s(t4)) in above Definition, then we say that (rq,r2,73,74) a QC

with (tq,ts,t3,t4) with respect to (w.r.t) s.

Theorem 3.2.9.

Let (R,v, %) be a POCGMS. Assume that {&}iew : R* — N and s : R — XN be
the mappings such that {¢;}iew have QCps and satisfy (O) condition. Moreover,
if {& }iew has a QC (w.r.t) s, then there exists a unique common QFp of {&;}iew

and s.

Proof. By Theorem 3.2.5, we obtained that there exist a non-empty set of QCps
of mappings. Let (rq,79,73,74) and (t1, s, t3,t4) be the QC points, that is, if

(r1) T, 72,73, 1a),  S(r2) = &i(re, r3, 14, 1),

(r3) = &(rs,ra,m1,72), and  s(rg) = &(ry,r1,7r2,73),
s(t1) = &i(tr, ta, ta, ty),  s(ta) = &(ta, ts, ty, t1),

(t3)

ts,ta,t1,t2), and  s(ts) = &(ta, t1, ta, t3),

(
(
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then, s(r1) = s(t1), s(r2) = s(t2), s(rs) = s(ts), s(ra) = s(ta). Since, QCps are
also QC, then from (3.1) we get that,

v(s(r1),s(t1)) = v(&(r1,m2, 73, 74), & (t1, t2, 3, ta))
< Tlo(s(ry), &, re,m3,14)) +v(s(t1), &Gt ta, s, 1))

+ Tlo(s(r), s(t1))]

= v(s(r),s(t1)) < Tlo(s(r), s(t1))].

Since, I # Y € ZM, then v(s(ry), s(t1)) = 0, or s(r1) = s(¢1). Additionally, similar
operations generates that s(ry) = s(t2), s(r3) = s(t3) and s(ry) = s(t4). Hence
s(r1) = s(re) = s(rs) = s(ry) = s(t1) = s(ts) = s(t3) = s(t4). Which drives the
uniqueness of QCp (s(ry), s(ra), s(r3), s(r4)) of {&}iew and s. Since {&; }iew and
s are weakly compatible and coincident points of two compatible mappings are

commutable, hence (ry,r3,73,74) is a unique QFp of {; };ew and s. O

3.3 Application

Suppose that R? = {ry = (r{,r3,r5,--- 7)1 >,4 > 1} and

Qifl - {p - (7"177’2,7"377‘4) S Ri X Ri X Rﬁ X RZL :
n

Yo=Y (r+rl+ri+r) =1},

i=1 i=1
represent a 4(n—1) dimensional probability simplex and p € Q} _ is the probability
over respective states. The Markov process is a process which deals with modeling
of a randomly changing system over the time. And in this system probability
of current state in each period ¢ = 1,2,3,... depends only on the probability of
previous state. Suppose that for each ¢ =1,2,3,---, e;; > 0 shows the probability
matrix which is achieved by state ¢ in the next period starting from state 5. Then,
the preceding probability vector p’ and the succeeding probability vector p‘*! in
the period ¢ and ¢+ 1 respectively, written as pf“ = Zj eijpﬁ, for each 7 > 1. Let

p’ be a column vector, then matrix form is achieved by mapping p'*! = F p’. In
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addition with that for all e;; > 0,3 " | e;; = 1, required for conditional probability.
Finding the stationary distribution for Markov process is equivalent to finding the
fixed point of the mapping f that is there exists some p € Q* | such that F p* = p*,
whenever p*! = pf, where the period p’ is called stationary distribution of Markov
process.

Furthermore, for each i, # = Y | m;, where m; = min; e;;.

Now, the main theorem of this section is given bellow.

Theorem 3.3.1.

By the assumption e;; > 0, there exists a unique stationary distribution for the

Markov process.

Proof. Let v:Qf | x Q) | — R? be a mapping defined as

U(R7 Q) = U((Tla 2,73, 7“4), (qla 42, 43, Q4))

n

= (D (r = il + I — g8l + |r§ — gl + | — dil),
i=1

> (rt =il + Iy — a5l + I — a5 + 175 — dil).

=1

Where R = (r1,7,73,74) and Q = (q1,q2, s, qa) belongs to Q.
Since, v(R,Q) > (0,0) for all R and @ in Q} Also, if v(R,Q) = (0,0), then

n—1-*

this implies

n

(D (s = ail +Irh — sl + I — @3] + I — ai),
i=1

> (I = ail + I = 5] + Iy — a3 + I — gil)) = (0,0),
i=1

or
Irl =gt 4+ s — bl + s — g + [ — ¢4l =0
= |ri—dgl=Irb—dl = —d|=|ri— ¢l =0,

= Tl_Q17 TQ_QQa 7’3—Q3, 704_(]47
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hence, R = (). Conversely, let R = @), then

= |ri—dil =Iry — gl = Iry — gs] = Iri — g = 0.
Hence,
(D _(rt =il + 175 — @bl + I — g3l + Iri — gi]),
i=1
> (= @il + Irs — g3l + Irs — gb] + Irh — ¢il)) = (0,0)
i=1

or v(R,Q)=(0,0).

