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Abstract

The idea of H,-type Suzuki multivalued contraction mapping on weak partial
metric spaces is given by Aydi et al. The inspiration behind this idea came from
the paper of Beg and Pathak. They introduced almost Hausdroff metric space
and generalized Nadler’s fixed point theorem for multivalued mappings on weak
partial metric spaces. Kanwal et al. presented the concept of weak partial b-metric
spaces and the generalization of Nadler’s theorem in the setting of weak partial
Hausdorff b-metric spaces. This dissertation is the inspiration from both papers.
A fixed point theorem using a Suzuki-type multivalued contraction in the context
of weak partial b-metric spaces is discussed. To validate the result an example is

provided.
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Chapter 1

Introduction

1.1 Background

Functional analysis is originated in the early years of twentieth century. In func-
tional analysis, vector spaces and the operators on vector spaces are focused.
Functional analysis is a fusion of abstract linear algebra, modern geometry and
topology. Now a days functional analysis is very vide subject addressing much
of modern analysis. This field deals with the development of vector space and
the other abstract spaces. In the dawn of twentieth century, functional analysis
has made its own direction through integral equation. Although it was started
in solving the differential equations, but it has wide applications to solve many
non-linear problems in mathematics.

One of the most important branch of functional analysis is fixed point theory. It
is a combination of topology, geometry and analysis. Fixed point theorem has
applications in game theory, economics, variational inequalities and many other
scientific fields. The concept of fixed point theory was given by Poincare [1] in
1886. Later on, in 1912 Brouwer [2]| has provided the solution of equation Fu = p
by proving his fixed point theorem. Brouwer also provided the proofs of fixed point
theorem for the n-dimensional counter parts of sphere and square. Afterwards,

Kakutani [3] extended these results. He proved the existence of fixed point in
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Euclidean n-space for a convex compact set.

In 1922 one of the most rudimentary and valuable result was given by Stephen
Banach [4], which is known as Banach Contraction principle. BCP is a very crucial
result because it does not only provides the way to find fixed point, but also it
gives information about the uniqueness of fixed point. Banach proved his result
by stating that a complete metric space U always has a unique fixed point for each

self map F' which satisfies

“d(Fu, Fv) < ad(u,v) for all u,v €U and «a€0,1).”

BCP plays a vital role in solving non-linear problems. The solution of integral and
differential equations can be find by using the technique of BCP.

In fixed point theory, the results are being generalized by using BCP in the fol-
lowing two directions.

1. On a mapping the contraction condition is transmuted.

2. On a mapping the under lying space is transmuted.

Edelstein [5] generalized BCP by considering compact space and taking the con-
stant a = 1. Later, another contractive condition was introduced by Rakotch
[6], in which a monotone decreasing function «(t) is considered and the constant
number « is replaced by this function. Presic [7], Kannan [8], Meir et. al [9]
worked on BCP by altering the contraction condition. Fomin [10] and Gupta [11]
introduced a rational expression and extended Banach contraction principle, later
on this result was extended by Dolhare [12].

Nadler [13] has given a new direction for the research in fixed point theory. He
changed the underlying space into a space which contains the bounded and closed
subsets of a set (M, d). He generalized Banach contraction principle by changing
the single valued contraction mapping to multivalued contraction mapping. This
result opened a new door for many researchers who used this new contraction to
extend many fixed point results see for example [14], [15], [16]. Later on many
authors generated a big revenue in the discipline of fixed point theory by changing
the underlying space such as metric like spaces [17], pseudo-metric spaces [18],

Partial metric spaces [19], quasi b-metric space [20], [21].
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In 1989 Bakhtin [22] presented a new space which is the generalization of metric
space and is known as b-metric space. Later on Czerwick [23] used the idea of
b-metric space and proved some more results that generalize Banach contraction
principle. Afterwards a lot of work has been done in b-matric spaces on multival-
ued as well as on single valued functions such as [24], [25], [26].

Matthews [27] presented the idea of partial metric space in 1992. Which is an-
other generalization of metric space. Matthews used this new space as underlying
space to generalize Banach contraction principle and provided an accurate rela-
tionship between the two spaces that is partial metric spaces and quasi-metric
spaces [28]. Thereafter, in 1995, O’Neill [29] extended the work of Metthews and
introduced the relation between topological aspects of domain theory and partial
metric spaces. He amended Metthews’s range from non-negative real numbers to
the whole real line and this partial metric space was called dualistic partial metric
space. Furthermore Oltra et. al [30] put forward Banach contraction principle by
considering dualistic partial metric spaces with completeness property.

A lot of work is still being done by mathematicians by considering different con-
traction conditions on partial metric spaces for instance [31], [32], [33]. In 1999
a generalized notion of partial metric was introduced by Heckmann [34], which
is named as weak partial metric space. Heckmann amended the contribution of
O’Neill using the range of Matthews, that is nonnegative real numbers.

In [35] Aydi et al. introduced weak partial metric spaces endowed with a Suzuki-
type multivalued contraction. Weak partial metric space is the generalization of
partial metric space. In this dissertation the work of Aydi et al. has been extended
from weak partial metric space to weak partial b-metric space by considering same
contraction mapping. The result has been elaborated with an example.
Organization of the rest of dissertation is given as:

e Chapter 2:

This chapter is divided into six sections. The first three sections provides the
crucial information about metric spaces, b-metric spaces and Partial metric spaces
respectively. Some important fixed point theorems are also provided without the

proof. Fourth section is about the different Mappings on metric space. Fifth
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section gives information about fixed point and related ideas. In the last section
multivalued mappings are discussed.

e Chapter 3:

This chapter is a complete review of the work presented by Aydi et al. [35]. This
chapter provides detailed proof for fixed point result on weak partial metric spaces.
e Chapter 4:

In this chapter the result reviewed in chapter 3 has been extended from weak
partial metric space to weak partial b-metric space. The result of Kanwal et al.
[36] on weak partial b-metric space is used and is being applied by considering a

Suzuki-type multivalued contraction . This result is verified with an example.



Chapter 2

Literature Review

In this chapter we have discussed some basic definitions, lemmas, theorem and
important results from literature. These definitions, lemmas and theorems corre-
sponds to our main result. First section consists of definition of metric space and
its examples. Second section is about b-metric space, examples of b-metric space
and some fixed point results in it. Third section corresponds to partial metric
space and its examples. In fourth and fifth sections fixed point and multivalued

mappings have been discussed.

2.1 Metric Space

This section includes some important results about metric spaces.

Definition 2.1. (Metric Space) [37]
“A metric space is a pair (X,d), where X is a set and d is a metric on X (or
distance function on X)), that is , a function defined on X x X such that for all

x,y,z € X we have:

(d1) d is real-valued, finite and nonnegative;

(d2) d(z,y) =0 if and only if z = y;
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(d3) d(z,y) = d(y,x); symmetric property
(d4) d(x,y) < d(z,z)+d(z,y); Triangular inequality
The pair (X, d) is called metric space on X.”

In triangular inequality the word triangle is used due to the property of triangle,

which is shown in the Figure 2.1

X d(x, z) z

FIGUure 2.1: Triangular inequality in plane.

The structure of metric space is a generalization of the real line. The properties
are defined in such a way so that this structure become analogous to real line. In

real line the distance between two points is defined as

|z —y].

The metric which is defined in above manner is called the usual metric. Some

nontrivial examples of metric spaces are given below.

Example 2.1.1. [37]
Let S be the set consisting of all defined and continuous real-valued functions
S1, S2, ..., which are functions of an independent real variable u on a given closed

interval I = [a,b]. A mapping d : [a,b] X [a,b] — R by

d(s1,s2) = max | s1(u) — s2(u) |,
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is called metric on a space which is denoted by Cla, b].

Since every point of C|a, b] is a function, so it is also called a function space.

Example 2.1.2. Sequence space [*° [37]
Let X be the set of all complex numbers which are bounded sequences, that is

every element of X is a sequence which is bounded, that is

£ =(#1,,2,....) briefly &= (2)

such that

| zj |[<e, for all j=12..

where ¢, is a real number which may depend on x, but is independent of j.

Define the metric on X as,

d(&1,&2) = sup | Zj —Yj |
ieN

where & = (y;) € X and N = {1,2, ...}, and sup stands for supremum (least upper
bound). This space is denoted by [*°.

