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Abstract

This thesis investigates the MHD squeezing flow of Maxwell nanofluid with ther-
mal radiation. The proposed problem is modeled as a system of non-linear partial
differential equations describing the conservation laws of mass, momentum and
energy. The non-linear patrial differential equations are transformed into ordi-
nary differential equations by applying the similarity transformation and are then
solved numerically using the shooting technique together with RK4 method by
implementing the computational software package MATLAB. The obtained ana-
lytical solutions are used to investigate the squeezing phenomena of the nanofluid
when the plates are moving apart and when they are coming together. Also, the
effect of different parameters such as magnetic field parameter Ha, Eckert num-
ber Ec, Deborah number De, and radiation parameter R on the velocity and

temperature are analyzed.
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Chapter 1

Introduction

1.1 Squeezing Flow

A type of flow in which the material between two parallel plates or artifacts is
pushed out or deformed is called the squeezing flow. Stefan [1] first explored in
1874, squeezing flow describes the outward movement of a droplet of liquid, its
region of contact with the plate surfaces and the effects of internal and external
influences such as temperature, viscoelasticity and heterogeneity of liquids. There
are several squeezing flow models for the study of Newtonian and non-Newtonian
fluids under various geometries and conditions. Examples of squeezing flow in
practical use are numerous across scientific and engineering disciplines including
rheometry, welding engineering and material scince. Reynolds [2] investigated the
problems for elliptic plates in 1886. In 1972, Archibald [3] explored the squeezed
flux across rectangular plates. The researchers have continuously made significant
efforts day by day to make simpler and more efficient use of the squeezing flow.
The impact of magnetic field in the squeezed flow among infinite parallel plates was
identified by Siddique et al. [4]. They observed that for constant value of radiation
parameter R and for different magnetic parameter values, velocity rises monoton-
ically. Heat transfer qualities in a squeezing flux among parallel disks have been

examined by Duwairi et al. [5]. They noted that as squeezing parameter increases,
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local coefficient friction reduces and rate of heat conduction enlarges. The unstable
two-dimensional axisymmetric squeezing flow among parallel plates was discussed
by Khan et al. [6]. They analyzed that the shape element does not influence the
velocity of fluid. Domiarry and Aziz [7] provided the approximate analytical so-
lution for the squeeze flow of viscous fluid with blowing or suction among parallel
disks. They investigated that the increment in the electrical conductivity does not
significantly affect the velocity profile. Due to its various applications, the exam-
inate of heat transmission properties of squeezed viscous fluid flow has acquired
extensive attention in several fields of science and engineering. The squeezed flow
by a porous surface has been tackled by Mahmood et al. [8]. Analysis shows that
with Prandtl number, the intensity of the local Nusselt number rises. Hayat et
al. [9] protracted the research of Domiarry and Aziz [7] by implying second grade
fluid to evaluate the gripping action of non-Newtonian fluid. The consequences
are fulfilled by Mustafa et al. [10]. They observed that the impacts of thermo-
physical characteristics based on temperature are important for the field of flow.
Hamdan and Baron [11] examined the squeezed movement of dirty fluid among
side by side disks. Khaled and Vafai [12] studied the impacts of heat transfer and
hydrodynamic flux on a horizontal surface. Qayyum et al. [13] achived an empir-
ical analysis of the unstable squeezed flow of viscous Jeffery fluid among parallel
disks considering the porosity and squeezed influences on the velocity profiles. It
is right to call the modern age the era of science. It is worth mentioning that
several papers have been released [14-18] on the mathematical and computational
simulation of convective heat transfer process in nanofluids. Mandy [19] examined
the heat transfer and mixed convection flow of nanofluids because of an unsteady
shrinking sheet. Such simulations have certain advantages over experimental re-
search because of several reasons impacting the nanofluid characteristics. Laterly,
the heat transfer and flow properties of nanofluid under various flow structure
were studied by Hatami et al. [20, 21]. Pourmehran et al. [22] debated empirical
studies of unsteady squeezed nanofluid flow. They demonstrated that the max-
imum Nusselt number value can be achived by choosing silver as nanoparticles.

Regarding complicated geometry, or two phase paradigm for nanofluid simulation,
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a new aspect has recently been introduced [23, 24]. Modern fields in science and
engineering equipped with too many analytical and computational approaches to
get valid, estimated results from non-linear equations recently. The methods are
differential transformation method (DTM) [25-29], variation of parameter method
(VPM) [30, 31], homotopy analysis method (HAM) [32, 33], homotopy perturba-
tion method (HPM) [34], adomian decomposition method (ADM) [35, 36], etc. To

enhance heat transfer diverse methods have been investigated in recent years [37].

1.2 Nanofluid

A nanofluid is a substance containing nanoparticles and the base fluid. Such fluids
are colloidal clusters of nanoparticles embedded in a base fluid. The nanoparticles
used in nanofluids are typically the nanotubes made from metals, oxides, carbides,
or carbon. Choi and Eastman [38] were the first to suggest the word nanofluid
that describes the fluid in which nanoparticles of poor thermal conductivity are
suspended in the base fluid. Zhang et al. [39] developed the heat exchange and
nanofluid flow in porous medium in the presence of radiation and magnetic field.
They observed a rise in temperature profile with the influence of nanoparticles
available in base fluid. Pak and Cho [40] used the titanium dioxide. Radiation im-
pact on nanomaterial flow was explored by Zeeshan et al. [41] and they added the
effect of MHD on transportation of titanium dioxide. They analyzed that nanopar-
ticles suspended in base fluid induces a decline in nanofluid velocity. Ibrahim and
Shankar [42] investigated the heat transfer and MHD nanofluid flow on a strech
surface having the influence of slip conditions and thermal radiation. They found
that by enlarging the values of velocity slip parameter, the skin friction coefficent
reduces. Malvandi and Ganji [43] analyzed the impact of magnetic fields on the
heat exchange inside a circular microchannel of alumina / water nanofluid. Haq
et al. [44] acquired the impact of thermal radiation and the slip over the stretch-
ing sheet on the MHD nanofluid flow. Govindaraju et al. [45] resolved the issue
of magnetohydrodynamic nanofluid flow on entropy production in a slip-velocity

stretching layer. Uddin et al. [46] numerically analyzed the issue derived from the
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influence of slips and blowing on nanofluid bioconvection flow over a horizontal
plate in motion. Kameswaran et al. [47] studied the chemical reaction and vis-
cous dissipation effects of expanding or shrinking sheets on nanofluid low. Matin
and Popal [48] analyzed the mass and heat transfer flow in porous channel of a
nanofluid with chemical reaction. Pal and Mandalal [49] noticed mixed-convection
heat and mass exchange stagnation point flow across stretching surface in a porous
channel. Elshehabey and Ahmed et al. [50] examined the effect of mixed nanofluid
flow convection with sinusoidal temperature distribution on both vertical walls of
the plates utilizing the nanofluid model of Buongiorno. As we glance over, we
observe that current modern technology needs more development from an energy-
saving perspective in heat transfer. Considering the low thermal conductivity of
fluids such as kerosene, ethylene glycol and water, modern science provided en-
couragement of nanofluid where nano-sized particles are applied to the base fluid

to improve the heat transfer capacities of the base fluid.