Moreover,
v(R,Q) = (D (I — gl + |rs — gl + |rs — bl + 7} — dil).
=1
S (rh = gl + Iy — g3l + s — bl + | — gil)
=1
= () (lgi = 73l + Iah — ) + |g5 — ] + |gh — 7il),
=1
> g =il + lgh — 73l + la5 — 7| + Igh — 7i]))
=1
=v(Q, R).
Now,
v(R,Q) = (Il = gil + |ry — ¢ + Iy — g4| + I — ),
i—1
> (Irh = ail + 1 — @bl + 1§ — a5l + Irh — di])
=1

0 =)+ (=g (g — )+ (8 — g
<; +|(ry — ) + (5 — g5)| + [(rh — t4) + (th — ¢4
ry— ) A (8 —gi)| + [(ry —th) + (th — g5)]

; Ts_t§)+(t§_(]§)|+|(ri—tz) + (th — q4)] )
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<(” [ri =il + [t = gil + [y — ] + |t — g
N\ = B 1 - gl s — ] 1 gl

n

Iﬁ—m+M—%HW@4M+%—%I>
o \ s — ]+ [t — gi] + |rl — ]+ [t — g

=( D00 = 1]+ Ik — 5] + s — ]+ I — D),
=1

Sl = B+ I — 3] + I — 8] + Ik — 84]))
=1

n

+ (D208 = gl + 165 — gl + 185 — g + 1t — i),
=1

S8~ ail + 1t — gl + 1t — abl + It — di)
i=1
=u(R,T)+v(T,Q),
where T' = (ty,t2,t3,t4) € Q3 ;. Hence, (Q_,v) is a generalized metric space.
Completeness of 2} | can be easily proved. Now, define partial order on Q! | as

for all (r1,72,73,74), (q1, q2, 43, q4) € 2y,

(r1,72,73,74) 2 (q1,92, 43, Q1) <= 11 =@, T2 X, T3 = q3 and 74 < qu,

hence, (Q} |, v, <) is a POCGMS. Let £ : Q! | — Q! | be a mapping defined

as for all p € Q} |, Fp=1{=10; such that for each j, §; = >_"" | e;;p;. Since,

n

S0 =3 ey =S e S ) =S ) = 1.
j=1 =1 j=1

j=1 i=1 j=1

this implies that £ € Q} | i.e mapping is defined. Now, we have to show that f

satisfy the contraction condition, for this, let §; be the i** row of §. Then, for all

(7’1,7"2,7’377”4)7 ((11;(]2,6137614) S Qifu we get

U<F(r17 2,73, 764)7 F(qh 42,43, Q4))
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=<Z (1D (el + 1 +ri+ 1)) — eis(al + @ + & + aD)]),

i=1  j=1
S (3 (el v ) el + v+ )
i=1  j=1

_(Zn: |30 e —m){( + ) +ri+7r) — (d + @+ & +ab)}
G (] + ) — (d i+ g+ D)
z”: 1> e —m){(r +ry+ri+r) — (d +d + & +ab)} )
i +m{(rl +r+r+r) — (@ + @+ g+ )}

s(Z e =il (| S {7+ rd) — (] + dd + g+ @)}
=1

Y 1) md(r + ) — (d @+ g+ @),
=1 j=1

> ey =) (| S0 (0] 4 rd ) — (a4 ad 4 a)+ )
=1

+Z|2Wi{(ri+7’%+ré+ri)—(q{+q%+q§+q31)}|>
=1 j=1

Do 2y (I =@l + |y — @l + |3 — g3l + i — qil) x ley; — il
Doic 2y (I =@l + 1y — @l + 3 — @l + [y — @l x leij — )

IA

Sl =l + 1) = @l + I — &1+ ] — i)
>t = all + s — @ + |3 — @l + [ri — qil)

=(I —m)

=Tv((r1,72,73,74), (q1, G2, G3, Ga))-

Where (I —7) = T € ZM, hence all conditions of corollary 3.2.7 are fulfilled.
Then, there exists a unique quadruple fixed point of mapping F or in other words a
unique stationary distribution of Markov process. Moreover, the sequence {F "p'}

converges to a unique stationary distribution for any p' € Q,_;. Il



Chapter 4

Quadruple Fixed Point Results
for GbMS under Matrices

In 1983, the idea of b-metric space was introduced by Bakhtin [23] and generalized
by Czerwik [24] in 1993. An extension of BCP on spaces endowed with vector-
valued metric was presented by Perov in 1964, called generalized metric spaces.
Later on, in 2010, Filip [30] established fixed pint result in generalized metric
spaces. Hammad et al. [34] worked on the theory of QFp of mappings in the frame
me GMS.