[*° is a sequence space because each element of X is a sequence.

Definition 2.1.1. (Open and Closed Ball in Metric Space) [37]
“Let X = (X, d) be a metric space. A point zo € X and a real number r > 0, we
define open ball as

B(zg;r) ={z € X | d(z,x0) <1},

and closed ball can be defined as
B(zo;r) ={z € X | d(x,xo) <r}.”

Definition 2.1.2. (Open Set) [37]
“A subset M of a metric space X is said to be open if it contains a ball about

each of its point which is contained in M.”

Definition 2.1.3. (Closed Set) [37]
“ A subset K of X is said to be closed if its complement (in X) is open, that is,
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K¢=X — K is open.”

Definition 2.1.4. (Bounded Set) [38]
“A set G C Y is bounded in (Y,d) if there exist y € Y and M > 0 such that
G C By(y, M).”

Definition 2.1.5. (Convergence of a sequence) [39]
“A sequence (p,) in a metric space X is said to converge if there is a point p € X
with following property:

for every € > 0 there is an integer N such that n > N implies that

d(pn,p) < €.

This can also be written as
lim d(py,p) =0,
n—oo
or
n—oo
We say that (p,) converges to p or has the limit p. If (p,) is not convergent, it is

said to be divergent.”

Example 2.1.3. [39]
e Let M =R, with metric d defined as

d(9517372) :| Ty — T2 |,

then z,, = (—) is convergent sequence. Since
n

1
lim d (—,0) =0,
n—oo n

1
that is — — 0.
n

e Let M =R, with metric d defined as

d(zy,29) =| 1 — 22 |,
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2

then z,, = n” is a divergent sequence.

Definition 2.1.6. (Cauchy Sequence) [37]
“A sequence {z,} in a metric space X is said to be Cauchy, if for every ¢ > 0

there exist a positive integer NV such that,
d(xpm,x,) < € for every m,n > N.”

Theorem 2.1.1. [37]

ver ver u 1 ri 1 u u .
“Every convergent sequence in metric space is a Cauchy sequence

Proof.

Let (X, d) be a metric space and z,, be a sequence in X.

Let x,, — x, then for every ¢ > 0, there exist a number N € N such that
d(zp,z) < e for all n>N.

{z,,} is a Cauchy sequence, by choosing m,n € N with m > n, we have

d(zpm, ) < g, and d(x,,x) <

NN NG

Now consider,

d(xpm, xn) < d(Tpm,z) + d(xy,2)  for all m,n >N
cELE_
272 ¢

= d(zy,x,) <€ for all m,n>N

Hence {z,} is a Cauchy sequence.” O

Remark 2.1.1. [37]

“If X =R, then every Cauchy sequence is convergent but this is not the case in
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general.

Cauchy criterion says that a sequence of real or complex numbers converges on R
or in C if and only if it is a Cauchy sequence. This is the situation for R and C.
But in more general spaces there can be Cauchy sequence which do not converge.
In such situation there is lack of the property which is so important so that it
deserves a name, called completeness. This consideration leads to the following

definition, which was first given by M. Frechet (1906).”

Definition 2.1.7. (Complete metric space) [37]
“A metric space (X, d) is said to be complete, if every Cauchy sequence in X has

a limit point in X.”

Example 2.1.4.

1. Every finite dimensional metric space is complete.
2. The space of continuous functions Cfa, b] is a complete metric space.

3. Closed subset of a complete metric space is complete.

2.2 b-Metric Space

The concept of metric space was generalized by Bakhtin [22] and thereafter Cz-
erwick [23] used this idea and has given the concept of b-metric space. It the
generalizes the metric space. The contraction mapping principle in b-metric space

was proved by Czerwick that generalized the Banach contraction principle [40].

Definition 2.2.1. (b-Metric Space) [41]
“Let X # ¢ be a set and k € R such that £ > 1. Consider a functiond : U xU —
[0,00). The pair (X,d) is called b-metric space if the following conditions are

satisfied for all z,y,2 € X

(bl) d(z,y) =0 if and only if x = y,
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(b2) d(z,y) = d(y, z),
(b3) d(z,y) < k(d(z,2) +d(z,y)).”

Example 2.2.1. [42]
Let S =10,2] and d : S x S — [0, 00) be defined by

.

(s — )% s,t €10,1],
)1
d(s,t) = ‘?_t_Q ) s, t €[1,2],
|s—t], otherwise.
\

It can easily seen that d is a b-metric on S with k& = 2.

Example 2.2.2. [43]
Let

EP(R):{(un)CR:i|un|p<oo}, 0<p<l1

n=1

together with a functional
d:P(R) x P(R) — R,

defined by

d(u,v) = (Z [t — vn\l’)%

where v = u, and v = v, are sequences in f’(R), one can easily verify that

(P(R),d) is a b-metric space with coefficient k = 25 > 1.

Definition 2.2.2. (b-Cauchy Sequence)[44]

“Let (X,d) be a b-metric space. Then a sequence (z,) in X is called Cauchy
sequence if and only if for all € > 0 there exist n(e) € N such that for each
m,n > n(e) we have

7

d(Tp, Tp) < €.

Definition 2.2.3. (b-Convergent Sequence) [14]
“Let (X,d) be a b-metric space. Then a sequence (z,) in X is called convergent

sequence if and only if there exist x € X such that for all € > 0 there exist n(e) € N
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such that for all n > n(e) we have

d(xp,, x) <€,

2

in this case we write lim,,_,o T, = .

Definition 2.2.4. (Complete b-metric Space) [14]
“A b-metric space is said to be complete if every Cauchy sequence is convergent

in it.”

2.3 Partial Metric Space

The concept of partial metric was given by Matthews [27] in 1992. The inspiration
behind the concept of partial metric space comes from the decipline of computer
science. The computer scientists were curious that how an infinite sequence can be
computed. They divided an infinite sequence into finite parts and observed that
there were many sequences that have non-zero self distances. In this way each
finite sequence is actually the partially computed version of an infinite sequence
which is totally computed. Partial metric space is the generalization of metric

space [45].

Definition 2.3.1. (Partial metric space) [35]
“A partial metric on a nonempty set X is a function p : X x X — RT (nonnegative

reals) such that for all z,y,2z € X:

(pl) z =y & p(z,z) =p(z,y) = 5(y,y),
(p2) p(z,z) < p(=,y),
(p3) p(z,y) = ply, ),

(p4) p(z,2) < plx,y) +py, 2) — s(y,y)

The pair (X, p) is called a partial metric space.”
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Note 2.3.1.
Partial metric space is the generalization of metric space. In PMS the condition
d(xz,x) = 0 is replaced by d(x,z) < d(z,y). That is in PMS self distances are

non-zero while in metric spaces self distances are zero.

Example 2.3.1. [46]
Let W be the collection of all closed interval [a,b] in R, where a < b. Let

p: W xW —=R"
be the mapping defined
p([(l, b]a [07 d]) = max{b, d} - min{aa C}'

Then (W, p) is a partial metric space.

Definition 2.3.2. (Cauchy Sequence) [45]
“A sequence x = (x,,) of points in a partial metric space (X, p) is Cauchy if there

exists an a > 0 such that for each € > 0, there exists k& such that for all n,m > k,

’ p(l'n,.iﬂm) —a ‘< €.

In other words, z is Cauchy if p(z,, ) converges to some a as n and m approach
infinity, that is, if

lim p(z,, z,) = a.
n,Mm—00

Definition 2.3.3. (Convergent Sequence) [45]
“A sequence x = (z,) of points in a partial metric space (X, p) converges to y in
X if

lim p(z,,y) = T}Lrgop(xn, T,) = p(y,y).

n—oo

Thus if a sequence converges to a point then the self-distances converge to the

self-distance of that point.”

Definition 2.3.4. (Completeness) [45]

“A partial metric space (X, p) is said to be complete if every Cauchy sequence
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converges.”

2.4 Mappings on Metric Space

Definition 2.4.1. (Continuous mapping) [37]
“Let T' : X — Y be a mapping between two metric spaces, T is said to be

continuous if for every x,, C X, we have
Ty = 29 € X = T(x,) = T(x0)

Alternatively we can say that, a mapping T : X — Y of a metric space (X,d;)
into a metric space (Y, dz) is continuous at a point ag € X if for every € > 0, there

exists a 0 > 0, such that
d(Ta,,Tay) <€ whenever d(a,,aq) <d.”