1.3 Magnetohydrodynamics

A vector field which describes the magnetic effect in relative motion of electri-
cal charges and magnetized materials is known as magnetic field. The effects of
magnetic fields are commonly seen in permanent magnets which pull on magnetic
materials and attract or repel other magnets. MHD is the study of magnetic prop-
erties of electrically conducting fluid. In the magnetic field MHD plays vital role.
For example, the charged particles and the conductive fluid both can pass against
it quickly but seldom along the path of the magnetic field. There are also several
functional variables which depend on fluid stability and containment properties
and in magnetic configuration these variables are uniform. In the existence of the
magnetic field, we will see how the fluid behaves at various angles. Singh et al. [51]
and Seth et al. [52] inspected the impacts of inclined magnetic field on fluid flow.
Inspired by the studies above, the present thesis involves the numerical study
of squeezed movement of C'u-kerosene and water among two parallel plates with

thermal radiation effects.
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1.4 Thesis Contribution

The main aim of this research work is to investigate the squeezing flow of C'u-water
and C'u-kerosene nanofluid between two parallel plates. The work of Celik [53] is
reviewed by reproducing their results. The problem is moddel as two coupled non-
linear PDEs which are converted into a system of coupled ODEs. The numerical
technique known as the shooting method has been utilized to solve the system. The
impacts of different parameters such as magnetic field parameter Ha, squeezing
parameter S, FEckert number Fc, Deborah number De and radiation parameter R

on the velocity and temperature are analyzed graphically.

1.5 Thesis Outline

This thesis is further composed of four chapters:

Chapter 2 demonstrates some important definitions, concepts and laws that are

helpful in understanding the present work.

Chapter 3 provides the details of numerical analysis of research paper of Celik [53].
The whole work in this chapter is reproduced by using the shooting method. The
non-linear coupled system of the PDEs is transformed into the system of ODEs.

The impacts of various parameters are shown and discussed graphically.

Chapter 4 extends the work of Celik [53] in view of additional impact of thermal
radiation. The non-linear coupled system of PDEs is transformed into system of
ODEs. The shooting method is utilized to solve the mathematical model. The

impacts of different parameters are shown graphically.

Chapter 5 summarizes the overall analysis performed in this thesis and suggests

few directions for the further scope of this thesis.



Chapter 2

Preliminaries

This chapter contains on basic definitions, concepts, and governing laws, which

will be helpful in the subsequent chapters.

2.1 Important Definitions

Definition 2.1.1. (Fluid)
“A fluid is defined as a substance that deforms continuously when acted on by a
shearing stress of any magnitude. A shearing stress (force per unit area) is created

whenever a tangential force acts on a surface.” [54]

Definition 2.1.2. (Fluid Mechanics)
“Fluid mechanics is that branch of science which deals with the behavior of the

fluid (liquids or gases) at rest as well as in motion.” [55]

Definition 2.1.3. (Fluid Statics)
“The study of fluid at rest is called fluid statics.” [55]

Definition 2.1.4. (Fluid Dynamics)
“The study of fluid if the pressure forces are also considered for the fluids in

motion, that branch of science is called fluid dynamics.” [55]
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Definition 2.1.5. (Viscosity)
“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer of the fluid. Mathematically,

where p is viscosity coefficient, 7 is shear stress and g—;‘ represents the velocity

gradient.” [55]

Definition 2.1.6. (Kinematic Viscosity)
“It is defined as the ratio between the dynamic viscosity and density of fluid. It

is denoted by symbol v called ‘nu’. Mathematically,

v == 55

SRS

Definition 2.1.7. (Ideal Fluid)
“A fluid which is incompressible and has no viscosity, is known as an ideal fluid.
Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some

viscosity.” [55]

Definition 2.1.8. (Real Fluid)
“A fluid which possesses viscosity, is known as a real fluid. In actual practice, all

the fluids are real fluids.” [55]

Definition 2.1.9. (Newtonian Fluid)
“A real fluid in which the shear stress is directly proportional to the rate of shear

strain (or velocity gradient), is known as a Newtonian fluid.” [55]

Definition 2.1.10. (Non-Newtonian Fluid)
“A real fluid in which the shear stress is not directly proportional to the rate of

shear strain (or velocity gradient), is known as a Non-Newtonian fluid.” [55]

Definition 2.1.11. (Magnetohydrodynamics)
“Magnetohydrodynamics is concerned with the mutual interaction of fluid flow

and magnetic fields. The fluids in question must be electrically conducting and
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non-magnetic, which limits us to liquid metals, hot ionised gases (plasmas) and

strong electrolytes.” [56]

2.2 Types of Flows

Definition 2.2.1. (Flow)
“It is the deformation of the material under the influence of different forces. If the
deformation increases continuously without any limit then the process is known

as flow.” [57]

Definition 2.2.2. (Uniform Flow)

“When the velocity of flow does not change either in magnitude or in direction at
any point in a flowing fluid, for a given time, it is said to be a uniform flow. In
other words, it is the flow of a fluid in which each particle moves along its line
of flow with constant speed and the cross section of each stream tube remains

unchanged.” [57]

Definition 2.2.3. (Non-uniform Flow)
“When the velocity of flow changes at different points in a flowing fluid, for a given

time, the flow is said to be a non-uniform flow.” [57]

Definition 2.2.4. (Compressible Flow)
“Compressible flow is that type of flow in which the density of the fluid changes
from point to point or in other words the density (p) is not constant for the fluid,

Mathematically,
p#b,

where b is constant.” [55]

Definition 2.2.5. (Incompressible Flow)
“Incompressible flow is that type of flow in which the density is constant for the
fluid. Liquids are generally incompressible while gases are compressible, Mathe-

matically,

p="b,
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where b is constant.” [55]

Definition 2.2.6. (Steady Flow)
“If the flow characteristics such as depth of flow, velocity of flow, rate of flow at
any point in open channel flow do not change with respect to time, the flow is said

to be steady flow. Mathematically,

E)Q_
o =Y

where @ is any fluid property.” [55]

Definition 2.2.7. (Unsteady Flow)
“If at any point in open channel flow, the velocity of flow, depth of flow or rate of

flow changes with respect to time, the flow is said to be unsteady. Mathematically,

oQ
— #0
5 7 O
where @ is any fluid property.” [55]

Definition 2.2.8. (Internal Flow)
“If the flows is completely bounded by a solid surfaces are called internal or duct

flows.” [57]

Definition 2.2.9. (External Flow)
“Flows over bodies immersed in an unbounded fluid are said to be an external

flow.” [57]

2.3 Fundamental Equations of Flow

2.3.1 Continuity Equation

“The conservation of mass of fluid entering and leaving the control volume, the

resulting mass balance is called the equation of continuity. This equation reflects
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the fact that mass is conserved. Mathematically it can be write as

dp
a + V.(p V) = 0.

For steady case rate of time will be constant, so continuity equation becomes

V.(pV)=0.

In the case of incompressible flow, density does not variate so continuity equation

can be re-written as:

V.V =0.

where, V' is velocity of fluid.” [57]

2.3.2 Momentum Equation

“The net force F' acting on a fluid particle is equal to the time rate of change of
linear momentum. Consider the mass in a system denoted by control surface of
infinitesimally small dimensions dx, dy and dz. The mass of the system is steady.

Newtons second law can be composed as:

DV _

— =
"Dt
DV
—=V. b

where pb, is the net body force, V.7 is the surface forces and 7 is the Cauchy stress

tensor.” [57]

2.3.3 Energy Equation

“Energy can be transferred to or from a closed system by heat or work, and the
conservation of energy principle requires that the net energy transfer to or from a

system during a process be equal to the change in energy content of the system.
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Control volume involves energy transfer via mass flow also, and the conservation

of energy principle, also called the energy balance, is expressed as:

dE

Ein - Eou - 5 -
Tt

where E;, and FE,,; are the total rates of energy transfer into and out of the
control volume respectively, and % is the rate of change of energy within the

control volume boundaries.” [57]

2.4 Modes of Heat Transfer and Related Prop-

erties

Definition 2.4.1. (Heat Transfer)
“Heat transfer is a branch of engineering that deals with the transfer of thermal
energy from one point to another within a medium or from one medium to another

due to the occurrence of a temperature difference.” [58]

Definition 2.4.2. (Conduction)
“The transfer of heat within a medium due to a diffusion process is called conduc-

tion.” [58]

Definition 2.4.3. (Convection)
“Convection heat transfer is usually defined as energy transport effected by the
motion of a fluid. The convection heat transfer between two dissimilar media is

governed by Newton’s law of cooling.” [58]

Definition 2.4.4. (Thermal radiation)
“Thermal radiation is defined as radiant (electromagnetic) energy emitted by a

medium and is solely to the temperature of the medium.” [58]
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2.5 Dimensionless Numbers

Definition 2.5.1. (Prandtl Number)
“It is the ratio between the momentum diffusivity v and thermal diffusivity a.