In this chapter, we inroduced the definition of generalized b-metric spaces alonwith
vector-valued b-metric spaces and extended the results from [34] for quadruple
fixed point of mappings in the setting of GbMS. Eventually, our theoretical results
are demonstrated by few examples and an application on the existence of unique

stationary distribution of Markov process.

4.1 Few Results in GbMS

This section covers some definitions extended on the structure of GbMS along with

supportive examples.

43
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Definition 4.1.1.
A mapping vy, : N2 — R¥ where (R # () is called a vector-valued b-metric on R, if

for some b > 1, the conditions bellow are satisfied, that is, for any ry, 7,73 € N,

(Np1) vp(r1,72) = 0,04(r1,72) = 0 = 11 =19,

(Np2) vp(ry1,79) = p(re,r1),

(Np3) vp(r1,72) <X b{up(ry,73) + vp(rs, m2) }.

If a,c € R, where a = (ay,as,-+ ,a;) and ¢ = (¢, ¢, -+ , ), then a < ¢ if and
only if a; < ¢; for 1 < i < k. Then, the pair (X, v) is called a generalized b-metric

space (GbMS). Moreover, if b = 1 then the pair (X, v;,) becomes generalized metric

space.

Example 4.1.2.
Let N be a non-empty set and dy,, dp,, dp,, - -, dp, be the b-metrics on N for some
bi,ba, b, -+, by, > 1 respectively. Let v, : X x X — R¥ be a mapping defined as for

all r1,T9 € N,

vp(r1,72) = (dp, (1, 72), by (71, 72), - -+, d, (71, 72)),

then (N, vy) is a generalized b-metric space with b = max{by, by, b3, - -+ , b }. Since,

for all rq, 19,73 € N:

(Np1) dp,(r1,72) =0 (1 <i<k) = wp(ry,r2) =0, and

vp(1r1,m2) =0 & dp,(r1,72) =0 (for each i) < 1y =1y,
(N2)

Ub(Tb 7“2)

= (dbl(TbTQ)adbz(Tl’TZ)? T ,dbk(ﬁ,?"z))

= (dbl(rzaTl),de(Mﬂ“l)? T ,dbk(m,ﬁ))

= Ub(7’2,7“1)>
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(N3)
vp(r1,73) = (doy (r1,73), doy (11, 73), - -+ dp, (71, 73))
= (bu{dp, (r1,72) + da, (72, 73) }, ba{da, (r1,72) + dpy (72, 73) }, -
be{dp, (r1,72) + dp, (72, 7“3)})
< (b{dz71 (r1,7m9) + dp, (1o, m3) }, b{dp, (1, 72) + dpy (7o, 73) }, -+ -,
b{dp, (r1,72) + dp, (72,73)})
= b{(dp, (r1,72), b, (11, 72), -+, dpy. (r1,72)) + (doy (12, 73), dpy (r2,73)
Lo ,dbk(Tz,T3))}
= b{vp(r1,m2) + vp(re,r3) }
Remark 6:

(e) For GbMS, the notions of convergent sequences, Cauchy sequences, com-
pleteness, open subsets, closed subsets and continuous mappings are similar

to those for GMS.

(e) Definitions of compatibility, reciprocally continuous and weakly reciprocally
continuous over two mappings can be extended in the frame of b-metric space
in similar fashion as defined in the previous chapter. Forthcoming examples

are in support of this theory.

Example 4.1.3.
Let X = [0, 1] be a b-metric space under distance function vy(ry,72) = |r; — raf?,
with b = 2, and “<” be the partial order on N. Let S : R* — N and s: X — N be

two mappings defined as

172 + 7374

1 and  s(ry) = ry.

5(7“177"2,7”3,7"4)2

Consider the sequences {r}}, {r5}, {r§} and {r}} defined by

1
P= — gl " and M=—, YneN
nS
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Then, (X, vy,) is a partially ordered b-metric space. Some simple calculations leads

us to the following results

lim Uygsa = lim s(r]) =0, lim Uy = lim s(ry) =0,
n—-4o00 n—-+00 n—-+o0o n—-+o0o

lim Usyo = lim s(ry) =0, lim Uy = lim s(ry) =0,
n—-+00 n—+o0o n—-+o0o n—-+o0o

for some r1 = ry =1r3 =14 =0 € N. Also above defined sequences, functions and
metric satisfy the conditions of compatibility, reciprocal continuity and weakly
reciprocal continuity. Hence, both mappings S and s are compatible, reciprocally

continuous and weakly reciprocally continuous.

Example 4.1.4.