Definition 2.4.2. (Lipschitzian mapping) [47]
“Let (X, d) be a metric space. A mapping F': X — X is said to be Lipschitzian

if there exist a constant o > 0 such that
d(F(z), F(y)) < ad(x,y)

for all z,y € X.The smallest number k for which above inequality is true is called

Lipschitzian constant.”

Example 2.4.1.
Let X be the set of all column vectors in R?, and let (X, d) metric space, where d

is defined as

d(z,y) = /(21 — 1) + (22 — ).
Consider a mapping F' : X — X defined by F(u) = Au, where u € X.

€ X2
A= LU= and v =

0 2 U1 Y2
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2 0 T
F(u) =
0 2 U1
21’1
21
=9 1
n
=2u

d(Fu, Fv) = d(2u, 2v)

= \/(2951 —2y1)% — (29 — 2y5)?

= 2d(u,v)

Hence, F'is a Lipschitzian mapping.

Definition 2.4.3. (Contraction) [47]
“Let (X, d) be a metric space. A mappping F': X — X is said to be contraction
if there exists a constant k € [0,1) such that for all z,y € X

d(F(x), F(y)) < kd(z,y)

where k is called contraction constant.”

Example 2.4.2.
Let (M, d) be the usual metric space, where M = [0, 1]. Define G : M — M by

G(z) = s with (¢ > 1)
then,
A(G(1), Cla)) = d(——, —
) v2)) = c—i—xl’c—l—@
1 1

:| c+x _C+I2 l
(c+x2) — (c+ 1)

(c+z1)(c+ x2)
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_| To — X1 |

- (c+ z1)(c+ z2)

| | !

=T —x

P et a) (e + ) |

1

< J—

|71 =22 | (c+0)(ct0)]

1

T2 | 21— 22 |
1
= kd(x1, z3), where k= —
c

= d(G<$1>, G(xg)) < kd(l’l, ZL’Q)

Definition 2.4.4. (Contractive mapping) [47]
“Let (X, d) be a metric space and G be a self map, G is called contractive mapping

if, for all z,y € X
AG(),Gy) < dw,y),  where @£y
Example 2.4.3.

Let (M, d) be the usual metric space, where M =R. And G : M — M by

1
G(v) =— where v>1
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= d(G(Vl), G(VQ)) < d(Vl, ]/2)

2.5 Fixed Point and Related Ideas

The initiation of fixed point theory belongs to Poincare who has given its concept
in nineteenth century. Later on it was used by L. Brouwer who has given his
classical result of fixed point theory that is known as “Brouwer’s Fixed Point
Theorem” in 1912. A fixed point for a function 7' can be defined as an element
taken from the domain of a function and is mapped to itself by the function.
Furthermore, let S and T be the two nonempty subsets of a metric space (M, d)
and

F:S—T

be a mapping. For a fixed to be exist it is mandatory that

F(S)N S+ ¢.

If above result does not hold, then d(u, Tu) # 0 that is

d(u,Tu) >0

for each t € S.

Definition 2.5.1. (Fixed Point) [48]
“Let T be a self mapping on a set X. An element u in X is said to be a fixed
point of mapping 7T if,

Tu = u,

The set of all points fixed points of T is denoted by Fix(T).”

Geometrically, let y = f(z) be the real valued function then fixed points are the
point of intersection of y = f(z) and y = x, if the straight line does not intersect
the curve then there is no fixed point. The intersection can be seen in the following

diagram,
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lp====- A
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FIGURE 2.2: One Fixed Point.

FIGURE 2.3: No Fixed Point.

FIGURE 2.4: Infinite Fixed Point.

In 1922, a Polish mathematician Stefan Banach [4] has given a valuable result
to fixed point theory, which is later on known as Banach Contraction Principle
(BCP). It has wide applications in nonlinear problems of integral and differential
equations to check the existence of solution. In computational mathematics it is

used to find the proof of convergence of algorithms.

Theorem 2.5.1. [37]
“Consider a metric space X = (X, d), where X # ¢. Suppose that X is complete

and T : X — X be a contraction on X. Then T has precisely one fixed point.”
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2.6 Multivalued Mapping

Multivalued mapping has a very important role in pure and applied mathematics
because of a wide range of applications in real analysis, complex analysis and in
optimal control problems [16]. Multivalued function has the same behavior as
that of a function. But there could be more than one association of an element of

domain X in codomain Y.

Definition 2.6.1. (Multivalued Mapping) [15]
“Let X and Y be the two nonempty sets. T is said to be multivalued mapping from
X to 2Y if T is a relation of X to the power set of Y. We denote the multi-valued
map by

T:X —2".

That is T' is multivalued mapping if and only if for each x € X, Tz C Y. Unless

otherwise stated we always assume T'x is non-empty set for each z € X.”

Example 2.6.1.

Let S ={l,m,n,0} and T' = {1,1.3,2,2.3, ........... ,10}. Define a mapping
F:S =2t

F'is called multivalued or set valued mapping by

F(l) ={1,2,2.3,3} F(m) = {1.3,3,4.3,5.3},
F(n) = {4,5,6} F(o) = {7.3,8,9.3,10},

then F' is called a multivalued map.

Remark 2.6.1.
We can see in the above example that F': S — F(T) is not a function, as in set

T there are multiple images of one element of set S.

Example 2.6.2.
Let X = (—o0,1] and define a mapping 7' : X — 2% by,
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Tr=1++vV1—2x

is a multivalued mapping which can be seen in the following graph.

FiGurE 2.5: Multivalued map.

Definition 2.6.2. (Hausdroff Metric Space) [49]
“Let (X, d) be a metric space and C'B(X) denotes the collection of all nonempty
closed and bounded subsets of X. For A, B € CB(X), define

H(A, B) = max {Sup d(a, B), sup d(b, A)} ,

a€A beB

where d(z, A) = inf{d(z,a) : a € A} is the distance of a point to the set A. It is
known that H is a metric on CB(X), called the Hausdorff metric induced by the

metric d.”

Example 2.6.3.
Let G =1{1,2,3,....,8}, consider two subsets of G as S = {1,4}, T' = {5, 8}.

H(S,T) = max {Sup d(s,T), supd(t, S)} (2.1)

seSs teT
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Now, to find H(S,T) we proceed as follows

supd(s,T) = sup{4, 1}

ses s€S
= supd(s,T) =4 (2.2)
ses
Also,
supd(t,S) = sup{l,4} (2.3)
teT teT

= supd(t,S) =4

teT

From (1.2) and (1.3) using values in (1.1), we have

H(S,T) = max{4,4}

H(S,T) =4

Nadler extended the Banach fixed point theorem for a contraction from a complete
metric space into the space of all nonempty closed and bounded subsets of X. He
has given the concept of multivalued contractive mappings and proved Banach

fixed point theorem for multivalued mappings in complete metric space [50].

Theorem 2.6.1. (Nadler’s Theorem) [50]

“Let (X,d) be a complete metric space and 7' : X — CB(X) be such that
H(Tz,Ty) < kod(z,y), for all z,y € X, and some ky € [0,1], where C'B(z)
denotes the family of all nonempty closed and bounded subsets of X. Then Fiz(T')

is nonempty, that is, there exist x € X such that z € T'x.”



Chapter 3

A Fixed Point Result using a

Suzuki-type Multivalued
Contraction on WPMS

This chapter is the review of the paper of Aydi et al. [35] which addresses a Suzuki-
type multivalued contraction on weak partial metric spaces and its applications
based on the research work of Beg and Pathak [51]. Beg and Pathak introduced
almost partial Hausdroff metric and generalized Nadler’s fixed point theorem for

multivalued mappings on weak partial metric spaces.

3.1 Basic Definitions

Heckmann introduced the concept of WPMS in 1999. He gave this concept by
dropping the nonzero small self distance, which is first axiom of partial metric

space [34].

Definition 3.1.1. (Weak Partial Metric Space) [35]
Let M # ¢ be a set and W : M x M — R™ be a function, then for all g1, 02, 03 €
M,

22
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(W1) W(o1,01) = W(o01, 02) if and only if 9 = o;

(W2) W(er,01) < W(o1, 02);

(W3) W(o1, 02) = W(e2, 01);

(W4) W(o1, 02) < W(o1, 03) + W(es, 02),

then W is called weak partial metric on M. The pair (M, W) is called a weak

partial metric space.