Mathematically, it can be defined as

123
N k

where p represents the dynamic viscosity, C'p denotes the specific heat and k
stands for thermal conductivity. The relative thickness of thermal and momentum
boundary layer is controlled by Prandtl number. For small Pr, heat distributed

rapidly corresponds to the momentum.” [57]

Definition 2.5.2. (Eckert Number)
“It is the dimensionless number used in continuum mechanics. It describes the
relation between flows and the boundary layer enthalpy difference and it is used

for characterized heat dissipation. Mathematically,

u2

E p—
‘T ovT

ey

Definition 2.5.3. (Hartmann Number)
“Hartmann number Ha is the ratio of electromagnetic force to the viscous force.

It is frequently encountered in fluid flows through magnetic fields. It is defined

by:
Ha = BL\/E
1

where B is the magnetic field intensity, L is the characteristic length scale, o is

the electrical conductivity and p is the dynamic viscosity.” [57]

Definition 2.5.4. (Deborah Number)
“It is defined as the ratio of relaxation time to deformation time, It is denoted by

~. Mathematically,
AU
=—"159
v=5,7 B
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2.6 Solution Methodology

“In a shooting method, the missing (unspecified) initial condition at the initial
point of the interval is assumed, and the differential equation is then integrated
numerically as an initial value problem to the terminal point. The accuracy of
the assumed missing initial condition is then checked by comparing the calculated
value of the dependent variable at the terminal point with its given value there. If
a difference exists, another value of the missing initial condition must be assumed
and the process is repeated. This process is continued until the agreement between
the calculated and the given condition at the terminal point is within the specified
degree of accuracy. For this type of iterative approach, one naturally inquires
whether or not there is systematic way of finding each succeeding (assumed) value
of the missing initial condition. In this method, the differential equation is kept
in its nonlinear form and the missing slope is found systematically by Newton’s
method. This method provides quadratic convergence of the iteration and is far

better than the usual cut-and-try methods. Consider the second-order differential

d*y dy
@ =f (x,y, %) (2-1)

subject to the boundary conditions

equation.

y(0) =0, y(L)=A. (2.2)

First, Eq. (2.1) is written in terms of a system of two first-order differential

equations:
dy du
A = 2.3
o= o= flz,y,) (2.3)
We denote the missing initial slope by
d?ZlEEO) =s, or u(0)=s (2.4)

The problem is to find ‘s’ such that the solution of Fq. (2.3), subject to the initial

conditions (2.2) and (2.4), satisfies the boundary condition at the second point,



Preliminaries 14

(2.2). In other words, if the solutions of the initial value problem are denoted by

y(x, s) and u(z, s), one searches for the value of s such that

y(L,s) = A=¢(s) =0 (2.5)

For the Newton’s method, the iteration formula for s is given by

(n)
(1) _ ) _ D0
5 =5 200 (2.6)
ds
or
1) _ ) Y(L,s") —A
s = ST (2.7)
Js

To find the derivative of y with respect to s, Fgs. (2.3), (2.2), and (2.4) are

differentiated with respect to s, and we get

%:U, %:%Y+%U (2.8)
and
Y(0) =0, U(0)=1 (2.9)
where
Y:% U:% (2.10)

The solution of Fq. (2.3), subject to the boundary conditions (2.2), can therefore
be obtained by the following steps.

1. Assume a value of s for the missing initial slope, (2.4). Let us denote this
approximative value of s by s(1).

2. Integrate Eq. (2.3), subject to the boundary conditions (2.2) and (2.4), as an
initial value problem from x =0 to x = L.

3. Integrate Fq. (2.8), subject to the boundary conditions (2.9), as an initial value
problem from x =0 to x = L.

4. Substituting the values of y(L,s")) and Y (L, sV) into Eq. (2.7), we get

(L, sW) — A

(L 20) (2.11)
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the next approximation of the missing initial slope s(? is obtained.
5. Repeat steps 2-4 until the value of s is within the specified degree of accu-

racy.” [60]



Chapter 3

Numerical Study of Squeezing
Flow of Nanofluids of Cu-Water
and Kerosene between Two

Parallel Plates

3.1 Introduction

This chapter provides the review study of Celik [53]. In this chapter, considera-
tion has been given to the numerical analysis of incompressible, viscous nanofluid
flow and heat transmission among two parallel plates exhibiting a squeezing move-
ment. Meanwhile the governing non-linear PDEs are transformed into a system
of ODEs by utilizing the similarity transformations. By using shooting technique
implementing MATLAB, the solution of ODEs is obtained. At the end of this
chapter the numerical solution for various parameters such as magnetic field pa-
rameter Ha, squeezing parameter S, Eckert number Fc¢, Deborah number De,
nanoparticle volume fraction ¢ and radiation parameter R is discussed for the di-
mensionless velocity and temperature. Investigation of obtained numerical results

is given through graphs.

16
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3.2 Problem Formulation

In this chapter, the numerical investigation of the viscous, incompressible, squeez-
ing nanofluid flow and transmission of heat among parallel plates has been taken
into account as shown in Figure 3.1. The coordinate system is selected as, the
z-axis is along the plate and y-axis is normal to it. In addition, the fluid is lowing
in the presence of a magnetic field B and all the body forces are ignored. The
distance between the plates is h(t) = H(1 — at)2, where H is the initial position

of the plate at time ¢t = 0 and « is characteristic parameter.

Upper Plate
= —p N
— —»  NanoFluid h(t)
— = flow Y I B(t)
Ee —>

Lower Plate

F1GURE 3.1: Physical model of the problem

3.2.1 The Governing Equations

The flow is described by the continuity equation, momentum equation, and energy

equation as:

e Continuity Equation:

—0, (3.1)

e r-Momentum Equation:

ou  Ou  Ou dp Pu u )
APV I gu., M 5B 2
Pnf (at +U8x +Uay) " + fng ( x + Y ) Onf (t)u, (3 )
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e y-Momentum Equation:

@—i—u@—i—v@ ——@—I— @vL@ (3.3)
Pri\ot T Ty ) T oy T\ a2 T a2 ) '

e Energy Equation:

oT oT oT k‘nf <82T 82T) X Hnf
(

ot " oy T (oG \022 T A ) T (s

3.4
4 ou 2+ 8u+802 (3.4)

Ox dy Ox ’
Here u and v represents the velocity components along x and y direction respec-
tively. T denotes the temperature of the nanofluid, p denotes the pressure, p
represents the density, C), is specific heat, ;© denotes the dynamic viscosity, and &

denotes the thermal conductivity.

Dimensional Boundary Conditions

The imposed boundry conditions for the problem are given by:

dh

u=20, V= T=Tygaty = h(t),

ou oT (3.5)
—=0,v=0, — = 0aty =0.

dy Jy

The following similarity transformation has been introduced for transforming the

mathematical model Eq. (3.1) - Eq. (3.4) into the dimensionless form [53]:

ax —aH
u=———f(n), v=—rme—\%xfn),
2V/1—at (3.6)

Now using Eq. (3.6) into Eq. (3.1). For this we differentiate ‘v’ and ‘v” w.r.t ‘@’

and ‘y’ respectively.

e (G,

ou o ,
e~ 2 —an! 37
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5= o (5= tm)
dy oy \oyi—at’ V)"
ov o

8_y = - mf/(ﬁ)- (3.8)

Using Eq. (3.7) and Eq. (3.8) in Eq. (3.1) to satisfy continuity equation,

ou Ov «a «

= —Ff'(n) - M —at)

R s Fn) = 0. (3.9)

Now we include the procedure for the conversion of Eq. (3.2) and Eq. (3.3) into
dimensionless form.