Let X = [0, 1] be a b-metric space with metric defined as vy(ry,72) = |r1 —12/?, and

& N = Nand s: N — XN be the mappings defined as

1 rirarsry
En(ry, T, T3, 74) = yri % and s(ry) = ry.

Define four sequences {ri}, {r5}, {r§} and {r}} in N as,

n n 1 1

n n n n
"n=—-———-, 7Ty = —F/F7—, I'g = and r) = VneN.
e Y/ R fond
Then, some simple steps drives us to the result
lim U1234 = lim 8(7“?+1) =T = O, lim U2341 = lim S(T’;H—l) = T9 = 0,
n—+oo n—+oo n—+o00 n—+o00
lim U3412 = lim 8(T§L+1> =73 = 0, lim U4123 = lim S(TZ—H) =Ty = 0,
n—+oo n—+oo n—+o0o n—+o00

for some r{ =ry =r3 =1, =0 € N. Also

lim s(U1\234) = s(ry) =0, lim s(U2\341) = s(ry) =0,

n—-+oo n—-+oo
nl_iglOOS(Us\uz) = 8(73) =0, nl_lfiloo 8(U4£123) = 3(7“4) =0,

and

lim Ub(S(U1\234)7€n(‘/1\234)) =0, lim Ub(S(U2\341)a€n(‘/2\341)) =0,

n—-4o00 n—-4o0o
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lim vb(S(U3\412);£n(Vé\412)> =0, lim Ub(S(U4\123)a€n(‘/;1\123)) =0.

n—-+o0o n—-+oo

Hence, compatibility and weakly reciprocal continuity of {&, },en and s are proved.

4.2 Main Results

This section deals with contraction condition (B), QFp theorems, corollaries and

supportive examples.

Definition 4.2.1.

Let &, : Xt — N and s : R — R be the mappings, then {&};ew and s are said to
satisfy the (B) condition if there exist b > 1 such that

b(Ub(gi(Tl, 9,73, 7”4), gj(tly tQ, tg, t4>))
< Iup(s(r1), &(r1, 72,73, 74)) + Up(8(t1), & (t1, ta, t3, ta))] (4.1)

+ Tlup(s(r1), s(t))];

for some rq, 79, r3, 14, t1, to, 3, t4, € X provided that s(r;) < s(t;) for 1 <i <4 or

s(ry) = s(t;) for 1 <i <4, 1 #T = (T;) and I # YT = (Y;;) € ZM satisfy the
condition (I'+ T)(I — T')~! € ZM, where 8 = §.

Example 4.2.2.
Let X = [0, 1] be a b-metric space equipped with metric

vp(r1,m2) = |11 — 12)?

Withb:2andﬁ:%.

(1) Let T = (é 0) and T= (0 é) be two matrices in ZM. Then, it is easy to

1 1
05 50

compute that (I'+ T)(I — AT)~! € ZM.

2) Let ' =al,and T = ((1 —7)® —a)l € ZM such that a = %, 1 1 Lland
( g 4 57
v = af3. Then we get that (I'+Y)(/ — gI')~! € ZM.
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(3) For T'=1(11) and T = 5(11) in ZM, some simple steps concludes that
(T +7)(I — A7) € ZM

Lemma 4.2.3.

Let (X, vy, <) be a partially ordered complete generalized b-metric space (POCGbMS),
& Nt — Nand s: XN — XN be the mappings such that {&}icw have MsMP and
&(NY) C s(N). If &, and s have MQTp, then

1. 3 sequences {r7}, {3}, {r5} and {r}} € X such that

n—1 n71>
)

S(T?) = én—l(r?ilﬂrgilvr?)i y T4 Lt nil)?

S(TS) = én—l(rgilvrgi Ty 5T

3(7{’}) = 57171(70:?717r2717T?71>7’72171>7 and 5(7{11) = fnfl(ﬁjil?r?il?7“;7177";71)'

2. {s(r})}, {s(r})} are non-decreasing sequences and {s(r3)}, {s(r})} are non-

increasing sequences.

Proof of the above stated Lemma can be extracted in same manner from the proof
of the Lemma 3.2.4.

Now, the core part of this section is stated bellow.

Theorem 4.2.4.

In addition to the conditions of Lemma 4.2.3, suppose that {&},ew and s are
monotonically decreasing and satisfy (B) condition, moreover both mappings are
compatible and weakly reciprocally continuous provided that s is continuous. If
s(N) C N is complete and regular then, there exists a quadruple coincidence point

(QCp) of {&}iew and s, for any O AT, T € ZM.