Example 3.1.1. [51]

Consider the set Rt of all non-negative real numbers. Define a mapping
W:RT xRt — R

by

1
W(o1,02) = Z|Ql — 09| + max{p1, 02} for 01,00 € RT,

then (R*,)V) is a weak partial metric space.

We can show that R* is a weak partial metric space as follows;
(W1) :

Let W(o1,01) = W(o1, 02)

1
maxqy01, 015 = |01 — 02 maxy 01, 02
= max{e1, o1} = Jle1 — 0l + max{or, 02}

Case 1: If max{pi, 02} = 01, then

1
01 = Z|Q1 — 0|+ 01

= 01 = 02

Case 2: If max{p;, 02} = 02, then

1
01 = Z‘Ql — 02| + 02
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1
01 — 02 = Zl@l - Q2|

= 4(0p1 — 02) = |01 — 02]-

Which is contradiction, so g; = s.

Conversely let

01 = 02,

consider

1

W(o1, 02) = Z‘Ql — 02| + max{p1, 02}
1

= Z|Ql — 01| + max{o1, 01}

= max{o1, 01}

=01

= W(o1, 01)
= W(o1, 02) = W(o1, 01)

(W2) :

1

W(o1, 91) = Z|Ql - Q1| + maX{Qb Q1}
= 01
1

< —|o1 — 02| + max{o1, 02}

= W(Qh QQ)

= W(o1,01) < W(o1, 02)

(W3) : To prove (W3) we proceed as follows

1
W(o1, 02) = Zl@l — 02| + max{p1, 02}

1
= 1|92 - 91| + max{@m 91}
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= W(02, 01)
= W(01, 02) = W(02, 01)

1
W(o1,02) = Z|91 — 09| + max{p1, 02}
1
= Z|Q1 — 03 + 03 — 02| + max{p1, 02}
1 1
< Z|Q1 — 03 | +7 | 03 — 02| + max{pi, 02}
1 1
< 4_1|'Ql — 03 | +Z | 02 — 03] + max{p1, 02}
+ max{ 0y, 03} + max{o1, 03}

= W(01, 03) + W(p2, 03)

= W(01,02) < W(01,03) + W(02, 03)

Since all the conditions are satisfied, so (R*, W) is a weak partial metric

space.

Remark 3.1.1.

One can easily observe that

(i) EW(o1,02) = 0, then (W1) and (W2) imply that g; = 0o , but the converse
may not need to be true since self distance is non-zero in weak partial metric

space.

(ii) First property of partial metric space refers to first property of weak partial
metric space that is first property is same for both of partial metric space

and weak partial metric space. But the converse may need to be true.

(iii) Also fourth property of partial metric space refers to fourth property of weak

partial metric space. But the converse not need to be true.

Remark 3.1.2.
Every weak partial metric W on M produces a Hausdroff topology 7,, on M. The
family of open w-balls {B,, (1, €) : p € M,e > 0} gives rise to the base of this
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topology.

Furthermore the open w-ball can be defined as

By(p,e) ={ve M :W(u,v) < W(u,pn) + e} forall pe M and e>0.

In order to define a metric on M, for W to be a weak partial metric space on M,

define a function W*: M x M — [0, 00) by

W (,0) = Wit ) — 5 W)+ Wi, )]

Definition 3.1.2. (Convergent Sequence) [52]
Let (M, W) be a weak partial metric spaces. A sequence {u,} in (M, W) will

converge to a point u € M, with respect to 7, if

W(u,u) = lim W(u,uy,).

n—o0

Definition 3.1.3. (Cauchy Sequence)
Let {u,} € M be a sequence in a weak partial metric space (M, W). {u,} will

be a Cauchy sequence if lim,, 00 W(tUp, up,) exists and is finite.

Definition 3.1.4. (Completeness)
Let (M, W) be a weak partial metric space. It is will be complete if every Cauchy

sequence {u,} in M converges to a point u € M with respect to topology 7.

3.2 Fixed Point Results on Weak Partial Metric
Spaces

In this section we have discussed some fixed point results on weak partial metric

space with respect to the metric defined in weak partial metric spaces.

Lemma 3.2.1. [35]
Let (M, W) be a weak partial metric space, and {u,} be a sequence in M,
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(a) then the sequence {u,} is Cauchy sequence in (M, W) if and only if this

sequence is Cauchy in the metric space (M, W?),

(b) the weak partial metric space (M, W) is complete if and only if the metric

space (M, W?) is complete and vice versa,

(c) a sequence {u,} converge to a point u € M if and only if,

Hm W(up, tp) = lim W(u,, u) = W(u,u).

n,m—00 n—o0

Definition 3.2.1. (Distance between two sets)
Let (M, W) be a weak partial metric space and C'B¥(M) consists of the family
of all bounded and closed subsets of M. One can define the distance between two

sets as

(9, T) = sup{W(s,T) : s € A}, (3.1)

where

W(s, T) = inf{W(s,t),t € T}

is the distance between a set and a point.

It is worth mentioning that if W(s,T') = 0, then we have

We(s, T) = inf{W?*(s,t),t € T'}.

Proposition 3.2.2. [51]
Let (M, W) be a weak partial metric space, and let S be a nonempty set in
(M, W), then s € S if and only if

W(s, S) =W(s,s),

where S is the closure of S with respect to weak partial metric space W. If S is

closed then S = S.

Proof.
Let y € S and s € S then for each ¢ > 0
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Bu(s,e) NS #0 forall e>0
W(s,y) <e+W(s,s) forall ¢>0 and some y € S
W(s,y) —=W(s,s) <e

& inf{W(s,y) — W(s,s) :y € S} =0

< inf{W(s,y) 1y € S} —W(s,s) =0

< inf{W(s,y) 1y € S} =W(s, s)

< W(s, S) =W(s,s)

In upcoming discussion the concept of weak partial metric space on the family
of bounded and closed subset of M is discussed. The mapping v, : CB*(M) X
CB"“(M) — [0,00) is defined in equation (3.1).

Proposition 3.2.3. [51]
Let (M, W) be weak partial metric space, then for all S,T,U € CB"Y(M)
(i) Yu(S,S) = sup{W(s,s) : s € 5},
(i) ¢uw(S,5) < ¢u(S,T),
(iii) ¥ (S, T) = 0 implies S C T,

(iv) ©u(S,T) < ¢u(S,U) + 1w (U,T).

Proof.

(i) Let S € CBY(M), then for all s € S, we have W(s, S) = W(s,s) as S = S.
Therefore 1,,(S, S) = sup{W(s,S) : s € S} = sup{W(s,s) : s € S}

(ii) Let s € S,

since,
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W(s,s) <W(s,t) forall teT,

therefore we have,

W(s,s) SW(s,T) < ¢u(5,T).

From (i) it is clear that,

(S, 8) = sup{W(s,s) : s € S} < (S, T),

S0,

U (9,9) < (S, T).

(iii) Let v, (S,T) =0,
consequently,

W(s, T) =0 forall seS,

from (i) and (ii) we have,

W(s,s) < 1,(S, T)=0 forall se€S8.

That is,
W(s,s) =0 forall s,

so we have,

W(s, T) =W(s,s) forall seS8.

Now, using remark (3.1) we have,

se€T =T whenever s¢&S,

hence,

(iv) Let s€ S;t € T and u € U.
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Since,
W(s,t) < W(s,u) +W(u,t),
so we have,
W(s, T) < W(s,u) +W(u,T),
as,
W(s,t) < (S, T),
S0,

W(s, T) < W(s,u) + 1, (U, T).

As wu is an arbitrary element of U,
therefore,

W(s,T) < W(s,U) + ¢u(U, T),

furthermore, s is also an arbitrary element, so we have

(S, T) < ¢u(S,U) +¢u(U,T).

Definition 3.2.2.
Let (M, W) be a weak partial metric space. For S,T € CB“(M), define a
mapping H,, : CBY(M) x CB*(M) — [0,00) by

Hu(8,T) = S {6ul(S,T) + (T, 5)),

is called H,, - type Pompeiu-Hausdorff metric space induced by W.