We have to convert momentum equations into single ODE to utilize similarity
transformation. Since ‘v’ does not depend on x, so the derivative of v approaches
to zero and second derivative of ‘u’ also approaches to zero.

In order to use Eq. (3.6) into Eq.(3.2) and Eq.(3.3), we differentiate above equation
w.r.t ‘4,

5= (P,

Ou _ oz, f'n) oy
5= 3 (f (77)(1 — at)? * (1—at)2H(1 —atﬁ) |

ou  ax [, « f"(n)a Y

o~ 2 U Waz +2(1—at) \/1—005)’

o ok (. )

T m(f(ﬂ)‘*‘ﬁ 5 > (3.10)
v 0

ot ot (2\/1—@ )
ov —aH( « f

() ay )

ot 2 \201—at)? VI—at2H(1 - at)?
v —a*H )
5 m (f(n)+ f'(n)n). (3.11)

Similarly, we differentiate the above equation w.r.t ‘z’, we have

A =57 () (3.12)
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0%u
ou_ . 1
97 0 (3.13)
ov
— =0. 14
il (3.14)
0%
— = 1
902 (3.15)
Next, we differentiate the above equation w.r.t ‘y’, we have
ou o (. o
5 o V0 a)
ou ax n, 0N
ou ox " 1
—= 50— (n) :
dy 2(1 — at) H\1—at
ou ax "
—= — . 3.16
9 2H(1—at)§f (n) (3.16)
Pu_ 0 oL #(n)
Oy* Oy \ 2H(1 — at)? v
0?u ax NG
a9 = 3 f ( ) 5
Ay 2H(1 — at)> y
0?u ox "
v —aH ,,  On
—= ——f (4
dy 2v1 — ot dy
ov —a /
- - - . 1
= s (315)
3211 8 — ’
77 = 5 (= @),
0% -, On
5 — f ( )_7
dy 2(1 — at) dy
v —a ) 1
o~ 20—at)) VHVI—at
82'0 — ”
— . 3.19
dy? 2H(1—at)af ) (319
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Substituting these values from Eq. (3.10) to Eq. (3.19) into Eq. (3.2) and Eq. (3.3),

[

Eq. (3.2)=
s | g (2 )+ £ 0) )+ P = 1 ) )]
Tt et ) = s B (3.20)
Eq. (3.3)=
—a? , 0 —aH o /
P 10— o)} <f(77) +./ () 77) +(0) + mf(ﬂ) - mf (n)
B _@ —a "
Dy + fng ((O) + 2H(1 - ozt)%f (77)) )
—o?H , , op
Pnf 4(1—0&)3 <f(77)+f 77_f(77)f(77)>) :_a_y_ﬂnf
TRt (n)) . (3.21)
Now differentiating Eq. (3.21) w.r.t ‘2’ and Eq. (3.20) w.r.t ‘y’,
Eq. (3.21) =
aiggy = 0. (3.22)

1

Eq. (3.20)=
1 " 1 "
+f (n)(n)Hm+f (n)Hm

- f,l(ﬁ)f/(ﬁ)ﬁ)

OZQSC <2f//( )
Prigr — a2\ W H T —at
! " 1 " ].
9 - -
+2f (n)f (n)Hm f (n)f(n)Hm
82]7 axr " 1
~ 0x0y * 'u"f2H2(1 — ozt)Qf (n)H\/l —at
ax "
— oniBolt (). 3.23
o Bolt) g (3.23)
Putting Eq. (3.22) in Eq. (3.23), we have,
1 " "
—ousB(t)f

pur (5 (038" + £F = 1"1)) = tg 75
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multiplying by H? and dividing by s, we have
" Pn O{H2 " " "o " Op, ”
f ——f( (Fn+sf +11 1 f))——fB§<t>f —0. (324
Pg \ 2 Fonf
Pnf (1 — @)2'5 (
" = CI)pS+(1—CI)>p)7
Hnf Ky !

multiplying and dividing by py

o (1—®)25 [ p,
pns _ | ) <<I>p—+(1—¢>)>.
K f Vy Pr

Eq (3.24) becomes

f//// _ SAl(l _ @)2'5 (f///77 + 3f” + f//f/ _ f///f) _ (Ha)Qf// —0.

Now we have to convert energy equation into ODE to utilize similarity transfor-

mation, in Eq. (3.4) T" does not depend on ‘z’; so the derivative of T' approaches

to zero.

In order to use Eq. (3.6) into Eq. (3.4), we differentiate ‘" w.r.t ‘¢,

Or _ .

o = g
or ;oan
Ei 2(1 — at)’

Similarly, differentiating ‘7" w.r.t ‘@’ and ‘y’, we have,

oT 0
oy (0Ty),
oT
% =0.
0*T
o Y

oT 0

Ty 8_y(0TH)’

ar 0Ty

oy H1—at

(3.25)

(3.26)

(3.27)

(3.28)
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P (0

oy2 Oy \HV1-—at)’

o*T 0 Ty

97~ T —al) (3.29)
Similarly, we have,

du o (., ax

5= 3 )

Ju ox n, 0N

ou ax " 1

= = f )7,

oy  2(1—at) Hv1—at

ou ax "

= . . 3.30

T AL (3.30)

ou 0 ax ,

9r o (2(1 il (")) ’

ou ! /

Substituting values from Eq. (3.25) to Eq. (3.31) in Eq. (3.4), we have,

anTy0 aH 0'Ty kng

9// TH

(7

)

T >H\/1—at

ZT?EEf@)

2(1 — at)

C2/i—at
|

(9n 9f

(PC )nf (1-

Hnf
(pCp)nf
oTy
2(1 - at)

Hnf a’
o (V
0-+@f e)“ﬂﬂ

2
Off+ :

* > 4H%1—aw

4+
pC nf H?
1" 2
:unfi2 052
k‘nf TH (1 — Oét)

1—0415

_|_

)

at)

1 H?

f

—
)? +
PCp)ny
knf TH
X "
4H?(1 — «
0"+<Hf—0h>
2
((f')2 "

2 As
A7) =o.

tgff)=a
(1-

oH? (1=®)(pCp)f + (I)(pcp)sk
(1—at)

1.2

4H?(1 — at)

$)25 Asky Ty
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v PGy pr (g g\ @ (L= @) (pCh)s + (pCy)s
St oriy 1) 3 A, &
L Co)r iy pr iy o> o? ( o a? "2) _
WGy oy (=@, Ta -\ T = ) =
A2 PrEc 1\ 2 2/ p1\2
o'+ (00 )A—PTS =g (U467 =0 (3.32)

Now for converting the associated boundary conditions into the dimensionless

form, the following steps have been taken:

ax reN
u=0at y = h(t), mf(n)—ov
ax
QO—aﬂ#Q
£n) =0, when g — 1, f(1) =0
dh —aH
U:%aty—h(t) vzw%mf(n)a
@ _ —aH
dt 21— at’
—aH —aH
f(n),

Wl—af  2V/1—at
f(n)=1, whenn — 1, f(1) =
T = TH at Yy = h(t), GTH = TH,

when n — 1, 6(1) =

ou ax
—=0aty=0, so ———f"(n) =0,
y Y 2H(1—at)§f )
2H(1—Oét)3 #0, f ( )_
when n — 0, f”(0) =0.

—aH
=0aty=0, ——— =0,

0,

5 *1—04 #0, f(n) =
when n — 0, f(0) =
aT aor 1 1
— =0at :O,_ZQIT 7T 07
dy @y Jy ToyT—at HH\/1—04t7é

0'(n) =0, when n — 0, 6'(0) = 0.
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The final dimensionless form of the governing model is:

f//// _ SAl(l _ @)2.5 (f///q7 + 3]@// + f//f/ _ f///f) _ (Ha)Qf" — 0. (3‘33)

” , A PrE "
0" + (0 f— 9’77) A_zPrS + ﬁ ((f )2 4 4(5)2(f/)2> =0.  (3.34)

The associated boundary conditions of Eq. (3.33) and Eq. (3.34) shown as:

f(0) =0, f"(0) = 0,6'(0) = 0,
F(1)=1,7(1) =0,001) = 1.