Proof. Let {r7}, {r5}, {r}} and {r}} be the sequences in N constructed by Lemma
4.2.3, then from (4.1) it follows that (note that 3 = 1):

op(8(r), (r7 ™) = op(Eua (rF = sy ), (Y s )
= BF[Ub(S(T?_I), gn—l(r?_17 7,721—1’ rg_lv TZ_I))
+op(s(r), &a(rl, 15, 75, )] + BLup(s(r7 1), s(r))

= B+ T)uy(s(r7 ™), s(r])) + BU(wp(s(r]), s(r1™))).
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This leads us to the result that

up(s(ry), s(ri™)) = BT+ T)(I = BT)tup(s(r ), s(r])), (4.2)
similar operations yields,

vp(s(r3), 5(r5 1)) X B+ T)(I = BT) tun(s(r5 ™), s(r3)),
vp(s(r5), s(ry™)) 2 B+ ) — BT) up(s(r5 ™), s(r5)),

(4.3)

and

vp(s(ri), s(ri™)) 2 BT+ 1) = L) uy(s(ri ™), s(r)). (4.4)

Addition of (4.2)-(4.4) implies,

An = wp(s(r]), s(r1 1) +vp(s(r5), s(r5 ™)) + vp(s(ry), s(r5 ™)) +wp(s(rf), s(ri™))
=BT+ T = B0) up(s(ry ), (7)) + on(s(ry ), s(r5) + ve(s(r5 ™), 5(r5))
+up(s(ry "), ()]

=B+ 1) = L)) Aaor.

Take S(I' + Y)(I — BT)~' =Y, then for n € N, we get
O< A SY X YN < S YT

By way of triangular inequality, for m > 0, we have,

up(s(r1), s(ri ™)) + up(s(ry), s(r3 ™)) + vp(s(ry), s(ry™)) + ve(s(rl), s(ri™))

=0y (s(ry), (1)) + (s (), s(r3 ™)) + up(s(r5), s(r3 ™)) + v(s(rf), s(ri™))]
+ D [up(s (1), s(r172)) + up(s(r5), s(r572)) + un(s(r5 ™), s(r572)) + up(s(rf ™),
sy A+ - 0 [ (s(rE ), s(r1T) o (s(r ), s(ry )
+up(s(ry ™), (™)) u(s(r T, s(rf )]

= b\ + 02N+ D" N

< (BY" + DY p Y

:bY”(I+by+...+bm—1ym—1+...)/\O
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=bY"(I — bY)*l)\o.
Which drives us to the result that
vp(s(r7), s(rP™™)) + wp(s(ry), s(ry™™)) + wp(s(ry), s(ry ™)) + vp(s(r), s(ry™))

< B[A(T + )1 — BT) Y"1 — (BT + T)(I — L)1) 71N,

= (T 00— BT — (4 ) = 6T,

Take lim on both sides implies,
n—oo

lim [vy(s(ry), s(ri™™)) + vp(s(ry), s(ry™)) + v (s(r5), s(r5™))

n—-+00
+up(s(ry), s(ry™™))] = 0,
= lim u(s(r]),s(rPt™) = lim wv(s(ry), s(ri™™))
n—+00 n—+00
= tim_o(s(15). 5057) = T i (s(0%). 55 7)) = 0

This implies that {s(r])}, {s(r3)}, {s(r})} and {s(r})} are Cauchy sequences in

N. As s(R) is complete, so 3 (1}, 75,75, r;) € R* such that,

. n _ k _ . n . « o

n1—1>r—i1-1008(rl) o S(rl) =Ty nl_lg_‘I_loos(rZ) = 5(7'2) =Tq,
1 ny __ *\ . ny o

nl_l)r}_looS(TS) _ 5(7”3) =T3, n1—1>r-ir-1008(r4) = 5(7”4) =Ty.

which results in

: +1\ _ 1;
L ST = B Gl i)
: +1\ 15
nl_l)Iiloo 8(7"5 ) = n1—1>I-&I-loo é-n (T;L, TQ? TZLJ T?)7
: +1 ;
M 5057 = L 65 r), - and
lim S(T’Z+1) = lim gn(T’Z,’F?,T’gL,T;).
n—-+00 n—+00

Since { }iew and s are weakly reciprocally continuous and compatible, then we

have

im0 (s(r7), s(r8), (%), 5(7) = s().
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lim &,(s(r3), s(r3), s(ri), s(r7)) = s(r2),

i £, (s(), 5(9), 5(9), 5(r3)) = s(rs),  and
i £ (s(), 5(D), 5(5), 5(5) = s(ra).