Proposition 3.2.4. [51]
Let (M, W) be a weak partial metric space. Then, for all S,T,U € CB*(M), we
have

(1) Hu(S,S) < Hy(S,T);

(2) Hy(S,T)= H,(T,S);
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(3) Hu(S,T) < Hy(S,U) + Hy(U,T).

Definition 3.2.3. (Multivalued Contraction)
Let (M, W) be a weak partial metric space and F : M — CBY(M) be a

multi-valued mapping. This mapping is said to be H,, - contraction if

(i) there exists k in (0, 1) such that

Hy(Fx\{z}, Fy\{y}) < k(z,y) forevery z,ye M,

(ii) for all x in M, y in Fz, and € > 0, there exist z in Fy such that

Wy, z) < H,(Fy, Fz) + €.

3.3 Fixed Point Result on WPMS

The following fixed point theorem is taken from Beg and Pathak [51]. Aydi et al.
[35] generalized this result on Suzuki-type multivalued contraction on weak partial

metric spaces.

Theorem 3.3.1.
Let (M,W) be a complete weak partial metric space, let 7 : M — CB*(M)
be a H,,—type multivalued contraction mapping. This mapping has a fixed point

with Lipschitz constant k < 1.

To achieve the task of generalization of Theorem (4.1) on H,, - type Suzuki multi-
valued contraction on weak partial metric spaces the following mapping is required,

which is defined as ¢ : [0,1) — (0, 1] is given by

¢(r) = 1 2 (32)
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Theorem 3.3.2.

Let (M, W) be a complete weak partial metric space, and let T : M — CB*(M)
be a multivalued mapping. Consider ¢ : [0,1) — (0, 1] as a nonincreasing function
which is defined as in (3.2).

Further assume that for o € [0, 1), T satisfies the following

ClaW(uy, Tuy) < W(ug,ug) = Hy(Tuy \ {ur}, Tus \ {us}) < aW(uq,uz) (3.3)

for all uy,us € M. Suppose also that, for all u; in M, and uy in T'uq, and g > 1,

there exist us in T'uy such that

W(Ug, U3) S BHU,(TUQ, TUg), (34)

then there is a fixed point of T

Proof.
Let ag € (0,1) be such that 0 < a < ay < 1 and vy € M.
Since T'vg is nonempty, it is clear that if vy € T'vg, then there is nothing to prove,
as T has a fixed point.
Let vy & T'vp.
Then there exists v; € T'vg, such that vy # vy.
Further for v; & Tvy, there exist v € T'vy, such that vy # v;.
As
0<a<a <1,

SO
1

Jar

> 1,

now using the condition assumed in (3.4), that is

1
H,(Tvg, Tvy), (3.5)

W(vy,v9) < w
(v1,v2) Tar

since,

C(rW(vy, Tvy) < W(vy, Tvy) and W(vy, Tvr) < W(vq,09),
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SO0,

C(rW(vy, Tvr) < W(vp, Tvr) < W(vy,09),
= C(T)W(Ul,Tvl) S W(Ul, 'UQ),

now from equation (3.3) it follows that,

Hy(Tug \ {vo}, Tvr \ {v1}) < aW(vy,v9),

and from equation (3.4),

1

<
W(Ul,’l}g) < \/a_l

Hy,(Tvo, Tv1),

ultimately,

1

(651

aW(vg,v1) < /oy W(vg, v1).

W(v1,05) < H, (T, Tvy) < Hy(Two \ {vo}, Tor \ {v1})

(VAN

5

Furthermore,

—_

W(UQ, Ug) S Hw(Tvl, TUQ) <

1
\/ O /0
1
aW(v1,v2) < y/ar W(vy, vs)

Hy(Tor \ {oi}, Tog \ {va2})

<
Vv 1

< Vg [yar W(vg, v1)]
= W(v,v3) < (Var)2 W(vg, 1),

continuing in this way n times,

—_

W(Una Un-l—l) S Hw (Tvn—lu Tvn)

Hoy(Tvr—1 \ {vn-1}, Tvp \ {vn})

A
-3
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IN

Hoy(Tvr—1 \ {vn-1}, Tvp \ {vn})

IN

-a-W(Un—bUn) S \/a_l'w(vn—lavn)

IA

[(v/a1)" " W(vg, v1)]
.W(Uo, U1>

Vaq)" W(vg, v). (3.6)

IA

B
=

= W(Una UnJrl) S

Hence,

lim W(vy,, vpy1) =0 (3.7)

n—oo

Now it is to be proved that {v,} is a Cauchy sequence in (M, W?). For allm € N,

where m > n,

1
WS(”na /Uner) = W(Un7 Uner) - é[w(vna vn) + W(Un+m7 anrm)]

IN

Una Uner)

IN

(
(Un, Un-l—l) + W(Un+17 Un+m)
(

Un Un—i—l) + W(Un+17 Un+2)

IA
§§§§

(Un+2 ) Uner)

IN +

=

(Uns V1) + W(0ni1, Unsa)

W(Uni2,Unas) + oo + W(Untm—1, Unim)
(V)™ + (va)"™) + (van)"™) + ..

+ (va)" )W (o, v1)

< [(Va)" + (Van)"™) + (Va)"™) + ...

+ (va)" ™) + (V)" ) + LW (o, 1)

< (V)"

N+

1
11— \/O[_IW(UO’Ul).

lim W?(vy, Upim) = 0. (3.8)

n—0o0
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Hence it is clear that {v,} is a Cauchy sequence in (M, W?*). So there exists a
p € M such that

lim W(v,,p) = lim W(v,, v,) = W(p,p). (3.9)

n—0o0 n,m—oo

The second property of weak partial metric space gives

W(Una Un) S W<Un7 Un—i—l) and W(Un+17 Un+1> < W(Unu Un—l—l)

1
= i[w(vna Un) + W(Un-i-la Un-l—l)] < W(Um Un+1>- (3'10)
lim W(v,, v,) = im W(vp41, Vpy1) = Hm W(v,, vp41) =0, (from (3.7))
n—oo n—oo n—oo
(3.11)
since,
1
Hm W? (U, U ) = Hm W(v,, Upym) — = lim W(0,, vn) + W(Vn1ms Unam)]-
n—o00 n—o0 2 n—oo
But from (3.8)
lim W* (v, Upym) = 0,
n—oo
using values from (3.11),
= lim W*(vp, Vpym) = 0= lim W(v,, Vpym)- (3.12)
n—o0 n—oo
Hence,
lim W(vp, Vpim) = 0= lim W(v,,p) = lim W(p, p). (3.13)
n—oo n—oo n—oo
Now, it is to be proved that
W(p, Tuy) < 2aW(p,uy) for all uy € M\ {p} (3.14)

lim W(v,,p) =0,

n—oo

therefore, there exists NV € N such that
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1
W(vp,p) < §W(u1,p) for all n > N. (3.15)

Now, from the assumption

C(aOW (v, Tv,) < W(vy, Tuy)

(Um Un+1)

IA
S = =

IN

(Un, p) + W<p7 Un+1)

IA
Wl =

1
W(p,u1) + gW(Pa u)

1

(u1,p) — gW(Uhm

ui,p) —W(p,v,)  (from (3.15))

IN

IN

W(p,uy) Py Un) + W(v,,up)  (by triangular inequality)

IA
§§§§§§

= W(p,u1) — W(p, v,)

IN

Un)

17Un)

£

(
(
(P, vn) + W(ur, vn)
(w1
= C(@)W(vp, Tvy) < Wlu
= Hy(Tv, Tuy) < aW(vn, us). (3.16)
Since,

Ho(T, Tur) = & {thu(Tvn, Tur) + thu(Tr, T}

= 2H,,(Tv,, Tuy) = Yo (T, Tuy) + oy, (Tuy, Ty,)

= 2Hw(TUna TUI) Z ¢w(Tvn7 Tu1)7 (317)

Since v,+1 € Tv,, now using the definition of distance between two sets and the

distance between a set and a point,

W(vni1, Tur) < (T, Tuy)
W(vni1, Tuq) < 2H (T, Tuy) (from (3.17))
W(nt1, Tuy) < 2aW(vp,up)  (from (3.16))

( )

W (Uns1, Tur) < 20{W(v,,p) + W(p,u1)}
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= lm W(vny1, Tur) < 20W(p, uq).

n—o0

Consider,
W(p, Tur) < W(p, vpt1) + W(vns1, Tur)
W(p, Tuy) < le W(vpy1, Tuq) (3.18)
and also,
W(Un+17 Tul) S W(Un—i-la Un) + W(Un7p) + W(p7 Tul)
= lim W(vpq1, Tur) < W(p, Tuy) (3.19)

= lim W(vpq1,Tur) = W(p,Tuy)  (from (3.18) and (3.19))
n—oo

= W(p, Tuy) < 2aW(p,uy)  for all uy € M\ {p}. (3.20)

Now claim that,

Hy(Tuy, Tp) < aW(p,uy) for all uy € W.