(3.35)

Followinng parameters are used in Eq. (3.33) and Eq. (3.34):

A =101 a” Ay=(1—d) s o) 4 p Gyl

Py (pCyp) s kg prky

1 2
_ 2 n H?
g H—at)s ( ax )7IM: TS g, s = “H
x Tu(pCy)y \2(1 — o) fing 2uy

3.3 Solution Methodology

For solving Eq. (3.33) with associated boundary conditions (3.35), we used shoot-
ing method. First of all we convert the fourth order ODE into the system of first
order ODEs. In order to solve IVP, we used the RK4 method and assume the

missing initial conditions. Now for Eq. (3.33), we used following notations:

f=h F=h=h "=h=f"=k=L "=/ (3.36)

The resulting initial value problem takes the form:

fi=F £1(0) =0, (3.37)
fos = fs; £2(0) =r, (3.38)
fs = fu; £3(0) =0, (3.39)
fi=ALS(L—®)% (f"n+3f" + f'f — f"f) + (Ha)* f's fu(0) = s. (3.40)

Missing conditions ‘r” and ‘s’ are assumed to satisfy the following relations:
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fi(l,r,s) —1=0,

fa(1,7,s8) = 0.

(3.41)

(3.42)

We use Newton’s method for two equations with two variables to solve Eq. (3.41)

and Eq. (3.42),

r(n+1) r(n) oh  Oh
(n+1) B m | 88; ;fs ; 7 349
n n g2 dj2
s s or Os (T:r(n)7szs(n)) f2
where n =0,1,2, ...
We utilize following notations:
ofr fa
E - f57 W - f67
ofs . Ofi
E — f77 W - fS?
of . Of
g — f9) g - f107
Ofs Ofa
i L2 f, 44
s Ji1, 05 Ji2 (3.44)

Using above notations in Eq. (3.43),

(n+1) ()
§(nt1) ()

fs  fo

—1
fi
Je  Jio0 (r=r(n) s=5(n)) f2

Differentiating Eq. (3.37) to Eq. (3.40) and using notations Eq. (3.44), we have

first order ODEs,

f{ = fo
fs = fs;
fé = fi;

fi=A4S1—®)*° Bfs+ fan+ fofs — fifs) + (Ha) f3;

fi = fe:
fé:f7;

£1(0) =0, (3.45)
£2(0) =7, (3.46)
f3(0) =0, (3.47)
£1(0) = 5, (3.48)
£5(0) =0, (3.49)
£5(0) =1, (3.50)
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fr=fs; f2(0)=0, (3.51)
fo = A1S(1 = @)*° Bfr + fan + (fofr + fsfe) — (fufs + fafs)) + (Ha)* fr;
£5(0) =0, (3.52)
fo = fro; fo(0) =0, (3.53)
flo = fii; f10(0) =0, (3.54)
fir = fiz; f11(0) =0, (3.55)

fla =A1S(1 = ®)*° (3f11 + fion + (foFu1 + f3fr0) — (fifiz + fafo)) + (Ha)? fus;
f12(0) = 1. (3.56)

RK4 method is used to solve the IVP and the initial values are choosen arbitrarily.
During the execution of iterations these initial guesses will be updated by the
Newton’s method and the process will be continued until the following criteria is

met.

maz(|fi(1) — 1], [f2(1) = 0]) <e

Throughout this work, € has been taken as 10~¢ unless otherwise mentioned.

Now for Eq. (3.34), following notations are used:

0:'217
0 = 21 = 2,

0" =2 = z. (3.57)
Initial value problem takes the form:

gy 2(0) =€ (3.58)
. Ay PrEc 9 9 9
2y = —PTSA—3 (22f1 — 2zom) — A1 — 3)5 ((f3)* +400)*(f2)?) ;

2(0) = 0. (3.59)

Missing condition ‘¢’ assumed to satisfy the following relation :

Zl<1,§) -1 =0.
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We use Newton’s method for Eq. (3.60),

Z(§)
g +1 5 Z/(g) ( )
where Z(§) = #(1,¢) — 1.
Following notations are used:
Ox _ - 9
ag — <3 ag — <4-
Differentiating Eq. (3.58) and Eq. (3.59) w.r.t ‘{’,we have,
2y = 2 23(0) = 1. (3.61)
A
zy = —PTSA—2 (zaf1 —zam);  24(0) = 0. (3.62)
3

The RK4 method is used to solve IVP for some suitable choice £. The missing
condition ¢ is updated by the Newton’s method and process will be continued until
the following criteria is met.

|z1(1) — 1] < e.

Throughout this work, € is taken as 107 unless otherwise mentioned.

3.4 Results and Discussion

This section’s aim is to examine the numerical results demonstrated in the graphi-
cal form. Computations are conducted for different values of the effect of squeeze-
ing parameter S, nanoparticle volume fraction ¢, Hartmann number Ha, Eckert
number Fc and impact of these parameters on velocity and temperature are de-
bated.

Figure 3.2 illustrates the behaviour of velocity f'(n) of Cu-water and C'u-kerosene
for different values of squeezing parameter S. The negative and positive squeeze
numbers impact velocity differently. The squeezing number physically explains

how the plate moves. It can be seen clearly from Figure 3.2 that velocity of the
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fluid f’(n) close to the lower plate surface periodically declines with a rising value
of S, and this value increases as we step away from the surface of lower plate.
Figure 3.3 demonstrates the influence of temperature 6(n) of Cu-water and Cu-
kerosene for different values of squeezing parameter S. The positive and nega-
tive squeeze numbers have different effects on temperature. When S<0 thermal
boundry layer thickness increases. Therefore, nanofluid temperature rises. It is
clear from Figure 3.3 that nanofluid flow temperature decreases as S increases.
If the squeezing parameter increases, the friction among the nanoparticles and
boundry surface of the plates reduces due to decreased kinematic viscosity and
speed. Consequently, nanofluid temperatue decreases.

Figure 3.4 and 3.5 demonstrate the impact of the volume fraction of nanoparticles
on fluid velocity for negative and positive S. When S < 0, further collisions arise
among nanoparticles and particles at the boundry surface of plates as the volume
fraction of nanoparticles rises. For this reason, the velocity of fluid diminish close
to the boundry and rises near the central region. For S > 0, if the volume fraction
of the nanoparticles arises, the boundry layer decreases close to the plate, while
the boundry layer increases far away from the plate surface.

For § < 0 and S > 0, Figure 3.6 and 3.7 demonstrate the impact of nanoparti-
cles fraction on nanofluid temperatures. The thickness of thermal boundry layer
increases by introducing nanoparticles to the base fluid. It is a sign that as the
fluid moves, the nanoparticles drain the heat from boundry layer. Due to their
high thermal conductivity, heat transfer may increase if nanoparticles are added
to the base fluid, so temperature may decrease.

Figure 3.8 and 3.9 show the influence of magnetic field parameter on velocity dis-
tribution for S<0 and S>0. This is because, enlarging the value of Hartmann
number, the Lorentz force, which resists the flow, induces a reduction in the max-
imum velocity due to the retarding effect of the magnetic force and thus reduces
the thickness of the boundry momentum sheet. It is found that the values of Ha
gradually decreases the velocity profile. In addition, it means two plates are quite
similar to one another while S < 0, the scenario then produces adverse pressure

gradient along with retarding Lorentz force. If these forces operate over a long



Numerical Study of Squeezing Flow of Cu-Kerosene and Water 30

period of time, a divergence point may occur and the back flow may occur. The
explanation for S > 0 is very special. As two plates pass back, an open space exist
and fluid moves at high speed in that region. So, there will be no violation of the
conservation law of mass flow.