Since {s(r])}, {s(r%)} are non-decreasing sequences and {s(r})}, {s(r})} are non-
increasing sequences, then from the regularity of N, for all n > 0, we can obtain

s(ry) < ry, re X s(rh), s(ry) < rs, r4 < s(r}). Then from (4.1) we get

up(&i(r1, 2,73, 74), Eu(S(r1), s(r3), 8(r3), (7))
= 6F[Ub(3(711)7 fi(rla T2,73, T4)) + Ub(S(S(T?))> én(r?7 7“3, Tg: TZ))]

+ BT (us(s(r1), s(s(r7)))),
Now by applying lim , it is concluded as
n—oo
vp(&i(r1, 2,73, 74), (1)) = BLop(s(r1), &i(r1, 72,73, 74)),

which holds only if

vp(&i(r1,7r9,73,74),8(r1)) =0 or  &(ry,re,r3,re) = s(r1).
Similar operation generates that &;(re,rs, ry, 1) = s(re), &(r3,r4,71,72) = 8(13)
and & (ry,71,79,73) = $(1ry). Hence, (ry,r2,73,74) is @ QCp of {& }iew and 5. [
Next result is extended from Theorem 4.2.4 with the addition of s = I being

identity map.

Corollary 4.2.5.

Let (R, vy, <) is a POCGbMS, {&}iew : ®* — R be the mixed-monotone mappings
such that {&}iew and 17 : X — N satisfy (B) condition and 74(R) is regular. If &,
and 1% have MQTp, then 3 (ry, s, 73,74) € R* such that for each i € W,

&i(r1,ra,m3,m0) =11, &(T2,73,74,71) = T,

&i(rs,ra,r1,m2) =15 and  &(ry,m1,7r2,73) = T4
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By excluding some of the conditions from Corollary 4.2.5, taking I as a zero matrix
and expanding the distance v(ry,t;) from Definition 2.3.7 in the framework of

GbMS, we concludes with an exciting outcome.

Corollary 4.2.6.
Let (N, vy, <) be a POCGbMS and F : R* — X be a mixed monotone mapping. If
F has a MQTp and satisfy the condition

bup(F (r1,72,73,74), F (t1,t2,t5.t4)) = Y(vp((r1, 72, 73, 74), (t1, t2, t3,t4))),
then F has a QFp in N.

Next result is on the existence of unique common QFp of mappings.

Theorem 4.2.7.
Let {&}iew : R — N and s : X — XN be the mappings on a POCGbMS (R, vy, <)
such that {&}ew and s satisfy (B) condition and have QCps with quadruple

comparable (w.r.t) s. Then, {¢}iew and s have a unique common QFp.

Proof. From Theorem 4.2.4, we obtain that the set of QCps is non-empty. Now,
by proving that (ry,re,r3,74) and (¢, ts, t3,t4) are QCps, that is, if

= fi(T1,T2,7”377“4), S(TQ) = fi(TQ,T377“4,7’1)7
— é-i(r37/r47 T17T2)7 and S(T4) - £i<r47/rla T27T3)7

tl = 61(151,152,153, t4>7 8(t2) = fi(t27t3>t47t1)7
(

ta tatr,t2),  and  s(ts) = &i(ta, th, b2, t),
then, s(r1) = s(t1), s(rz) = s(ta), s(r3) = s(t3), s(ry) = s(ts). Since QCps are

also QC, then from (4.1) we get that,

vp(s(r1), 5(t1)) = vo(&(r1, 72,73, 74), &5 (E1, b2, T3, 14))
= BUwp(s(r1), &ilre, ma, 73,74)) + vn(s(t1), §(F, ta, b, 1))
+ BT [wp(s(r1), 5(t1))]
= wp(s(r1),s(t1)) = BY[we(s(r1), s(tr))]-
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Since, I # T € ZM, then wvy(s(r1),s(t1)) = 0, or s(r1) = s(t1). Similar op-
erations generates that s(ro) = s(t2), s(rs) = s(t3) and s(ry) = s(t4). Hence
s(r1) = s(rq) = s(r3) = s(ry) = s(t1) = s(ts) = s(t3) = s(ty), which shows that
(s(r1), s(r2), s(rs), s(ry)) is a unique QCp of {& }iew and s. Since, { }iew and
s are weakly compatible and coincident points of two compatible mappings are

commutable, thus it proves that (ry,re, r3,74) is a unique common QFp of {&; }iew

and s. O]

Example 4.2.8.

Let X = [0, 1] be a generalized b-metric space under metric function defined as

|7"1—7“2|2
Ub(Tl,Tz): )
11— 72

with b=2 and g = % Let

1 0o L
= |2 . and T = ) 64

be two matrices in ZM. Clearly (R, v;, <) is a POCGbMS. Let & : X* — XN and

s : N — N be the mappings defined as

r
51'(7"177’2,7"377’4) = 4—1 and 5(7’1) =4r
respectively, then
T t_l.]Q
i J
,Ub(gi(rlaTQ;r37T4)a§j(t17t2at37t4)) - j j 9
-
RN G N
B\ -+ & -3)P
S 1 (4r = ) + (F —4t) + (= t)]?
16\ 4y — ) (B —dn) 4 (= 1))
r t112
jl( |4r1_4_12 . |4t1—4—1i >
4 ‘47‘1-%2 ’4151—3—122
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1 ’47’1 —4t1|2
128 |4T1 — 4t1|2