Above statement clearly hold for u; = p.

Assume that u; # p, then for every m € N, there will be a z,, € Tu; such that
1

Now consider,

W(Ul, Tul) S W(ul, Zm)
< W(Ul, ) + W(pa Zm)

< W(u1,p) + W(p, Tu) + W(ul, p) (from (3.21)) (3.22)

1
W(uy, Tur) < W(uy,p) + 2aW(p,uq) + mW(u1 p) (from (3.20) and (3.22))

—{1+2a—|— ] W(uq,p).
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1
[1—1—2@—1-—}
m

The above inequality implies that

=

W(ur, Tur) < W(p,u).

Hy(Tuy, Tp) < aW(p,uy) for allu, € W. (3.23)

Now the existence of fixed point will be shown.

Consider

W(p,Tp) = lim W(vn1, Tp)

< lim ¥, (Tv,, Tp)

n—oo

<2 lim H,(Tv,,Tp)

n—oo

< 2« lim W(v,,p) = 0.

n—oo

From above calculation it is clear that W(p, Tp) = 0 = W(p, Tp).

Since T'p is closed, p € Tp = T'p. O

Example 3.3.1. [35]
1
Let M = {O, 2 1}. The weak partial metric space W : M x M — [0, 00) can be

11 1 1 1 1
defined as W(0,0) O’W(2’2) 3,W( 1) 4,W(O,2) W(Z’O)

1 1 1 3
= = 1) = 1,- ) =- 1,0) = 1)=1.
W (5:1) =w(15) = ma w0 =wo
It can easily be seen that (M, W) is weak partial metric space but is not a partial
metric space.

Since
1 1 11 3 1 1
W(l,O)—17§W<§,1)+W(§,o)—W(E,é)_Z+§_§_o,9

1
Let T : M — CB"(M) be the mapping defined by 7(0) = T (5) = 0 and

1
T(1) = {0, 5} By choosing o = 0.5, the definition of { gives ((r) = 1.



A Fized Point Result using a Suzuki-type Multivalued Contraction on WPMS 39

First, the contraction condition of the theorem is to be proved that is,
C(a)W(uy, Tuy) < Wl(ug,ug) = Hyp(Tuqg \ {ur}, Tuz \ {us}) < aW(uy, us)

To prove above condition the following cases are to be considered.
Case 1.
Choose = = 0,

C()W(0,7(0)) = W(0,0)
=
<W(0,up)  forall uy € M
= C(a)W(0,T(0)) < W(0,us).

Now, for us =0

Hy(T(0)\ {0}, T(0) \ {0}) = Hu(¢, 0)
—0
< aW(0,0)
= H,(T(0) \ {0},7(0) \ {0}) < a(0,0).

1
For us = 2 we proceed as follows,

H, (T(O) \ {0}, T <%) \ {%}) = Hu(¢,{0})

For us =1,
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=0
< aw(0,1)
= H,(T(0) \ {0}, T(1) \ {1}) < aWW(0,1).

b
2
N
DO | —
~
VR
N | —
N~
~~
I
DO | = §

VRS
DO | =
o

~~_

for all wuy € /\/l\ {%}

IN IN I
Nl = o)
S S5
N————

=
7 NN
<
N———

Now for uy = 0, the relation becomes

m (1 ()5 100 0) = 0.0
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Atu1:1

WL, T(1)) = W (1, %)
3
T4
< W(1,us) for all u, € M\{1}
= C(a)W(1,T(1)) < W(1,uz).

For us = 0, the calculation is given as

HA(T\(1, TOMOD) = H ({05} 0)
=0
< aW(1,0)
H,(TO\{1LTO)\{0}) < aW(1,0).

1
If ug = 2 then the relation becomes

It is clear from above cases that contraction condition is satisfied. Now, the second

condition given in equation (3.4) is to be inquired that is,
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W(’LLQ, Us) S /BHw(TUQ, TUg),
it will be checked by choosing g = 2 and by discussing following situations for u;

and wuy given below

1
(i) fuy =0o0ru = 3 then uy € 7(0).
1
Since T'(0) = T(ﬁ) = {0}

This implies that us = 0, then there exists us € T'(ug) such that

0= W(UQ, U3) S BHw(TUQ, TU3)

(ii) If uy = 1, then uy € T'(1).
1
= Ug € T(l) = {0,5},

ifu2:0:>u3:0andifu2:§,againu3:0,so

! i -2 (7 (1)) -}

The function 7" has a fixed point v = 0, since all the conditions of the

theorem are satisfied.



Chapter 4

Weak Partial -metric Space
endowed with a Suzuki-type

Multivalued Contraction

In 2019, Kanwal et al. [36] presented the concept of weak partial b-metric space.
In this article the authors proved a fixed point result, which is the extension of
Nadler’s theorem. Aydi et al. [35] proved a fixed point result on weak partial
metric space endowed with Suzuki type multivalued contraction. This chapter

provides a fixed point result which is merging the idea of both.

4.1 Some Important Tools for WPbMS

This section is dedicated to some important results and definition, which are nec-

essary for the proof of upcoming fixed point result.

Definition 4.1.1. (Weak Partial b-metric Space) [36]
Let M be a nonempty set, k > 1 and W, : M x M — R* be a function, then for

all o1, 02,03 € M,

(W1) Wy(01,01) = Wi(o1, 02) if and only if o1 = 09;
43
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(W2) Wb(@h Q1) < Wb(Ql, 92);
(W3) Wi(o1, 02) = Wy(02, 01);
(W4) Wy(o1, 02) < k{Ws(01, 03) + Ws(03, 02)}-

Then W, is called weak partial b-metric on M. The pair (M, W) is called a weak

partial b-metric space.

It is worth to mention here that one can easily define a b-metric space on M by

using weak partial b-metric space. For this purpose, define a function
Wy Mx M —0,00)

by
Wi, 0) = Wilte ) = 5 Wi ) + Walws )],

then (W7, M) is a b-metric space.

Lemma 4.1.1. [306]

Let (M, W,) be a weak partial b-metric space, and {u, } be a sequence in M then,

(a) the sequence {u,} is Cauchy sequence in (M, W}) if and only if this sequence
is Cauchy in the b-metric space (M, W),

(b) the weak partial b-metric space (M, W,) is complete if the b-metric space

(M, W) is complete and vice versa,

(c) asequence {u,} in (M, W) converge to a point u € M if and only if,

Hm W, (tp, ) = lm Wy(up, u) = Why(u, u).

n,m—00 n—oo

Definition 4.1.2. [36]
Let (M, W,) be a weak partial b-metric space and C'B*(M) consists of the family
of all nonempty, bounded and closed subsets of M. One can define the distance

between two sets as
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(S, T) = sup{W,(s,T) : s € S}, (4.1)

where

We(s,T) = inf{Wy(s,t),t € T}

is the distance between a set and a point.

It is worth mentioning that if Wy(s,T) = 0 = Wi (s, T) = 0, where W;(s,T) =
inf{W;(s,t),t € T'}.
Remark 4.1.1. [36]
Let (M, W,) be a weak partial b-metric space, and let .S be a nonempty set in M,
then s € S if and only if

Wh(s, S) = Wh(s, s),

where S denotes the closure of S with respect to weak partial b-metric space W.

If S is closed then S = S.