Figure 3.10 and 3.11 demonstrate the impact of magnetic field parameter on tem-
perature of nanofluid for positive and negative S. Figure 3.10 and 3.11 demonstrate
that as the Hartmann number increases the temperature of nanofluid declines. Im-
pact becomes more pronounced for S < 0 and the C'u-kerosene temperature is the
greater than the C'u-water nanofluid. For S > 0 the result is the positive. This is
worthy of note for S > 0 we observe a temperature profile crossover at n = 0.82.
But, the impact is trivial after that area.

The influence of Eckert number Ec¢ on nanofluid temperature for both positive
and negative S is shown in Figure 3.12 and 3.13. It is seen from Figure 3.12 and
3.13 as the rise in Eckert number, the thermal boundry layer declines and the tem-
perature of nanofluid among two parallel plates rises due to a rise in the viscous

dissipation effect.
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FIGURE 3.2: Impacts of S on f'(n).
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Chapter 4

Numerical Analysis of Thermal

Radiation in Maxwell Nanofluid

4.1 Introduction

The work of Celik [53] presented in the preceding chapter has been extended in this
chapter. Additionally, the governing non-linear PDEs of momentum and tempera-
ture are converted into system of ODEs by utilizing the similarity transformation.
The solution of ordinary differential equations is obtained by using shooting tech-
nique by implementing the computational software package MATLAB. At the end
of this chapter the numerical solution for various parameters is discussed for di-
mensionless velocity and temperature. Investigation of obtained numerical results

is given through the graphs.

4.2 Mathematical Modeling

In this chapter, the numerical investigation of the viscous, incompressible, squeez-
ing nanofluid flow and transmission of heat among parallel plates has been taken
into account as shown in Figure 3.1. The coordinate system is selected as, the
zr-axis is along the plate and y-axis is normal to it. A uniform magnetic field

37
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B = By(1— at)%l is applied and all body forces are ignored where By is uniform
transverse magnetic field and « is characteristic parameter. The distance between

the plates is h(t) = H(1 — at)2, where H is the initial position of the plate.

4.2.1 The Governing Equations

The governing equations describes the flow as:

Continuity Equation:

ou Ov

722 4.1
8m+8y 0, (4.1)

r-Momentum Equation:

ou  Ou  Ou ,0*u 0% 0*u
Pnf || =7 Tus—+v— | + A0 5= + v 5= + 2w

ot ox dy 0x? 0y? 0x0y

_Op Pu  O*u ) du

y-Momentum Equation:

v v v ,0%v 0% 0*v
Pnf || =5 tus=F+v— | +A (v == +v 7—1—2111}

ot or 0Oy Oz? y? dxdy
_ Op v 0% 5 v
=g+ (g + )~ B0 (v5) )

Energy Equation:

o oL O 6)2T+82T + Lt

(2 ((g_u) ’ (%)) (5 g‘)) Srat

Here u and v denotes the velocity components along x and y direction respectively.

T denotes the temperatutr of nanofluid, p denotes the pressure, p denotes the

density, p denotes the dynamic viscosit, C), denotes the specific heat, and k denotes
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the thermal conductivity.

The radiative heat flux ¢, can be written as

4o OT*
3a* Oy

qr = —

Here o* denotes the Stefan-Boltzmann constant and the cooeficent of Rosseland
mean absorption is a*.

Dimensional Boundary Conditions

The imposed boundry conditions for the problem are given by:

dh
u—O,v—d T=Tgaty = h(t),
S (4.5)
—=0,v=0 = 0aty =0
8y 7U 78 a’y

For transforming mathematical model Eq. (4.1) - Eq. (4.4) into the dimensionless

form, the following similarity transformation has been introduced [53]:

le% —aH

T at)f’(n)

= ——=f(n),
, 2¢/1—at (4.6)

T
0: —’ P —
Ty T H/ -t

Now using Eq. (4.6) into Eq. (4.1), we differentiate above equation w.r.t ‘z’ and

[P

Y.

ou 0 ar
or oz (2(1 —at! (n)) ’
ou a

9z~ 2i—ap’ ®7)

(),

ov  —aH 877
5= =)
oo _ _ %f’(ny (48)
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Using Eq. (4.7) and Eq. (4.8) in Eq. (4.1) to satisfy continuity equation,

Ju v ! ,
or "oy 3 —an?

«

mf’(n) =0. (4.9)

Now we include the procedure for the conversion of Eq. (4.2) and Eq. (4.3) into
dimensionless form.

We have to convert momentum equations into single ODE to utilize similarity
transformation. Since ‘v’ does not depend on x, so the derivative of v approaches
to zero and second derivative of ‘u’ also approaches to zero.

In order to use Eq. (4.6) into Eq. (4.2) and Eq. (4.3), we differentiate above

equation w.r.t ‘t’, we have

% = ? (f’(n)(1 _aat)Q + ({1(7275) 2H(1O:y at)§> ’

% - (f'<n> @ _O‘at)Q + 2({"5"3;32 Hﬂy—*az) ’

% - % (f’(n) + n%(n)) : 0
% _ % (%f(n)) :

% B _ZH (2(1 _aat)if(n) i \/(%ZHU@;U at)g) |

% _ ﬁ(ﬂn)ﬂf(n) n)- (1)

Similarly, we differentiate above equation w.r.t ‘z’, we have,

8'11/ a ax ’
dr oz (2(1 “at! (77)) ’
ou «Q ,

o). (112

~— =0. (4.13)
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v
— =0. 4.14
il (4.14)
0%
— = 0. 4.1
Ox? 0 (4.15)
aQU « ”
- (). 4.16
920y 2H(1—at)§f (n) (4.16)
Similarly, differentiating above equation w.r.t ‘y’, we have
ou 0 , o
= o (g s)
ou ax n, 0N
Ju ox ” 1
—= o 77—,
dy 2(1 — at) H\1—at
ou ax "
e — 417
9 2H(1—at)§f (n) (4.17)
Pu_ 0 oL #(n)
Oy* Oy \ 2H(1 — at)? v
0?u ax NG
a9 = §f ( ) 5
Ay 2H(1 — at)> y
0?u ox w
oy 2H2(1 — at)?f (n) (4.18)
ey 1)
gy~ oy \ayi—at’ ")
@ _ —aH £ () 1
oy 2I—at VHYI-at
ov - /
— = : 4.1
5 = s (119)
827] 3 —Q ’
7 = o (e )
82'0 —Q 7 1
= e )
Y (1—at) H+\/1—at
821} —Q ”
= . ) 4.20
T YA (4.20)
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Substituting these values from Eq. (4.10) to Eq. (4.20) into Eq. (4.2) and Eq. (4.3),

we have,

Eq. (4.2)=
s 3 (20 )+ ) )+ P00 = ) 1)
2 (s () — 200 ) )|

Eq. (4.3)=
—o2H , , \ alx

Pnf [m (f(ﬂ) +f n—fn)f (U)) + 11— at)
(3000 - 10 ") | = =3 -
o (4.22)

Now differentiating Eq. (4.22) w.r.t ‘’ and Eq. (4.21) w.r.t ‘y’,
Eq. (4.22) =

0*p
0xdy

= 0. (4.23)

a’x " 1 " 1 " 1
Pnf |:4<1 — Oélf)2 <2f (n)Hm + f (n)(n)Hm +f (n)Hm

o 1 1 " 1
21 ) ) =y — M) = = S ()] (")m)

a°x 1 1

8(1 — Oét)3 f2(77)f””(77) Hm - 2f/(77)f/(77)f”(77)m

1 " _ &*p ax " 1
=2 05| = 5o+ g 0 s

- B0 - B (Fwre + o) |

Putting Eq. (4.23) in Eq. (4.24), we have,

pusy [(f”’n w31 =1 ) ‘aa - g P =22 2f(f”)2)]
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_ ,W%f’”’ — onyB2(t) {f” — % <f’f” + f”’f)] : (4.25)

Multiplying by H?
2

H " "
P [(f n+3f" —f

" /

Sy a " ! "
f+7f f)+>\m(f2f —2(f)°f

"

i | R O T S (|

" pnf OéH 2 " " I pl " pl « 2 e N2 pl!

f _,U/_nf7|:(f n+3f +ff—ff)+)\m<ff —2(f)°f

_of (f")Q)] — InI 24y [ [f” — % (f’f" + f”’fﬂ = 0. (4.26)
Hon f

pog (1= @)%
" = Qps + (1 —D)py),
s Py ( ( )0r)

multiplying and dividing by py

N 1_(132.5 s
prs _ (1=2) (@p—+(1—q>)>.
Hn g vy P

Eq. (4.26) becomes

f//// . SAl(l - @)2.5 |:(f-///77 4 3f// 4 f//f/ o f///f> 4 % <f2f//// . Q(f/)Qf//
- 2f<f”>2)] ~ (Ha)’ [f" - (f’f” + f’“f)} =0. (4.27)

Now we have to convert energy equation into ODE to utilize similarity transfor-
mation, in Eq. (4.4). T does not depend on ‘z’, so the derivative of 7" approaches
to zero.