0
(vp(s(r1), &(r1,72,73,74))

[\]
O NI

2

+ vp(s(t1), (11, 2, 3, 4)))
+ = 1)y (s(r), s(t))

or

buy(§i(r1, 72,73, 74), &5(t1, T2, E3,14))
< Tup(s(r1), & (1, 72,73, 74) )+
vp(s(t1), & (t1, 12, 13, 14) )]
+ Yuy(s(r1), s(t1)),
that is, (B) condition is satisfied. All the conditions of Theorem 4.2.4 are fulfilled,
and (0,0,0,0) is a QCp of {&; }iew and s, also it is unique quadruple common fixed

point of same mappings according to Theorem 4.2.7.

4.3 Application

Suppose that R} = {ry = (r{,r7,r},- -+ 7)1 >,4 > 1} and

Qiq ={p=(r1,re,r3,14) € RY x R} x R} x RY
n

dYopi= (ri il =1},
i=1 i=1
represent a 4(n — 1) dimensional probability simplex and p € QI | is the as a
probability of each possible state. The Markov process is the process which deals
with the modeling of randomly changing process over time. For the probability

event, consider the following conditions.
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(1): Suppose that for each £ = 1,2, 3, .. there exits a scalar k; = é, where b > b*

for each 7 with the condition that at least one of the “b; = b*”.

(2): Let k;e;; be the probability matrix with the condition that Y . | ke; = 1

and for all e;; > 0,>°"  e;; = 1.

(3): Let p* be a column vector, then to obtain matrix form consider the mapping

/41

ot = F p', where p’ is the prior probability vector and p‘** is the posterior

probability vector.
(4): m; = min;e; forall ¢ and 7 =30 | 7.

(5): k = B* such that k = max{r; : 1 <7 < n} for all possible periods.

Now, finding the stationary distribution for Markov process is equivalent to find-
ing the fixed point of the mapping F that is there exists some p € Q3 | such that
Fpt = p', whenever p'™! = p’ and p’ is called stationary distribution of Markov
process.

Main theorem of this section is given bellow.

Theorem 4.3.1.

By the hypothesis 0 < x; <1, e;; > 0, there exists a unique stationary distribution

for the Markov process.

Proof. Let vy : Q2 | x Q! | — R? be a mapping defined as

Ub<R7 Q) = Ub(<7n17 2,73, 704)7 (Q17 q2, 43, CI4))

n

= (D (Ir = @i’ + Iry — & + 15 — a5 + 175 — ai?),
i=1

Yot = @il + Iy = sl + 175 — g + I — i),
=1

where, R = (7“1,7“2,7”3,7“4) and Q = (CI1,CI2,CI37€I4) belongs to Qifr

Since, vy(R, Q) = (0,0) for all R and Q in Q} ;. Also, if vy(R, Q) = (0,0), then
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this implies

n

(D (ri =il +Iry — a* + Irs — a5 + |ri — aif*),
i=1
D (5 =g+ Iy — gl + 15 — g + Irk — i) = (0,0),
i=1

or
=@ + Iy — @ + |y — g3 + |ri — ¢i]* = 0
|2

z‘|2:

= ry — ¢ ? =

= |ri —q Irk —gi|* = |ri — ¢i* =0,

Yields R = Q.
Conversely, let R = @, then

Y T AR Y SR S A
L =41, "o =4y, T3 =(3, Ty = 4y,

=i —glP = — @) =Irs— gl =|ri—¢l* =0.
Hence,
(St — gt 41— b 1 — b+ I — i),
=1
Sk — i b — g I — g+ I — i) = (0,0)
=1
or u(R,Q)=(0,0).
Moreover,
(B @) = (3 — i+ 1 — bl I — a4+ I — ).
=1
Sk — a4 I — P I — g I — b))
=1
= (g = P g — i 1 — A 4 I — i),
=1
Sk — A7 4 Igh — 3 1 — £ 4 1 — rd?)
=1

= Ub(Q) )
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Now,

n

1%&@%{2}%—%?|&—%F|%—%Fld—w%
7—1

Z(‘ﬁ — @+ |y — @ + |y — g5 + [y — aif?)
i=1

:<" (= 83+ (8 — )+ 1 — ) + (8 — gb)
S\ 10— )+ (8 — g)IP + | — £) + (£ — g ?
2:(< ) (8 — g+ | — )+ (£ — g )
=\l = ) (8 — )P + | — ) + (8 — g))?
(r—ﬁ2+ﬂ—%2+% B2+ |t — gif?
517 4 [ty — g3 + rh — 4> + |ty — ¢4