Proposition 4.1.2. [36]
Let (M, W) be weak partial b-metric space, then for all S,7,U € C'B*(M) and
k>1

(1) Yup(S,S) = sup{Wy(s,s) : s € S},
(11) ¢wb(s7 S) S 77le7(Sv T),
(iii) tup(S,T) = 0 implies S C T,

(iV) ¢wb(s7 T) < k{¢wb(sv U) + wwb<U7 T)}

Definition 4.1.3. [36]
Let (M, W,) be a weak partial b-metric space. For S,T € CB“*(M), define a
mapping
Hyy : CBY(M) x CB"*(M) — [0, 00),
by
Ho(S,T) = S(S.T) + vun(T S)),
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is called H,, - type Pompeiu-Hausdorff metric space induced by W,.

Proposition 4.1.3. [306]
Let (M, W,) be a weak partial b-metric space. Then, for all S,T,U € CB**(M),

(1) Hwb(S, S) S Hwb(S, T),
(2) Huw(S,T) = Huw(T,S);

(3) Hup(S,T) < k{Hu(S,U) + H,(U, T)}.

Proof.

(1) Consider (ii) from Proposition 4.1

Y (5, S) < (S, T),

also Hyp(S,S) = (S, S) and Hyp(S,T) < Hup(S,T), this implies that
Hyp(S,S) = Yup(S5,5) < up(S,T) < Hy(S,T). Hence,

Hyp(S,S) < Hup(S, T).
(2) Obvious from definition.
(3) Consider H,y - type Pompeiu-Hausdorff metric space
Hua(,T) = 5 {bun(5.T) + v (T. )}
using (iv) from Proposition 4.1 in above equation, it becomes

Hwb(Sﬂ T) S [k{wwb(sa U) + wwb(U> T)} + k{¢wb<T7 U) + wwb(U> S)}]

TN =

%{1%17(5, U) + Yup(U, S} + %{Q/Jwb(U? T) +du(T.U)}

= k[Hu(S,U) + Hu(U, T)).
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Theorem 4.1.4.

Let (M, W) be a complete weak partial b-metric space with W, a continuous
function, and let T : M — CB“*(M) be a multivalued mapping. Consider
¢ :10,1) — (0, 1] as a nonincreasing function as defined in (3.2).

Further assume that for a € [0,1), T satisfies the following

Cla)Wy(ur, Tur) < Wy(ur, uz) = Hup(Tuy \ {ur}, Tug \ {uz}) < kaWy(u, usg)
(4.2)
for all uy,us € M. Suppose also that, for all u; in M, and us in Tuy, and 5 > 1,

there exist ug in T'uy such that

Wi (ug, u3) < BHyp(Tug, Tug), (4.3)

then there is a fixed point of T

Proof.
Let oy € (0,1) be such that 0 < a < a3 < 1 and vy € M.
Since T'vg is nonempty, it is clear that if vy € T'vy, then there is nothing to prove,
as T has a fixed point.
Let vy & Ty.
Then there exists v; € T'vg, such that vy # vy.
Further for v; € Ty, there exist vy € Tvq, such that vy # vy.
As
0<a<a <1,

SO
1

Jar

> 1,

now using the condition assumed in (4.3), that is

1
H. b(T’Uo, TUl), (44)

Wi (vr,v2) < w
b(v1,v2) Jon
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since,

C(rWy(vy, Tvy) < Wy(vy, Tvr) and Wy(vy, Tvr) < Wy(vy, v2),

so we have,

C(r)Wh(v1, Tvr) < Why(vr, Tvr) < Wy(vy, v2),
= ((r)Wy(v1, Tv1) < Wi(v1,v2),

now from (4.2) it follows that,

Hup(Tog \ {vo}, Tor \ {v1}) < aW,y (v, vs),

and from (4.3) we have,

1

<
Wi (v1,v2) < N

Hpp(Tvo, Tvy),

ultimately the relation becomes,

1
Wy (v1,v2) < \/a—leb(TUmTUl) < a Hyp(Tvp \ {vo}, Tvr \ {v1})
1
< \/a_l.a.Wb(vo,vl) < Va1 Wy(vg, v1).
Furthermore,

W (v, v3) < \/La_leb(Tvl,Tvg) < \/%“_Hwb(Tvl \ {v1}, Tog \ {v2})

1

<

1
\/a_l.a.Wb(vl,vg) < Vag Wey(vy, v9)
< Vi [yar Wy(vo, v1)]

= Wi(v2,v3) < (var)2 Wi(ve, v1),

continuing in this way n times, we have

1
AVASS!

Wa(Un, Vpg1) <

1
Hyp(Tvy 1, Tvy,) < \/—a_leb(Tvn_l \{vn_1}, T, \ {vn})
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< AWy (n—1,0,) < V/ar Wy(v—1, vy)
< [(\/_) LWy (v, v1)]
< (Va1)" Wy(vg, v1)
= Wh(n, Vns1) < (V1) Wy(vo, v1). (4.5)
Hence,
lim Wy (v, Vpt1) =0 (4.6)

n—o0
Now it is to be proved that {v,} is a Cauchy sequence in (M, W;). Suppose

m > n,

1
Wlf(vm Uner) = Wb(”m 'Un+m) - é[Wb(Um Un) + Wb<vn+ma Un+m)]

< Wi(¥n, Untm)

< k{We(vn, vns1) + Wo(Vnt1, Unem ) }
< K{We(vn, vns1) + E{Wy(vp41, Uns2)
+ Wh(Vnt2, Untm) } }

= Wy (U, Vny1) + EWy(Vni1, Unya)

+ kQW(Un—i—Qa Un+m)>

continuing in this way, we get

< EWy(Un, Ups1) + Wy (Ung1, Unya)

+ Wy (Vny0, Ungs) + ...

KWL (Ut Untm)

< [k(va)" + K (Vo)) + B (V)" ) + ..

+ £ ((va)" W (vo, v1)

< k(va)"[1+ k(var) + K (Van)?) + ...

+ETTH (V)™ ) + T ((Va) ™ ) 4 W(ve, 1)
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< k(\/Oé—1)n1_—Wb(Uo,Ul) where ky/a; <1

Ja

So we have

lim W (v, V) = 0. (4.7)

n—o0

Hence it is clear that {v,} is a Cauchy sequence in (M, W;). So there exists a

p € M such that

1}1_)121(} Wy(vn,p) = LHm Wy(vn, (Um) = Wh(p, D). (4.8)

n,Mm—00

Since W, is a weak partial b-metric space therefore,

Wy (Un, Un) < Why(vn, Vpy1)  and  Wy(vnt1, Ung1) < Wh(Vn, Una)

= [Wb(vnu Un) + Wb<vn+17 Un+1)] S Wb(vna UnJrl)- (49)

N | —

lHm Wy (v, v,) = lim Wy(vp11, Uns1) = lim Wy(v,, vp41) =0 (from (4.6))

n—00 n—00 n—r00
(4.10)

since ,

1
lim W (Un, Upam) = 1im Wy (0, Vpem) — = 1im [Wy(vi, 0n) + We(Vntms Untm)]-
n—o00 n—o00 2 n—oo

But from (3.7)

lim Wy (vn, Ungm) = 0,

n—oo

using values from (3.10),

= lim W, (v, Vpim) = 0= lm W(v,, Vpim)- (4.11)
n—00 n—00
Hence,
Tim Wy(0n, V) = 0 = lim Wi(v,p) = lim Wyp.p).  (4.12)
To show

Wi(p, Tur) < 2kaW,(p, uy) for all uy € M\ {p} where, ka < 1. (4.13)
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We proceed as follows:

Since lim Wj(v,, p) = 0 therefore, there exists n > N such that
n—oo

W (vn, p) < 3—ka(ul, p), (4.14)

and

C(aWy (U, Ty) < Wh(vp, Tvy)
S Wb(Un, Un—l—l)

< E{Wy(vn,p) + Wh(p, Uny1)}

Using (4.13),

1 1
W (vnap> S 3—ka(U1, ) and Wb(p7 ul) S 3—ka(U17p),

< k:{ Wb (p,ur) + 3 Wb(p, uy) }

k
S Wb(ulap) - ng<U1,p),

< Wy(ur,p) — EWs(p,v,) from (4.14)

consider

Wi (p,u1) < K{We(p, va) + We(vn, ur)}
= E{Wy(p, vn) + Wi(ur,v,)}
= We(p, u1) — kWs(p, vn) < EWy(ur, vn),
using above value the inequality becomes,

C(a)Wy(vn, Tv,) < EWp(ug, vy,)