By using Eq. (4.6) into Eq. (4.4), we differentiate above equation w.r.t ‘17, we

have

or 9

5= B (0Tw)

aT /87’]

o = 0

O _ gy 01 (4.28)

ot 2(1 —at)’
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Similarly, differentiating above equation w.r.t ‘z” and ‘y’, we have
ar o
—— =~ (Ty) = 0. 4.2
Jdr  Ox (675) =0 (4.29)
o*T
— = 4.
927 (4.30)
aor o
— = — (0T
oT 0Ty
—_— = 4.31
Jdy H+v1-—at ( )
(AN T
Oy> Oy \Hy1—at)’
O*T 0" Ty
= ) 4.32
0y? H?(1 — at) (432)
Similarly, we have,
ou 0 , ax
5 o (U0 a)
@ . axr ” )@
oy 2(1—at) " dy’
du ax ”
i . 4.33
Ay 2H(1—at)§f () (4.33)
v
—~ —0. 4.34
5 = 0 (4.34)
Ju 0 / ox
or O (f (")2(1—at>’
ou « ,
- . 4.
or  2(1— at)f (n) (4.35)
e Ev——t0))
oy Oy \2y/1— at "
v —a
= = f'(n), (4.36)



MHD Squeezing Mazwell Nanofluid Flow with Thermal Radiation 45

Next, we differentiate ‘g,” w.r.t ‘g’

dq.  —160*T3 9T

Putting values from Eq. (4.28) to Eq. (4.37) in Eq. (4.4), we have,

omTHHI B o 0'Ty LY ( 0" Ty )
21 —at) 2y1-— atf(n)H\/l —at  (pCp)uy \H*(1 — at)

L, o ’ 2 - 2 a’x? g
Mramk <<2<1 ™) + (s @) ) “aEa ! ]
1 (_ 160*T3  Tyb" )

(PCp)ns 3ar H?(1—at))’

OznTHel B aH f( ) QITH . Ty |: knf 7

20—at) 2/T—at’ VHYT —at  H2(1—at) [ (pCy)us

Hnf (2 CV2H2(f/)2 a2$2(f//)2 ) } 16LT30//
nf

Ty T —at) T Taa(—at?) | T 3 ar(uCy)ny

multiplying and dividing by (pC,); and ﬁ—;?

9//+ Hn f (pcp)nf <2 a2H2(f/)2 O‘QmZ(f”)2 > 4 40*T? 0"

(PCp)ng kg Tu2(1 —ot)  TpA(l —at)? 3ar (PCp)ns
(pcp>nf _ @Hzeln(pop)nf + aH2f9/ (pcp>nf — 07
s 2 Fus 2 s

(1+ 2Ry + (0~ on) i—zprs t T (113 iqu)% ()2 +4062()2) = 0.

3
(4.38)

Now for converting the associated boundary conditions into the dimensionless

form, the following steps have been taken

u=0aty=h(t),
ax

2(1 — at)

f'(n) =0, whenn — 1, f(1) =0.
dh —aH

= — t e h t , = —

! aty =hit), v =g

#0,

o f(n),

dh —aH
dt 21— at’
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—aH B —aH
201 —at 21— at
f(n) =1, whenn — 1, f(1) =

T = TH at Yy = ]’L(t), HTH = TH,

f(n),

whenn — 1, 6(1) = 1.

U
— =0aty=0
By aty )

axr
2H(1 - at)%

—2H<1_&t)3 70, f"(n) =

when n — 0, f”(0) =0.

f"(n) =0,

v=0aty=0 ———
4 2v1 —at

Qm%o f(n) =

when n — 0, f(0) =0.

oT oT 1
=0aty=0, — =0Ty—r——,

03/ @y HH\/l—at

dy
Thu

1
70,

Hv1—at
¢'(n) =0, when n — 0, 6'(0) = 0.

The final dimensionless form of the governing model is:

f//// . SAl(l o cI))2.5 |:(f”/77 + Sf// + f//f/ _ f///f> + % (f2f//// _ 2(f/)2f//

- 2f(f”)2)] — (Ha)” [f" - % (f’f” + f”’f)} =0. (4.39)
(14 50"+ (67 - o) 2P+ % (£ + 40 (f)?) = 0.
(4.40)

The associated boundary conditions of Eq. (4.39) and Eq. (4.40) shown as:

£(0) =0, f"(0) =0, #(0) = o,} )

F) =1, f(1) =0, 6(1) = 1.
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Following parameters are used in Eq. (4.39) and Eq. (4.40):

Ps (PCh)s kg
A=(1-0)+d2 Ay=(1-d)+d Ay =t
1= ) pr’ ( ) (0Co)p” 0 ky
1 2
PT:Mf(/?Cp)f’ soHd-at)z o py ( ax ) ’
prky Tu(pCp)r \2(1 — )

s
A 4o+ T3
Ha=,|ZHBy, De= "% R=—7+—
fif 1—at a*(pCp)ny

4.3 Solution Methodology

To solve the Eq. (4.39) with corresponding boundary conditions (4.41), we used
shooting method. First of all we convert the higher order ODE into the first order
ODEs. We used the RK4 method to solve IVP and assume the missing initial

conditions. Now for Eq. (4.39), we utilize following notations:

f=ht=f="f

f"=fH=1"r

" =f=fs

=11 (4.42)

The resulting initial value problem takes the form:

fi=f £1(0) =0, (4.43)
fs =1 £2(0) =7, (4.44)
fy = fa; f3(0) =0, (4.45)
r_ 1 L FN25 B
fa= (1 " SA(1- (I))“%ff) {Als(l D) ((3f3 + fan + fsfo — fufr)
_ % (2f22f3 + 2f1f32) ) + (Ha)? (f3 — % (fofs + f4f1)>];

fi(0) =5 (4.46)
Missing conditions ‘7" and ‘s’ are assumed to satisfy the following relations:

fill,r,;s) —1=0, (4.47)



MHD Squeezing Mazwell Nanofluid Flow with Thermal Radiation 48

fo(1,7,5) = 0. (4.48)

We use Newton’s method for two equations with two variables to solve Eq. (4.47)

and Eq. (4.48),

-1
(n+1) (n) gL oo
r r
[(”][‘1({$ ﬁl) [ﬁ], -
n+ n 32 B2
S S or ds (r:r(n)VS:S(n)) f2

where n =0,1,2, ...