:HM

‘7" tz|2+ ’tl _Q1|2+ ’7“2 |2+ |tl —QQ|2

7

T\ s — 7+ [t — 7+ |k — P+ |t — g

3

=2{( ) (Iri =12 +|ry — 64> + |ry — 657 + |rf — 4]

=1

M:

(I = 6% + |y — t5° + |ry — t5° + |y — £4))
=1

+ (D (It — aiP +1th — @3 + It — g5 + [th — &I,
=1

\E

(It — al” + 1t — & + 1ty — s + 1th — ail*)) }

i=1

=2{vy(R,T) + (T, Q)}

where T' = (t1,ta,t3,t4) € Q1 _|. Hence, (22 _, vp) is a generalized b-metric space

with b = 2. Completeness of Q! | can be easily proved. Moreover, define a partial

order on Q} | as for all (ry,72,73,74), (q1, G2, q3,q1) € Q*_4,

(11,72, 73,74) = (q1,G2,G3,q1) <= T1 7= q1, T2 = G2, T3 = q3, and 74 =< qq.

Hence, (2} |, vy, %) is a POCGbMS.

Let [ : Q) ; — Q} | be a mapping define as for all p € Q) _,, F p=J; such that
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for each j, 6; = > | Kiei;p;. Since,
D 0= megp; =) niey Y (1] +ri+ri+r])
=1 =1 i=1 i—1 =1
=Y (Tl +r+ri+r) =1,
j=1

this implies that §; € Q}_, i.e mapping is defined. Now, we have to show that /-

satisfy the contraction condition, for this, let §; be the i row of §. Then, for all

(7’1,7"2,7’3,7"4), (CILC]QaQS»qu) € Q;lz—lﬂ we get

p(F (r1,72,73,74), F (q1, G2, G35 44))

:(Z (1> (miesi(r] + 1 + 5+ 1)) — mieii(dl + @ + G+ @) ).

=1 =1
STOY (wieq(r] + 15+ +10) — wiey (a] + @+ 6 + @) |2))
=1 j=1

=<Z (|Z(/’vi€ij —wm){(rl + )+ +7) — (d +d+ 4+ dh)}

i=1 j=1
Fr{(r 44l <q{+qg+qg+qz>}|2),

3 (| S iy — sl + i r ) — (a4 )
i=1 N j=1

+r{(rl+ri i) —(d+d+d+ QZ)}I2>)

ﬁ2(<2(%% — w2 Y A+ i+ rh ) = (d + @+ &+ )P

i=1 j=1

n n
IS md ) — D),
1

i=1 =

(Zm@j B Y (L e S Wy S S 1
i=1 j=1

Y Y w4+ — (q{+QQ+Q§+QX)}|2)>

i=1 j=1

o [ i i (I =@l + g — @+ Iy — @ 4 |rh — ail?) x (e — )2,
i g (I = adlP + g — @ + 1y — @* + ) — @il x (e — m)?)

<8k
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it (Sial = ekl 1= g+ - )
S = dlP + 1 — B+ 1 — B+ Irh - alf?)

=BT vp((11,72,73,74), (01, G2, 43, q4) ) -
Where (I — m)> = T € ZM, hence all conditions of corollary 4.2.6 are fulfilled.
Then, there exists a unique quadruple fixed point of mapping F or in other words a
unique stationary distribution of Markov process. Moreover, the sequence {F "p'}

converges to a unique stationary distribution for any p' € Q,_;. Il

Remark 7:

e The contraction condition (B) is the generalization of contraction condition
(O) presented in [34]. In other words for b = 1, contraction (O) becomes a

spacial case of (B).

e In case of b = 1, results constructed in [34] turns into a special case of

extended ideas obtained in the research study.



Chapter 5

Conclusion and Future Works

5.1

Conclusion

A detailed review of work by Hammad et al. [34] based on study of co-
incedence points and quadruple fixed point in generalized metric spaces is

presented.

In our research work, we extended the notions of generalized metric spaces
in coordination with b-metric spaces and introduced the idea of generalized

b-metric spaces.

Notion of compatible mappings and contraction condition is modified in the

setting of GbMS. Examples are also illustrated in this regard.

Working in the direction presented in [34], results for QFp of mappings are
generalized under the umbrella of GbMS.

Subsequently, an example and an application for unique stationary distribu-
tion of Markov process is attached for the validation of obtained theoretical

consequences.

60
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5.2 Future Works

In future, one can have a different approach in order to find the quadruple fixed

point of mapping.

An attempt can be done by changing the space e.g by working in the setting

of “extended b-metric spaces or double controlled metric spaces”.

e Working with different contraction conditions using more properties of con-

traction mappings.

e An extension can be made in the articulated theory by extending the notion

of quadruple fixed point of mappings.

e Obtained results can be squeezed in the context of couple and triple fixed

points.
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