= Hup(Ton, Tuy) < kaWy(v,, uy). (4.15)
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Since,

Hwb (TUN7 Tul) {¢wb (Tvn7 Tul) + prb(Tul, T'Un)}
= 2Hwb(TUN7 Tul) = ¢wb(Tvn7 Tul) + ¢wb(Tu1a TUn)

= 2H (T, Tur) > up(Tvn, Tuyq). (4.16)

Since v, € Tv,, now using the definition of distance between two sets and the

distance between a set and a point,

Why(Vna1, Tur) < up(Tvp, Tuy)
= Wy(vn11, Tur) < 2Hup(Tv,, Tup)  (from (4.16)) (4.17)
We(vni1, Tur) < 2kaWy(vp, uq)
Wy(Unt1, Tur) < 2ka{ W, (v, p) + Wh(p,u1)}
( ) <

Hm Wy (vnr1, Tuq) < 2kaW,(p, uy). (4.18)

n—oo

Consider,
Wy (Uni1, Tur) < k{Wy(vni1,p) + We(p, Tur)}
li_>m Wi (Vpi1, Tur) < kW,y(p, Tuy)
Wy (Vn i1, Tuy)
= k> lim 4.19
n—oo Wb(p7 Tul) ( )
again,
Wb(vn—i-la Tul) < k{Wb(Un+1> Un) + Wb(vnv Tul)}
S ka(Un—i—ly Un) + k2wb<vn7p) + kQWb(p7 Tul)
= lim Wy (vnt1, Tur) < EW,(p, Tuy) (4.20)
) ) W (ns1, Tur)1?
T < i AT ) (oo 110
= W,(p,Tuy) < li_)m Wy(Uns1, Tuy) (4.21)

(4.18) and (4.21) gives,
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Wi(p, Tuy) < 2kaW,(p,uy)  for all uy € M\ {p} andka < 1. (4.22)

Now claim that,

Hyp(Tuy, Tp) < kaWy(p,uy) for all wu; € W,

Above statement clearly hold for u; = p.

Assume that u; # p, then for every m € N, there will be a z,, € T'u; such that
1
Wb(p7 Zm) < Wb(p7 TU1> + Ewb(]% ul)- (423)

Now consider,

Wh(ur, Tuy) < Wy(uq, zm)

< E{Ws(ur, p) + W(p, zm) }

< E{Wy(u1,p) + Wi(p, Tu) + %Wb(ulap)}
W(ur, Tuy) < k[Wy(u1,p) + 2kaW,(p, ur)

+ %Wb(ul,p)] (from (4.22) and (4.24))

= [1 + 2ka + L }Wb(ul,p)

m

Wb(ul, Tul)
[1 + 2ka + —}
m

< Wb(pv U1>.
= Hyp(Tuy, Tp) < kaWy(p,uy) for all uy € Wy and ka < 1.
Finally

Wi(p, Tp) = lim Wy(va11, Tp)

< lim Yy (T, T'p)
n—oo
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< 2 lim Hyp(Tv,, Tp)

n—o0

< 2a lim W,(v,,,p) = 0.

n—oo

From above calculation it is clear that Wy(p, T'p) = 0 = W (p, T'p).
Since T'p is closed, p € Tp = T'p. O
Example 4.1.1.

1
Let M = {0, 5 1}. The weak partial b-metric space Wy : M x M — [0,00) is
defined by

1 2 1
Wh(uy, ug) = §’u1 — ug‘ + 5 max {uy,ug}.

Then W, (0,0) =0,

11 1 1
W <2,2> 4,VV;,( 1) 5

1 1 3

Wb (Oa 5) - Wb (570) = é?
1 1 5)
w(g) = (1g) =3

and Wb(l,()) = Wb(O, 1) = 1.
It can easily be seen that (M, W) is weak partial b-metric space with k = 2.
Let T : M — CB“®*(M) be the mapping defined by T'(0) = {0},
1 1 1
By choosing a = 0.5, the definition of ¢ that is (3.2) gives ((«) = 1.

First, the contraction condition of the theorem is to be proved that is,

C(a)Wh(uy, Tur) < Wy(ug,ug) = Hypp(Tur \ {ur }, Tug \ {uz}) < kaW(uy, us)

To prove above condition the following cases are to be considered.
Case 1.
Choose x = 0,

C(a)W5(0,T(0)) = Wi(0,0)
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=0
< W,(0, us) for all u; € M
= C(Oé)Wb(O, T(O)) < Wb(O, UQ).

Now, for us =0

Hup(T(0) \ 10}, T(0)\ {0}) = Hus(¢,9)
=0
< O./Wb(o, 0)
= Hoy(T(0)\ {0},7(0)\ {0}) < kaW,(0,0).

For up — -
2
Ho(T(0)\ {0}, T G) \ {%} ) = Hup(¢,{0})
=0
< aW, (0, %)
s Hop(T(0)\ {0}, T (%) \ {%}) < koW, (0, %) |
For uy, =1
HalT(0)\ 101,70\ (1) = Hao 0. {0.5 )
=0
< aWy(0, 1)
o Hoy(T(0)\ {0}, T(1) \ {1}) < kaWi(0,1).
Case 2.

The three possibilities can be discussed as

1
AtU1:§
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IS =

g 3

(%UQ) for all uy € M\ {%}
(5)

Now for uy = 0, the relation becomes

o (7(3) V{3 7O\ 0}) = Hatt0).0

<t
(

= Hy, (T (%) \{%},T(O) \ {0}) < kaW,

1
5’0)
1
)
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1
T2
< Wh(1, us) for all u, € M\{1}
= (W1, T(1)) < Wy(1,u).
For us =0
Ha TN, TONO) = o ({0.5,1} .0
~ 0
< kaW(1,0)
Hyp(T(D\{1}, T(0)\{0}) < kaWW(L,0).
If Uy = 1
2

e (ron o (1 {2]) < (o2} 0

<o (1.1)
= Hup (T(l) \{1},T (%) \ {%}) < kaw, (1, %) .

It is clear from above cases that contraction condition is satisfied. Now, the second
condition given in equation (3.4) is to be inquired that is,
Wi(ug, uz) < BHypp(Tuz, Tus),

it will be checked by choosing g = 2 and by discussing following situations for u;

and us given below

(1) If Uy = 0, then U € T(O)
Since T'(0) = {0}

This implies that us = 0, then there exists usz € T'(ug) such that
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o8

0= Wb(UQ, U,3) < 2Hw(T’LL2,TU,3).

1 1
Ifulzﬁ,theanET(a )

. 1 1
Since T’ (5) = {0, 5}

This implies that for us = 0, then there exists ug € T'(uz) such that

0= W(“Qa Ug) S 2Hwb<TU2,TU/3),

1 1 1
also, for uy = Y there exists ug € T'(uy) that is T (5) = {0, 5}

For us =0

1
For us = 5

(ii) If uy = 1, then uy € T'(1).
1
=y € T(1) = {0, 5 1},
if ug =0 = uz =0,

the result holds for this situation.

1
If U = 5,
then for us = 0, the relation holds.
1
For us = = = ugs

2
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N

m(33) e () 7(2)

1
Now, for uy = 3 and uz =1

From the above discussion it is clear that all the conditions of Theorem (4.1)

are satisfied. So, T' has fixed points.



Chapter 5

Conclusion

The dissertation is brought to end as follows:

e Some abstract spaces such as metric space, b-metric space and partial metric
space are elaborated in the beginning of the dissertation. These elaborations are
necessary for the further discussions.

e Some important land marks of the fixed point theory are discussed in systematic
manner. To achieve the goal of better understanding a few important results are
provided without proof.

e The platform of weak partial metric space is used for this research. Aydi et al.
introduced a Suzuki-type multivalued contraction on weak partial metric spaces
and provided a fixed point result. The detailed review of the article has been
presented in this thesis. The article provides a fixed point theorem established on
H,-type Hausdorff metric space in the context of Suzuki-type multivalued con-
traction.

e Having inspiration from the paper of Kanwal et al., the result of Aydi et al. is
extended on weak partial b-metric spaces over a Suzuki-type multivalued contrac-
tion. This result is validated by an example.

e In future one can provide

() the application of the result.

(77) this result can further be extended by using the idea of extended b-metric

spaces.

60
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