We utilize following notations:

oft Ofs ., O0fs _ Ofs
W_ff)a W_fﬁag_f% E_ 89
oh . b, Of . Of_
E_fﬁ)a g—flm Os _f117 Os _f12'

Using above notations in Eq. (4.49),

N N B A A h h
5(n+1) 5™ Je Jio (r=r(n) s=5(n)) J:

Differentiating Eq. (4.43) to Eq. (4.46) and using above notations, we have first
order ODEs,

fi=F £(0) =0, (4.50)
fs=fs; f2(0)=r, (4.51)

fs = £5(0) =0, (4.52)
r A15(1 — @)2'5

O T v COMCAORES

_ % (2f5 fs + 2113) ) + (Ha)? (f3 - % (fafs + fuf1) >]

f1(0) =s, (4.53)
fs = fe; £5(0) =0, (4.54)
fo = fr; f6(0) =1, (4.55)
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fr=fs; f2(0) =0, (4.56)

o SAl(l — ¢>2-5 ) & ,
= aa-opsz Ry [“ — A1 =) S i ((fsn +3f

+ frfo+ fafs — fafs — fifs) — % (46 fsfo + 213 fr + 2f5 13 + 4f1f7]3)
10?1 = 57 Gt ot ffict 18 ) ) = (U380 fo

- 1) = 5 QiR 2R ) + P (f- D (B 1) ) ) @faf)|

f5(0) =0, (4.57)
fo = fio fo(0) =0, (4.58)
flo = fui; f10(0) =0, (4.59)
fii = fiz; f11(0) =0, (4.60)
f = e |~ M= 9SS0 (U + 3

¥ fofot ofu— fufo— i) = 2

(4f10fsf2 + 213 fi1 + 2fof3 + Af1f11fs)
+ (Ha)? (fll - % (fofur + fafio + fafo + frafr) )) - ((f477 +3f3+ f3f2
— faf1) — % (2f3fs +2f1f35) + (Ha)? (fs - % (fafs + faf1) > (2f9f1))] ;
f12(0) = 1. (4.61)
In order to solve IVP, we used RK4 method, the initial values are chosen arbitrarily.
During the execution of iterations these initial guesses will be updated by the

Newton’s method and the process will be continued until the following criteria is

met,

maz(|fi(1) =1, [f2(1) = 0f) <e.

Throughout this work, € has been taken as 10~% unless otherwise mentioned.

Now for Eq. (4.40), following notations are used:

0" = 2] = z,. (4.62)
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Initial value problem takes the form:

21 = 29 21(0) =&, (4.63)

2 = _; Prsi_z (z2f1 — 2z2m) + % ((f3)2 + 4(5)2(f2)2) ;

(14 3R)
2(0) =0. (4.64)

Missing condition ‘¢’ assumed to satisfy the following relation:
z1(1,€) —1=0. (4.65)

We use Newton’s method for Eq. (4.65),

Z(§)
f +1 é- Z,(g) ( )
where  Z(€) = z(1,¢) — 1.
Following notations are used:
Oa _ %=,
85 — <3 85 — ~4-
Differentiating Eq. (4.63) and Eq. (4.64) w.r.t ‘¢’ we have,
2y = 245 23(0) = 1. (4.67)
1 A
r_ _ PrS== — . =0. 4.
2y i+ %R) TSAB (zaft —zam)|;  2(0)=0 (4.68)

The RK4 method is used to solve IVP for some suitable choice £. The missing
condition £ is updated by the Newton’s method and process will be continued until
the following criteria is met.

|21(1) — 1] <e.

Throughout this work, € is taken as 107 unless otherwise mentioned.
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4.4 Results and Discussion

The purpose of this section is to analyze the numerical results demonstrated in the
graphical form. Computations are carried out for different values and impact of
these parameters on velocity and temperature are discussed. Figure 4.1 exhibits
the effect of the squeezing parameter .S on the velocity of nanofluid. This indicates
by increasing S the velocity profile declines for 0 < n < 0.42 but for n > 0.42 this
begins to rise. This can be clarified physically as the reduction in velocity of fluid
close to the wall area leads a rise in velocity gradient there. If the rate of mass
flow is sustained conservatively, the fluid velocity decline close to the wall region
must be compensated with rising velocity closer the central field. That’s why we
noticed a break point and backflow happens at n = 0.42

Figure 4.2 demonstrates the behaviour of S on 6(n). Figure 4.2 illustrates that 6(n)
decreases with increasing S. The rise in S thus indicates a reduction in kinematic
viscosity and a decline in velocity where the plates travel separately. Correspond-
ingly, the friction among the boundry surface of the plate and the nanoparticles
decreases and thus the nanofluid temperature decreases.

Figure 4.3 and 4.4 demonstrate the impact of ¢ on f’(n) for both positive and
negative S. For S < 0, in the range of 0 < n < 0.436, the velocity rises and fall
in the range of 0.436 < n < 1. This could be the case described as when the
volume fraction of the nanoparticle enlarges, more collisions among nanoparticles
and particles at the surface of boundry layer occur. Velocity falls near the boundry
and rises above the central field. For S > 0, when nanoparticles volume fraction
rises, boundry layer reduces closer to the plates, but it increases away from the
surface.

Figure 4.5 and 4.6 demonstrate the impacts of nanoparticle volume fraction on the
temperature of nanofluid for both positive and negative S. The incorporation of
nanoparticles into the base fluid increases the thickness of thermal boundry layer.
This is indication that when the fluid flows, the nanoparticles take away the heat
from the boundry layer. It is obvious that when nanoparticles are added to the

base fluid, because of their high thermal conductivity, heat transfer will increase
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and thus temperature profile will reduce.

The influence of the magnetic field on velocity distribution has been shown in
Figure 4.7 and 4.8. For S < 0, the flow velocity declines as the Hartmann num-
ber Ha increases in the interval n < 0.5. This decreases the fluid’s motion in
the boundry layer area because the restricting force produced by magnetic field.
Nonetheless, the opposite effect arises because of the same explanations for mass
flow for n > 0.5. Moreover, if S < 0, that means two plates are nearest to one an-
other, then the circumstances creates an adverse pressure gradient together with
a retarding Lorentz force. A separation point occurs, when these forces act for
a long period and backflow may occur. For positive S, nanofluid velocity also
decreases, a empty area exists as two plates move apart and in that region fluid
moves at high speed such that no violation occur for law of conservation of mass
flow.

For both S < 0 and S > 0, Figure 4.9 and 4.10 demonstrate the effect of magnetic
field parameter on temperature of nanofluid. From the Figure 4.9 and 4.10, it can
be seen as the Hartmann number rises there is a diminish in nanofluid temperature
. Nanofluid temperature increases when n > 0.86 and it decreases when 1 < 0.86
for positive S.

Impacts of Eckert number Fc on the distribution of nanofluid temperature for
positive and negative S are given in Figure 4.11 and 4.12. It is shown that by
increasing Eckert number, the nanofluid temparature among the plates rises and
the thermal boundry layer tends to reduce due to the increased viscous dissipation
effect.

Figure 4.13 and 4.14 demonstrate the impact of Deborah number on velocity of
fluid for negative and positive S. The velocity of fluid declines as Deborah number
rises, can be seen from figures. Figure 4.15 and 4.16 shows the influence of radia-
tion parameter on temperature of fluid for S < 0 and S > 0. It is cleared in figures
when radiation parameter increases the temperature of the fluid rises significantly.
This is because the rising radiation parameter values reduce the thickness of the
boundry layer and increase the heat transfer rate with a chemical impact on the

melting surface.
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Chapter 5

Conclusion

In this thesis, the numerical analysis of MHD squeezed movement of C'u-kerosene
and water among two parallel plates has been considered and analyzed under the
impact of thermal radiation. The governing non-linear PDEs of momentum and
energy are transformed into ODEs by utilizing a proper transformation of similar-
ities. The numerical technique known as the shooting method has been utilized
to solve the system. Impact of different physical parameters such as squeezing
parameter S, Magnetic field parameter Ha, Eckert number Ec¢, Deborah num-
ber De, and radiation parameter R on the velocity and temperature is discussed

graphically.

From the present study that has been numerically performed the following worthy

points can be concluded:

With an increase in the nanoparticle volume fraction, the temperature of the

fluid decreases.

Because of strong magnetic parameter, the velocity profile diminish.

The temperature profile reduces by rising the Hartmann number.

With the rising Eckert number temperature profile tends to increase.
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e With the rise in Deborah number the velocity field decreases.

e Increasing the value of radiation parameter results in an increase in the

temperature profile.
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